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Resumen

El hilo conductor y tema central de esta memoria es la Teoria de Interpolacién. Sin embargo, como
indica su titulo, podemos diferenciar en ella tres partes: la primera comprende los Capitulos 3-7 y
se centra en estudiar los llamados métodos de interpolacién logaritmicos. En cuanto a la segunda,
consta del Capitulo 8 y se enmarca en la investigacidon de propiedades de interpolacidn de operado-
res bilineales, esta vez por el método real y algunas de sus variantes. Por ultimo, la tercera parte,
que comprende los Capitulos 9 y 10, se enfoca en la investigacidn de los espacios de funciones de
tipo Lorentz-Sobolev, en concreto, en los espacios de Besov-Lorentz y Triebel-Lizorkin-Lorentz y el
estudio de algunas de sus propiedades a través de distintos resultados de interpolacion.

La Teoria de Interpolacion es una rama del Andlisis Funcional que tiene importantes aplicaciones
en Ecuaciones en Derivadas Parciales, Andlisis Armdnico, Teoria de Aproximacion, Espacios de Fun-
cionesy Teoria de Operadores, entre otras dreas de las matematicas. Manuales de referencia en este
tema son, por ejemplo, los libros de Bennett y Sharpley [6], Bergh y Lofstrom [11], Butzer y Berens
[23], Brudnyiy Krugljak [22], Konig [84] y Triebel [110].

Esta teoria surge a comienzos del siglo XX con el Teorema de Riesz-Thorin y el Teorema de Mar-
cinkiewicz, en el contexto de los espacios de Lebesgue L, y los espacios L,-débiles. En concreto, el
Teorema de Riesz-Thorin prueba que si T es un operador linear y continuo de L, en Ly, y de L, en
Lg, con1 < po,qo, p1,q1 < o9, entonces T actda continuamente de L, en L, siendo % = % + %

y % =10 % con 0 < 6 < 1. El Teorema de Marcinkiewicz tiene una formulacién similar pero los
espacios de llegada se sustituyen por los correspondientes espacios L,-débiles.

Motivados por estos resultados, a partir de los afios 60, autores como Lions, Peetre, Aronszajn,
Gagliardo, Calderdn, Krein y Triebel comenzaron a desarrollar una teoria abstracta de interpolacién
de espacios de Banach, donde el problema que se trataba de resolver es el siguiente: dados dos pares
compatibles de espacios de Banach A = (Ag, A1) y B = (By, B1), encontrar espacios de Banach A
entre Ag N A1y Aog+ A1y Bentre By N By y By 4+ B1, de forma que cualquier operador lineal que
sea continuo de Ag en By y de A; en By, actie también continuamente de A en B. De hecho, se
desarrollan métodos de interpolacién (denotados por F) que aplicados a cualesquiera dos pares
compatibles de espacios de Banach A y B generan espacios de interpolacién F(A) y F(B).

Dentro de los métodos de interpolacién destacan el método complejo y el método real. El méto-
do de interpolacion complejo fue introducido por Calderdn en [26] y estd motivado por algunas de
las ideas desarrolladas en la prueba del Teorema de Riesz-Thorin. En cuanto al método de interpo-
lacién real, fue establecido por Lions y Peetre en [89] y estd asociado al Teorema de Marcinkiewicz.
Aungue el método complejo serd de utilidad en el dltimo capitulo de esta memoria (ver los Teoremas
10.10 y 10.21), serd el método real y algunas de sus variantes los que jueguen un papel central a lo
largo de todo el trabajo.

Dado A = (A, A1) un par compatible de espacios de Banach, 0 < § < 1y1 < g < oo, el
espacio de interpolacidn real se puede definir mediante el K-funcional de Peetre

K(t,a) = K(t,a;Ao,Al) = inf{||a0|A0|| —|—t||a1|A1|| ra=ap+m, a; - A],] = 0,1}, a€ Ag+ A,
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como la coleccidn de todos los elementos en Ag + A1 paralos que lanorma

- ([t

es finita. Resulta que esta norma tiene una representacion discreta equivalente de la forma

llal(Ao, A1)eq

~ (K (2, 0))iezl by (2749 = ( y [z_keK(zk,a)]q)l/q.

k=—0o0

[l (Ao, A1),

El K-funcional de Peetre esta relacionado conlanormaen Ag + A;. De forma andloga, se define
el J-funcional, relacionado esta vez con la norma en Ag N A, como

J(t,a) = J(t,a; Ao, A1) = max{||a| Ao||, t]|a|A1]|}, a € Ao Ay, t > 0.

El espacio (A(),Al)glq también puede ser descrito por medio del J-funcional como la coleccién de
todos los elementos en Ay + A; que admiten una descomposicion de laformaa =Y, uy,, con

1/q
um € Ap N Ajtal que (Z%":_OO[Z*’”G](Z”“, um)]‘/) es finito y, ademds,

%) 1/
lal(Ao, Av)agll ~inf { (37 (277072, un))7) A=Yty € Ay N4}
m

m=—0o0

En el libro de Butzer y Berens [23] se prueba que el método real también tiene sentido cuando
g =ocoy6 = 0,1. Alos espacios (Ag, A1)o,e0 Y (Ao, A1)1,00 S€ l0S cOnoce como completados de
Gagliardo de Ag y Ay, respectivamente, y se suelen denotar por Ay y A7". De hecho, el método de
interpolacidn real tiene sentido en contextos muy generales, por ejemplo, pares de espacios cuasi-
Banach y/o g tomando valores entre 0 e infinito. Por supuesto, en algunos de estos casos el espacio
de interpolacién obtenido no es Banach sino sélo cuasi-Banach. Un ejemplo notable de espacios
obtenidos por interpolacién real es el de los espacios de Lorentz Ly 4, que resultan al interpolar el
par (Ly,, Leo). Concretamente

(Lpos Leo)o.g = Ly
con%:11%09,0<po<oo,0<q§ooy0<9<1.

Una de las generalizaciones mas destacadas del método de interpolacidon real es el método de
interpolacidn real general, descrito en los libros de Peetre [99] y Brudnyiy Krugljak [22] y los trabajos
de Nilsson [95] y Cwikel y Peetre [51], donde el papel del espacio £,(27*%) en la definicién en forma
discreta del método real se sustituye por un reticulo cuasi-Banach de sucesiones cualquiera I'. Esta
construccion es muy general y engloba otras variantes relevantes del método real como el método
real con un pardmetro funcional que fue estudiado por Gustavson [72] y Persson [103], entre otros
autores, y que tiene propiedades muy similares a las del método real cldsico. Un caso particular del
método real con parametro funcional son los métodos de interpolacién logaritmicos (Ao, A1)g,4,a
cuya cuasinorma viene definida por

(8 e erear),

k=—c0

lal(Ao Aagall = ([ 10K (L)1)
siendo0 < 0 < 1,0 < g < 00, A = (g, &) € R?y

A = (I—-logt)™ si 0<t<1,
(A +logh)* si 1<t < oo



Resumen 3

Los espacios de interpolacion logaritmicos han sido estudiados en los trabajos de Gustavsson [72],
Doktorskii [53], Evans y Opic [56], Evans, Opicy Pick[59] y Cobos y Segurado [48]. Bajo las hipdtesis
anteriores, el espacio (Ao,Al)e,q,A puede ser también definido equivalentemente por medio del
J-funcional como en el caso del método real, pero ahora la cuasinorma involucrada es

(o] 1/
la] (Ao, A1)ggall ~ inf{( y [z—mezA(zm)](zm,um)]q) 4 =Yty i € Ag ﬂAl}.

m=—oo

Cuando aplicamos el método de interpolacién logaritmico con pardmetros 0 < 6 < 1,0 <
g < ooyA € R*alpar (Ly, L) con0 < p < oo, obtenemos el espacio de Lorentz-Zygmund
generalizado L% ;,a donde la cuasinorma viene definida por

1L gall = ([ A0 opg)”,

siendo f* la reordenada decreciente de f. Los espacios de Lorentz-Zygmund generalizados fue-
ron introducidos por Opic y Pick en [97] y contienen la célebre escala de los espacios de Lorentz-
Zygmund: Ly, (LogL)x = L, 4 (a,a) (ver [5]). Sia = 0 obtenemos los espacios de Lorentz Ly ;.

Evans, Opic y Pick probaron en [59] que también tiene sentido considerar los espacios de inter-
polacién logaritmicos (Ao, A1)g,q,a Si

=0, aw+%<0;
9:0/ 51200/ 0600:0/
0=1, a0+%<0;

=1 g=o00, ay=0.

(1)

En estos caso (Ao, A1)e,q,a NO satisface la definicién de espacio de interpolacién con pardmetro
funcional. Cobos y Segurado en [48] estudiaron propiedades de los métodos de interpolacién lo-
garitmicos cuando® = 066 = 1,1 < g < coy actdan sobre pares de espacios Banach, viendo
importantes cambios con respecto al caso 0 < 6 < 1, en particular en los teoremas de equivalen-
cia, las férmulas de dualidad y los resultados de interpolacién de operadores compactos. El objetivo
de la primera parte del trabajo (Capitulos 3-7) es estudiar las propiedades de estos casos limites de
los métodos logaritmicos pero permitiendo ahora que g tome cualquier valor entre 0 e oo y, cuando
tenga sentido, trabajando con pares de espacios cuasi-Banach en lugar de pares Banach.

En el Capitulo 3 estudiamos el dual de los métodos de interpolacién logaritmicos para8 = 0,1
y0 < g < 1. Como el dual de un espacio cuasi-Banach puede ser {0} trabajamos en esta ocasién
con pares de espacios de Banach. Las férmulas de dualidad de un método de interpolacién son una
propiedad de gran relevancia debido a sus aplicaciones potenciales. Para el método de interpolacion
real, Lions y Peetre probaron en su trabajo fundacional [89] que

(Ao,Al);,L7 = (Aj, Al)gy con 1—1— l, =1
q 9
suponiendo que (Ap, A1) es un par regular de espacios de Banach, es decir, Ag N A; es denso en
Aoy A1, yquel < g < co. Mas adelante, Peetre amplié en [100] este resultado probando que si
0 < g < 1entonces
(AOI Al);,q = (AS’AT)G,OO

En su articulo, Peetre utiliza el concepto de envolvente Banach de un espacio cuasi-Banach que es un
espacio de Banach que lo contiene y cuyos duales coinciden. En nuestro caso utilizaremos también
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esta idea, pero para calcular la envolvente Banach de (Ao, A1)g4a cuando f = 0,1y0 < g <
1, primero necesitaremos describir el espacio en términos del [-funcional. Estos resultados, que
conforman los Teoremas 3.5, 3.6, 3.8 y 3.9, se basan en algunas ideas de Cobos y Segurado [48] que
describieron el dual paral < g < ooy en el trabajo de Nilsson [95] sobre el método real general. En
particular, mostramos que bajo ciertas hipdtesis sobre los exponentes de los logaritmos

— (A A _
(Ao, A1) (wowe) = (AT AT st guastsgy . 0 =01, 0<q<1,

~

siendo A] el completado de Gagliardo de A; descrito anteriormente. Estos resultados se diferencian
de los correspondientes al caso 1 < g < oo en la apariciéon de los completados de Gagliardo y
el desplazamiento de los exponentes de los logaritmos en 1/4, ya que cuando 1 < g < oo, este
desplazamiento es siempre de una unidad independientemente de la q (ver [48]). Mientras que la
aparicion de los completados de Gagliardo no se refleja en los resultados de dualidad (Teoremas
3.11y 3.12), la traslacion de los exponentes si lo hace. Probamos que bajo ciertas hipétesis en los
exponentes de los logaritmos

(Ao, Al)g,q,(ao,am) = (A, AT)B,OO,(ftxoofl/q,ftxofl/q) , 0=01 0<g<1

Este resultado difiere con respecto a lo que ocurre cuando 1 < g < oo, donde g no juega ningin
papel en los indices del logaritmo del espacio dual, pero si aparece en el indice de la integral en Ia
forma de ¢’ con % + % = 1, mientras que en nuestro caso es siempre infinito.

Concluimos el Capitulo 3 con algunas aplicaciones de las férmulas de dualidad obtenidas. Consi-
deramos B%(IR”) conl <p<oo,0<g<ooyb+1/g > 0,los espacios de Besov con suavidad
logaritmica definidos mediante el médulo de suavidad. Completando los resultados de Cobos y Do-
minguez en [32], en el Teorema 3.15 describimos el dual de estos espacios cuando 0 < g < 1, por

(1,—a)

medio de los espacios de Lipschitz Lip, s, * estudiados por Haroske en [73, 74].

Por ultimo consideramos las clases de operadores lineales y continuos actuando entre espacios
de Hilbert Se 4 » Y S7,4,5, que en particular contienen a los ideales de Macaev Se,1 Y Sx, respectiva-
mente. Enlos Teoremas 3.19, 3.20y 3.22, se prueba la relacién dual que existe entre estas dos clases.
En este caso los resultados son novedosos para el rango completo de pardmetros 0 < g < co.

Los resultados del Capitulo 3 forman el trabajo conjunto [13] que aparecié en el J. Math. Anal.
Appl. enviado por el Prof. A. Cianchi.

Los resultados de dualidad probados en el Capitulo 3 sélo pueden ser aplicados a pares regulares
de espacios de Banach en los que la interseccién es densa en cada uno de los espacios. Este no es el
caso del par (L1, Lo ) ya que L1 N Lo No es denso en L. Sin embargo, si aplicdsemos formalmente
los resultados a este par, obtendriamos las férmulas correctas para los duales de los espacios de
Lorentz-Zygmund generalizados L, ; a) que fueron calculadas por Opic y Pick en [97] por métodos
directos. El objetivo del Capitulo 4 es clarificar esta coincidencia.

En ese capitulo trabajamos con espacios de funciones medibles denominados espacios de Ba-
nach de funciones (ver la Definicién 4.5). Si X es un espacio de Banach de funciones se define su
espacio asociado X’ como el conjunto de todas las funciones medibles g tales que f |fg| < oo para
todo f € X ylo dotamos de la norma

Is1x'll = sup { [ Ifsl: 1711 <1},

Esta definicion continda teniendo sentido cuando X es un espacio cuasi-Banach que satisface las
propiedades en la Definicidn 4.5. La nocién de espacio asociado y espacio dual estan estrechamente
relacionadas, de hecho, si X es un espacio de Banach de funciones con una norma absolutamente
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continua, entonces su dual y su asociado coinciden (ver [6]).

Siguiendo algunas de las ideas de Fernandez-Cabrera en [63], en la Seccidn 4.2 se calcula el aso-
ciado de los espacios de interpolacién logaritmicos (X, X1>9,q,A cuando0 <6 <1,0< g < o0y
(Xo, X1) es un par de espacios de Banach de funciones de los que al menos uno de ellos tiene norma
absolutamente continua. Para ello, primero se prueba en el Lema 4.7, la relacién dual que existe
entre el asociado de la suma e interseccion de espacios y que se refleja en el Teorema 4.8, donde al
calcular el espacio asociado de un [-espacio logaritmico se obtiene otro espacio logaritmico definido
esta vez por el K-funcional. Por lo tanto, para definir el asociado de un espacio logaritmico, son de
nuevo fundamentales los teoremas de equivalencia del Capitulo 3 y algunos nuevos que se prueban
en la Seccidn 4.1. El resultado final se corresponde con el Teorema 4.12 y prueba que bajo ciertas
hipdtesis sobre los exponentes de los logaritmos

(Xo, X1); = (X0, X1)og°,(~ e, —00) si 0<6<1,
i) (G X, i =01,

donde (Xp, X1) es un par de espacios de Banach de funciones, al menos uno de ellos con norma
q .

1= si 1<g<oo

absolutamente continuay g* = < 771 1 ’

si. 0<g<1,

den con los pardmeteros en la férmula de dualidad, pero el resultado para los espacios asociados no
requiere a los espacios ser regulares y ademas es también valido para g = co.

q*,(—&o—1/ min{1,q},—ao—1/ min{1,q})

. Los pardmetros en esta férmula coinci-

Finalizamos el Capitulo 4 aplicando las férmulas de espacios asociados obtenidas en el Teorema
4.12 para calcular el asociado de

L(pg,n)(€2) = (L1(€), Lo () )1-1/p,q,8 (),

siendo (), #) un espacio de medida o-finito y no atémico, 1 < p < coy 0 < g < co. Obtenemos
en los Teoremas 4.13, 4.14 y 4.15 las mismas férmulas que Opic y Pick obtuvieron mediante calculos
directos en [97]. Finalmente, definimos los espacios de sucesiones /;, ; » que son la versién discreta
delos espacios L, 4 o) considerando el espacio de medida de los naturales con la medida de contar.
En el Teorema 4.16 calculamos el asociado de los espacios /; 5+, problema que no fue tratado por
Opic and Pick.

Los resultados del Capitulo 4 forman el articulo conjunto [18] que ha aparecido en Ann. Acad.
Sci. Fenn. Math.

Segun hemos visto en (1), tiene sentido considerar los espacios logaritmicos (A, Al)O,oo,(uco,O) y
(Ao, A1)1,OOI(O,%O), sin embargo en los resultados de dualidad en el Capitulo 3 y los resultados sobre
espacios asociados del Capitulo 4, no se incluye este caso. El motivo es que todos estos resultados
se apoyan en la representacion del espacio por medio del J-funcional y, aunque aparentemente la
J-descripcion de estos espacios se dio en [48], la realidad es que los argumentos fallaban en este
caso limite.

Esto ha motivado que en el Capitulo 5 desarrollemos el estudio de los espacios (Ao, Al)O,oo,(zxo,O)
y (Ao, Al)l,oo,(O,aoo)- De hecho, sélo estudiaremos estos ultimos puesto que debido a la simetria de
los pesos logaritmicos y del K-funcional se tiene

(Ao, A1) 0,00,(a0,0) = (A1, A0)1,00,(0,0)-

Comenzamos probando que si a0 < 0 entonces (AOIAl)l,oo,(O,txw) coincide con el completado
de Gagliardo A7, por lo que sélo nos ocupamos del caso &« > 0. En estas hipdtesis el Teorema
5.5 prueba que (A, Al)l,OO,(O,txw) admite una representacion mediante el J-funcional con una norma
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mixta

1 toot1 o
||ﬂ|(Ao,A1)1,oo,(o,%)||Ninf{ [, e u(t)it}_

I<t<oo

Aunque este J-espacio no se corresponda con ninguno del tipo logaritmico de nuestra escala, es
suficiente para obtener resultados sobre los espacios asociado y dual.

En el Teorema 5.10 se complementan los resultados del Teorema 4.12, probando que si (Xp, X1)
es un par de espacios de Banach de funciones donde al menos uno de ellos tiene norma absoluta-
mente continua y as > 0, entonces

(X0, X1)1,00,(0,800))” = (X0, X111, (—teo—1,0)

para cualquier « < —1. Como aplicacién se obtiene el espacio asociado del espacio de Lorentz-
Zygmund generalizado L (s c0,(0,0..)) (2)-

En el Teorema 5.12 se estudia el dual del cierre de Ag N A1 en (A, Al)l,oo,(O,zxoo) para cualquier par
de Banach regular (A, A1) y finalmente, en la Proposicién 5.13 se prueba que el cierre de Ag N Ay
en (Ao, Al)l,oo,(O,zxm) coincide con aquellos elementos de este espacio que verifican

L (DK (Ea) 22 0.

Los resultados del Capitulo 5 forman el articulo conjunto [19] que ha sido publicado en Mediterr.
J. Math.

En el Capitulo 6 estudiamos algunas cuestiones relacionadas con los métodos de interpolacion
logaritmicos y operadores compactos. El estudio de las propiedades de interpolacién de operadores
compactos tiene su origen en 1960 con el teorema que probd Kranosel’skii, mostrando que en las
hipdtesis del Teorema de Riesz-Thorin, siademas suponemos que una de las restricciones es compac-
ta, entonces el operador interpolado es también compacto. Esto motivd la investigacidn sobre las
propiedades de interpolacién de operadores compactos por métodos de interpolacién abstractos.
Para el método real, el resultado final se probd en 1992 por Cwikel [50] y Cobos, Kiihn y Schonbek
[42] para el caso de espacios de Banach, y fue extendido posteriormente por Cobos y Persson [45]
al contexto cuasi-Banach. El estudio de las propiedades de interpolacidn de operadores compactos
por el método complejo sin condiciones auxiliares sigue abierto.

Dado un operador lineal y continuo actuando entre espacios cuasi-Banach hay distintas formas
de medir cdmo de lejos estd ese operador de ser compacto. Una de las mds relevantes es la medida
de no-compacidad: Si Ay B son espacios cuasi-Banachy T : A — Besunoperadorlineal y continuo
definimos su medida de no-compacidad (8(T : A — B)) como el infimo de todos los ¢ > 0 para
los que existe un subconjunto finito {by, ..., bs} C B tal que

T(UA) - O{bk + UUB}.
k=1

Obsérvese que un operador es compacto si, y sélo si, su medida de no compacidad es nula.

Cobos, Fernandez-Martinez y Martinez [41] probaron que si (Ao, A1) y (Bo, B1) son pares de
espacios de Banach,0 < 8 < 1,1 < g < ooy T un operador lineal, que es continuo de Ag en By y
de A7 en By, entonces

ﬁ(T : (AOIAl)G,q — (Bo, Bl)G,q) < Cﬁ(T tAg — B0)1_9ﬁ<T A — B])e.
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Esto fue extendido posteriormente por Ferndndez-Martinez [66] al caso de pares de espacios cuasi-
Banachy 0 < g < co.

En 2014, Edmunds y Opic [56] obtuvieron una variante limite del Teorema de Kranosel’skif involu-
crando espacios de Lorentz-Zygmund generalizados sobre espacios de medida finita y siempre en el
contexto de espacios de Banach. Esto motivd la bdsqueda de resultados abstractos de interpolacidn
de operadores compactos por métodos logaritmicos cuando 6 = 0,1 (ver [38, 48]). De hecho como
una consecuencia de los resultados en [48] se obtiene una extensién del Teorema de Edmunds y
Opic para espacios de Lorentz-Zygmund generalizados sobre espacios de medida o-finitos.

El objetivo del Capitulo 6 es estudiar la interpolacién de la medida de no-compacidad por méto-
dos logaritmicos de interpolacién cuando 6 = 0,1 y actdan entre espacios cuasi-Banach, generali-
zando asi lo probado en [38, 39]. Los resultados principales son los Teoremas 6.11y 6.12 que para
6 = 0 prueban lo siguiente:

Teorema 1. Sean A = (Ao, A1), B = (By, B1) pares compatibles de espacios cuasi-Banach y T un
operador lineal continuo de Ao en By y de A1 en By. Supongamos que0 < g < ooy A = (&g, ko) € R?
satisfacen que

1
0‘00+1/q<03060+§ si 0<g<oo o) Moo <0< g si q=o0.
Entonces,

Cl) ﬂ(T : (Ao, Al)O,q,A — (B(), Bl)O,q,A) = OSI',B<T : A() — BO) = 0,
b) ﬂ(T (Ao, Al)O,q,A — (B(), Bl)O,q,A) < Cﬁ(T : A() — B()) Sfﬁ(T : A1 — Bl) = 0,

) +\ g — oo
9 B(T : (Ao, A)oga — (Bo,Bi)oga) < CB(T : Ag — Bo)(1+ (log B4y} )" i
B(T:Aj— Bj)>0,j=0,1

Observemos que de aqui se deduce que si la primera restriccién es compacta entonces el ope-
rador interpolado por el método logaritmico con 6 = 0 es también compacto. Sin embargo, al con-
trario de lo que ocurre con el método real, si la compacidad se supone en la segunda restriccién no
podemos asegurar que el operador interpolado sea compacto, como se muestra en la Observacion
6.15.

Finalizamos el capitulo aplicando estos resultados para estimar la medida de no-compacidad de
operadores actuando entre espacios de Lorentz-Zygmund generalizados (ver los Teoremas 6.16 y
6.18). En particular, en los Corolarios 6.17 y 6.19, obtenemos la siguiente extensién de los resultados
de Edmunds y Opic a espacios cuasi-Banach:

Teorema 2. Sean (R, 1) y (S, v) espacios de medida o-finitos. Tomemos 1 < pg < p1 < 00,0 < go <
g1 <00,0<g<ooyA = (a,e) € R>conae +1/q <0 < g+ 1/g. Sea T un operador lineal
tal que

T: Ly (R) — Lg(S) escompactoy,
T:Ly (R) — Lg(S) escontinuo.

Entonces T : L

(R) — Looans—1 (S) es también compacto.

1
po.q,A+ max(ag ]

min{pg,q7}

Los resultados del Capitulo 6 forman mi articulo [12] en Banach Center Publ. y el articulo conjunto
[15] que ha aparecido en Quart. J. Math.
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La representacién por medio del J-funcional de los espacios (A, Al)glq,A juega un papel funda-
mental en el desarrollo de los Capitulos 3-6. Si0 < 6 < 1, entonces (Ao, Al)grq,A es equivalente a
un espacio de interpolacién con pardmetro funcional y, por lo tanto,

(AQ,A1)9,q,A = (A0/ Al)é,q,[/\ ’

para cualquier par de espacio cuasi-Banach A = (Ap, A1). Sin embargo, como hemos visto ante-
riormente los casos 8 = 0y 8 = 1 son mas interesantes. Nos centraremos en el caso 8 = 1 por
simplicidad, pero los resultados se pueden extender facilmente al caso 0 = 0. Si A = (Ao, A1)
es un par de espacios de Banach, la representacion por medio del J-funcional de (Ag, A1)1,4.a con
1 < g < oo fue probada por Cobos y Segurado en [48], el caso 0 < g < 1 se corresponde con el
Teorema 3.5 y el caso limite (Ao, A1)1,c0,(0,4.,) CON €l Teorema 5.5.

Lo que nos planteamos en el Capitulo 7 es qué ocurre cuando trabajamos con pares de espa-
cios cuasi-Banach en lugar de espacios de Banach. Como herramienta para la interpolacion de la
medida de no-compacidad, en el Teorema 6.1 se prueba que si A = (Ag, A1) es un par de espacios
cuasi-Banach p-normados y 0 < g < oo, entonces bajo ciertas hipdtesis en los exponentes de los
logaritmos se verifica que

(Ao, A1)198 = (A5, AT ) Ay

donde A = (£, £p(27"))1,4a- La pregunta ahora es si bajo las mismas hipétesis el espacio
(Ao, A1)1,4,a s equivalente a un J-espacio logaritmico para cualquier par de espacios cuasi-Banach
p-normados A = (A, A1).

La respuesta depende de la relacién entre p, g y los exponentes de los logaritmos. Si0 < g <
p < 1, el Teorema 7.18 prueba que si existe esta representacién con una traslacién de 1/q en los
exponentes de los logaritmos. Sin embargo, si0 < p < g, en la Seccién 7.2 se prueba que en
algunos casos es imposible encontrar una representacién de este tipo. En este caso se buscan los
mejores pares de exponentes M y BB tales que

(Ao,z‘h){,q,]B = (Ao, A1)1,48 = (Ao, A1){,qJM ’

para cualquier par de espacios cuasi-Banach p-normados. Segun los Teoremas 7.9 y 7.10, bajo cier-
tas hipdtesis si A = (ap, ), los mejores exponentes para la segunda inclusién son M = (ay +
m, Koo + m) y seglin el Teorema 7.11y la Proposicién 7.15 los mejores exponentes posibles
parala primerainclusién son B = (g + 1/p, & + 1/p). Una representacion gréfica de la situacidn
completa puede encontrarse en las Figuras 7.1y 7.2 de la pagina 134.

Los resultados del Capitulo 7 forman el articulo conjunto [16] que ha sido aceptado para su pu-
blicacién en Z. Anal. Anwend.

La segunda parte de esta memoria, que comprende el Capitulo 8, estudia la interpolacion de la
medida de no-compacidad de operadores bilineales. Las propiedades de interpolacién de operado-
res bilineales ya se estudiaron tanto en el trabajo pionero sobre el método real de Lions y Peetre [89]
como en el de Calderdn [26] para el método complejo. Para el método real el resultado de Lions y
Peetre, posteriormente generalizado a espacios cuasi-Banach por Karadzhov [82] y Kénig [83], dice
lo siguiente:

Teorema 3. Sean A = (Ay, A1), B = (By, B1) pares de espacios cuasi-Banach y sea E = (Eo, E1) un
par de espacios cuasi-Banach r-normados (para algin 0 < r < 1). Sea0 < 0 < 1,0 < qo,q1 < oy
0 < g < oo satisfaciendo

1,11 i .
1_Jawtg—r St qomzrn
q si go<r 6 q1<r.

1
max{4o,q1 }
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Si T es un operador bilineal tal que T : (Ao + A1) X (Bg+ B1) — (Eo + E1) es continuo y cada una
de las restricciones T : A; X Bj — E; es continua para j = 0,1, entonces

T : (Ao, A1)e,q X (Bo, B1)e,g, — (Eo, E1)e,q €s continuo también.

Recientemente, enlos trabajos de Bényiy Torres[10], Bényiy Oh[9]y Hu[79], entre otros, se han
mostrado ejemplos de operadores bilineales compactos que aparecen de forma natural en Analisis
Armonico. Este hecho motivd el estudio de las propiedades de interpolacién de operadores bilinea-
les compactos, algo que Calderdn ya habia considerado en [26] para el método complejo. En cuanto
al método de interpolacién real algunos resultados pueden encontrarse en [62, 65, 64, 40]. En el
ultimo articulo citado, Cobos, Fernandez-Cabrera y Martinez probaron que si en el teorema anterior
se supone que al menos una de las restricciones es compacta, entonces el operador bilineal interpo-
lado es también compacto. El siguiente paso natural es buscar resultados cuantitativos relacionados
con la medida de no-compacidad del operador. Mastyto y Silva en [93] probaron, entre otras cosas,
que

B(T: Aggy x By, — Eg) < CB(T: Ag x By —> Eo)' °B(T: A1 x By — E1)?  (2)

siendo los pares involucrados espacios de Banach, 1 < gg, 41 < 00,1 < g < o0 y% = qlo + qll —1.En
el Capitulo 8 extendemos la estimacion (2) al contexto cuasi-Banach del Teorema 3 (ver el Teorema
8.9), incluyendo en particular los casos gy = o0, 41 = 0,4 = 1y g = co que no se trataban en [93].
De hecho, durante todo el capitulo se trabaja con el método real general obteniendo en el Teore-
ma 8.7 estimaciones para la medida de no-compacidad en este contexto. En particular, obtenemos
también el siguiente resultado para métodos de interpolacién con un pardmetro funcional (ver el

Teorema 8.8):

Teorema 4. Sean A = (Ao, A1), B = (Bo, B1), E = (Eo, E1),0 < go,91,9 < coysea T comoen el
Teorema 3. Sean py, p1, P2 pardmetros funcionales tales que para una constante L se verifica

po(t)o1(s) < Loa(ts), t,s>0.

Entoncessi Bj = B(T : A; x Bj — Ej), j = 0,1, se tiene:

a) B(T: Apo,qo X Bpl,m — Epm) =0,siBj=0,j=06j=1
A

b) B(T : Apoqo X Boygi — Epzg) < CPosp, (B1/ o) sipj > 0,j=0,1.
Aqui C es una constante independientede T'y s, (t) = sup{p1(ts)/p1(s) : s > 0}.

Los resultados del Capitulo 8 forman el trabajo conjunto [14] que aparecié en J. Approx. Theory
comunicado por el Prof. P. Nevai.

La terceray ultima parte de esta memoria (Capitulos 9 y 10) se centra en el estudio de espacios de
funciones de tipo Lorentz-Sobolev, en particular, espacios de Besov-Lorentz Bf]LW(]R”) y espacios
de Triebel-Lizorkin-Lorentz F;LW(IR”). Estos espacios surgen al remplazar en la definicién median-
te particiones diddicas de la unidad de los espacios de Besov y Triebel-Lizorkin cldsicos los espacios
de Lebesgue L,(IR") por espacios de Lorentz L, ,(IR") (ver Definicién 9.1). Triebel introdujo estos
espacios paral < p,q < coy1l < r < oo en su libro [110] como herramienta para describir el
resultado de interpolar el par (Aiao,q'A;w)’ A € {B, F} por el método real bajo ciertas hipétesis.
Sin embargo, ya desde 1974, distintos tipos de espacios con suavidad Lorentz habian aparecido enla
literatura en contextos muy variados. Por ejemplo, los espacios Hardy-Lorentz han sido estudiados
por Fefferman, Riviere y Sagher en [60] y Almeida y Caetano [3, 2]; los espacios F; Ly, (IR") apare-
cen en los articulos de Stein [108], Caetano [25], Cianchi y Pick [28], entre otros; y los espacios de
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Triebel-Lizorkin débiles F; L, (IR") y espacios de Besov débiles B} L, «(IR") aparecen en el libro de
Edmunds y Triebel [57]. Mds recientemente, Seegery Trebels [107] han estudiado las inclusiones en-
tre los espacios A7L,,(R"), A € {B, F}yHobusy Saal[78] haninvestigado algunas propiedades de
los espacios F; L, ,(R") como herramienta para estudiar las ecuaciones de Navier-Stokes. Nuestro
objetivo es continuar con el estudio de diversas propiedades de estos espacios.

En el Capitulo 9 damos una caracterizacién por medio de wavelets de los espacios A;L,(R"),
A € {B,F} cuando0 < p < 00,0 <g,r<ooys € R(verelTeorema 9.16). Esta caracterizacion fue
probada por Yang, Chengy Peng[121] para los espacios F;Lp,,(]R”) pero el resultado es poco accesi-
ble al encontrarse este trabajo en chino. Por otro lado, el caso de los espacios de Besov-Lorentz ha
sido considerado por Almeida [1, Corollary 3.2], pero sélo en el caso B3L,4(IR"). Nuestro resultado
es nuevo para los espacios BiLy,(IR") conr # q. Seguimos una estrategia diferente a la de [121]
y [1], basada en un articulo reciente de Haroske, Skandera y Triebel [77], para lo cual comenzamos
dando una descomposicién en términos de atomos (ver el Teorema 9.1y la Proposicion 9.12).

La descomposicién de los espacios A;LW(IR”), A € {B,F} por medio de wavelets establece
un isomorfismo entre estos espacios de distribuciones y los espacios de sucesiones b;Lp,r y f;Lw,
respectivamente, introducidos en la Definicién 9.13. Esto hace que el problema de interpolar los
espacios A;Lp,r(IR”) se pueda reducir al problema mas sencillo de interpolar los espacios de suce-
siones correspondientes, lo que nos ha permitido obtener distintas férmulas de interpolacién para
los espacios A7Lp,(R"), A € {B, F} que quedan recogidas en los Teoremas 9.17, 9.21, 9.22 y 9.23.

Estas férmulas permiten transferir ciertas propiedades de los espacios de Triebel-Lizorkin clasi-
cos a los espacios F;Ly,(IR"). En particular, se prueba que F)L,,(R") coincide con el espacio de
Hardy-Lorentz local /1, ,(IR") cuando 0 < p,r < oo. Ademas, en el Teorema 9.18 se prueba la si-
guiente mejora de suavidad debida al semigrupo de Gauss-Weierstrass

Wif(x) = (4711&1)”/2/1[{»1 e’%f(y)dy, feS'(R"), xeR"

Teoremas. Sead > 0,0 < p < 00,5 € Ry0 < ¢q,r < 0. Existe una constante ¢ > 0 tal que para
todatcon0 < t < 1lyparatoda f € F;L,,(R"),

2 W f[ES Ly (RM)|| < el fIF5 Ly, (R

Finalizamos el Capitulo 9 probando en el Teorema 9.24 una caracterizaciéon de los espacios de
Besov-Lorentz B;LW(]R”) como espacios de aproximacién por medio de wavelets y del espacio

FOL,,(IR").

El Capitulo 10 tiene por objetivo estudiar la extensidn de algunas propiedades de los espacios de
Triebel-Lizorkin y espacios de Besov clasicos al contexto de los espacios A;LW(]R”), A € {B,F}.
En concreto, nos centraremos en algunos problemas clave estudiados en [112, Chapter 4] y que
son de interés por sus aplicaciones al campo de las EDPs. Estos problemas son: invarianza de
A;LW(]R”) con respecto a difeomorfismos de IR" en si mismo, existencia de operadores extensién
lineales de A3, (IR ) en A7L,,(R"), multiplicadores puntuales, propiedades de multiplicacién de
AZLW(]R”) y trazas de estos espacios en hiperplanos.

Los tres primeros problemas mencionados se estudian en la Seccidn 10.1, en particular, en los
Teoremas 10.1, 10.2 y 10.3, respectivamente. La prueba de estos resultados es una aplicacion directa
de las férmulas de interpolacién obtenidas en el Capitulo 9.

Enla Seccién 10.2 estudiamos algunas propiedades de multiplicacién paralos espacios A7 Ly, - (R"),
A € {B,F}. Aqui las técnicas de interpolacién empleadas son mas refinadas y requieren del uso
de teoremas de interpolacidon de operadores bilineales, del método de interpolacidon complejo y
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algunas caracterizaciones de B;Lp,r(]R”) como espacios de aproximacion.

Triebel muestra en sus libros [115, 117] que las propiedades de multiplicacién de los espacios de
Triebel-Lizorkin cldsicos son importantes por sus aplicaciones a las ecuaciones de Navier-Stokes y
ecuaciones del calor no lineales. Enla Seccién 10.2.1 estudiamos las propiedades de la multiplicacion
enlos espacios F;Lp,,(]R”). En particular, enlos Teoremas 10.9 y 10.10 se dan condiciones suficientes
para que estos espacios sean algebras con respecto a la multiplicacion. El resultado es el siguiente:

Teorema 6. Si se verifica

O<p<oo,s>n/p0<g<oo,0<r<min{l, g}, r<p, 6
l1<r<p<oo,s>n/p, 1<g< 00,

el espacio F;Lp,r(lR”) es un dlgebra con respecto a la multiplicacion.

En la Seccidn 10.2.2 se estudia el caso de los espacios BZLW(IR”). En los Teoremas 10.20 y 10.21
se dan condiciones suficientes para los espacios de Besov-Lorentz sean algebras multiplicativas. En
concreto se prueba:

Teorema 7. Sise verifica
0<p<oo,s>n/p,0<g<oo,0<r<p,

entonces B;LP,T(IR”) es un dlgebra con respecto a la multiplicacion.

La prueba de este Ultimo resultado se basa en la caracterizacion de B;LW(]R”) COMO espacio
de aproximacién (ver el Teorema 10.16), esta vez por medio del espacio FZOLW(IR”) y de funciones
enteras de tipo exponencial. Aqui juega un papel clave la equivalencia probada en el Teorema 10.15
que nos permite sustituir el espacio de Lorentz L, ,(IR") en la definicién de B;Lp,,(]R”) por el espacio
de Hardy-Lorentz 1, ,(R"). Es decir,

B;LW(]R”) = B;hp,r(IR”), sER, 0<g<o0, 0<p,r<oo.

Finalmente, la Seccidn 10.3 estudia el problema de la traza en hiperplanos para los espacios con
suavidad Lorentz. En el caso de los espacios F;LW(]R”), el Teorema 10.23 muestraque sis —1/p >
(n—1)(1/p — 1)+ entonces

-1/ -1/
tr FSLW (]Rn) = (B;ofr’o . (IRH)' B;ﬁfpl & (]Rn))f),r/ (3)

para cualesquiera0 < pg < p < pytalesques —1/p; > (n—1)(1/p; — 1)y % = 117;09 + %.
Cuando r = p el espacio de interpolacién anterior coincide con B;}l/p(]R”), lo que se corresponde
al resultado sobre trazas para espacios de Triebel-Lizorkin cldsicos. Sin embargo, parar # p la
descripcién del espacio de interpolacidn (3) es un problema abierto que ya enuncid Peetre en sulibro
[101, p.110]. En el Teorema 10.24 caracterizamos este espacio por medio de wavelets y, con mayor
generalidad, en el Teorema 10.25 obtenemos una caracterizacion por wavelets de los espacios
sf% " sf}f—'] "
(Bpo,po (IR )/ Bpl,m (]R ))G,r

cona € Ry elresto de pardmetros como antes. Esto nos permite probar que, como se esperaba, la
traza de F;Lp,r(]R”) solo depende de s, p y r. Finalmente en el Teorema 10.26 mostramos que bajo

ciertas hipStesis tr 3L o(IR") = B VPL, o (RA1).



12 Resumen

Los resultados de los Capitulos 9 y 10 forman los articulos conjuntos [20, 21] y el articulo en pre-
paracién [17].
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Chapter 1

Introduction

The guiding theme and main topic of this monograph is Interpolation Theory. However, as it is sug-
gested by the title, we can distinguish three different parts: the first one covers Chapters 3-7 and it
focuses on the study of the so-called logarithmic interpolation methods. As for the second one, it
consists of Chapter 8 and concentrates on the research of some properties related to the interpo-
lation of bilinear operators, this time by the real method and some of its variants. Finally, the third
part, containing Chapters 9 and 10, examines function spaces of Lorentz-Sobolev type, in particular,
Besov-Lorentz and Triebel-Lizorkin-Lorentz spaces and it studies some of its properties by means of
different interpolation results.

Interpolation Theory is a branch of Functional Analysis with important applications to Partial Dif-
ferential Equations, Harmonic Analysis, Approximation Theory, Function Spaces and Operators The-
ory, among other areas in mathematics. Reference sources for the subject are, for example, the
books by Bennett and Sharpley [6], Bergh and Lofstrém [11], Butzer and Berens [23], Brudnyi and
Krugljak [22], Kénig [84] and Triebel [110].

This theory has its origin at the beginning of the 20th century with the Riesz-Thorin Theorem
and the Marcinkiewicz Theorem, in the context of L, and weak-L, spaces. In particular, the Riesz-
Thorin Theorem proves that if T'is a linear and continuous operator from L, into Ly, and from Ly,
into Ly, with 1 < po, qo, p1,91 < oo, then T is continuous from L, into L, being % = IP;OG + % and

% = 120 1+ % with 0 < 6 < 1. The Marcinkiewicz Theorem has a similar formulation but the target

spaces are replaced by the corresponding weak-L, spaces.

Encouraged by these results, in the 60’s, authors like Lions, Peetre, Aronszajn, Gagliardo,
Calderdn, Krein and Triebel started to develop the abstract theory of interpolation of Banach spaces.
The problem they were trying to solve is the following: given two Banach couples A = (A, A1)
and B = (By, By ), find Banach spaces A between Ay N A and B between By N By and By + By such
that any linear and continuous operator from Ay to By and from A; to By is also continuous from
A to B. In fact, they develop interpolation methods (denoted by F), that when applied to any two
Banach couples A and B they generate interpolation spaces F(A) and F(B).

Among interpolation methods, the real and complex methods stand out. The complex interpola-
tion method was introduced by Calderdn in [26] and it is motivated by some of the ideas developed
in the proof of Riesz-Thorin Theorem. On the other hand, the real method was established by Lions
and Peetre in [89] and it is linked to the Marcinkiewicz Theorem. Although the complex method will
be useful in the last chapter of this thesis (see Theorems 10.10 and 10.21), the real method and some
of its variants will play the main role during the whole report.

Given a Banach couple A = (Ao, A1),0 <0 <1land1 < g < oo, the real interpolation method
can be defined by means of the Peetre’s K-functional

K(t,a) = K(t,ﬂl;Ao,Al) = ll’lf{Hﬂo’AoH +t||£l1|A1|| ra=ap+a, a]' - A]', ] = 0,1}, ac A0+A1,
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as the collection of all elements in Ay + A with finite norm

Ha|<A0,A1)9,qH = (/Ooo[t_eK(t,a)]tht)l/q'

It turns out that this norm admits an equivalent discrete representation as

(Ao, Adagl ~ (K5 a)iezlfa ™) = (3 27k a)0) "

k=—o0

Peetre’s K-functional is related to the norm of Ay 4+ A;. Analogously, we can define the J-
functional, related to the normin Ag N A1, as

J(t,a) = J(t,a; Ao, A1) = max{||a|Ao||, t||a| A1||}, a€ AgN Ay, t > 0.

The space (A(),Al)g,[] can also be described by means of the J-functional as the collection of all
elements in Ay + A; that admit a decompositionasa = Y . tty, with u,, € Ag N Ap such that

1/q
( Yoo _o[27m0](2m, um)]‘?) is finite and, in addition,

[ee]

1/
12| (Ao, Ar)egq| ~ inf{( Y e, um)]q) A=Yty um € Ag mAl}.

m=—oo

In the book by Butzer and Berens [23] it is shown that the real method also makes sense when
g =o0and 6 = 0,1. Spaces (A, A1)o,. and (Ag, A1)1, are known as Gagliardo completions of Ay
and Ay, respectively, and they are usually denoted by Aj and A7". In fact, the real method makes
sense in very general contexts, for example, for quasi-Banach couples and/or the parameter g taking
values between 0 and oco. Certainly, in some of these cases the resulting interpolation space is not
Banach but only quasi-Banach. A remarkable example of real interpolation spaces is the family of
Lorentz spaces Ly, 4, that appear when interpolating the couple (Lp,, L). More specifically,

(pr Loo)ﬂ,q = LWI'

with%:1;,;09,0<p0<oo,0<q§ooand0<9<1.

One of the most relevant extensions of the real method is the general real method described in
the books by Peetre [99] and Brudnyi and Krugljak [22] and the papers by Nilsson [95] and Cwikel
and Peetre [51], where the sequence space Eq(2*k9) in the discrete definition of the real method is
replaced by a more general quasi-Banach lattice I'. This construction is quite general and it compre-
hends other relevant variations of the real method such as the real method with a function parame-
ter that was studied by Gustavson [72] and Persson [103], among other authors, and which behaves
in a similar way to the classical real method. Particular cases of the real method with a function
parameter are logarithmic interpolation methods (Ao, A1)e,4,a quasi-normed by

Jal(Ao, Aaqall = ([0 k) ~ (X 2K ),

k=—c0

being0 < 6 < 1,0 < g < 00, A = (rg, ko) € R? and

— o i
EA(t):{(l logt) if 0<t<]1,

(I1+logt)* if 1<t< oo
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Logarithmic interpolation spaces have been studied in the works by Gustavsson [72], Doktorskii[53],
Evans and Opic [56], Evans, Opic and Pick [59] and Cobos and Segurado [48]. Under the previous
hypothesis, the space (Ao, Al)glq,A can also be defined by means of the J-functional as in the case
of the real method, but now the appropriate quasi-norm is

[e] 1/
la (Ao, A1)ggall ~ inf{( y [z—mezA(zm)](zm,um)]q) A=Yty um € Ag ﬂAl}.

m=—oo

When we apply the logarithmic interpolation method with parameters 0 < 0 < 1,0 < g < o0
and A € R? to the couple (Lp, Lo) With 0 < p < oo, we obtain the generalized Lorentz-Zygmund
space L%%A where the quasi-norm is defined by

1L gall = ([ A0 opg)”,

being f* the non-increasing rearrangement of f. Generalized Lorentz-Zygmund spaces were intro-
duced by Opic and Pick in [97] and they contain the well-known scale of Lorentz-Zygmund spaces:
Lpg(Logl)a = Ly g (aa) (€€ [5]). If & = 0 we get Lorentz spaces Ly 4.

Evans, Opic and Pick proved in [59] that it also makes sense to consider the logarithmic interpo-
lation spaces (Ao, A1)e,q,a When

=0, aw+%<0;
9:0/ 51200/ 0600:0/
0=1, a0+%<0;

=1 g=o00, ay=0.

(1.1)

In these cases, (Ap, Al)g,q,A does not satisfy the definition of interpolation space with a function pa-
rameter. Cobos and Segurado in [48] studied some properties of logarithmic interpolation methods
whenf = 0orf = 1,1 < g < oo and they act on Banach couples. They found important changes
with respect to the case 0 < 6 < 1 in equivalence theorems, duality formulae and interpolation
results for compact operators. The goal of the first part of this thesis (Chapters 3-7) is to study prop-
erties of these limit cases for the logarithmic interpolation methods but now allowing the parameter
g to take any value between 0 and oo and, when it makes sense, working with quasi-Banach couples
instead of Banach.

In Chapter 3 we study dual formulae for logarithmic interpolation methods when 8 = 0,1 and
0 < g < 1. As the dual of a quasi-Banach space can be {0} we work here with Banach couples.
Duality formulae are animportant property of interpolation methods due to its possible applications.
In the case of the classical real method, Lions and Peetre proved in their original work [89] that

(Ao, A1)gq = (Ag, Af)ey  with §+ 7 1
provided that (A, A1) is a regular Banach couple, that is to say Ayg N Aj is dense in both Ap and Ay,
and 1 < g < oo. Later, Peetre extended in [100] this result proving that if 0 < g < 1, then

(Ao, A1), = (A5, A7) ,co-

In his paper, Peetre uses the concept of Banach envelope of a quasi-Banach space that is a Banach
space that contains it and whose duals coincide. We use this idea in our setting, but in order to
compute the Banach envelope of (AO,A1)9,q,A when 0 = 0,1and 0 < g < 1, we need first to
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describe the space by means of the J-functional. These results correspond to Theorems 3.5, 3.6, 3.8
and 3.9, and are based on some ideas of Cobos and Segurado [48] that described the dual when
1 < g < oo and on the work by Nilsson [95] about the general real method. In particular, we show
that under some conditions on the logarithmic exponents

= (A7, AY)) 6=0,1, 0<g<1,

(AolAl) 0,9,(x0+1/q,000+1/9) ’

0,9, (x0,00)
being A" the Gagliargo completion of A; described before. These results differ from the corre-
spondingto 1 < g < oo in the appearance of the Gagliardo completions and in the shift of the
logarithmic exponents. Here the shift is of 1/4 while for1 < g < oo the exponents are always
shifted one unity independently of g (see [48]). While the Gagliardo completions do not appear
later on the duality formulae (Theorems 3.11 and 3.12), the shift on logarithmic exponents does. We
prove that under certain hypothesis for the logarithmic exponents

<A0’ Al)z,q,(zxo,aoo) = (AS, AT)@,m,(*amfl/q,faofl/q) ’ 6 = 0’ 1’ 0< q <1

This result contrasts with the corresponding one for 1 < g < oo, where the parameter g does
not play any role in the logarithmic exponents of the dual space, but it does appear in the integral
index as g’ with % + % = 1 while in our case this is always infinity.

We finish Chapter 3 with some applications for the previous duality formulae. We consider
B%,’Z,(IR”) withl < p < 00,0 < g <ocoandb+1/g > 0, the Besov spaces with logarithmic smooth-
ness defined by means of the modulus of smoothness. In Theorem 3.15, we give a description for the
dual of these spaces when 0 < g < 1in terms of the Lipschitz spaces Lipg,%(;“) studied by Haroske
in [73, 74]. This completes the results of Cobos and Dominguez in [32].

Finally, we consider the spaces of continuous linear operators acting between Hilbert spaces
Seoq,b @nd Sy 45 that, in particular, contain the Macaev’s ideals So, 1 and Sy, respectively. In Theo-
rems 3.19, 3.20 and 3.22, we prove the dual relationship between these two classes of spaces. These
results are new for the whole range of parameters 0 < g < co.

The results in Chapter 3 form the joint work [13] that appeared in the J. Math. Anal. Appl., sent
by Prof. A. Cianchi.

Duality results obtained in Chapter 3 can only be applied to regular Banach couples where the
intersection is dense in both elements of the couple. This is not the case for the couple (L1, Ls)
since L; N L is not dense in Lo,. However, if we disregards this fact and apply duality results to this
couple we get the correct formulae for the duals of generalized Lorentz-Zygmund spaces L, ; a)
that were computed by Opic and Pick in [97] using direct methods.The aim of Chapter 4 is to clarify
this coincidence.

In this chapter we work with spaces of measurable functions called Banach function spaces (see
Definition 4.5). If X is a Banach function space we define its associate space as the set of all measur-
able functions g such that [ |fg| < oo for every f € X, and we equip it with the norm

1| = sup { [ 1£s1 < I1£1]) < 1}.

This definition still makes sense when X is a quasi-Banach space satisfying the properties in Definition
4.5. The concepts of associate and dual spaces are closely related, in fact, if X is a Banach function
space with an absolutely continuous norm, then its dual and associate space coincide (see [6]).

Following some of the ideas that Ferndndez-Cabrera developed in [63], in Section 4.2 we com-
pute the associate of logarithmic interpolation spaces (Xo, X1),4,o when0 <6 < 1,0 < g < coand
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(Xo, X1) is a couple of Banach function spaces where at least one of them has an absolutely contin-
uous norm. For this aim, we first prove in Lemma 4.7 the dual relation between the associate of the
sum and intersection of Banach function spaces. This relationship is reflected when computing the
associate of a J-logarithmic space since we obtain another logarithmic space but this time defined
by means of the K-functional (see Theorem 4.8). Therefore, in order to characterize the associate
of a logarithmic space, the equivalence results obtained in Chapter 3 are again essential along with
some new ones proved in Section 4.1. The final result corresponds to Theorem 4.12, which prove
that under certain hypothesis for the logarithmic exponents

(X, X!t (e if 0<6<1,
(Xo,Xl)é,q,(ao,am) = { O 1704~ ta)

(X6/ Xi)f),q*,(ﬂxmfl/ min{1,4},—ao—1/ min{1,4}) if 6=0,1,

where (Xp, X1) is a couple of Banach function spaces, at least one of them having absolutely con-

q .
4 si 1 <g<oo,
tinuous norm, and g* = { 771 7=
o si 0<g<l,

the parameters in the duality formula, however the result for associate spaces does not require the
couple to be regular and, moreover, it is also valid for g = co.

. The parameters in this formula coincide with

We close Chapter 4 with the application of formulae for associate spaces obtained in Theorem
4.12 to compute the associate of

Lpqn) () = (L1(€Q), Leo())1-1/pqa (),

being (Q), 1) a non-atomic, o-finite measure space, 1 < p < coand0 < g < oo. In Theorems 4.13,
4.14 and 4.15, we obtain the same formulae that Opic and Pick proved by means of direct calcula-
tions. Finally, we introduce the sequence spaces /,;, that are a discrete version of L(yqn) when
considering as measure space the natural numbers with the counting measure. In Theorem 4.16, we
compute the associate space for £ ; , a problem that was not studied by Opic and Pick.

The results in Chapter 4 form the joint paper [18] that appeared in Ann. Acad. Sci. Fenn. Math.

According to (1.1), it makes sense to consider logarithmic spaces

(Ao, A1)0,00,(a00) @A (Ao, A1)100,(0,000) /

however in the duality results in Chapter 3 and the results on associate spaces in Chapter 4, these
cases are notincluded. Thereasonis that these results are based on the representation of the spaces
by means of the J-functional and, although the J-representation of these spaces was apparently
given in [48], the truth is that arguments failed in this limiting case.

This motivated the research in Chapter 5 on spaces (Ao, A1), (ap,0) @Nd (A0, A1)1,00,(0,00)+ N
fact, we only study the last ones since due to symmetry on the logarithmic weights and the K-
functional we have

(A0, A1)0,00,(a0,0) = (A1, A0)1,00,(0,a0)-
We start proving that if ae < 0 then (Ao, A1)1 0 (0.,) cOiNcides with the Gagliardo comple-

tion A7, therefore we only treat the case as > 0. Under this hypothesis Theorem 5.5 proves that
(Ao, A1)1,00,(0,0,) @dmits a representation by means of the J-functional with a mixed norm

u Koo +1 u )
1] (Ao, A1) 100 (000 Nmf{/olwdf+ sup LB u(t) a= [ u(t)df}_

t 1<t<oco t t
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Although this J-space is not a logarithmic space in our scale, this representation is enough to get
results about the dual and associate spaces.

In Theorem 5.10, we complement the results in Theorem 4.12, proving that if (X, X7) is a couple
of Banach function spaces where at least one of them has an absolutely continuous norm and as, >
0, then

(X0, X1)1,00,(0,000))” = (X0, X111, (—te0—1,0) /

for every « < —1. As an application, we obtain the associate space for the generalized Lorentz-
Zygmund space L (e 0,(0,0,)) (Q).

Theorem 5.12 studies the dual of the closure of Ay N Aq in (A, A1)1m,(0,am) for any regular
Banach couple (Ap, A1) and finally, in Proposition 5.13 it is shown that the closure of Ag N A7 in
(A0, A1)1,00,(0,0) COINCide with those elements in the space satisfying

t—o0

£ (1)K (t,a) — 0.

The results in Chapter 5 form the joint article [19] that has been published in Mediterr. J. Math.

In Chapter 6 we study some problems related to logarithmic interpolation methods and compact
operators. The research on interpolation properties of compact operators has its origin in 1960 with
Kranosel’skii Theorem, proving that under the hypothesis in the Riesz-Thorin Theorem if, in addition,
we assume that one of the restrictions is compact, then the interpolated operator is also compact.
This motivated the research on interpolation properties of compact operators by abstract interpo-
lation methods. For the real method, the final result was achieved in 1992 by Cwikel [50] and Cobos,
Kthn and Schonbek [42] for the Banach case, and it was extended later to quasi-Banach spaces by
Cobos and Persson[45]. The study of interpolation properties of compact operators by the complex
method without auxiliary conditions is still open.

Given a linear and continuous operator acting between quasi-Banach spaces there are different
ways of measuring how far this operator is from being compact. One of the most relevant ones is the
measure of non-compactness: If A and B are quasi-Banach spacesand T : A — B is a linear and
continuous operator, we define its measure of non-compactness (8(T : A — B)) as the infimum
of all & > 0 for which there exists a finite subset {b, ..., bs} C B such that

T(UA) - O {bk + U'UB}.
k=1

Notice that alinear and continuous operatoris compact if, and only if, its measure of non-compactness
is zero.

Cobos, Ferndndez-Martinez and Martinez [41] proved that if (Ag, A1) and (By, B1) are Banach
couples, 0 < 8 < 1,1 < g < coand T is a linear operator acting continuously from Ag into By and
from A; into By, then

B(T : (Ao, A1)eq — (Bo,B1)e,) < CB(T : Ag — Bo) °B(T : Ay — By)P.

This was extended later by Fernandez-Martinez [66] to quasi-Banach couples and 0 < g < oo.

In 2014, Edmunds and Opic [56] obtained a limiting variant of Kranosel’skii Theorem involving
generalized Lorentz-Zygmund spaces on finite measure spaces and always on the Banach context.
This motivated the search for abstract results on interpolation of compact operators by logarithmic
methodswhen 6 = 0,1 (see[38, 48]). Infact, as a consequence of the resultsin [48], an extension of
the Edmunds and Opic’s Theorem was obtained for generalized Lorentz-Zygmund spaces on o-finite



Chapter 1. Introduction 19

measure spaces.

The aim of Chapter 6 is to study the interpolation of the measure of non-compactness by loga-
rithmic methods acting on quasi-Banach couples and 8 = 0 or § = 1, generalizing the results in [38,
39]. For 8 = 0, Theorems 6.11 and 6.12 show the following:

Theorem 1.1. Let A = (Ap, A1), B = (By, B1) be quasi-Banach couples and let T be a linear op-
erator that acts continuously from Ay to By and from A; to B;. Assume that 0 < g < oo and
A = (ap, xe) € R? satisfy that

1
aoo+1/q<0§060+6 if 0<g<oo or foo <0 <@g if g=oco.
Then,

a) ‘B(T : (AQ, Al)O,q,A — (BO, Bl)O,q,A) =0 lle(T : AO — Bo) = 0,
b) ﬁ(T : (A(), Al)O,q,A — (Bo, Bl)O,q,A) S Cﬁ(T : AO — Bo) ile(T : A1 — Bl) = 0,

. +\ &) Koo
C) IB(T : (AQ,Al)O,q,A — (BO/Bl)O,q,A) < C‘B(T Ay — Bo) (1—|— (10g%) ) 0 if
‘B(T : A]' — B]) > O,j =0,1.

We deduce from here that compactness in the first restriction implies that the interpolated op-
erator is also compact. However, contrary to what happens for the real method, if compactness is
assumed in the second restriction we cannot guarantee that the interpolated operator is compact,
as it is shown in Remark 6.15.

We close Chapter 6 applying these results to estimate the measure of non-compactness of op-
erators acting between generalized Lorentz-Zygmund spaces (see Theorems 6.16 and 6.18). In par-
ticular, in Corollaries 6.17 and 6.19, we obtain the following extension of Edmunds and Opic’s results
to quasi-Banach spaces:

Theorem 1.2. Let (R, ) and (S, v) be o-finite measure spaces. Take 1 < py < p1 < 00,0 < gp <
g1 < 00,0 < g < ooand A = (g, a00) € R?>withaeo +1/9 < 0 < ag+1/g. Let T be a linear
operator such that

T:Ly(R) — Lg(S) is compactand,
T:L, (R) — Lg(S) iscontinuous.

ThenT: LPOr‘i/Aerm{lpo,q} (R) — L‘io"i'A+max{]qo,q} (S) is also compact.

The results in Chapter 6 form the paper [12] in Banach Center Publ. and the joint work [15] that
appeared in Quart. J. Math.

The representation by means of the J-functional of spaces (Ao, A1)9,q,A plays amainrole in Chap-
ters 3-6. If 0 < 6 < 1, then (Ao, A1)gq,a is equivalent to an interpolation space with function
parameter and, therefore,

(Ao, A1)pqn = (Ao, A1)} o

for every quasi-Banach couple A = (A, A1). However, as we have seen before the cases § = 0
and 6 = 1 are more interesting. For simplicity, we will focus on the case 8 = 1, but the results can
be easily extended to 0 = 0. If A = (Ag, A1) is a Banach couple, the representation by means of
the J-functional of (AO,A1)1,q,A with 1 < g < oo was proved by Cobos and Segurado in [48], the
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case 0 < g < 1 corresponds to Theorem 3.5 and the limiting case (A, A1)1loo,(0,“w) corresponds to
Theorem 5.5.

In Chapter 7 we investigate what happens when we work with quasi-Banach couples instead of
Banach couples. As a tool for the results on the interpolation of the measure of non-compactness,
we proved in Theorem 6.1 thatif A = (Ap, A1) is a p-normed quasi-Banach couple and 0 < g < oo,
then under certain hypothesis on the logarithmic exponents

(Ao, A1)198 = (AT, AT ) Ay

where A = (£,,£,(27™))1,4,a- The question now is whether under the same hypothesis the space
(Ag, A1)1,4,a is equivalent to a logarithmic J-space for any p-normed quasi-Banach couple A =
(Ag, Ar).

