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1. Introduction

The fundamental relation of the energy and momentum of matter with the space-time geometry is one of the most important foun-
dations of General Relativity (GR). Namely, the energy-momentum tensor acts as the source of gravity, which is appropriately described
in terms of the curvature tensor. In an analogous way, it may be expected that the intrinsic angular momentum of matter may also act as
an additional source of the interaction and extend such a geometrical scheme.

Poincaré Gauge (PG) theory of gravity is the most consistent extension of GR that provides a suitable correspondence between spin
and the space-time geometry by assuming an asymmetric affine connection defined within a Riemann-Cartan (RC) manifold (i.e. endowed
with curvature and torsion) [1,2]. It represents a gauge approach to gravity based on the semidirect product of the Lorentz group and the
space-time translations, in analogy to the unitary irreducible representations of relativistic particles labeled by their spin and mass,
respectively. Then not only an energy-momentum tensor of matter arises from this approach, but also a non-trivial spin density tensor
that operates as source of torsion and allows the existence of a gravitating antisymmetric component of the former, which may induce
changes in the geometrical structure of the space-time, as the rest of the components of the mentioned tensor. This fact contrasts with the
established by GR, where all the possible geometrical effects occurred in the Universe can be only provided by a symmetric component
of the energy-momentum tensor, despite the existence of dynamical configurations endowed with asymmetric energy-momentum tensors
[3,4].

Accordingly, a gauge invariant Lagrangian can be constructed from the field strength tensors to introduce the extended dynamical
effects of the gravitational field. In this sense, it is well-known that the role of torsion depends on the order of the mentioned field
strength tensors present in the Lagrangian, in a form that only quadratic or higher order corrections in the curvature tensor involve the
presence of a non-trivial dynamical torsion, whose effects can propagate even in a vacuum space-time.

Likewise, the distinct restrictions on the Lagrangian parameters lead to a large class of gravitational models where an extensive number
of particular and fundamental differences may arise. For example, in analogy to the standard approach of GR, it was shown that the
Birkhoff's theorem is satisfied only in certain cases of the PG theory [5,6]. Indeed, the dynamical role of the new degrees of freedom
involved in such a theory can modify the space-time geometry and even predominate in their respective domains of applicability. The
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search and study of exact solutions are therefore essential in order to improve the understanding and physical interpretation of the new
framework.

A large class of exact solutions have been found since the formulation of the theory, especially for the case of static and spherically
symmetric vacuum space-times, where one of the most primary and remarkable solutions is the so called Baekler solution, associated
with a sort of PG models that encompass a weak-field limit with an additional confinement type of potential besides the Newtonian one
[7], giving rise to a Schwarzschild-de Sitter geometry in analogy to the effect caused by the presence of a cosmological constant in the
regular gravity action [8]. Furthermore, additional results have also been systematically obtained for a large class of PG configurations,
such as axisymmetric space-times, cosmological systems or generalized gravitational waves (see [2,9-11] and references therein).

Recently, the authors of this work found a new exact solution with massless torsion associated with a PG model containing higher
order corrections quadratic in the curvature tensor, in such a way that the standard framework of GR is naturally recovered when the
total curvature satisfies the first Bianchi identity of the latter. This construction ensures that all the new propagating degrees of freedom
introduced by the model fall on the torsion field, so that this quantity extend the domain of applicability of the standard case. Thus, it
was shown that the regular Schwarzschild geometry provided by the Birkhoff’'s theorem of GR can be replaced by a Reissner-Nordstrom
(RN) space-time with RC Coulomb-like curvature when this sort of dynamical torsion is considered [12]. This result contrasts with other
post-Riemannian solutions, such as the derived in the framework of the Metric-Affine Gauge (MAG) theory, where the non-metricity
tensor can involve an analogous vacuum RN configuration [13,14]. In addition, it is reasonable to expect that such a configuration may
be extended for the case where additional non-vanishing mass modes of the torsion tensor are present in the Lagrangian, in order to
analyze the equivalent PG model with massive torsion. As we will show, we have found the associated RN solution with massive torsion
and generalized the previous approach according to the scheme performed in that simpler case.