The answer depends on the relationship between the parameters p, g and the logarithmic expo-
nents. If 0 < g < p < 1, Theorem 7.18 proves that this representation exists with a shift of 1/4 in
the logarithmic exponents. However, if 0 < p < g, in Section 7.2 it is shown that for some cases it
is impossible to find a representation of this type. In this case, we look for the best possible pairs of
exponents M and B such that

(Ao, Al){,q,]B — (Ao, A1)198 — (Ao, Al){,qJM ¢

for any p-normed quasi-Banach couple. According to Theorems 7.9 and 7.10, under certain hypoth-
esis if A = (ap,a) the best possible exponents for the second embedding are M = (ag +
m,zxm + m% and according to Theorem 7.11 and Proposition 7.15 the best possible ex-
ponents for the fist embedding are B = (xp + 1/p, 2 + 1/p). A graphic representation of the
whole situation can be found in Figures 7.1 and 7.2 in page 134.

The results in Chapter 7 form the joint paper [16] that has been accepted for its publication in Z.
Anal. Anwend.

The second part of this monograph consists of Chapter 8 and studies the interpolation of the
measure of non-compactness for bilinear operators. The interpolation properties of bilinear oper-
ators were studied in the pioneering work about the real method of Lions and Peetre [89] and the
paper by Calderdn [26] on the complex method. For the real method, the Lions and Peetre’s result,
later generalized to quasi-Banach spaces by Karadzhov [82] and Kénig [83], reads as follows:

Theorem 1.3. Let A = (Ap, A1), B = (By, B1) be quasi-Banach couples and let E = (Ey, E1) be an
r-normed quasi-Banach couple (with0 < < 1). Let0 < 0 < 1,0 < go,q1 < o0and0 < g < ©
verifying

1 [2+1-1 i gqo,q >

ey N =

q if go<r or q<r.

If T is a bilinear operator suchthat T : (Ag + A1) X (Bo+ B1) — (Eo + E1) is continuous and the
restrictions T : A; X B; — E; are continuous for j = 0, 1, then

1
max{4o,q1 }

T : (Ao, At1)e,q, X (Bo, B1)g,q, — (Eo, E1)eq is also continuous.

Recently, Bényi and Torres [10], Bényi and Oh [9] and Hu [79], among other authors, have stud-
ied examples of bilinear compact operators that appear naturally in Harmonic Analysis. This fact
motivated the research on interpolation properties of bilinear compact operators, something that
Calderdn had already considered in [26] for the complex method. As for the real interpolation
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method, some results can be found in [62, 65, 64, 40]. In the last cited paper, Cobos, Fernandez-
Cabrera and Martinez proved that if we assume that one restriction in the previous theorem is com-
pact, then the interpolated bilinear operator is also compact. The next natural step is to search for
quantitative results related to the measure of non-compactness. Mastyto and Silva in [93] proved,
among other things, that

IB(T : Aerlio X 39,171 — EQ,q) < C,B(T 1 Ag X By — Eo)l_eﬁ(T 1Ay X B — El)e (1.2)

being the involved spaces Banach, 1 < gg,q1 < 0,1 < g < o0 and % = qlT) + qll — 1. In Chapter
8, we extend the estimate (1.2) to the quasi-Banach context of Theorem 1.3 (see Theorem 8.9), in-
cluding, in particular, the cases gp = o0, g1 = 0, g = 1 and g = oo that are not treated in [93]. In
fact, throughout the whole chapter we work with the general real method obtaining in Theorem 8.7
estimates for the measure of non-compactness in this context. In particular, we also get the next

result for interpolation methods with a function parameter (see Theorem 8.8):

Theorem 1.4. Let A = (Ao, A1), B = (Bo,B1), E = (Eo,E1),0 < go,91,9 < o and T be as in
Theorem 1.3. Let pg, p1, p2 be function parameters such that there exists a constant L satisfying

po(t)p1(s) < Loa(ts), t,s>0.

Then, if B; = B(T : Aj x B — E;),j = 0,1, we have:

a) B(T: APMO X Bpl/‘h — Epz/q) =0,ifj=0,j=006j=1.
A

b) 5(T pogo X Bpwl - Epz,q) < C,BOS,ol(ﬁl /;BO) if :Bj > 07j =01
Here C is a constant independet of T and s, (t) = sup{p1(ts)/pi(s) : s > 0}.

The results in Chapter 8 form the joint work [14] that appeared in J. Approx. Theory communi-
cated by Prof. P. Nevai.

The third and last part of this thesis (Chapters 9 and 10)) focuses on the study of function spaces
of Lorentz-Sobolev type, in particular, Besov-Lorentz spaces B;Lp,r(]R”) and Triebel-Lizorkin-Lorentz
spaces F;Lp,(IR"). These spaces arise when we replace the Lebesgue spaces L, (IR") by Lorentz
spaces Ly, -(R") in the definition of Besov and Triebel-Lizorkin spaces by means of a dyadic resolution
of unity (see Definition 9.1). Triebel introduced these spaces for1 < p,q < ccand1 < r < coin his
book [110] as a tool to describe the result of interpolating the couple (A;O,q, A;w)’ A € {B,F} by
the real method under certain hypothesis. However, since 1974 different type of spaces with Lorentz
smoothness had already appeared in the literature in very different contexts. For example, Hardy-
Lorentz spaces have been studied by Fefferman, Riviere and Sagherin[60] and Almeida and Caetano
[3,2]; spaces F; L, ,(IR") appear in the papers by Stein [108], Caetano [25] and Cianchi and Pick [28],
among others; and weak Triebel-Lizorkin spaces F;Ly . (R") and weak Besov spaces BjL,«(R")
appear in the book by Edmunds and Triebel [57]. More recently, Seeger and Trebels [107] studied the
embeddings between spaces A;LW(IR”), A € {B,F} and Hobus and Saal [78] investigated some
properties of spaces F;LW(]R”) as a tool for the study of Navier-Stokes equations. Our objective is
to continue with the study of different properties of these spaces.

In Chapter 9 we give a characterization by means of wavelets for A3L,,(R"), A € {B, F} when
0<p<oo,0<qg,r<ooands € R (see Theorem 9.16). This characterization was proved by Yang,
Cheng and Peng [121] for spaces P;Lp,,(lR”) but the result is not very accessible being the paper in
Chinese. On the other hand, the case of Besov-Lorentz spaces has been considered by Almeida [1,
Corollary 3.2], but only in the case By L, 4(IR"). Our result is new for spaces BiL, (R") with r # 4.
We follow a different strategy from the one in [121] and [1], based on a recent paper by Haroske,
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Skandera and Triebel [77], and we start giving a decomposition in terms of atoms (see Theorem 9.11
and Proposition 9.12).

The wavelet decomposition of spaces A7L,,(R"), A € {B, F} establishes an isomorphism be-
tween these spaces of distributions and the sequence spaces b;LW and f;LW, respectively, intro-
duced in Definition 9.13. This reduces the problem of interpolating spaces A;LW(]R”) to the more
simple problem of interpolating the corresponding sequence spaces and allows us to obtain differ-
ent interpolation formulae for spaces AL, (IR"), A € {B, F'}, that are collected in Theorems 9.17,
9.21,9.22 and 9.23.

These formulae allow us to transfer certain properties from classical Triebel-Lizorkin spaces to
spaces F; L, (IR"). In particular, it is proved that F)L,(IR") coincides with the local Hardy-Lorentz
space h,(R") when 0 < p,r < co. Moreover, Theorem 9.18 proves the following smoothness
improvement due to the Gauss-Weierstrass semigroup

|x—y[?

W) = s fou@ Sy, fe SR, xR

Theorem1.5. Letd > 0,0 < p < 00,5 € Rand 0 < g,r < oo. There exists a constant ¢ > 0 such
that for every t with0 < t < 1andevery f € F/L,,(R"),

H2 | W f 1By L (R || < el 1By Ly, (R)]]-

We close Chapter 9 giving in Theorem 9.24 a characterization of Besov-Lorentz spaces Bf]Lp,r(]R")
as approximation spaces by means of wavelets and the space Fng,r(R”).

The aim of Chapter 10 is to study the extension of some properties of classical Besov and Triebel-
Lizorkin spaces to the context of spaces A7L,,(R"), A € {B, F}. In particular, we focus on some
key problems studied in [112, Chapter 4] and that are interesting because of its applications to PDE’s.
These problems are: invariance of A;LW(]R”) with respect to a diffeomorphism from R" into itself,
the existence of linear extension operators from AL, (R} ) in A7L,(IR"), pointwise multipliers,
multiplication properties of A;LW(IR”) and traces of these spaces on hyperplanes.

In Section 10.1, we study the first three problems above mentioned, in particular, in Theorems
10.1, 10.2 and 10.3, respectively. The proof of these results is a direct application of interpolation
formulae obtained in Chapter 9.

In Section 10.2 we study some multiplication properties for spaces A7L,,(R"), A € {B,F}.
Here the interpolation techniques employed are more subtle and they require the use of interpola-
tion theorems for bilinear operators, the complex interpolation method and the characterization of
B Ly (R") as an approximation space.

Triebel shows in his books [115, 117] that the multiplication properties of classical Triebel-Lizorkin
spaces are important for their applications to Navier-Stokes equations and non-linear heat equa-
tions. In Section 10.2.1, we study multiplication properties for F;LW(]R”) spaces. In particular, in
Theorems 10.9 and 10.10 we give sufficient conditions for these spaces to be multiplication algebras.
The result reads as follows:

Theorem 1.6. Under the hypothesis

O<p<oo,s>n/p,0<g<oco,0<r<min{lq}, r<p, or
l<r<p<o,s>n/p,1<qg< 0o,

the space F; L, (IR") is a multiplication algebra.
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In Section 10.2.2, we study the case of spaces BSLp,r(lR”). In Theorems 10.20 and 10.21, we give
sufficient conditions for Besov-Lorentz spaces to be multiplication algebras. In particular we prove:

Theorem 1.7. Under the hypothesis
O0<p<oo,s>n/p0<g<o,0<r<p,

the space B3 L, ,(R") is a multiplication algebra.

The proof of this last result is based on the characterization of B3L,,(R") as an approximation
space (see Theorem 10.16), this time by means of the space FSLW(]R”) and entire functions of ex-
ponential type. Here, the equivalence proved in Theorem 10.15 is crucial since it allows us to replace
the Lorentz space Ly, (IR") in the definition of B; L, ,(R") by the local Hardy-Lorentz space /1, (R").
That is to say,

B;Lp,,(]R”) = B;hp,r(IR”), sER, 0<g<o0, 0<p,r<oo.

Finally, in Section 10.3 we study the problem of traces on hyperplanes for Lorentz smoothness
spaces. For spaces F; L, ,(R"), Theorem 10.23 shows thatifs —1/p > (n —1)(1/p — 1) then

-1/ -1/
tr P;Lp,,(]R”) = (B;o,po P(R"), B;l/Pl a (R™))e,r, (1.3)
forany 0 < po < p < p1suchthats—1/p; > (n—1)(1/p; — 1) and % = 17*09 + %. Forr=1p

the last interpolation space coincides with B;,;,l/p(]R”), and the previous result corresponds with

the already known result for classical Triebel-Lizorkin spaces. However, for r # p the description of
the interpolation space (1.3) is an open problem already stated by Peetre in [101, p.110]. In Theorem
10.24 we characterize this space by means of wavelets and, with more generality, in Theorem 10.25
we obtain a characterization by means of wavelets for the space
B, 10 (R"), By (R"
( po.po ( )/ p1.p1 ( ))G,r
with « € R and the other parameters as before. This allows us to prove that, as expected, the
trace of F;LW(]R”) only depend on's, p and r. Finally, in Theorem 10.26 we show that under certain

hypothesis tr B;Ly,¢(R") = B} /"L, ,(R* ).

The results in Chapters 9 and 10 form the joint articles [20, 21] and the paper in preparation [17].
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Chapter 2

Preliminaries

This chapter aims to provide an introduction to the main notations and concepts that are going to
be used subsequently. We start by recalling some properties of quasi-Banach spaces.

Let X be a linear space over a field K (R or C), we call the function || - |X]| : X — [0,0) a
quasi-norm if the following properties hold:
(1) |lx|X]|| = 0if, and only if, x = 0.
(2) [|Ax|X]|| = |A] - ||x|X]|| for every scalar A and every x € X.
(3) There exists a constant cx > 1 such that ||x + y|X|| < cx(||x|X]| + ||y|X]|) for every x,y € X.
We say that (X, || - | X]|) or simply X is a quasi-normed space (or a normed space if cx = 1). If a
quasi-normed space is complete, we say that it is a quasi-Banach space.

On the other hand, for 0 < p < 1 we call the function || - |X]|| : X — [0,00) a p-norm if it
satisfies properties (1), (2) and

(@) llx+ylX|[P < [lx|X[[F + [ly|X][, forany x,y € X.

We say now that X is a p-normed space. Note that any p-norm is also an r-norm forany 0 < r < p.

It is straightforward that any p-normed space X is quasi-normed with cx = 21/P=1 In the other
direction, the Aoki-Rolewicz theorem states that if (X, || - |X]|) is a quasi-normed space with con-
stant cx > 1in the quasi-triangle inequality, there is another quasi-norm on X equivalent to || - | X]||
which is a p-norm with % =1+ log, cx (see, for example, [11, Lemma 3.10.1]).

Given two quasi-Banach spaces X and Y we denote by £L(X,Y) (or simply £(X) if X = Y) the
space of continuous and linear operators from X to Y. As in the case of Banach spaces, a linear
operator T : X — Y'is continuous if, and only if, it is bounded

ITILX, Y| := sup{[[Tx[Y]| - [[x]X]] <1} < eo.

Furthermore, (L£(X,Y),| - [£(X,Y)]|) is also a quasi-Banach space with constant cy in the quasi-
triangle inequality. In particular, if (Y, || - |Y]|) is a Banach space, then £(X,Y) is a Banach space.
This implies that the dual space X* := L(X,K) of any quasi-Banach space X is always a Banach
space.

Analogously, given three quasi-Banach spaces X, Y and Z we put B(X x Y, Z) for the set of
all continuous and bilinear operators from X x Y in Z. A bilinear operator T : X XY — Ziis
continuous if, and only if, it is bounded

ITIB(X x Y, Z)|| := sup{[[T(x, y)|Z] - [[x|X]| <1, [[y[Y]| <1} < co.
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From now on, we follow the usual notation concerning the symbols < and ~: If U and V are
quantities depending on certain parameters,weput U < Vif U < ¢V witha constant cindependent
of the significant parameters. Weput U ~ VifU < Vand V < U.

2.1 Interpolation methods

By a quasi-Banach couple A = (Ap, A1) we mean two quasi-Banach spaces Ay, A1 which are con-
tinuously embedded in the same Hausdorff topological vector space A. If Agand A; are p-normed
quasi-Banach spaces forsome 0 < p < 1, we say that A= (Ag,Ap)isa p-normed quasi-Banach cou-
ple. 1t follows, from the properties mentioned before, that any quasi-Banach couple is a p-normed
quasi-Banach couple for a convenient 0 < p < 1. When Ag and A; are Banach spaces we simply say
that A = (Ao, A1) is a Banach couple.

If A = (Ap, A1) is a quasi-Banach couple, then it makes sense to consider Ag N Ay and Ag + Ay
which are also quasi-Banach spaces with the following quasi-norms:

lla|Ap N A1]| = max{||a| Ao, ||a|A1]|}, a€ AoN A, (2.1)
|a|Ag 4 A1]| = inf{||ag| Ao|| + ||a1|A1|| : @ = ap +ay,a; € Aj,j=0,1}, ac Ag+ A (22)

If A = (Ao, A1) and B = (By, By) are quasi-Banach couples, we write T € L(A, B) (or simply
ﬁ(A) if A = B)if Tis a linear operator, T : Ag+ A1 — By -+ By, with continuous restrictions
T:A;j — Bj,j =0,1. We say that a quasi-Banach space A is an intermediate space with respect to
the quasi-Banach couple A if

AoﬂAl‘%AL)AQ—f—Al

where < denotes a continuous inclusion. If, in addition, for any T € L(A) the restriction
T: A — Ais continuous, we say that A is an interpolation space with respect to A. More gen-
erally, let A and B two quasi-Banach couples, we say that two quasi-Banach spaces A and B are
interpolation spaces with respect to A and B if A and B are intermediate spaces associated to A and
B, respectively, andif T € L(A, B) implies T € L(A, B).

We say that F is an interpolation method if F is a procedure that associates to each quasi-Banach
couple A an intermediate space with respect to A in such a way that given any other quasi-Banach
couple B the spaces F(A) and F(B) are interpolation spaces with respect to A and B. We say that
Fisanexact interpolation method if it is an interpolation method and for every quasi-Banach couples
A,Band T € L(A, B) we have that

ITIL(F(A), F(B)) < max{|[T|L(Ao, Bo)l, I TIL(A1, B1)]|}-

In what follows we are going to focus mainly on the so-called real interpolation method (and
some of its variants), but we will say a few words on the complex interpolation method too.

2.1.1 The real method

Let A = (Ao, A1) be a (p-normed) quasi-Banach couple. Fort > 0anda € Ag + Aj, the Peetre’s
K-functional is defined by

K(t,a) = K(t,a; Ag, A1) = inf{||ao| Ao|| + t||a1|A1]| : @ = ap + a1, aj€ Ay j= 0,1}.
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If t = 1, K(1,-) coincides with the quasi-norm of Ay + A given in (2.2). We can also consider the
equivalent p-norm

K, (t,a) = Ky (t,a; Ao, A1) = inf{(||ao| Ao||? + tP||aq | A ||P)YP s a = ag + ay, aj € Aj, j=0,1}.
It turns out that
K(t,a) < Ky(t,a) <2VP7'K(t,a), a€ Ap+A;, t>0.

It can be easily seen that K(t,a) is increasing and K(t,a)/t is decreasing on t forany a € Ag + A;.
Furthermore,

K(t,a) < max{1,t/s}K(s,a), forany0 <t,s <ooanda € Ag+ Ay, (2:3)
K(t,a; Ao, A1) = tK(1/t,a; A1, Ao), foranyt > 0anda € Ag+ A;. (2-4)

Similar inequalities hold for K, (t, a).

Let A = (Ap, A1) be a (p-normed) quasi-Banach couple, 0 < 0 < 1and 0 < g < oo, the real
interpolation space (Ao, A1)g,4 consists of alla € Ag + Ay with finite quasi-norm

|a| (Ao, A1)oql| = (/Ooo[tf’K(t,a)]qd:)l/q N (/()Oo[tf?Kp(t,a)]qC?)l/q' (2.5)

When g = oo the integral should be replaced by the supremum. The real interpolation space
(Ao, A1)g,4 admits also discrete quasi-norms equivalent to (2.5),

1/q

l|al(Ao, Ar)ag]| ~ (k_i 2K a)) T~ ( 5 [z*kf’K,,(zk,a)]q)W. (2.6)

k=—

Again when g = oo the sum should be replaced by the supremum. In the above hypothesis
(AQ,Al)g,q is a quasi-Banach space (a Banach space when A is a Banach coupleand 1 < g < o).
Furthermore (-, ')Q,Q is an interpolation method with the following property.

Theorem 2.1. Let A = (Ao, A1) and B = (By, B1) be two quasi-Banach couplesand T € L(A, B).
If0 <6 <1and0 < g < oo, then the restriction T : (Ao, A1)g,y — (Bo, B1)g,4 satisfies

ITIL((Ao, A1)eq, (Bo, Bi)og) | < ITIL(Aq, Bo)|I' I T|L(Ar, B)lI°.

The real interpolation method was first introduced by Lions and Peetre [89] in 1964 and it has
been extensively studied later. See, for example, [6, 11, 22, 23, 110] for full details on this method and
its properties.

When g = oo the parameter 0 in the definition of the real method can also take the values 0 or
1. For j = 0,1, the space (Ao, A1) is called the Gagliardo completion of A; and will be sometimes
denoted by A]-N (see [6, 11]). It turns out that a € Ag + A; belongs to A].N if, and only if, there is a

sequence (a,) C A;j with

sup [|aq|Aj|| < oo and liin lla —an| Ao+ A1] = 0. (2.7)
n

Furthermore, minor modifications in the arguments for the Banach case of [6, Theorem V.1.5] show
that

K(t,a; Ay, A7) < K(t,a; Ag, A1) < max{ca,, ca, }K(t,a; A5, A7), t>0. (2.8)
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We call the quasi-Banach couple A mutually closed if A]TV = Aj,forj=0,1.

The definition of the real interpolation method that we have seen before relies on the K-
functional which is linked to the sum of spaces, however it can also be defined by means of the
J-functional that is related to the intersection and, for a (p-normed) quasi-Banach couple A, is
defined by

J(t,a) = J(t,a; Ao, A1) = max{||a|Aol|, t||a|A1]|}, t>0,a€ AgNA;.

The J-functional gives equivalent p-norms on Ap N A; that coincides with (2.1) when t = 1. For
anya € ApN Ay, it can be easily proved that J(t,a) is increasing and J(t,a)/t is decreasing on t.
Moreover

J(t,a) < max{1,t/s}](s,a), 0<ts<oo,a€c AygNAi, (2.9)
K(t,a) <min{1,t/s}](s,a), 0<ts<oo,ac AygNAi, (2.10)
](t,&l,‘Ao,Al) :t](l/t,a;A1,A0), O0<t<oo,a€c AygNA;. (2.11)

Assume that A = (Ao, A1) is a quasi-Banach couple,0 < 6 < 1and 0 < g < co. It follows from
the equivalence theorem [11, Theorem 3.11.3] that (Ao, A1), agrees with the collection of those
a € Ao+ A; for which there is a sequence (U )mez such thata = Y7 uy, (convergence in
Ap+ A1) and

( Y. [2*m91(2m,um>]ﬂ)”"<oo.
Moreover,
oo / oo
lal(A0, An), || = inf{ (3 [2*"1"](2"1,um)]fi)1 Ya= Y wmum€ N4} (1)

is an equivalent quasi-norm to || - | (Ao, A1)g,l|- If AisaBanach coupleand 1 < g < oo we can also
consider a continuous quasi-norm equivalent to (2.12) defined as follows:

Jal(Ao, 40, |~ in { ( [T1 s a1 ) ra= [Tu) %, ey ©,00) — a4t}

understanding that u(t) is a strongly measurable function with valuesin AgN Ay anda = [ u(t) dt

t
as a Bochner integral with convergence in Ag + Aj.

Real interpolation spaces satisfy the following property.

Proposition 2.2. Let (Ap, A1) be a p-normed quasi-Banach couple (0 < p < 1),0 < 6 < 1and
0 < g < 0. Then the space (Ao, A1)g,, admits an equivalent min{p, 4 }-norm.

Proof. Let || - |(Ao, A1)e,4l|° be the continuous quasi-norm on (Ao, A1), using Kp(t,-). If x,y €
Ap + A1, we get

q/pdt)l/q

I+ 91 (Ao, An)aglI” < ([ 4Ky (1) + Kyt )) 7S
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(the integral should be replaced by the supremum if § = o0). If g > p then it follows from the
triangle inequality that

00 dt\r/ o dt\r/
e+ 910, Ao )" < ([ (k00000775 (7 (0 )7 )
= ([lx[(Ao, A1)e,qlI*)" + (lly| (Ao, A1)e,ql)?-

Hence, || - |(Ao, A1)eql|®) isa p-norm. If 0 < g < p < 1then Ag and A; are also g-normed quasi-
Banach spaces. Using this time K, (t, ) to define || - |(Ao, A1)g4]|°, we obtain

oo dt
(Ix + (Ao, A1), ]1°)7 g/o 0K (1, L+/ K, (y)1 S

= ([[x[(Ao, A1)oql1*)" + (¥l (Ao, A1)egl® ) :

This shows that || - |(Ao, A1)e4||° is a g-norm. O

The reiteration theorem (see, for example, [11, Theorem 3.11.5]) describes what happens when
we apply repeatedly the real interpolation method. In particular, if A = (Ap, A1) is a quasi-Banach
couple, 0 < qo,q1,4 < 00,0< 60y #60; <1,0<ny <land® = (1 —1)6y + 16;. Then

((Ao, A1)6yq0r (Ao A1)ra,), . = (Ao, A1)gg  with equivalent quasi-norms. (2.13)

n4

Not only continuous linear operators can be interpolated by the real method, as we have seen
in Theorem 2.1, but also continuous bilinear operators. Let A = (Ag, A1), B = (Bo,B1) and E =
(Eo, E1) be quasi-Banach couples. By T : A x B — E, wemeanthat T € B((Ag+ A1) x (By +
By), Eg + E1) and the restriction of T to A; x B; belongs to B(A; x B}, Ej), forj = 0andj = 1.
The following result concerning the interpolation of bilinear operators was proved in the seminal
paper by Lions and Peetre [89] for the Banach case and extended to the quasi-Banach setting by
Karadzhov [82] and K&nig [83]. See [64, Theorem 3.1] and [40, Theorem 3.1] for the norm estimate.

Theorem 2.3. Let A = (A, A1), B = (By, B1) be quasi-Banach couples and let E = (Ey, E1) be an
r-normed quasi-Banach couple. Let0 < 8 < 1,0 < go, 91 < oo and put

(214)

1 i+l—% it go,q1 >,
q if go<r or q<r.

max{qo/ql}

If T: A x B— E, then T defines a continuous bilinear map T : Ag4, x By, — Eg4and

ITIB( A,y % Bogy, Eog)ll < CITIB(Ao x Bo, Eo)[I'°[I TIB(A1 x By, E1)||°.

One can also interpolate continuous bilinear operators defined just on the product of the inter-
section of quasi-Banach couples instead of the product of the sum, as it can be seen in the following
result.

Theorem 2.4. Let (Ag, A1), (Bo, B1) be quasi-Banach couples and let (Ey, E1) be an r-Banach couple,
0<r<1Let0 <@ <1land0 < go,q1,9 < oo verifying (2.14). If T is a bilinear operator defined
on (Ap N A1) x (Bo N By) with values in Eg N E; such that

IT(a,b)|E;|| < Mj|lalA;]l - |[BIBj, a€ Agn Ay, beBynBy, j=0,1
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then
IT(a,b)|(Eo, Ev)all < CM3~*MS|lal (Ao, A1), | - [B](Bo, Br)ag,ll, @ € Ao Ay, b€ ByniBy.

Furthermore, if g; < oo for j = 0, 1, the operator T may be uniquely extended to a bounded bilinear
operator from (Ao, A1)g,q, X (Bo, B1)g,q, to (Eo, E1)eq-

We show now one of the most well-known applications of the real method to specific quasi-
Banach couples. Let (), jt) be a o-finite measure space. Given a p-measurable function on () one
can define its non-increasing rearrangement as

() =inf{s > 0: u({w € O : |f(w)| > s}) < t}. (2.15)

Llet0 < p < 00,0 < q < oo, the Lorentz space L, ;(Q) consists of all (classes of) measurable
functions f having a finite quasi-norm

o g
Lyl = | (FEr501%) 7 i 0<g<e, (216)
/ sup,.o /P f*(t) if g=oo.

The space L, ,(Q2) also admits the equivalent quasi-norm

i) < [ (it e s i@l = )™ i o<q<o,
sup,o t({w € Q: [f(w)| > t})/P if = oo

It turns out, that if p = g, then the Lorentz space L, ,(Q2) coincides with the Lebesgue space L,(Q2)
of p-integrable p-measurable functions on Q. If 0 < pg # p1 < 0,0 < g < coand0 < 0 < 1it
turns out that (Lp,(Q), L, (€2)) is a quasi-Banach couple and
1 1-6 6
+

L, (Q), L, (Q =L,,(Q) ith — = —_,
(Po( ) pl( ))9,11 p,q( ) wi D 1o o

(2.17)

with equivalent quasi-norms. Using now reiteration formula (2.13) we obtain that, if in addition,
0 < go,q1 < o0and0 < pg, p1 < oo then

1 1-60 0

(Lpogo (€2), Lp, 4, (9))e,g = Lp,y(Q2),  with p = 7 + o1 (2.18)

with equivalent quasi-norms (see, for example, [11, Theorem 5.2.1]).

We close this brief introduction to the real method by pointing out its relation with abstract
approximation spaces (see [24, 105, 104, 52, 33] and the references given in there).

Let (X, || - |X||) bea quasi-Banach space and let (Ax);> , be a sequence of subsets of X satisfying
the following conditions:

(2) AAy C Agforany A € Kandany k € Ny := N U {0}.
3) Ax+ Ay C Agyyy forany k,m € INp.
If x € X, we put Eg(x) = ||x|X|| and define the k-th approximation number as

Ex(x) = EQ(x)x = inf{||x —a|X|| :a € Ax}, k€ N.
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Leta > 0and 0 < g < oo. The approximation space X; = (X; Ak)f; is formed by all those x € X
having finite quasi-norm

1/q
0 ® q1—1 :
13 = (Zkzl[k Ep 1 (x)]%k ) if 0<g<oo, (15)
supy~{k*Ex—1(x)} if g=o0.
We can also consider the following equivalent quasi-norm on X,‘;‘
w||o - kag q /4
lelxg e = (x1X) + Y 2B (x)7) (2.20)
k=1

with the usual modification if § = cc. See, for example, [105, Proposition 2].
When interpolating approximation spaces by the real interpolation method, the following iden-
tities hold.

Theorem 2.5. Let 0 < ap # a1 < 00,0 < po, p1,9 < 00,0 < 6 < landa = (1 —6)ag + Oaq, then
we have

(X, Xpi o = X
Furthermore,

(X, Xp1)eq = X3“1~

See, for example, [102] and [24], or [31, Proposition 2.7] for the last part.

2.1.2 The general real method

Now we introduce the general real interpolation method that extends the real method by changing
the weighted £, quasi-norm in its discrete definition (2.6) by a more general quasi-Banach sequence
lattice I'. See the books by Peetre [99] and Brudnyt and Krugljak [22] and the papers by Nilsson [95]
and Cwikel and Peetre [51] for the basic theory on this interpolation method. We follow mainly the
approach of Nilsson [95].

A quasi-Banach space (T, || - |T'||) of scalar valued sequences with Z as index set is said to be a
quasi-Banach sequence lattice if it verifies the following properties:

(1) T contains all sequences with only finitely many non-zero coordinates.

(2) Whenever || < |nu| foreachm € Z and (1) mez € T, then (Gn)mez € T and ||(&w) [T <
(77 [T

For example, if 0 < g < coand (Ay)mez is a sequence of positive real numbers, the space /()
consisting of all scalar valued sequences (&, ) mez With finite quasi-norm

0o 1/q .
(zm:,w AM@’mW) if 0<q<oo,
SUp,cz Am"jm’ if g=o9,

[1(Gn) [€g(An) || =

is a quasi-Banach sequence lattice. If A,, = 1foreverym € Z wejust write £, (or £;(IN) if the index
setis N instead of Z).

We say that a quasi-Banach sequence lattice I is K-non trivial if

[[(min{1,2"})|T|| < o0 (2.21)
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andfor0 < p < 1wesaythatT'is (p, ])-non trivial if I' — £, 4 £,(27™), that is

sup {( im[min{l,zm}]gm]]”>l/p l(EDIT < 1} < oo, (2.22)

Clearly, if T'is (p, J)-non trivial then T is also (7, J)-non trivial forany p < r < 1.

Let I' be a quasi-Banach sequence lattice and A = (Ao, A1) a (p-normed) quasi-Banach couple,
we can define the space (Ao, A1)rx = AF;K asthesetofalla € Ay + A; with finite quasi-norm

lal Arkl = 1(K(2", a)) [T

Analogously, we can define the space (Ao, A1)r;; = AF;] asthesetofalla € Ay + Aq for which
there exists a sequence (i )mez C AgN Ay suchthata = Y0 u, (convergencein Ag + A1)
and ||(J(2™,u,,))|T|| is finite. We define the quasi-norm

lalAry | = inf {|GQ2" wa)IT 10 = 3w, i € Ao Ay }.

m=—oo

Theorem 2.6. Let I be a quasi-Banach sequence lattice, 0 < p < 1and A = (Ap, A1) be a (p-
normed) quasi-Banach couple.

e If T'is K-non trivial, then Ar. is an exact interpolation space with respect to A. Otherwise,
Ar.x = {0}.

o If T'is (p, J)-non trivial, then Ar; is an exact interpolation space with respect to A. Other-
wise, there exists a p-normed quasi-Banach couple B = (B, B1) such that (By, B)r;s is not
embedded in By + B;.

Proof. Assume first that I" is K-non trivial. Then, from the properties of quasi-Banach sequence lat-
tices, we have that foreg = (5,91),,162 the sequence with 1 in the position of index 0 and 0 elsewhere

llal Arll = [[(K(2",2))[T|| > [|K(1,a)eo|T|| = K(1,a)]leo|T|| = ||a| Ao+ Aq]| - [leo|T]l, @€ Arx.
This implies Ar.x < Ag + Aj. On the other hand, using (2.10) we get that
lalArx| < [[(min{1,2"}J(1,a))|T|| = [[a| Ao N Aq| - [|(min{1,2"})|T||, a € ApN A;.

As ||(min{1,2™})|T|| is finite, the last estimation implies that Ag N A1 < Arx. Now we proof the
interpolation property. Let T € £L(A), thenforanya € Ay + Ay

K(2¥, Ta) < max{[|T|L(Ao)|, I TIL(A)I}K(2" a), ke Z
This implies that T : Ar.x — Arx and
I Ta| Ak || < max{[|[T|L(Ao)[l, | TIL(A1)[[}|a|Arkll, a € Ark.

Suppose now that I is not K-non trivial. This means that ||(min{1,2"})|T|| = oo. In this case, if
a € Ar, then using (2.3) we get

o0 > la] Ar| = [[(K(2",@))[T|| > [|(K(1,a) min{1,2" })[T|| = [|a| Ao+ Ax | - | (min{1,2" })|Tl,

which implies that ||a| Ag + A1|| = 0 and, consequently, a = 0.
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In what remains we work with J-spaces. Suppose that I is (p, J)-non trivial, then we can decom-
poseanya € ApNAjasa=7Y,__. uywhereuy=aandu, = 0foranym # 0. Thus

lalAryll < J(L a)eo|T|l = J(1,a)[leo|Tl| = [lal Ao VAs[| - [leo|Tl, a € Ao Ay,

and AgN Ay — Ar,;. Now assume thata € Ar,; and (i )mez C Ao N Aj is a J-decomposition for
a. Then using (2.10)

||El|A0—|—A1H < Kp(l,ﬂ) < < i Kp(llum)p>1/p < ( i min{l,z_m}l’](zm,um)ﬁ)l/l”
<sup{( 5 fmin{1,2 "} zal?) " 1@ Tl < 1HI0@ w)IT].

m=—oo

Taking the infimum over all the possible decompositions for a we derive that Ar;] — Ao+ A1. The
proof of the interpolation property follows the same ideas that we used for K-spaces.

Finally, if I'is not (p, J)-non trivial then there exists a p-normed quasi-Banach couple B such that
Br;j is not embedded in By + By. Indeed, consider B = ({,,£,(27™)). If T is not (p, J)-non-trivial
then givenany N € IN, thereis x = (x,,) € T'and Ly € N such that

1/
Jdr <1 and (Y [min{1,2 "} xl)?) > N

|m|<Ln
Put v, = Xy, if [m| < Ly and y,, = 0 otherwise, and lety = (yu). Let ey = (0X,) where &, is the
Kronecker’s delta and write uy = yyex, k € Z. Then we have thaty = Y7 u,, (convergence in
Cy + €p(27™)) with (28, uy; €, £,(27™)) = |yk|. Hence

Y1 CCp, €27 Nyl < [lyITI < [lx|T] <1

and
- . _ 1/p
ity + 6,7~ (X [min{1L,27"}Hxal)") > N.
Im|<Ly
This yields that (¢,, £,(27™))r;; is not continuously embedded in £, + £,(27™). O

We wonder now under which conditions the interpolation spaces (Ao, A1)r;x and (Ao, A1)r;y
coincides for any quasi-Banach couple A. The first thing we should notice is that, by construction,
any element of Ar;] can be approximated in Ay + A1 by elementsin Ay N A1. We call

k—o0

(Ag+ A1)° ={a € Ag+ Aq : thereis (vy)iy € Ap N Aj such that ||a — v |Ag + A1|| — 0}.

From the previous comment, it follows that the inclusion Ar.x C (Ao + A1)° isanecessary condition
for Ar,x = Ar;;. The complete result reads as follows.

Theorem 2.7. Let 0 < p < 1and I be a quasi-Banach sequence lattice K-non trivial and (p, J)-non
trivial. Then
Arx < Ar,;  for every p-normed quasi-Banach couple A.

Furthermore,
Ar;) — Arx  for every p-normed quasi-Banach couple A,

if, and only if, I' — (£,,£,(27™))rk-
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Proof. We show first that Ar.x C (A + A1)° for any quasi-Banach couple A. Indeed, it follows
from [95, Lemma 2.4] that a € (A + A;)° if, and only if, min{1,27¥}K(2,4) — 0ask — +oo. As
Cis (p, J)-non trivial we have that foranya € Ark

(3 minfL2 k@) = 1K@ a)le + 62

k=—o0

S K@ @) T[] = [lal Ar| < oo,

~

and consequently min{1,27¥}K(2¥,a) — 0ask — oo and Arx C (Ao + A1)°. Then, the fun-
damental lemma of interpolation theory (see, [11, Lemma 3.3.2]) implies that for any a € Ar.k there
exists a sequence (u,) C AgN Ay suchthata =Y __ u, (convergencein Ay + A1) and

J(2", uy) S K(2",a), foreverym € Z.

Therefore,
lal Ayl < [[(J(2", um))IT]| < [1(K(2™,2)) T[] = [[a] Ari]-

This proves that Ar,x < Ar;.

On the other hand, if I < (¢, £,(27"))r;x then for any a € Ar;; and any J-representation
(um) C Ao N Aj of a we have that

K250 < (X K@) < (X min(1, 2@ u)e)
= K, (25, (J(2™, tm)); £y, £p(27)).
Thus
llal Arll ~ [[(Kp (25, )T < [[(Kp (25, (J(2", um)); €y, €,(27™))IT |
= [[(J@", um))[(€p, £,(27") ) || S 1 (T(2™, ) ) [T

Taking the infimum over all the possible J-representations of a we derive that |a|Ar|| < ||a|Ar||
and, consequently, Ar,; < Ark.

Reciprocally, assume that Ar,; < Ark for any p-normed quasi-Banach couple. In particular,
(Lo, Lp (27" )y = (Lp, €p(27™) )1k

So, in order to prove that I' < (€, £,(27"))r;x, we just need to show that I' < (£, £,(27")r;;.
Let¢ = (Cm)pm=—w €L, thend = Y00ty With uy, = Cnem € £, N Ep(27™). Thereby

€100, €27 )y | < 1T (27, mem; Lp, €p (27" )) TN = ([ (En) [Tl

which implies that I' — (£, £,(27"))r;;. O

Some examples

ForT' = £,(27) with0 < g < c0and 0 < 6 < 1, Ar,x and Ar;j coincide and they are equal to the
real interpolation space Aglq for every quasi-Banach couple A.

Letp : (0,00) — (0, 00) be a function parameter, that is to say,

(1) p(t) increases from 0 to co.
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(2) p(t)/t decreases from oo to 0.
(3) sp(t) = sup{p(ts)/p(s) : s > 0} < oo, foreveryt > 0.

(4) min{1,1/t}s,(t) — O0ast — 0andt — co.

For0 <g<ooandI = {;(1/p(2™)), K and J-spaces coincide and they agree with the real method
with a function parameter (Ag, A1), that is defined as the real method but replacing t% by the func-
tion parameter p(t) in (2.5). This method was studied by Gustavsson [72] and Persson [103], among
other authors, and shares its main properties with the real interpolation method.

Now we are going to focus on logarithmic perturbations of the real interpolation method that
we are going to study in Chapters 3-7. Let £(t) = (14 |logt|) and £¢(t) = 1 +1og(1 + |log|). For
A = (ap, a00) € R? put

eo(t) if 0<t<1,
éA(t) — g(lxo,ﬂéoo)(t) _ ( ) I <ts
() if 1<t <oo,

and define (2 (t) similarly. 1f0 < 8 < 1,0 < g < o and A = (ap,as) € R? the function
p(t) = t94=A(t) is equivalent to a function parameter and, therefore, for any quasi-Banach couple
A = (Ao, A1) the interpolation space (Ao, A1)ogn = AQ,Q,A defined as the set of all elements
a € Ag + Ajq with finite quasi-norm

1/q

lalAogall = ([ 1Kt A e)1)

coincides with the spaces Ar;x and Ar;j for I' = £,(27™0¢A(2™)). These interpolation methods
where introduced by Evans and Opic in [58] and Evans, Opic and Pick in [59].

When we apply logarithmic interpolation methods to Lebesgue spaces, we get the so-called Gen-
eralized Lorentz-Zygmund spaces introduced by Opic and Pick in [97]. Let (), #) be a non-atomic
o-finite measure space, 0 < p,q < coand A = (ap, &) € R?, the generalized Lorentz-Zygmund
space Ly, A (Q) is the set of all measurable functions on Q) such that

o . dt\1/q
I Lpsa (@l = ([P er0F 01 F) (223)
is finite. When g = co the integral should be replaced by the supremum.
We denote by L, a)(Q2) to the collection of all measurable functions on Q) such that
o _ b, dt\1/q
F L @1 = ([ [ asif) . (.24)

According to [97, Lemma 3.5], in order to avoid the space L, ; o (Q) be the trivial space {0} we
should assume that

0<p<oo;
p=oo, wag+1/q<0; (2.25)
p=o, g=o0, ay=0.
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On the other hand, in order to prevent the space L, , 5)(Q}) from being the trivial space {0} we
should impose that

1<p <o

p=oco, ap+1/q<0;

p=oo, g=0, ay=0; (2.26)
p=1 0asu+1/9<0;

p=1 g=0, a,=0.

If1<p<eo,0<qg<ooandA = (x,te) € IR*satisfy (2.26) then L, 5 a(Q) = L0 a)(Q)
with equivalence of quasi-norms. See [97, Theorem 3.8].

For0 <0 <1,0<g<00,0<p<ocoandA = (x,ac) € R? according to [58, Corollary
8.4], we have the following interpolation formula:

(LP(Q)I LOO(Q))Q,q,A = L%,q,A(Q)' (2-27)

The generalized Lorentz-Zygmund scale contains other well-known spaces. If ayg = &, then the
space Ly, o (ag,a0) () coincides with the Lorentz-Zygmund spaces Ly,q(LogL)4, (Q2) (see, for example,
[5])- If 20 = aeo = 0, then L, . 00y (QY) is the Lorentz space L, (Q2) defined in (2.16).

An important feature of logarithmic interpolation spaces, as we are going to show next, is that
the quasi-Banach sequence lattice I' = £, (27™0¢2(2)) is also K-non trivial when § = 0 or 6 = 1
and the exponents of the logarithm satisfy certain conditions. In these cases (-,-)g4a does not
satisfy the conditions of an interpolation method with a function parameter but still has some special
properties (see [48]). In order to study these limiting cases sometimes it will be useful to consider
more general quasi-Banach lattices with a double logarithm.

Theorem 2.8. Let € R,0 < g < o0, A = (9, &00) € R?and B = (B, Bo) € RZ. The quasi-
Banach sequence lattice I = £,(27™0¢A(2)¢¢B(2™)) is K-non trivial if, and only if, one of the
following properties is fulfilled:

0<O0<T;
=0, ae+1/g<0 or an+1/g=0andfe+1/9<0;
0=0, =0, 0w =pPc=0; (2.28)

0=1 wao+1/9<0 or ap+1/g=0andPy+1/9<0;
0=1, g=o0, wag=pp=0.

Proof. We need to study under which hypothesis || (min{1,2"})[¢,(27™0¢A(2m) 0B (2))| < oo
or, equivalently, under which assumptions

0 1
Yo O gmo(amypgbo(2m))T ~ / [tlff’eao(t)wﬁo(t)]q? <o and
0

m=—oo

- —m Koo m 00 m i — Koo 00 dt
Y [0 (2 00Ps (2 )]m/l [0 ()P (]IS < oo,

m=0

Now the result follows from direct computations. O

Note that for A = B = (0,0) the logarithmic interpolation method (-, -)g 4,a,8 coincides with
the real method (-, ')glq. The previous theorem proves that it only makes sense to consider the real
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method as usual (when 0 < 6 < 1) orin the case of Gagliardo completions (when g = co and
6 =0,1).

Theorem 2.9. Let € R,0 < g < coand A = (ag, &), B = (Bo, Be) € R? satisfying (2.28).
(Ao, A1)eqam C (Ao + Ar)°, for every quasi-Banach couple A = (Ap, Ay) if, and only if, one of
the following conditions is fulfilled:

(0<6<1;
=1 0<g<oo and aw+1/9>0 or aw+1/g=0andf.+1/9>0;
=1 g=o00 and @w >0 or ae=0andpfs >0; (2.29)

=0, 0<g<oo and ap+1/g>0 or ag+1/g=0andBo+1/9>0;
=0, g=o00 and ap>0 or ag=0andpy>0.

Proof. Leta € Ag, a . Then

< 0

el Agq sl ~ ([0 er @R oK)

but, according to (2.28) and (2.29)

/0 1[t—9£“o(t)zeﬁo(t)]tht:oo and /1 " [E00) g (1) 0P (1)

1% _ .

Therefore lim;_,0 K(t,4) = 0 and lim;_,« M = 0, which implies thata € (Ay + A1)° (see [95,
Lemma 2.4]).

Assume now that the parameters verify (2.28) but do not satisfy (2.29), that is to say,

=1 0<g<oo and ax+1/9<0 or asx+1/g=0andPf.+1/9<0;
=1 g=o00, and ax <0 or axn=0andpfs <0;
=0, 0<g<oo and ap+1/9<0 or ay+1/g=0andBo+1/9<0;
=0, g=oc0 and ay <0 or ap=0andpy<0.

Assume first that 0 = 1. Let & = (1,1,1,...) and A = (¢1(IN), £s(IN)). According to [110,
Theorem 1.18.3] we have that K(2",&) = 2" for m € Z. Then & belongs to (£1(IN), leo(IN))1,4,A,B
since

121061 (N, £oo(N))1 g1 = ( Yo amyeham) 4 3 wwq(zmwﬁwq(zm))”q < oo,

m=—oo m=1
However, lim,, 0 K(2™,&; ¢1(IN), £ (IN)) /2™ = 1 and this implies that § ¢ (¢1(IN) + £o(IN))°.

On the other hand, if 8 = 0 we proceed in the same way with ¢ as before and the Banach couple
(Loo(IN), £1(IN)). Then, according to (2.4)

K(2", & loo(IN), £1(IN)) = 2"K (27, & £1(N), foo (N)) = 1.

As before ¢ belongs to (£e(IN), £1(IN))o4,a,8- However lim;, , « K(2",8;{e(IN), £1(IN)) = 1
and, therefore ¢ does not belong to (£ (IN) 4 ¢1(IN))°. O

Now we study under which hypothesis the quasi-Banach lattice T = £,(27™0¢A (2m) 4B (2)) is
(p, J)-non trivial.
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Theorem 2.10. Let0 < p < 1,0 < g < coand A = (ap, &), B = (Bo, Beo) € R2. The necessary
and sufficient condition for the continuous embedding

02700 (M) B (2M)) < £, + £,(27™)

is that
(0<06<1;
0=1 ao>0 or ayw=0andfs >0 if 0<qg<p;
0=1, ocoo+%—%>0 or zxoo+%—%:0andﬁoo+%—%>0 if p<g<oo;
=0, a>0 or ay=0andpy >0 if 0<g<p;
0=0, 0c0+%—%>0 or 0c0+%—%:0and,80+%—%>0 if p<g<oco.

(2:30)
(%) if 0<qg<p;
Proof. Letg* = L if 0<p<g<os;

qa-r
p if g = o0

Take any x = (x,) € £o(27™0¢4(2) 008 (2™)). Using Holder’s inequality we get

—m > o 1/p
1y + 6,27 ~ (X min{1, 27} |x?)
m=—oo
< [[(min{1,27}) [€g- (2" €A (2m) 6B (2™)) || - (x| £ (270 (2M) £€B (2m))|
0 . 00 1/q*
= (X Ryt + Y O e )y pe 2 )
m=—0o0 m=0
x [|x]€q (2700 (27) 0e® (2M)) .
The last sums are finite by (2.30). Therefore we obtain that
La (2700 (2™ 008 (2M)) — £y + £,(27™).
Conversely, if (2.30) does not hold then
=1 ao<0 or awn=0andfe <0 if 0<qg<p;
0=1 toty—5<0 o Aot;—y=0andfuti—3 <0 if p<g<o
=0, a <0 or ay=0andpBy <0 if 0<qg<p;

0=0, a0+%—%<0 or oc0+%— :Oand,30+%— <0 if p<gq<oo.

1 1
p p

Inthis case || (min{1,27"}) |- (202 (2m) 00~ B (2™))|| = co. If follows that forany N € N, there
is Ly € IN such that

N<( y [min{l,Z’m}Zmeé’A(2’”)%’]3(2’”)]‘7*>Uq*.

|m|<Ln
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Assume now that = 1and0 < p < g < . Let

Uy

[ min{1,2-myae2" e A @y e 7B (2 i m| < Ly,
0 otherwise,

puty = (ym)and x = (yu/|ly|€,(27™¢A(27)¢0B(2™))]|). Then x belongs to the unit ball of the

sequence space (4 (272 (2m) 0B (2™)) but

Ixlty + 6@ ~ (% Imin{1,27 )’

m=—oo

1/p
¥ jm|<L, [min{1,2-m}2m¢=A (2m) =B (2m)]q )

*

[min{1,2"}2" (A (2" 008 (2 )]q*)”q > N.

|m|<Ly

|
(ZWKLN [min{1,2-m}2m¢—A(2m)g¢—B(2m)]q )1/61
=(z

Hence, £, (27" ¢4 (2) 008 (2™)) is not continuously embedded in £, + £,(27™).

Inthe case § = 1and g = oo, where g* = p, we put

_JameAemyeeB2m) it |m| <Ly,
Ym = 0 otherwise.
Then H(ym)MOO(Z*WA(Z’”)MB(W))H = 1 but

[ty + 6@ ~ (X min{1,272me > @B emp) s N,

|m| <Ly

Finally,if @ = 1and 0 < q < p we have g* = co. We may assume that Ly satisfies that
min{1,2 v} 2tv = Aol pp=B(olny > N,
Leter, = (05") and x = 2l ¢~A(2Ln) g¢=B (2N )e; . Then we have

|| x| €q (275 (2) 2P (2™))|| = 1 and
[x|€p + €,(27™)|| = min{1,27Ev }2lvg=A 2k g~ B(2Mv) > N.

This completes the proof for 6 = 1. If § = 0 we can proceed analogously.

O

IfT = £,(27™0¢R(2m)0¢B(2™)) with the parameters satisfying (2.30), then sometimes we will
denote by (Ao, Al)é,q,A,IB (or simply (A(),Al)é’q,A if B = (0,0)) to the space (Ao, A1)r;. If, in ad-

dition, A = (Ag, A1) is a Banach couple and g > 1, then (A, Al)équB admits a continuous norm

defined by:
|a| A} qAIBH (2.31)
Ninf{</()w[tef(t,u(t))€A( P e /‘7 _/ H(0,00) — AgN Ar}

understanding a = fooo u(t)% as the Bochner integral with convergence in Ap + A;.
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2.1.3 The complex method

The complex method was introduced by Calderdn in [26] and, together with the real method, is one
of the most celebrated interpolation methods. We are going to give here a very rough introduction,
focusing only on the results we are going to need later. For a detailed study one could consult, for
example, [11, 110].

Let A = (Ao, A1) be a Banach couple. We put F(A) for the space of all functions f from the
closedstrip S = {z € C : 0 < Rez < 1} into Ag + Ay, which are bounded on S, analytic on the
openstring Sp = {z € C : 0 < Rez < 1} and moreover, the functions t — f(j +it) (j = 0,1)are
continuous from the real line into A; and tend to zero as || — co. We endow F(A) with the norm

IfIF(A)|| = max{sup || £ (it)| Aol sup || f (1 +it)| A ]|}

For0 < 6 < 1, the complex interpolation space [Ao, A1)y consists of alla € Ay + A;p such that
a = f(0) forsome f € F(A). We consider on [Ag, A1] the following norm:

lal[Ao, Adlell = inf{|| fI[F(A)[| : £(0) = a, f € F(A)}.

It turns out that [-, -]y is an interpolation method for Banach couples and it has the following
property: If A = (Ao, A1), B = (By, By) are Banach couples, T € L(A,B)and0 < 0 < 1, then
T : [Ao, A1]g — [Bo, B1]g is continuous and

IT|L([Ao, A1le, [Bo, Bile)|| < || TIL(Ao, Bo)||* || T|L(A1, B)]°.

The real and complex interpolation methods are connected through the following reiteration
result (see [11, Theorem 4.7.2]):

Theorem 2.11. Let A = (Ap, A1) be a Banach couple, 0 < 6y # 6 < 1,0 < 5 < landf =
(1 —1)00 + 161
(i) 1f0 < g < cothen

([Ao, A1l [Ao, A1le,)yq = (Ao, A1)y  with equivalent quasi-norms.
it . P — 1_ 1=, 1
(i) f1 <g; <oco,i =0,1and S + o then

[(Ao, Al)eo,%' (A(), Al)el,l]]]ﬂ = (AQ, Al)G,q with equivalent norms.

As in the case of the real method, continuous bilinear operators can also be interpolated by the
complex method. The result, proved by Calderdn in [26], reads as follows:

Theorem 2.12. Let A = (Ag, A1), B = (By, B1), E = (Eo, E1) be Banach couples and let 0 < 0 < 1.
Assume that T is a bilinear operator defined on (Ao N A1) X (Bp N By) with values on Eg N E; such
that

HT(a,b)|E]‘H < MjHLZ’AjHHb‘BjH, ac€ AyNAy, be BynBy, j=0,1

Then T might be uniquely extended to a bounded bilinear operator from [Ag, A1]g X [Bo, B1]g to
[Eo, E1]e-

We close the study of the complex method with an example. Let (Q, y#) be a o-finite measure
space,1 < pg,p1 < 00,0< 0 < 1and% = 1’7_09%-%.Then

Ly, (Q),L,, ()]s =L,(Q2) withequal norms.
Po p1 p
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2.2 Besov and Triebel-Lizorkin spaces. Some basic properties.

Let S(IR") be the Schwartz space of all complex-valued rapidly decreasing infinitely differentiable
functions on R". We write §’(IR") for the space of all tempered distributions. For f € S'(R"), we
put f forits Fourier transform and f for its inverse Fourier transform.

Let o € S(R") such that
@o(x) =1if |x| <1and @o(x) =0if [x| > 3/2.
Pr(x) = o2 Fx) — 9o (27 1x), ke N. (2.32)

Here |x| stands for the norm in R". Since
Y ¢r(x) =1forallx € R,
k=0

the sequence (k)2 is a smooth dyadic resolution of unity.

Definition 2.13. For0 < p,q < coands € R, then Triebel-Lizorkin space F; ;(R") collects all f €
S'(R™) having finite quasi-norm

Triebel-Lizorkin spaces do not depend on the smooth dyadic resolution of unity and generalize
other well-known spaces (see [111, Theorem 2.5.6]). For example, if 1 < p < coands € R then
F;,(IR") coincides with the fractional Sobolev space Hy(IR") of all f € S'(IR") such that

1R, ®) = [ ( L2 pef)17) Ly (")

k=0

IFIH R = [1((1+ |22 )V ILp (R ]| < . (2:33)

If, inaddition, s = m € Nthen FJ,(IR") = H}'(R") = W}'(IR") where this last space is the classical
Sobolev space of all functions in L,(IR") whose distributional derivatives up to order m belong to
L,(R") as well.

Furthermore, according to [111, Theorem 2.5.8/1], forany 0 < p < oo,
P’?,Z(]R”) = hy(R"), (2.34)

with equivalent quasi-norms, where h,(IR") is the local Hardy space consisting of all f € S'(R")
having finite quasi-norm

IF1p (R = | Sup [ () )V 1Ly (R)]]. (2:35)

<t<oco

Here p € S(IR") is compactly supported and ¢(x) = 1if [x| < 1. The space h,(IR") does not
depend on the choice of ¥. Finally, if 1 < p < oo, then

F3,(R") = HY(R") = I1,(R") = L,(R"),

with equivalent quasi-norms.
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Definition 2.14. For0 < p,q < coands € R, then Besov space B}, ,(R") collects all f € S'(R")
having finite quasi-norm

Hf‘B;,qGRn)H _ (koo 2ksq||<(pkf)v’Lp(Rn)Hq>1/‘7.

=0

Again the definition of Besov spaces is independent from the resolution of unity taken (see [111,
Proposition 2.3.2.1]).

It turns out that under certain conditions the interpolation of Triebel-Lizorkin spaces by the real
method results in Besov spaces. In particular, if 0 < p < 00,0 < 0 < 1,0 < g0,91,9 < oo,
—00 < 59 # 51 < oands = (1—0)sy+ 6sq, then

(Fpigo (R™), Fplgy (R"))o.g = By (R").

See, for example, [111, Theorem 2.4.2]. According to [35, Theorem 5.3], under the same hypothesis
as before if, in addition, b € R then
,b
(B (R"), Bplo. (R"))g g b,5) = By (R"), (2.36)

where B;’Z (R") is a Besov space with additional logarithmic smoothness consisting of all f € S’ (R")
with finite quasi-norm

I£1B ) = ( L 25+ 0" (ge) Ly ®) 7). (237)

k=0
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Chapter 3

Duality for logarithmic interpolation
spaces

The description of the dual space is an important and useful item on the list of properties of any
interpolation method. The aim of this chapter is to determine the dual of limiting logarithmic inter-
polation spaces (Ao, A1)1,4,a and (Ao, A1)o,g,a in terms of the K-functional when 0 < g < 1.

In Section 3.1, we review briefly some duality results in the literature for the real interpolation
method, the interpolation method with a function parameter, logarithmic interpolation methods
when( < 6 < 1andthelimiting caseswhenf = 0,1and1 < g < co. We also introduce the concept
of Banach envelope of a quasi-Banach space which is helpful when computing its dual and calculate
the Banach envelope of logarithmic interpolation spaces defined by means of the J-functional when
0<g<l

In Section 3.2, we study equivalence theorems for logarithmic interpolation spaces defined by
means of K and J-functionals when 0 < g < 1and 6 = 0,1. These results will be the key for
computing the dual of limiting logarithmic spaces under the previous hypothesis in Section 3.3 and
they complement the already known properties for 1 < g < co (see [48]).

In the last section of this chapter we show applications of the duality results to function spaces
and to operator spaces. In particular, among other things, we study the dual of the Besov spaces
B% defined by means of the modulus of smoothness associated to L, (1 < p < o), having classical
smoothness 0 and logarithmic smoothness with exponent b. Finally we consider two scales of spaces
of compact operators on a Hilbert space related to the Macaev ideals (see [90, 69]) and we describe
the duality relationships between them.

The main results of this chapter have appeared in [13].

3.1 Dual of some interpolation methods

As we saw in Chapter 2 quasi-Banach spaces are defined in a similar way to Banach spaces. However,
some of their properties differ in significant ways. For example, the dual of a quasi-Banach space can
be {0}. This is the case of Lebesgue spaces L, ([0, 1]) with the Lebesgue measure on [0, 1] (see [85,
§ 3.15.9, p.158]). In order to avoid this inconvenience, during the current chapter we are going to
work with Banach couples.

When working with the dual of interpolation methods the first thing we wonder is under which
hypothesis if A = (Ao, A1) is a Banach couple then A* = (A, A}) is a Banach couple too. It turns
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outthatif A = (Ao, A1) is aregular Banach couple, that is to say, Ag N Ay is dense in Ag and A; then
AS — (AoﬂAl)* and AT —> (A()ﬁAl)*,

and these embeddings are bounded. Therefore, A* = (A}, A}) is a Banach couple.

The dual of the real interpolation method (-, - ), was already studied by Lions and Peetre in their
foundational paper [89]when 0 < 6 < 1and1 < g < oo. They proved thatif A = (Ag, A1) is a
regular Banach couple thenfor0 < 8 <land1 < g < co

. . s 1 1

For the case of the real method with a function parameter (-, -), ; Persson proved in[103, Theo-
rem 2.4] thatif A = (Ao, A1) is a regular Banach couple, p is a function parameterand 1 < g < oo,

then , 1
Ay, A1) = (Af, AT / h t) = — -+ —-—=1
(Ao, 1)M (Ao, Al)pyq  where  pi(t) o(1/1) and q + 7

In particular, if p(t) = 242 (t) with0 < 0 < 1and A = (ap, &) € R? then we have p;(t) =
t0¢(a0) (1), Thus

(Ao, A1)p g8 = (A0, A1)0g,(~te—a0)r (-1)

for any regular Banach couple Aand1 < g < co.

As we saw in Theorem 2.8, for 1 < g < oo, the logarithmic interpolation space (Ao, Al)glq,A still
makes sense if

{ 1 (3-2)

=1, wap+1/9<0.

Cobos and Segurado in [48] studied the dual formula of the logarithmic methods in this limiting
cases. They proved thatif 1 < g < 00,0 =1andag+1/g < 0, then

(AS’AT)l,q,,(*lXoo*L*“O*l) if Koo + 1/q > 0,
(AO/ Al)iq,A = (AS, AT)l,q’,(fl/q’,ﬂxo71),(71,0) if e + 1/q =0; (33)
AT N (AS, AT)l,q’,(—l—l/l]',—(Xo—l) if Koo + 1/q < 0.

for any regular Banach couple A = (Ao, A1).

Noting that (Ao, A1)o,4,a = (A1, A0)1,q,(ae o) fOr any quasi-Banach couple A (see (2.4)), we can
also derive thatif 1 < g < 00,0 = 0and ae +1/q < 0, then

(AélAT)O,q’,(fzxwfl,fucofl) if a+1/9>0;
(Ao, A1)ogn = { (A5 AT )og(—aw—1,-1/),(0,-1) if a+1/9=0;
AS N (AS, AT)O,q’,(—acoo—l,—l—l/q’) if %) + 1/5] < 0.

Observe that formulae in the limiting cases present a shift in the logarithmic exponents that does
not appear in (3.1).

Now we wonder what happens when 0 < g < 1. In this case the interpolation methods that we
have seen before lead to quasi-Banach spaces even when applied to Banach couples. When working
with the dual of a quasi-Banach space is convenient to consider its Banach envelope that we define
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next.
Let (X, || - | X]|) be a quasi-Banach space. We consider

n

Zxk}, x € X.

n
el X|1* = inf { Yl X]) < x =
k=1 k=1

It turns out that || - | X||* is a semi-norm since it satisfies all the properties of a norm except that
|| x| X||* equal 0 does not imply x = 0. We denote by N the space of all x in X such that || x| X||* =0
and we designate as X* the completion of the quotient space X/ N. We call X* the Banach envelope
of X. It is a Banach space. Furthermore, forany T € X* there exists a linear mapping S € (X*)*
satisfying the following factorization:

where P : X — X*is the canonical quotient map. In particular, for any quasi-Banach space X we
have that

Xt = (x")". (3-4)

For example, if X is a Banach space then || - | X||* = || - |X|| and therefore X = X*. If 0 < p < 1,
then according to [100], (L,([0,1]))* = {0} and (¢£,)* = ¢;. This implies that, (¢,)* = {« and, as
we said before, (L,([0,1]))* = {0}.

Peetre proved in [100] thatif 0 < 6 < 1and 0 < g < 1, for any Banach couple
[(Ao, A1)eq]* = (Ao, A1)e,
and, thereby, if A is regular, then (A, Al)g,q = (A, A7)0

Following analogous ideas, it was showed by Cobos in [30, Theorem 3.1] and Mastyto in [92,
Corollary 2]thatif 0 < g < 1and pis afunction parameter, then forany Banach couple A = (A, A1)

[(Ao, A1)p)* = (Ao, A1)p1-
If, in addition, A is a regular Banach couple then we get that for0 < g < 1

1
o(L/8)

(Ao, Ay = (A3, ADpoo Where  pi(t) =

As we want to compute the dual of logarithmic interpolation methods when 0 < g < 1, we
should start by computing its Banach envelope. It turns out that it is easier to work in this case with
J-spaces than with K-spaces.



46 Chapter 3. Duality for logarithmic interpolation spaces

Let0 < g<1,0 €R, A = (g, &) € R?and B = (Bo, Bo) € R?. According to Theorem 2.10
the quasi-Banach sequence lattice T = £,(27™0¢A(2m)¢¢B(2)) is (1, ])-non trivial if, and only if,

0<o<1;
0=1 a0 >0 or aw=~0andps >0; (3.5)
=0, ay>0 or ay=0andpBy>0.

In this case we can calculate the Banach envelope as follows:

Theorem 3.1. Let A = (Ap, A1) be a Banach couple. Let0 < g < 1,0 € R, A = (ap, &) € R? and
= (Bo, B~) € R? satisfying (3.5). We have that

[(Ao,Al)é,q,AB]# = (AOIAl){),l,A,IB‘
Proof. Since £,(270¢R(2m)00B(2m)) < £1(27m0¢A(2m) 0B (2™)), then
(Ao, Al)é,q,A,]B = (Ao, Al){),l,A,lB'

Hence, ifa € (Ao, A1)£ 0B anda = Y}, ax, using that (Ao, Al){ o AB is a norm space, we obtain

n
||a|(A0,A1)£,1,A]BH < Z Hak‘(AO/Al)é,LA,]BH < Z Hak’(AO/Al)qu]BH
k=1 k=1

Taking the infimum over all finite decompositions a = Y}, a; of ain (Ao, Al)é oo, it follows that

lal (Ao, A1)}y agll < llal(Ao, A1)}, o pll*-

In particular, we get that || - |(Ao, A1)£ o AB |* is not only a semi-norm but a norm and that
f ]
[(AO, Al IB} < (Ao, A1)}y - (3.6)

In order to establish the converse embedding, takeany u € ApMN A; and let (5’,; be the Kronecker

(o]

delta. For any k € Z, using the J-representation u = Y o . 5% u, we obtain

(Ao, Ar)gy ppll < 27F0R(2)00B(29] (25 u),  forany keZ.

0,q,A,

Let now a € (Ao, Al){) 1 a g and take any J-representationa = ) ,_ ., u, of a. The previous esti-
mate yields that

M M
Z [[ttm| (Ao, A1) M]BH# Z | (Ao, A1)}y p gl
m=N m=
M
E 2 MOpB (MY 0B (2™ (2™, ).
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#
It follows that the series Y, iy, is convergentin [(Ao, Al)é,q,A,]B} . The sum of the series should
be also a because of the embedding (3.6). Therefore,

[ee]

la (Ao, A)], a gl < Y llunl(Ao, AD), a gl

m=—oo
< YO 27 mEeA M erB (2 (2™, ).
m=—oo
This yields the embedding
(Ao, Al)é,l,A,]B — [(Ao, Al)é,q,A,]B]#
and completes the proof. U

Corollary 3.2. Let0 < g < 1,0 < 6 < Tand A = (ag, &) € R2. For any regular Banach couple
A = (Ao, A1) we have that

(AOI Al);,q,A = (AS/AT)Q,OO,(—D(oo,—‘XO)'
Proof. Under the above hypothesis, for any Banach couple
(Ao, A)oga = (Ao, A1)l p-

This, together with Theorem 3.1 and (3.1), implies that

*

(Ao, A)iga = (A0, A0}, ) = (I(A0, A1), AI")
= ((AolAl){m,A) = (Ao, A1)g,n
= (ASIAT)G,OO,(_O‘OO/_DCO).

O

In order to apply the previous reasoning for the limiting cases § = 0,1and A = (ag, &) sat-
isfying (3.2), we need to study first the representation by means of the J-functional of logarithmic
interpolation methods under these conditions. This is the main goal of next section.

3.2 Equivalence between K and J spaces for logarithmic methods and Ba-
nach couples

If A = (a0,0te) € R?and A € R, we put AL = (@A, M), A+ A = (a9 + A, a0 + A) and
A = (aw, np) for the reverse pair.
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Letf € R,0 < g < ocoand A = (ag, ). According to Theorem 2.8, the interpolation method
(+,-)6,q,a is K-non-trivial when the parameters satisfy

(0<6<1;
=0, 0<g<oo, an+1/9<0;
0=0, =00, w<0; (3-7)

=1 0<g<oo, ag+1/9<0;
(0=1, g=o00, ay<0.

As we already said, if 0 < 8 < 1then p(t) = t*/=A(t) is equivalent to a function parameter and,
consequently, for any Banach couple A = ( Ay, A1) we have with equivalence of quasi-norms

(Ao, A1)gqn = (AO,A1)£/6,,A-

For the limiting cases when 8 = 1and 1 < g < oo Cobos and Segurado proved in [48] that for any
Banach couple A = (A, A1) we have the following equalities with equivalent norms:

(A0, A, a1 if 1<g<o, ay+1/9<0<acw+1/g;
J ; — .
(Ao, Aty = (AO’Al)l,q,AJr},(O,l) if 1<g<oo, a+1/g<0=0aw+1/q;
A (A0+A1’A1)1,q,(040+1,1) if 1<g<o, ap+1/9<0, ae+1/9<0;
or g=o0, )<0, &e=0.
(3-8)
Analogous results can be derived for 6 = 0 noting that (Ao, A1)o4a = (A1, A0)1,,(aa0) fOr any

Banach couple A (see 2.4). Observe that the case § = 1, g = o0, &y = 0 is included in (3.7) but not
in (3.8). This special case will be consider later in Chapter 5.

Remark 3.3. Notice thatinthecasel < g < o0, a90+1/9 < 0andas +1/g < 0; 0rg = oo,
g < 0and ae = 0, according to Theorem 2.9, there exists a Banach couple A= (Ag, A1) such
that (Ag, A1)1,4,a is not included in (Ag + Aq)°. This implies that (Ao, A1)1,4,a does not admits a
J-representation in terms of (Ao, A1). However, as we can see in (3.8), the spaces (Ao, A1)1,4,A
admits a J-representation in terms of (Ag + Ay, A1).

In what follows we are going to study the remaining limiting cases, that is to say, 6 € {0,1},
0<g<landA = (ap, &) € R? verifying:

=0, ao+1/q9<0;
=1, wap+1/9<0.

As before, we are going to focus on the case 6 = 1 since corresponding results for 8 = 0 can be
derived straightforward later.

We start with an auxiliary result.
Lemma3.4. Let A = (a9, &) € R?and 0 < g < 1suchthatag +1/g < 0. Put
k = : m—kyn—mpA (Hm\1q /g
von(2) = ( Y [min{1,2" F}2 "R (2m)] ) , kez

m=—0oo

Then we have:
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a) f e +1/9 > 0, vy a(2F) ~ 27 k¢AFT/a(2k),
b) If o +1/q < 0, vy (2F) ~ 2 K¢l t1/0.0)(2K),

2 kgrot1/a(2F) ifk <0,

If IS 1 :0) 2k ~
Q) fac +1/9 = 0,vya(2Y) {2—7&%1/‘7(2") itk > 0.

Proof. We have

k )
v (267 =275 Yo oeRamy 4+ Y 2mmagha(om)

m=—oo m=k+1

2 dt
~ 2k / £R1(5) %+ 27MM (),
0

k
To estimate the integral I = foz EAq(t)% we distinguish several cases. If k € Z and k < 0, since
ng+1/q <0, we get

2k
= [ a —1ogt)“oq$ ~ (1 — log 25)801+1 — AT+ (k).
0

This yields that vy a (2)7 ~ 275 ¢A971(2F) for k < 0 and k € Z. Assume now thatk > 0,k € Z,
then

1 2k
I= / (1—1log t)“oq? +/ (1+log t)”“””’?
0 1

2 dt
N/ (14 logt)*=1—.
1 t
In the case (a) we obtain I ~ ¢%=171(2K) ‘which implies that
voa (29T ~ 27T (28 fork >0, k€ Z.
In the case (b) we get I ~ 1and so
voa(2)T ~27M fork>0, kez.
Finally, in the case (¢),
v dt
I~ / (1+log) 15 ~ 0(25),
1

which yields that
Vo (297 ~278e(2Y)  fork >0, ke Z.

The proof is finished. O

For a Banach couple A = (Ao, A1) the Gagliardo completions A7 and A7 defined in Section
2.1.1 will be useful now.

Theorem 3.5. Let A = (A, A1) be a Banach couple. Let A = (g, &) € R?and 0 < g < 1 such
that wg + 1/g < 0. Then we have with equivalence of quasi-norms

() (Ao, A1)1ga = (A7, AT)] ) psryg i oo +1/9 >0,
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(it) (Ao, At)1gn = (AE’AT){#,AJA/%(OJ/Q) if aeo +1/g =0.
If, in addition, A is regular then

(iii) (Ao, A1)1gn = (AS’,AT){,%(“OH Ja0) if oo + 1/ < 0.

Proof. Itis enough to work with the couple (Aj’, A]") because, by (2.8), we know that

(Ao, A1)198 = (AG, AT )14A-

Let a be any element of the J-spaces of the statement and leta = } 7 _ 1y be a J-representation
of a. Since0 < g <1, we have

o]

K™, a)1 < ( y K(Zm,uk)>q < i K™, u)7 < i [min{1,2" %} 7 (2, u)]7.

k=—0o0 k=—c0 k=—o0

Hence

lal(Ao Anraall = (3 et @@ o)

) 00 1/q
< (X 7w Y min{1,2m k2 et 2m)7)
k=—c0 m—=—oo
The interior sum can be estimated by using Lemma 3.4, with the outcome that in any of the cases
(i), (i), (iii), the J-space of the statement is continuously embedded in (Ag’, A7)1,4,a-

Suppose now thata € (Ag, AY)1,4,a- In the cases (i) and (ii), it follows from Theorem 2.9 that
a € (Ay, A7)°. Inthe case (iii), the additional assumption that A is regular and [22, Corollary 2.2.23]
imply that a € (Aj + A77)° as well. According to [95, Theorem 3.2] there exists a representation
a =Y p_o Uk (convergencein Ay + A7) with (1) C Ay N A7 and

(3 min{1,2" 424w A7, AN < cK@a), mez, 59)

k=—o0

where c is a constant depending on g only. Let

Cq(27m A+ (2m)) if ao+1/q>0;
[ =S g (27 meAt1/a2m)ype@/a)(2m)) i e +1/g=0;
Ca(27m g0 +1/0.0) (2m)) if & +1/9<O0.

By Lemma 3.4 the weight in front of J(2, uy; Ay, A7) in the J-norm ||a|(Af, A7)r;|| is equivalent
tov,a (2% in any of the cases (i), (i) and (iii). Consequently,

[e°]

1/q
lal(Ag, AT )yl < ( ) (Vq,A(Zk)](Zk,Mk;AoN,AT))”>

k=—c0

:( Yo 2magRagmy Y- min{l,Zm_k}q](Zk,uk;AON,AlN)q>

m=—oo k=—o0

1/q
[meA(2m)K(2m,ﬂ)]"> = |la[(Ao, A1)14all,

< (_i

—o0
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where the last inequality follows from (3.9). This completes the proof. O

Theorem 3.6. Let A = (Ay, A1) be a Banach couple. Let A = (&g, &) € R2and 0 < g < 1such
that ae +1/q < 0. Then we have with equivalence of quasi-norms

(I) (A(), Al)O,q,A = (A()N/ AT)(]),q,A+l/q if ®o + 1/5] > 0,
If, in addition, A is regular then

(i) (Ao, A1)ogn = (AON,AT){),%(OMH s 0 +1/q <0.

Proof. From (2.4)itfollows that (Ao, A1)oqa = (A1, AO)l,q,/A- Applying Theorem 3.5 we derive that

(AT, ow){qAH/q ifag+1/9>0
(AOIAl)O,q,A = (Al’AO)l,q,A = (Al ’AO )}QA-‘F]/? (0,1/9) |f0¢0+1/q :O,
(AT, A L, (te+1/0,0) ifag+1/9<0
and A is regular.
Now we get the result from (2.11). O

Remark3.7. If0 < g < 1,a0+1/g <0andae +1/g < 0, Theorem 2.9 implies that there exists a
Banach couple A = (A, A1) such that (Ao, A1)1,4,a isnotincluded in (Ag + A1)°. This means that
(Ap, A1)1,4,a does not admits a J-representation in terms of (Ao, A1). However, Theorem 2.7/(iii)
proves that if the Banach couple is regular then such representation does exist.

Now we show another equivalence result that will be useful later. It refers to the Banach case
where 1 < g < oo, therefore we will use the continuous description for J-spaces given in (2.31).

Theorem 3.8. Let A = (Ay, A1) be a Banach couple. Let1 < g < o0,1/9+1/¢' = 1and aw, o €
R such that

do+1/g>0andBp+1/g<0 if 1<g<oo,
{ g Bo+1/4 g (3.10)

Xeo > 0and By <0 if g =oo.

Then we have with equivalent norms
(Ao, A1)1,g,(<1/g.00),(Bo0) = (Ao, Al)l 4,1/ soo+1),(Bo+1,0)°
Proof. Let us call for short Ag to the K-space and A] to the J-space. Assume that1 < g < co. The

caseq = oo canbe treated analogously. Takeanya € A] andleta = fo beaJ -representation
of a such that

(/01 [ﬁl/q'(t)MﬁO“(t)](t,u(t))}fidt +/1°° [é“w“(t)](t,u(t))}ngl/q < 2al ).

t t t
Using that
) < 1 [TK(ue)® < 1 [T ming1i/s 65, u() S
<3 [1sue® + [T e uen®,
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we obtain
e e
+ (/O1 [(1—1ogt)*”‘7(1+1og(1_1Ogt>)ﬁo /tll('s,zt('s))alssraztt>1/q
+ (/01 [(1 —logt)"Y7(1 +log(1 — log t))Fo /1‘” I(s,zt(s))aisr/cit)l/q
(TR [ s e
([T [y uen®] ')
([T [ +10gayes [T IEEN T AN T

=hL+Lb4+L4+L++1.

Next we show that I; < [|a]Aj|| forj = 1,...,6. We start with I} in the special case g = 1. Taking any
0 < & < 1 and using Fubini’s theorem, we get

h= [ s (e [ OB (L Log( lo )t e

t t s
S /01 J(s,u(s)) (1 —logs) 71 J;log(l ~logs)) /sl tgldttdss
_ - — ﬁO
S [ 165 ugey 18 g logs))R &8
1 (1+1og(1—logs))Pot! ds 1
S/o I(s,u(s)) - < S llalAp]l-

If 1 < g < oo, by H6lder’s inequality, for the interior integral in I; we get

s
X (/Ot [Sz—l/‘?’(s)w—(ﬁoﬂ)(S)}q’?)l/q,
S tﬁl/q/(t)%ﬁol(f></0t [](S'Z(S))gl/q/(s)wﬁoﬂ(S)}ﬁidss)l/q.

Whence, by Fubini’s theorem,

IS (/01 [](S’u(s))él/q/(s)ggﬁo-i-l(s)r/sl V_l(tw_l(t)y@@)uq

S t s

< ([ [ syemort ()Y < fal ).

5
To estimate I, when g = 1, since By + 1 < 0, using Fubini’s theorem, we get

[ us) . L dtds
Iz—/o ; /0(1—logt) (1+1log(1—1logt)) .

_ /01 ](5/2‘(5))(1 +1log(1 —logs))ﬁﬁl% S llalAgll.
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If1 < g < oo, taking e > Osuchthat fp +1+41/g < e < 1, we obtain

/ ]S u(s)) ds < (/t []( u(s)) gu/q (S)Eés‘l/"(S)rcf)l/q

1/q
/é (s)e0~ gqﬂ/q()dS) I

S

< e+1( )(/t [](s Z(S))El/q’(s)ées—l/q(s)}WdS)l/‘i.

S

Hence, by Fubini’s theorem,

L < (/01 [](S’I:(S))gl/q e (s / /-1 Bo— £+1)q(t)dttdss)l/q
< (f e <s>fﬁﬁo“<s)}q‘f) < llal Ay

As for I3, since o +1/g < 0and aeo + 1/ > 0, forany 1 < g < oo we derive
1/
I; = / J (s, uls ))ds</ (1—1logt)™ (1—|—log(1—10gt))50‘7?> !

N/ ]su ds

< (/1 [](S/”( ))Eamﬂ(s)}qis)l/q(/;og—(aﬁl)q’(s)ds)l/q/

S S

< (f [Pt ) Y < ).

S

Consider now I forany 1 < g < co. We obtain

It S /01 ](s,u(s))is
= (/01 [W(S))W"’<swﬁoﬂ<s>]qd§)W

S S

X </01 [Sgl/q’(sw(ﬁoﬂ)(s)]q’ds)l/q/

S

< ([ LD syesont ()" ) < fali ).

~

The integral I5 (respectively, I¢) coincides with J4 (respectively, 1) in the proof of [48, Theorem 3.5].

Therefore,
® rJ(s,u(s)) qds\1/4 .
< A A Qoo |~ 77 <
Ls ([ [P +10gs]"T) " S lald)l

and
® rJ(s,u(s)) 119ds\1/4 -
< JANTFNTT T oot - <
This shows the embedding A; < Ak.

Next we proceed with the converse embedding. Take any 2 € Ak. By Theorem 2.9, we have
that
min{1,1/t}K(t,a) - 0ast — 0andast — oo. (3.11)
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Forv € Z, we put

272 if <0,
Ty =11 if v=0,
22" if v>0.

We can decompose a = ag,, + a1, witha;,, € A]-,j =10,1, such that
laou|Aoll + vv-1llary|Arl] < 2K(7y-1,a), v EZ. (3.12)

Write
Uy = doy — Aopy—1 = A1,y—1 — A1,y € Ag N Ay.

According to (3.12) we have

M
lla— Y u,]Ao+ Aql < |laon-1]Aol| + [lar,m| A1l
v=N
K(yu
SMWMHW 5 0asM — coand N — —oo
M-1

by (3.11). Soa = Y ;o uyin Ag + A;.
Let Dy = (Yyy—1,Yv), Vv € Z. We have

/ ﬂ_ log 2 if v=1,
Lt |2v 2log2 if v > 1.

(SV:/ (1—logt)_l(l—i—log(l—logt))_lg~1.

14

Forv < 0 put

Consider the function

s f t€Dyandv <0,
w(t) = 4 g2 if teDy,
zvfélifogz if te€Dyandv > 1.

Then -
/ w(t)ﬁ: Z Uy, = ain Ag + Aj.
0

t V=—00
Ifv <0andt € D,, using (3.12), we get

JEw®) o1 < g1 gypet (I 0m10) < por gy gt g KOez2:2)
t t Yv—1 Yv—2
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Whence,

([ [e e L raty e

D, t t

K(VV*Z/Q) ~1/ adt\1/9
< \NV=ar 7)) q Bo e
s B, o]
 K(rv-2,2) 50)(gy1/9)

Yv—2
K(yy—2,a) ~1/q Bo (] TAE\ 1/
=, e o) T)

< ([, , [ vmmmn)' )"

because t~'K(t,a) is a non-increasing function. If v > 2, proceeding as in [48, Theorem 3.5] we

obtain
(]l sy < )

Forv = 1,2 we derive

(/V Vamul(t)](t,aJ(t))}qm)l/q < </DV2 {E‘l/q(t)éﬁﬁO(t)K(t’a)}th>1/q'

t t t t

’ /
R

(1)

v—2

Consequently,

0

A ! t,w(t d
S i1 J(Ew(t))19dt
+V21/Du V ' (t)f] t
1 K(t,a) ~1/ . qdt © K(f,ll) N 0 d
SA[—T%lwwﬁm}7+A[ D))"
= ||a] Ax]|".
This completes the proof. -

The following result can be establish by using similar arguments as in Theorem 3.8.

Theorem 3.9. Let A = (A, A1) be a Banach couple. Let1 < g < 00,1/9+1/q' =1andag, fe €
R such that

xo+1/g<0andBeo+1/g>0 if 1<g<oo,
xp < 0and Be >0 if g = oo

Then
_ J
(Ao, Al)qu,(ao,—l/q),(olﬁm) = (Ao, A1) 1,9,(00+1,1/9"),(0,Be0+1)"

3.3 Duality of limiting logarithmic methods wheno < q<1

We start by computing the Banach envelope of limiting logarithmic interpolation spaces defined by
means of the K-functional.
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Theorem 3.10. Let A = (Ay, A1) be a Banach couple. Let A = (a9, &) € R?and 0 < g < 1 such
that ag +1/g < 0. Then we have:

(i) (Ao,Al)’fq,A = (Ao, A1)11,a+1/9—1, if ko +1/9 > 0.
(i) (Ao, Al)#l#,q,/A = (A0, A1)1,1,(a0+1/9—1,1),(0,1/q—1), if &0 +1/g = 0.
If, in addition, A is a regular Banach couple, then

(iii) (A(), A1)T,q,A = (A(), Al)l,l,(véoJrl/qfl,ﬁ) if koo + 1/(] <0andd < —1.

Proof. For the case (i), according to Theorem 3.5, Theorem 3.1 and (2.8), we derive

#

(Ao, Ay = (45, Ay 1)
—_ (A~ A~/
= (A, A7 )1,1,A+1/q

= (AY, AT )1 41/q-1 = (Ao, A1)1,1,A+1/q-1-

For the case (ii), we proceed similarly but using also Theorem 3.9. We obtain

Ao, ADF A = ((AY, AT !
(Ao Ar)ign = <( 0 1)1,q,(wo+1/q,0),(0,1/q)>

a4
= (Ag, A1 )1,1,(ao+1/q,0),(0,1/q)
= (A0, A1)1,1,(ao+1/9—1,~1),(0,1/g1)-

Finally, in the case (jii), we have

#
#_(ar A~
<A01A1)1,q,A = ((AO /Al >1,q,(zx0+1/q,0))

(A~ A~
= (Ag, A3 )1,1,(ao+1/q,0)

= (Ao, A1)1,1,(a0+1/4-1,0)-

Next we proceed to determine the dual of (Ao, A1)1,4,a for0 <gq <1.

Theorem 3.11. Let A = (Ao, A1) be aregular Banach couple. Let A = (g, &) and 0 < q < 1 such
thatag +1/g9 < 0.

(i) If oo +1/q > 0, then (Ao, A1)y o = (Aj, AT)1,00,(~ae—1/g,~20-1/9)"
(ll) If Koo + 1/q — 0, then (AO, Al)iq,A — (AS’AI)1,00,(0,—040—1/q),(—1/q,0)‘
(i) f e + 1/6] < 0, then (Ao, Al)T,q,A = Aik N (AS, AT)l,OO,(—l,—ao—l/q)‘

Proof. In the case (i), according to (3.4) and Theorem 3.10, we obtain

*

(Ao, A1)i 8 = ((AO, Al)%ﬁ) = (Ao, A1)11,a41/9-1)
As we saw in (3.3), the last dual space has been determined in [48, Theorem 5.6] with the result that

(A(), A1)T,q,A = (ASI AT)l,oo,(fawfl/q,fagfl/q) .
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For the case (ii), applying Theorem 3.10 and [51, Theorem 3.1], we get

(A0'A1>>1k,q,A = (AUIAl)T,l,(zxo+1/qfl,fl),(O,l/qfl)

_ x Ax\]
- (AO’Al)1,00,(1,704071/q+1),(71/q+1,0)'

We can describe the J-space in terms of the K-functional by using Theorem 3.8. We derive that
(Ao, A1)1,0,8 = (A0 A7) 1,00,(0,—a0—1/g),(~1/4,0)-

In the last case (iii), take any § < —1. Using Theorem 3.10 we obtain

(AOrAl)T,q,A = ((AOIAl)l,l,(oco—i-l/q—l,é))
and, by [48, Theorem 5.10], we get

(Ao, A1)108 = A1 N (AG AT 100, (~1,-a0-1/g)-

We can derive straightforward the corresponding duality formulae for 6 = 0.

Theorem 3.12. Let A = (Ao, A1) be aregular Banach couple. Let A = (&g, &s) and 0 < g < 1 such
thatwee +1/9 < 0.

(i) fag+1/q >0, then (Ao, Al)S,q,A = (AE;’AT)O,oo,(focoofl/q,ﬂm*l/q)'
(ii) If ao +1/¢9 = 0, then (Ao, A1)g, A = (AG AT)0,00,(~—1/9,0),(0,-1/9)"

(iii) 1 ag +1/q < 0, then (Ao, A1), o = A3 N (A5 Ao (—am1/4,-1)-

3.4 Some applications

3.4.1 Application to Besov spaces

Now we focus our attention on Besov spaces with logarithmic smoothness B‘;’Z(R”) introduced in
(2.37). It turns out that if s > 0 then these spaces can also be defined by means of the modulus of
smoothness.

Let f be a (complex-valued) function on R", 1 € R" and k € IN. We put
(BLF)(x) = flx+h) = f(x) and (A5 f)(x) = AR(ALf) (x).
The k-th order modulus of smoothness of a function f € L,(R") is defined by
wi(f,1)p = sup{[|ALFIL, (R")|| < 1] < £}, ¢ > 0.

If k = 1, we simply wirte w(f, t), instead of w (f, t).
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Forl <p<o0,0<g<00,beR,s>0andk € INwithk > s, the space B;’Z(IR”) consists of
all f € L,(IR") with finite quasi-norm

11855 R | = 1, (R + ([ 1751~ og £, 0,195 ) < oo

t

As usual, the integral should be replaced by the supremum if g = . If s = 0and b < —1/g then
0,b 0,0
[1(1—1logt)M4 < coand so BY:(R") = L,(R"). Also BY%, = L, (R").

Ifs > 0, according to [75, Theorem 2.5], it follows that B;’Z(R”) = B%(]R”). When s = 0 spaces

B%’Z(IR”) and B%;Z(IR”) are different but closely related. For1 < p < 00,0 < g <ooandb > —1/gq
Cobos and Dominguez proved in [32, Theorem 3.3], the following embeddings:

Ob+—2— b Ob+ e
Bp,q {24} (]R") N B%,q (]Rn) N Bp,q {24} (]R").
Duality of spaces B%’Z(]R”) and B%(IR”) has been studied in [32, Section 4] for the Banach case

1 < g < oo. Next we want to study the quasi-Banach case 0 < g < 1. We start with spaces B%(IR”).

Theorem 3.13. Let1 < p < oo,%—I—% =1,0<g<1landb € R. Then
* ,—b
(Bys(R"))* = Bg,m(lR”).

b - .
Proof. It follows from (2.36) that Byg(R") = (H, ' (R"), Hy(IR"))1 /2,4 (5,5) Where H;,(IR") is the
fractional Sobolev space definedin (2.33). Note that (H,;1 (R™), H},(]R”)) is a regular Banach couple
since S(IR") is densely embedded in both spaces (see [11, Theorem 6.2.3]). Using that (H}(R"))* =

H;s(lR”) (see[110, Theorem 2.6.1]) and Corollary 3.2 we obtain
(BYH(RM)* = (Hy ' (R"), HY(R"))} 100 0
= (Hy(R"), H, (R"))1 /2,00, -1,1) = By (R").

O]

Before computing the dual space of B%’Z(IR”) we need to make the following remark regarding
the logarithmic interpolation of ordered Banach couples.

Remark 3.14. Let A = (Ap, A1) be a Banach couple such that Ay < Ay, with the embedding having
norm less than or equal to 1, then it can be easily seen that K(t,a) = t||a|A1|| for 0 < ¢ < 1. In this
case, if 0 <0 <1, A = (ag, ) € R?and 0 < g < oo satisfy (3.7), then

lal gl ~ ([T 0e= k@) (513

since

</Ol[t_9K( a) 0% (1] dtt) _ ||61|A1||</01 t(l_e)qg,xoq(t)ity/q
~ H“\AlH</1m fﬁeqﬁ““’q(t)? !
t
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On the other hand, when A; — A( with the embedding having norm less than or equal to 1,
then K(t,a) = ||a|Ao| foreveryt > 1. 1f0 < 0 < 1, A = (1, &) € R?and 0 < g < oo satisfy
(3.7), we have

(Aw[f‘eﬁ"“”(t)K(t,a)]‘?‘ff)l/q = ||a|Ao||(Aw[t—eeaw(t)]qf)”"

~ H”’AOH</01[t1‘9£“o(t)]q‘?)1/‘7

< ( /O 1[t—ﬂewo(t)K(t,a)]@”f)W,

where we have used that K(t,a) /t is non-increasing and K(1,a) = ||a|Ao||. Whence, we obtain

1/q

1
laldogall ~ ( [ oK ans) G14)

Next we determine the dual of spaces B%’/Z(]R”) with the help of Lipschitz spaces Lipgg“) (R™).

Forl < p < coand a > 0, the space Lipgc’,o_“) (R") consists of all f € L,(IR") having a finite norm

. (1’_[)() n . n w(f’ t)P
Lipp,eo (RY)| = ||fIL,(R")|| + sup ——FF—~.
I upf ™ (RN = 1Ly R+ sup e

These Lipschitz spaces have been studied by Haroske in [73, 74] (see also [55, p.149]). Note that the

difference between spaces Lipgg'x) (R™) and Bgc’,o_“) (R™) is that the modulus of smoothness in the

definition of the first one is of order 1 while in the second one is of order strictly bigger than 1.
Fors € IR, we denote by I, = ((1 4+ |x|?)%/2f)V.
Theorem3.15. Let1 < p < o00,1/p+1/p'=1,0< g < landb+1/q > 0. The space (B?,’Z(R”))*
is formed by all f € H;l(IR”) suchthatI_;f € Lip;’,jfl/q(lR”). Moreover
. . 1,-b-1/
1By (RM) || ~ [ T-1fILip, o (R™)].

Proof. Consider the Banach couple formed by the Sobolev space W; (R") and L, (R"). By [6, Theo-
remV.4.12], we get

K(t, f; Wy (R"), Ly(IR")) = tK(t™, f; Ly (R"), Wy (IR")) ~ min{1, £}[| f|L,(R") || + tew(f, 1),
Take any T with T +1/¢q < 0. Using (3.13), we obtain that

BG(RY) = (W)(R), Ly(R)

Applying Theorem 3.11 and having in mind that (Hp,(R"))* = H;s(IR”), we derive that

(B%)* - (Hﬁ(Rn)'LP' (Rn))l,m,(fbfl/qﬁffl/q) '

On the other hand, since I_; : Hy, (R") — H;frl (R") is bijective and bounded, we have
K(t, f; Hy'(R"), Ly (R")) ~ K(t, L f; Ly (R"), Wy (R"))
~ min{l, t} H I_1f|Lp/ (an) || -+ W(I_lf, t)p/'
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Therefore, using (3.14), we conclude

1£1(Byg(R"))*|| ~ sup

0<t<1 t(1— log t)bJrl/q

(K(t,f; H'(R"), Ly (IR”))>

Ly RO+ sup ()

0<t<1 log t)bﬂ/q

—b—-1/
= | L1 flLipl ).

For the special case when b = 0 we obtain the following.

Corollary 3.16. Let1 < p < oo, + 1, =1and0 < g < 1. The space ( 2,q(Rn))/ is formed by all
feH, Y(R") suchthat I_;f € Llpp 1/‘7) (R"). Moreover

1L£1(BS,y (R™)*|| ~ [[ Ly f|Liply. ™ (R™)]].

As follows from Theorem 3.13, the dual of B,O,;Z(IR”) does not depend on g for 0 < g < 1. How-
ever this is not the case for B%’/Z(R”). Moreover, Theorem 3.15 point out a remarkable difference
between the dual of B%Z in the quasi-Banach case 0 < g < 1 and the dual in the Banach case
1 < g < codescribed in [32, Theorem 4.3]: || f|(BY; (R™))*|| ~ |[T-1f|Lipy /" (R")]|.

As one can see, the role of g when 0 < g < 1isin the exponent, b — 1/, of the logarithm in the
associated Lipschitz space, while in the Banach case the exponent has the constant value —b — 1
and g has a role in the second index ¢/, of the Lipschitz space.

3.4.2 Application to operator spaces

Let H be a Hilbert space. For T € L(H), the singular numbers of T are defined by

su(T) =inf{||T — R|L(H)|| : R € L(H) withrankR < n}, n € N.

Let Se, be the subspace of £(H) formed by all compact operators and for1 < p < colet S, be
the Schatten p-class, formed by all those T € L£(H) having a finite norm

ITISpll = (an >1/p

(see [69, 84]). The so-called Macaev ideals Sy, Seo1 are defined as the collection of all T € L(H)
which have a finite norm

IT|St|| = sup{(1+1logn)' Y s(T):n €N},
k=1

IT|Seonll = Y sa(T)n",
n=1
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respectively (see [90, 69, 4, 49]). We have the following continuous embeddings
S1 < St < St1 = S = Seo 1 Seo — L(H).

Here1l < g < coand 5° stands for the closure in the space S of the set of all finite rank operators in
H. Furthermore, the following duality formulae hold

(1) =L(H) and (Sp)" =S5, forl<p<eo,1/p+1/p =1, (3.15)
(St1)" =Sep  and  (Se1)” = Sm1, (3.16)
(see [69, Theorems I1l.12.3 and I11.15.2]).

The space S,,1 is a member of the scale
(o) 1/‘7
Seoqp = {T € LIH) : | T|Swogs | = ( Y. ((1+ logn) b, (T)]1n 1) < o)

where0 < g < oco,b+1/q > 0ifg < coand b > 0if g = oo because otherwise the space is equal
to L(H). Theses spaces make sense even for operators between Banach spaces provided that we
replace the singular numbers by the approximation numbers. They have been studied in [29, 46]
among other papers.

Associated to Sy; we may consider the scale
n

Stigp = {T € L(H) : [|T|St 0]l = ( il [(1+logn) Z 1)1/" < oo}

whereb+1/g < 0ifg < ocoand b < 0if g = oo because otherwise the space is just {0}.

All these spaces can be obtained by interpolation between S1 and S« by using logarithmic inter-
polation methods as we show next.

Lemma3.17. Let0 < g < oocandb, € R.

(i Hfb+1/g<0<ny+1/gandg < oo,orb <0 < and g = oo, then we have, with equivalent
quasi-normes,

(Soos 51)1,q,(b,11) = Siig,b-

(i) fp+1/g<0<b+1/gandq < oo,0orn <0 < band g = oo, then we have, with equivalent
quasi-normes,
(S1, Se0)1,0,(p.) = Seoq b

Proof. Since S < S and

K(n™Y,T;S8,51) -1 Z si(T), n € N (3.17)
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(see[109, 94, 110]), using (3.14) we obtain

IT1(Sr Sl ~ ( [ a -tk et

1/n dt
b
(£ o oy
1/
N(Z[(1+logn Esk 1) !
n=1
~ I T|Sr1,4,l-

To prove (i) we use (3.13) obtaining that

o dt\1/q
ITI(S0 Sl ~ ([ 17 (14108 1)K (e T

Z/ [t71(1 + log t)°K(t, T)]1 dt)
n=1
n /
N<Z (1+logn) b%Zsk 1>1q

k=1
~ (L[ +logm)Psy (T 1)
n=1
= HT|SOO,q,b||

where we have used the generalized Hardy’s inequality established in [47, Theorem 1.2] for the last
equivalence. O

Remark 3.18. Under the assumptions of Lemma 3.17, according to Theorem 2.9, we have
(L(H),S1)14 0, € S (51, L(H))1401) € Seo-
Since S1 < Soo — L(H), itis easy to check that
K(t,T;51,L(H)) =K(t,T;51,50), T € Sco.
Therefore, under the assumptions on b, g, 7 as in Lemma 3.17, we also have

(L(H),S1)1,0,0,y) = Stigpr (S LH)) 100007 = Seogp-

We close the chapter by showing the duality relationships between these two scales of spaces.

Theorem 3.19. Let0 < g < ocoandb € Rwithb+1/g < 0. Then we have
() (Stigp)" = Seo,—b-1/if0 < g <1,
(ii) (Stigp)” = Seoq,—b-11f1 < g<oo0,1/g+1/q =1,

(i) (Sfimp) = Seor, b1

Proof. By Lemma 3.17, we know that St1 4, = (Seo, S1)1,4,(b,0)- Moreover, (S, S1) is a regular Ba-
nach couple since finite rank operators are dense in both spaces. Hence, if 0 < g < 1, according to
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(3-15), Theorem 3.11/(i) and Remark 3.18, we obtain

(SH,q,b)* = (Sll‘C(H))l,oo,(fl/q,fbfl/q) = Soo,oo,fbfl/q-

If1 < g < oo, we proceed similarly but using now [48, Theorem 5.6]. Finally, if § = oo, we get by
[48, Theorem 5.9]

*

(Slql,oo,b)* = <(S°°' Sl)i,w,(b,1)>
= (51, L(H))1,1,(—2,-b-1) = Seo1,~b—1-

Theorem 3.20. Let0 < g < c0oand0 < b+ 1/4. Then we have

M (Soo,q,b)* = SH,oo,—b—l/q if0<g<l,
(”) (Soo,q,b)* = SH,q’,—h—l if1 < g < oo, 1/‘1 + 1/‘1/ =1,

(iit) (Sepop)” = St11,-5-1-

Proof. For(0 < q < 1, according to Lemma 3.17, Theorem 3.11/(i) and Remark 3.18, we derive

*

(Seoqp)” = (51, Sy 2/gn) )

- (ﬁ(H)’ Sl)l,oo,(fbfl/q,l/q) = SH,OO,—b—l/q-

The case 1 < g < oo is similar but using [48, Theorem 5.6]. If § = oo, by Lemma 3.17 and [48,
Theorem 5.9], we obtain

(S2mes)” = (51,505 11)
(L(H),S1)11,(—p-1,0) = St11,-5-1-

Since St1 = St1,c0,—1 aNd Seo 1 = Seo1,0, formulae (3.16) follows from Theorems 3.19 and 3.20.

Remark 3.21. Looking at the statements of Theorems 3.19 and 3.20 one can see that the exponent
of the logarithm depends on g when 0 < g < 1, while this is not the case for1 < g < oo,

The dual of the space S 4,1/, does not belong to the scale of spaces Syy 5. We compute it in
thecase0 < g < 1.

Theorem 3.22. Let0 < q < 1. Then (S, 4,1/4)" coincides with the collection of all T € L(H) which
have a finite norm

| T|| = sup{(1+ log(1 +logn))’1/‘7 Zsk(T) 1k € N}.
k=1

Proof. Since Seog,—1/4 = (51,Sw)1,4,(—2/4,—1/4)» it follows from Theorem 3.11/(ii) that

(Sw,q,—l/q)* - (E(H)/ 51)1,w,(o,1/q),(—1/q,0)~
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In order to identify this interpolation space, we observe that K(t,T; £L(H),S1) = ||T|L(H)|| for
t > 1. Hence,
sup{t 1K(t, T)EY9(t) : t > 1} ~ ||T|L(H)].

Consequently, using (3.17), we derive

ITI(L(H), S1)1,00,01/9),(~1/0) || ~ sup{t "K(t, T; L(H), $1)¢77(t) : 0 < £ < 1}
— sup{K(s, T;S1, L(H))£L Y(s) : 1 < s < o0}

n
~ sup{ (1 +log(1+logn)) /7Y " s (T) : n € N}.
k=1
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Chapter 4

Associate spaces of logarithmic
interpolation spaces

In Chapter 3 we have studied the dual spaces of logarithmic interpolation methods (Ao, A1)g,4,a
when 0 = 0,1 and Ay N Aj is dense in Ag and A;. Curiously, although the couple (Lj, L) does
not satisfy that L1 N Lo is dense in L, writing down the duality results for (L1, L) the outcome
coincides with the associate spaces of generalized Lorentz-Zygmund spaces L, ; a), determined by
Opic and Pick in [97]. In this chapter we aim to clarify this coincidence.

We compute the associate space of (X, Xl)grq,A where X; are Banach function spaces on a
o —finite measure space (Q), ). Here, again, we need the description of logarithmic spaces in terms
of the J-functional. Since, for 8 = 0and 6 = 1, there is no J-description in a certain range of the
parameters (see Remarks 3.3 and 3.7), we show first in Section 4.1 that in such range the space
(Ao, A1)j/q,/A turns out to be equal to the sum of A; and a modified logarithmic J-space. This result is
of independent interest, it complements those stated in (3.8) and Theorem 3.5 and it is useful in Sec-
tion 4.2. Finally, in Section 4.3, we show some applications of the abstract results. We first consider a
non-atomic o—finite measure space (Q2, ) and applying the results to the couple (L1(Q), Lo (Q))
we recover the results of Opic and Pick [97] on associate spaces of generalized Lorentz-Zygmund
spaces L(p,qlA)(Q). Then we establish the corresponding results for the sequence spaces E(p,w).
For this aim, we work with the measure space (IN, #), where # is the counting measure, which is
completely atomic. The sequence case has not been studied previously.

The main results of this chapter form the paper [18].

4.1 Further equivalence results for logarithmic interpolation methods

Let0 < g < 00, A = (&g, o) € R? satisfying

(4.1)

0<g<oo, ap+1/9<0, aw+1/9<0;
g=o0, ay9<0, an<0.

According to Remarks 3.3 and 3.7, under the above hypothesis there is not a J-representation of
(Ao, A1)1,4,a interms of (Ag, A1) for every Banach couple (Ag, A1). However, we show next that
in this range (Ao, A1)1,4,a is the sum of A; with a modified J-space that we define next.
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PutZ~ = {0,—1,-2,-3,..}. If0 < g < coand & € R, we write [A]] = [4p, A1]]

collection of alla € Ay + A1 such that there exists (U, ) nez- € Ao N Aj satisfying

Loa for the

0
a= Y uy(convergencein Ay + A;)

m=—oo

and
0

(2 [2*’“6“(2"01(2"1,um)]q)1“7 < oo,

m=—oo

We endow [Ag, A1]] . with the quasi-norm

1,q«

0

lal[Ao, A1) ]| = inf { ( i [Z*mé“(zm)](Zm,um)]q)l/q:a: > .

m=—oo m=—oo

Proposition 4.1. Let0 < g < oo, & € Rand A = (Ay, A1) be a Banach couple. Then

AUFYA1L%[AUH4H — Ap+ Aj.

1,qa
Proof. Indeed, take anya € AgN Ay andforanym € Z~, put u,, = 69,a where ¥, is the Kronecker
delta. So,a = Y5,__., tm and ||a|[Ao, A1] 1!1!%“ < J(1,a) = ||a]Ag N A¢||. On the other hand, take

anya € [Ay, A1] andleta = 20 — _oo Um be arepresentation with

1q,«

0

(X e u)” <2l

m=—oo

Then

0
la| Ao + A1l = K(1,a) < ) K(1,um)
m=—o0

0 0

< Y min{1,27"} 2" un) = Y J2", up).

m=—oo m=—oo
If 1 < g < oo, applying Hélder’s inequality, we obtain that

0

lla|Ag + A4 S( Z [2—m£tx(2m)](2m,um)]q)1/q( Z [zmﬁ_“(Zm)]q/)l/q

m=—00 m=—o0
0

<(x e w)

m=—0o0

S llallAo, Ar]1 g,

If0<g<1,weget

0 1/
laldo+ 4l < (Y 2" un))

m=—oo

0
<(x 27 @)@ un))T) sup (2164(2")
< Ha AO/Al]lan
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This proves that [Ay, AlHIW — Ag+ Aj. O

It is easy to check that [+, ]{ ” is an exact interpolation method (see Section 2.1).

Let0 < g < oo, A = (ap, o) € R*andlet A = (Ag, A1) be a Banach couple. Remember that,
according to Theorem 2.10, it makes sense to consider (A, Al){,q,A if, and only if,

0<g<1, @w>0;
{ 7= (4.2)

1<g<o, ae—1/9 >0;
where the parameter g’ is given by the equality % + % =1.

Lemma 4.2. Let A = (ag,ae) € R?and 0 < g < oo satisfying (4.2). Given any Banach couple
A = (Ap, A1), we have with equivalent quasi-norms

Aq+ (Ao, Al){,q,A = A+ [AOI Al]{,q,ﬂ(o'

Proof. Letv = a3 +awitha; € Ajanda € (Ao, Al){qA. Find (um)mez C Ao N Ajp such that
a=Y__Uyand

m=—0o0

) g
(£ reenerw)]) < anl,al

Thenw = Yo 4 uy, belongs to A1. Indeed, if 0 < g < 1, we have

) 00 0 1/q
Y Nl Arll < )2 272" um) < <2 [Z_ml(zmlum)]q>
m=1 m=1

m=1

<] l/q
< (Z [27m e (2m) ](2m,um)]‘1> sup £~%(2™)

m=1 melN
< llal(Ao, A1) all

where we have used that a,, > 0in the last inequality. If 1 < g < oo, we proceed using Hoélder’s
inequality. We get

Y lumlArll < )5 272", )
m=1 m=1
00 1/q oS 1/q'
< (Z [z—mezxw(zm)](zm,um)]Q) (E e—zqu/(zm)>
m=1 m=1

< llal(Ao, A1), all

because aes —1/¢4' > 0.
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Therefore, v = (a; + w) + Y.0_ ., t,; belongs to A; + [AO,A1H,q’aO with

0 /g
0] A1+ [Ag, ALl g oIl < llar + w]Ar ]| + ( )3 [Z_mfao(zm)](zm,um)]q>

m=—oo

< llay|Aall + [lal (Ao, A1)] Al

This yields that

A+ (A(), A1){,q,[/\ — A1+ [Ao, Al]{,q,ﬂ(o'

The converse inclusion is clear. O
Now we are ready to show the announced result for the modified J-spaces.

Theorem 4.3. Let A = (ap,e) € R?and 0 < g < oo satisfying (4.1). Given any Banach couple
A = (Ap, A1) we have with equivalence of quasi-norms

Ay + [Ag, A1) if 1<q<oo,
(Ao, A1)14,a :{ N v aat .
AY AT AN s 0<g <.

Proof. The argument in the proof of [48, Lemma 2.3] for 1 < g < ooiis still valid for 0 < g < o
showing that in the assumption (4.1) we have

Jaldvgal ~ ([T K aeowp) " «3)

In particular, if a € Ay, we obtain

. 1 e\
HalALq,AHS(/O ﬁ”‘O"(f)t) la] Aql| S [lal Aq .

This yields that
A1 = (Ao, A1) 14 (4-4)

Take any &« € Rwitha +1/g > 0. We claim that
(Ao, A1)1,4,8a = A1+ (Ao, A1)1,4,(a0) (4.5)
with equivalent quasi-norms. Indeed, by (4.3) and (4.4) we have that
(A0, A1)1,q,a00) = (A0, A1)15a and A1 = (Ao, A1)14A-

So,
A1+ (Ao, A1)1,g,(a0m) < (Ao, A1)14,A-

Conversely, if a € (Ao, A1)1,4,a, We can write a = ag + a; witha; € A; and

[lao Aol[ + [lar[ Ax]| < 2[|a[Ag + Ax]]. (4.6)
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Now we check that ag belongs to (Ao, A1) We have

1,9,(xo,)*

_ o q dt
ook Asgunal S ([ [ K e 0] )

+ (/01 (1K (e ()] ”?)W + (/01 ke it)l/q

. adt\'"? 1 dr\ _
S (/1 [t 1ga(t)} t) llao| Aol + (/0 gvcoq(t)t> la1] A1 + ||a| Ay qall
S llalAo 4+ Aq| + [|a1]Ar]] + [|a] A1 gal

1/q

where we have used (4.6) in the last inequality. Hence,
a0l A1 g (o) | S a1l Axll + [[alArgall-

This shows that (Ao, Al)l,q,A — A1+ (A(), Al) (a0, with

1,4,

[a] A1 + (Ao, A1)1,0, (o) | < NlazlAxll + llaol A1 g, (o) |
< llalAo + Al + [la] Apgal
S llalArgall
which establishes (4.5).

Combining (4.5) with (3.8) and Lemma 4.2, we conclude for 1 < g < oo that

(IXO/‘ll)lqA - ‘11 ‘10/111>1 ag,)
A,
lil (IXO/ l)I

1,q,(xo+1,a+1)
- Al + [AOI Al] 1,9,00+1

If0 < g <1, weuse (2.8),(4.5), Theorem 3.5 and Lemma 4.2 to derive

(Ao, A1) 148 = (AT, AT ) 140
= AT + (AONf AT)l,q,(aco,vc)

oA~ ~ A~
= AT + (AU A )1 A, (xo+1/q,04+1/4)
= Al [AO ’ Al ]

1,9,00+1/9"

The proof is complete. 0

We study now the corresponding result for 8 = 0. Put No = N U {0}. If 0 < g < oo and
« € R, we put <A>(])W6 = (AO,A1> for the collection of alla € Ay + Aj such that there exists

(uM)mEINO C Ap N Aj satisfying

0,g9,x

a= Z Uy, (convergencein Ap + A1)

m=0

and

(X @@ ) " <.

m=0
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We endow (Ay, A1>] with the quasi-norm

0,9,&
JaltAo Aty = in {( X5 16" wn))') o= 3 un .

Notice that (2.11)implies that (Ao, A1>(])/q,{x = [Ay, AOH,WX' Then (-, -)0,4,0 is an exactinterpolation
method as well. Furthermore, the following equivalence result holds:

Theorem 4.4. Let A = (g, o) € R%and0 < q < oo satisfying

0<g<oo, ae+1/9<0, ag+1/9<0;
=109, e <0, ap<0.

For any Banach couple A = (Ao, A1) we have with equivalence of quasi-norms

Ao+—@%hA4%qaw+l if 1<g<oo,
(Ao, At)ogn =9 . A ,
AF + (AT AT )0 g sty T 0<g <L

4.2 Associate spaces

Let (Q), i) be a o-finite measure space and let M denote the collection of all (equivalence classes
of) scalar valued y-measurable functions on () which are finite y-almost everywhere. We endow M
with the topology of convergence in measure on sets of finite measure.

Definition 4.5. By a Banach function space over ({2, ) we mean a Banach space (X, || - | X||) of func-
tions in M satisfying the following three properties:

(i) Wheneverg € M, f € Xand |g(x)| < |f(x)| y-a.e,, then g € X and ||g|X]|| < ||f|X]| (lattice
property).

(i) xg € X forevery E C Qwith u(E) < oo.

(i) ;or every E C Q with u(E) < cothereiscg > 0such that [ |fldu < cgl/f|X]| for every
€ X.

See, for example, the book by Zaanen [122], the book by Krein, Petunin and Semenov [88] or
the paper by Cobos and Ferndndez-Cabrera [36] for more properties of these spaces. One should
be careful when consulting the existing literature on Banach function spaces since there is not an
standard definition and some books, such as[6] and [55], consider that these spaces also satisfy the
so-called Fatou property.

Clearly, simple functions are contained in any Banach function space X and ||| f||X|| = [|f|X]|
forevery f € X. Moreover, the argument in [6, p. 4] based on (iii) can still be applied with the result
that

X — M. (4.7)

Generalized Lorentz-Zygmund spaces L, ; a)(Q2) defined in (2.24) are Banach function spaces
when1l < p < 00,1 < g < co. These spaces also make sense when 0 < g < 1 but then they are
quasi-Banach spaces.
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The associate space X' of the Banach function space X consists of all g € M such that

/ |fg|ldu < oo, forevery f € X.
0

Itis also a Banach function space over () endowed with the norm

1| = sup { [ Ifslep - 1£1x) <1},

Indeed, the arguments in the proof of [6, Theorem I.2.2] can be applied to show that (X, || - | X'||) isa
normed space of functions in M which satisfies the corresponding versions of (i), (ii) and (iii). More-
over, using the definition of || - |X'||, it is not hard to check that if (g,) € X"and Y 5" ||gn|X'|| < o0
then the function ¢ = }"; g belongs to X" and [|g — ¥iL; gj|X|| — Oasn — oo. Hence,
(X', |l - 1X"||) is a Banach function space.

Notice that [, [fg|du < ||f|X]|||g]X'||, forevery f € Xand g € X'. Furthermore, if (Y, || - |Y]|)
is a quasi-Banach space of functions in M such that the corresponding versions of (i), (ii) and (iii)
hold, then we can still define Y’ as above.

It is known that K’q = Kq/ for1l < g < oo where % + % = 1. For later use we compute now the
associate space of the quasi-Banach space /; when0 < g < 1.

Lemma 4.6. Let0 < g < 1. Then E; = (& with equality of norms.

Proof. Takeany 77 = (1m)mez € Loo and & = (Cm)mez € £y It follows from

m=—oo m=—o0o

) ) 1/9
Y (8mtm| < ( ) |§m|q|77m|q> < (11441l 1] €eo]]

that /o < ¢/ and that the embedding has norm less than or equal to 1. Conversely, take any 7 =
(1m)mez € £yandforn € Zlete, = (3}, )mez. We have

[ee]

il = 3 [mdl < 161 lealtll = Iyl €5

m=—oo

Hence, 77 belongs to {e and |[77[{e || < [|77|€; |- This completes the proof. O

Let X, X7 be Banach function spaces over the measure space (), #). According to (4.7), we
have that X; < M. Hence X = (X, X1) is a Banach couple.

Letg € Mand f € XoN X; with [g(x)] < [f(x)] y-a.e., thenitis clear that ¢ € Xo N X;
with J(t, g; Xo, X1) < J(t, f; X0, X1), t > 0. So, Xo N X7 is a Banach function space with the norm
J(t,-; Xo, X1). As for the K-functional, using that

K(t, f; Xo, X1) = inf{|| fol Xol| + t|| fr[ X1l : [f| < fo+ f1,f; =0, f; € X, j = 0,1}

(see, for example, [43, Lemma 3.1]), it follows that K(¢, g; Xo, X1) < K(t, f; Xo, X1) provided that
Igl < |fl, f € Xo+ X1. Now it is not hard to check that X + X is also a Banach function space.

The above mentioned properties for the J-and K-functionals also yield that when we interpolate
the Banach couple X = (Xp, X7) by any J- or K-method the resulting space also satisfy properties
(1), (i) and (iii). To check (iii) one can rely on the exact interpolation property applied to the operator

f— [z fdu.
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A Banach function space X over () is said to have absolutely continuous norm if for any f €
X and any decreasing sequence (E,) of y-measurable sets with empty intersection we have that
Il fxe,|X|| 4 0asn — oo. If X has absolutely continuous norm then X’ coincides with the dual space
X* of X (see[122, Theorem 15.72.5, p. 480]).

Lemma 4.7. Let X = (X, X1) be a couple of Banach function spaces over a -finite measure space
(Q, ). Then

d
J(t g X, X!) = sup Ja lfgldp

= , g§E€XpNXy, t>0. (4.8)
f€X0+X1 K(t 1/f/'XO,X1) 0 1

If, in addition, Xy or X7 has absolutely continuous norm, then

d
K(t™1, ¢; X, X1) = sup fQ f8ldn

e, feXy+X;, t>0. 4.
S Tk fiXo Xy €KX (4.9)

Proof. Letg € XN Xjand f € Xo+ Xy with f = fo+ f1, fi € Xj,j =0,1and t > 0. We have

[ Issidu < [ 1ngidu+ [ 1Agldn < I51XolllghXbll + 11X gl X
< (6,5 X X0 (ol %oll + £ A1

This yields

[ IFgldie < 1t X0 XK(, £ X, X0). (4:0)

To check the converse inequality we write AX for the space X normed by A|| - | X||. Since the embed-
dings Xo < (Xo + X1, K(t71,; X0, X1)) and t 1 X7 < (Xo + X1, K(t71,-; Xo, X1)) have norm less
than or equal to 1, we have (Xo + X1, K(t71, -; Xo, X1))" — X} and (Xo + X1, K(t7%, 5 X0, X1))) —
tX) with norm less than or equal to 1. Hence

(Xo+ X1, K(t1, 5 Xo, X1)) = (XN X1, T (¢, X0, X1))

with

Jolfgldu
J(t, g X), X)) < su - .
8%, %) feXOEXI K(t1, £; Xo, X1)

This establishes (4.8).

Inequality

d
sup MSK(rl,g;xg,XQ, geXy+Xy, t>0,

rexepx, Tt £ Xo, X1)

can be proved proceeding as in (4.10). To check the reverse inequality, consider Xy N Xj with the
norm J(t, -; Xo, X1), endow X{, + X} with the norm K(t1,; X(, X1) and take any ¢ € (Xo N X7)".
Then the functional T assigning to any f € Xo N X; thescalar Tf = [ fgdu belongsto (Xo N X;)*
with

ITI(Xo 1 X4)* | = sup {\ [ Fedn| (e, £ %0, 30) < 1} = llgl(Xo " XY
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Consider the space Xy x X7 normed by

[ (fo, f1)|Xo x Xa|| = max{|| fol Xo|l, t[| f1]Xa ||}

and put A = {(fo, f1) € Xo X X3 : fo = f1}. Thelinear functional F : A — K defined by

Fo f =T (B2 = [ gt Gofi) € 4,

is bounded with
|F|A*| = sup {\ | fedn|: £ € Xon Xy with ] (1, £ X0, X1) < 1} = lIg1(Xo N Xa)'|.

According to the Hahn-Banach theorem, we can extend F to a bounded linear functional Fe (Xo x
X1)* with || F|(Xo x X1)*|| = ||g](Xo N X1)'||. Hence, there are Lj € X%,j = 0,1, such that

Lofo = ﬁ(fo, 0), L1f1 = F(O,fﬂ and ﬁ(fo,fl) = Lofo + L]fl. (4.11)

Assume that Xy has absolutely continuous norm. Then X;j = Xé and so thereis g9 € Xé such
that Lofo = [ fogodu and || Lo| X5 || = ||go| Xp]|- Forany f € Xo N X1, we have

/Qfgdu =F(f,f) = Lof + Lif = /Qfgodu + Lif.
Whence

Lle/Qf(g—go)du, feXonX.

We claim that ¢ — go € X/. Indeed, take any f € Xj. We can find an increasing sequence of simple
functions (f,;) such that 0 < f,, 1 |f]. Since (f,) € Xo N X3, we get

| fulg = sold = | [ (sen(g —50) i) (g = s0)d

= |L1(sgn(g — o) fn)]
< LAl X3 ] ful Xal
< LA X3 AIXal-

Thus, using the monotone convergence theorem, we derive that

/Q |f11g — goldn z,}gr_}o/ﬂfn!g—go!dﬂ < oo,

This shows that g = ¢ — go belongs to X} with ||g1|X"|| < ||L1| X7 . So,§ = g0 + &1 € X[ + X].
Moreover, given any € > 0, we have
81X + Xill — e ++71) < lIgol Xl — e + 7 (Ilga | X1l —€)
< [ LolX5 ] — e+t (| La|X7 ] — )
< |Lofol + t7YL1fi
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for some f; € X; with || f;|X;[| < 1. Therefore, using (4.11), we get

lslX+ X3l =1+ < Lo (12010 ) 1o (112010

Lofo Ly f:
~ (|Lofol . ,—1|L1fil >
=F t
( Lo fo fo Lifi A
|Lo fol |L1f1]
< [|B](Xo x X1)* Hmax{H Lo o | o filx|
< |1E|(Xo x X1)*[| = [|g[(Xo N X1)']-
Letting e — 0, this yields that
Jalfsldu

Kt e: X0 X)) = |le| Xh+ X || < XoN X))l = sup 2o
(70, X0) = lglXh + X3 < gl (Xon X)) = sup 755 By

and completes the proof.

The case when X; has absolutely continuous norm can be treated analogously. O

Our next objective is to compute the associate space of logarithmic interpolation methods when
acting on couples of Banach function spaces. We start computing it for logarithmic J-spaces. Re-
member that, according to Theorem 2.10, for0 < g < 00,0 < 6 < 1, A = (ag, &) € R? and

= (Bo, ) € R?, the sequence lattice £, (270 ¢4 (2m)¢¢B (2™)) is (1, ])-non trivial if, and only if,

(0<0<1;

0=1 ao>0 or aw=0andBew >0 if 0<qg<1;
=1, am+%—1>0 or aoo+%—1:0and[300+%—1>0 if 1<g<oo; (4.12)
0=0, a9>0 or ay=0andpBy >0 if 0<g<1,
6=0, a+;—1>0 or ag+j—-1=0andfp+i-1>0 if 1<g<oco

Remember that if A = (xg,as) € R?>and A € R, we use the notation A = (e, ap), AA =
(Ao, Aaso) and A + A = (ag + A, koo + A).