This paper is organized as follows. First, in Section 2, we introduce our PG model with massive torsion and briefly describe its general
mathematical foundations. The analysis and application of the resulting field equations in the static spherically symmetric space-time is
shown in Section 3, in order to find the appropriate vacuum solutions for the selected case. In section 4, we present the required new
PG solution with massive torsion and extend our previous results related to the massless case. We present the conclusions of our work in
Section 5. Finally, we detail in Appendix A the geometrical quantities involved in the vacuum field equations associated with this model.

Before proceeding to the main discussion and general results, we briefly introduce the notation and physical units to be used through-
out this article. Latin a, b and greek u, v indices refer to anholonomic and coordinate basis, respectively. We use notation with tilde for
magnitudes including torsion and without tilde for torsion-free quantities. On the other hand, we will denote as P, the generators of the
space-time translations as well as J,, the generators of the space-time rotations and assume their following commutative relations:

[Pa, Pp]=0, (1)
[Pa, Jocl =inqp Py (2)
ab, Jedl = % (Mad Jbe + Neb Jad — Ndb Jac — Nac Jpd) - (3)

Finally, we will use Planck units (G = c = h = 1) throughout this work.
2. Quadratic Poincaré gauge gravity model with massive torsion

We start from the general gravitational action associated with our original PG model and incorporate the three independent quadratic
scalar invariants of torsion into this expression, which represent the mass terms of the mentioned quantity:

1 ~ 1 ~ 1 - ~ - -
S= To6m d*xy —g[ﬁm —R- i (d1 +d2) R* — i (d1 +da + 4c1 +2¢2) R ppw R*YP + ¢4 Ry ppun RMPHY

+C2RAp;Lu RMLPV + dlkuvkuv + dzkuvkvﬂ +o T)Lp,v TMW + ﬂ TA;w TMM) +v TA AV T# " v] P (4)

where c1,c2,dq,d2, 0, B and y are constant parameters.
The field strength tensors above derive from the gauge connection of the Poincaré group ISO(1, 3), which can be expressed in terms of
the generators of translations and local Lorentz rotations in the following way:

A/L:eaupa+wabujabv (5)

where e, is the vierbein field and w® w the spin connection of a RC manifold, related to the metric tensor and the metric-compatible
affine connection as usual [15]:

a b
guv==¢€ e yNap, (6)
b bp A b
v =e5e?P T e 0 e (7)
The affine connection is decomposed into the torsion-free Levi-Civita connection and a contortion component, which transforms as a
tensor due to the tensorial nature of torsion since it describes the antisymmetric part of the affine connection:

Ty =T oy + K (8)

Thus, the presence of torsion potentially introduces changes in the properties of the gravitational interaction and it involves the fol-
lowing ISO(1, 3) gauge field strength tensors:
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A
Fauv:eakT VL s (9)
Fab _,a b Rkp 10
uy =€ €7 p UV s (10)
where T* pv and R wv are the components of the torsion and the curvature tensor, respectively:

A =9y
T* o =2 oy, (11)

BA =9 =9 BAT YR
R ppv =0T py — 00T pp + T C,MF‘T ov—T N P - (12)
Therefore, within this framework, torsion appears naturally related to the translations whereas curvature is related to the rotations,
as expected. Furthermore, both quantities can decompose into distinct modes by computing their irreducible representations under the

Lorentz group [16,17]. Specifically, torsion can be divided into three irreducible components: a trace vector T, an axial vector S, and a
traceless and also pseudotraceless tensor q* I

1 1
T)L;va5(5)\117'/1_SA;LTV)‘FEg}LpEpn/wSU+q)\,uv7 (13)

where ¢y is the four-dimensional Levi-Civita symbol.