Theorem 4.8. Let X = (Xj, X1) be a couple of Banach function spaces over Q). Suppose that Xj
or Xj has absolutely continuous norm. Let0 < g < 00,0 < 0 < 1, A = (a, &) € R? and
= (Bo, Bx) € R? satisfying (4.12). Put

. g if 1<g<oo,
77l if 0<g<1.

Then ((Xo, X0}, a ) = (X0, X a5

Proof. We proceed following the lines of [63, Theorem 3.4]. Takeany g € ( éqA p) andanye > 0.
According to (4.9), forany m € Z, thereis f,, € Xo N X such that

(1)K, I8l X6, X1) < J2", |fn; Xo, X1) ™! /Q |fmgldp
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Take any sequence (d,,) of non-negative scalars such that
[eS) 1/q
( y [z*mGeA(zM)zeB(zm)am]q) <1

m=—oo

Put uy, = J(2™, | ful; Xo, X1) "28m| fm|. Then the function f = Y00 u,, belongs to XéqAB and

m=—oo

(o] 1/b7
1% a1l < ( )» {2‘"“%”*(2"1)%“3(2"1)](2"1,um;xo,xﬂ]q)

IN

00 1/q
(Z [2m9£”*(2m)12613(2m)5mr> <1.
Moreover,

(1—e) Y 2 B@2myeeBmKE™, |g|; Xo, X1)27 005 (2) 008 (2™) 6

m=—0oo

< Y Ol lfuliXo, X0) /Q gl

_ /Q\fg\dy < 181X}, am) I

Using that £ = {4+, we derive that ¢ € (X0, X1)6,4,— (aeo0), — (Beosfo) @Nd that
181(X0, X1)0.4°, (o), (Beosf | < N181(X5 0 )"l

Conversely, take any ¢ € (Xg, X} )g
Y= —oo fm Of f. By (4.9), we have

¢ —A, B Let f € Xé,q,AIB and take a J-representation f =

[ gl < T fus Xo, XK X0, X0), € 2.

Hence, if 1 < g < oo, it follows by using Hélder’s inequality that

/Q fgldu < Y J@", fus Xo, X1)K(27™, g5 X, X7)

< < i [Z*mf)gA(zm)fng(sz(zm’fm;XO’Xl)]q>1/‘1
= - »
X( L [ZmeﬁA(szB<2m)1<(2m,g;x6,xi)r> .

m=—oo
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If0 < g <1, we obtain

[ 1fsldn < Yo 1" foi Xo, XK X5, X))

m=—oo

0 1/q
< ( Y. [](2’”,fm;Xo,Xl)K(Z"”,g;Xf),Xi)]q>

m=—oo

[e) l/q
< ( Y [2—'”9%(2’”)%13(2"1)](2"1,](,,1;X)}q)

mM=—oo

x sup{2m A (2m) e B2mK (2™, ¢; X)}.

meZ

Therefore, forany 0 < g < oo, we get that

/Q £8ldp < [IF1X], aml 1181 (X0, X004~ (aeoito)— (Bt I

This shows that g belongs to (Xé’q/A]B)/ with

181X 080 1 < 118100, X045, (weito), (B I
The proof is complete. O

Remark 4.9. Notice that if £,(27¢2(2™) (B (2™)) satisfies (4.12), then
(g (27 MO g(=0—t0) (o1m) p(=Peo—Po) (D))

is K-non trivial (see Theorem 2.8). Therefore the K-space in Theorem 4.8 is non-trivial.

The same technlques from Theorem 4.8 are useful to determine the associate space of the mod-
ified J-space [X, X1]1 e and (X, X1>0 e . The relevant K-spaces are now (Xp, X1)1,,« the space of
all f € Xo + X; with finite quasi-norm

[ee]

1160, Xihgall = ( 1[0 @MKo X11) (43

and [Xo, X1]o,4,4, the collection of all f € X + X; with finite quasi-norm

0

1£11Xo0, Xalogall = (32 [*@™MK (", £3 X0, X1)]7)

m=—0o0

1/q

If § = 00, as usual, the sum should be replaced by the supremum. Forevery0 < g < coanda € R,
the previous constructions are exact interpolation methods. We have the following result.

Theorem 4.10. Let X = (Xj, X7) be a couple of Banach function spaces over ). Suppose that Xj
or Xj has absolutely continuous norm. Let0 < g < 00,0 < 8 <1, € Rand g* as in Theorem 4.8.
Then

([Xo, X1){ 50)" = (X0, XD)1,4°,
(X0, X1)hg) = [X0 Xiloge,—ac
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Remark 4.11. On the contrary to the duality formulae of Chapter 3 where it is essential that Ag N A1
is dense in Ag and A1, such assumption is not needed in Theorem 4.8. It suffices that X, or X; has
absolutely continuous norm. Moreover, the parameter g can also take the value co in Theorem 4.8.

We study now the associate space of logarithmic interpolation spaces defined by means of the
K-functional. Let0 < 6 < 1,0 < g < coand A = (g, ) € R% Remember that, £,(27™0¢A(2™))
is K-non trivial if, and only if, the parameters satisfy (3.7). However, we are going to leave out the
casest) = 0,4 = 00,800 = 0and 0 = 1,q = o0, &y = 0 that, because of its special properties, are
going to be studied in Chapter 5. Therefore, we assume

0<o<;
0=0, ao+1/q<0; (414)
0=1, ay+1/q<0.

Theorem 4.12. Let X = (X, X1) be a couple of Banach function spaces over a g-finite measure
space (O, ). Let0 < g < 00, A = (ap, &) € R? verifying (4.14) and put g* as in Theorem 4.8.
Suppose that Xy or X; has absolutely continuous norm.

1. 1f0 < 6 < 1,then (Xp,a) = (X, X1)o g — &

Now, when 0 < g < 1 we assume, in addition, that (Xp, X7) is mutually closed, that is to say,

Xy = X;.

2. If6 =1, then
(X(/)’ Xi)l,q*,—A—l/min{l,q} if e+ 1/q > 0/
(X1,4n) = (X, Xi)1/’1*'*2‘**1/min{qu}/(*l/min{qu}ﬂ) if g<co and aw+1/9=0,
h X1 N (X0 X1 1,45, a0-1/ min{1,4} if ao+1/9<0 and g <oo,
or Qe <0 and g =oco.
3. If 6 = 0, then
(X(/)’ Xi)(),q*,f[‘,fl/min{l,q} if o+ 1/q >0,
(Xoga) = (Xor Xt)og, &1/ minf14),0,-1/min1qy) G <0c0 and ao+1/q=0,
h X0 N [ X0, X1]o,4%,— e —1/ min{1,4} if a+1/9<0 and ¢ <o,

or ap<0 and g=oco.

Proof. Statement (1) follows from the equivalence result

(X0, X1)9,4,8 = (Xo, Xl)élqlA
and Theorem 4.8.
For the proof of (2) we should distinguish multiple cases:

If1l < g < oandasw +1/9 > 0, then we use (3.8) and Theorem 4.8. For1 < g < oo and
Ao +1/q < 0, the proof follows from Theorem 4.3, (4.8) and Theorem 4.10.

For0 < g < 1we have assumed that X;j” = Xy and X{" = Xj. Then using Theorems 3.5 and 4.8

we get theresult forae +1/g > 0. Finally, if a0 +1/9 < 0 we use Theorem 4.3, (4.8) and Theorem
4.10.



78 Chapter 4. Associate spaces of logarithmic interpolation spaces

The proof of (3) follows analogously, but using the corresponding results for 6 = 0. O

4.3 Applications to generalized Lorentz-Zygmund spaces

First we assume that (), ) is a non-atomic o-finite measure space and we deal with the spaces
Lipgn) (Q) (see (2.24)). Their associate spaces have been determined by Opic and Pick [97, Theo-
rems 6.2, 6.6, 6.7 and 6.9] by means of direct calculations. In this section we derive them from the
abstract results obtained in Section 4.2 as an specific example.

Consider the Banach couple (L1(Q)), Lo (Q)) . It is well-known (see, for example, [11, Theorem
5.2.1]) that

K(t f512(O), 1a(0) = [ (s, 1> 0, (415)

here f* is the non-increasing rearrangement defined in (2.15). From this equality it is not hard to
check that (L1(Q), Le(€)) is @ mutually closed couple (see the comment after [6, Theorem V.1.6]).
Besides, the norm of L1 (Q) is absolutely continuous.

It follows straightforward from (4.15) and (2.24) thatif 1 < p < 0,0 < g < ccand A =
(ap, deo) € R? satisfy (2.26), then

(L1(Q), Los())1-1/p.g.8 = Lp,g,n)(Q), (4.16)

with equivalent quasi-norms.

rif 1<r<oo,

Forl <r <ocoweputr = L5 andfor0 < r < coweputr* = )
oo if O0<r<.

Theorem 4.13. Let1 < p < 00,0 < g < oc0and A = (ag, o) € R2. Then
(Lipg.a) (D) = Lipge,-a)(Q)-
Proof. Using that L1(Q)" = Leo(Q)), Leo(Q)) = L1(Q), (4.16) and Theorem 4.12/1 we have that

Lipa) (Q) = (L1(Q), Lol 1 /pgn = (Lol ), L1(Q)), 1 &
— (La(Q), Lol Q)1 /- = L) ().
]

Theorem 4.14. Let 0 < g < coand A = (ap, &) € R? such that ag +1/g < 0. We have with
equivalence of quasi-norms:

1. If Koo + 1/q > O, then (L(oo,q,A) (Q))/ = L(l,q*,fAfl/min{l,q})(Q)'
2. Iface +1/g9 =0and g < oo, then (L(eqn)(Q)) =

* 1/q*
0 . ) t q
{ge M:igll = ( / [e“’“/ min{La}) (1) ¢g(0—1/ min{la}) (1) / g*(s)ds] d:) < oo}.
0 0
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3. faew+1/9g<0andg < cooras, < 0andg = oo, then

(L@ = {g1€ M gl = [~ & (Ot + 111,01/ mingra O D < 01,

where || - [L(1,¢ —ay—1/min{1,4}) (0, 1)|| means that the integral in (2.24) is taken only on the
interval (0, 1) instead of (0, ).

Proof. Using (4.16) and Theorem 4.12/2 we get that:
If o +1/q > 0, then
(Liowa) () = (L1 (), Lol g 4 = (Lol ), L)) A1) miniry
- (Ll(Q)/ LOO(Q))O,q*,fAfl/min{l,q} = L(l,q*,fAfl/min{l,q})(Q)'
If e +1/q =0and g < oo, then

(L(oo,q,A)(Q))/ = (Ll(Q)/LOO(Q))/l,q,A = (Loo(Q)rLl(Q))Lq*,—A—l/ min{1,4},(—1/ min{1,4},0)
= (L1(Q2), LOO(Q))O,q*,fAfl/min{l,q},(O,fl/min{l,q})'

Thus

* 1/q*
S . . t q
||f|(L(oo,q,A)(Q))l|| ~ (/ |:£(A1/mln{1f‘7})(t)€£(0,1/mm{1r‘7})(t)/ f*(S)dS} d:) )
0 0

Finally, if xeo +1/9 < 0and g < o0, or e, < 0and q = oo, then
(L(co,g,) ()" = (L1(Q), Lo ()1 4,8 = L1(Q) N (Lo (), L1())1,%, -9 -1/ min{1,0} -
Hence,
AL g @Y~ [0+ LI Lol L (@)1, 1/mintrn
and

Hf‘ <L0°<Q)r Ly (Q>>l,q*,fac071/ min{1,4} H

o " 1/11*
— (Z [zfmgfaofl/min{l,q} (2m>K(2m,g; Lo, L1>]‘1 )

m=0
_ < Z [gfaofl/min{l,q} (2m)K(2fm’gl_ L., Loo):| q )
m=0

! ~ 7 d\ T

* 1/[]*
1 . t q
_ (/ |:€a01/mm{1,q}(t)/ g*(s)ds] dt)
0 0 t

= [18IL(1,4—ap—1/ min{1,q}) (0, ) [|.
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Notice that the case g = co and y = Ois not included in the previous theorem. This special case
will be treated in Chapter 5.

Theorem 4.15. Let0 < g < coand A = (&, &) € R? such that ae, + 1/ < 0. We have with
equivalence of quasi-norms:

1. Ifog + 1/6] > 0, then (L(l,q,A)(Q))/ = L(oo,q*,—A—l/min{l,q})(Q)'

2. Ifag +1/9 =0and g < oo, then (L1 44)(Q)) =

* 1/q*
00 . . t q
{g e M: Hg” = (/ [g(—A—l/mm{Lﬂ})(t)ﬁg(—l/mm{l,ﬂ},o)(t)/ g*(s)ds] 5?) < oo}
0 0

3. Ifag+1/q <0andg < oorag < 0andg = oo, then (L ,4)(Q)) =

{g.€ M gl = 18ILeo( Q) + 18IL o st/ minfrgp (100 | < o},

where ||+ |L(eo,g*,—aes—1/min{1,4}) (1, 0) || means that the integral in (2.24) is taken only on the
interval (1, o0) instead of (0, o).

Proof. One can proceed as in Theorem 4.14 but replacing Theorem 4.12/2 by Theorem 4.12/3. O

We close the chapter by establishing the corresponding results to Theorems 4.13, 4.14 and 4.15
for sequence spaces. This question has not been discussed in [97], but it can be treated as another
specific application of the abstract results of Section 4.2.

Let ) = IN and p = # the counting measure. Given any bounded sequence of scalars § = (),
we put
&y =inf{T > 0:card{j € N :[{;| > T} < n}.

The sequence (§};) is the decreasing rearrangement of (¢, ) by magnitude of modulus. If § = ()
converges to zero, then

¢ =max{|Cu|:n € N} = |&,|, & =max{|y|:neN\{m}} andsoon.

Fora € R,1 <p<ooand0 < g < oo,letl
¢ = (&) such that

p,qn) De the collection of all bounded sequences

d n 1/q
n=1 ].:1

Replacing the weight (% (n) by £*(n)¢¢P(n), where B € R, we obtain the spaces Cipgp)

To determine the associate space of £ we work with the Banach couple (¢1(IN), o (IN)).

The K-functional for this couple is

pa)?

K(1,&6(N), (o(N)) = Y&, neN (4.17)
j=1
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(see[110, p. 126]). Observe that

lEla(N)~ | = sup K(£,6) = lim 3" & = £/2(N)].
j=1

0<t<oo

Therefore (¢1(IN), o (IN)) is @a mutually closed couple. Moreover, /1 (IN) has absolutely continuous
norm.

Some of the spaces £
{+, because

pau) arevery well-known. Indeed, if a +-1/4 < 0 then the space E(oorq,a) =

(o] n 1/
el < 161 gl = (K16t g1 ) ™

j=1

< 2N X )~ el

On the other hand, if x +-1/g > 0and g < coora > 0and g = oo, then £(; ;) = {0}. Indeed,
if & € £(1,4,0) We have

00 > 80100 | 2 121N ( X e9(mn ) .
n=1

1/
Since (Z;l“’:l E”“?(n)n”) ' oo, we derive that |||{e(IN)|| = 0. Thus, ¢ = 0.
Furthermore, HCM(LOO,O)H = SUp,cn Z}Ll c:t']?k = ||&|¢1(IN)||. Hence, L1,000) = 1

We compute next the associate space of all non-trivial E(p,qﬂ).

Theorem 4.16. Let1 < p < 00,0 < g < oo and & € R. We have the following equalities with
equivalence of quasi-norms.

1. If1 < p < oo, then gl(p,q,oc) = g(p’,q*,—a)‘
2. 1fp = oo, then ¢ = J {Lar—a=1/min{La) *oarl/g>0,
F TP =% (202 = Y g . . if at1/g=0
(1,4*,—a—1/min{1,4},—1/ min{1,4}) q .
3. fp=1landa+1/g9 <0,then El(l,q,a) = L(co,g*,—a—1/ min{1,4})-

Proof. Choose B € Rsuchthat B+1/9 < 0. As {1 — (s, according to (3.13) under the above
hypothesis we have that

qﬂ)“'i

1A N), N1y | ~ ([ 17 (K ()7

(o] n 1/
~ (L) g = 12

n=1 j=1

Using the previous equivalence and Theorem 4.12 we get the result. O
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Chapter 5

Structure of spaces (A, Al)l,oo,(O,ocoo)

According to Theorem 2.8, for any Banach couple A = (Ap, A1) and &g, @ € R, it makes sense
to consider the logarithmic interpolation spaces (Ao, A1)0,c0,(,,0) @34 (A0, A1)1,00,(0,0.)- HOWever
we have left out these cases when studying duality results for logarithmic interpolation methods in
Chapter 3 and its associate spaces in Chapter 4. The reason is that both kind of results are based on
the J-representation of the spaces and, although Cobos and Segurado [48, Theorem 3.5] intended
to cover also spaces (A, Al)l,OO,(O,zxoo) in their study of equivalence theorems, unfortunately the ar-
guments given there do not work in this limit case.

In this chapter we focus on the study of (A, Al)l,oo,(O,aoo)' As we know, the symmetry of loga-
rithmic methods implies that (Ao, A1)g 0 (,,0) = (A1, A0)1,00,(0,45) @3N, therefore, the results given
here cover also the case 0 = 0, g = oo and o, = 0. We start this chapter by looking into some
basic properties of (Ao, A1)1,e0,(0,4.,)- IN S€ction 5.1, we show a representation of this space in terms
of the J-functional, completing (3.8). It turns out that it is of a different type than the other de-
scriptions we have seen in Sections 3.2 and 4.1. Then using this description we compute the asso-
ciate space of (X, Xl)l,oo,(O,zxoo) when X and X; are Banach function spaces on a o-finite measure
space (Q), ) (see Section 4.2). As an application, we describe the associate space of the general-
ized Lorentz-Zygmund space L(oo,oo,(O,aoo))(Q) defined in (2.24). In Section 5.3, we determine the
dual of (Ao, Al)ioo,(O,aoo) for (Ap, A1) aregular Banach couple. Here the circle indicates the closure

of AgNAqin (AO; Al)l,oo,(O,zxoo)'

The results include in this chapter form the paper [19].

5.1 Description in terms of the J-functional

Let A = (Ao, A1) be a Banach couple and & € R, remember that (Ao, A1)1e0,(0,0.,) is the space of
alla € Ay + Aq with finite norm

meZ 0<t<oo t
K(t, K(t,a)0*(t
:max{ sup a), sup (t, @)% )}
o<t<1 b 1cicoo t

Note that if xeo < 0, as K(#,a)/t is decreasing, then

- K(t,a) N
12141 co (00 [| = sUP —— = [lal AT

0<t<1
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That is to say, if e < 0then Al,oo,(o,aw) coincides with the Gagliardo completion A]" of A;.

Observe also that
(Ao, A1)1,00,(0,000) = AT N (A0, A1)1,00,000 (5.1)

being

(Ao, A1) 1 oons, = {a € Ag+ Ay : ||a|{Ag, A1) 1oon || = sup

I<t<oo t

a special case of spaces defined in (4.13).

Next, we investigate different descriptions of (A, Al)l,oo,(O,ocoo) for aee > 0. We start with an
auxiliary lemma.

Lemma 5.1. Let (Ap, A1) be a Banach couple. Forany a € A; we have

lal As if 0<t<1,

K(t,a; AgN A1, Ay) ~
( oA {||ﬂ|A1||+K(f,ﬂ;Ao,A1) if 1<t<oo.

Proof. Takeanya € Ajand0 < t < 1. Clearly, K(t,a; Ao N A1, A1) < t||a]A1]|. On the other hand,
if a = ag + a; withag € AgN Ay, a1 € Aq, then we have

tlal Al < £ ([laolAxll + [lar[Axl]) < a0l Ao O Axll + tf|ar | Ax]-

Hence, K(t,a; Ag N A1, A1) = t||a|Aq]|.

Assumenow that1 <t < ocoanda € A;. Ifa = ap + a; witha; € Aj, thenay = a — a; belongs
to A1 and we get

K(t,ﬂl;Ao ﬂAl,Al) < Ha0|A0 ﬂA1H —|—t||1)l1|A1H
< max (|[ao|Ao||, la — a1|A1]]) + tl[ar| A1l
< 2([|lao| Aol + t[lar|Axll) + [lal Ax]]-

Hence, K(t,a; Ag N A1, A1) < 2K(t,a; Ag, A1) + ||a| A1||. On the other hand,
la|A1]| = K(1,a; AgN A1, A1) < K(t,a; Ag N Ay, A1)
and, if a = ag + ay with a; € Aj, then
K(t,a; Ao, A1) < [lao|Ao|| + t[la1| A1l < [lao| Ao M Ax]| + t||az[ Aq][.

Therefore,
Ha\Alﬂ —|—K(t,lZ;A0,A1) < ZK(t,lZ;AO N Al,Al).

O

Proposition 5.2. Let (Ag, A1) be a Banach couple and —co < g < 0 < ao < co. Then we have
with equivalent norms

A1 N (Ao, A1) 1000 = (Ao N A1, A1) 100, (w0000
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Proof. Takeanya € (Ao N A1, A1)1,e0,(apae)- THEN A € A7. Using Lemma 5.1 we obtain

% ())K(t, a; Ag, A1)
t
an(t)K(t, a, AO N Al, A])

1I<t<oo t

< Jlaf (Ao N A1, A1) 1 eo (w1

la[{Ao, A1) 10|l = sup

I<t<oo

Moreover,
|a[A1]] = K(1,a; Ag N A1, A1) < [[a](Ao N A1, A1)1,00, (g ,e0) |-

Therefore, (Ao N AllAl)l,oo,(ao,zxoo) —> A1 N <A0, A1>1,00,,X00.
Conversely, ifa € A1 N (Ao, A1)1,004.,, then

(K t,&l,‘AoﬂAl,Al
Ha’(AO NA;, Al)l,oo,(zxg,(xw)H ~ sup ( ) ( )
0<t<1 t

Pre ()K(t,a; Ag N A1, A
+ sup (t)K(t,a; AgN Ay, Ay)

I<t<oo t

=51+ 5.

By Lemma 5.1 and using that ¢y < 0, we obtain

S1~ sup (£%(t)) [lalAq

0<t<1

Koo
~ sup (ﬁ t(t)>K(1,a;AoﬁA1,A1)

I<t<oo

PR (YK (t,a; AgN A, A
Ssup( (DK(t, 3 Ao N Ay 1>>:SZ.
I<t<oo t
Furthermore,
e (t A K(t,a; Ag, A
5y sup L (OalAr] K (1, Ag, A1)
I<t<oo t
0% (t 0% (£)K(t,a; Ag, A
< sup () ] sup KA
1<t<oco 1<t<oo

~ [lalA1]| + [la (Ao, A1) 1,00 | ~ [la] A1 1 (Ao, A1)1,00.. |-
O
Since A; < A].N — Ap + Aj, it follows from (2.8) that foranya € Ag + A1 and t > 0 we have

K(t,a; Ay, A1) = K(t,a; Ay, AT)
< K(t,a; Ao, A7) < K(t,a; Ag, A1).

This fact and (5.1) yield that

(A0, A1)1,00,(0,000) = AT N (A0, A1) 100,00 = AT N (A0, AT ) 1,000 (5-2)

As a direct consequence of (5.2), Proposition 5.2 and (3.8), we derive the following result.
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Corollary 5.3. Let (Ao, A1) be a Banach couple and 0 < as < 0. Then forany —oco < a < 0 we
have with equivalent norms

(AO/ Al)l,oo,(O,oc ) — (AU N A1N/ A?)l ,00, (&, 000 )

(AO N Al /Al )1 1) (u(-i—l D(oo+1)

Now we show that if the couple (Ao, A1) is ordered by inclusion then (Ao, A1)1 e, (0,4.,) COINCides
with an usual J-space modelled on (Ay, A7).

Corollary 5.4. Let Ag, A1 be Banach spaces with Ag — Ajandlet0 < ae < c0. Then we have with
equivalence of norms

(A0, A1)1,00,(0,000) = (AO’Al)loo(la 1)

Proof. Take any o < 0. Then

(Ao, Al) (AOI Al)

1,00,(1,00041) 1,00,(x+1,0004+1)"

Since Ag — Aj, the Gagliardo completion of A is A1. Moreover, Ag N A7 = Ayp. It follows from
Corollary 5.3 that

J
(AO'Al)l,oo,(l,awH) (AO’Al)loo(tx-‘rl Heot1) = (Ao, A1)1,, (Oyteo) "

To complete the proof it suffices to check that

]
(Ao, Al)l o0, (a+1,a00+1) = (Ao, Al)l,oo,(l,ocoo+1)' (5-3)

We work here with the continuous definition of J-spaces (see (2.31)). Take anya € A1 oo, (a-+1am+1)

andleta = fo bea representation such that
L) (t u(t 0L () (t, u(t
Inax{ up UTOILHD) O HO))
0<t<1 t 1<t<oo t

< 2||‘7‘|(A0/A1)1 00, (41,20 +1) I

Then fo 4t is convergent in Ag because

/n D140l < [ 106u) % = [P EOHEE) ey &

t

< () o) g (S

< ||El|(A0/A1)1oo(0é+1 aoo+1)H

Putw = fol u(t)% and let

0 if 0<t<1,
o) =Qu(t) + % if 1<t<2,
u(t) if 2<t< co.
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Thena = fo (convergence in Ay = Ap+ Ajp),andfor1 < t < 2 we have
5t L) J(t, o(t %t T(t, u(t (xt1(2
(t)J (¢t o(t)) < (O]t u(t) ( )I(Lw)
t t log2
< 1al(A0, A+ [ 040 %
S ||a|(AO’A1)1oo(a+l aoo+1)H
This yields that a belongs to (AO,A1)1 co,(Leo1) With
=Tt o(t))
||a|(AO’A1)1oo(1tx +1) | < sup ' N Ha|(AO’Al)1oo(1x+1txoo+l)||
1<t<oo
This establish (5.3) and finishes the proof. O

Now we return to work with arbitrary Banach couples. We are going to give another description
of (Ao,Al)LOO,(O,%) in terms of the J-functional. For this aim we need to introduce the following

mixed-type J-space: for ae > 0, (Ag, Al){éoo consists of alla € Ay + A1 for which there is a strongly
measurable function u(t) with values in Ag N A; such that

a= / u(t)dttL (convergencein Ag + A1)
0

and

< 00,

[ e OI)

1<t<oo t
The norm in (Ao,Al)im is

la (Ao, A1)k ||
u Keo+1 u 00
:ﬂm{A”“rUDﬂ+_wpé*@Hn(m:a:A wo“}.

t t I<t<oo t t

Observe that
AgN Ay = (Ag, A — Ao+ A

d

becauseifa = [ u(t)% is arepresentation of a € (Ao, A1)} then

- dt _ 1 dt o J(tu(t)) dt
|MM+AN§AHMMM+ANSA]@Mmt+A](T»t

/ ]tu dt (/ a1 dt> cup gaooqtl(t)](t,u(t))'

1<t<oo t

o0 a ifl<t<l,
Furthermore, anya € AgN A; canbe writtenasa = [;° u(t)4 withu(t) = Tog? 2 :
0 otherwise
Hence
L J(t,a) dt

12 tlog2 t =

lal (Ao, Akl < <2](1,a) = 2l|a] Ao N Ay
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Theorem5.5. Let (Ao, A1) be aBanach coupleandlet0 < as < oo. Then we have with equivalence

of norms
(A0, A1)1,00,(0,000) = (Ao, A1l..

Proof. We follow a direct approach based on ideas developed in [37]. Leta € (AOIAl)l,oo,(O,aoo)‘

wince K(t 0 (t)K(t
sup K(t,a) <o and  sup Ce (DKt ) < 0,
0<t<1 1<t<oco t

we have that
=0.

limK(t,a) =0 and lim K(t, )
t—0

t—00 t
Givenv € Z, let
2271 iy >0,
Yv = 1 ifv= 0,
2727 ify <.

We can decompose a = ag, + a1, with ajy € Aj such that
laou|Aoll + Yv-1llary| Ar]] < 2K(7yy-1,a), v € Z.

Write
Uy = agy — Aoy—1 = A1,y—1 — A1y, V € Z.

Then (u,) C Ag N A1. Moreover, by (5.4), we have that

M
la— Y uy|Ag+ A1 = ||la — agm + agn—1]Ao + A1
v=N

< lao,n—1]Ao|| + [la1,m| A1

<2 [K(’YNz,ﬂ) +
TM-1

as M — ooand N — —oo. Thereforea = Y ;. _  uyin Ag + Aj.
Forv € Z,let D, = (7y,-1,7v]- We have
dt dt
— =log2 = —.
D; t Dy t

If v > 1then

a2 ar
/;]/ 7 = 221/72 T == 2 logz,

andif v < 0 we get

e 2 a
/ — = / — =2""og2.
, b 927V t
Put
lg‘gv iftc D,andv =0,1,
u(t) = T’*;l#gZ ift € Dyandv > 1,

1, .
W IftEDvandV<O.

K(’YM—MI)] S0

(5.4)

(5.5)
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Then ;
(o] t [ee]
/ u(t)— = Z u, =ain Ag+ Aj.
0 t v=—00
The functions Lt”) and M are decreasing. Hence, using (5.5), forv > 2and t € D, we obtain
](t, u(t)) ~ l ](t/ uv) < l ](,)/1/*1/ uv)
t 2Vt 2V 9y

<1 [K(%—La) L K(vyy-2,a)
~2v Yv—1 Yv—2
< l K(IYV*ZI a)
~2v Yv—2

Note also that
2"2log2 < logt < 2" 'log2 ift € D,.

Whence,

e D]t u(t) _ 20K (g,,0)

su ~
tEEI)?, t 21/’)’1/72
0% (£)K(t,
< up LKD)
teD,_» t

Proceeding similarly, if v < Oand t € D, we get

](tru(t)) -~ ](t/”v) < ](’)’v—lzuv) < 1 K(’)’va/a)
t 27Vt T 27V Y27V oy

Therefore,

JREIOLISE Y)W CRY)
D, £t~ v

t 27V Yv—2 t Yv—2
K(t,
teD,_» t

Furthermore, ifv = 1and t € D; = (1,2], we get

02 TL() T (L, u(t K(t,
( )]( I/l( )) 5 ](2/1/[1) 5 K(l,a) S Sup ( a)’
t 0<t<1
andforv =0andt € Dy = (271,1] we derive
K(t,a)

Ju®) At <11 L) < K(La) < sup
DO t t 0<t§1

Consequently,
(A0, A1)1,00,(0,000) (Ao, A1)l

Conversely, take any a € (Ag, A1)L_ and choose a representation a = Iy u(t)% with

[ R BRI uyan

I<t<oo




90 Chapter 5. Structure of spaces (Ao, A1)1,c0,(000)

We have
o d © ds
Kba) < [ Kbue) S < [ min (1) Jsu6) T
0 0
[t ds ® J(s,u(s)) ds
= [ Isue) S+ [ EEEE
Therefore,
K(t,a 0= (H)K(t,a
Jal(A A oa | < stp <L )+ sup (KD
0<t<1 1<t<oo
t
o<t<1 b JO O<t<1
® J(s,u(s)) ds E"“”( ) ds
+ su /7—+su 7/]s,us—
0<t£l=1 S s 1<tfoo tJo (5,u(s)) s
Koo t (o)
+ sup £ (t)/ I(s,u(S))@Jr sup é““’(f)/ Jio,uls)) ds
l<t<eo L 1 5 1<t<oo t s s
=h+DL4+I3+ 14+ Is+ .
We proceed to estimate each of these six terms. We have
s,u(s)) ds s, u(s
b= sup | [[SELEDE L FIEHENE o) a0, 4, .

0<t<1

For I, we obtain
S, u
b [ TS ol ag, Al

As for I3, we have

o [ ([ )

S Hﬂl(Ao,Al)awll-

For I; we have

su
< sup (o) [TEEDE <y a, anl ).

1<t<oo

To estimate I5 we use that s/ ~*~~1(s) is equivalent to an increasing function. We obtain

_ () HT(s) (5, u(8) w1048
N
0% (t) 051 (s)] (s, u(s)) b a1, ds
< sop |50 p (D) [ 2]
_ 051 (s)J (s, u(s)) tds
< 0Lt < ) i
Nli‘ffm[ s () [
Neo+1
= sup L OIEHED < oaiag, 4l

1<s<oo
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Finally, for Is, we get

I < sup [E“W(t) sup (f”‘ooJrl(S)](S/u(S)))/toog—aw—l(s)ds]

1<t<co t<s<00 S S
Neo+1 Neo+1
S sup [sup ETHNEAE] ¢y LT a5
1<t<oo Lt<s<oo s 1<s<oo 5

< 2|[a] (Ao, A1)s |-

This completes the proof. O

Using the J-description given in Theorem 5.5 we can have a deeper understanding of the struc-
ture of (Ao, Al)l,oo,(O,zxoo)'

Lemmas5.6. Let (Ao, A1) be a Banach couple and let 0 < as < c0. Then

(A0, A1)1,00,(0,00) = Al-

Proof. Take any a € (Ao, A1)1,00,(0a0) = (Ao, A1)l andleta = fo 2 be a J-representation
with
LJ(t,u(t)) dt 0t T (E u(t
/ J( ())7_|_ sup (£)J(tu(t)) SZH[l’(AO/Al)gcwH-
0 t 1<t<oo t
We have
00 J(t,u(t) dt
[ ol < [7
txoo-i-l )
< [lerend (6 ICAO)Y [ paecr
0 t t 1<t<oo t 1 t
< llal (Ao, Av)e -
Therefore, a belongs to Aq and (Ao, A1)1,e0,(0,0) = Al- O

Now we can get rid of the Gagliardo closure in Corollary 5.3.

Corollary 5.7. Let (Ao, A1) be a Banach couple and let 0 < ao < co. Then forany —oco < a < 0 we
have with equivalent norms

(A0, A1) 10, (00) = (A0 NV AL A1) o () = (Ao N A1, A)] (@ Lt +1)°

Proof. Since A1 — A7, using Corollary 5.3 we have

(Ao M A1, A1)100 (wae) = (A0 NVAT, AT )00 () = (A0 A1)1,00,(0,00)-

On the other hand, by Lemma 5.6, (Ao, A1)100,(0.) < A1, and clearly (Ao, A1)100,000) <
(Ao, A1) 10000+ SO,

(Ao, A1)1,00,(000) A1 N (A0, A1) 10000 = (A0 N A1 A1) 0 ()

(A() N A]/ Al)] 00, (a+1,000+1)

where the last two equalities follow from Proposition 5.2 and [48, Theorem 3.5], respectively. [
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5.2 Associate space

Let (), #) be a o-finite measure space and let Xy and X; be a Banach function space over (Q), jt) (see
Definition 4.5). Then, as it was pointed out in Section 4.2, Xo N X1, Xo + X7 and (X, X1)1,oo,(o,aw)
are also Banach function spaces.

We prove now an auxiliary result that complements Lemma 4.7.
Lemmas.8. Let (X, X;) be a couple of Banach function spaces over a o-finite space ({2, y#). Assume

that Xy or X; has absolutely continuous norm. Then for any ¢ € X; + X} and t > 0, we have that

dp
K(t,g:X)+X], X)) = su Jo|f8] .
(8 X v fexogxlf(t/f}xt)mxlle)

Proof. Takeany g € X;+ X} and t > 0. It follows from Lemma 4.7 that

du
Kt L e:; X0, X)) = su f‘"f—g|.
( &% 1) feXOEXl ](t/f/ XO/ Xl)

On the other hand, if f € Xy N X3, then we have

J(t, f3 Xo 0 Xq, X1) = max ([| f[Xol|, [| /1 Xull, £l f[X1])

I X, X)) i 0<t<1,
N J(t, f; X0, X1) if 1<t<oo.

Whence, for0 < t < 1, we get

dp
K(1,¢: X0, X1) = su Jolfgl
(1.8 %, %) fexglr::xl](trf;XOHXerl)

and, if 1 < t < oo, then

dp
Kt e: X! X)) = su Ja /8] .
(8 X0 X3) fexogxll(tlf)xomxlle)

Using now that
K(min{1,t7 '}, ¢; X}, X1) = K(t 71, ¢; X + X1, X))

(see [91, Theorem 2]), the wanted equality follows. O

Theorem 5.9. Let (X, X1) be a couple of Banach function spaces over a o-finite measure space
(Q, ). Assume that X or X; has absolutely continuous norm. Let A = (ap, &) € R? such that
g <1 < . Then

/
((XO nXx, X1>{,OOI(DCO,D(OO)> = (Xo+ X, Xa)lflr(*“oo/*ao)‘
Proof. We can proceed following the lines of Theorem 4.8 and using Lemma 5.8. O

The next results complete Theorem 4.12.

Theorem 5.10. Let (Xp, X1) be a couple of Banach function spaces over a o-finite measure space
(Q), ). Assume that X or X; has absolutely continuous norm and let 0 < as < oo. Then for any
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a < —1 we have that )
((XOer)l,OO,(O,am)) = (X0, X1)11,(—2e—1,0)-

Proof. Take any &g < 0. According to Corollary 5.7 and Theorem 5.9, we derive
/ /
(%0 X0)1000)) = (X000 X0)] 010050
= (X0 + X1, X111, (—am—1,—ao—1)-
Now, applying [48, Corollary 2.5], we conclude that forany & < —1 we have
!/
((Xo,Xl)Loo,(o,aw)) = (X0, X111, (—teo—1,0)-

O

Corollary 5.11. Let (Xp, X;) be a couple of Banach function spaces over a o-finite measure space
(Q), 1). Assume that Xy or X; has absolutely continuous norm and let 0 < &g < co. Then for any
o« < —1 we have that

!
((Xof Xl)O,OO,(uco,O)) = (X0, X1)01,(a,—0—1)-

Assume now that (), u) is a non-atomic measure space. Opic and Pick have shown by means of
direct calculations that if x, > 0and ag < —1 then

(Limmionon (@) = {7 € Ml = [~ eoe ([ pro)is) F <o} (s

(see[97, Theorems 3.8, 6.2/(iv) and 3.8/(ii)]). We close this section by deriving (5.6) as an application
of our abstract results and, therefore, completing Theorem 4.14.

It follows from (4.16) that
L (00,00,(0,00)) (€2) = (L1(€2), Leo (2))1,00,(0,000)-
Thus, according to Theorem 5.10, we obtain
/
(Lo 04 (@) = (Leo( @), L1 (D111

= {fems [Tk, fiLu(), L) T < oo}

=<cfeM: /()wﬁ(“o'_“w_l)(t) </Otf*(s)ds> ? < oo}.

5.3 Duality

In what follows we work with regular Banach couples (Ao, A1), that is, we assume that Ay N Ay is
densein A forj = 0,1 (as we saw in Chapter 3, this is the appropriate assumption when studying the
dual of an interpolation method). If A is a Banach space satisfying that Ag N A; — A — Ag+ A
then, as in Chapter 2, we write A° for the closure of Ag N Ay in A.
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Theorem5.12. Let A = (Ay, A1) be aregular Banach couple andlet0 < aq < 0. Takeany B < —1.
Then we have with equivalent norms

*

((AOI Al)i,oo,(o,txw)) - (AS'AT)LL(_‘XOO_L/S)'

Proof. Leta < 0. By Corollary 5.7 we have that
(AOI Al)ioo,((),aoo) = (AO N Al/ Al)ioo,(zx,ucw) .
Then, according to [48, Theorems 5.9 and 2.5] we obtain
((Ao, Al)ioo,(o,m)> = ((A0 N A1), AT 11, (—aw—1,—a—1)

= (Ag + AL A1 (caee—1,—a—1)
= (A0, A1, (—a—1,8)-

We finish the chapter by characterizing (Ao, A1) (O)*

Proposition 5.13. Let A = (A, A1) be a regular Banach couple and let 0 < ao < o0. Then
(Ao, A1) o (0,) CONsists of all those a € (Ao, A1)1,00,(0,0) SUCh that

£l (1K (¢ a) 225 0. (5.7)

Proof. Take any & < 0. By Corollary 5.7 we know that (Ao, A1)S ., (O) = (Ag M Ay, Ay)]
Furthermore, Lemma 5.1 yields that condition (5.7) is equivalent to

,00,(&,000) *

t=1*(t)K(t,a; AgN A1, A1) -0 as t—0,
t=1% (£)K(t,a; AgN Ay, A1) = 0 as t— co.

Consequently, the result follows by applying [48, Proposition 3.10] to

(Ao N A1 A1) o (waw) -
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Chapter 6

Interpolation of the measure of
non-compactness of logarithmic spaces

In 1960 Kranosel’skil proved in [86] that if T is a linear operator, continuous from Ly, into Lg; for
1 < po, g0, p1,q1 < o0 and, in addition, g9 < coand T': L,; — Ly, is compact,thenT : L, — L,
compactly provided that % = 1},;09 + %, % = %9 + L% and 0 < 0 < 1. This result motivated the in-
vestigation of interpolation properties of compact operators under abstract interpolation methods.
The first result already appeared in the seminal paper by Lions and Peetre [89] on the real method.
The final result was proved by Cobos, Kiihn and Schonbek [42] and Cwikel [50]: Let A = (A, A1)
and B = (By, By) be Banach couples,0 < 0 < 1,1 < g < cocand T € L(A,B). If, in addition,
T:A;j — Bjiscompactforj=0orj=1,thenT: Aglq — BQ,q is also compact. Later, this result
was extended to quasi-Banach couples and 0 < g < co by Cobos and Persson in [45].

The next natural step was to search for quantitative results. There are different ways for mea-
suring how far a linear operator T is from being compact. One of the most popular is the measure
of non-compactness B(T) (see (6.6)). Cobos, Fernandez-Martinez and Martinez proved in [41] that
for A = (Ag, A1), B = (Bo, B1) Banach couples,0 < 0 < 1,1 < g <ooand T € L(A, B) we have
the following estimate for the measure of non-compactness of the interpolated operator:

B(T: Agy —> Byy) < CB(T : Ag —> Bo)' ?B(T : Ay — By)°.

Again, this result was later extended to quasi-Banach couples and 0 < g < oo (see [66]).

In 2014 Edmunds and Opic [56] established a limiting variant of Kranosel’skii’s theorem in the
Banach setting and for finite measure spaces (R, ) and (S, v) with the outcome thatif T : L, (R) —
Ly, (S) is compactand T : Ly, (R) — L, (S) is continuous, then T is also compact when acting
between Lorentz-Zygmund spaces which are very close to L, (R) and Lg,(S). Abstract versions of
the result by Edmunds and Opic in terms of logarithmic methods for 6 = 0, 1 have been obtained
by Cobos, Fernandez-Cabrera and Martinez [38] and Cobos and Segurado [48]. In the last paper it
is shown that the limit variant of Kranosel’skii’s theorem also holds when the function spaces are
defined on o—finite measure spaces. One of the goals of this chapter is to show that the result is
also valid if the function spaces which are the target of T, are quasi-Banach spaces.

The other aim of this chapter is to complete the results of [38, 48] by estimating the measure
of non-compactness of the operator T acting between the Lorentz-Zygmund spaces in terms of the
measure of non-compactness of the restriction of T from L, into L,,. These results can be found in
Section 6.2. But first, we give in Section 6.1 an estimate for the measure of non-compactness of the
interpolated operator by logarithmic interpolation methods when working with quasi-Banach cou-
ples. This type of results had been proved before for Banach couples by Cobos, Fernandez-Cabrera
and Martinez [38, 39], with the help of the connection between the measure of non-compactness
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and another ideal measure. Since we work here with quasi-Banach couples where those connec-
tions are not available, we follow a more direct approach based on ideas originated in the papers
by Cobos and Peetre [44] and Cobos, Kithn and Schonbek [42]. We split the operator with the help
of certain projections associated to the vector-valued sequence spaces that arise with the construc-
tion of the logarithmic spaces, and then we proceed to estimate the measure of non-compactness
of each piece.

The main results of this chapter form the papers [12, 15].

6.1 Measure of non-compactness and logarithmic interpolation methods

Subsequently, we work with limiting logarithmic interpolation spaces (6 = 0 or 6 = 1). In fact,
we are going to develop the theory for & = 1 and derive from here the relevant results for 8 = 0.
Let A = (Ap, A1) be a (p-normed) quasi-Banach couple, 0 < g < coand A = (ag, ae) € R
Remember that, according to Theorem 2.8, (A, Al)l,q,A is non-trivial if, and only if,

{0<q<oo, o +1/q<0; (6.1

g=o00, «y<0.

Aswe have seenin Chapters 3,4ands,if A = (Ap, A1) is a Banach couple the study of equivalent
representations of (A, Al)l,q,A is a quite complicate matter. We need here a J-representation for
(Ao, A1)1,4,a When A = (Ao, A) is a (p-normed) quasi-Banach couple. We recall that a necessary
condition for this to happen s that (Ao, Al)l,q,A — (Ao + A1)°. According to Theorem 2.9, the last
inclusion holds if, and only, if the parameters satisfy (6.1) and

o >0
{O<q<00, oo +1/4>0 (6.2

J =0, Qe >0;

The following abstract equivalence result is a consequence of [95, Theorem 3.19].

Theorem 6.1. Let A = (A, A1) be amutually closed (p-normed) quasi-Banach couple (0 < p < 1).
Let0 < g < 00, A = (i, &) € IR? satisfying (6.1) and (6.2) and put A = (£, £,(27™))1,4,a- Then
we have with equivalent quasi-norms

(Ao, A1)1,9,a = (Ao, A1)y
Proof. Takeanya € (Ag, A1)a;yandleta =Y 0 u, be a J-representation of a with

12", um)) A < 2][al (Ao, A1)y I

Forany m € Z, we have

[ee]

K, (2", a) g( y min{l,z"*m}?’](zm,um)?)W.

m=—0o0
Hence

2| (Ao, A1)1gall S( i [kagA(zk)( i min{l,Zk’m}p](Zm,u@ﬁ)“"r)l/q

k=—o00 m=—oo

< 2P (72", wn)) (L, £ (2 D1l < 25177 a] (Ao, A1) -
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Conversely, leta € (Ag, A1)1,4,a. Using (2.8) and [95, Theorem 3.2], we can find (u,,) € Ao N Ay
witha = Y00 iy (in Ao + A1) and such that

- . k—m m 1/p k
( Y min{1,25""}7](2 ,um)P> < cK(2%,a), k € Z,

m=—oo

where ¢ = ¢ is a constant independent of 2 and k. Therefore
la (Ao, Ar)ayll < NT@™, ) [y, £p(27") )14,
0 0 1/p1g9\1/9
< ( y [2*’%"*(2")( y min{l,zk’m}”](Zm,um)p> } )

k=—c0 m=—oo

< c( i [2*’<£A(2k)1<(zk,a)]q)”q = cllal (Ao, A1)1gall

k=—00

O

Notice that under the hypothesis in Theorem 6.1, the J-space (A, A1)a;; is well-defined for p-
normed quasi-Banach couples since A — /, 4 £,(27™) and, therefore, is (p, J)-non trivial (see
Subsection 2.1.2). Although the involved J-space can look more complex that logarithmic J-spaces
that we have used in the previous chapters it has the advantage that we do not need to distinguish
cases for the parameters and that it is valid for quasi-Banach spaces (in Chapter 7 we will see that
under certain hypothesis, logarithmic interpolation methods acting on quasi-Banach couples do not
admit a representation as a logarithmic J-space).

For later use, we prove now some results on the shift operator 7 defined by 7 & = (&,,4) for
¢ = (Gm)- Herek € Z.

Subsequently, given A € R we put AT = max{0,A}.

The following estimate is useful in what follows. Let A = (ap,a0) € R*and B = (af +
(—aeo)™,ad 4+ (—ag)™). Then forany u > 0 we have

A(su) g
su < 0P (u). (6.3

) = :
Inequality (6.3) was established in [39, Lemma 2.1] foru > 1. If 0 < u < 1 it follows by applying the
same result for 1/u > 1 since

02 (su) flaso) (11 ., . ) )
su =sup ————#°2 K thO +(—Déoo) 1/1/[ _ E‘XO +(_¢Xoo) 2.
o6 (R(s) T Sb el = A/4) (w)

Lemma6.2. Let0 < g < coand A = (ag, &e) € R? satisfying (6.1). Put B = ((—aw) ™, ad — ao).
Then
Tl £(6g (2762 (2m)), £y (27 ™R (2™))) || < 2KB(27F), ke Z.
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Proof. For& = (&) andk € Z, we have

Izt @)l = (Y @@ )

nm=—oo

<2sup { L0 gy aomen 2
N mezZ oA (2m+k) 7
< 2B (275)[Ig1eg (27 (2M)) |

where we have used (6.3) in the last inequality. O

Lemma 6.3. Let 0 < g < oo, A = (ag,ae) € RR? satisfying (6.1),0 < p < land A =

|| (A, A)| < 2V/P-12kB(27F), ke Z.

Proof. Let{ = (&) € A. Foranyr € Z, we have

K2, &by, p(277)) < Kp(2', 85 6p, £p(27™))

= (3 L2y glr) < 2VK@, 8y 7).

m=—0o0

Hence, given any k € Z, we derive

lcial < (Y [reven( ¥ min 2 mlanad) "))

[e) [e) 1/ 1/
:< Z [Z—rEA(Zr)( 2 min{1,2r+k_m}p\§m|p) P}‘i) q

r=—00 m=—o0

_ A (20 e _ 1/q
< ol/p—15k (r+k) pA (Hr+k r+k =, my\19
<22 { gty | (|1 BN KE g )
< 2PN 7R |glA,

where the last inequality follows from (6.3). O

Let A = (Ao, A1) and B = (By, By) be quasi-Banach couples. If 0 < g < coand A = (xg, o) €
IR? satisfy (6.1), then it follows from Theorem 2.6 thatif T € L(A, B), then T € L(A1,a,Biga)
and

ITIL(A1g,8,Biga)ll < max{[TIL(Ao, Bo)l, ITIL(A1, B1)l|}- (6.4)

We give now based on [39, Theorem 2.2], a better estimation for the quasi-norm of the interpolated
operator.

Theorem 6.4. Let A = (Ap, A1) and B = (By, B1) be two quasi-Banach couples, 0 < g < oo and
A = (ap, ae0) € R? satisfying (6.1). If T € L(A, B) and M; > ||T|L(A;, B;j)|,j = 0,1, then

MO)JF)%JZ“O.

ITIC(Ag,m, Brga)l| < 2M; (1+ (log M (6.5)

Proof. If My < Mjy, the result follows from (6.4).
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Assume now that M; < My and taker € Z suchthat2'~1 < M;/My < 2". Leta € Ao+ A;
and take any decomposition of a asa = ag + a1 witha; € Aj,j = 0,1. Then

K(2", Ta; Bo, Bu) < |Tao| Boll + 2| Tas By | < Mool Aol| + 2°Mi [las| As]
M
< Mo(Jlaol Aol| +2* T llar| Aa )
0

< Mo(Jlaol Aoll + 2" || 4v]]), Kk € Z.

Therefore, K(2k, Ta; By, B1) < MOK(Zk“, a; Ag, A1) forany k € Z. From here, using Lemma 6.2 we
derive that

| Ta|Bygall = ||K(2™, Ta; Bo, B1) €5 (27 "¢ (2™))|| < Mo||K(2™7,a; Ao, A1)|€q(27™¢2(2)) |
= Mo||wK (2", a; Ao, Aq) €272 (2™)) |
< Mol T | L€ (2702 (2m)), £ (27 ™02 (2™))) || K (2™, a; Ao, A1) |65 (2762 (2)) ||
< Mp2' 8277 ||K(2™, a; Ao, Ar) | €27 ™R (2™)) |
< 2M %% (Moy/My).

O

Observe that, in particular, if | T|£( A1, B1)|| = 0 then ||T|£(A14a, Biga)| = 0. Moreover, if
in addition to (6.1) we also have that (6.2) and || T|£( Ao, Bo)|| = 0, then it follows from Theorem 6.1
that HT“C(ALIJ,A'BLQ,A)H =0.

Let A and B be quasi-Banach spacesand T € L(A, B). The measure of non-compactness B(T) =
B(T : A — B) is defined to be the infimum of all the numbers ¢ > 0 for which there exists a finite
subset {by, ..., bs} C B such that

S
T(Ua) C |J{bx +oUs}. (6.6)
k=1
Here U 4 (respectively, Up) is the closed unit ball of A (respectively, B). See [54, 27].

Clearly, B(T) < ||T|L(A, B)||. Moreover, T is compact if, and only if, B(T) = 0. The next two
properties are easy to check and will be used freely in what follows:

e If E is another quasi-Banach spaceand S € £L(B, E), then for ST = S o T we have
B(ST: A — E) <|S|L(B,E)||B(T: A— B). (6.7)
Moreover, if | Sb|E|| = ||b|B|| forallb € B, then B(T : A — B) < 2cgB(ST: A — E).
e If X is another quasi-Banach space and R € £(X, A), then
B(TR : X — B) < ||R|L(X,A)||B(T : A — B). (6.8)

Moreover, if forany a € A with ||a|A|| < 1, thereis x € X with ||x|X]|| < 1and Rx = a, then
B(T:A— B) <B(TR: X — B).

Lemma 6.5. Let A = (Ag, A1), B = (B, B1) be quasi-Banach couples andlet T € L(A, B). Then

B(T: A7 = Bj) < max{cp,, cp, }B(T: Aj = Bj), j=0,1.



100 Chapter 6. Interpolation of the measure of non-compactness of logarithmic spaces

Proof. Supposej = 0andletp = B(T : Ay — Bp). Givenany e > Othereis afinite set {by, ..., bs} C
Bo such that

S
T(Ugu,) C U {br + (B+¢)Ug, }-

n—00

Take any a € Uy . According to (2.7), there exists (a,) C Ag such that ||a — a,|A¢ + Aq]| —— 0
and ||a,| Ao < 1 + €. Since

S
(Ta,) U {Q+e)b+ (B+e)(1+¢)Up,},

we canfind ky € {1, ...,s} and a subsequence (Ta,) of (Ta,) such that
(Taw) € {(1+ )by, + (B+€) (1 +¢)Us, }-

It follows that
||Tﬂn/—(1+€)bk0‘B0|| < (‘B—FE)(l—{-S), n € N

and
1T — (1+ )b, — (Tay — (1+ )by, [Bo + B
< I TIL(Ao+ A, Bo+ B)[l|a — aw| Ao + Ar|] “= 0.
Hence,
ITa — (1 + &)by, | By'[| < max{ca,, cp, } S;{P{HTan' — (1 + )by, |Bol}
< max{cp,, cp, }(B+¢€)(1+e).

This yields that

S

T(Usy) € UL+ )b+ (B+2)(1 + ) max{cg,, cp, }Us; }
k=1

and therefore B(T : Ay — By’) < max{ca,,cs, }B-
The case j = 1 can be treated similarly. O
Subsequently we are going to work with vector-valued sequence spaces. Let (W,,) be a se-
quence of quasi-Banach spaces with the same constant ¢ > 1 in the quasi-triangle inequality for

any m € Z, which is the case if W,,, is p—Banach forany m € Z. Let (A,,) be a sequence of positive
numbers and 0 < g < co. We write

LaAmWi) = {w = (W) 1w € Wy and  [|w|lg(AnWin)[| = || (Am][wwm| Wi |) [ €] < oo}
q q
If T is a quasi-Banach sequence lattice, we define T'(A,,W,,) in a similar way.

Lemma 6.6. Let0 < p < 1and let (W,,) be a sequence of p—Banach spaces. Assume that 0 <
g < coandlet A = (g, e) € R? satisfying (6.1). Let A = (£,£,(27™))1,4,a. We have with
equivalence of quasi-norms

(Lo(Win), £p(27"Win) )1,0,8 = A(Wi).
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Proof. Letw = (wy) € (Lp(Wi), Lp(27"Wi))1,4,a- Foranyk € Zande > 0, we can find w/ =
(Wjm) € Lp(277™Wy) such that w = w® + w and [|wP[€,(Wy,) || + 25w [€, (27" W) || < (1 +
e)K(25, w; £, (W), £,(27™Wyy,)). Hence,

[ee]

) B 1/p _ 1/p
(X min{L, 2"} ol Wall") < (1o®1p (Wan) 1P + 2% [0 £, (27" Wan) )

m=—o0o

< 2P (14 €)K(25, w; £y (Win), €5(27" Win)).

It follows that

) B . 1/4
Jeol AW = (X 2R 5K, (Jwom Wl €, €52 "))
k=—c0
[k gA ok (N . 1/pya\1/q
<(X [rer@( X minL 2o fwawalr) )
k=—00 m=—oo
1/p . —k pA (Hk k —m q /g
<2V7( Y 2R (25K, w3 0 (Wan), £5(27"Win)))7)
k=—c0
= 2P [0| (£ (Win), €5(27" Won) )10, I
Conversely, if w = (wy,) € A(Wy), givenk € Z, put w/ = (wj,,) with
w, i m<k, 0 if m<k,
wo,m = . W,m = .
0 if m>k, w, it m>k

Thenw = w°® + w! and

k )
K050 (Wor), 2 W) < (3 NowlWll?) " +2( 5 @ o Wal)”)’

/p

(o]

1/p
<2( Y min{1,2"} o Wall?)

m=—oo
Therefore,

Il (W), €0 @ WDl = (30 270A @K w0y (W), 2 W, ))7)

k=—o00

§2< i [Z—kEA(zk)< i min{llzk_m}puwﬂwmup)1/p}q)l/q

k=—o0 m=—oo

< 21177 || A(Wy) .

O

Lemma 6.7. Let (W,,) be a sequence of quasi-Banach spaces with the same constant ¢ > 1 in the
quasi-triangle inequality. Let 0 < g < coand A = (ap, &) € IR? satisfying (6.1). Then

(oo (Win), Lo (27" Win) 1,98 = £q (2702 (2™ )Wiy).
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Proof. Letw = (wy) € (Loo(Win), Loo(27"Wi))1,4,4- Given any decomposition w = w + w' with
W = (Wjm) € leo(27" W), j = 0,1, we have
[ [Wil| < e(l[woe| Wil + [[wae[Wil[)
< c([[w” oo (Woa) | + 2" [€oo (2" Win)II), & € Z.

Hence, ||wi|Wi|| < cK(2F, w; loo(Wi1), oo (27" W,,)) for every k € Z and so
[ew] £ (27" R 2" YWin) || < l|] (Coo(Win), Lo (27" Win) 10,4l

O]

Given0 < g < oo, A € IR? satisfying (6.1) and any quasi-Banach couple B = (B, By), there
are natural vector valued sequence spaces that arise with the construction of (By, Bl)l,q,A- In-
deed, let F,, = (By + B1,K(2™,-)), m € Z. The sequence (F,) is formed by quasi-Banach spaces
with the same constant ¢ = max{cp,, cg, } in the quasi-triangle inequality. Consider the spaces
lq(27™A(2™)Fy), Loo(Em) and £eo(27™F,,). The operator tb = (..., b,b,b,...) is a metric injection
from (Bo, B1)1,4,a into £5(27™¢A (2™)F,,), that is to say,

[¢b] €4 (27" £2 (2" F) || = 11b](Bo, B1)14.l, b € (Bo, Bi)1ga-
Note also that : : Bj — Eoo(Z_ijm),j = 0,1, is continuous with norm less than or equal to 1.

We use this notation to state next lemma.

Lemma 6.8. Let A = (Ao, A1), B = (By, B1) be quasi-Banach couples andlet T € L(A, B). Fixj €
{0,1} and put B; = B(T : Aj — B;). Assume that there is a quasi-Banach space X and continuous
linear operators R, € L(X, A;) suchthat ||R,[L£(X, Aj)|| < Tandlim; e || TR,|L(X, Bo+ B1)|| =
0. Then the following holds.

a) If B; = 0, then there is a subsequence (1) such that lim,;_,e [|(TR | £(X, £eo (27 F,))|| = 0.

b) If B; > 0, then there is a constant C > 0 independent of T and a subsequence (n’) such that
limyy oo (TR | £(X, Lo (2™ Ey)) || < CB;.

Proof. Since sup, . !1TRa|L(X, leo(27™Fy))|| < [IT|L(A},Bj)|| < oo, there exists a subse-
quence (n') such that '

lim |[iTRy|L(X,leo(27™Fy))|| = A > 0.

n'—o0

Let (x,7) C Uy such that
e TRy X [ oo (7™ Ey ) || == AL
Take o > B;. There exists a finite set {z1, .25} C B; such that

s
T(UA].) - U {Zk + U'UB],}.
k=1

Passing to another subsequence, if necessary, that we continue to denote by (n’), we may find
k € {1,...,s} such that

TRyxy € {zx +oUp}, forall n'. (6.9)
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Now we estimate the quasi-norm of izy in £o (27" F,,). Using that lim,, e || TR,;|£(X, Bo + By)|| =
0, we can find 1’ belonging to the previous subsequence such that

27 max{1,2"}||TR,/|£(X, Bo + B1)|| < 0.
Whence,
27K (2™, zx; Bo, B)

< max{cg,, cp, } (27" K(2",z; — TR,yx,; Bo, B1) + 2 ™K(2", TR,y x,; Bo, B1))

< max{cg,, cg, } (||zx — TRwxw|B;|| + 27" max{1,2" }|TR|L(X, By + B1)||)

< 2max{ca,, cp, }0.
This yields that ||izx| e (27" Ey,)|| < 2max{cs,, cp, } < 0. Consequently, using that

1[£(Bj, oo (27" En)) || < 1
and (6.9) we obtain with C = 2max{cp,, ¢, } (1 + 2max{cg,, cp, }) that
lim TRy | £(X, £ (25|

n'—oo

< max{cp,, g, }([t1TRw X — 1z loo (2™ Fyy)|| + ||z [€oo (2™ F)||) < Co/2.

If ,B]- = 0, it follows that lim, o ||t TR,/|L£(X, KOO(Z*mme))H =0.If ﬁ]- > 0, then taking o = 2/3]-
we conclude that '

Hm |[iTR,/|L(X, les(27™Fy))|| < Cﬁj.

n'—oco

We shall also need later the following lemma.