Hence, each of the cited modes can be massive or massless, what can be implemented in the general action of the theory by introducing
the corresponding explicit torsion square pieces, as it is shown in the Expression (4). Then, the extended field equations can be derived
by performing variations with respect to the gauge potentials, as usual. In addition, the resulting system of equations can be simplified
without loss of generality by the Gauss-Bonnet theorem in RC spaces [18,19]. Namely, the following combination quadratic in the curvature
tensor acts as a total derivative of a certain vector V# in the previous gravitational action:

V=E (R4 Ropyun RUH — 4R, RY) = 0, V1 (14)
Thereby, this constraint allows to reduce the gravitational action and to obtain the following system of variational equations:

X1,V +1676," =0, (15)
X200 " +167 S5, =0, (16)

where X1,V and X2(,;;" are tensorial functions depending on the RC curvature and the torsion tensor, which are defined in Appendix A,
whereas 6, ¥ and S;,, V are the canonical energy-momentum tensor and the spin density tensor, respectively:

0 U= ea”’ S(Emv_g)
" 16w /—g ded,,
s v_ eseb . 8 (Lmyv/=8) (18)
MCOT 16wy /—g  8A®,
These quantities act as sources of gravity and constitute the natural generalization of the conserved Noether currents associated with
the external translations and rotations of the Poincaré group in a Minkowski space-time [20]. Indeed, it is straightforward to note from
the field equations above the fulfillment of the following conservation laws:

: (17)

Vol ¥ + Kipu6P* + Ripup ™Y =0, (19)
ViuSip " +2K° 31uSipio " — 01ap1 = 0. (20)

Therefore, the canonical energy-momentum tensor generally contains an antisymmetric component even when the notions of curvature
and torsion are neglected (i.e. in the framework of Special Relativity):

30, " =0, (21)

a//.Mkp " +8/LS)\)OH =0, (22)
where M, ,#* = x,.0,1* is the orbital angular momentum density, whose divergence is trivially proportional to the mentioned antisym-
metric part of the canonical energy-momentum tensor:

uMyp ™ =611 (23)

Thus, as it is shown, there exists a complete correspondence between the main currents of matter sources and the space-time geometry
in the framework of PG theory. However, the theoretical construction present in GR encodes all the possible geometrical effects, derived
by the presence of the gravitational field, only into the symmetric part of the canonical energy-momentum tensor of matter. Specifically,
it postulates the symmetrized Belinfante-Rosenfeld energy-momentum tensor as the unique material quantity coupled to gravity [21]:

leze;w_v}ns,uv)\_v)hsklw _VAS)\ VIL s (24)

and omits from the gravitational scheme all the possible dynamical contributions provided by the rest of features of matter. Some remark-
able implications derived by this post-Riemannian approach involve the prevention of space-time singularities and the generation of an
accelerating cosmological expansion in terms of the torsion field, among others [22-26]. In this sense, apart from its potential influence in
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the cosmological and astrophysical arena, the space-time torsion represents a fundamental quantity that may improve our understanding
on the correspondence between geometry and physics, what it means that any kind of dynamical aspect associated with it may be crucial
to identify its different roles or to detect it.

Concerning the vacuum structure of the theory, the material tensors above vanish and it is sufficient to deal with the following system
of equations:

X1,"=0, (25)
X2p" =0. (26)

It is straightforward to note that the standard approach of GR is completely recovered when the first Bianchi identity of such a theory

is fulfilled by the total curvature (i.e. R* (uvp] = 0) and all the mass coefficients of torsion vanish. However, in the massless torsion solution
[12], it was shown that such a limit can be obtained by switching off the dynamical axial component of the torsion tensor, so that even

for the case where both the trace vector and the tensorial component of torsion are massless, the same procedure may be trivially applied
in presence of a massive axial component of torsion.

3. Space-time symmetries and consistency constraints

In order to solve the vacuum field equations of the theory for a static and spherically symmetric space-time, we consider the corre-
sponding line element and tetrad basis as follows:

ds? = Wy (r)dt> — i —r? (dé'2 + sin? 91d92) (27)
Wa(r) 1 A
P P dr > 3
el = /Ui(ndt, e = ——, " =rdo;, e”=rsind;do;; (28)
NAZIO)

with 0<6; <m and 0 <6, <2m.

The intrinsic relations between curvature and torsion involve that the latter is also influenced by the space-time symmetries and it
must satisfy the condition Lg¢ T wv =0 (i.e. the Lie derivative in the direction of the Killing vector £ on T wv vanishes). Indeed, this
constraint ensures that the covariant derivative commutes with the Lie derivative, what in turn preserves the invariance of the curvature
tensor under isometries.