Lemma 6.9. Let A, B, Z be quasi-Banach spaces and let D be a dense subspace of A. Assume that
T € L(A,B)andlet (S,) C L(B,Z) such that M = sup{||S,|L(B,Z)| : n € N} < ooand
lim, o0 || Sy Tu|Z|| = Oforallu € D. Let B = B(T : A — B). Then the following holds.

a) If p = 0thenlim, .« ||S,T|L(A,Z)| = 0.

b) If B > 0 then there is a constant C > 0 independent of T and there is L € IN such that
ISk T|L(A,Z)|| < CBforalln > L.

Proof. Take o > B. There exists a finite set {wy, ..., ws} C B such that
S
T(Ua) C | J{wk +oUs}.
k=1
If {fwx +cUp} NT(Uy) # D, choose a € Uy such that Tay € wy + cUpg. Then
S
T(Ua) C | J{Tay + 2cpoUp}.
k=1

From the density assumption, we derive that there is u; € D such that

(o

a, — up|All < ——=—————.
o= Al < 177704, 3]
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Hence, || Tay — Tu|B|| < o. It follows that

T(UA) - U {Tuk + CB(ZCB -+ 1)(7UB}.
k=1

LetC = 2cz(Mcp(2cg+1) +1)andlet L € N suchthatforanyn > Lwehave ||S,Tui|Z|| < ¢
foranyl < k < s. Givenanya € U, we can find k such that ||Ta — Tug|B|| < cg(2cp + 1)0.
Therefore, we obtain

15xTa| Z| < cz([|Sn(Ta — Tug)|Z|[ + |Sn Tur| Z]])
< cz(Mcp(2cg+1)oc+0) =co/2.

This yields that ||S, T|L(A, Z)|| < Co/2,forn > L.
If B = 0, we derive that lim, .« [|S,T|L(A,Z)|| = 0. If B > 0, the choice o = 2 gives that
IS T|L(A,Z)|| < CBforanyn > L. O

To complete the preparation for the central result of this section, note that if I' is a (p-normed)
quasi-Banach sequence lattice then it induces a p-norm || - |T|| in R***!, n € IN. Indeed, if x =
(xp)f_ € R¥ L put ||x|T|| = [|%|T|| where & = Y}__, xxex and ey = (6%,) with 6%, being the
Kronecker delta. The unit ball U = U gau+1 .5 is compactin (R*"*1, || - |T'|) and therefore for any
e > 0 we can find an e—net for U.

Subsequently, in order to make the arguments more transparent, constants are denoted by ¢y,
C2,... Inthis way we emphasize the new constants that show up and a change in an existing constant.

Theorem 6.10. Let A = (Ap, A1), B = (By, B1) be mutually closed quasi-Banach couples and let
T € L(A,B).Let0 < g <coand A = (a9, &) € R? satisfying that

+1/9<0<an+1/g if 0<g<oo
x) <0 < teo if g =oo.

Then we have:
a) ﬁ(T : (AOIAl)l,q,A — (Bo, Bl)qu/[/\) =0 Ifﬁ(T : A] — Bl) = O,
b) ﬁ(T : (A(), Al)l,q,A — (Bo, Bl)l,q,A) < C‘B(T : Al — Bl) lf‘B(T : AO — B(]) = 0,
: , B(T:Ag—Bo)\ T\ = .
&) B(T : (Ao, A)iga — (Bo,Bi)iga) < CB(T : Ay — B) (1+ (log 5pqie)) if
B(T:A; — Bj) >0forj=0,1.
Here C > 0 is a constant independent of A, Band T.

Proof. Without loss of generality we can suppose that the spaces Ay, A1, By, By are p-normed for
some 0 < p < 1. Furthermore, since A is mutually closed, by Theorem 6.1, we have that

(Ao, A1)1g8 = (Ao, A1)ay  with A= (£p, £,(27"))14A-
Foreachm € Z let

Gm = (AO N Al/](zm/ ‘y AO/ Al))/ Fm = (BO + Bl/ K(zml ‘y BO/ Bl))
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The operator 7t(uy,) = Yo o Um (convergence in Ay + Ap) is surjective from A(G,,) into
(Ao, A1)y and it induces the quasi-norm of (Ag, A1)a;;. On the other hand, as we pointed out
before Lemma 6.8, if A = £,(27"¢A(2™)) and tb = (..., b,b,b, b, ..), then 1 is a metric injection from
(Bo, B1)1,4,a into A(Fy). Let T = 1T7t : A(Gy) — A(Fy). According to (6.7) and (6.8), we get

ﬁ(T : Al,q,A — Bl,q,A) < CLB([T : Al,q,A — A(Fm)) < Cz,B(T : A(Gm) — A(Fm)) (6.10)

With the aim of estimating the last measure of non-compactness, consider the couples

m = (KP(GM)IKP(Zime)) and  Lloo(F) = (Loo(Fn), €oo(27 " Fin))

and note that T € £ (Ep(zfmme),Aj), j = 0,1, with norm less than or equal to 1. On the other
hand,: € L (Bj, EOO(Z_mme)),j = 0, 1, also with norm less than or equal to 1. The relevant picture
to keep in mind is

0,(Gn) <5 Ay = By 5 lu(Fn)
0,(27"Gy) < A s By -5 o(27™Fy)
GC)yn — Aiga 5 Biga — Lle(F)yga-
Moreover, by Lemmata 6.6 and 6.7, we have
A(Gy) — Ep(iG)quA and ml,q,A — A(Fy).

On £,(G) we can consider the following projections. Forn € N and u = (uy), let

Pyu = (...,0,0,u—y, t_p11, ..., hy—1,1y,0,0,...),
+.,
Pn U= ("'/ 0101 Up+1, Un+2, uﬂ+3/"')l

Piu=(.,u_p3,U_py2,Uu_,1,00,..).

These mappings have norm 1 when acting from £,(27/"G,,) into £,(27/"G), j = 0,1, or from
A(Gy) into A(Gy,). The identity operator I on £,(Gy) + £,(27"Gy,) canbe splitas I = P, + P +
P, ,n € IN. Moreover

1P L (0p(Gin), (27" Gon) )|l = 270D = || P |£(£p (27" i), £p (G- (6.1)

On the couple ¢ (F) we can consider similar sequences of projections with analogous properties.
We denote them by (Q,), (Q;), (Q;,)-

Since
T = TP+ QuT (P +P;) + Qi TPy + Q, TP + Q, TP, + Qi TP, (6.12)

we proceed to estimate the measure of non-compactness of each one of these six operators acting
from A(Gy) into A(F,,). Takeany 0; > B(T : A; — B;j) andlet N € N U {0} such that 2% <
og/ o < 2N+l ifor <ogand N =0if oy < 0.

For TP, we have

B(TPy : A(Gw) — A(Fu)) < cB(T7tPy : A(Gw) — (Bo, B1)aj)-
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Let = || Tk—_y Torfay IAH and consider the quasi-norm || - |A|| in R?"*1. We can find Y =
{/\1,..., )\s} - u IRZHHJHAH) such that

S
d
Uoseresia © U TN bl )
ForeachAY = (A4)1_  let
= 9l = ( ATt ’Ad') 20 =

Besides, there are finite sets &; = {h]i, . h]L]} C B; such that

L; '
T(Ua) € |J{H + iU}, j=0,1.
/=1

Givenany A% €Y, hg € X and h; € Xy, forany —n < k < n, let gx be an element of ((pkho

PRooUg,) N (¢ihy + @ro1Up,) provided the intersection is non-empty and let g = 0 otherwise.
Denote by ® the collection of all sums } ' _, gi of the elements gi. Note that @ is a finite set. Now
we show that ® is a suitable net for Tt P,,.

Givenany u = (up) € Up(g,), thereis A% € Y such that
25 u) = Aflllel All < 1025 m) = ADIA <7, —n<k<n.

Hence, |J (2%, u)| < HekﬂW + |M| = ¢ and so [Jux|Aj|| < (p;{,j =0,1, —n < k < n. We can find
hg € Ypand h; € 21 such that

I Tux — @2 |Boll < @poo, || Tux — @phy|Bill < pron.
Thus,
(@Rh? + @RooUs,) N (@rhy + @ronUs,) # D
and for the corresponding g, we obtain that
J(25N, Tuy — gr) < max{|| Tug — gphg| Bol|” + || 92h? — gk|Boll”,
20+ Np (IITuk — oihy|BullP + || oihy — gl B1]|P)}P

< 2V/p- 1max{00,2 crl}(pk.

Forg =Y7__, g € D, it follows that

n
| T7Pyu — g|(Bo, Bi)ayll = I ) (Tux — &)|(Bo, B1)ayll
k=—n

S HT_N(..., 0, 0, ](2_n+N/ Tu*ﬂ - g*n)/ ey ](21’1+N’ Tun - gn)zol 0/ ) |AH
< 2V |ty | L(A, A)| max{oo, 2V }| (..., 0,0, 9%, ..., 2,0,0,..) | Al
< cs3||T_N|L(A, A)|| max{og, 2Ny }.
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By our choice of N and Lemma 6.3 we conclude that
A 1/ op\ T ad—ao
B(TPy : A(Gp) — A(Ey)) < 2YPesoy (1 + (log—> ) .
0
Asfor Q,T (P + P, ) we get

B(QuT (P + P, ) : A(Gw) = A(Fw)) < caB(QuiT : Argm — A(Ey)).

To estimate the last measure of non-compactness let 0y, 01 and N be as before. Put

| & s
T=1 & Jecla]

and choose ¥ = {],11,..., ys} - U(Rzm,H,m”) such that for any x € U(R2n+1,”.|AH) there is yd such
that ||x — p|A|| < 7. Let associate to each u® = (uf)"__ the numbers

AN Ui d —(k=N)j i _
W= W = om0 (g 1) 207, =01,

Choose acj—netX; = {hj,..., hij} for T(Uy,) in Bj, j = 0,1, and given any ui e ¥, h) € £yand

h; € Y4, let 240y = (sz’y)mez the sequence of vectors defined by

Sy _ 0 if mé¢[—n,n,
"o %hg—l—l[J}nh; if —n<m<n.

Clearly, the collection of these z¥ forms a finite subset & of A(F,,). We are going to show that &
is a suitable net for Q;,:T.

Takeanya € UAM/A. Since
(K@ N, a)[A]l < lt=n[L(8,8)[[lal Avgall < IT-n|L(A, )],
thereis y? € ¥ such that
I(K(2" N, @) = [T ] £, D)) h=—al Bl < llT-nIL(8, D).
So,
[(K@" N, a) = [|-n | LA, M) |[u)| - lem| ANl < yllT-nIL(A, ), —n <m <n.
This yields that K(2" N, a) < ¢, —n < m < n. We can decompose a = ag,; + a1, With a;,, € Aj,

j=0,1,and
laom| Aoll +2" N [la1,m| Al < 5,

It follows that for some hg € X, h; € X

I Tag,m — W7 Boll < ¥poo  and || Tay, — ol Ball < ppon, —n<m <n.
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Let z = z%"Y be the element of Z associated to u, h) and h;. Then,

1QntTa — z|A(Fu) || = [[(K(2", Ta — zm) ) A
< II(1ITaom — i1 Boll + 21| Taym — why|Bal)5— | All

< (oo + 2" o1 )n—alAll < 2caT-NIL(A, A) [ (00 + 2% 0r).

By the choice of N and Lemma 6.2, we derive that

B(QuIT : Aygn — A(Fn)) < 8eacy (1+ (1og2))+)“°+°“°.

As for Q TP, we are going to estimate the measure of non-compactness by the norm of the
operator and then to show that it tends to 0 as n — co. We have

1 TP |£(€p(Gm), oo (Fu)) || < IITIL (Ao, Bo)l.

On the other hand, the factorization

QrTp,;
(27 Gy) ——5 (g (27™F,)

A e

lp(Gn) —————— Loo(F)

and (6.11) give that

1QF TPy [L(6p(27"Gm), leo(27"Gun)) || < 27 DN TIL (6 (Gm), oo (Eu)) 270
< 2720V T| £ (Ao, Bo) .

Hence, according to Lemmata 6.6, 6.7 and estimate (6.5), we get

B(Qui TP, : A(Gw) — A(Fw)) < cl|Qi TP, |L(€y(G)y  prloo(Fygn)l

< 272D T| £ (Ag, B)|| (1 4 log 22+ 1) jas—n0 12%,
As for Q;; TP, we observe that

IPFIL(€p(Gm), €p(27"Gu)) | = 27U*Dand [P 1L(£,(27"Gm), £,(27"G)) | = 1,

hence [|P,"|L(A(Gn), £p(27"Gm))]| < cs. Similarly, [|Q,, [£(€eo(27"Fy), A(Fu))|| < c6. Using the
diagram
Q, TP
A(Gy) ————— A(Ep)

Pn*l TQW
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we derive that
B(Qu TPy : A(Gp) = A(Fy)) < cscoB(T: 4,(27"Gp) = Loo(27"Ey))
o + D(;—Déo
< c50601 < C5C607 (1 + (log ;(1)) ) .

The remaining two operators can be estimated with the help of Lemmata 6.8 and 6.9. Using the
factorization

02 "Gu) — " By + B
P m 0 1

a [T

0p(Gu) ———— Ay

we get
n—oo

I TPy |£(€p(27"Gum), Bo + By)|| < 27"V T|L(Ag, Bo + By)|| = 0.
Whence, Lemma 6.8 yields that there is ¢c; > 0 and a subsequence (") such that

nlgrlo ||TPJ|£(€p(2_me),£oo(2_mFm))H < c7B(Trr: £,(27"Gp) — By) < cyon.

On the other hand, let D be a subset of £, (G, ) formed by all sequences having only a finite number
of coordinates different from 0. Clearly, D is dense in £,(G;;) and if u € D then

105 Tl oo (Fu) || < 270D || Tul o (27 E,) || 2= 0.
According to Lemma 6.9, thereis cs > 0and L € IN such that foralln > L

1Q% TIL(€p(Gm), Lo (Fn))I| < c8P(T + £, (Gm) — Leo(Fu)) < cs00.

Using now Lemmata 6.6, 6.7 and (6.5), if n’ > L we derive that
B(Q, TP, : A(Gm) = A(Fn)) < 0ol|Q, TP, |L(£y(G)y y pr leo(F) 1)

<cor(1+ (g ) )"

With a similar argument one can show that there is another subsequence that we also denote
by (n’) and another positive integer that we also call L such that if n’ > L we have that

BIQL T : A(Gw) — A(Ew)) < con(1+ (1oggf)+)“;%.

Collecting all these estimates we derive that there is a constant C > 0 independent of A, B and
T such that if we split the operator as in (6.12) with a suitable # then

A

B(T - A(Gw) = A(Fw)) < Cer(1+ <log2>+>“;ao.

Now take o; = (1+¢)B(T : A; — B;) if B(T : Aj — B;) > 0and 0; = e otherwise. Lettinge — 0
and using (6.10) the result follows. O
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Now we remove the assumption of mutually closed couples from last theorem.

Theorem 6.11. Let A = (Ag, A1), B = (By, B1) be quasi-Banach couples and let T € L(A, B). Ifg
and A are as in Theorem 6.10, then the conclusion of that theorem is still valid.

Proof. The quasi-Banach couples A~ = (Ag, A7), B~ = (By’, Bf') aremutually closed and, by (2.8),
Arqn = A~14a and Byga = B~14a. Furthermore, T belongs to L(A™~, B~) and, according to
Lemma 6.5,

‘B(T : A]N — B]N) < max{cBO,cBl}ﬁ(T : A] — B]), ] =0,1.

Consequently, Theorem 6.10 yields the result. O
Now from Theorem 6.11 we can deduce straightforward the following result for logarithmic

methods with 8 = 0.

Theorem 6.12. Let A = (Ag, A1), B = (By, B1) be quasi-Banach couples and let T € L(A, B). Let

0<g<ocoand A = (ag, &e) € R? satisfying that

oo +1/g<0<ap+1/g if 0<g<oo,
Koo <0 < g if = oo0.

Then we have:

a) ﬁ(T : (AOrAl)O,q,A — (B(), Bl)O,q,A) =0 Ifﬁ(T : AO — Bo) = 0,
b) ﬁ(T : (AOrAl)O,q,A — (Bo, Bl)O,q,A) S Cﬁ(T : AQ — Bo) if‘B(T : A1 — Bl) = 0,

) N\ — oo
C) ﬁ(T : (A(),Al)QIq,A — (BOIBl)O,q,A) < Cﬁ(T Ag — B()) (1—1— (10g%) ) 0 if
B(T: A; — B;) > 0forj =0,1.

Here C > Ois a constant independent of A, Band T.

Another consequence of Theorem 6.11 is the following compactness result. The novelty with
respect to the results in [48] is that the source and target couples are quasi-Banach and, moreover,
g can take any value bigger than 0. Note also that the assumption on the parameter A is weaker
than in Theorem 6.10. It is valid for all non-trivial logarithmic methods with 8 = 1 (see (6.1)).

Theorem 6.13. Let A = (Ap, A1) and B = (By, B1) be quasi-Banach couples. Assume that 0 < g <
coand A = (ap, &) € R? satisfy that

a+1/g<0 if 0<g<oo,
DC()SO if g = 0.

If T € L(A,B)and T : Ay — By is compact, then T : (Ao, A1)1,4,a — (Bo, B1)1,4,a is also compact.
Proof. Step1. If 0 < aeo +1/gand 0 < g < 00, 0r 0 < ae and g = oo, then the result follows from

Theorem 6.11.

Step 2. Suppose now that ae +1/9 < 0and0 < g < o0, 0r &, < 0and g = oco. Take any
a > —1/q. The argument in [48, Corollary 2.5] for Banach couples still work in the quasi-Banach
context showing that

(Ao, A1)14a = (Ao + A1, A1) 14 (a0e)  @nd  (Bo, B1)1,4,a = (Bo+ B1, B1)1,g,(ag)-
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Since T € L((Ao+ A1, A1), (Bo+ By, By)), the result established in the Step 1 yields that

T: (Ao, A1)14a — (Bo, Br)1,q,a compactly.

The compactness theorem for 6 = 0 reads as follows.

Theorem 6.14. Let A = (Ay, A1), B = (By, B1) be quasi-Banach couples. Assume that 0 < g < oo
and A = (ap, &e) € R? satisfy that

Koo +1/g<0 if 0<g<oo,
Koo <0 if g =oo.

IfT € L(A,B)and T : Ay — Bpis compact, then T : (Ao, A1)og,a — (Bo, B1)oq,a compactly.

Remark 6.15. As we said at the beginning of this chapter, the compactness result of Cwikel [50] and
Cobos, Kihn and Schonbek [42] shows that if any restriction of the operator is compact, then the
interpolated operator by the classical real method is also compact. However, this is not the case
for logarithmic methods with @ = 0 or 1. Theorem 6.14 does not hold if we move the compactness
assumption from T : Ay — Boto T : A; — Bj. The following counterexample was given by

Cobos, Fernandez-Cabrera and Martinez in [38, Remark 2.4]: let Ag = A1 = By = ¢¢ the sequence
n—oo

of all (,)p; such that ¢, —— 0 with ||Gs|col| = sup,cn |Gnl, let By = {(Cn)5q : |I€]|B1]| =
sup, .2 "|Gn| < oo} and let T be the identity. Clearly, T : Ay — Bo is continuous and T :
A1 —> By is compact, since it is the limit of a sequence of finite rank operators. Indeed, let P, (&) =

(€1,-,Cm,0,0,...) then

(T = Pu) (&) |B1]| = sup27"[Cu| < 27"(|C[coll, ¢ € co, meN,

n>m
and therefore, | T — P,,|£(A1, B)|| < 27" == 0. However, as

K(t,¢&; By, By) ~ supmin{1,{27"}|&,|, foreveryt >0,
nclN

it is not difficult to check that the Gagliardo completion of By = c¢pis B+ B; = Byand T :
(Ao, A1)0,0,00) = A5 — (Bo, B1)oo,00) = By is not compact, because it is the inclusion of
o in Lo (IN).

6.2 Applications to generalized Lorentz-Zygmund spaces

Next we apply the abstract results obtained in the previous section to derive quantitative versions
of the limiting variant of Kranosels’kil compactness result for generalized Lorentz-Zygmund spaces
Lyqn(Q) (see (2.23)) proved by Edmunds and Opic in [56, Corollary 4 and Theorem 6]. Instead
of the finite measure spaces used in [56], we work here with function spaces on c-finite measure
spaces. Moreover, the range for parameters g, 41, q is broader than in [56].

Theorem 6.16. Let (R, 1), (S,v) be o-finite measure spaces. Take 1 < pg < p1 < 00,0 < gp <
g1 < 00,0 < g < ccand A = (ag,ae) € R? satisfying that aeo +1/9 < 0 < ap +1/g. Let
T € £((Lyy(R), Ly, (R)), (Lyy(S), Ly (5))), put B = B(T : Ly (R) = Ly (S)),j = 0,1, and

;B = ﬁ(T : Lpo,q,A+ 1 (R) - qu,q,A—s—%(S))'

min{pg,q} max{qq,4}
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Then there exists a constant C > 0 independent of T such that

+ +700
a)ﬁﬁcﬁo(l—F(lOgﬁ—é) )040 ’ if j > 0,forj=0,1;
b) B < CpBoif B1 =0;

C)ﬁZOifﬁ():O.

Proof. According to (2.17) for any r < go we have

Lpy(R) = (L1(R), Leo(R))1-1/po,pos
Ly, (R) = (L1(R), Leo(R))1-1/py 1/
qu<5) ( r(5>IL00<S))1—r/qo,qor
qu(S) ( 7(5>1L00(S))17r/q1,q1

It follows from [58, Theorem 4.7 and Theorem 5.9]

(Ll (R), LOO(R>)1—1/pO/q/A+ n’\ir‘{lp[)fq}
(Lgo(S), Lgy (5))oga = (Lr(S), Leo(S))1_y gy g

> (Lpy(R),Lp,(R))oqa and

1 .
max{q,q9 }

Besides by (2.27) we have

= (L1(R), Leo(R))

mm{no 7}

= (Lr(S), Leo(S5))

LpoqA+ 1-1/po.g. B+

mm{vo '1}

L%‘i A+ 1—r/q0.9,A+

max{qo 7} max{fi qo}

Whence the result follows from Theorem 6.12. O

Corollary 6.17. Let (R, ) and (S, v) be o-finite measure spaces. Take 1 < pp < p1 < 00,0 < gp <
g1 < 00,0 < g < ooand A = (g, ae0) € R?withaee +1/9 < 0 < ag+1/g. Let T be a linear
operator such that

T:Lp(R) — Lgy(S) iscompactand,
T:Lp (R) — Ly (S) s continuous.

ThenT : L 1 R)— L S) is also compact.
pO,q,A+W< ) 904+ Tty () P

Theorem 6.18. Let (R, i) and (S, v) be o-finite measure spaces. Take 1 < pg < p1 < 00,0 < go <
g1 < 0,0 < g < ooand A = (ap,ae) € R? satisfying thatag +1/9 < 0 < ac + 1/4. Let
T e 'C((LPO(R)/L]!H(R))/ (Lq()(S), Lth(‘s)))’ put ﬁj = :B(T : Llﬂj(R) - Ll]j(5>)rj =0,1,and

B=B(T:L,n, + (R) =L a1 (S).

max{qq,q}

mm{pl q}

Then there is a constant C > 0 independent of T such that

2) p<Cpi(1+ <1ogﬁg)+)“°+°_“o if B > 0forj = 0,1;
b) B < CP if Bo = O;
<) B=0if p1 = 0.
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Proof. We can proceed as in the previous theorem but using now Theorem 6.11. O

Corollary 6.19. Let (R, ) and (S, v) be o-finite measure spaces. Take 1 < pg < p1 < 00,0 < gp <
g1 < 00,0 < g < ocoand A = (g, e0) € RZwithag+1/g9 < 0 < ae + 1/g. Let T be a linear
operator such that

T: Ly (R) — Lg(S) is continuous and,
T:Ly(R) — Lg(S) iscompact.

ThenT: L . (R) =L

min{py,q}

. (S) compactly.

p1.9.A+ max (a1}

q1.9,A+
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Chapter 7

Equivalence theorems for logarithmic
interpolation methods on quasi-Banach
couples

In this chapter we study the representation of (Ao, A1)g,,a by means of the J-functional when A=
(Ao, A1) is a (p-normed) quasi-Banach couple. If 0 < 6 < 1, as we discussed in Section 2.1.2, p(t) =
t90=A(t) is equivalent to a function parameter and (Ao, A1)gqa = (AO’Al)é,q,A' Therefore, the
interesting cases are § = 0 and 6 = 1. For simplicity, we are going to focus here on the case 8 =1,
but analogous procedures could be applied for the case 6 = 0.

For0 = 1,0 < g < coand A = (ag, ) € R?, according to Theorem 2.8, the interpolation
method (-, -)1,4,a is non-trivial if, and only if,

O0<g<oo, ay+1/g9<0;
{ ! o (7:9)

g=o0, <0

Furthermore, according to Theorem 2.9, (Ao, A1)1,4,a € (Ao + A1)° for every (p-normed) quasi-
Banach couple if, and only if,

0<g<oo, ae+1/g>0;
{ 1 1 (7.2)

=0, Qe >0;

and this conditionis necessary for (Ao, A1)g,4,a to admit arepresentationas a J-space (Ao, A1)r;; for
every quasi-Banach couple A = (Ao, A1). If A = (A, A1) is a Banach couple, from (3.8), Theorem
3.5 and Theorem 5.5, we have the following identity with equivalent quasi-norms:

(Ao, Ay n s if 1<g<oc, a+1/9<0<ac+1/g;

(Ao, A1)1,4,a41,00) if 1<g<oo, way+1/9<0=0c+1/g;
(Ao, A1)1qn = (Ao,Al),{(oo if g=o00, w=0<ac;

(A7, Ay as1/g if 0<g<1, a+1/9<0<ac+1/g;

(AT AT g asiorsg  f 0<4<1, a+1/q<0=ax+1/q.

In general, for any (p-normed) quasi-Banach couple A = (Ao, A1), we already saw in Theorem 6.1
thatif 0 < g < coand A = (wp, &) satisfy (7.1) and (7.2), then

(Ao, A1)1,q,a = (A, AT ) Ay
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for A = (£p,£,(27™))1,4a. We wonder if under these hypothesis (A, A1 LMA admlts a J-
representation (A(], Aq)r;; with T a logarithmic sequence lattice of the kind £, (27" . Some-
times, such a representation does not exists and then we determine the best 11\/[ and IB such that

(AO;Al){,q,lB — (Ao, A1)14,a = (AO'Al){,q,]M
for every p-normed quasi-Banach couple.

In Section 7.1, we start by computing (A, Z*kA)Lq,A fork € Z and A a p-normed quasi-Banach
space. We also compute it for logarithmic interpolation J-spaces. With the help of these results, in
Section 7.2 we establish the equivalence and embedding theorems.

The most important results of this chapter form the paper [16].

7.1 Characteristic function for logarithmic interpolation methods
If (A, || -|Al|) is a quasi-Banach space and s > 0, we write sA for the space A endowed with the
quasi-norms|| - | A]|.
The characteristic function @ r of an interpolation functor F is the function defined by
FR,(1/tH)R) = (1/P£(t))R, t>0
(see[22, 80, 98]). Next we describe the characteristic function ®, A of (+,-)1,4,A-
The following auxiliary result is useful.

Lemma7.1. Let A = (ap, &) € R?2and 0 < g < oo satisfying (7.1). Put

m=—0o0

~ 1/q
vq,A(zk):< Yy [min{l,zmk}zmﬂ*(zm)w) , kez

Then we have for(0 < g < oo

2 kgAF1/q(2ky if aw+1/9>0,
Voa(2F) ~ 2 keATI/a (2K g0/ (2K if  we +1/9 =0,
2—k€(lxg+1/q,0) (2k) if Koo + 1/q <0,

and forg = o

Ve (2) 27kgA (2F) if e >0,
> 2-kp@0) 2Ky if gy < 0.

Proof. I1f 0 < g < oo then the result follows proceeding as in Lemma 3.4. Suppose g = co. We have

Voo,0 (25) = sup {min{1,2" ¥} 27" ¢4 (2m)}
mez
= max{su<}z{2_k€A(2m)}, Slipk{z_mgA(zm)}}
~ 27k sup_{éA(Zm)}. :

m<k
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If k <0, since ag < 0, we get

Voo, (25) ~ 27 sup{(1 —log2™)%} = 27 kg (2F).

m<k

If k > 0, we have

Voo, (2) ~ 27¥ max { sup{(1 — log )™}, sup {(1+ logt)*~}}

m<0 0<m<k
=2 max{1, sup {(1+log2™)*}}
0<m<k
27k (2) i e >0,
B {zk if o < 0.
This completes the proof. O

Proposition 7.2. Let (A, || - |A||) be a p-normed quasi-Banach space and let A = (wg, &) € R? and
0 < g < oo satisfying (7.1). Then, with equivalence of quasi-norms, we have

(A, Z_kA)Lq/A = V%A (Zk)A,

where the constants in the equivalence depend on p but they are independent of k € Z and of the
concrete p-normed space A.

Proof. Let0 < p < 1suchthat A is p-normed. Take anya € Aandm € Z. Itis not hard to check
that K,(2",a; A,27%A) = min{1,2" ¥} ||a| A||. Therefore

[oe]

1/q
la] (A, 275 A) 14,4 ~< ). [min{l,Z’”‘k}Z‘mﬁA(Zm)]") [laf All

m=—oo

= vg,a(29)|la] All
O

Corollary 7.3. Let A = (9, o) € R?and 0 < g < oo satisfying (7.1). Then @, a (25) ~ v, 4 (25) 7L

Now we compute (A,Z*kA){’q,A fork € Z and A a p-normed quasi-Banach space. Remember

that, according to (2.10), the interpolation method (-, '){,q,A is (p, J)-non trivial if, and only if,

0<g<p, aw=>0;
{ =" (7.3)

p<q<oo, ocoo+%—%>0.
In what follows, given0 < p <1and0 < g < oo, we put

00 if 0<g<p;
T ﬁ if 0<p<g<oo;
p if g = oo

Lemma7.4. Let0 < p < 1,0 < g < coand A = (ng,ae) € R? verifying (7.3). Fork € Z, put

@) =sup { (Y fmin{t, 2 b)) ) 162 @) < 1)

m=—oo



118 Chapter 7. Equivalence theorems for logarithmic interpolation methods on quasi-Banach couples

Then we have
ug,,5(2°) = [[(min{1, 2" })| £, (270 A (2))].

Proof. Letx = (x,) € £5(27"¢4(2™)) with || x[£,(27™¢A(2™))|| < 1. Applying Hélder’s inequality
we get

- : —m 1/]9 : —m mp— m —m m
( Y [min{1,2" }!xml]”) < ||(min{1, 27}) [ £ MR Q2M) | - [|x]€g (272 (2))]].
m—=—oo
Therefore, ug a ,(2¥) < ||(min{1,257}) |, (202 (2™)) .
Conversely, if 0 < g < p,so g* = oo, given any ¢ > 0 we can find n € Z such that
min{1,25""12"0~A(2") > ||(min{1, 257" })|le (2B (2™)) || — .

Take x = 20~ (2")e,. Clearly ||x|¢,(27™¢A(2™))|| = 1. Moreover
o 1p
( Y [min{l,ka}]mep> = min{1,25""1 2"~ A (2")
> [[(min{1, 257"} £ (272 (27)) | e
Whence ug a ,(25) = || (min{1, 257" }) [ (202 (2m)) ||.
Supposenow 0 < p < g < oo. Let
Y = min{1,2¢~ m}q e h2m), mez,
andy = (Ym). Then
lyl€s(27" A (2") || = [(min{1, 257 }) €5 (275 (27)) [P/,

Put

Ym
[ (min{1, 257 }) [ty (202 (2m)) |75 7)
Then, || x|¢;(27™¢2(2™))|] = 1 and

Xy = and  x = (xp).

I . 1/p
( Y [min{1, 25"} 2] ) (me olmin{1, 2677} 2m A 2m))7")
Moo (Zm_foo [min{1,2k-m}2me=A(2m)]q )

= [[(min{1, 2"} )[4 (27072 (27)).

1/q

Consequently,
uga,p(29) = [[(min{1, 2"} [ (270 A(27)) .

Finally, assume that ¢ = co so g* = p. Let x,, = 2"{~A(2™), m € Z. We have
() [ €eo (272 (27)) ]| = 1

and

[ee] (o]

(% [min{1,zk—m}|xm|]r’)w:( y [min{l,zk—m}zmg—f*(zm)]v)W.

m=—oo m=—oo
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This yields that
ug,a,p(2%) = [[(min{1, 2"} )€, (202 (27) .

O

Proposition 7.5. Let A be a p-normed quasi-Banach space, let0 < g < coand A = (ag, #e) € R?
satisfying (7.3). Forany k € Z, we have

(A,27FA)] p = upn (29714,

being the norm of the embedding less than or equal to 1. Moreover, if in addition we suppose that
p =1or0 < g < p, then we have with equal quasi-norms

(4,27%4)] o = uga,(2) A,

Proof. Observe that J(2",u; A,27%A) = max{1,2" ¥} ||u|Al|. if (uy) € Aanda = Y0 upy
(convergence in A), we obtain

~ ~ 1/p
lalal < (¥ Hummup)””:( )y [min{1/2km}I(2m,um)]’”>

m=—oo m=—oo

1/p
3 min k—m ](zm, um) P
S( )y [ {1.2 }||(](2m,um))|£q(2—m€A(2’”))||} >

< 12", ) €27 R 2")) |
< ugap (292", um)) 6 (27" 2"))]].

This yields that the embedding (A, 2"‘A){,q,A < ug a,p(2F) 1A hasanorm less than or equal to 1.

Conversely, if p = 1, given any ¢ > 0 we can find x = (x,,) such that ||x|¢,(27"¢A(2™))|| <1
and

ua1(2) —e< Y min{1,25}|x,).

m=—0o0

We canrepresentanya € Aasa =Y, __ . Uy With

min{1, 25"} x|

= , eZ.
o e omin{L, 2 [
Then | | | |
X X
2m, = e Al < —T1 1g]A
Whence

lal(A,27FA) , all < (ug,80(2°) =) lal Al
This yields that the embedding ug a1 (2F) 1A < (A,Z_kA){,q,A has norm less than or equal to 1.

Suppose now that 0 < g < p. Then g* = oco. Given any ¢ > 0 we can find n € Z such that

g ap(2) —e < 27072 (2") min{1,25"}.
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Forany a € A we obtain

1

k —Lynyp—A
m““m“ < (ugap(25) —g) 2" (2")[alAl.

J(2", Ll) =
Consider the representationa = Y, 6" a. We have
—k — k -1
la(A,27FA) A ll < 27762 27)](2"0) < (wg,8,5(2) —€) " [lalA]l.

This completes the proof. O

Corollary 7.6. Let A be a p-normed quasi-Banach space, letk € Z,0 < g < coand A = (o, o) €
IR? satisfying (7.3). The following equalities hold with equivalence of quasi-norms:

Forp =1,
(2-keA (2K) A if 0<g<1 and ay<0,
2-kp0aw) (2ky A if 0<g<1 and ap> 0
(A,2‘kA){,q,A = {27kgA-1a (2K A if 1<g<co and ao<,
KAV QR /T (A if 1<g<oco and ap= q%,
2 kp(0re=1/7) (2k) A if 1<g<oco and ao> t
ForO <g <p,

2-kpA (2K) A if ap<0
A27FA =0,
( Nan = {2k£<°'“°°)(2k)1‘1 it & >0.

The constants in the equivalence depend on p but they areindependent of k € Z and of the concrete
p-normed space A.

Proof. Let A = (aw,&g). Using Lemma 7.4 and a change of variables we can relate ug A,p With the

functionv,. _ 4 definedin Lemma 7.1. We have

uga,p(2°) = H(min{lfzk’m})\gq*(me’Ag "D
= [[(min{1,2"}) [ £ (27" R Q2")[| = v _a(275).

Now the result follows by applying Proposition 7.5 and Lemma 7.1. O

7.2 The equivalence results

As we recalled in the introduction of this chapter, if 0 < g < coand A = (&g, &) € R? satisfy (7.1)
and (7.2), then for any p-normed quasi-Banach couple we have that

(Ao, A1)1,98 = (Ag, AT,

where A = (£,,£,(27™))1,4,a and A7 is the Gagliardo completion of A; (see Theorem 6.1). The
next result gives a more detailed description of the quasi-Banach sequence lattice A.
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Lemma7.7. Let0 < p < 1,0 < g < oand A = (ag, &) € RR? satisfying (7.1) and (7.2). If
X = (Xm)mez then

0

0
516 @ rgall ~ (X [#0@)(E 27 fxdry)7)

m=—o0 k=m

+ (X [ @m (Y 277 7))
m=0 k=m

1/q

Proof. Since Kp,(2*,x; €, £,(27™)) = (Lpo— _oo[min{1, 257"} |x,,|]P)}/? we have

[ee] [ee]

€1t @l ~ (3o [277A@( Y min{1,2m )7

m=—o0 k=—o00

0

N( Y [ (2m( Z Ix¢P) 1/v])

m=—oo

0

+( Z [gﬂéo 2m Z - kp’x |p 1/p ‘1)

m=—o0

[ (2m)( Zz P Y7

o

m=0 k=—o00

)"

0
e @) Y fud?) 7))
1/q

i [gtxoo (Zm)( Z 2—kp’xk‘p)1/p}q>1/‘1

m=0 k=m

(
(
# (5 e )
(
=5

S2 + 53+ 54+ S5+ Se.

Having in mind (7.1), we get S3 ~ (X2 2% |xx|P)1/7. Hence, the term in Sg with m = 0 shows that
S3 < Sg. On the other hand,

0
(L )P <s,.

k=—o0

Next we check that S; < Sy and Ss5 < Se. Assume first that 0 < g < p. Then

0
i< () 2 Z wl) = (% \kazz mgraa )
m=-—e0 k=—c0
0
S( X rhea) " <s,
k=—c0
Similarly,

( i mqgocooq 2m E |xk‘q) /q _ (i |xk’q i 2—mq£¢qu(2m)>1/q
m=0 k=0 k=0 m=k

) 1/q
( || 7277 g zk)) < S
k=0
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Suppose now that 0 < p < g < co. Let 0 < & < 1. Using Hoélder’s inequality we get

,xk‘p)q/p < (ki zk(ls)q‘ka)(ki zk(lfs)pq/(qu)>

 pm(1-e)g f 2—K1=e)1] 1.

k=—c0

m

(X

k=—c0

(a=p)/p

Hence,

51§< i 2fmeq€ucoq(2m> i ka(lfg),”x](’q)l/’i

Mm=—0o0 k=—0c0
1/q

0
_ ( Y 2 kea|y e 2—msqgrxoq(2m))

k=—o0 m=k

s k k 1/q
S( X 2Mpmpen@) < s
k=—o0
As for Sg, for the interior sum we obtain
m m " B
( 3 !xk\P>q/P < ( y szqs‘xkri) ( y 2kgpq/(qp))(q p)/p
k=0 k=0 k=0

m
~ DMEq Z 2—kqs|xk’q.
k=0

Therefore,

zfmq(lfs)gocwq (zm) Z szqg‘ka) 1/q
m=0 k=0

— ( iszqs’xk‘q i zfmq(lfe)gtxooq(zrn))

k=0 m=k

Ss

N

o0 m
1/q

[e] 1/‘]
S (L2 Mmresa(2)) 7 < se.
k=0

The case g = oo can be treated analogously. This completes the proof. O

Next we show that if p = g, then A is a weighted /;-space.

Lemma7.8. Let0 < g < ooand A = (rg, ko) € R? satisfyingag + 1/ < 0 < oo + 1/4. Then we
have, with equivalence of quasi-norms

Lo (27T (2m)) if 0<aw+1/g,

by, L (27 =
( q Q( ))L%A {Eq(2—m£A+1/q(2m)££(0,1/q)(zm)) it 0=ne0+1/4.

Proof. According to Lemma 7.7, we obtain

0 1/

0 1/q 9] 0o
[[x] (€g, 44 (27" ) 1,q,ml ~ < Y, r2m) ) Z_k"IXk!”’> + <Z er=1(2m) Y 2"”|Xk|”>
k=m m=0 k=m

m=—oo = =
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Changing the order of summation, we derive

1/q
[1x[(€g, €4 (27" ) )19, ~ ( Y 277 Z £*07(2™) )

k=—00 m=—oo

00 k 1/9
F L2y Y eeny)
k=0 m=0

Since .
Yo a2y~ 2T (2R) i wg+1/9 <0
m=—oo
and
Zk: ey o JETTHE) 0 < t1/g,
the result follows. O

Now we are ready to focus on the main problem of this chapter consisting in the investigation
of descriptions of (Ag, A1)1,4a as a J-space (Ag, A1)r;j, for I' a quasi-Banach sequence lattice of
logarithmic type £,(27"¢M(2™)) and (Ag, A1) a p-normed quasi-Banach couple. This means that
A = (a, ) and g should satisfy (7.1) and (7.2); and M = (o, }ie ), g and p should satisfy (7.3). A
more detailed outline of the problem is the following:

Given0 < p <1, A = (ap, &) € R?and 0 < g < oo such that

+1/9<0<a+1/g if 0<g<oo
. (7-4)
0y <0< oo if g=o0,
find M = (o, Hoo) € R? with
>0 if 0<qg<p,
o= =7 (7:5)
VOO>E_§ if 0<p<q§00,
and such that for any p-normed quasi-Banach couple A = (Ao, A1) we have
(Ao, A1)1g8 = (AO;A1>{,[],]M (7.6)

with equivalence of quasi-norms where the constants are independent of A.

Unfortunately, for some values of parameters p, g and A there is no M satisfying (7.6). Take,
forexample,0 < p<g<landay+1/9<0<a0+1/9<1/p—1/g. LetM = (o, hoo) With
Ueo > 1/p —1/4q. If (7.6) holds then Proposition 7.2 and Corollary 7.6 with A = ¢; would yield

Ug,M,1 (2k> -1 Vg,A (Zk)

with constant in the equivalence independent of k. By Lemma 7.1and Corollary 7.6 we getfork € Z,
k positive, that vg a (25) ~ 27k¢%«1/9(28) and ug a1 (28) 71 ~ 27508 (2F). It follows that ae +
1/9 = poo. Hence oo +1/9 > 1/p — 1/q which contradicts that aeo +1/9 < 1/p —1/4.
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This example leads us to investigate the weaker questions of finding the best M and B such that

(Ao, A1)14a — (Ao,Al){,q,]M (7.7)

or
(Ao, A1 ){,ql]g = (Ao, A1)1,4,A (7.8)

for any p-normed quasi-Banach couple (A, A1) and with constants in the embeddings independent
of (Ap, Ay).

Inthecase 0 < p < g < landag+1/q < 0, if we assume that (7.7) holds for some
M = (po, fieo) With jiee > 1/p — 1/4, then proceeding as above we obtain that v, a (2¥)¢; —
ugm(2¥) 7141, The values of v, a (2) and ugm1(25) 7! have been pointed out above. Since the
embedding is valid for any positive k, we get 1o < oo + 1/4. Notice this inequality is only possi-
ble when aes +1/q > 1/p — 1/4, otherwise (7.7) does not happen for any M = (o, o) With
feo > 1/p —1/q. Letnow k € Z, k negative, then vy a (25) ~ 275¢%T1/9(2%) while

27k (2K) if <0
u, 21 o -
a1 (2) {2-k it o > 0.

The option 27 is not possible since ag + 1/g < 0. Hence, we should have p < ag + 1/4. In other
words, for these p, g and A, the best possible M would be (¢g + 1/9, ¢« + 1/g). Next we show
that (7.7) holds for this choice of M. We shall use that (Ao, A1)14a = (Ay, A7 )14, (see(2.8)).

Theorem7.9. Let0 < p < g < land A = (a9, &) € R? satisfying
0 +1/9<0, ae+1/q>1/p—1/4. (7-9)
Then, for any p-normed quasi-Banach couple A = (A, A1), we have

(Ao, A1)1,qn — (A()N/AlN){,q,AJrl/q'

Proof. According to Theorem 6.1, we get
(Ao, A1)1g8 = (Ag, AT )18 = (AG, AT) (0,0, gaif-
Besides, since p < g, we have £, — {5 and £,(27") < £;(27™). Therefore,
(éprgp(z_m))l,q,A — (gqrgq(z_m))l,q,A = gq(z_mEAH/q(zm))
where the last equality follows from Lemma 7.8. Consequently,
(Ao, A1)19,8 = (AON,AT){%AH/W

O

Next we consider the case 1 < g < oo. This time our arguments are based on decompositions
of the type considered in[37] and [48].

Theorem 7.10. Let0 < p <1 < g < ooand A = (ap, &) € R? satisfying

ao+1/g<0 and an+1/g>1/p—1. (7.10)
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Then, for any p-Banach couple A = (Ao, A1), we have
(Ao, A1)1,q8 — (AOIAl){,q,A+1~

Proof. Takeanya € (Ag, A1)1,4,a- It follows from (7.10) (see (7.2)) that a € (Ag 4 A1)°. Hence,
min{1,t 1}K(t,a) = 0ast — Oandas t — co.

Forv € Z, let
2720 i v <,
Yy =<1 if v=20,
2270 i v > 0.

Choose ag, € Ao, a1, € Ay suchthata = ag, + a1, and
aov| 40 Y181 A1|]" = p\Yv—1,4)".
a0, Aol + 9] [lary | Ax][P < 2Ky )

Letu, = agy —apy—1 = a1y—1 — a1, € Ao N Aq. We have

M
la— Y Ao+ AP = [la+aoN—1 — aom| Ao + Ar]|”
v=N

= |la1,m + ao,n—1|A0 + AP
<27 ('7;/1;7—1Kp(’)’M—1,ﬂ)p + Kp(’yN,z,a)P) -0
v — o00. Besides,
](’YV*lluV) < KP(IYV—ZI El)
Tv-1 ~ Yv-2 ’

v EZ. (7.11)

Indeed,
J(vv—1,uv)? _
o <Ll Al 4 )
v—1
< 7,71 (10w Aoll” + llag,—1|AollP + ) _yllar[ AP + 7,y lar,—1|Ad][P)
p
o Tv— K (7 *21a>p
< 277,51 (Kp(r-,0)? + P 1Kp(%—2,a)p) S %
v=2 v—2

where we have used in the last inequality that the function ¢ ~'K(t, ) is non-increasing.

Forv € Z,put I, = [y,-1, 7). If 2" € I, let w,, be u, divided by the number of m such that
2™ ¢ I,. Thatis

s if 2" el, and v <O,

Wy = < Uy, if 2"mel, and v=0,1,

sy if 2"el, and v>1.
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This sequence also satisfies that (w,,,) C AgN Ay witha =Y ,»__ . w,, becauseforsome0 < d, f <
1 we have

M Q
la— Y wulAo+ Ar]lP = lla— ) uy —dup_y — fugii|Ao + Ar]|
m=N v=P
Q
< la— Y uy|Ao+ Ar]|P + [[up-1|Ao + Ar||P + [[ug+1]| Ao + AP — 0
v=P

as N - —ocoand M — co. Consequently, using (7.11), we derive if 1 < g < oo

) 1/
lal(Ao, A g all < (X0 27maeAH (2 12", 0,)7)
m=—o0
N( Z y 2 VquAqw(ZM))l/qS( y Y 2 IVIqMZVI(AW)) &
v=—0c02m¢], 2™ v=—0c02me], T
’)’v 2,4)" Sl ;aq KP % 2,a)" [v|Aq
2 —_2
<1/—2002’"Z€I ,yv 2 ) <V_Z:°°2’"€ZI 2 ,)/V )
1/
(Y xS man)" 2 af(dg, Anrgall
v=—002me],_,
The case g = co can be treated similarly. [

Now we prove that the embedding in Theorem 7.10 is the best possible. We rely on the charac-
teristic functions computed in Section 7.1.

Let0 < p <1< g < ooandA,M € R?satisfying (7.4) and (7.5). I (7.7) holds then Proposition
7.2 and Corollary 7.6 with A = £ yield that

uq,Ml (Zk)_l g Vq,A (Zk) (7.12)

Take any k € Z, k negative. Using Lemma 7.1 we have that v, 5 (2F) = 27%¢**1/9(2%) and by
Corollary 7.6 we get

2—kﬂlo—1+1/q(2k) if 1 < 1_ 1/q/
ugm1(2) 7~ 2R VA2R) i g =1—1/4,
27k it o>1-1/q.

Hence, (7.12) is only possible if g < ag 4 1. Consider now k positive. Then

v 2 Fpreot1/a(2K) if weo +1/g >0,
vg,a(2°) ~
& 27k /a2 i e +1/9=0

and ugn1(25) 71 ~ 27K pre 117928 Since oo > 1/p —1/q > 1 — 1/4, we derive that if (7.12)
holds, then peo < & + 1 and that thereisno M if 0 < a +1/g < 1/p — 1. Consequently, the
embedding in Theorem 7.10 is optima. Note that these arguments also explain the assumption on
Koo in the statement of the theorem. Thecasesp =1 < g < 00,0 < p < 1 withg = coand
0 < p <1 = g canbe treated analogously.

Now we turn our attention to reciprocal embeddings of the type (7.8).
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Theorem7.11. Let0 < p < 1,0 < p < g < o0and A = (ap, &) € R? satisfying
ag+1/9 <0< ae+1/g. (7.13)
Then, for any p-Banach couple A= (Ao, A1), we have

(Ao,Al){,q,AH/p — (Ao, A1)1,,A-

Proof. Take any a € (AO’Al){,q,A—&-l/p and let (u,,) € AoN Ajsuchthata = Y, __ u, and

172", ) [€g (27T (2m)) || < 2]|a] (Ao, A1), 41y, - Then

||”|(A0,A1)1,q,AH S( i [27k€A(2k)( i min{llzkfm}p](zm’um)p)l/p]q>1/‘7

k=—0o0 m=—o0

~ [T, wn)) | (€, €p(27™) )1l

< (X [ 2w

k=—0c0 m=k

1/q

+ (L =@ ikz_m”ﬂzm,um)*’)“ﬂ")Uq

k=0

where we have used Lemma 7.7 in the last equivalence. Suppose now that g < co. To estimate the
first term take any 0 < € < —(agp + 1/¢). Using Holder’s inequality, for the interior sum of the first
term, we get

0 q/p
(Ekz PJ(2 ,um)r’)

0 0 _
< ( y z—mq](zm,um)qgwoqw/weq(zm)) % ( g—qp(%+1/p+€)/(q—p)(2"1))(q PP
m=k

m=k

0
< gron—eg=1 (k) ( Y 22", ) TE0TE ’”*“’(2’"))
m=k

where we have used the condition on ¢ in the last estimate. Whence, changing the order of summa-
tion, we derive

0

( E [eao(zk)(iZ_MP](Zm’um)p)l/p]q)

k=—o00 m=k

1/q

IN

0 0 1/q
( Z &1 <2k) ( Z 27mq](2m, um>q€zxoq+q/p+sq (Zm) ))
k=—o0 m=k
0

:( 2 2—m¢7](2m,um)q5a0q+q/p+eq(2m) i g—sq—l(zk)>1/q

m—=—0o0 k:—oo

1/q

2

( i Z_m‘J](Zm, um)qgaqurq/p(zm))

m=—oo

< llal(Ao, A1)y sy, -
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For the second term, we choose now any 0 < € < &« 4 1/ and we proceed similarly. We get

(L2 mermu)™" < (3 2@ e iraen)

% ( 2 g—m(%ﬁl/p—e)/(q—p)(2"1))(q PYp
m=k
~ (Yo 1eg 2k (Z - mq] )qezxmﬁq/pfsq(zm)).
Therefore
o v 1/p1a\ 1
(X [ (X 277y (2", un)?) /7))
k=0 m=k
— —1+e¢ k - —m m Koo +q/P—¢ m 1/
S (X @ (X 2 M2,y et e (om)))
k=0 m=k
_ ( i 2—mq](2m Uy, )qgozmq-‘rq/p €q 2m (Zﬁ 1+sq Zk))> 1/q
m=0 k=0
[} 1/q
< (X 27" )t 0/ ()
m=0
< llal (Ao, AN aa,l.
Consequently,
(Ao,Al)l aar1p = (Ao Al)iga
The case g = oo can be treated analogously. ]

Now we aim to show that the embedding of Theorem 7.11is the best possible. For this purpose
we need some preparation.

Lemma7.12. Let0 < p < 1,0 < g < co and take any B = (B, B) € R? with

w0 >0 it 0<g<p,
{ﬁ =" (7-14)

Bo>7—F if 0<p<g<co

Then
7B 2™) = (6, 6,27™)] 5

Proof. Take any x = (x,) € £,(27™¢®B(2™)) and ey = (6%,), k € Z. Then

](Zk,xkek;ép,ﬁp(Z_m)):|xk| and x = Z XnCom-

m=—oo

Whence

11 (€p, €5 (271 g mll < T2, xkeis €, £ (27))) 16 (27 €5 (27)) || = [lx[€g (27 €5 (2)))].
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Proposition 7.13. Let0 < p < 1,0 < g < coand A = (ap, &), B = (Bo, Beo) € R? satisfying (7.1)
and (7.14). Then the embedding

L (27 (2M)) — (Lp, Lp(27"))1,9,

is a necessary and sufficient condition for (Ao,Al){,qJB < (Ao, A1)1,4,a for any p-Banach couple
(Ag, Ay).

Proof. The condition is necessary by Lemma 7.12. Let us check that the condition is sufficient.
Take any p-Banach couple (Ap, A;). Forany a € (AO,Al){qIB we can find a representation

a=Y Uy with (uy,) C AgN A satisfying that

172", um)) g (27" €5 (2") || < 2lla] (Ao, A1)y 51

Since
k k - k /p
K(2%,a) < K, (2", a) g( y Kp(z,um)i’)
m=—o0
0 ) e 1/p
S( Z min{1,2 m}”](Zm,um)p) ,
m=—o0
we obtain

||a|(A0/Al)1,q,AH < H(K(Zk'a))wq(z_ka(Zk))H
<[ L min{l'zk_m}pf(zmr“m)”>1/p|€q(2—kﬂ*(2"))H

K25, (J(2", um)); by, £p(27)) [ £ (2750A(29)) |
J@", ) )| (€p, £p(27") ).l

Now using the condition we derive that

lal (Ao, A )1gall S 172", um)) g (275 (2M))|
< 2|a|(Ao, A1)] -

The next result refers to the operators

k
— kyaop n\—pBop
Hyx (;(1 +log 25)%P (1 + log 2") x”>keN’
- S kyaeop 1y —Peop
Hyx <,§<(1 +log2")*=F(1 4 log2") xn>k€N.

Here x = (x,)neN. We consider Hy and H; acting on the space /,(IN) of r-summable sequences
with IN as index set.

Lemma7.4. Let0 < p < 1,0 < g < o0and A = (a9, &), B = (Bo, Beo) € R? satisfying (7.1) and
(7-14). Assume also that
0278 (2™)) > (Ly, £5(27™))1,0,A-

Then H; and H; are continuous on £, ,,(IN).
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Proof. Takeany x = (x,) € £,/,(IN). Fork € Z, let

k[ VP2R(1 —log2K) TP if k< -1,
=0 if k>0,

and puty = (Yx)kez- Then ||y|¢,(27¢B(2%))|| = [|x[£;/,(IN)||'/P < oco. By the assumption and
applying Lemma 7.7, we obtain

1€/, NDIIMP = llyl 27PN 2 1yl (€, €527 14,4

0 0 1/q
~ (8 [ 2yl 7))
=—00 m=k
+ (X (=@ L 27 lywl?) 7))
k=0 m=k
—1 —1 1/q
= (L 10— log29%( X (1~ log2") Frlx_ )]
k=—c0 m=k
(o] k 1/17
= (Z [(l+log2k “o( Z (1+1og2™)~FoP|x,, ])UPV)
k=1 m=1
> | Hyal g/ (N) V7.
Now we return our attention to Hp. Let z = (zx )xcz Where
Y 0 if k<O,
T VP21 4 log2X) B i k> 1
Using again the assumption and Lemma 7.7, we derive
%[/, (N) 1P = ||z £ (275 B 2| Z 1121 (€p, €527 ) 1,0.a
2 (L [+ 1052 (Y 2™ fzl) 7))
k=1 m=k
= Kyt [ v my—B 1/p17\
— (£ [(1+ 102 (- (1+10g2") P~ [x,)'/7]")
k=1 m=k

> [|Hax| g/, (IN)||V/7.
O

We shall also need some results on matrix transformations of ¢,(IN)-spaces established by G.
Bennett [7, 8]. Let (a,), (bx) be sequences of non-negative numbers and let M = (a,) with

agby if 1 <k<n,
Apk = .
0 if k>n.

Put Tx = (2?21 ankxk) N (an Y bkxk> N for the operator defined by M. Let1 <r < o0
ne ne
and1/r+1/r" = 1. According to [7, Theorem 2] and [8, Theorem 1], the operator T : ¢,(IN) —
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£,(IN) is continuous if, and only if,

~ . 1/r N 1/7'
SUPNeN <Zn:N ﬂn) <Zk:1 bk) <o for 1<r<oo,
1/r
SUPNeN (220:1\1 ‘12) by < o0 for r=1, (7.15)

SUp ey AN YN b <o for r=oo.

Put M = (@) with

~ 0 if k<mn,
Apk = .
ab, if k>n,

and let Tx = <ZZ°:1 Enkxk) N (bn Y., akxk) N Since T is the adjoint of the operator T, it
ne ne
follows from (7.15) that T : /,(IN) — ¢,(IN) is continuous if, and only if,

sup ( i a,i)l/y,( i b,ﬁ)l/r <o for 1<r<oco. (7.16)

NeN *p=N k=1

Furthermore, a direct computation shows that T : £ (IN) — £ (IN) is continuous if, and only if,

sup by ) ay < oo. (7.17)
NeN k=N

Observe that H; is the transformation defined by the matrix M = (a,;) given by the sequences
a, = (1+1og2")*P and b = (14 log2F)~Fop
while Hj is the transformation defined by M with

ar = (1+1log2")™P~P and b, = (1+log2")*=P.

Now we can show that the embedding of Theorem 7.11is the best possible.

Proposition 7.15. Let0 < p < 1,0 < p < g < 00, A = (a9, %), B = (B0, Beo) € R? sat-
isfying (7.13) and (7.14) and consider the p-Banach couple (¢,,£,(27™)). If (ép,ép(Z_’”)){,qlB —
(€, €5(27™))1,9,a then Bo > g +1/pand Boo > & +1/p.

Proof. By the assumptions on parameters and Lemma 7.12 we have that
L2708 (2™)) = (L, £5(27™))1,0,A-

Hence, according to Lemma 7.14, operators Hj and H; are continuous on Eq/p(lN). If g < oo, apply-
ing (7.15) to H; we obtain that

) N 9=
sup ( Y (1+1log2") ”‘0”7> (Z (1+log2") “PoilS P) ' < oo
NEN “p=N k=1

Using that ap + 1/ < 0, it follows that

N (a-p)/
(L (141052 55 ) T < (14 10g2r) o,
k=1
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Whence

(1+log2N)Potl/p=l/a if By <1/p—1/q
(1+log(1+1log2Y))  if Po=1/p—1/q ; S (1+log2") *~1/0.
1 if Bo>1/p—1/4.

Since —xg — 1/q > 0, it follows that
Bo>1/p—1/q,0oro<1/p—1/qand —Bo+1/p—1/9 < —ap—1/4.
Consequently, in both cases Bo > ag +1/p.
On the other hand, since H; is also continuous on £, ,,(IN), according to (7.16), we obtain
& iy —pa 2N @=p)/a I s\ P/
sup ( Y (1+1log2") »Hﬂ) (2(1+log2 ) ”’7) < 0o,
NeN “u=N k=1
Having in mind that B > 1/p —1/gand as +1/q > 0, we get
(1+ logZN)“‘”H/q S(1+ logZN)ﬁ“’*l/p“/q.
This yields that Beo > eo +1/p.
The proof for g = oo is similar but using now (7.17). O
The next result complements Theorem 7.11. It corresponds to the limit case a, + 1/ = 0. One
can establish it by using similar arguments to those of Theorem 7.11.

Theorem 7.16. Let0 < p < 1,0 < p < g < coand A = (&g, &) € R? satisfying
g +1/9<0=una0+1/g.

Then, for any p-Banach couple A = (Ap, A1), we have

J
(AOI Al)l,q,AJrl/P,(O,l/P) — (AOI Al)l,q,A-

Using the previous ideas based on matrix transformations of ¢, (IN)-spaces, one can also show
that the embedding in Theorem 7.16 is the best possible.

Writing down Theorems 7.10 and 7.11for1 < g < coand A aBanach couple, so p = 1, we obtain
the following equivalence result of Cobos and Segurado [48, Theorem 3.5] already mentioned in
Chapter 3 (see (3.8)).

Corollary 7.17. Let A = (&, &) € R?and 1 < g < cosuchthatag+1/9 < 0 < ae + 1/4. Then,
for any Banach couple (Ag, A1), we have with equivalence of norms

(AOz Aq )1,q,A = (AO, Ay ){,q,A+l‘

Finally, we study the case 0 < g < p < 1 where we have also equality.

Theorem 7.18. Let0 < g < p < land A = (&g, &) € R? satisfyingap+1/q9 < 0 < ae +1/4.
Then, for any p-Banach couple A = (Ap, A1), we have with equivalence of quasi-norms

i) (A(), Al)l,q,A = (AON, AlN){,q,AJr]/q if oo + 1/6] >0,
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i) (Ao, A1)1,48 = (A(;,Af){’q,AH Jo01/q) i o +1/9 =0,

Proof. Recall that (Ao, A1)1,4,a = (A, AY)1,4,a- From Theorem 6.1, using that g < p and Lemma
7.8 we get that

| .

(Ao, A1)14a < {(AO AT it aw+1/4>0,
7 4 ~ ~\J . B

(AO ’Al )1,17,A+1/q,(0,1/q) if  ®e + 1/q =0.

In order to check the converse embedding, consider the function v, a (+). By Lemma 7.1, we have

2 kgA+1/q(2k) if ao+1/9>0,

k
Yoa(2) {2kgAJrl/q(zk)gg(O,l/q)(zk) if e +1/q = 0. (718)

Takeanya € (Ag, AT)1,4,a- Since (7.2) holds, we know that (Ay, A7)14a € (Ay + AT)°. Using
[95, Theorem 3.2], we can find (u,,) C Ay N Ay witha =Y ' u,in Ay + A7 and

[ee]

( y [min{l,Zk’m}](Zm,um)]q>1/q < cK(2%,0), kezZ. (7.19)

mM=—oo

Therefore, if e +1/q > 0, according to (7.18) and (7.19), we have

lal (A5, AT)]y g1yl < N7 um)) L2 EAH 0 (2m)) |
~ ( i ](2111, um)q i [min{llzk—m}z—keA(zk)]q)l/q
m=—00 k=—c0

SJ (k_i szqEAq (Zk)K(Zk, a)q> 1/q

= llal(Ag, AT)rgall-
The case a + 1/ = 0 can be treated analogously. ]

Writing down Theorem 7.18 for A a Banach couple, we recover some cases from Theorem 3.5.

We close this chapter with two diagrams that collect the identities and optimal embeddings ob-
tainedfor0 < p <1land0 < g < co.
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Ay n = {0}
Déo—l—l/q
Agn =A%) .
1,q9,A 1,9,A+1/4,(01/q) |
|
I
Ingeneral, A1, p & (Ag+ A1)° |
I
FIGURE7.1: Case0 < g <p <1
Ao +1/9
i1
o min{1,q}
Al A+1 ;)‘AL ,A ! =
o heAsyp AR A A = {0}
::_:]:::::::::::::_::::::::; 060—|—1/q
Alga+1/p01/p) T Arga |
|
I
Ingeneral, A1, p & (Ag+ A1)° |
I

FIGURE7.2: Case0 < p < 1,0 < p < g < @
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Chapter 8

Interpolation of the measure of
non-compactness of bilinear operators

As we saw in Theorem 2.3, continuous bilinear operators can be interpolated by the real method.
Besides boundedness, another useful property that a bilinear operator may have is compactness.
Recently, it was shown that compact bilinear operators occur rather naturally in harmonic analysis
(see, for example, the papers by Bényi and Torres [10], Bényi and Oh [9] and Hu [79]). This fact
motivated the research oninterpolation properties of compact bilinear operators, a problem already
considered by Calderdn [26] for the complex method. For the real method, the question has been
investigated more recently by Fernandez and Silva [62], Ferndndez-Cabrera and Martinez [64, 65]
and Cobos, Fernandez-Cabrera and Martinez [40], among other authors. One of the main results
corresponds to [40, Theorem 4.9] and reads as follows (we use notation introduced in page 29):

Theorem. Let A = (Ay, A1), B = (By, B1) be quasi-Banach spaces and let E = (Eo, E1) be an
r-normed quasi-Banach couple. Let 0 < 8 < 1,0 < qo,41 < coandlet 0 < g < oo satisfying

1_[uta—1  @onzr
q 7“)({1%%} if go<r or g <r
IfT:AxB— EandT: Aj x B; — E;is compact for j = O or j = 1, then

T : (Ao, A1)e,4, X (Bo,B1)g,q, — (Eo, E1)e,q is also compact.

In fact, this type of results can be extended to the generalized real method that we introduced in
Section 2.1.2. The next natural step was to inquire about quantitative results involving the measure
of non-compactness, similar to the one introduced in Chapter 6 but for bilinear operators. Mastyto
and Silva [93] proved, among other things, that

B(T : Agqy % Bog, — Egq) < CB(T : Ag x By — Eo)' °B(T: A1 x By — E1)?  (8.1)

provided that A, B and E are Banach couples, 1 < go, g1 < 0,1 < g < o and % = q% + qll — 1.
Their proof is based on duality and therefore it cannot be extended to the quasi-Banach setting.
The aim of this chapter is to study the interpolation by the general real method of the measure of
non-compactness of bilinear operators acting between quasi-Banach couples. In particular, we want
to establish a quantitative version of the theorem above and an extension of (8.1) to quasi-Banach
couples. The techniques used here are similar to the ones of Chapter 6 but now for bilinear operators
and the general real method.

The results in this chapter form the paper [14].
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8.1 Some interpolation properties of bilinear operators

For k € Z, we use here again the shift operator T given by 7.& = (&1x)mez for & = (&m)mez- Let
I" be a quasi-Banach sequence lattice verifying that 7} is continuous from I" to I for all k € Z and

lim 277 £(T,T) | = 0 = fim [[7- [£(T, 7). (82)
We put
fr(t) = | Thog, | £(T, D), £>0,
where the logarithm is taken in base 2 and [-] is the greatest integer function. Let
M; = max{1, ||=|L(T,T)|},

My =sup{fr(t): 0 <t <1} =sup{||t—|L([,T)| : n >0},
Mz =sup{fr(t)/t: 1 <t < oo} =sup{27"|||L(T,T)| : n>0}.

The following properties hold for the function fr:
lim fr(t) = lim fr(t)/t = 0. (8:3)
Forany 0 < s,t < oo, fr(st) < My fr(s)fr(t). Hence,if 0 < s < t < oo then
fr(S) < Mlefr(t) and fr(t)/t < M1M3fr(5)/s. (8.4)

If & = (Cm)mez and 1 = (m)mez are non-negative scalar sequences, we write

Cxn = ( ) Ck'?m—k>
medZ.

k=—00

for their convolution. If ¥ > 0, we put & = (3},) ez

Remember now the definition of K-non trivial and (p, J)-non trivial quasi-Banach sequence lat-
tices I (see (2.21) and (2.22)) and the result proved in Theorem 2.7 showing that if

I'is K-non trivial, (p, J)-non trivialand T' — (£, £,(27™))r;x, (8.5)

then (Ao, A1)rik = (Ao, A1)r;y for every p-normed quasi-Banach couple (Ag, A1). In this case,
sometimes we just write (Ap, A1)t for the interpolated space.

Recall also that if A, B and E are quasi-Banach couples,weputT: A x B — Eif T € B((Ap +
A1) x (Bo + B1), Eo + E1) and the restriction of T to A; x B; belongs to B(A; x B}, E;), for j = 0
andj=1.

The following result shows the interpolation properties of continuous bilinear operators by the
general real method (see [40, Theorem 3.1]). For the sake of completeness, we include the proof.

Theorem 8.1. Let A = (Ao, A1) be a quasi-Banach couple, let B = (By, By) be a p-normed quasi-
Banach couple and let E = (Ey, E1) be an r-normed quasi-Banach couple (0 < p,r < 1). Assume
that I'g and I'; are K-non-trivial quasi-Banach sequence lattices and I'; is a (p, J)-non-trivial quasi-
Banach sequence lattice satisfying (8.2). Assume that, in addition, there is a constant M > 0 such
that for all non-negative scalar sequences ¢ € I'pand 7 € I'; we have

1&" % 7") "Ll < MG Toll[l7|Tal- (8.6)
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Then, for each T : A x B — E the restriction of T to Ar,;x X Br,;; defines a continuous bilinear
operator T : Ar,x X Br,;j = Er,:x with

0 if |[|T];=0 for j=0orj=1,

| T|B(Aryx % Br,;j, Eryx) || < .
’ wlr =t ClITllofr, (IIT]l1/[|Tllo) otherwise.

Here ||T||; = ||T|B(A; x Bj, E;)|| and C is a constant independent of T.

Proof. Leto; > ||T||;,j = 0,1and choose n € Z such that2" < ¢1/0y < 2"*!. Takeanya € Arx,
anyu € BoNByandm, k € Z. Ifa = ap + a; witha; € Aj, we get
K(2", T(a,u)) < |[T(ao,)|Eoll +2|T(ar, u)|Ex
< oollao| Aol [|ul ol 2" "2 " [|ay| As | |}u[ B |
< max{oo, 2701} ([lao] Aol + 2" F[laz| Av[|)] (2", ).

Taking the infimum among all possible decompositions a = ag + a1 with a; € A; and noting that
270y < 209, we get

K(2",T(a,u)) < 200K (2" %, a)J (25", u). (8.7)

Take b € Brjyandletb = Y;° _ uy any J-representation of b. Then we also have that b =
Y 7 o Uktn- Moreover, since K, (¢, -; Eo, E1) is an r-norm on Ey + E; equivalent to K(¢, -; Eo, E1),

1/r
we obtain that K(2™,T(a,b)) < C; < Yo oo K(2™,T(a, uk+n))r) . Using (8.6) and (8.7), we ob-
tain that

I bl < Gl (K@ Tiaun))) " re|

<2Cim|[( ¥ K@ T, )

k=—c0
= 2C1(70H ( 2 K(zj,a)rj(2m+n—]', um+n7j)y>
j=—00
< 2C1ooM|(K(2",a)) [To [l (T (2" ", thnn) )| T |
< 2C1 Moy ||t | £(T1, T1) || [|a] Argxel | (T (2", ) ) T4 |-
Noting that ||7,|£(T1,T1)|| = fr,(01/00), we get that
IT|B(Aryk x Bry;j, Eryx)|l < Coofr, (01/00).

Finally, if || T||; = O forj = 0 or j = 1, letting 0; — 0 and using (8.3) we have that || T|B(Ar,x x
Br,;j, Eryx) || = 0. If |T||; # Ofor j = 0,1, taking 0; = (1 +¢)||T||; and letting ¢ — 0, we conclude
ITIB(Aryx % Bryp, Enx) || < ClITlofr, (ITl1/1Tllo)- O

Example 8.2. Letp : (0,00) — (0, 00) be a function parameter (see Section 2.1.2). Then we already
know that for any 0 < g < oo the quasi-Banach sequence lattice I' = ¢,(1/p(2™)) is K-non trivial
and (p, J)-non trivial for every 0 < p < 1. Furthermore, for every k € Z

1l £(6(1/p(2")), £g(1/p(2"))]| < 5p(2°),

wheres, (t) = sup{p(ts)/p(s) : s > 0}. It follows from the definition of function parameter that 7;
satisfies (8.2). The above inequality allows to replace fgq(l/p(zm)) by s, in Theorem 8.1. Furthermore,
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sp is multiplicative, non-decreasing and's, (t) / tis non-decreasing. Hence, s, satisfies (8.4) with M; =
Mp; = Mz =1.

We apply now Theorem 8.1 to interpolation spaces with a function parameter and the real
method.

Corollary 8.3. Let A = (Ao, A1), B = (By, B1) be quasi-Banach couples and let E = (Ey, E1) be an
r-normed quasi-Banach couple (0 < r < 1). Suppose that po, p1, p2 are function parameters such
that for some constant L > 0 we have

po(t)p1(s) < Lpa(ts), t,s>0. (8.8)

Let 0 < go,g91 < oo and put
q @

q

1 .
max{doiT if go<r or gy<r.

1 1+1_l if 5]0/51127’/
— = { ' (8.9)

Then, foreach T : A x B — E the restriction of T to Ap, 4, X Bp, 4, defines a continuous bilinear
operator T : Ag g0 X Bp,qi — Ep, 4 With

0 if [|T]j=0 for j=0orj=1,

T|B(Apy g0 X Boygr, E <
1115 > B Eoea)l {CIITHosm(HTHl/IITHo) otherwise.

Here ||T||; = ||T|B(A;j x B, E;)|| and C is a constant independent of T.

Proof. Let Ty = £4(1/00(2™)), T1 = £4,(1/p1(2")) and I = £,(1/p2(2™)). Then Iy and I',
are K-non trivial and I'y is (p, J)-non trivial. Let us show that these quasi-Banach sequence lattices
satisfy (8.6). Assume first that go,q1 > 1,50 7 +1 = -+ . If § = (Cm) € £4(1/po(2™)) and
1= (1m) € £4,(1/p1(2™)) are non-negative scalar sequences, then according to (8.8) and Young’s
convolution inequality we obtain

[ee]

I e = ((F (L dnsmey)")

M=—0 fk=—o0

1/q

o] [ee]

<L X (X @/po@)) tur/pr2"5)))

Mm=—o0 k=—o0

< Cl[ @/ p0")) g /el G/ 02 (2")) gy eIV
= ClI¢1q (17002117164, (1/ 01 (2]
Suppose now that go < rorq; < r. If g = g1 = max{qo, g1}, then g0 = min{qo, g1} < r. Thus

% = qio + q% — qlo and the couple (Ey, E1) is go-normed because gy < r. Forevery { = () €
l5(1/p0(2™)) and 17 = (17m) € £4,(1/p1(2™)) non-negative scalar sequences, we get

q/r)l/q

17 s 7)1 1€ (1/ p2(2")) || < ClIE1Egy (1/p0(2™)) [l 1gy (1/p1(27))I-

The case g = go = max{qo, 41 } is analogous.

Now the result follows by applying Theorem 8.1 and having in mind what we have pointed out
in Example 8.2. O

Taking po(t) = p1(t) = pa(t) = % in the previous theorem, we obtain Theorem 2.3.
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Corollary 8.4. Let A = (Ap, A1), B = (Bo, B1) be quasi-Banach couples and let E = (Ey, E1) be an
r-normed quasi-Banach couple (0 < 7 < 1). Let0 < 0 < 1,0 < go,q1 < oo and take g verifying
(8.9). Then, foreach T : A x B — E the restriction of T to Ag 4, X Bg,, defines a continuous
bilinear operator T : Ag 4, X Bgg4 — Eg4 with

0 if [|T|j=0 for j=0orj=1,

T|B(Ag,, x By, , E <
ITIB(Agqy > Bogy 9"’)”—{cy|T||39||T||§ otherwise.

Here ||T||; = ||T|B(A; x B;, E;)|| and C is a constant independent of T.

8.2 Interpolation of the measure of non-compactness

Let A, B, E be quasi-Banach spaces and let T € B(A x B, E) a continuous bilinear operator from
A x Binto E. The operator T is said to be compact if for any bounded sets V C A, W C B we
have that the closure of T (V,W) = {T(a,b):a € V,b € W} is compact in E. This condition is
equivalent to the fact that T (Uy, Up) is precompact in E.

In Chapter 6 we introduced the concept and properties of the measure of non-compactness for
continuous linear operators. We shall need the corresponding notion for bilinear operators.

The measure of non-compactness f (T) = (T : Ax B — E)of T € B(A x B, E) is defined to
be the infimum of the set of all ¢ > 0 for which there exists a finite subset {w1, ..., ws} C E such
that

s
T(UA,UB) - U {w]'—f—U'UE}.
j=1

The measure of non-compactness for bilinear operators satisfies analogous properties to the ones
we saw for linear operators (see (6.7) and (6.8)):

If T € B(A x B, E), then

B(T:AxB—E)<|T|B(AxB,E)]. (8.10)

e Tis compactif, and only if,

B(T:AxB—E)=0. (8.11)

e If Fis another quasi-Banach space and R is a bounded linear operator R € L (E, F), then for
RT = Ro T we have

B(RT: AxB— F)<|RIL(E,F)|B(T: AxB—E). (8.12)
Moreover, if || Ro|F|| = ||v|E|| for any v € E, then

B(T:AXB—E)<2B(RT:AxB—F).

* If X, Y are quasi-Banach spaces and Rj, R; are bounded linear operators Ry € £ (X, A), Ry €
L (Y, B), then the operator T o (R1, Ry) (x,y) = T (R1,R2) (x,y) = T (R1x, Ryy) belongs to
B (X xY,E)and

B(T(Ry,Ry): X x Y — E) < |Ri|L(X, A)||||R2|£(Y,B)||B(T: AxB—E). (8.13)
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Moreover, if foranya € A,b € Bwith [|a|A|| <1, ||b|B|| < 1thereexistsx € X,y € Y with
|x|X|| <1, ly|Y]| <1and (R, Rp) (x,y) = (a,b), then

B(T:AxB—E)<B(T(R,R):XxY—E).

e IfS€ B(A X B,E) then

B(S+T:AxB—E)<cg(B(S:AxB—E)+B(T:AXxB—E)). (8.14)

We prove now two auxiliary results that are the bilinear version of Lemma 6.8 and Lemma 6.9.
Here, we use vector-valued sequence spaces and the operator ¢ such that given a quasi-Banach cou-
ple (Eo, E1), forany w € Eg + E; assigns tw = (..., w, w, w, w, ...). Remember (see the explanation
just before Lemma 6.8), that /1 : E; — Lo (27™W,,) is continuous with norm less than or equal to
1, being Wy, = (Eo + E1, K(2™,-)).

From now on, if A = (Ap, Ay) is a quasi-Banach couple with constants Ca,,CA, in the quasi-
triangle inequality, respectively, we put ¢ ; = max{ca,, ca, }-
Lemma 8.5. Let A = (Ao, A1), B = (Bo,B1), E = (Ep, E1) be quasi-Banach couples and let
T:AxB—E. Fixj € {0,1}and put B; = B (T : Aj x B; = E;j). Assume that there are quasi-
Banach spaces X, Y and continuous linear operators R, € L (X, Aj), S, € L (Y, Bj) such that
||Rn|£(X,A]-)|| <1, |ISu| L(Y, Bj)|| < landlim, e || T(Ry, Sy)|B(X X Y,Eg + E1)|| = 0. Then
the following holds.

a) If B; = 0, then there is a subsequence (n') such that

lim |[(T(Ry, Sw)|B(X X Y, oo (2™ W,,)) || = 0.
n'—o0

b) If B; > 0, then there is a constant C independent of T and a subsequence (1’) such that

Hm [T (Ryr, S )| B(X X Y, oo (27 Wi))|| < CBj.
n'—oo

Proof. Since sup, . [[1T(Ru, Su)|B(X X Y, lea(27™Wp))|| < || T|B(A;j x Bj, Ej)|| < oo, there ex-
ists a subsequence (n’) such that

lim [[(T(Ry, Sw)|B(X X Y, Lo (2™ W,))|| = A > 0.
n’—o0
Let (x,/) C Uy, (y) C Uy so that
HLT(Rn/xn/, Sn’yn’) |€oo (2_m]Wm) || m A.
Take any o > B;. There exists a finite set {zy, ..., z:} C E; such that

S
T(Un, Usp;) C kU1{Zk +oUg,}.

Passing to another subsequence if necessary that we continue denoting by (1), we may find k €
{1, ...,s} such that
T(RyXy,Swyw) € zx +oUg, forall n'. (8.15)
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Now we estimate the quasi-norm of 1(zx) in £ (27" W,,). Take any m € Z. Using that

lm [ T(Ru, $0)|B(X x Y, Eo + E1)|| =0,

we can find n’ belonging to the subsequence and sufficiently large so that
27 max{1,2"}|| (R, Su)|B(X x Y, Eo + E1)|| < 0.
Whence,
27IK(2", 245 Eo, Er) < cg (27K (2", 2 = T(Ruxo, )i Eo, En)
+ 27K (2™, T(RyXw, Spyw ); Eo, E1))
<cg (sz — T(Ry X, Swyn )| Ej|
+ 277" max{1, 2"} | T(Ry, S,r)|B(X x Y, Eo + E)|)
< 2cgo.

This yields that ||izg| (e (27" W) || < 2cg0. Consequently, using that [|(| £(Ej, feo (27" Wy))|| < 1
and (8.15), we obtain with C = 2c;(1 + 2¢f) that

im |[(T(R,y, S )| B(X X Y, £oo (27 W,)) ||

n’—o0
< g (T (R, Swyr) = 12 oo (27" Win) | + 12el oo 27 W0) )
< cg(0+2cg0) < Co/2.

If B; = 0, it follows that limy, e ||t T(Ry, S ) |B(X X Y, £eo (2™ Wy,) ) || = 0. If Bj > 0, then taking
o = 2p; we conclude that

Hm [[(T(Ry, Sp)|B(X X Y, £eo(2- ™ W,))|| < CB;.
n'—oo

O

Lemma 8.6. Let A, B, E, Z be quasi-Banach spaces, let D be a dense subspace of A and let V be a
dense subspace of B. Let T € B(A x B,E),put § = B(T: A x B — E) and assume that there
exists (S,) C L (E,Z) withsup, .\ [|S«|L(E, Z)|| = M < o0 and lim, e [|S,T (1, v)|Z|| = O for
all (u,v) € D x V. Then the following holds.

a) If p =0, thenlim, o [|S,T|B(A x B, Z)|| = 0.
b) If B > 0, then there is a constant C independent of T and thereis N € IN such that

ISk T|B(A x B,Z)|| < CB foralln > N.

Proof. Take o > B. There exists a finite set {wy, ..., ws} C E such that

s
T(UA, UB) - U {wk + O'UE}.
k=1
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If {wy +cUg} NT(Ua, Up) # @, choose a € Uy, by € Up such that T(ay, by) € wy + cUg. Then

Ce

T(UA, UB) - {T(ﬂk,bk) +2CEO'UE}.

k=1

By the density assumption, there are u € D, vy € V such that

(o4

—wlAll < d
|| @ — ug| H_ZCEHT|B(A><B,E)H an
(o
ku_vk|B|| < o '
2cgca||T|B(A x B,E)| (1 + W)
Hence
o
Al < — ax]A All) < 1
luel Al < calllue = axl All + [lax] “>—CA(zCEHT\B<AxB,E>H*)
and so

1T (a, be) — T (uk, i) |[E|| = || T(ax — g, bi) + T (g, b — vg) | E||
< ce||TIB(A x B, E)|| (|lax — wx| Al[[| k| BI| + [[uie| Alll[bx — vk[BI|)
<.

It follows that

S

T(Uyx, Up) U (ug,vx) + ce(2cg + 1)oUg}.

Let C = 2cz(Mcg(2cg +1) 4+ 1) andlet N € N such that for any n > N we have
1S T (ug, v)|Z|| < o, foranyl <k <s.

Given any (a,b) € Uy x Ug, we can find k such that ||T(a,b) — T(uy, v¢)|E|| < ce(2cg + 1)0.
Therefore, we obtain

15nT(a,b)|Z|| < cz ([|Sn(T(a,b) = T (ux, 06))|Z|| + [|SnT (uix, i) | Z]])
<cy (MCE(ZCE + 1) + 1) o
=Co/2.

This yields that ||S, T|B(A x B,Z)|| < Co/2forn > N.

If B = 0, we derive that lim,_, ||S,T|B(A x B, E)|| = 0. If B > 0, the choice o = 2p gives that
|S.T|B(A x B,Z)|| < CBforanyn > N. O

Givenn € IN,ifx = (xk)Z:_n € R we write ¥ = Y i, xke. If Tisa quasi-Banach sequence
latticeand || - |T'|| is a p-norm, then the functional || x|T|| = ||%|T'|| defines a p-norm on R?**1. Itis not
hard to check that || - |T'|| is equivalent to || x||, = (¥}__, |xk]P)1/p onR?"*1 and that U gon, |5
is compact in (IR***1, || - |T||). This yields that for any quasi-Banach sequence lattice I and for any
€ > 0, there exists an e—net for U(RZM, 1F) That is to say, there is a finite set {vy, ..., vs} C R?**+1
such that forany x € U(]Rzm, 1)) we have

— T < 8.16
min fx — ol <e (8.16)
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This remark will be useful in the proof of next theorem, which is the main result of the chapter.
The proof uses some bilinear versions of techniques that we already saw in Theorem 6.10.

Theorem 8.7. Let A = (Ao, A1), B = (By, B1) be p-normed quasi-Banach couples (0 < p < 1),
let E = (Eo, E1) be an r-normed quasi-Banach couple (0 < r < 1) and let I'y, Ty, I'> be quasi-
Banach sequence lattices. We assume that I'y, I'; satisfy (8.5) and (8.2) and that I'; satisfies (8.5) with
parameter r. Suppose also that the sequence spaces satisfy the condition (8.6) on convolutions. Let
T:AxB— EandputBj =B (T: A;j x B — Ej),j =0,1. Then

0 if Bj=0forj=0o0rl,

CBofr,(B1/Bo) otherwise. (8.17)

‘B(TZAFO XBrl —)Erz) < {
Here C is a constant independent of T.

Proof. Step 1. Since A and B are p-normed, the spaces F,, = (AgN Ay, ] (2™, +; Ao, A1)) and Gy, =
(BoN By, ] (2™, -; By, B1)) are also p-normed for each m € Z. Consider the couples

According to [40, Lemma 2.4], we have with equivalence of quasi-norms
Ly (Fn), €y (2" Eu))ry = To(Fn), (£p(Gin), £p(27"Gon))ry, = T1(Go).- (8.18)

Let 7t(uty) = Y- _o Um be the linear operator assigning to any sequence (u,,) its sumin Ag + Aj.
Realizing Ar, by means of the J-functional, the map 7 : To(E,) — Ar, is bounded and for any
a € Ar, with ||a|Ar,;|| < 1thereis (uy) € To(Fy) with || (m)|To(Fn)|| < 1 suchthat 7t(u,) = a.
Moreover, 7t : £,(27™F,) — Ajis bounded with norm less than or equal 1 for j = 0,1. Similar
properties hold for 77 : 1 (Gy,) — Br, and 7w : £,(27™G,,) — B;.

As for the r-normed couple (Eo, E1), put W, = (Eo + E1,K(2™, -; Eo, E1)), consider the couple
Weo = (boo(Wi1), oo (27™W,y,)) and the linear operator 1w = (..., w, w, w, ...) that already appeared
in Lemma 8.5. If we realize Er, by means of the K-functional, then the operator ¢ : Er, — T'2(W,,)
is bounded with |[iw|T2(Wy)| = ||w|Er,k||. Moreover, if we consider i : Ej — £oo(27"Wyy,)
then its norm is less than or equal to 1 for j = 0,1, and the following interpolation formula holds
(oo (W), oo (27" Wiy, ) )1, = T2(Wy,) (see [40, Lemma 2.4]).

The following diagram illustrates the situation

(7t,70)

Cy(Fn) X £,(Gm) AogxBy ——= Ey -5 le(Wy)
027"E) % £,27Gy) —s Ay x By s By s L0277,

ro(Fm) X F1(Gm)

T An x Br, T+ Er, —  Ta(Wp).

Put T = (T(7t, ). Then T : Fp x G — We.
According to (8.12) and (8.13) and properties of 7t and ¢, we get
IB (T : Aro X Brl — Erz) < ZCE"Crz,B (LT : Aro X Brl — rz(Wm))
< 2czer, B (T : To(Ep) % T1(G) — rz(wm)) . (8.19)
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Itis easier to estimate B(T) than B (T) because on the couples F,, G, Wo, we can use the following
families of projections: Forn € IN, let

Ry (tm)
R:{ (um) (“-/ 0/ 0/ un+1run+2/ un+3/---)/
R, (Uum) = (i3, U_p_p,u_y_1,0,0,..).

(“'/ 0/ 0/ u*ﬂ/ u—n+1/ a4 ul’l—l/ ul’l/ O/ 0/ -")/

Itis clear that the identity operator I on £, (Fy) + £,(27"Fy,) can be decomposedas I = Ry, + R;; +
R;;,n € IN. These projections are bounded from £,(27" Fy,) into £,(27™ F,,) with norm less than
orequalto1forj = 0,1, and the same happens onT(F,). Moreover, the restrictions Ry, : Kp(Fm) +
Ly(27™Fy) — Lp(Fn) N Lp(27"Fy), R : £y(Fp) — €,(27™Fy) and Ry, : £,(27™"Fy) — £,(F)
are bounded with

IR £y (Fn) + €y (27" En), £p(Fw) N €p(27"F)) || < c52V/72",

IR 1L (6 (Fu), €p (27" Ea)) | = 270 = | Ry [L(£(27"En), €(Fw))|l.  (8.20)

Let Sy, S, S, and Py, P, and P, similar sequences of projections defined on the couples G,

W, respectively. They satisfy the corresponding version of (8.20).

Having in mind (8.19), in order to prove (8.17) it suffices to show thatif §; > 0 forj = 0 and
j = 1, then there is a constant C independent of T such that for any ¢ > 0 we have

B (T :To(Fn) X T1(G) = Ta(Wn) ) < CBofi, (B1/Bo) +¢,

andif B; = 0forj=0orj=1,then
B (T : To(Ey) % T1(Gp) — rz(wm)> —0.

With this aim, for n € IN we decompose T as
T = P3,T + P}, T+ P;,T = P3,T(Ran, Sn)
-+ P3nT(R4n, SL) + P3nT(R4n, 54_,1) + PgnT(RL, Syn + SL)
+ P3,T(R},, San + Sy,) + P T(R},, S3,)
+ P, T(Ry,,S),) + Py, T + Py, T. (8.21)
Step 2. Now we proceed to give a direct estimate for the measure of non-compactness of the
operator Ps,, T(Ray, Say)- First note that we have by (8.12) that
B (PsuT (Ran, Sun) : To(Ew) x T1(G) = T2(Wi))
S ﬁ (T(T[R4n, 7T54n) : ro(Fm) X F1(Gm) — Erz)
< Cﬁ (T(7TR4n, 7'[S4n) : FQ(Fm) X Fl(Gm) — Er2;])
where the last target space is provided with the J-quasi-norm.

Consider on R¥"*1 the quasi-norm

1%[Tf]| = /0,0, % g, s X4, 0,0,.) [T, j=0,1,
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forx = (x)f"_,,. Let
4n

1= (?E‘S‘i‘ | . Hek\r T H)

By (8.16), there exists a finite #-net for U(R8n+1/“,‘f0”). That s, thereis a finite set Ag = {)\1, oA} C
Ugsnsa |1, ) Such that forany x € R8*+1 with ||x|To|| < 1wecanfind A? € Agwith [|x — A4|To|| <
1. Similarly, let Ay = {u!, ..., ut} C Ursns1 ).z, ) be any-net for U gsui1 ||, ). We can associate to
each A = (Ad)}" | the positive numbers

= = A i =0,1.
9% = Ohas = (i +141) 274 =0,

In a parallel way, we associate to each y* = (yi)%”:%n € A the positive numbers
W=t = (ol +bil) 29, =0
4 [lex /T

Let op > Bo, 01 > B1 and choose N € N such that 2V < 7 /0y < 2N*1. There are finite sets

Ao = {hl = 1,...,L0} - E(), A1 = {fy Y= 1,..., Ll} - E1

such that
Lo Ll
T(Ua,, Up,) € (J{ + ool },  T(Ua, Up,) € J{fy + U, }-
=1 y=1

Take any A € Ag, y* € A1, b € Apand f, € Aq. Forany —4n < k,s < 4n, take an element
8ks = ks, f, DElONGING to

(R92 {hi +ooUg, }) N <€0i¢3 {fy +o1UE, }> (8.22)
provided the intersection is non-empty. Put g ; = 0 if (8.22) is empty. Let

) Qks it k€ [—4n,4n]ands € [—4n,4n]
8ks = .
0 otherwise.

Form € Z,put & = Y 3o o Skm+N—k- This series is convergent, with §,, € Eg N Ej and &, = 0 if
m¢ [—8n—N,8n—N|. Puté = Yo Cm Then¢ € EgNEy C Er,;. Let Y be the collection
of all elements ¢ as constructed above. The set Y is finite because Ay, A1, Ag and A; are finite.
Next we show that there is a constant L independent of T such that Y is an Loy fr, (01 / 0p)-net for

T(Uro(Fm), Url(Gm)) in EFZ'

Givenany u = (um) € Ury(r,), © = (0m) € Ur, (Gn), there exists M = (M) € Ao, 17 = (i) €
Aq such that fork = —4n, ..., 4n we have

(2", 1) = Axlllex|Toll < (2", 1) — Au)|Foll <1,
1125 06) = el lexl Tall < 172", 0m) — pan) [Tl <

Hence,

](Zk/ uk) <

Ui k Ui
< s H Ak J(250k) < o Mk
llex|Tol| el ) llex|T1| i
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This yields that ' '
lu Ajll < @ lloelBill < 9, j=0,1, —4n <k < 4n.

Therefore,
Uy € §02qu N go,lLIAl, Vs € ¢SUB0 N 1/J51L131, —4n < k,s < 4n.

We can find iy € Ay, f, € Aq such that

T 1k, vs) — @Ryphi|Eo|| < oRyplon,
IT (1, vs) — @rpd fyl Exll < pppson, (8.23)

and so the intersection (8.22) is non-empty. Let & € Y the vector associated to A4, 4%, h; and fy- Put

Uy if me[—4n,4n],
0 if m¢[—4n,4n],

define @y, @}, P}, similarly, and write

Tk(u,v) = Z T(ﬂm,ﬁkJrN,m) € EyNE, keZ.
m=—oo
We have o
T(mRantt, Sanv) = Y Ti(u,0).

k=—o0

Since E is r-normed, using (8.23) we get

]<2k, Tk(ufv> _§k> =] <2k1 i <T<7’_‘H1/77k+me) _g_m,k+Nm>>

m=—oo

o . 1/r
< ( Z ](ZkrT(am/ij—t-N—m) _gm,k+N—m) )

m=—o0

1/r
o0 _ L r
< ( y max{2¢21¢2+N_mffo,22"¢3n¢%+wm“1}>

m=—oo

mM=—oo

0o 1/r
§4(70< Z (G‘_’gﬂ/}l(c)Jer)r) ’

where in the last inequality we have used that ¢}, = 27"@%, ¢}, y_,, = 27FNtmg? and
27Ngy < 20y. Consequently, by condition (8.6) on convolutions and definition of fr,, we obtain
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HT(7TR4nu/ 7T54nv) - g’EFz;]H < H(](zkl Tk(ulv) - ’gk))‘FZH
00 _ ; 1/r
<tof|( ¥ (@hdlinw)) I

< 4Moo|| (@) [Tol 1| (P4 ) [T |

4n
e
< AMop||n|£(T1, T ler, <1+;7H y HIICFH‘F(”D
k=—an 11€kI10

X cr, 1+17H % eik‘rlu
[ ex|T1]]

k=—4n
< Loy fr,(01/00)

where L = c16Mcr,cr,.

It follows that
B <P3HT(R4n,S4n) : To(Ep) % T1(Gy) — rz(wm)) < Loofr, (01/00).
If Bo = 0 or B1 = 0, then (8.3) implies that
B (P3,1T(R4n,54n) : To(Ep) % T1(Gy) — TQ(Wm)) — 0.

Otherwise, the choice 0; = (1 + ¢)B; with e > 0 yields that

B (PsuT (Raw, San) : To(Fw) x T1(Gi) = T2(Wan) ) < L(1+8)Bofr, (B1/Bo)-

Letting e — 0 we conclude that

B (P3nT(R4n,S4n) : To(Fu) x T'1(Gm) — TZ(Wm)) < LBofr,(B1/Po)-

Step 3. Now we show that each one of the other six operators involving Ps,, in the decomposition
(8.21) has norm which tends to 0 as n — co. To establish it we will use the norm estimate given by
Theorem 8.1 and also the fact that T : (Ag + A1) X (Bp + B1) — Eo + Ej is continuous. Hence,
T: A;j x Bj = Eo + Eqisalso continuous fori = 0,1, =0, 1.

Consider, for example, P3, T(R} , Ssn + S, ). The following commutative diagram holds:

Ps, T(Ry,, San + Si,)
0p(Fn) X £,(Gp) ——— e (W)

(RL/ S4n + Szrn) Pgn

T

(27" Fy) % £y(Gu) Loo(Wi) + Loo (27 Wi).
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Moreover, by (8.20), we know that
HRLM(EP(Fm)Igp(zimFm»H < 274”/ H54n +SIn’£<£P(Gm)r£p(Gm))H <1 and
1P| £ (Lo (Win) + Loo (27" W), Lo (Win)) || < c£2°"

Hence,

1Psu T (R, San - S5, By (En) X €p(Gon), oo (W) | < 27| T|B(Ar x Bo, En + En) | "= 0.

4n’
On the other hand,
HPgnf(RZn,S% + SL)|B(£,,(2"”FM) X Ep(Z‘me),Eoo(Z‘me))H < ||T|B(A1 x By, E1)||

Using the interpolation formulae (8.18), the corresponding formula for T'»(W,,) and Theorem 8.1,
we conclude that

B <P3HT(RL,S4,1 454 ) 1 To(Fy) x T1(Gp) — rz(wm))

< | PsuT Ry San + S4,)IB(To(Fu) X T1(Gun), T2 (W) |
<C27"fr,(2") = 0 as n — oo.

The following operators can be treated similarly:
P3uT(Ran, S3,), PouT(Ran, Siy) PonT(Ryy, San + S, PanT (RS, Sy,), PanT(Ry,,, S4,)-
Step 4. Next we work with the other two operators P5" T, P,;ﬁ in the decomposition (8.21). Itis
convenient to split them as follows
Py, T+ Py, T =Py, T(Ry + R;,, Sy + Sy ) + P, T(Ry + R}}, Sy + S;F)

+ P T(Ry + Ry, Sf) + P, T(Ry + R}, S,
+ P T(RS,I) + P, T(R,, 1)

Factorization

Py T(Ry+R;,S,+S;)

0p(27"Ey) X £p(27"Gyy) loo (27" Wy
(Ry+ Ry, Su+Sy) Py,
T
p(F) X £y(Gn) loo(Wiy)

and the fact that || P}, | £ (€oo (Win), Loo (27" W) ) || <273, || Ry + Ry [ L(€p(27 ™), £p(Em)) || < 2"
and [|S, + S, |L(Lp(27"Gm), £p(Gm))|| < 2" yields that

||P;;T(Rn + R, S0+ 5,)|BUp(27"Fu) X £p(27"Gi), Lo (27" W) ||

n—oo

< 22n273n”T‘B(A0 X By, E())H — 0.
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Since
1P, T (R + Ryy, S+ S )| B(Ey(Fn) % £p(Gun), Leo(Win)) || < I T|B(Ao x Bo, Eo),
it follows from Theorem 8.1 and properties of fr, that

B (P, T(Ry+ Ry, Sy +5;)  To(Fw) % T1(Gu) = T2(Wy))
< P T(Ry+ Ry, Su+ S, ) [B(To(Fn) % T1(Gm), T2 (Wn)) | = 0.

With the operator Py T(R, + R;, S, + S;") we can proceed in a similar way.

For the four remaining operators we shall need Lemmata 8.6 and 8.5. In applications of Lemma
8.6, as dense subspace of £, (2™ F,,) (respectively, £,(27™G,,)) forj = 0, 1, we take the subspace
of all sequences having only a finite number of co-ordinates different from 0. Besides, if S : Fp X
Gp — We, we put

IS1l; = ISIB(€p (27" Ew) x £p(27"G), Lo 2™ War))ll,  j = 0,1.

Consider P; T(R, + R;;, S;"). Factorization

T(n(R, + R} ), TS}

0p(Fn) % £,(Gn) Eo+E
(R, +R,,S;}) T

(7, 1)
gp(Pm) X E,,(Z*me) Ag X By

shows that
IT(7(Ru + Ry, ), S| B(€p(En) X £5(Gm), Eo + E1)|| < 27"||T|B(Ao x By, Eg + Eq)|| 1700,

Since ~ R
P, T(Ry+ Ry, S o < IT(Rw +R;,, S o,

it follows from Lemma 8.5 that there are a constant C; independent of T, a subsequence (n’) and
Ni € N such that forany n’ > N; we have

I1P5 T(Ryr + Ry, S,)llo < Cio (8.24)
provided that Bp > 0. If Bp = 0, we obtain that

lim ||P5, T(Ry + R

n'—o0

Si)llo=0.

'
Onthe otherhand,ifu € £,(27™F,)andv € £,(27"Gy,) are sequence with only a finite number
of co-ordinates different from 0, we have
125, T (11, 0) [€eo (27" Wan) | < 273 T (1, 0) [ oo (Wi ) || == 0.

Moreover,
IP5, T(Ry + Ry, S )l < (1P, Tl
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Hence, applying Lemma 8.6, we obtain that there is a constant C, independent of T and N, € IN
such that foranyn > Np R
1P, T(Rn + Ry, S5 [ < Cap (8.25)

provided that 1 > 0. If B1 = 0, then we get that

lim ||Py T(R, + R;,, S, )|l1 = 0.

n—oo

Put L = max{Cy, C2} and take any n’ from the subsequence with n’ > max{Ny, Nz }. If B; > 0
forj = 0, 1, it follows from Theorem 8.1 and estimates (8.24), (8.25) that
B (P4 T(Ry + Ry, 5) : To(Fu) X T1(Gor) = Ta(Wi) )
< ||Ps,T(Ry + R, S5)B(To(Fn) X T1(G), T2 (Win)) |

n//
1P T (R +Rn//5$)lll>
1P, T (R + Ry, )0

< C||P;, T(Ry + R, S lofr, (

< CLBofr, (B1/Po)-

If ; = 0forj=0orj=1,then we obtain

B (P T (R + Ry, S5) - To(Fu) X T1(Gu) = Ta(Wa) ) "2 0.

'
Proceeding similarly, an analogous conclusion holds for each one of the operators P@T(Rn +
R),S,), P T(R), I)and Py, T(R,,, I).

Step 5. Having in mind (8.19), (8.21) and collecting the estimates in the previous steps, if §; > 0
for j = 0,1, then we conclude that there is a constant C > 0 independent of T such that for any
€ > 0 we can decompose the operator by (8.21) with n = n’ belonging to the subsequence appeared
in Step 4 and being sufficiently large, with the result that

B(T: Ar, x Br; — Er,) < CBofr,(B1/Bo) + e

Consequently, _ _ _
B (T : Ar, X Br, — Erz) < Cﬁofrl(ﬁl/ﬁo)-

If ; = 0forj = 0orj=1,then we derive that
ﬂ(T : Aro X Brl — Erz) =0.
This finishes the proof. U
In particular, for the case of the real method with a function parameter we obtain the following
result.

Theorem 8.8. Let A = (A, A1), B = (By, B1) be quasi-Banach couples and let E = (Ey, E1) be an
r-normed quasi-Banach couple (0 < r < 1). Suppose that pg, p1, p2 are function parameters such
that for some constant L we have

po(t)p1(s) < Loa(ts), t,5>0. (8.26)
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Let 0 < go, 91 < oo and write

1_ ;—04—%—% it qo,q1 =7,
q it go<r or q<r.

1
max{qo,q1 }

IfT:AxB— EandBj =B (T: Aj x Bj — E;),j = 0,1, then we have:

a) ,3 (T: (AOIAl)po,qo X (B(), Bl)PlrQl — (Eo, El)Pz,l]) = 0, if,B() = 00[’[31 =0.
b) 5 (T: (A(), A1>p0,q0 X (B(), Bl)Pqul — (Eo, El)Pz,q) S CﬁOspl(,Bl/ﬁO) if ﬁ() > (0 and ﬁl > 0.

Here C is a constant independent of T.

Proof. Proceeding as in Corollary 8.3 one can check that assumptions of Theorem 8.7 hold. Having
in mind that we can replace fgq(l/pl (2m)) by Sp,, the result follows from (8.17). O

For the case of the real method, we get the following result.
Theorem 8.9. Let A = (Ag, A1), B = (By, B1) be quasi-Banach couples and let E = (Ey, E1) be an
r-normed quasi-Banach couple (0 <r <1).Let0 < 8 < 1,0 < g9,41 < o0 and put
1 11
1: nta 7 if qo,q1>7,
q 7max{1%,ql} if go<rorgy <r.

IfT:AxB— Eandf; =B (T:A;x Bj — Ej),j = 0,1, then we have:

B(T : (Ao, A1)o,g % (Bo,B1)o,gy — (Eo, E1)e,q) < CBy B,
Here C is a constant independent of T.
Theorems 8.7, 8.8 and 8.9 refine the compactness results for bilinear operators established in
[40, Theorems 4.7, 4.8 and 4.9].

When A, B and E are Banach couples,sor = 1,and 1 < go,q1,9 < oo with % = ql—o + 17% -

1, Theorem 8.9 includes [93, Theorem 3.2] and shows that the estimate for the measure of non-
compactness holds in any of the cases gg = 0,1 = 00, g = oo or g = 1, cases that had not been
studied in[93].

We close the chapter with a final remark.

Remark 8.10. In the assumptions of Theorem 8.7, if ,Bj > 0forj = 0,1, thenit also holds

B(T: Ar, x Bry — Er,) < CBofr,(B1/po). (8.27)
This follows by applying Theorem 8.7 to the operator
T: (B0+B1) X (A()—I—Al) — <E0+E1), T(b,[l) :T(a,b),

exchanging the roles of A, B, and of I'y and T';.
Estimates (8.18) and (8.27) are not comparable as we show with the following example.

Let A, B, E, 1, 4o, 41, q as in the statement of Theorem 8.8. Assumethat0 < 6 < 1, —co < ap <
0 < a,a; < coand put pr(t) = (1 + |logt|) % for k = 0,1,2. Then (8.26) is satisfied. Using
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the estimation (6.3) that we saw in Chapter 6, it is straightforward that s,, (t) = (1 + | log )l
Then Theorem 8.8 yields

B(T : Apogo X Boygy — Epaq) < CBoy *BL(1+ [log(B1/po) )™, (8.28)
while it follows from (8.27) that
B (T : Apyqe X Bpygy — Epoq) < CBy *BI(1+ [ log(B1/po)|)™. (8.29)

Therefore, if a1 < &g thenitis clear that (8.28) is a better estimate that (8.29), while if xy < a1 then
(8.29) is better that (8.28).

In the special case when we have equality (8.26), i.e. po(t)p1(s) = Lpa(ts), t,s > 0, then we
have that s,, = s, and the estimates coincide. This is the case in Theorem 8.9.
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Chapter 9

Function spaces of Lorentz-Sobolev type

Besov spaces By, (R") and Triebel-Lizorkin spaces F;, , (IR") play a main role in the theory of function
spaces and, as we saw in Section 2.2, they contain many other important scales of functions and dis-
tributions. However, in general, the interpolation by the real method of spaces B;, , (R") or F;  (R")
does not belong to these classical scales (see [110, Section 2.4]). This fact led to introduce spaces
BiLy,(R") and F;L,,(IR") where the role of the Lebesgue space L,(R") in the Fourier analytical
definition is replaced by the Lorentz space L, ,(IR"). These spaces have been receiving growing
attention in the last years. See, for example, the papers by Fefferman, Riviere and Sagher [60],
Caetano [25], Cianchi and Pick [28], Xiang and Yan [119, 120], Almeida and Caetano [3, 2] and more
recently, the articles by Grafakos and Slavikova [71], Seeger and Trebels [107] and Hobus and Saal

[78].

The aim of this chapter is to study some basic properties of spaces B;LW(]R”) and F;Lp,r(lR”).
In particular, we characterize them by means of wavelets (see Section 9.2). This is a well-known
property in the case of classical Besov and Triebel-Lizorkin spaces (see, for example, the books by
Triebel [114, 113]). For Lorentz-smoothness spaces some previous results are already known. The
characterization of F;LW(]R”) was proved by Yang, Cheng and Peng [121, Theorems 3 and 4] in a
paper written in Chinese. For the case of Besov-Lorentz spaces, Almeida in [1, Corollary 3.2] gave the
wavelet decomposition of spaces B;Lp,q(]R”). We eliminate here the restriction r = g of the result
of Almeida, establishing the characterization in terms of wavelets for general Besov-Lorentz spaces
B;LW(IR”). The approach we follow is based on a recent paper by Haroske, Skandera and Triebel
[77], needing to establish first, in Section 9.1, the decomposition of Lorentz smoothness spaces in
terms of atoms. Finally, in Section 9.3, by using wavelets decompositions we obtain interpolation
formulae for spaces F;L,,(R") and also for spaces B;L,,(R"). A description of BjL,(IR") as an
approximation space is also given.

The results in this chapter are taken from the preprint [20] and the work in preparation [17].

9.1 Atomic decomposition

We start by giving the definition of Besov-Lorentz and Triebel-Lizorkin-Lorentz spaces in terms of
dyadic resolutions of unity as we did in Section 2.2 for spaces F; ,(R") and B}, ,(R"). We also show
some basic properties of theses spaces and then we prove that they admit an atomic decomposition.

As usual, we put Ny = N U {0}.

Definition 9.1. Let0 < q,7 < 00,0 < p < 00,5 € R and (¢y)ren, be a smooth dyadic resolution of
unity (see (2.32)).
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1. The Besov-Lorentz space B3L,,(IR") is defined as the space of all distributions f € S'(R")
such that

£ B L RO = (329 () Ly R 1)

k=0
is finite.

2. The Triebel-Lizorkin-Lorentz space F;L,(IR") is defined as the space of all distributions f €
S’'(R") such that

FIE L R = [ (X 2571y 17) |y (R7)

k=0

is finite.
Observe that for p = 7, the space B3L,,(R") (respectively, F;L,,(IR")) coincides with the
classical Besov (respectively, Triebel-Lizorkin) space B}, , (R") (respectively, F; ,(R")).
Proposition 9.2. Let0 < g,7 < 0,0 < p < coands € IR, then
S(R") < B;Lp,(R") — S'(R") and
S(R") < F,Lp,(R") — S'(R").

Proof. For p = r, the result corresponds to [111, Theorem 2.3.3]. This together with [107, Theorem
1.5] implies that

S(R") < B (R") < B{L,,(R") = B (R") = S'(R"), if r<p, s >s+n(1/r—1/p),
S(R") = B5,(R") = B{L,,(R") < B; (R") = S'(R"), if p<rs"<s—n(l/p—1/r).

As for Triebel-Lizorkin-Lorentz spaces, let s” < s < ¢/, then it follows from [107, Theorem 1.1and 1.2]
that
By Ly, (R") = FiLp,(R") < B} Ly,(R"),

and the proof is reduced to the first case. O

Letj € No = NU{0} and m = (my,...,m,) € Z". Consider the dyadic cubes
n . . . .
Qim =[[@ Tmg—2771,27Tm, +27771).
/=1

with center in xj,, = (27/my, ..., 2 /m,) and sides of length 27/. Let x;, be the characteristic func-
tion of Qjy,-

For L € N, we designate by CL(IR", C) the space of functions from IR” to C with continuous
derivatives up to order L (included).

Definition 9.3. Let L € Nandd > 1. If j € N and m € Z" the function a;,, € CE(R",C) is said to
be an (L, d)-atom (or simply L-atom) if

1. supp aj C dQjm := [Ty (27Tmy —d27771,27Tmy + d27771).
2. [0%aj,(x)] < 2/l for x € R" and |a| < L.

3. o ¥Pajm(x)dx = Ofor [B] < L —1.
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When j = 0 we simply ask that ag,, verifies (1) and (2), no moment conditions are required.

Classical Besov and Triebel-Lizorkin spaces admit atomic representations (see, for example, [114,
Theorem 1.7]). To study the case of spaces B;L,,(R") and F; L, ,(R"), we start with some auxiliary
results.

Lemma 9.4. Let (¢k)ren, be a smooth dyadic resolution of unity (2.32), let (a;,) jeN,, be a sequence

meZ"
of (L,d)-atoms on R"” and A > L. Then

2—L[k—jlpnmin{k—j,0}
(1 + 2min{li}x — x| )2

| (prdjm)” (x)| < C
for every x € R" with a constant C independent of j, k and m.

Proof. Let N > 0, then for any multi-index a with |a| < L we have

sup [0%aj, ()] (1 + 2|y — xj )N < C(d, n, N2/, (9.1)
yeR"

Indeed, from properties (1) and (2) in Definition 9.3, we obtain

(1+ 2y — x| )N

o"a; < 2l :

flal d N j N
Besides, by construction of the partition of unity, if k € IN, we have

9 (x) = o(27%)Y (x) — o (2751) Y (x) = 2% gy (2"x) — 25 gy (2 1)

Hence,
gy (x) = 2k HINYT Y (2Fx) — 2Dl g7 ¥ (k1) |

Let M > 0, for any multi-index y with |y| < M we have

sup [97gy (x — )| (1 +2"x — y )™
yeR"

= 24017 sup (97 ¢ (2(x — y)) — 27 DY gy (257 (x — ) (1 + 25 x — y )M
yeR”
< 2K+l e(M, n, o). (9-2)

Assume first that k < jand (j,k) # (0,0), then aj, has vanishing moments up to order L — 1
(included). Puta =0,N=L+A+n+1,M = Aand|y| < L. Then (9.1) and (9.2) allow us to use
the results of [70, Appendix B.2, p. 596] based on Taylor’s theorem, obtaining that

2—L(j—k)p—n(j—k)

A V — V _ . < n
(i) ) = | [0 (x = vam)ay] < CLadm, b o) g =, ¥ ER"

Let now j < kand (j, k) # (0,0). We claim that for any x € R" the Schwartz functiony —
¢/ (x — y) has vanishing moment conditions of any order. Indeed, let € INjj be any multi-index,
forany k € IN, we get 9P (0) = 2 KFlaP o (0) — 20 +DIFIA Y, (0) = 0 because gy = 1in a
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neighborhood of 0. This implies that [, y# ¢} (v)dy = 0 forany p € N} and so

A;W¢Nx—yﬂy=AQW—X+wW¢Hw@r=;%(5%”/ﬂ@—xﬁ”¢ﬂx—yﬂy=0

(9:3)

For|a| <L, N=A,M =L+ A+n+1andy = 0, using the results in [70, Appendix B.2] we get
that

o L(k—)

A V — V o . < n
(ond) ()| = | [0 =)t ()dy] < CLadom Ao go) e — s ¥R

Finally we deal with the case k = j = 0. From (9.1) with @ = 0, N = A and (9.2) with y = 0 and
M = L+ A +n + 1 we derive that
laom (y)| < C(d,n,A)(1+ |y —xom|) ™", y€R"
¢ (x =) < C(Ln, A, o) (1+ |x —y)) """, xyeR™

Thus,

(goon) ()] < [ 1§ (x = ) laom(y)ldy

< CLod,nA,go) [ (L4 =) (U [y = xou]) My

n

S C(L/d/n/A/ (PO)(l + |x — x0m|)7)\ /IRn(l + |x _y|)*n*L71dy
= C(L,d,n, A, o) (1 + |x — xom|) .

O]

Let (A, || -|A||) be aquasi-Banach space,0 < p < c0and0 < r < co. Thespace L,,(A) consists
of all (equivalence classes of) strongly Lebesgue measurable functions f : R"” — A which have
finite quasi-norm

FILp, (A= THLF CHLAT L, (RT)].

If p = r wejust write L,(A) for L, ,(A). See, for example, [87, 110, 11]. According to [110, Theorem
118.6.2],if 1 < pg # p1 < 00,0 <r < o0cand0 < 0 < 1, then

1 1-60 6
L, (A),L, (A))g, =L,,(A), ith — = 4+ —, .
( po( ) Pl( )6, p,( ) wi p 1o o (9-4)

with equivalent quasi-norms.
Let f : R" — C be a Lebesgue measurable function. Then
1 n
Mf(x) =sup - [ [F(y)ldy, xR,
Q>x |Q| JQ

is the Hardy-Littlewood maximal operator. Here Q is a cube containing x and |Q| stands for its
Lebesgue measure.

According to Fefferman-Stein maximal inequality for vector valued Lebesgue spaces (see [61])
we know that for any sequence of Lebesgue measurable functions (f;)jen,, 1 < p < coand 0 <
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g < oo, the following inequality holds:

(Eo) s

<[ (xim) I my
L

- (95)

Using now interpolation formula (9.4) with A = /,(IN) and suitable parameters, and Theorem
2.1, we get that for any sequence of Lebesgue measurable functions (fj)jen,, 1 < p < 00,0 < g <
oo and 0 < r < oo, we have that

Y MA)) Ly (RY)
H (jzo )

<C imw YL R (9.6)
=0

Notice that the Hardy-Littlewood maximal operator is not linear but sublinear. However, Theorem
2.11is still valid for sublinear operators if the couples are formed by quasi-Banach spaces of measur-
able functions with the lattice property (thatis, if | f| < |g| almost everywhere, then the quasi-norm
of f is smaller that the quasi-norm of g).

Lemma 9.5. Let () jen, € C,0 <b <1landA > 7. Then

meZ"
|77]m’ b
— < C2~ 5 min{k—j.0} £ A1 i) (x /
mGZZ” (1 4 2mindikb [ x — xp, |) { (mezzn [junl 2jm) (%)}

for every x € IR” with a constant C independent of j,k € INgand m € Z".

Proof. Foranyj,k € Npand x € R”, set

Fo={meZ": |xj, — x2minlbi} <1},
Fo={mezZ": 2" < |xj, —x]2mn:} <24} 4 eN.

We have

Mz i agk

=[]

|7/]m| =~ (u—1)
(1+2mm{]k}|x_x]m’ Z:: §|77]m|

7—A(u=1) ( Z Mjm |b) 1/h.
L,

Z |77]m|
(1 + 2minlikd | — [ )

mezZ"

IN
=
g}

/b 1/b
Note that ( Lg, [7m|?) " = 27”/b<fan Y, 1jm!PXjm (y)dy) . Furthermore,

U Q]m cCQ:= H Zu—min{k,j}-&-lxg +2u—min{k,j}+1]_

Fll

Indeed, if y € Qj,, and m € F, then

e —xo| < [ye— (ju)el + [ (xtjm)e — x| < 27771 20 mintik} < pueminGGkIHL g = p,
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Collecting the previous estimates we have that

|77]m| ]n/b (u—1) /
mé” (1_|_2m1n{]k}|x_x]m|)/\ - 22 2‘77]711| X]m dy)
. 1/b
— oty 2 / > 1im X (v)dly )
u=0 Q'F,
< C(n)zjn/b—min{j,k}n/h i —A (u—1) zun/b{ (Z |77]m| X m)( )}1/b
u=0

< C(n)zfn/bfmin{]',k}n/b{M< Z |77]m‘ X] m) } Z - Alu—1) 2un/b

meZ"
1/b
C(?l /\>2 Fmin{k— ]0}{ < Z Mjm‘ij,m> (x)} ,
mezZ"
where we have used that A > 1/b in the last inequality. O]

Definition 9.6. Leta > 0and (fi);2, be a sequence of Lebesgue measurable functions from IR" to
C. We define the Peetre’s maximal function by

Wbl _ o 1G)
Ui =550 02y o2 T 2y

We recall here an important property of Peetre’s maximal function whose proof can be found in
[121, Lemma 6] or [70, Lemma 2.2.3].

Proposition 9.7. Let (¢y)ren, be a smooth dyadic resolution of unity, f € S'(IR"),0 < r < 1 and
a=mn/r. Then

((9xf)")a(x) < Clm, 9o, 1) (M[(9ef) )" (x), x € R™.

Now we introduce some sequence spaces.

Definition 9.8. Let0 < q,7 < 00,0 < p < oc0ands € R.

1. The space bi Ly . is the collection of all sequences (u) jen, C C having a finite quasi-norm

meZ"
> a\1/4
i) 05 Lpall = (27| X il ()L R)[7)

j=0 mez"

If p = r then we just write by, ; instead of by Ly p.

2. The space f3 L, « is formed by all sequences (pi) jen, C C having a finite quasi-norm
meZ"

G Lpel = (X 5 2l i) 1L R0

j=0mezZ"

If p = r then we just write £} ; instead of f3Lp p.

Spaces bg Ly r can be also defined by using the Lorentz sequence spaces:
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From now on we will use the notation ¢,,(Z") for Lorentz space L, ,(Z") with the counting
measure. It can be easily shown that ¢,,,(Z" ) admits the following equivalent quasi-norm

0 1/r
|Genhmeze (@) ~ (1 Il (k+1)7771)
k=0

where (x}) is the decreasing rearrangement of (X, )mezn. As usual, if p = r we just write £,,(Z").

Lemma9.9. Forany(0 < g, < 00,0 < p < c0cands € R, letbf]lép,,r be the collection of all sequences

(#jm) jen, C C having a finite quasi-norm
meZ"

= i(s—n n /4
o) B3 el = (1o 2729 (i ez 5 (Z) )
j=0

Then we have with equivalent quasi-norms

bSLps = b3 lpr-

Proof. Takeanysequence (yu)jen, C C. Foranyj € Noput f;(x) = Cyezn [Hjm|xjm(x), x € R™.
) mezZ"
If W := (fjm)mezn, since |Qju| = 277", we have that

[ee]

fi(t) = Z(Vj)ZX[Z*J'"k,Z*f"(k+1))(t) :
k=0
Therefore
dt\1/7 ol , 27 (k+1) di\1/7
e — 1/p i — AL r/pZ2
| 5 i 2123 R | = ([Tergorg) (L [, )
) ° ) 1/r
= (B2 i (e —x/0))
r k=0
~ 27 (i) mezo | € (27 (97)
This yields the result. O

We prove now an interpolation formula for fﬁle,r spaces that will be useful later on.

Theorem 9.10. Lets € R,0 < g,7 < 00,0 < pg # p1 < 0,0 < 0 < 1and % = 117;09—1—%. Then we
have with equivalent quasi-norms

(£50,9- fp1,q)0r = fqLpr-

Proof. Let A be the quasi-Banach space consisting of all t = (pj) jen, C C with finite quasi-norm

meZ"
° . 1/q
[l Al = (X X 22 ml)
j=0mez"

Forevery yu = (Hjm)je]NO c ff‘,k,q, k=0,1, put
meZ"

R(]/l) (X) = (,uijj,m (x))]'EINo,mezn.
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Itis clear that R : £}, ; — Ly, (A) is continuous and [|R(p)[Lp, (A)|| = [[u|fp, qll-

Take any 0 < b < min{py, p1,9} and consider the operator P which assigns to any § =

(gjm)jeNO, the sequence
mez"

P(gjm) = ((‘Q]lm, /Q . Igjm(y)lbdy)l/b) jeNo,

meZ"

Applying (9.5) we derive

. 1 1/b g\ b/q 1/b
. — js . b e n
1P(gm) 6l = || ( (] L 2 (g, Jsm @) O] R0
<[(L X 2 Mignl*()17) " Ly s (RY)|
j=0mezZ"
S Ngjm Ly (A
Whence, P : Ly, (A) — £, 4 is continuous. Note also that
(PoR)(1) = (I1jml) jen, -
meZ"
The linearity and continuity of Rimply that for every y € £5 o +£5 ; we get
K(t, R(1); Lpo(A), Lp, (A)) < K(t, 15 £ g £51,q)- (9-8)

On the other hand, due to the lattice properties of 5 __, the last K-functional is

Px.q’
K(t 5 60, q0 Tpq) = L (B0 g qll + £ i) [€0,q 11 = T < 10+ Hjons Hos i > 0}

(see, for example, [43, Lemma 3.1]). This together with the fact that |Pf| < C(b)(P|fo| + P|f1]) if
f = fo+ f1, imply that

(t Pf fPofl’ qu) (t |Pf’ fPo‘l’ qu) = C( ) (t P|f0|+P|f1’ fPo‘l’ qu)
S [IP1follfpeqll + P11, qll S Wl folLpo (AN + £l 1 Lpy (A) ]I

Taking the infimum over all possible decompositions we obtain that

K(t, Pfif5, o fp1q) S K(t £ Lp(A), Ly, (A)), forevery f € Ly (A) + Ly, (A).