Therefore, the static spherically symmetric torsion acquires the following structure [6,27]:

T'w=a() ,
T o =b() ,
T% g = 8% g, c(r)
T% g =% g(r)
T% 1, = €% eb g €ap d(r)
T 5 =e"% e g ey h(r)
T .6 = € k(r) sinfy ,
T" g0 = €ul(r) sin6; ; (29)

where a,b,c,d, g, h,k and | are eight arbitrary functions depending only on r; k,I = 1,2, and €4 is the two-dimensional Levi-Civita
symbol:

+1, for ab=12,
€p=13 —1, for ab=21, (30)
0, for all other combinations.

These symmetry properties strongly reduce the possible classes of solutions, but even though the field equations constitute a highly
nonlinear system involving a large number of degrees of freedom, so that the problem turns out to be still very complicated and further-
more underdetermined. In fact, one of the features associated with a large number of PG models is the existence of a high geometrical
freedom, where it is possible to find solutions depending on arbitrary functions and thereby underdetermined by the variational equations
[28-30]. It is worthwhile to stress that, for the particular case given by the presence of a dynamical massless torsion, the traceless of the
tetrad field equations requires the vanishing of the torsion-free scalar curvature, which in turn represents a strong geometrical constraint
involving the degrees of freedom of the metric tensor alone. Furthermore, in presence of an external Coulomb electric field, the compati-
bility with the Maxwell field equations in spherically symmetric space-times requires the additional constraint given by ¥; = W5, so that
in this case the geometry acquires the form of a RN space-time and such a type of arbitrariness does not emerge, in contrast with other
PG models with explicit torsion square pieces. In this sense, as previously stressed, we simply extend our previous results with massless
torsion to a generic PG model with these torsion square corrections, what it means an easy way to obtain solutions due to the analyses
performed in that simpler case. On the other hand, it is worthwhile to emphasize that the existence and unicity of solutions within these
torsion models can be established under appropriate energy conditions [31].
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According to the massless torsion scheme, it is always possible to impose an additional constraint by applying the weak-field approxi-
mation for the torsion tensor through the trace of Eq. (26). This restriction ensures that our PG model appropriately encompasses such a
limit. Then, by neglecting torsion terms of second order, the equations of motion for the torsion tensor in linear approximation read

20+ B+3y +2
VuVHATY ;0 + V VT, -V, VTV = ——— T " TY,;,. 31
" AV m Yy A mVa v 4C1+Cz~|—2d1 AV ( )

In the special case where 2o + 8 + 3y +2 =0, it turns out that the mass modes of torsion do not contribute to the weak-field

approximation and then this constraint reduces to the following relation among the torsion and metric components:

o p Vi)
b(r)y=rc'(r) +c@) + o (32)

where p is an integration constant.

In analogy to the massless torsion case [12], we demand the condition W; = W, = W(r) to guarantee the compatibility requirement
with external electric and magnetic fields, as in the standard Einstein-Maxwell framework of GR. Finally, we also require the avoidance of
undesirable singularities from any solution F? . referred to the rotated basis % = A% e given by the following vector fields:

il L :
s —2{[1U(r)+1]dt+[l \1/(1»)] dr} ;

p_1 1 :
o —z{[\p(r)—lldt+|:l+mi| dr} ;

o0 =rdo, ;
9% — rsin6; do, . (33)

Accordingly, in order to avoid geometrical divergences in the roots of the metric function W(r), the following relations among the
torsion components are taken into account:

br)y=a(m¥(r), c(N=—-g)W), dr)=—-h@ W), I(r)=kr)¥{). (34)

It is worthwhile to note that these constraints involve the vanishing of the three independent quadratic torsion invariants. Namely, in
terms of its irreducible components:

TuTH =S, S* = quuw @ =0. (35)
Furthermore, the additional quartic torsion invariants also vanish under these conditions:

T,T, SHSY = T)LTp Q;w)\qlwp = S)\S,o qlw)»qlwp = Tks,o qukqﬂv'o =0, (36)

T3 TuTy g = $55,S0 @ = T, Ty Sv @ = Th S Sy g™’ =0, (37)

To quuvp q//.vk q.°° =S Auvp quvk q.°° = quvi 9"’ qow * q°¢ o =0Qrou qkwv q° ovow PR =0. (38)