Thus,

K(t, ; £50,q/ Tpr,q) = K(E 1] £p0,/ F510)
S K(t R(1); Lpy(A), Lp, (A)). (9:9)

From (9.8), (9.9) and (9.4), we conclude that

1741 (£o,q- £pr,a) o[l ~ IIR(p)[(Lpy (A), Ly (A))orll ~ [IR() Ly, (A) ] = [lpel£GLp,el-

Next we establish the atomic decomposition for function spaces with Lorentz smoothness.
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Theorem 9.11. Let(0 < g,7 < 00,0 < p <o0,5 € R,n,L € IN.

1. Let L > max{n(m — 1)+ —s,s}. Adistribution f € S'(R") belongs to ByL,,(R") if,
and only if, there exists a sequence of L-atoms () jen,, and a sequence (#jm) jen,, in by Ly r

ez" e
such that . " "
f(x) = 2 Z Himajm(x) (convergencein S'(R")).
j=0mez"

Moreover, || f|BgLy, (R")[| ~ inf{[| (jm ) b3 Lp,e| }-

2. LetL > max{n(m — 1)+ —s,s}. Adistribution f € S'(R") belongs to F;L,,(R") if,

and only if, there exists a sequence of L-atoms (4 ) jen,, and a sequence () jeN,, in fgLp,r

meZ" meZ"
such that

[ee]

f(x) =Y Y pjmajm(x) (convergenceinS'(R")).

j=0mezr

Moreover, || f|F7 Ly, (IR") || ~ inf{[[ (jum ) [ Lp,x[| }-

Proof. Assume that f(x) = Y20 Yz Hjmajm(x) (convergence in S'(R")) with (aju) jen,, and
mezZ"
(Hjm) jeN,, satisfying the assumptions of (1). Let0 < b < min{p, 7,1} suchthat L > n(f—1)—s>
meZ"
n(m —1)4 —s. Take A > max{L,n/b}. It follows from Lemmata 9.4 and 9.5 that for any

k € Ny,

S

|(gif)” (x)]

IN
e

1
<}
3
m
>

Y pim | (@rijm) Y | (x)

2—L[k—j|pnmin{k—j,0}

OmeZZ" |ij, (1+ 2min{k'j}|x - x]'m|))\

{M( y gLkl nmink-i0}a-b)|y, X]m>( )}1/17‘ o0

meZn

N
§agk:

~.
Il

N
e

—
Il
o

Set gj(x) = Lyezn 27 Lkilbpmnmin{k=j0(1=b) |y, 1bx. . (x), j € No. Using (9.6) and the fact that
L,,(IR") is b-normed quasi-Banach space, we derive that

[ee]

(@)Y ()| Lpr (R || S H(Z Mg )b\Lp/b,r/b(R”)Hl/b N H(i;|gj|1/b)b’Lp/b,r/b(R”)Hl/b
- . ’b>1/b

9~ L|k=jlby—nmin{k—j0}(1-b) H i X () | L (R™)
=0 meZ"

[ee]

= || Slasl* 11y (R

- (5

= 3 118 (R

b)l/b

(9.11)

mgo

—
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Consequently, if * = min{q/b, 1} we obtain that

A B L R = (329 () Ly R 1)

k=0

(E (ZZ sb2 L|k— ]|b2 nmin{k—j,0}(1— b)2]sb Z ’ij|Xj,m(')|Lp,r(]Rn)

meZ"

b>q/b>1/q
q)l/q

(9.12)

S ( Z 2]sbq*2—L\]|bq*2_nmm{],O}(l—b)q*)1/ q ( Zz]gq Z ‘V]m|X]m()|Lp1’(]Rn)
j=—o00 j=0 mezZn

where we have used Young’s inequality for convolution in the last inequality. Taking into considera-
tionthat L > sand L > n(} — 1) — s, it follows that

S n S ql/q
| £IB;Lp,r(R") (Zw ) = 1l b3 Ll

Y sl ()| Lpr (RY)

meZn

Assume now that f € B3L,(IR"). According to [68, Lemma 5.12], [67, p. 783] and [76, Lemma
3.11], there exist @y, ®, @y, ® € S(IR") with the following properties:

e supp @y, ® C {x e R": |x| <1} and [, xPO(x)dx =0, forevery|B| <L—1.
o suppPy C{xeR":|x|] <2} and suppP C{xeR":1/2 < |x| <2}.
* O(x)Po(x) + L2 O(27/x)®(277x) =1 forallx € R".

Then, it follows from [70, Proposition 1.1.6/(b)] that

£(2) = (@0@0f)" (x) + Y (6271 ®(271:) /) (x)

j=1
= @ * (Pof) " (x) + 22]”@) (2 x (@27)f)" (%),
j=1
being the convergence in S’(IR"). For every j € Ngand m € Z", set

#jm = C sup \(@(Z’j-)f)v(yﬂ with C = max{ sup sup [07O(x)|, sup sup ]87®o(x)|}

e l7I<L |x|<1 l7/<L |x|<1
(9-13)
and
j (x) = o Ju, ©0(x = y)(@of)" (y)dy ifj =0, (9.14)
im ijm fQjm O (x —y))(@(277)f)V(y)dy ifjeN.
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Notice that

163

izﬂjm”’]m x) = Z/

@ (x — ) (Pof)" (y)dy
czn meZn < Qom

FY L 2 0@ )@@ ) )y
j=1mezr Qj

jm
= @0 * (q)of

)+ sz@ (2) * (@(277)f)" (x)

= f(x),
j=1
with convergence in S'(R"). Moreover, (aj,)jeN,mez is @ sequence of L-atoms. Indeed, the sup
port of a;,, satisfies

Supp @jum C Qjm + supp ©(2/:)

Qjm+{x €R":[x| <277} C3Qju j €Ny, meZ"
Furthermore, if j € IN we have that for any multi-index a with |a| < L
jn ™ . i Ay
[0%am ()| < —— [ 2¥[0"O (2 (x = y))[[(®(277-)F) " (y)|dy
]/l]m Qjm
2j(n+lal)

Hijm

sup [(®(27)f)Y(y)| sup [0°©(x)||Qjm| < 2ilal
yerm xeR”

Analogously for j = 0. Finally, for any multi-index g with || < L —1andj € IN it holds that

[ APl = 2 L2 ()

0@ (x—y) (@27 ) (y)dy)dx

=0,
due to the moment conditions on ®

Let now (¢;);eN, be the dyadic resolution of unity in (2.32). Forany x,y € R",j € INg and
a> m we have that

(@A =] 2 (91 @@7)f) ()] < z 2 [ 10V @y =2))l|(gpeef)" (2)1dz
<S4 2y xl) 1 /W<1+zf\y— 2) L+ 2z = X)) (9 ) 2]z
(=-1

. ; ! 7
g21”(/]Rn(1+2]|y—z|)’”’1dz)(1—|—2]|y—x!)” Y. (¢j+e/)")i(x)

=1
1

S A+ —x)) Y ((9je/))a ().

=1
Whence, forb = n/a < min{1, p}, using Proposition 9.7 we obtain

Z |.ujm|Xj,m(x> S

1
S Y sup U+ 20y —x))" Y ((9j4ef)V)a (X)xm (%)
mezn meZ" YEQjm (=—1
1 1
S EZ ((@jef)" )i (x)
=1

N ZZ (M](@jef)"[" (). (9-15)
=1
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Thus, from (9.15) and (9.6)

© 1 .
[[(jon) (DG Lp el S < ;)2]“’ gzl(M|((Pj+£f)v‘b(x))l/b‘Lp,r(]Rn)
j= -

)"
1

< 2 (L2 L R7) 7 < 1£1BL R

(=—1 "j=0

The proof of (2) follows the same pattern. Assume that f(x) = Y20 Linezn #jmjm(x) (con-

vergence in §'(IR")) with (aj,) jeN,, and (ijm) jen,, satisfying the assumptions in (2). Let0 < b <
mezZ" mezZ"
min{1,p,q} suchthatL > n(1/b—1) —s > n(m

(9.10), (9.11) and (9.12), now with g* = min{1, g}, we derive that for any x € R"

— 1)+ — s. Following the same ideas as in

(e ]

(L25Igef)I(x)7) "

k=0

< (é[i ~1)sp~Llk—jlp—nmin{k—70}(1/b~ U{M(mezznsz"blmmlbxf;m)(x)}l/b]q>1/q
( i 2fsp~Lljlp=—nmin{j0}(1/b-1)]g ) W(i){M( % 2j5b|ij|ij,m>(x)}q/b>1/q'
j=—oo j= mezr

The first sum in the last inequality is finite since L > sand L > n(1/b — 1) — s. Consequently using
(9.6), we finally get that

0 . q/b\b/q 1/b
IARL RIS (L M X 2 1l %) (0} ) LR
j=0 mezZ"
< 3 jsq q e n s
SI(E X 2l 2m(x)) 1L (RY]| = 1) 5 Ll
j=0mezZ"

Conversely, assume that f € F7L,,(R"). Take (y]m)]eNO and (aj,) jeN, asin (9.13) and (9.14),
meZ"
then (a;,,) is a sequence of L-atoms and f(x) = Y20 Yuezr Hjmdjm(x) (convergence in S'(R")).

Take any 0 < b < min{1, p,q}. Proceeding as in (9.15), we have that
1
Y il xim(0) 3 (MI(@jef)VP(x))V?, x € R™
mezZ" {=—1

Consequently,

Gt 5Ll i [(% (2l 1)) Ly ()|

j=0
< 1 o s qa\1/q " < i ;
< 2L (28 10eH 160) ") L (R S 1B Ly (Y]
(=-1 j=0
This completes the proof. O

We close this section by showing that in the statement of Theorem 9.11 we may change conver-
gence in §'(IR") by unconditional convergence in S’(R"). As usual, forany 1 < r < oo, we put
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1/r =1-1/r.
Proposition 9.12. Let0 < g,7 < 00,0 < p < 00,5 € R",n,L € N.

1 .
1. LetL > max{n(m — 1)+ —s,s}, let (‘M]‘m)]‘e]lzo € bgLp,r and assume that (ujm)jEH}o is
meZ" meZ
a sequence of L-atoms. Put

Z Z Him@jm (x) (convergencein 5/(]R")),

meZ"

Then the convergence of the series is unconditional on S’ (R").

2. LetL > max{n(m —1)4 —s,s}, let (ﬂjm)jeﬂéo € f3Lp,r and assume that (ajm)je];o is
meZ" meZ"
a sequence of L-atoms. Put

f(x) = Y Mimajm(x) (convergenceinS'(R")),
j=0mez"

Then the convergence of the series is unconditional on S’ (R").

Proof. It suffices to show that the series } 22 }-,c 2+ (#jmjm, @) converges absolutely forevery ¢ €
S(R"). Assumefirstthat 1 < p < ccandletl < p; < p < pa < 0o, M > n/p/z,N > L +nand
¢ € S(R"). Then

sup sup [P (x)[(1+ |x|)M < oo,

|B|=L xeR"
and according to (9.1) sup, cgn |2jm ()] (1 + 2/|x — xj, )N is uniformly bounded on j and m. Since
aj, has vanishing moments up to order L — 1, using Taylor’s theorem (see [70, Appendix B.2, p.
596]), we derive that

2—j(L+n)

(i) = 2 Il [ am@o@x| S ¥ Il g ywe 079)
mEEZ” e ¢ mezn " ]m mgn " (1 + |xjm|)M
where the constant in the last inequality is independent of j € INo.
—i Him
Let Tj((#jm)mezn) = (2 ](H”)W
k =1,2, because

>mezn' Then T; : £y, (Z") — £1(Z") is bounded for

T () |61(2Z" — p—j(L+n) M
1T, 6127 P

N
27 () (X (@ ) 0)
meZn" mezZ"
. 1/ px / 1/p}
< o—j(L+n/px) ez / —Mp k
$2 k(m;zn’”’ﬂ (e )Mt

The last expression is finite since M > n/p) > n/p). By the estimates for the norm of the interpo-
lated operator given in Theorem 2.1 and interpolation formula (2.18) for Lorentz spaces, we obtain
that T} is continuous from £, ,(Z") to {1 (Z") and

2—j(L+n) i(Ln/p) ;
Z "u]m’m ,62 / P H(.ujm)meznwp,r(z )H/ (9-17)
im

meZn
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where the constant in the last inequality is independent of j € INg. Now (9.16), (9.17) together with
(9.7) imply that

Yo 2 (it 9)] S Y27 P (i) mezn [, (27
j=0mezr j=0

< 127 (i) b3 L < 0,
j=0

since (jjm) € b§Lprand L > max{n(m —1); —s,8} > —s.

If0O < p<1lasL >n(l/p—1)—s,thereexists P > 1suchthat L > n(1/p —1/P) —s.
Proceeding as before and noting that ¢,,,(Z") < {p,(Z") we have that

Yo X (i @) S Y 27T E N (i meze [, (27) |
j=0mezn =0
< Y 2T (i ) mezn | € (Z) |
=0
5 szj(LJrn(l/Pfl/,v)an)H(‘u]’m”szP,rH < oo,
=0

since (jm) € b§Lprand L > n(% — 1) — 5. This establishes (1).
In order to prove (2) first observe that
1/q

| L rmlinl L R = [ (X sl m) Ly (RY)

mezn meZn

(9.18)

since for any fixed j € Ny the dyadic cubes (Qj)mez» are pairwise disjoints. If 1 < p < oo,
proceeding as for the part (1) we obtain

Z Z ‘(,ujmajm/ (Pﬂ 5 Zzij(LJrn/p)H(,ujm)mEZ”Mp,r(zn)H
j=0mezr =0

) 1/q
(X 2l im) Ly (RY)

mezZ"

- —jL /4 n
~ L2 (X (sl i) I (RY)
j=0 mez"
N iz—j(us)
j=0

< ZZ_j(L+S)‘|(ij)|ff1Lp,rH < %,
=0

because now (pj,) € f§Lprand L > max{n(m —1)+ —s,s} > —s. Forthecase0 < p <1,
taking into consideration (9.18), we can proceed again as in (1). O
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9.2 Wavelet characterization

For L € N, let ¢r, o1 € CE(R) be real-valued compactly supported functions with

/]Rll)p(t)zdt:L /]RtpM(t)Zdt:1 and /RtpM(t)tfdt:O, ¢ <L

Let G = (Gy,..,Gu) € G = {F, M}" which means that G is either F or M. For j € N, let
G = (Gy,...,Gy) € G/ = {F, M}"™ which means that Gy is either F or M but at least one of the
components of G must be M. Put

. . n . .
chlm(x) = ZJH/ZHIPG[(ZJX/{ — mg), Ge G], m e Z”, ] S No. (919)
=1
Then {lP]Gm :GeGl,me Z",j € No} is called a wavelet system.

We start by introducing the relevant sequence spaces.

Definition 9.13. Let0 < g,7 < 00,0 < p < c0ands € R.

1. The space by L, is the collection of all sequences (yi,;c) C C having a finite quasi-norm

)™

103 Lpell = (L2 || X 1 1 ()L (RY)

j=0 GeGl meZ"

If p=rwewriteb;, , forbiL, .

2. The space f;Lp,, is formed by all sequences (y{;f) C C having a finite quasi-norm

1) FiLpell = [ (5 5 X 24 () L (RT)

j=0 GeGi mez"

If p = rwe write f; , for foL,p.

The space bf]L,,,r can be also defined by using Lorentz sequence space /,,: Consider the space

by ¢y, formed by all sequences (yl,;c) C C having a finite quasi-norm

iG © ) 1/q
1O NB3prll = (26D Y 1 (2)]))
j=0 GeG/

where y]:'G = (]l%c)mezr1. With the same argument as in Lemma 9.9 but putting now f;c =

,G .
Yomez |1 |Xjm(x), we derive that

byLpr = byly,  (equivalent quasi-norms). (9.20)
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Remark 9.14. There is an useful connection between these sequence spaces and those of Definition
9.8. To describe it, let G* = {F, M}"* and G = {F}". If (u};") € b Ly, we have

() B3 L |

= (‘ Yo %0 xom ()| Ly, (R™)

)"

I+Ea x

Y X ()L (RY)

mezZ" GeG* "'mezZ"
iG a\1/q
|l T e o O ®) |+ T (229 T 1 il @)
meZn" GeG* j=0 mez"
= | Z 10 xom ()L R+ X 116 b3 Ll
meZn" GeG*

Analogously, if (1) € f3Lprthen

Y 115G xom () |Lp,r (R

meZn

NGO Ll ~ || 1

)|+ X 1601 Ll
GeG*

Note that the above computations give equivalent quasi-norms in b;Lp,r and f;Lp,r, respectively.

Letm € Z",j,] € Ng,d > 1and C; > 0. From now on put
I}(m) ={MeZ":dQmNC1Qjm # D}.
The following result shows that spaces bfle,r and fﬁlelr are K-sequence spaces in the sense of
[77, Definition 4.1].

Lemma9.15. Let0) < p < 0,0 < g,7r < 00,5 € R,d >1andC; > 0.

1. If & > max{s, n( — 1)+ —s, 5 — s}, then by Ly ; has the following properties.

1
min{p,r}
a) If (jm) € byLprand (Aj,) C C satisfy

Al < Y 27503 27U Dy |, j € Ny, m € 27, (9:21)
J€No Mel](m)

then (Ajm) < b?1]-'p,r and ||(/\jm)|b§1]~p,r|| S ||(ij)|bsc’1]~p,r||-

b) Forany cube Q there exists a constant Cg > 0 such that for any (pj,,) € bgLp((IR"), we
have that

iyl < Co2 || (1jm) 6§ Lpy||  forevery ] € Noand M € Z" such that Q)i C Q.

2. If k > max{s, n( —1)y —s, % — s}, then 3 Ly, has the following properties.

1
min{p,q}
a) If (jm) € fgLp,rand (Aj,) C Csatisfy (9.21), then (A;,) € f3Lp,r and
1A £ Lp el S 1 (ajm) G Lip e -

b) Forany cube Q there exists a constant Cq > 0 such that for any (yj) € fgLp,, we have
that

lgm| < CQZJ"H(y]'m)\ffleJH forevery ] € Ngpand M € Z" such that Q;m C Q.
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Proof. Let (ujm) € bgLp,rand (A,,) C C satisfying (9.21). Then forany x € R”

2 imlxim(*) S ) Zz S 0D Yl m (%)

:EZ—K|]—j\2—n(I—f)+ 2 Z |l X m (x)
J=0

-
MEZ" Mel)(m)

222*K|]*j‘2*n(]*]')+ Z |‘u]M| Z X]/m(X)
7=0

MezZ" mezZ"
dQrmNC1Qju#D

It is straightforward that if dQjm N C1Qju # @, then Qi C Qj7,m Where

Qjm = lﬁ[[zflMg — p2-min{iJ}=1 2= M, 4 p2 - mindi/ 1]
(=1

and D =1+ d + C;. We have

1 QMmN Qjrml  |Qyml 1 i
Mxj,m(x 27/ xim(y)dy = T ) n(1])+,
pm() Qi Ml JQj pm(y)dy 1Qj.1 Ml |Qjym| D"

forany x € Qj; m- Thisimplies that

Z Xjm(x) < XQ]-,,,M<X) < 2”(]’j)+MX],M(x), x € R™
meZ"
dQrmNC1Qj#D

Letnow 0 < b < min{1, p,r} suchthatx > n(1/b—1) —s > n(m —1)4 —s. Then
Y. Ajmlxjm(x) S ZZ*K”*]"T”(H)* Yo Immlxg (%)
mezr = Mezn
. ‘ 1/b
< Z Z (‘VIM‘bz*KU*J”’Z*”U*]M(bfl)MX]’M<x>)
=0 Mez"
1/b

Z Y { (|pgpa| P2l (hfl)XJ,M)(x)}

0 Mezr

Using now (9.6), as we did in (9.11), we derive that
H |)\jm|Xj,m(x)|Lp,r 5 H ( Z 2—K\]‘j|2—”(]—f)+(1—1/b) Z |,u]M|X],M)(x) ’Lp,r(Rn) H
meZ" J=0 MezZ"
)b>1/b

5 (Z2—K|I—f\b2—n(]—f)+(b—1)H Z ’V]M|X],M(')’Lp,r(]Rn)
J=0 Mezn
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where in the last inequality we have used that L, , is a b-normed quasi-Banach space. Now proceed-
ing as in (9.12) we have that for ¢* = min{q/b,1}
"

Z ’/\jm ‘Xj,m‘Lp,r<Rn)

| Ajn) B3 Ll = (L2
j=0

mez"
o (v (i - in{i by q/b\ 1/9
< ( y ( Y 2= Dsbg=rli=Jlop—nmin{j=]0}(1=b)pJsh || § 1y v ()| (R ‘ ) )
j=0 J=0 Mezr
1/
] B B Ot s PR ST D
J=—eo Mez»

Since k > n(1/b—1) —sand x > s, the first series is finite and we get that ||(Aj)[b§Lpsll <
||(ij)|bfle,r||-

On the other hand, we have

. 1/q _
1) B3 Lpell = (L 277 X Iin m L (R} = 2 paguaf277777,

j=0 meZ"

foreveryJ] € Noand M € Z". Askx > n/p — s, we have that for every ] € Npand M € Z"

[aal < 21| (pjns) [0 Lip eI

For the sequence space ffle,r, the second property can be proved in the same way.

) 5 Loell = | (5 X 2%lpultain) 1Ly (R)

j=0mezZ"

> 205 uym|2” Jn/p — 2](5_"/p)|M]M!,
forevery ] € Npand M € Z". Ask > n/p — s, we get that forevery ] € Npand M € Z"

[gaal < 29 (jn) | €3 Lpe .

We check the first property for fﬁle,r with the help of interpolation. Let 0 < py < p < p1 such

that x > max{s, n( —1)4 —s}. According to Theorem 9.10, we have that (£5 5 .o,

1
min{po,q} po.q’ "p1,9/0

£ Ly, forf = 21lP=p0) - consider the operator

p(p1—po)
T(pjm) = ( Y o=l Y g |WM|>]6NO
JeNo MEI/( ) meZ"

T is sublinealand T : f;k q —— fp.q is continuous for k = 0,1 (see [77, Proposition 6.5]). Then
: fgLlpr — fgLp, is continuous, which means that if (yj,) € faLprand (Aj,) C C satisfy
(9.21), then
1A ju ) EqLpell S IIT i) [ €q Lp el S 1] jm ) [ £ Lopel -

O]

Now we are ready to establish the characterization by means of wavelets for spaces with Lorentz
smoothness.

Theorem 9.16. Let (0 < p < 00,0 < g,7r < 00,5 € Rand let 1/1](';,,” be the wavelets in (9.19).
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1. Assume that ,

n
— 1), —s,——5s).
min{p,r} )+ S'p 5}
Then f € §'(IR") belongs to B;L,,(R") if, and only if, it can be represented as

L > max {s,n(

flx) = i Y. Y M2yl (x), (M) € BiLy, (9.22)

j=0 GeGI meZ"

unconditional convergence being in S’(IR"). The representation (9.22) is unique,

G G , .
NS = M) =21 4,
and , .
I:f — (2"2(f, ¢]c,m))jeNo,Ger,meZn

is an isomorphism from B L, ,(R") onto b3L, .

2. Assume that
1 n

———— 1) —s,— —s}.
min{p,q) TV
Then f € §'(IR") belongs to F;L,,(IR") if, and only if, it can be represented as

L > max{s, n(

=Y ¥ ¥ A2 (60, ) € fiLy, (9.23)

j=0 GeGI meZ"

unconditional convergence being in S’(IR"). The representation (9.23) is unique,

6 G _ )
Mi” =M (F) = 2" (£, 95,
and , .
I:f — (2"3(f, VE.m)) jeNo,GEClmezr

is an isomorphism from F7L, ,(IR") onto fZLy, .

Proof. Since we have Proposition 9.2, Theorem 9.11, Proposition 9.12 and Lemma 9.15, we can apply
[77, Theorem 5.1] to get the wanted characterizations. O

9.3 Interpolation formulae for Lorentz-Sobolev spaces

Now we study some interpolation results for spaces B L, (R") and F; L, »(IR") with the help of the
wavelet representation obtained in Theorem 9.16.

Theorem 9.17. Lets € Rand0 < g,rg,71,7 < co. Assumethat0 < 0 < 1,0 < pp # p1 < o0 and

% = %‘9 + %. Then we have with equivalent quasi-norms

1 (B g(R?), Ep g (R™))g,r = FiLp, (R").

2. (ESLpyry(R"), Es Ly, 1y (R"))g, = E5 Ly, (R").
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Proof. The operator I in Theorem 9.16 is an isomorphism of F;k/q(]R”) onto f;qu, k =0,1. Hence the
interpolation theorem yields that

I: (P;;o W(Rn)’Frs’l q(]Rn))efr - (f;(l/q’f;b’i)err

is an isomorphism. Proceeding as in Theorem 9.10 is easy to prove that

(f;o,q/ f;l,q)Qﬂ’ = f;LPJ"

Therefore, using again Theorem 9.16 we get that I is an isomorphism of F;L,,(IR") into f7L,,, and
consequently
FiLpr(R") = (Fp, o(R™), By, 5 (IR) ),

with equivalent quasi-norms.

We derive (2) from (1) by applying the reiteration formula (2.13). O

Using the previous result, spaces FSL,[,J(]R”) canbe characterized as local Hardy spaces of Lorentz
smoothness (1, ,(IR")) extending the result we saw for classical spaces in (2.34). For0 < p,r <
we define 1, ,(R") as the space of all f € S’(IR") having finite quasi-norm

1 (R = | sup [(w(t:) )" ILp (R,

0<t<1

where ip € S(IR") has compact support and (x) = 1if |x| < 1. The space h,,(IR") does not
depend on the particular choice of ¢ (see [2, Theorem 3.1]). Notice that if p = r, then i, ,(R")
coincides with the local Hardy space /1, (IR") introduced in (2.35).

According to [2, Theorems 4.3 and 4.7], spaces hp,,(]R”) can be obtained interpolating classical
local Hardy spaces. In particular, if 0 < pg # p1 < 00,0 < 8 < 1and0 < r < oo, we have that

1 1-6 0
hy (R™), iy (R™))g, = hy,(R"),  with — = + .
(i (R), oy, (R ) = Iy (RY), - with = 2

This together with Theorem 9.17 and (2.34), imply that for0 < pgp < p < p1 < 00,0 < 0 < 1,
1:1 8 1+ 8 and 0 < r < o0, we have
p Po P1

Iy (R") = (hpy(R"), hp, (R"))or = (Fp o (R"), By, 5(R"))g,r = FLp,s (R"). (9-24)

By means of the interpolation formulae of Theorem 9.17 we can transfer to spaces P;Lp,,(]R”)
many properties of the usual Triebel-Lizorkin spaces. For example, consider the Gauss-Weierstrass
semi-group

Wf () = s e TR0y, FeSRY, xe R,

The following caloric smoothing holds.

Theorem 9.18. Letd > 0,0 < p < 00,5 € Rand0 < gq,r < 0. Then there is a constant ¢ > 0 such
that forall t with0 < t < landall f € F;L,,(R"),

2 W f[ES Ly (RM)| < el fIE5 Ly, (R

Proof. Let0 < pp < p < p1 <oand0 <6 < 1suchthat% = 1;7;09
T;f = t¥2W,f. By [118, Theorem 3.35], there is a constant ¢; > 0 such that for all t with 0 <

+ %. Consider the operator
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t <landall f € F; , wehave ||Tff|F;ijd(R”)|| < cle]F;j,q(R”)H. Whence, the result follows by

interpolating the operator T; by the real method with parameter (6, r) and using Theorem 9.17/(1).
O

We can also derive the following result on Fourier multipliers.

Theorem 9.19. Let1 < p < 00,5 € Rand0 < ¢q,r < co. Then there are numbers N € N andc > 0
such that
[(mf)"|FjLps(RM)|| < C‘S‘UP x| | D%m (x)] - || FIF5 Ly, (R™)]].
a| <N,
xeR"

Proof. Leta>n(max(p 1) — 1) 0<p<ooand0 < g < oo. Then

L1 Fpg R~ [LFILp (R |+ [ £1F, (R™)]

(see[112, Section 2.3.3]), where FF‘,T,q(IR") is the related homogeneous space. Let Tf = (mf)". Using

the corresponding multiplier assertion for the homogeneous spaces F;’q(]R”) [111, Theorem 5.2.2, p.
241] and the well-known Milchin-Hérmander Fourier multiplier theorem for L, (R"), 1 < p < oo, we
derive for s > 0 that there are numbers N and ¢; > 0 such that

ITFIE; q(R™) | < e1 sup [x]1*|D*m(x)] - ||f|F;,,(R")]].
la|<N,
xeR"

We can extend this assertion froms > 0 to s € IR with the help of the lift operator
If = (A+ 1) ?f)", 6eR
which maps F; ,(R") isomorphically onto F;,Jg‘s(]R”) (see [111, Section 2.3.8]) and satisfies that T =

I_sTIs. Finally, interpolating T and using Theorem 9.17/(1) we conclude the wanted result. O

Before studying interpolation of B;LW(IR”) spaces, we need the following auxiliary result con-
cerning the real interpolation of product spaces.

Letk € IN and let (Ag)’g:1 be a finite sequence of quasi-Banach spaces. We consider the space
H'g‘zl Ap = A1 X -+ X Ay quasi-normed by

|(ar,... 0 ]HAgH—ZHaAAEH ag €Ay t=1,..k

Proposition 9.20. Let ((AY9, A}))X_, be a finite sequence of quasi-Banach couples and put B; =
H§:1 Az,i =0, 1. Then (By, By) is a quasi-Banach couple and forany 0 < 6 < 1and 0 < r < oo,
k
(Bo, B1)a, = [ [(A?, ADe,r,
=1

with equivalent quasi-norms.

Proof. First note that

k
Bi = [J(A)+ 4}), fori=0,1.
(=1
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Indeed, leta = (ay,...,a;) € B;, then

k k k _
la] TT(A? + ADII = }_ llael A7 + A}l < 3 llac| Afll = [la| B[l
=1

=1 =1
Now we prove that (By, B1)p, — H (A0 Al) . Fixt > Oandleta = (ay,...,ar) € Bo+ By.
For every ¢ > 0 we can decompose a = a® +a' witha' = (a},...,al) € B;,i =0, 1 and such that
0 1 :
a1Bo| +¢tlla'[B1l| = 3 (llafl A9l + tllat| A} ) < K(t,a;Bo, By) +e
=1

Then, Y5_; K(t,a5; A%, AL) < Y5 (/|a9 A% + t||aj| AL|l) < K(t a;Bo, B1) + e, for every e > 0.
From here we deduce that

dt\1/
H |H AO,Al 2 Hag| Ag/A()GrH ~ </O _9r<EK t WIAOrAl))r t) r

dt 1/r
g(/ FOK (0B B ) = lal(Bo B .

0

An analogous argument works for the other direction. U

Lets € R, 0 < g < oo and X a quasi-Banach space. We write Ef](X) for the collection of all
sequences (¥;);en, C X having finite quasi-norm

|wmw%xw=(2]?ﬂwmmﬂ/

=0

(the sum should be replaced by the supremum if g = 00). If 0 < go,q1,9 < 00, —00 < 50 # 51 < 0,
0 <6 <lands = (1—0)sy+ 60s; we have with equivalent quasi-norms

(0 (X), €5, (X))a,q = £3(X), (9-25)

for every quasi-Banach space X. This is a consequence of [110, Theorem 1.18.2] and [11, Theorem
5.6.1]. If (X,Y) is a quasi-Banach couple, 0 < go,q1 < 00,0 < 6 < 1, —00 < 59 # 51 < 09,
5= (1—9)so—|—951and% = %—F%.Then

(€50 (X), £5,(Y))o,q = £3((X, Y )o,q), (9.26)
(see [110, Theorem 1.18.1 and Remark 1.18.1/4, pp. 120-123] and [11, Theorem 5.6.2]).

Theorem 9.21. Let0 < 6 < 1, —oo < sp,81 < 00,5 = (1—0)sg+0s1,0 < pp # p1 < o,

% = 1 9 + 4 9 ,0 < go,q1 < oo, L = 1q;09 + q% and 0 < rg,r1 < oo. Then we have with equivalent
quasi- horms

(B;?)LPU,FO (]Rn)/ le LPl 1 (Rn))e,q = BZLP,Q (]Rn)
Proof. The operator I in Theorem 9.16 is an isomorphism from BfL,, ,, (R") onto bt Ly, . Remark
9.14 and Lemma 9.9 imply that

b; Prdk — Epk Tk Zn X H bCIkKPk T = gl’k Tk Zn X H £Sk n/pk(epkrrk(zn))’ k=01
GeG* GeG*

(9-27)
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Therefore, according to Proposition 9.20, (2.18) and (9.26), we have that

(b;g LPMO’ b3} LPl ‘11) 0q — <€Po 7o (Zn) €P1 q <Zn))9 q

% 1—[ so n/po oro(Zn>) fsl n/p1(£ 1r1<Zn))) 04
GeG*

=Ly (Z") x [T 6" (bpq(Z") = BiLyy
GeG*

Consequently, interpolating the operator I and using Theorem 9.16, we derive that
(B;g L

(R"), B Lps,r, (R") )0 = ByLp(IR™).

p1.11 7o

O

Theorem 9.22. Let —co < 59 # 51 < 00,0 < p,r < o0and0 < qo,q1,9 < oo. Let0 < 0 < 1and
= (1 —0)sp + 0s1. Then we have with equivalent quasi-norms

(B3Lp (R™), B3 Ly, (R"))g,q = ByLy,(R").

Proof. From Theorem 9.16, we know that there is an isomorphism I : B¥L,, -(R") — b3t L, (R"),
k =0, 1. Proceeding as in Theorem 9.21, we now get that

B Lyy = Lpr(Z") x T b bpr = £p(Z") x ] 677 (6pe(2)), k=0,1.
GeG* GeG*

Therefore, according to Proposition 9.20, (2.18) and (9.25), we have that

(D3 Lporor U3y Lprgi )o,.g = pg(Z") ¥ GHG e;(z*f”/%,c,(zn)) = Yilor
e *

Using again Theorem 9.16 we derive the result. O

Next we are going to characterize B;LW(IR”) as aninterpolation space between Triebel-Lizorkin-
Lorentz spaces.

Theorem 9.23. Let —o0 < 59 # 51 < 00,0 < p,¥ < o0and0 < go,g1,9 < oo. Let0 < 0 < 1and
= (1 —0)sp + 0s1. Then we have with equivalent quasi-norms

(F;((]) Lp’r (]Rn), F;ll Lp,r (]Rn))f)’q — B;Lp,r (]Rn).

Proof. Fork =0,1,let0 < T, v, < oo such that

T < min{p,qi,r} forp # grandforp =gx >,
T <P forp =gy <7,

and
vg > max{p,q,r} forp#grandforp =g, <r,
Vg > p forp =g, > r.

According to the sharp embeddings obtained by Seeger and Trebels [107, Theorems 1.1 and 1.2] we
have
B¥L,,;(R") — FS"LW(IR”) — ByfL,,(R"), k=0,1.
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Consequently, applying Theorem 9.22, we derive

BSLy,(R") = (BXL,,(R"), B3 Ly, (R"))e g
— (F0Lp(R"), 5Ly, (R"))gq
— (B Ly (R"), BjiLpr(R"))o,q = BLps(R").

O

Now we characterize Besov-Lorentz spaces By L, (IR") as approximation spaces (see (2.19)) by

means of wavelets and Fng,r(R”). Although this result is of independent interest, it will allow us
to obtain another interpolation result.

We choose X = FJL,,(IR"). Remember that according to (9.24) (and [116, Theorem 3.15] for
thecasel < p < o)

Ly, (R") if 1<p<oo and 0<r<oo,

.28
hy,(R") if 0<p<oo and 0<r<oo, (9:28)

FL,,(R") = {

and by [107, Theorem 1.1] we have B L, ,(R") < FjL,,(R").

As the sequence of subsets (Ay),cN,, following an idea of [34, Lemma 5.4] for the case of log-
arithmic Besov spaces, we choose Ay = {0} and for u € IN with 25 < u < 2K+1 k € IN,,

Ay={g€eFL,,(R"):¢g= Z E Z C%GZ_M/ZI,UEM, c%GEC},

v=0GeGY meZ"

where (y(; ) are the wavelets defined in (9.19). Consider also the operators Py : FL,,(R") —
FOL,,(R") defined by

k
Puf=3 Y % AC(H2g,,

v=0 GEGY meZ"

It is clear that
Ay =Pu(FL,,(R"), 28<u<2", keNo. (9.29)

By the characterization in terms of wavelets for F{L,,(IR") (see [121] or Theorem 9.16/2) and the
Banach-Steinhaus theorem [85, p. 169], we obtain that

sup{ || Py | L (FY Ly, (R"), BLpr(R"))]| : k € N} < oo, (9:30)
It follows from (9.29) and (9.30) that

Ex(f) = E;(f)FOLpr RR") ~|If - szf‘Fz Lp,(R")[, k€ No. (9-31)

Indeed, given any ¢ € Ay we have

If = PufIE Ly, (R S |1 f = 1B Ly (R™)|| + | = Po fIE Ly (R |
= |If = IB Ly, (R")|| + || Py (g — f)IFLp (R
S If = glE Ly, (RM)]].
Theorem 9.24. Lets > 0,0 < p < cocand 0 < g, < oco. Then we have with equivalence of

quasi-norms
BiL, (R") = (FL,(R"); Ag); .
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Proof. Using (9.31), the quasi-norm for the approximation space (2.20) and the description of
F)L,(IR") in terms of wavelets we obtain

LF 1B Ly r (RGN ~ [ F Ly (R) 7+ if‘quzk(f)q

k=1

[e) ] B q
~ L RN+ 2% Y Y X ARE ()27l L (R")

k=1 v=k+1 GeGY meZ"

s 1/2 q
~ABL ®Y T+ 2 (T N T A xn(IR) )|

k=1 v=k+1 GeGY meZ"
= Ly R+ 29 (1 1 ISRk OF) 1L RY)|| (932)

k=1 v=1GeG" meZ"

Take 0 < p < min{1,q, p,r}. Since {; — ¢ and L, , is a p-normed quasi-Banach space, we derive

(L29(5 X % WS nmOR) L))

k=1 v=1 GeGY meZ"
‘p)q/p)P/q}l/p

) (2t YT AEC (ko ()L (R)
‘P)‘i/ﬂ)ﬂ/‘i}l/p

<

/~

T
1

v=1GeG" meZ"

)3 (Z (2 X IS C ki (I (R)

IA
e e
agk

v=1GeG" k=1 mezZn

> a\p/qy1/p
{2} (Zz"“ 9 X IO R )

=1 GEGV k=1 mezZn

2} | f1BL, (R

N
——
agk

<
Il
—_

where the last inequality follows from Theorem 9.16/1. Since, as we already said (see [107, Theorem
14]), BiL,,(R") < FL,,(R"), we conclude that BSL, ,(R") < (F;L,,(R"))?.

In order to establish the converse embedding we start from

]q) v (9-33)

| FIB5 Ly (RM]| ~ (}: > 2 % AR ()il Ly (RY)

=0 GeGk mezn

(see Theorem 9.16). In this sum, the part with k = 0 and k = 1 can be bounded by

L@~ (5 T 8 W ErnCF) e (R

=0 GeGk meZ"
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since

q\ 179
(L T 27 T M menlin )]
=0 GeGk mezZn
Y A (F)ml L (R
OGEGk mezZn

S Z 2
i Y (X MmO L (R

=0 GeGk mezZn

<(Z B T WEOmn0F) i w0

k=0 GeGk meZ"
S IF I Ly (R

For the remaining part of (9.33) we have

5T 21 & e a0

k=2 GeGk mezZ"

> q
< Y2000 Y S A ()il Ly (R
k=1 GeGk meZn
o0 =] 1/2 q
SY2(L & X M Cxeam(P) (R
k=1 v=1GEGY meZ"
S I Ly (RM)517
where we have used (9.32) for the last inequality. Consequently,
IF1B3Lps (R | S I FI(ED Ly, (R™))5 -
This completes de proof. O

We finish the chapter with the following interpolation formula.

Theorem 9.25. Let(0 < 0 < 1,0 <s,p < ooand0 < g,u < co. Then we have with equivalence of
quasi-norms
(FSLW(]R”),B;Lp,r(lR”))g,u = Bfpr,,(]R”).

Proof. Theorem 9.24 and the interpolation result for approximation spaces stated in Theorem 2.5
yield

(FSLPJ(R”)/BSLp,rORn))B,u = (FSLP,,(IR”), (FSLp,r<Rn>)3)9,u = (FSLp,r(]R”))ff = stLp,r(]Rn)-

O
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Chapter 10

Key problems for Lorentz-Sobolev spaces

In this chapter we continue the research on Besov-Lorentz and Triebel-Lizorkin-Lorentz spaces
(BiLp(R") and F; L, (IR"), respectively) introduced in Definition 9.1. The aim now is to extend
some well known properties of classical Besov and Triebel-Lizorkin spaces to our setting. In partic-
ular, we focus on the key problems stated by Triebel in [112, Chapter 4] for the classical spaces and
that are significant for their applications to PDEs. These problems are: Invariance of A;LW(IR”),
A € {B, F} with respect to diffeomorphisms of R" onto itself, the existence of linear extension
operators of corresponding spaces AjLy, (R’ ) on R’} to A7Ly,(R"), pointwise multipliers, multi-
plication properties of A7L,,(R") and traces of A3L,,(IR") on hyperplanes.

In Section 10.1, we discuss the first three problems stated above. It turns out that for Triebel-
Lizorkin spaces they follow straightforward from interpolation formulae in Theorem 9.17 and the
already known results for classical F;,q(]R”) spaces. In the case of Besov-Lorentz spaces, the out-
come is a consequence of interpolation formula in Theorem 9.23 and the results for Triebel-Lizorkin-
Lorentz spaces.

In Section 10.2, we study multiplication properties for Triebel-Lizorkin-Lorentz spaces and Besov-
Lorentz spaces. We give sufficient conditions for them to be multiplication algebras. The results
given here are also based on interpolation techniques, but this time we need more refined argu-
ments involving sometimes not only the real method, but also complex interpolation and approxi-
mation results.

Finally, in Section 3, we focus on the problem of traces on hyperplanes. When studying traces

for F;L,,(R") we need to deal with the interpolation space

-1 _ -1 —
(Byopd P (R"1), B /P (R1))g,.

In Theorem 9.21, it is shown that if r = p with % = 17_09 + % then

s—1/p -1 s—1/p -1 _ ps—1/p -1

(Bpo,po O(Rn )/ Bpl,pl ](]Rn ))G,r - Bp,p (]Rn )
However, for if r # p the characterization of this interpolation space is an open problem already
stated by Peetre in [101, p.110]. Here we give a characterization of the interpolation space in terms
of wavelets allowing us to describe the trace of Triebel-Lizorkin-Lorentz spaces. The section finishes
with the computation of traces for B;Lp,q(]R”) using interpolation formula in Theorem 9.21.

The results in this chapter are taken from the preprints [20, 21] and the work in preparation [17].
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10.1 Invariance with respect to diffeomorphisms, existence of linear ex-
tension operators and pointwise multipliers

We say that a continuous bijective map of IR” onto itself

y=9(x) = (1(x), $2(x), ..., Pu(x)), x €R",
=97 y) = @ Y ¥ (v), YyER

is a differomorphism if all components ;(x) and lpj’l(y) are real C* functions on R" and for j =
1,2,..,n
sup (|0"¢;(x)| + |8”‘1,L7]-_1(x)|) < oo, foralla € INg with |a| > 0.

x€R”
If ¢ is a diffeomorphism, it is straightforward that
S(R") — S(R")
¢ — (po9)(x) = ¢(y(x)),

is a one-to-one map from S(IR") onto itself. It can be extended to a one-to-one map from S’ (RR")
onto itself

S'(R") — S'(R")
f—(fop)(e):=(f|det]y1lpoy™),
where J,,1 is the Jacobian of ¢~

It turns out (see [118, Section 2.3]) that if ¢ is a diffeomorphism, for everys € Rand0 < p,q <

OO,
Dy : A;,q — A;,,q, A € {B,F} (10.1)
f—Dyf :=foy,

is a linear isomorphic map.

Theorem 10.1. Let i be a diffeomorphism.

(1) fseR,0<p<oand0 < gq,r < oo, then
Dy : FsLy(R") — FiL,,(R")
f—Dypf =foy,
is an isomorphic map in F; Ly, (IR").
(2) fseR,0< p,r <coand0 < g < oo, then
Dy : B;LW(IR") — B;Lp,,(]Rn)
f—Dyf=foy,
is an isomorphic map in B3L, - (R").

Proof. The proof of (1) is a direct consequence of (10.1) and the interpolation result obtained in The-
orem 9.17. On the other hand, (2) follows from (1) and Theorem 9.23. O
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pointwise multipliers

For p € R, consider now the Hélder-Zygmund space C?(IR") = Bf, o (R"). According to [118,
Theorem2.30],ifs € R,0 < p,q < coand ¢ € CP(IR") with p > max {s,n(max{%,l} —1) —s}is
a pointwise multiplier for F;,q(]R”). That is to say, the operator induced by pointwise multiplication
by g

Tg: F,(R") — F; (R")
f—Tf =18
is continuous in F; / (IR"). Furthermore, there is a constant C > 0 such that

18 f1Fp,g (R[] < Clig[CP(R™)[| - | f|Fy (R, foreveryg € C°(R")and f € F ,(R").
(10.2)

Now we extend this result to Lorentz smoothness spaces.

Theorem 10.2. Let0 < g,7 < 00,0 < p < 00,5 € Rand p > max {s,n(max{%,l} —1) —s}.
Then ¢ € CP(IR") is a pointwise multiplier for F; L, .(R"). Furthermore, there is a constant C > 0
such that

g f1F Ly, (R")|| < Cllg|CO(RM)[ - | f[F;Lp,(R")|l, forallg € C°(R")and f € F/Lp,(R").
(10.3)

If, in addition, 0 < r < oo, then ¢ € CP(IR") is a pointwise multiplier for By L, ,(R"). Further-
more, there is a constant C > 0 such that

I8 £ 1B Ly (R™)|| < ClIICP(RM)[[ - | fIBGLp, (RY)]|,  forallg € C°(R")and f € BjLp, (R").
(10.4)

Proof. Asinthe proof of the previous theorem, (10.3) follows from (10.2) and the interpolation result
obtained in Theorem 9.17. Conversely, (10.4) follows from (10.3) and Theorem 9.23. O

Now let R, = {x = (x1,..., xs) € R" : x, > 0}. As usual, we define A7L,,(R".), A € {B, F},
by restriction of AjL,,(IR") with

IF1AGLp,r R = inf{[|g[ ALy, (R) [ = gy = f}, A € {B,F}.

The restriction operator re f = f|r: defines a continuous linear map from A3L,,(R") onto
ALy (RY), A € {B, F}. We wonder if there is a continuous linear operator

such thatre oext = id, where id is the identity map in AZLp,r(]R’}r). This fact is known for classical
spaces (see [118, Section 2.5.2]). For Lorentz smoothness spaces we have the following:

Theorem 10.3. Lets € R,0 < p < c0cand 0 < gq,7 < oo. There is a continuous linear (and even
universal) extension operator

ext : FjLp,(RY) — FJL,(R"),

suchthatre oext =id in FjL,,(R").

If, in addition, 0 < r < oo, then there is also a continuous linear (and even universal) extension
operator from B3L,,(IR", ) to By Ly, (R").
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Proof. Let 0 < po < p < p1 < o0oand (0 < 6 < 1 with % = 1p;09 + %. Interpolating
re: F;j,q(]R”) — F;j,q(lR'l) by the real method with parameters (6,r) and using Theorem 9.17,
we get that

re: F Ly (R") — (F, ,(R%), F; o (RY))e,
is continuous. This yields that

FK;LPJ’(IRijr) - (le,q (]R]jr)/F;z,q (]Ri))e,r-

Besides, by the assertions on extensions for the spaces F;;/q(]R”) (see [118, Section 2.5.2] and the
references given there), thereis a continuous linear operator ext : F;],Iq(IR’jr) — F;],’q(IR”),]’ =0,1,

such that re o ext = id, the identity map in Pf,j,q(]Rﬁ). Using again the interpolation theorem and
Theorem 9.17, we obtain that

ext: (F (RY), By o(RY))e, — FjLp,(R")

is bounded. Take any f € (F, ,(R%}), Fj, o(RY%))e,. Thenextf € FL,,(R")andso f =
re(ext f) € F;L,,(IR"). Furthermore,

IFIEGLpr (R < lext fIF7Ly, (R) |
< cl| f1(Fpp g (RL), By g (RE) )l

Consequently, F;L,,(R%) = (F; o(R%), F;, (R} ))q, with equivalence of quasi-norms and

ext: 5Ly, (R) —» FiL,,(R")

is continuous and satisfies that re o ext = id in Fj L, (R} ).

Proceeding in a similar way but using Theorem 9.23 and the result we just proved for Triebel-
Lizorkin spaces with Lorentz smoothness F;L,(IR"), we obtain the proof for spaces B;L,,(R").

Similarly, let Q) be a domain (a non-empty open set) in R” and define A;LW(Q) by restriction,
A € {B, F}. Proceeding as in Theorem 10.3 but using now the corresponding results on extensions
for the spaces A3, ,(Q2) (see [118, Section 2.6.4]) one can derive the following.

Theorem10.4. Lets € R,0 < p < 0,0 < g, < coandlet (2 be abounded C* domaininR". There
is a continuous linear (and even universal) extension operator from F; L, (Q2) to F;L,(R"). If, in
addition, 0 < r < oo, then there is also a continuous linear (and even universal) extension operator
from B L, (Q2) to BiLp,,(R")

10.2 Multiplication algebras

Now we consider some properties of the multiplication of functions. If the quasi-Banach spaces X
and Y are formed by regular distributions on R", then for f € X and g € Y the product f - g makes
sense almost everywhere. This is the case of spaces A3 (R"), A € {B,F} when0 < p < oo,

0 <g<oands > n(% — 1), since A5 (R") — LP(R") (see [106, Theorem 2.2.4/2, p.33]
or [118, Theorem 2.4]). Using Theorems 9.21 and 9.17, it follows that AjL,,(R") < Lic<(IR") for
0<p<oo,0<qgr<oos> n(% —1), and A € {B,F}. Indeed, let u = max{r, ¢} and take
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0<po<p<pi<ocosuchthats >n(,; —1), and0 < 6 < 1verifying , = %%—%.Then,

BiLp,(R") = B, Lpu(R") = (B, ,(R"), B, ,,(R"))gu < L°¢(R™),

pou p1u
F Ly (R") = (Fy, ,(R"), Ey, o(R"))g, < LY(R").

If the spaces X and Y are formed by regular distributions, we put X - Y < Z if there is a constant
C > Osuchthat ||fg|Z| < C||f|X] - |lg|Y],forany f € Xand g € Y.

Classical Holder inequality says that
Lpy(R™) - Ly, (R") = L, (R")

provided that 0 < py, p1 < o and % = % + %_

For Lorentz spaces, the corresponding result reads
Lpogo(R") - Lp, g, (IR") <> Lp,q(R") (10.5)

provided that 0 < po, p1 < oo, % = % + %, 0 < g0,91 < o0 and % = ql—o—l— %. See [96] for the
Banach case. In general, it can be derived from the interpolation result for multilinear operators

given by Janson in [81].

10.2.1 Triebel-Lizorkin-Lorentz spaces

Triebel shows in his books [115, 117] that multiplication properties of Triebel-Lizorkin spaces are im-
portant for their applications to Navier-Stokes and nonlinear heat equations. Now we study the case
of spaces FjL,,(R").

We start with a preliminary result when s = 0 which extends Hélder inequality for Lorentz spaces
(10.5).

s a1 1 1
Proposition 10.5. Let 1 < po, p1,p < oo with 5= + o let0 < go,q1 < 2 < g < c0and

0 < ro, 7,7 < cowith § = & + L. Then we have

EpoLporo(R") - Fp Lpy r, (R") < FLp,(R").

0 1
Proof. Since q; < 2 < g, itis clear from Definition 9.1 that
F;/.Lp,r(]R”) — FBL,(R") — F;Lp,r(]R”), j=0,1s€R.
Hence, by (9.28) and Holder inequality for Lorentz spaces (10.5), we get
FI?OLPO,VO (]Rn) ’ thlLFlffl (]Rn) — FSLPMO (]Rn) ’ FSLPLH (IRH)
= Lpory(R") - Ly, (R") = Ly (R") < FJL, ,(R").

O

We study now the case of spaces with positive smoothness s and with differential dimension
(s — n/p) satisfying the same condition as in Proposition 10.5, that is, the sum of the differential

dimension of the spaces in the source equal to the differential dimension of the space in the target.

We put % = % + & and we base our arguments on the following result for classical Triebel-Lizorkin
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spaces (see [57, Theorem 2.4.3, p. 52] or [106, Theorem 4.8.2/1, p. 238]): If s > 0,1 < po, p1,p <
with = -+ - and 0 < g < oo, then

F;fyq(an) 'F;i/q(Rn) = F;s,q(]R”)_ (10.6)
Theorem10.6. Lets > 0,0 < g,ro,r1 < o0and1 < pg, p1, p < oo with % _ % i %' Then
FLps,ro(R") - FyLys vy (R") <= FyLps(R")

wherep%:i—l—%,%zi s 11,

—1 > mi .
- TR and r > min{rg, 1}

5
n

Proof. Fix p;. Givenany0 < & < min{1,po—1,p1 — 1},letd = ep1/(po + p1). Then

1—|—s+l:1+5 and 1—e+l:1—5
o m p po P p
Write Do 1o p p
M=77y m=12y 9T 1yy 2Ty

According to (10.6), thereis a constant ¢ > 0 such that forany g € F;M(IR”)’ the operator Tf = fg
is bounded from F, q(IR”) into FJ, q(]R”) with norm less than or equal to c for j = 1, 2. Since
I I

1/2 1/2 1 1/2 1/2 1
2121y 12,021
1 u;  Po 1 L) p
using the interpolation theorem (Theorem 2.1) with parameters (1/2, 1) and Theorem 9.17/(1), we
derive that
FyLpsry(R") - s ((R") <= FjLps 1, (R"). (10.7)

To complete the proof we keep now py fixed and apply the same argument but using this time The-
orem 9.17/(1) to identify the resulting spaces. This produces the target space I—’qsL,[,slr1 (R™). The last
index (r1) can be improved to r > min{ry, r1 } because we can start by fixing pp and then continue
fixing p1. O

We focus now on cases where the target space has positive differential dimension. For the next
theorem we cannot guarantee that the involved function spaces consist only of regular distributions.
Therefore, here we will understand the multiplication of general distributions in the sense of [106,
Definition 4.2.1/1].

i 11 1141 1
Theorem 10.7. Assume that 0 < po, p1, p < oo with max{ Do’ Pl} < ; < T + pre Lets > ”(po +
% - %) and 2s > nmax{% + ﬁ —1,0}. Let0 < g,79,71 < coandr > min{ry, 71 }. Then
FyLpyr(R") - FjLp, ry (R") = FJLp,(R").

Proof. According to [106, Theorem 4.8.2/2, p. 239], we have that

Fq(R") - F o (R") <= Fp (R").

Then the result follows proceeding similarly as in the proof of the previous theorem and using The-
orem 9.17. O
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Hobus and Saal proved on their paper on Triebel-Lizorkin-Lorentz spaces and the Navier-Stokes
equations (see [78, Lemma 6.4 and Remark 1.2]), the following multiplication result:

Lets > 0,1 < p,g <ooand1l < r < co. Then there exists € > 0 such that forall0 < e < gwe
have
F;LZp—s,r(]Rn) ’ F;LZP—s,r(IRn) — F;Lp,rORn)- (10‘8)

Note that Theorem 10.7 allows to extend (10.8). Indeed, given any s > 0 we may allow n/(2s +
n) < p<ocoand0 < g,r < oo, because if

2 _
g:mm{ 2p*s  4sp+2n(p 1)}/

"n+ps’ 2s+n
then forany 0 < & < g embedding (10.8) follows from Theorem 10.7.

According to [118, Section 2.7]if 0 < po < p1 < 00,5 > n/ppand0 < g < oo, one has

F;llq(IR”) 'Frs’orq(an) - F;o,q(]Rn)‘ (10.9)

Note that this implies that any element in F; /(IR") is a pointwise multiplier for F; (IR") (in the
sense we saw in last section). Furthermore, when pg = p1 formula (10.9) shows that F;  (R") is a
multiplication algebra. With the help of Theorem 9.17 and proceeding in the same way we did in The-

orem 10.6 we can derive the following result for Triebel-Lizorkin spaces with Lorentz smoothness.

Theorem 10.8. Let 0 < pp < p1 < 00,0 < g < 00,5 > n/ppandr > min{ry, 71 }. Then

FiLpyn (R?) - EfLpg,ry (R") = FiLpy,(R").

The last result shows that any element of F;L,, ,(IR") is a pointwise multiplier for F;L,, »(IR")
with0 < pg < p1 < 0,5 > n/pgpand0 < g,r < oo. However the preceding argument does
not cover the case pg = pj, which corresponds to multiplication algebra. Nevertheless, using the
bilinear interpolation theorem (Theorem 2.4), we can establish the following result.

Theorem 10.9. Let0 < p < 00,5 > n/p,0 < g < 00,0 < r < min{l,g} andr < p. Then
F;Ly,(IR") is a multiplication algebra.

Proof. Taker < po <p < p1 <ocand0 <0 < 1suchthat% = 1;9;09 —I—%ands > n/po. By (10.9),
the bilinear operator T(f,g) = fg is bounded acting from F; ,(R") x F, ,(R") into F;_, (R"),
j = 0,1. The space F;,j,q(]R”) is a min{1, p;, q}-normed quasi-Banach space and so it is 7-normed.
Since, by Theorem 9.17/(1), we have that (F; . (R"),F; .(R"))g, = F;L,,(R"), applying Theorem
2.4 we derive that

T:FLpy(R") x FjLp,(R") — F;Lp,(IR") continuously.

In other words, F;L,,,(IR") is a multiplicative algebra. O

In particular, F;L,1(IR") is both a Banach space and a multiplicative algebra for 1 < p < oo,
s > n/pand1l < g < oco. Otherwise, for these p,sand g,if1 < rp < 2 and % = 2 _ 1,

o
then proceeding as in Theorem 10.9 we derive from the interpolation theorem for bilinear operators
(Theorem 2.4) that

FoLps(R") - Ly (R") = FiLp,r, (R"). (10.10)
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In Theorem 10.9 we need that 0 < r < 1. Next we use the complex interpolation theorem
for bilinear operators to show some spaces F;Lp,r(lR”) with ¥ > 1 which are also multiplication
algebras.

Theorem10.10. Let1 < r < p < 00,5 > n/pand1 < g < co. Then F;Lp,r(]R”) is a multiplication
algebra.
Proof. We take 0 < § < 1 with

1-(1/r—=1/p) <o (10.11)

and such that J is so close to 1 that u = ép satisfiesthat 1 < u,s > n/u and

1/u <1/r. (10.12)
Put 1-1/
—1/r
9_1—1/u'

Then we have 0 < 6 < 1, where the second inequality follows from (10.12). Moreover, we have
1/r=(1-0)+6/u (10.13)

Write
1/pr=0-6)"Y1/p—6/u).

By (10.11), it follows that 0 < 1/p; < 1/pands > n/p;. Furthermore,

1/p=01-06)/p1+6/u. (10.14)

Consider the operators Jf = ((¢xf)") and R(fx) = Yio(Pxfr)" where (@p)ren, is @ smooth
resolution of unity (2.32) and @ = @x_1 + @x + @x+1 and ¢_1 = 0. The restrictions

J:ESLya(R") — Ly, 1(£65),
J:Fp,(R") — Lu(£3),
R: LP1,1 (f;) — F;Lm,l (IR”) ,
R:Ly(£) — Fj, (R")

are continuous. Moreover, by the reiteration formula for the complex method (Theorem 2.11) and
interpolation formula (9.4), we have

[Lp1(€3), Lu(€5)]e = Lp,(€3) (equivalent norms).
Since R(Jf) = f, it follows from [110, Theorem 1.2.4] that

[FgLp, 1(R"), Fj ,(R")]g = F;Lp,(IR") (equivalent norms). (10.15)
The spaces F;Lp, 1(IR") and F;; , (R") are multiplication algebras by Theorem 10.9 and [106, Theorem
4.6.4/1]. Therefore, applying Theorem 2.12 to the bilinear operator T(f,g) = fg and using (10.15)
we obtain that F; L, (IR") is a multiplication algebra. O

Our next and last result concerning multiplication of Triebel-Lizorkin spaces with Lorentz smooth-
ness fixes all parameters except for the s and it reads as follows:
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Theorem10.11. Let0 < p < 00,5 > max{c,n/p}and0 < g,7 < co. Then
F;Lplr(]R”) . F;LW(]R”) — Fng,r(]R”).

Proof. Take p < p; < oo such thats — % =0 — %. By Jawerth-Franke type embedding proved

in [107, Theorem 1.6], we have that F;L,,(R") < F/L,, (IR"). Moreover, as a consequence of
Definition 9.1, F; Ly, (R") < F7L,,(R"). Consequently, according to Theorem 10.8, we obtain

FqSLp,y(Rn) * P;Lp’r(Rn) (_) P;Lplly(Rn) * F;Lr)’r(Rn) (_> F;Lp,r(Rn).

10.2.2 Besov-Lorentz spaces

Now we study under which hypothesis Besov spaces with Lorentz smoothness are multiplication
algebras. We start with a result that is a consequence of the interpolation formula obtained in The-
orem 9.23 and the multiplication properties we have proved for F;Lp,,(lR”) spaces.

Theorem 10.12. Let0 < p < oo,s > n/p,0 < g < r < landr < p. Then BiL,,(R") is a
multiplication algebra.

Proof. Taker < pg < p < p1 < 9, L <50 <5 <51 <o0and0 < 7,0 < 1with% = Llr T
ands = (1 — 6)sp + 6s1. According to Theorem 9.17 we have that

FrSij,r(an) = (F;{J,r(an)/F/Zi,r(Rn))Lr-

Since spaces F;ﬁ,r(IR”) are r-normed quasi-Banach spaces, it follows from Proposition 2.2 that

PTS/L,,,,(R”) is also r-Banach. Consider now the bilinear operator T(f,g) = fg. By Theorem 10.9,
the restrictions ‘ ‘ ‘
T:F'L,,(R") x F'L,,(R") — E'L,,(R"), j=0,1,

are bounded. Moreover, by Theorem 9.23, we have
(F°Lp(R"), F! L,,/,(]R”))grq = B;LW(]R”).

Consequently, applying the real interpolation theorem for bilinear operators (Theorem 2.4), we con-
clude that
BZLW(IR”) . B;LW(IR”) — B;LW(]R”).

O

For the purpose of improving the previous result, we first show that one can replace L, (IR")
by the local Hardy space with Lorentz smoothness h,,,(R") in the definition of spaces ByL,,,(IR")
(see Definition 9.1). Note thatif 1 < p < oo, according to (9.28) and (9.24), hp,(R") = L, (R")
and therefore the result is trivial. In order to show that they also coincide when 0 < p <1, we first
extend to Lorentz spaces several results of [111] for Lebesgue spaces.

For () a compact subset of IR", we put

SYUR") = {p € S(R") : supp ¢ C O}
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andfor0 < p < coand0 < r < oo, we write
Ly (R") = {f € 8'(R") : supp f € Qand || f|L,,(R")|| < oo}

As usual, if 1 gpgooweput%—k%:l.

Lemma 10.13. Let () be a compact subset of R”" andlet0 < p < ccand 0 < r < oo. Thereis a
constant C > 0 such that

l¢|Leo(R")|| < Cllg|Ly, (R")]| forany ¢ € SP(R"). (10.16)
Furthermore,
L) (R") < LQ(R"). (10.17)

Proof. Lety € S(R") such that (x) = 1if x € Q. Then

l9(x)| = 1(9)" (x)| = [($9)" (x)| = Clp * p(x)| = C‘ /R Yx—y)e(y)dy)|.

Take any 0 < s < min{p, r,1}. Using Holder inequality for Lorentz spaces (10.5), we obtain

[p(x)] < C/Rn oW leW)IF 1w (x — y)ldy

<C 1-—s s _ d
< Csup loly) [ oWy =p)ldy

< Csup @I N1@I 1Ly 5,7 RO WL sy o5y (R
ye n

= C() sup [p(y)[" [l gl Ly (R") "
yER”

This yields (10.16).

To establish (10.17) we proceed as in [111, Theorem 1.4.1/Step 1]. Let ¢ € S(R") with ¢(0) =1
and supp ¢ C {y : [y| <1}. For f € L7,(R") and 0 < & < 1, we write f5(x) = ¢(6x)f(x). Then
fs € SB(R") where B is a closed ball, centered at the origin, such that

{y : thereisx € Qwith |x —y| <1} C B,
and fs converges to f in Lo (IR") as ¢ | 0 (see [111, pp.22-23]). By (10.16) we get

1£5]Leo (R®)[| < CI| f5|Lp, (R®)[| = Cl[@(8-) f[Lp,r (R") |
< Cll@lLeo(RT) [} - [[fILp, R[] < Caf| f1Lp,r (RT)]].

Therefore, letting § | 0 we conclude that

£ Lo (R™) || < Cal fLp,r (RT)]].

Next we establish a Fourier multiplier result for Lorentz spaces.
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Theorem 10.14. Let (), I be compact subsets of R". Let 0 < p < 00,0 < r < o0 and put

y 1 if min{p,r} >1,
| min{p,r}/2 if min{p,r} <1.

Then thereis a constant C = C(Q), T, p,r) > Osuch that forany f € LQ .(R")and M € LL(R") the
inequality
I(Mf)Y|Lpr(R")|| < ClIMILe (R™)[| - || f|Lp, (R")|

holds.

Proof. We know by Lemma 10.13 that f € L(IR"). if min{p, 7} > 1, since

(Mf)(x) = C1 [ W) flx—y)dy = Coltx f(x), x € R,

using the properties of the convolution in Lorentz spaces (see [96, Theorem 2.6] or [81, p.301])), we
get that

I(MF) YLy (R")[| = Cal|M * fILy,r(R")|| < ClIMIL(R")]| - || f|Lp,r (R)]]-

Suppose now that min{p,r} < 1. This time the assumption is |[M|” € L;(R") and so for each
x € R" we have M(-)f(x — -) € Ly(IR"). Moreover, supp (M(-) f(x —-))" C T — Q (see [111, pp.
25-26]). It follows from [111, 1.4.1/(3)] that M(-) f(x — -) € L;(IR") and

(MP()N7 =Co| [ M= y)ay|

<G [ IM()f(x—y)l7dy
= G| M7 % | ().

Consequently, using again convolution estimates for Lorentz spaces ([96, Theorem 2.6] or [81,
p.301]), we conclude that

I(MA)Y Ly (R = (M) 1L 10 (R
< CalllMI” * | f1 Ly 0,070 (RT)M
< CllIMITI Ly (R V17| Ly s e (RT)[[€
= C[MILe (R")[| - || fILpr (R")]].

This completes the proof. U

let0 < g < 00,0 < p,r < 00,5 € Rand (¢k)ken, @ smooth dyadic resolution of unity. We
define Bl (R") as the space of all f € S'(R") with finite quasi-norm

I£1B I (R = (35259 () (R 7).

k=0
Now we are ready to establish that BiL,,(R") and B3k, (R") coincide.

Theorem 10.15. Let —00 <5 < 00,0 < g < coand0 < p,r < co. Then we have with equivalence of
quasi-norms
BiLp,(R") = Bohy,(R™).
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Proof. Let (¢x)5, be a smooth dyadic resolution of unity. It is enough to show that for any f €
S’'(R") we have
1(@if)* [Lpr (R |~ | (@f)” [Ipr (R")]].

Let € S(R") compactly supported and with ¢(x) = 1if |x| < 1. Fort < 2~(*+1) we have that
(t)pr = @r because supp ¢ C {x : 2871 < |x| < 2F+1}. Therefore,

1(@xf) 1Ly (R = [l (2 1) g f) ¥ Ly (R
< Hoiljgll( P() @ f) Lpr (R = [l (@rf)" Iy, (R)]].

To check the converse inequality note that
supp ¢o € {x € R" : [x| <2}, ¢1(x) = 9o(27'x) — o ()

and
Pr(x) = @o(27Fx) — po (27 1x) = 91 (27" 1x), k= 2,3, ...

Let (1px )2, be another smooth dyadic resolution of unity. Then analogous relationships hold among
o, 1 and Px. According to (9.24) fork = 2,3, ... we get

1) 1hprll ~ [l (@rf)Y [E Ly, (R")]

o0 1/2
= [|( X lemorf () ) ILpn(RY)
m=0
1 1/2
=|/( L [Guy9e))* o) 2) Ly (R")
S 21 (it jouf)Y [ Lpr (R
=
Moreover,
(e )Y () = (17T )1 271 )Y (8)
U (27 f(251))V (25 19).
Hence

Wk jorf) Y 1Lpr RY) | = 267 (1277 )1 f(271)) Y (251) Ly (RY) |
< 20D (g (277 ) 1 f(2571) VI Ly, (R |
= 2 =QPN || (py (277) )Y | L, (R |

where it = (¢1f(25~1-))V and we have used that
IF ALy (RM)|| = A7"P|| fLp, (R for A > 0.
Sincej = —1,0,1, we have .
supp 1 (277-) C {x: |x| < 8}.

Furthermore,
supp i = supp @1 f(2°+1.) C supp @1 C {x: x| < 4}.
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So, the supports of 1 (27/-) and J1 are contained in compact sets which are independent of j and k.
Applying Theorem 10.14, we obtain that

1 jprf)Y Ly, (R < 200000 (g (277)R) Y| Ly, (R
< 20O gy (277 )V Lo (R[] - | (91 f (271)) Y[ Lpr(RM) .
We have ¢y (277-)V = 2/"h; (2/+) and
(prf(21))Y =270 (g (27K v (2= (1))
— 2—(k—l)n(q)kf)\/(2—(k—l).)‘
Therefore

| (e jrf) ¥ (L, (R[] S 20700 PD by | Lo (R 27 D7 (@i f) Y (2757 [y (R
S (@) |Lpr (RM)])

This yields that X A
(@) [pr (RIS N (@rf)” [ Lpr (R -

The cases k = 0,1 can be treated similarly. The proof is complete. O

Now we are ready to give a description of B;LW(IR”) as approximation spaces based on entire
functions of exponential type (see [110, Section 2.5.4]).

By the construction of the resolution of unity (¢x)ren,, for N € N, there exists M < oo inde-
pendent of k, such that

sup sup (1+ |x|?)*/2|D¥*pr(x)] <M, k€ Ny.

|a| <N xeR”
It follows from [111, Theorem 2.3.7] that forany 0 < p < coand 0 < r < oo thereis C > 0 such that
1(@ef)Y [Fp, (R || < ClIfIFy, (R, fe€F),(R"), k&N,

Whence, applying Theorem 9.17, we derive that forany 0 < p < coand 0 < r < oo there exists
C > 0O such that

1) I3 Lpr (RM)| < ClIfIES Ly (R, f € FBLpr(R"), k € No. (10.18)

This estimate will be useful later.

Let Ag = {0} and for k € N put
Ar={g€FL,,(R") :supp g C {x: |x| <k}}.

In what follows we work with approximation spaces (X; Ax); generated by the sequence of subset
(Ag) with X being FJL,,,(R") and BiLp,(R").

Theorem 10.16. Let 0 < g < 00,5 > 0,0 < p < 0and 0 < r < oo, allowing also r = oo if
1 < p < o0. Then we have with equivalence of quasi-norms

(FLpr(R"); A)j = BiLps(R").
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Proof. Take any f € BjL,,(IR"). Using that, according to [107, Theorem 1.1], BiL,,(R") —
BL,,(R"), we get

Ex(f) < Ex(f) < Eo(f) = | FIFSLyr(R)|| < CIIf|BSLy, (RM)]. (10.19)
Moreover, since

k
supp ( ) (pmf> C{x:|x| <2¥?}, k=0,1,2,...,
m=0

we obtain for k > 2 that

=] 3 (onf) L)

m=k—1

k-2
Ex() <[ = (X ouf)"IFSL, (R

Using the quasi-norm (2.20) for approximation spaces, we have

<& n = ms 1/‘]
AL (R™); A3 1 = (1L FIFS Ly (R") 9 4+ Y 2" Ean(f)7)
m=1
S (AL R+ 35 27| Y (@)Y IBL, (RM)|)
m=2 k=m—1

Take 0 < p < min{1, 4} such that FJL,,(R") is a p-normed quasi-Banach space. For the second
termin the last expression, we get
DW@) 1/q

(i (2 Y (pef)" FLy (RY)

m=2 k=m—1
_ ( i <2msp i(@m—l+kf)v|Fng,r(Rn) F’)WP)P/Q}UP

T m=2 k=0

) (o] . p/q 1/,0
< [ L2000 ( L 2 g )Y L (ROI)

= m=

- 00 1/p
S [ X 2079 ] 1B L, (R |

“ k=0

where in the last inequality we have used (9.28) and the fact that BjL,,(R") = Bjh,,(R") (see
Theorem 10.15). This together with (10.19) yield that B; L, ,(R") — (BLp,(R"); Ar)-

In order to establish the converse embedding, first note that givenany f € FYL,,(R"), k € N
and g € Dy, since supp § N supp @1 = @, it follows from (10.18) that

(k1) B Ly (R = | (@rir (f = €)' IBLypr(R)|| < CIIf = gIFLy (R

This yields that
I @es1 /) B3 Lpr (RM)] S Ex(f), k=1,2,...

Moreover, using again (10.18), we get

I(@mf) B Ly (R < Cll fIE Ly, (R")|| for m=0,1.
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Consequently,

00 R 1/L]
1 £1B3Lpr (R ~ (3 2711 (pif) Y |FSL, 1)
k=0

< (IR, (R +k22’“qEzk<f>q>l/q

1
~ [ FI(ELpr (R™); A -

Next we study multiplication properties of Besov-Lorentz spaces.

Formk € N, f € Apandg € Ay, since fg = (f % )Y, we have that supp fg C {x : |x| <
m+k}. Let T(f,g) = fg. According to the previous observation, we get

T(Agn, Ag) © Agnige, mk=1,2,... (10.20)

Lemma 10.17. Let X, Y, Z be quasi-Banach function spaces on IR containing the subsets (Ay). We
assume that X and Y are formed by regular distributions and we put T(f,g) = fg. If the bilinear
operator T : X x Y — Z is bounded then there is a constant C > 0 such that for any k € IN and
any f € Xand g € Y we have

Eyer (£8)z < C(Ex(f)x g1V Il + | FIXIIEx(g)y ) -

Proof. Let M bethenormofT: X XY — Z. Givenany f € X,g € Y,k € Nande > 0, there are
fO/ Q0 € A2k such that

1f = fol X[ < Ex(f)x +e, llg—8olYI < Ex(g)y +e.

Having in mind (10.20), we obtain

Exii(f8)z < |Ifg — fogol Z|l
<cz(llfg — fog|Zll + |l fog — fogol Z|)
<ezM(|If = fl XY + 1l fo— £+ FIXIIg — golYIl)
< czM[(Ex(f)x +e)lIglY Il + ex ((Ex(f)x + e+ [IfIXIN(Ex(8)y +¢))]
< ezM[(Ex(f)x +¢)lIglYIl +ex (2l fIX]| +¢) (Exx(g)y +¢)] -

Passing to the limit when ¢ — 0 the wanted result follows with C = 2cxcz M. O

As a first consequence of Theorem 10.16 and Lemma 10.17 we extend Hélder inequality to Besov-
Lorentz spaces.

1

N 1
Theorem 10.18. Lets > 0,1 < po, p1,p < oowﬁh; = %4-%,0 <g<ocoand0 < rg,r1,r < 00

with 1 = L4+ L Thenwe have
0 "n

BiLporo(R") - ByLp, vy (R") < BiLy,(R").
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Proof. Sincel < p; < o0, according to (9.28), FgL,,j,j (R") = Ly, (R"),j = 0,1. Moreover, Holder
inequality for Lorentz spaces (10.5) yields that

Fngo,ro(an) : Fngl,rl (R") < Fng,r (R").

Let again T(f,g) = fg and write for simplicity X = FJLp,,,(R"), Y = F)L, »(R")and Z =
FL,,;(R").So, T : X x Y — Zis bounded. Using Lemma 10.17 we derive

IT(F8)1Z; ) ~ [IT(F, 912117 + ki 2IE(T(f,8))}]

- e e] s 1/q
< (IFIXNIYI7 + 30 2 (Ex (FxllglY [l + Hf\XHEzk(g)Y)q]
B k=1

- [ee] 1/q
< [IAIXI7+ 3 25E ()]
: k=1

S A0 - lglvg -

This yields the result having in mind that, by Theorem 10.16, we have (F)L,, - (R"); Ax); = BiLp,(R")
and (FJLy, -, (R"); Ay); = B3Ly,r,(R"), j = 0,1. 0

[e] 1/’1
IgY 117+ Y- 2 (9)}]
k=1

In what follows we focus on multiplication algebras. In Theorem 10.12 we proved that B;LW(]R”)
is a multiplication algebra provided that 0 < p < 00,5 > n/p,0 < g <r <landr < p. Now, we
continue this research with the help of Theorem 10.16. Our first aim is to eliminate the restrictions
ong.

Theorem 10.19. Let0 < p < 00,5 > n/pand0 < r < oo, allowing alsor = 0 if 1 < p < oco. If
thereare0 < g1 < cocandn/p < 51 < ssuch that Bfﬁ L,,(R") is an algebra for multiplication, then
forany 0 < g < oo the space BiL,,(IR") is an algebra for multiplication.

Proof. Let X = By\L,,(R"), T(f,g) = fgand T = s —s;. Then T : X x X — X is bounded.
Moreover, by Theorem 10.16 and the reiteration formula for approximation spaces [105, p.123], we
obtain

X5 = (B8 (R"); Ag)ips Ay) | = (BLps (R"); Ay = BiLy (R”)

To complete the proof, it suffices to show that T : X; X X; — X; is bounded and this follows by

using Lemma 10.17 and proceeding as in the proof of Theorem 10.18. O
Now we are ready to get rid of the restrictions on g in Theorem 10.12.

Theorem 10.20. Let0 < p < 00,5 > n/p,0 < g < 00,0 <r <landr < p.Then B;L,,(R")isa

multiplication algebra.

Proof. Taken/p < s; < sand0 < g1 < r. By Theorem 10.12, the space B! L, ,(IR") is a multiplica-
tion algebra. Then, Theorem 10.19 yields that B;L, ,(R") is also a multiplication algebra. O

Next we consider the case 1 < r < p < co. As we did in Theorem 10.10, this time our arguments
rely on complex interpolation.

Theorem 10.21. Let1 < r < p < 09,5 > n/pand0 < q < co. Then BjL,,(IR") is a multiplication
algebra.
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Proof. Assume first1 < g < co. Choose 6, u, 8 and p; as in the proof of Theorem 10.10. So

1< pp,u<oo, s>max{n/py,n/u}, % =(1-6)+ g, ;19 = 1;?—19 +S.
Now using Theorem 2.11, we obtain that
[Lp 1 (R"), Ly (IR")]g = Lp,r(IR").
Hence, applying [110, Theorem 1.18.1], we derive that
[6,(2L,, 1 (R™)), £5(25 Ly (R™))]p = £,(2% L, (R™)). (10.21)

Next consider again the operators Jf = ((¢xf)") and R(fi) = T o(Prfr)” where ¢ = @1 +
@k + @r+1 and ¢_1 = 0. Since restrictions

J:BiLy 1(R") — £,(2°Ly, 1(RY)),

J: B (R") — £,(2°Ly(R")),
R: £,(2°Ly 1(R")) — BjLy, 1(R"),
R: £,(2°L,(R")) — B; ,(R")
are bounded and R(Jf) = f, applying [110, Theorem 1.2.4] and using (10.21), we get

[BZLPLl (]Rn)/ Bz,q(an)]B = BSLp,rORn)' (10.22)

By Theorem 10.20, the space B3 L, 1 (IR™) is a multiplication algebra and, according to [118, The-
orem 2.41] or [106, Theorem 4.6.4/1], BZ,q(]Rn) is also a multiplication algebra. Hence, applying the
bilinear interpolation theorem for the complex method (Theorem 2.12) to the operator T(f, g) = fg
and using (10.22) we conclude that BjL,,,(IR") is a multiplication algebra.

Finally, to cover the whole range for g it suffices to apply Theorem 10.19. O

10.3 Traces

Letn € N,n > 2. If x = (x1,...,x,) € R"and ¢ € S(IR"), the trace operator is pointwise defined
as

tr: ¢(x) — ¢(x1,..., x,-1,0).
Let A and B be two quasi-Banach spaces such that
S(R") < A < S'(R") and S(R"') < B S'(R"1).
Suppose that there exists C > 0 such that
ltro|BIl < Cllg|All, for every ¢ € S(R").

Although the pointwise definition of the trace operator might not make sense in general, if S(IR")
is dense in A, the trace operator can be uniquely extended to the whole space satisfying that tr :
A — Band

ltrf|B|| < C||f|Al|, foreveryf € A.
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According to[111, Theorem 2.3.3/(ii)], if 0 < p,q < c0ands € R, then S(R") is densein F; ,(R")
and By, , (IR™). Moreover, we have the following result for the trace operator (see, for example, [118,

Theorem 2.13]): Let 0 < p,g < coand s — % > (n— 1)(% —1)4,then

(1) tr: £, (R") — B:,;,l/p(]Rnfl) andtr: B ,(R") — B;Tq]/p(IR”*l) are linear and continuous,
and

(2) there exists linear and continuous extension operator

ext: By, /P(R"™!) — F (R") with troext=id: B}, P(R"") — B /P(R")

pA4 p.p
ext: By, /P (R"") — B (R") with troext=id: By, " (R"") — B}, /" (R"1).

The aim of this section is to study the trace operator when acting on Triebel-Lizorkin and Besov
spaces with Lorentz smoothness. We start studying the density of the Schwartz class in these
spaces.

Proposition 10.22. Let0 < p,q,7 < coands € R. The Schwartz space S(IR") is dense in Fj L, (R")
and B;L,,(R").

Proof. According to Theorem 9.17, FiL,,(R") = (F; .(R"), F; . (R"))g,, for0 <0 < 1,0 < po #

p1 < oo and % = 117;09 + %. It turns out that S(R") is dense in F;  (R") N F; (IR"). Indeed,

it follows from [111, Theorem 2.3.3/Step 5, p.49], that S(IR") is not only dense in both F; . (R")

and F; (IR") but, in addition, forany f € F;  (R") N F; ,(IR") we can take the same sequence
n—00

(@n)nzy C S(R") suchthat || f — @u|Fp, o (R")|| —— 0for j =0, 1. And therefore,

n—00

1f = @nlEpoqRY) N By (RO < {If = @ul By g R + [ f = @ul By, g (RY)[| —= 0.

Furthermore, due to the representation of the real method by means of the J-functional (see (2.12)),

E,q (R") N E; (R") < FLp,(R") densely (see [11, Theorem 3.4.2]). Thus S(IR") is dense in

FoLp,(R").
Now we prove that S(R") is dense in BjL,,(IR"). According to Theorem 9.23,
BLys(R") = (F'Ly, (R"), 'Ly, (R"))ay,

with0 < 6 <1, —00 <59 <5 <51 < owands = (1 —6)sg+ Os1. Observe that F;'L,,(R") —
F°Ly,(IR™). From the first part of the proof we know that S(IR") is dense in F;' L, ,(IR") and, as
before, Fj' Ly, (R") = F;°Ly,(R") N Fy'Ly,(R") is dense in B{L,,(IR") by properties of the real
interpolation method. Now it is clear that S(IR") is dense in B; L, ,(R"). O

Theorem 10.23. Let0 < p,q,7 < coands — 5 > (n—1)(; —1)+. For0 < 8 < 1and0 < pp <

p<pi <oosuchthat%:1p;09—|—%ands— > (n—l)(pij—l)Jr,j:O,l.Then

1

Pj
. s n s—=1/po (pn—1 s—=1/p1 (pn—1 . .

(1) tr: Ly (R") — (Bpypy  (R"7%), By, " (IR"71))g,, is linear and continuous, and

(2) there exists a linear and continuous extension operator
. s—1/p -1 s—1/p -1
ext : (Bpy,pg ‘(R" ) By H(R"))g,r — Fqst,r(IRn)
such that

troext =id : (By, " (R"1), By " (R"1))g, — (Byope!*(R"1), By y P (R 1)),
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Proof. The proof follows straightforward from the results we have seen for traces on classical
Triebel-Lizorkin spaces and the interpolation formula in Theorem 9.17. O

In the previous theorem, if we take r = p, then according to Theorem 9.21,

-1/ - -1/ - -1/ -
(Blsﬂo,Popo(]Rn 1)1B;1,P1p1(]Rn 1))9,V:B;,P P(Rn 1)/

and we obtain the already known result concerning the traces of classical Triebel-Lizorkin spaces.
However if p # r, the characterization of this interpolation space is an open problem already stated
by Peetre in his monograph on Besov spaces [101, p.110]. Next, we are going to characterize these
spaces in terms of wavelets using the wavelet representation for Besov spaces.

Theorem 10.24. Let 0 < pp < p1 < 00,5 € Rand 0 < r < co. Then

s 1 s_ 1
(Bpoflgg (Rnil)l BPLIZ; (]Rn71>)9,r

is the set of all f € S'(IR"~1) that admit a wavelet representation on R" ! as

=Y ¥ Y NS0l (1), xere (10.23)

j=0 GeGI mez"-1
convergence in S'(R"~1) and
ool a1 .
F1(Bpo,py (R"™1), Byt (R"H))g,rll ~ 1A (A5 )| Lpr (R)]| < 0,

1_1-60_, 6
wherep— = +p1,

NN =YY Y 2 Ixe,(x), xeR”
]:

=0 GeG/ mez"1
and Ejy = Q" x (27772,2777Y) = [T/=} (2 Tmy — 27771, 27 Img + 27771 x (2772,2777) ©
R" forj € Noandm € Z" L.

Proof. According to wavelet decomposition results for Besov spaces (see [114, Theorem 1.20] or
Theorem 9.16), for k = 0, 1, there is an isomorphism

=7k 1 S~ 1
N .
I: By p (R"77) — by pr (R")

i,G
f — (/\Zﬂ )je]NO,GeG/',meZ"*h

with AJC = 2/(n=1)/2(f, qﬂGm) and gbé/m being the wavelet defined in (9.19) but on R"~!. For any
s € R, the operator

s— L ) 1 .
Ts : bypp (R"7) — by, (R")
(') — (@°X)
is an isometry for k = 0, 1 and, according to (9.27),

b};kl,l{kpk(]Rn_l) — Epk(zn_l) > GI—(E g;kn/r’k(gpk(zn—l)), k=0,1,
e *
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where G* = {F,M}"~1\ {(F,F,F,..,F)}. Therefore, if Gy = {F}"~1, according to Proposition
9.20, we get

LF1(Bon 8 (R, Boy 2 (R ), |

Po.Po 7 = pup1
Gy, =L It B
~ [T (B py (R™1), by it (R™1)) g

1 1
e T
~ 1 EALY (B8 (R, by 5 (R, |
~ [(A%C0) e, (Z" 1) |
Y @A (G P (£ (Z71)), £, P (£, (Z71)) ) -
GeG*

Note that fork = 0,1, E}an/pk (Epk (Z”_l)) = ka (NO X Z"_l,‘u) with U the weighted discrete
measure

Then, it follows from the interpolation formula for Lebesgue spaces (2.18), that

-~y . “n/ _ _ _
(Cpy 7 (U (Z"71), 05 P (6 (Z"71)))o,r = (Lpg(No x Z"7, ), Ly, (No X Z"1, 1) )g,r
p,r(NO X Zl’l*l, l/[).

Thus,

ool a1
1F1(Bpopo (R"1), By, i (R"1))g,r |
_ 51,G _
~ AR (Z" I+ Y I12PA57) | Ly (No x Z", )|
GeG*
~ ||V card{m € Z" 1 : [A%C0| > 1}1/P|L,(0,00)]|
+ Y (Y27 card{m € z" L 2BAC] > t})l/p|Lr(0,oo)H. (10.24)
GEG =0

Finally, we compute ||A5(A{,;G) |L,,(IR")]| to see that it is equivalent to (10.24). Indeed, note that
(Ejm) jeNomezn— are disjoint sets and A*(A) = Ag (A) + Lgeg Ag(A) where

M) = 1 ANIxe, (x),

meZn—1

oo _,G .
AsM) =) Y |Awlxeg,(x), GeG
j=0mezr-1

Therefore, [ (ML) Ly, (RM)| ~ (1A%, (A%%) Ly (RM)]| + Eea A5 (M) |Ly, (RY)]l. Taking
into account that |Ej,| ~ 277" being | - | the Lebesgue measure on R", it is straightforward that

[{x € R" : AL (AY0) > t}] = card{m € Z" 1 |AY 0| > ¢},

{x € R": AL(AG®) > t}| = Y 27 "card{m € Z" " : |2°A}°| > t}, G e G
j=0

And this completes the proof. U
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Observe that using Theorems 10.23 and 10.24 we deduce thatif 0 < p,q,r < ccand s — % >
(n—1) (% — 1)+, trE; Ly, (R") is the space of all f € S’(R"~1) that admit a wavelet representation

onR"! asin (10.23) such that ||As(()\{ﬂm)) |Lp,-(R™)|| is finite, being A® as in Theorem 10.24. This is
a characterization depending only on s, p and r, but not on pg and p; as happened in Theorem 10.23.

Following some of the ideas in the proof of Theorem 10.24, we can obtain a more general inter-
polation formula for Besov spaces, but this time we need to work with a special type of weighted
Lorentz spaces: Leta € R, forx = (xy, ..., x,) € R" we define

o) = |x,|® if x| <1,
ST, it x| > 1.

For0 < p < coand0 < r < cowe put L, -(R", w,) for the corresponding Lorentz space on (R", i)
with p = w, (x)dx.

Theorem 10.25. Let 0 < pp < p; < 00, —00 < 5,0 < o0 and0 < r < co. Then

S— S—
(Bpy, ;58 (R"), By, ;’3} (R"))o,r
is the set of all f € S’'(IR") that admit a wavelet representation on R” as
o0 G il )
=Y )Y )Y A2 jn 1)/21/Jé,m(x), x € R" (10.25)
j=0 GeGi meznr-1

convergence in S’ (R") and

S— S— ',G
£1(Byogs (RY), Byt (R o | ~ [ A (NI Le (R, )| < o,

1_1-0 , @
where > = — 4 =~
P T

)\]G Z Z 2 2]5|A]G|XE],,,( )/ x e R
=0 GeGI meZ"
and Ejy, = Q\p) x (27772,27771) =TT}y (2 Tmy — 27771, 27Tmy +27771) x (27772, 27771) € R
forj € Noandm € Z".

Proof. Proceeding asin Theorem 10.24, we derive that

S§— S—
£1(Bpo g (R), By, i (R"))g, |
~ (A (2]

is 4 1,.G - / - / —
+ Y @FA TP (2 (2)), 6, P (Z71)) e |
GeG*

~ |tV card{m € Z" : |\%%0| > t}VP|L,(0,00)|

+ Y e 22 i) card{m € Z" : 2°| M| > 1) 7|1, (0, 00)
GeG* i=0

4

here Go = {F}"and G* = {F, M}" \ {(F,F, ..., F)}.
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On the other hand, (Eju)jeN,mez» are disjoint sets and [..1 X, (¥)wa(x)dx ~ 2 iatn),
Moreover, analogous to Theorem 10.24,

i,G i,G
1A (A7) L (R) |~ [[AG, (A Ly (R + ) IAG (A7) Lpr (R,
GeG*

and for u = w, (x)dx on R"*! we derive that
u({x e R": ASGO(AS;GO) > t}) = card{m € Z" : |AY%| > t},

n({x € R": ALY > 1)) = Y 2710 W card(m € Z" : |2°A°| > 1}, G € G*.
j=0

Thus, we conclude that || £|(Byy 22 (R"), By, 2 (R"))g, || ~ [[AS((AGE))| Ly (R, 1wy O

We close the section with the study of the trace operator acting on Besov-Lorentz spaces
B;Lp,q(]R”). The following result is a direct consequence of the trace theorem for classical Besov
spaces and the interpolation formula proved in Theorem 9.21.

Theorem 10.26. Let0 < p,q < ocands — % > (n— 1)(% —1)4. Then

(1) tr:BiLy,q(R") — Bf]_l/pr,q(lR”_l) is linear and continuous, and
(2) there exists a linear and continuous extension operator
. gs1l/p -1
ext: B, Lyy(R"™) — BZLM(IR”)

such that
troext=id: By /"L, (R*"™") —s B) /7L, (R" ).



201

Bibliography

[1] A.Almeida.“Oninterpolation properties of generalized Besov spaces”. In: Further progressin
Analysis. London: World Scientific, 2009, pp. 601-610. DOI: 10.1142/9789812837332_0055.

[2] A.Almeidaand A. Caetano. “Real interpolation of generalized Besov-Hardy spaces and appli-
cations”. In: J. Fourier Anal. Appl. 17 (2011), pp. 691-719. DOI: 10.1007/s00041-010-9145-2.

3 . Almeida and A. M. Caetano. “Generalized Hardy spaces”. In: Acta Math. Sin. (Engl. Ser.) 26
A. Alm n n n Hardy sp n:A g
(2010), pp- 1673-1692. DOI: 10.1007/510114-010-8647-9.

[4] J. Arazy, S. D. Fisher, and J. Peetre. “Hankel operators on weighted Bergman spaces”. In:
Amer. J. Math. 110 (1988), pp. 989-1053. DOI: 10.2307/2374685.

[5] C.BennettandK.Rudnick.“On Lorentz-Zygmund spaces”. In: Dissertationes Math. 175 (1980),
pp. 1-72.
[6] C.Bennettand R. Sharpley. Interpolation of Operators. New York: Academic Press, 1988.

[7] G. Bennett. “Some elementary inequalities”. In: Q. J. Math. 38 (1987), pp. 401-425. DOI: 10.
1093/qmath/38.4.401.

[8] G. Bennett. “Some elementary inequalities, III”. In: Q. J. Math. 42 (1991), pp. 149-174. DOL:
10.1093/qmath/42.1.149.

[9] A.BényiandT.Oh. “Smoothing of commutators for a Hérmander class of bilinear pseudodif-
ferential operators”. In: J. Fourier Anal. Appl. 20 (2014), pp. 282-300. DOI: 10.1007/s00041~
013-9312-3.

[10] A. Bényi and R. H. Torres. “Compact bilinear operators and commutators”. In: Proc. Amer.
Math. Soc. 141 (2013), pp. 3609-3621. DOI: 10.1090/s0002-9939-2013-11689-8.

[11] J.Berghand J. Lofstrém. Interpolation Spaces. An Introduccion. Berlin: Springer, 1976.

[12] B.F.Besoy.“On compactness theorems for logarithmic interpolation methods”. In: Proceed-
ings of the Conference Function Spaces XII. Vol. 119. Banach Center Pubication, 2019, pp. 33-45.
DOI: 10.4064/bc119-2.

[13] B.F.Besoyand F. Cobos. “Duality for logarithmic interpolation spaces when0 < g < 1 and
applications”. In: J. Math. Anal. Appl. 466 (2018), pp. 373-399. DOI: 10.1016/j. jmaa.2018.
05.082.

[14] B.F.Besoy and F. Cobos. “Interpolation of the measure of non-compactness of bilinear op-
erators among quasi-Banach spaces”. In: J. Approx. Theory 243 (2019), pp. 25—44. DOI: 10 .
1016/j.jat.2019.03.004.

[15] B.F.BesoyandF.Cobos. “Logarithmicinterpolation methods and measure of non-compactness”.
In: Quart. J. Math. 71 (2020), pp. 73-95. DOI: 10.1093/qgmathj/haz041.

[16] B.F.Besoy and F. Cobos. “The equivalence theorem for logarithmic interpolation spaces in
the quasi-Banach case”. In: Z. Anal. Anwend. 40 (2021). To appear.

[17] B.F.BesoyandF. Cobos. “Function spaces of Lorentz-Sobolev type: atomic decompositions,
characterization in terms of wavelets and multiplications”. In preparation.


https://doi.org/10.1142/9789812837332_0055
https://doi.org/10.1007/s00041-010-9145-2
https://doi.org/10.1007/s10114-010-8647-9
https://doi.org/10.2307/2374685
https://doi.org/10.1093/qmath/38.4.401
https://doi.org/10.1093/qmath/38.4.401
https://doi.org/10.1093/qmath/42.1.149
https://doi.org/10.1007/s00041-013-9312-3
https://doi.org/10.1007/s00041-013-9312-3
https://doi.org/10.1090/s0002-9939-2013-11689-8
https://doi.org/10.4064/bc119-2
https://doi.org/10.1016/j.jmaa.2018.05.082
https://doi.org/10.1016/j.jmaa.2018.05.082
https://doi.org/10.1016/j.jat.2019.03.004
https://doi.org/10.1016/j.jat.2019.03.004
https://doi.org/10.1093/qmathj/haz041

202

Bibliography

[18]

[19]

[20]
[21]

[33]

[34]

[35]

B. F. Besoy, F. Cobos, and L. M. Ferndandez-Cabrera. “Associate spaces of logarithmic inter-
polation spaces and generalized Lorentz-Zygmund spaces”. In: Ann. Acad. Sci. Fenn. Math. 45
(2020), pp. 493-510. DOI: 10.5186/aasfm.2020.4525.

B. F. Besoy, F. Cobos, and L. M. Ferndndez-Cabrera. “On the structure of a limit class of log-
arithmic interpolation spaces”. In: Mediterr. J. Math. 17:168 (2020). DOI: 10 . 1007 /s00009~
020-01602-7.

B. F. Besoy, F. Cobos, and H. Triebel. “On function spaces of Lorentz-Sobolev type”. Preprint.
2020.

B. F. Besoy, D. D. Haroske, and H. Triebel. “Traces of some weighted function spaces and
related non-standard real interpolation of Besov spaces”. Preprint. 2020. URL: https : //
arxiv.org/abs/2009.03656.

Y. Brudnyiand N. Krugljak. Interpolation Functors and Interpolation Spaces, vol. 1. Amsterdam:
North Holland, 1991.

P. L. Butzer and H. Berens. Semi-Groups of Operators and Approximation. Berlin: Springer,
1967.

P. L. Butzer and K. Scherer. Approximationsprozesse und Interpolationsmethoden. Zirich:
Mannheim, 1968.

A. M. Caetano. “Subatomic representation of Bessel potential spaces modelled on Lorentz
spaces”. In: The J. A. Sampaio Martins Anniversary Volume. Vol. 34. Textos de Matematica,
Série B. Coimbra, 2004, pp. 37-47.

A. Calderén. “Intermediate spaces and interpolation, the complex method”. In: Studia Math.
24 (1964), pp- 113-190. DOI: 10.4064/sm-24-2-113-190.

B. Carland I. Stephani. Entropy, Compactness and the Approximation of Operators. Cambridge:
Cambridge Univ. Press, 1990.

A. Cianchi and L. Pick. “An optimal endpoint trace embedding”. In: Ann. Inst. Fourier 60
(2010), pp.- 939-951. DOI: 10.5802/aif . 2543.

F. Cobos. “On the Lorentz-Marcinkiewicz Operator Ideal”. In: Math. Nachr. 126 (1986),
pp. 281-300. DOI: 10.1002/mana. 19861260119.

F. Cobos. “Duality and Lorentz-Marcinkiewicz operator spaces.” In: Math. Scand. 63 (1988),
pp. 261-267. DOI: 10.7146/math.scand.a-12239.

F. Cobos and O. Dominguez. “Approximation spaces, limiting interpolation and Besov
spaces”. In: J. Approx. Theory 189 (2015), pp. 43-66. DOI: 10.1016/j. jat.2014.09.002.

F. Cobos and O. Dominguez. “On Besov spaces of logarithmic smoothness and Lipschitz
spaces”. In: J. Math. Anal. Appl. 425 (2015), pp. 71-84.DOI: 10.1016/j . jmaa.2014.12.034.

F. Cobos, O. Dominguez, and T. Kiihn. “Approximation and entropy numbers of embeddings
between approximation spaces”. In: Constr. Approx. 47 (2018), pp. 453-486. DOI: 10. 1007/
s00365-017-9383-5.

F. Cobos, O. Dominguez, and H. Triebel. “Characterizations of logarithmic Besov spaces in
terms of differences, Fourier-analytical decompositions, wavelets and semi-groups”. In: J.
Funct. Anal. 270 (2016), pp. 4386—4425. DOI: 10.1016/j.jfa.2016.03.007.

F. Cobos and D. L. Fernandez. ‘“Hardy-Sobolev spaces and Besov spaces with a function pa-
rameter”. In: Function Spaces and Applications. Vol. 1302. Lecture Notes in Math. Springer,
1988, pp. 158-170. DOI: 10.1007/bfb0078883.


https://doi.org/10.5186/aasfm.2020.4525
https://doi.org/10.1007/s00009-020-01602-7
https://doi.org/10.1007/s00009-020-01602-7
https://arxiv.org/abs/2009.03656
https://arxiv.org/abs/2009.03656
https://doi.org/10.4064/sm-24-2-113-190
https://doi.org/10.5802/aif.2543
https://doi.org/10.1002/mana.19861260119
https://doi.org/10.7146/math.scand.a-12239
https://doi.org/10.1016/j.jat.2014.09.002
https://doi.org/10.1016/j.jmaa.2014.12.034
https://doi.org/10.1007/s00365-017-9383-5
https://doi.org/10.1007/s00365-017-9383-5
https://doi.org/10.1016/j.jfa.2016.03.007
https://doi.org/10.1007/bfb0078883

Bibliography 203

[36]

[37]

[38]

[39]

[40]

[41]

[42]
[43]
[44]
[45]
[46]
[47]

[48]

F. Cobos and L. M. Fernandez-Cabrera. “The fundamental function of certain interpolation
spaces generated by n-tuples of rearrangement-invariant spaces”. In: Function Spaces and
Inequalities. Ed. by P. Jain and H. J. Schmeisser. Singapore: Springer, 2017, pp. 1-14. DOI: 10.
1007/978-981-10-6119-6_1.

F. Cobos, L. M. Ferndndez-Cabrera, T. Kiihn, and T. Ullrich. “On an extreme class of real inter-
polation spaces”. In: J. Funct. Anal. 256 (2009), pp. 2321-2366. DOI: 10.1016/j . jfa.2008.
12.013.

F. Cobos, L. M. Ferndndez-Cabrera, and A. Martinez. “On a paper of Edmunds and Opic on
limiting interpolation of compact operators between Lp spaces”. In: Math. Nachr. 288 (2015),
pp. 167-175. DOI: 10.1002/mana . 201400039.

F.Cobos, L. M. Ferndndez-Cabrera, and A. Martinez. “Estimates for the spectrum on logarith-
mic interpolation spaces”. In: J. Math. Anal. Appl. 437 (2016), pp. 292-309. DOI: 10.1016/j .
jmaa.2016.01.003.

F. Cobos, L. M. Ferndndez-Cabrera, and A. Martinez. “Interpolation of compact bilinear op-
erators among quasi-Banach spaces and applications”. In: Math. Nachr. 291 (2018), pp. 2168-
2187.DOI: 10.1002/mana.201700487.

F. Cobos, P. Fernandez-Martinez, and A. Martinez. “Interpolation of the measure of non-
compactness by the real method”. In: Stud. Math. 135 (1999). DOI: 10.4064/sm-135-1-25-38,
pp. 25-38.

F. Cobos, T. Kiihn, and T. Schonbek. “One-sided compactness results for Aronszajn-Gagliardo
functors”. In: J. Funct. Anal. 106 (1992), pp. 274-313. DOI: 10.1016/0022-1236 (92) 90049-0.
F. Cobos and J. Martin. “Oninterpolation of function spaces by methods defined by means of
polygons”. In: J. Approx. Theory 132 (2005), pp. 182-203.DOI: 10.1016/j . jat .2004.12.002.

F. Cobos and J. Peetre. “Interpolation of compactness using Aronszajn-Gagliardo functors”.
In: Israel J. Math. 68 (1989), pp. 220-240. DOI: 10.1007/BF02772662.

F. Cobos and L. E. Persson. “Real interpolation of compact operators between quasi-Banach
spaces”. In: Math. Scand. 82 (1998), pp. 138-160. DOI: 10.7146/math.scand.a-13829.

F. Cobos and I. Resina. “Representation theorems for some operator ideals”. In: J. London
Math. Soc. 39 (1989), pp- 324-334. DOI: 10.1112/j1ms/s2-39.2.324.

F. Cobos and I. Resina. “On Hardy’s inequality and eigenvalue distributions”. In: Port. Math.
50 (1993), pp. 151-156.
F. Cobos and A. Segurado. “Description of logarithmic interpolation spaces by means of the

J-functional and applications”. In: J. Funct. Anal. 268 (2015), pp. 2906-2945. DOI: 10. 1016/
j.jfa.2015.03.012.

A. Connes. Noncommutative Geometry. San Diego: Academic Press, 1994.

M. Cwikel. “Real and complex interpolation and extrapolation of compact operators”. In:
Duke Math. J. 65 (1992), pp. 333-343. DOI: 10.1215/80012-7094-92-06514-8.

M. Cwikel and J. Peetre. “Abstract Kand J spaces”. In: J. Math. Pures Appl. 60 (1981), pp. 1-50.
R. A. De Vore and G. G. Lorentz. Constructive Approximation. Berlin: Springer, 1993.

R. Y. Doktorskii. “Reiterative relations of the real interpolation method”. In: Soviet Math.
Dokl. 44 (1992), pp. 665-669.

D. E. Edmunds and W. D. Evans. Spectral Theory and Differential Operators. Oxford: Clarendon
Press, 1987.

D. E. Edmunds and W. D. Evans. Hardy Operators, Function Spaces and Embeddings. Berlin:
Springer, 2004.


https://doi.org/10.1007/978-981-10-6119-6_1
https://doi.org/10.1007/978-981-10-6119-6_1
https://doi.org/10.1016/j.jfa.2008.12.013
https://doi.org/10.1016/j.jfa.2008.12.013
https://doi.org/10.1002/mana.201400039
https://doi.org/10.1016/j.jmaa.2016.01.003
https://doi.org/10.1016/j.jmaa.2016.01.003
https://doi.org/10.1002/mana.201700487
https://www.impan.pl/en/publishing-house/journals-and-series/studia-mathematica/all/135/1/111158/interpolation-of-the-measure-of-non-compactness-by-the-real-method
https://doi.org/10.1016/0022-1236(92)90049-O
https://doi.org/10.1016/j.jat.2004.12.002
https://doi.org/10.1007/BF02772662
https://doi.org/10.7146/math.scand.a-13829
https://doi.org/10.1112/jlms/s2-39.2.324
https://doi.org/10.1016/j.jfa.2015.03.012
https://doi.org/10.1016/j.jfa.2015.03.012
https://doi.org/10.1215/S0012-7094-92-06514-8

204 Bibliography

[56] D.E.Edmunds and B. Opic. “Limiting variants of Krasnosel’skil’s compact interpolation the-
orem”. In: J. Funct. Anal. 266 (2014), pp. 3265-3285. DOI: 10.1016/j.jfa.2013.10.029.

[57] D.E.Edmunds and H. Triebel. Function Spaces, Entropy Numbers, Differential Operators. Cam-
bridge: Cambridge Univ. Press, 1996.

[58] W. D. Evans and B. Opic. “Real interpolation with logarithmic functors and reiteration”. In:
Can. J. Math. 52 (2000), pp. 920-960. DOI: 10.4153/CJM-2000-039-2.

[59] W.D.Evans, B. Opic, and L. Pick. “Real interpolation with logarithmic functors”. In: J. Inequal-
ities Appl. 7 (2002), pp. 187-269. DOI: 10.1155/s1025583402000127.

[60] C. Fefferman, N. M. Riviere, and Y. Sagher. “Interpolation between H? spaces: the real
method”. In: Trans. Amer. Math. Soc. 191 (1974), pp. 75—-81. DOI: 10.2307/1996982.

[61] C. Fefferman and E. M. Stein. “Some maximal inequalities”. In: Amer. J. Math. 93 (1971),
pp. 107-115. DOI: 10.2307/2373450.

[62] D.L.Fernandezand E. B. Da Silva. “Interpolation of bilinear operators and compactness”. In:
Nonlinear Anal. 73 (2010), pp. 526-537. DOI: 10.1016/j.na.2010.03.049.

[63] L. M. Fernandez-Cabrera. “The fundamental function of spaces generated by interpolation
methods associated to polygons”. In: Mediterr. J. Math. 14:17 (2017). DOI: 10.1007/s00009~
016-0808-3.

[64] L. M. Ferndndez-Cabrera and A. Martinez. “On interpolation properties of compact bilinear
operators”. In: Math. Nachr. 290 (2017), pp- 1663-1777. DOI: 10.1002/mana . 201600203.

[65] L. M. Ferndndez-Cabrera and A. Martinez. “Real Interpolation of Compact Bilinear Opera-
tors”. In: J. Fourier Anal. Appl. 24 (2018), pp. 1181-1203. DOI: 10.1007/s00041-017-9561-7.

[66] P.Fernandez-Martinez. “Interpolation of the measure of non compactness between quasi-
Banach spaces”. In: Rev. Matemadtica Complut. 19 (2006), pp. 477-498. DOI: 10 .5209/rev _
rema.2006.v19.n2.16614.

[67] M. Frazier and B. Jawerth. “Decomposition of Besov spaces”. In: Indiana Univ. Math. J. 34
(1985), pp- 777-799-

[68] M. Frazier, B. Jawerth, and G. Weiss. Littlewood-Paley Theory and the Study of Function Spaces.
Vol. 79. Regional Conference Series in Mathematics. Amer. Math. Soc., 1991.

[69] I.C. Gohberg and M. G. Krein. Introduction to the Theory of Linear Nonselfadjoint Operators.
Providence: Amer. Math. Soc., 1969.

[70] L. Grafakos. Modern Fourier Analysis. Third Edition. New York: Springer, 2014.

[71] L. Grafakos and L. Slavikova. “A sharp version of the Hormander multiplier theorem”. In: Int.
Math. Res. Not. IMRN 15 (2019), pp. 4764-4783. DOI: 10.1093/imrn/rnx314.

[72] J. Gustavsson. “A function parameter in connection with interpolation of Banach spaces.”
In: Math. Scand. 42 (1978), pp. 289-305. DOI: 10.7146/math.scand.a-11754.

[73] D. D. Haroske. “On more general Lipschitz spaces”. In: Z. Anal. Anwend. 19 (2000), pp. 781-
799.DOI: 10.4171/zaa/980.

[74] D.D. Haroske. “Envelopes and Sharp Embeddings of Function Spaces”. In: Research Notes in
Mathematics. Vol. 437. New York: Chapman and Hall/CRC, 2006.D01: 10.1201/9781584887515.

[75] D.D.Haroske andS. D. Moura. “Continuity envelopes of spaces of generalised smoothness,
entropy and approximation numbers”. In: J. Approx. Theory 128 (2004), pp. 151-174. DOI: 10.
1016/j.jat.2004.04.008.

[76] D.D. Haroske and I. Piotrowska. “Atomic decompositions of function spaces with Mucken-

houpt weights, and some relation to fractal analysis”. In: Math. Nachr. 281 (2008), pp. 1476-
1494. DOI: 10.1002/mana. 200510690.


https://doi.org/10.1016/j.jfa.2013.10.029
https://doi.org/10.4153/CJM-2000-039-2
https://doi.org/10.1155/s1025583402000127
https://doi.org/10.2307/1996982
https://doi.org/10.2307/2373450
https://doi.org/10.1016/j.na.2010.03.049
https://doi.org/10.1007/s00009-016-0808-3
https://doi.org/10.1007/s00009-016-0808-3
https://doi.org/10.1002/mana.201600203
https://doi.org/10.1007/s00041-017-9561-7
https://doi.org/10.5209/rev_rema.2006.v19.n2.16614
https://doi.org/10.5209/rev_rema.2006.v19.n2.16614
https://doi.org/10.1093/imrn/rnx314
https://doi.org/10.7146/math.scand.a-11754
https://doi.org/10.4171/zaa/980
https://doi.org/10.1201/9781584887515
https://doi.org/10.1016/j.jat.2004.04.008
https://doi.org/10.1016/j.jat.2004.04.008
https://doi.org/10.1002/mana.200510690

Bibliography 205

[77]

[78]
[79]
[80]

[81]

D. D. Haroske, P. Skandera, and H. Triebel. “An approach to wavelet isomorphisms of func-
tion spaces via atomic representation”. In: J. Fourier Anal. Appl. (2018), pp. 830-871. DOI:
10.1007/s00041-017-9538-6.

P. Hobus and J. Saal. “Triebel-Lizorkin-Lorentz spaces and the Navier-Stokes equations”. In:
Z. Anal. Anwend. 38 (2019), pp. 41-72. DOI: 10.4171/ZAA/1627.

G. Hu. “Compactness of the commutator of bilinear Fourier multiplier operator”. In: Tai-
wanese J. Math. 18 (2014), pp. 661-675. DOI: 10.11650/t jm. 18.2014.3676.

S. Janson. “Minimal and maximal methods of interpolation”. In: J. Funct. Anal. 44 (1981),
pp. 50-73.DOI: 10.1016/0022-1236(81)90004-5.

S. Janson. “On interpolation of multi-linear operators”. In: Function Spaces and Applications.
Vol. 1302. Lecture Notes in Math. Berlin: Springer, 1988, pp. 290-302.

G. E. Karadzhov. “The interpolation method of ’means” for quasinormed spaces”. In: Dok-
lady Acad. Nauk SSSR 209 (1973), pp- 33-36.

H. Konig. “On the tensor stability of s-number ideals”. In: Math. Ann. 269 (1984), pp. 77-93.

H. Konig. Eigenvalue Distribution of Compact Operators. Bassel: Birkhduser, 1986.

G. Kothe. Topological Vector Spaces I. Berlin: Springer, 1969.

M. A. Kranosel’skii. “On a theorem of M. Riesz”. In: Dokl. Akad. Nauk SSSR 131(1960), pp. 246—
248.

P. Krée. “Interpolation d’espaces vectoriels qui ne sont ni normés, ni complets”. In: Applica-
tions Ann. Inst. Fourier 17 (1967), pp. 137-174. DOI: 10.5802/aif . 266.

S. G. Krein, J. I. Petunin, and E. M. Semenov. Interpolation of Linear Operators. Vol. 54. Trans-
lations of Mathematical Monographs. Providence: Amer. Math. Soc., 1982.

J.-L. Lions and J. Peetre. “Sur une classe d’espaces d’interpolation”. In: Publ. Math. Inst.
Hautes Etudes Sci. 19 (1964), pp. 5-68. DOI: 10. 1007 /BF02684796.

V. I. Macaev. “A class of completely continuous operators”. In: Sov. Math. Dokl. 2 (1961),
pp- 972-975.
L. Maligranda. “The K-functional for symmetric spaces”. In: Interpolation Spaces and Allied

Topics in Analysis. Vol. 1070. Lecture Notes in Math. Springer, 1984, pp. 169-182. DOI: 10 .
1007/BFb0099100.

M. Mastyto. “Banach envelopes of some interpolation quasi-Banach spaces”. In: Function
Spaces and Applications. Vol. 1302. Lecture Notes in Math. Springer, 1988, pp. 321-329. DO
10.1007/b£b0078883.

M. Mastyto and E. Silva. “Interpolation of the measure of noncompactness of bilinear oper-
ators”. In: Trans. Amer. Math. Soc. 370 (2018), pp. 8979-8997. DOI: https://doi.org/10.
1090/tran/7501.

C. Merucci. “Interpolation dans C%(H)”. In: C. R. Acad. Sci. Paris 274 (1972), pp. 1163-1166.

P. Nilsson. “Reiteration theorems for real interpolation and approximation spaces”. In: Ann.
Mat. Pura Appl. 132 (1982), pp. 291-330. DOI: 10.1007/BF01760986.

R. O’Neil. “Convolution operators and L(p,q) spaces”. In: Duke Math. J. 30 (1963), pp. 129-142.
DOI: 10.1215/50012-7094-63-03015-1.

B. Opic and L. Pick. “On generalized Lorentz-Zygmund spaces”. In: Math. Inequalities Appl. 2
(1999), pp. 391-467. DOI: 10.7153/mia-02-35.

V. I. Ovchinnikov. The Method of Orbits in Interpolation Theory. Vol. 1. Math. Rep. 1984,
pp- 349-515.


https://doi.org/10.1007/s00041-017-9538-6
https://doi.org/10.4171/ZAA/1627
https://doi.org/10.11650/tjm.18.2014.3676
https://doi.org/10.1016/0022-1236(81)90004-5
https://doi.org/10.5802/aif.266
https://doi.org/10.1007/BF02684796
https://doi.org/10.1007/BFb0099100
https://doi.org/10.1007/BFb0099100
https://doi.org/10.1007/bfb0078883
https://doi.org/https://doi.org/10.1090/tran/7501
https://doi.org/https://doi.org/10.1090/tran/7501
https://doi.org/10.1007/BF01760986
https://doi.org/10.1215/S0012-7094-63-03015-1
https://doi.org/10.7153/mia-02-35

206

Bibliography

[99]

[100]

[101]

[102]
[103]
[104]
[105]
[106]
[107]
[108]
[109]
[110]

[111]
[112]
[113]
[114]

[115]
[116]

[117]

[118]
[119]

[120]

[121]
[122]

J. Peetre. A Theory of Interpolation of Normed Spaces. Notas de Matematica, 39. Rio de
Janeiro: Instituto de Matematica Pura e Aplicada, 1968.

J. Peetre. “Remark on the dual of an interpolation space.” In: Math. Scand. 34 (1974), pp- 124-
128.DOI: 10.7146/math.scand.a-11512.

J. Peetre. New Thoughts on Besov Spaces. Durham: Duke Univ. Math. Series, 1976.

J. Peetre and G. Sparr. “Interpolation of normed abelian groups”. In: Ann. Mat. Pure Appl. 92
(1972), pp. 217-262. DOI: 10.1007/BF02417949.

L. E. Persson. “Interpolation with a parameter function.” In: Math. Scand. 59 (1986), pp. 199-
222.D0I: 10.7146/math.scand.a-12162.

P. P. Petrushev and V. A. Popov. Rational Approximation of Real Functions. Vol. 28. Encyclo-
pedia of Mathematics and its Applications. Cambrigde: Cambridge Univ. Press, 1987.

A. Pietsch. “Approximation spaces”. In: J. Approx. Theory 32 (1981), pp. 115-134. DOI: 10 .
1016/0021-9045(81)90109-X.

T. Runst and W. Sickel. Sobolev Spaces of Fractional Order, Nemytskij Operators, and Nonlinear
Partial Differential Equations. Berlin: W. de Gruyter, 1996.

A. Seeger and W. Trebels. “Embeddings for spaces of Lorentz-Sobolev type”. In: Math. Ann.
373 (2019), pp. 1017-1056. DOI: 10.1007/500208-018-1730-8.

E. M. Stein. “Editor’s note: the differentiability of functions in R"”. In: Ann. of Math. 113 (1981),
pp- 383-385.

H. Triebel. “Uber die Verteilung der Approximationszahlen kompakter Operatoren in Sobolev-
Besov-Raumen”. In: Invent. Math. 4 (1967), pp. 275-279.

H. Triebel. Interpolation Theory, Function Spaces, Differential Operators. Amsterdam: North
Holland, 1978.

H. Triebel. Theory of Function Spaces. Basel: Birkhduser, 1983.
H. Triebel. Theory of Function Spaces Il. Basel: Birkhduser, 1992.
H. Triebel. Theory of Function Spaces lll. Basel: Birkhduser, 2006.

H. Triebel. Function Spaces and Wavelets on Domains. ZUrich: European Math. Soc. Publishing
House, 2008.

H. Triebel. Hybrid Function Spaces, Heat and Navier-Stokes Equations. Zirich, 2014.

H. Triebel. Tempered Homogeneous Function Spaces. Zirich: European Math. Soc. Publishing
House, 2015.

H. Triebel. PDE Models for Chemotaxis and Hydrodynamics in Supercritical Function Spaces.
Zirich: European Math. Soc. Publishing House, 2017.

H. Triebel. Theory of Function Spaces IV. Birkhduser, 2020.

Z.Xiang and W. Yan. “On the well-posedness of the quasi-geostrophic equation in the Triebel-
Lizorkin-Lorentz spaces”. In: J. Evolv. Equ. 11 (2011), pp. 241-263. DOI: 10.1007/s00028-010~
0090-y.

Z. Xiang and W. Yan. “On the well-posedness of Boussinesq equation in Triebel-Lizorkin-
Lorentz spaces”. In: Abstract and Applied Analysis (2012). Article ID 573084, 17 p. DOI: 10 .
1155/2012/573087.

Q. Yang, Z. Cheng, and L. Peng. “Uniform characterization of function spaces by wavelets”.
In: Acta Math. Sci. Ser. A (Chin. Ed.) 25 (2005), pp. 130-144.

A. Zaanen. Integration. Amsterdam: North Holland, 1967.


https://doi.org/10.7146/math.scand.a-11512
https://doi.org/10.1007/BF02417949
https://doi.org/10.7146/math.scand.a-12162
https://doi.org/10.1016/0021-9045(81)90109-X
https://doi.org/10.1016/0021-9045(81)90109-X
https://doi.org/10.1007/s00208-018-1730-8
https://doi.org/10.1007/s00028-010-0090-y
https://doi.org/10.1007/s00028-010-0090-y
https://doi.org/10.1155/2012/573087
https://doi.org/10.1155/2012/573087

	Tesis Blanca Fernández Besoy
	Portada
	Sobre la tesis
	Contents
	Resumen
	Chapter 1. Introduction
	Chapter 2. Preliminaries
	Interpolation methods
	The real method
	The general real method
	The complex method

	Besov and Triebel-Lizorkin spaces. Some basic properties.

	Chapter 3. Duality for logarithmic interpolation spaces
	Dual of some interpolation methods
	Equivalence between K and J spaces for logarithmic methods and Banach couples
	Duality of limiting logarithmic methods when 0 < q < 1
	Some applications
	Application to Besov spaces
	Application to operator spaces


	Chapter 4. Associate spaces of logarithmic interpolation spaces
	Further equivalence results for logarithmic interpolation methods
	Associate spaces
	Applications to generalized Lorentz-Zygmund spaces

	Chapter 5. Structure of spaces (A0,A1)1,infty,(0,alpha-infty)
	Description in terms of the J-functional
	Associate space
	Duality

	Chapter 6. Interpolation of the measure of non-compactness of logarithmic spaces
	Measure of non-compactness and logarithmic interpolation methods
	Applications to generalized Lorentz-Zygmund spaces

	Chapter 7. Equivalence theorems for logarithmic interpolation methods on quasi-Banach couples
	Characteristic function for logarithmic interpolation methods
	The equivalence results

	Chapter 8. Interpolation of the measure of non-compactness of bilinear operators
	Some interpolation properties of bilinear operators
	Interpolation of the measure of non-compactness

	Chapter 9. Function spaces of Lorentz-Sobolev type
	Atomic decomposition
	Wavelet characterization
	Interpolation formulae for Lorentz-Sobolev spaces

	Chapter 10. Key problems for Lorentz-Sobolev spaces
	Invariance with respect to diffeomorphisms, existence of linear extension operators and pointwise multipliers
	Multiplication algebras
	Triebel-Lizorkin-Lorentz spaces
	Besov-Lorentz spaces

	Traces

	Bibliography