4. Solutions

By taking into account the previous remarks, the following constraints among the metric and torsion components are necessarily
imposed together with the field equations and the basic space-time symmetry properties, in order to establish an appropriate physical
consistency to the regarded PG model:

Uy =Wy = U(r), (39)
b(r)=rc’(r) +c(r) + g , (40)
bry=a(r) V@), cr)=—-gr)V(), d@r)=—-h@) V), I(n)=k@) V). (41)

Note that these requirements do not demand the additional assumption of the double duality ansatz, usually considered by many au-
thors due to its strong simplification of the field equations into a particular easier form [32]. Indeed, from a physical point of view, there is
not any compelling reason to apply such a higher restriction, but a particular mathematical reduction in the difficulty of the computations,
what in certain cases usually involves a loss of accuracy and generality that are incompatible with other possible configurations.

Then, the original model is appropriately simplified, and the following SO(3)-symmetric vacuum solution can be easily found for
a=-di/4d, a=—di/2,a=11-pandy =—1:

_ W' (r) wr bty — W' (r) () owr 1 wr
a(r)_ij(r)—i—m, )= 5 +wr, c(r)_7+7,g(r)_—z—m,
K K
d(r)= ?, h(r):—m, k(ry=1(r)y=0 ; (42)

with
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\IJ(r)—l—z—m—i—d]—K (43)
-2p)
-=2

It is straightforward to note that the solution belongs to the special case where the contribution of the mass modes to the weak-field
approximation of the torsion field is negligible. Then the relation (32) is completely fulfilled by taking p = 0. ln addition, the trace vector
and the tensorial component of torsion remain massless whereas the axial mode becomes massless for g = 2, what it means that our
previous RN solution with massless torsion is recovered in such a case. This is an expected result, since it is shown that the dynamical
behavior of torsion falls on the mentioned mode. Indeed, the axial component of torsion acts as a Coulomb-like potential depending on
the parameter «, which is related to the existence of a spin charge, in analogy to the relation between torsion and its spinning sources. Its
geometrical effect is induced on the metric tensor by modifying the regular Schwarzschild vacuum structure of GR with the RN space-time
associated with the following RC curvature tensor:

(44)

—w 0 0 0 0 0
0 —wx-(N/2 = x4(r)(k/2r%) 0 — XM /2r?)  —w x1(1)/2
Fab = 0 xt(M®/2rr) —wx_(1)/2 0 wxs(M/2 = xp () (k/2r%) (45)
€ —K /2 0 0 — (1/r2+w/2) 0 0 ’
0 x-(M®&/2r}) —wxs()/2 0 =3wim)/2 = x-() (k/2r%)
0 wxs (/2 x-() (k/2r?) 0 X (1) (i, /2r%) =3w¢(n/2

where the six rows and columns of the matrix are labeled the components in the order (01, 02, 03, 23, 31, 12) and the following functions
have been defined:

T2

XM =1=x m (46)
2

é“(r)=1+3\y(r). (47)

Then, according to the first Bianchi identity in a RC space-time [33], the solution reduces to the standard Schwarzschild geometry of
GR when Vi, T* 5] + T? (v T* 5} = 0, namely when the parameter « of the axial component vanishes.

It is also straightforward to notice the absence of singularities, excluding the point r = 0, in the six independent quadratic scalar
invariants defined from the curvature tensor, as expected from relations (34):

R?= % (l + 6wr2)2 , (48)
Ruppn R = 2 (1 — i+ 2wr? (1+3wr2)) (49)
Ripun REVAP = % (1-2c2+2wr? (14 3wr?)) | (50)
Rippn 4PV = r% (1=K +2wr? (14 3wr?)) | (51)
INQWINQ‘“’ = ;4 (1 + k2 + 6wr? (1 +3wr2)) , (52)
lek”“ = ;4 (1 — k% +6wr? (1 + 3wr2>) . (53)

On the other hand, the solution leads to a specific set of values for the Lagrangian coefficients, which should additionally define a
viable and stable gravitational theory. According to the unitary and causality requirements, this consistency demands the absence of both
ghosts and tachyons in the particle spectrum of the model, what has been systematically carried out by distinct approaches for the case
of massive propagating torsion as well as for the case with zero-mass modes, where extra gauge symmetries can appear besides the
fundamental Poincaré gauge symmetry [35,36,34,37-40]. Nevertheless it should be noted that, apart from some particular differences and
disagreements in their conclusions, all these approaches are not developed as perturbative analyses around any specific curved background
which may be induced by the presence of a dynamical torsion, but on a rigid flat space-time where the possible effects of the torsion field
are completely neglected. In fact, as can be seen, within our PG model the presence of a non-vanishing propagating torsion modifies the
vacuum structure with the above RN geometry, where the axial component of the torsion tensor emerges in the metric tensor and hence it
cannot be unilaterally excluded from the background. Furthermore, it is straightforward to note from (31) that our PG model encompasses
a weak-field approximation for the torsion field that cannot be separated from the background space-time (i.e. the torsion-free covariant
derivatives of the Expression (31) cannot be replaced by ordinary derivatives). Therefore, there exists a strong limitation around the cited
stability studies, what it means that future analyses should be performed in order to examine the stability of these types of PG models.

Additionally, the solution can be naturally generalized to include the existence of a non-vanishing cosmological constant A and
Coulomb electromagnetic fields with electric and magnetic charges q. and q;; respectively, which are decoupled from torsion under the
assumption of the minimum coupling principle. This simple extension is obtained by modifying the metric function ¥(r) by the following
expression:
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\p(r):]_z_m_i_w_i_éﬂ.
r r 3

Thereby, the solution shows similarities between the torsion and the electromagnetic fields, even though they are independent quan-
tities. Note that it is referred to an extensive and regular PG theory, unlike other monopole-type solutions that can be constructed by
modifying the model towards a different approach embedded within the complex Einstein-Yang-Mills theory [41].

The mass factors present in the solution may also involve corrections in the motion of spinning matter. Nevertheless, these deviations
from the geodesic motion of ordinary matter are expected to be very small at astrophysics or cosmological scales, because of the vanishing
of the spin density tensor in the most macroscopical bodies. This situation may differ around extreme gravitational systems as neutron
stars or black holes with intense magnetic fields and sufficiently oriented elementary spins. In such a case, it is expected that the RC
space-time described by the PG theory modulates these events. In addition, the influence of the mass of torsion on Dirac fields depends
on the coupling considered between these and the torsion tensor. For Dirac fields minimally coupled to torsion, it turns out that only the
axial vector carries out the interaction, whereas the trace vector and the tensorial mode are completely decoupled [42]. However, as can
be seen from our RN solution, the parameter of mass associated with the axial mode falls on the rest of components of the torsion tensor,
what it means that its effects may only be induced on Dirac fields non-minimally coupled to torsion.

(54)

5. Conclusions

In the present work, we have extended the correspondence between torsion and vacuum RN geometries in the framework of PG
theory with massive torsion. This correspondence was first stressed in a previous work for the particular case given by a dynamical
massless torsion alone, that can be associated with a PG model that contains quadratic order corrections in the curvature tensor [12].
Similar foundations were also introduced in [43,44] in order to find an alternative method to solve the Einstein-Yang-Mills equations
in extended gravitational theories. We investigate its generalization to the case with non-vanishing torsion mass modes by including the
respective explicit torsion square pieces in the gravitational action. Then, we obtain the corresponding RN solution with massive torsion by
imposing the appropriate space-time symmetries on the metric and torsion tensor, as well as additional consistency constraints in order
to avoid all the possible unsuitable singularities and encompass the weak-field limit associated with torsion in a framework compatible
with external Coulomb electric and magnetic fields, as in the standard case of GR.

In this scheme, the dynamical role of the torsion tensor is carried out by its axial mode, in a way that this mode can be massive
or massless, whereas the mass modes of the trace vector and of the tensorial component remain vanishing. The presence of such a
non-vanishing mass modifies the rest of the torsion components of the solution and it may introduce deviations in the trajectories of
spinning matter. Nevertheless, it is shown that for the case of Dirac fields the non-minimal coupling to torsion is necessary. Even though,
it is expected that the possible consequent effects are negligible at macroscopic scales and they may become significant only at extremely
high densities.

Finally, the corresponding Reissner-Nordstrom-de Sitter solution with cosmological constant and external electromagnetic fields is also
obtained, by analogy with the standard case. The existence of these sorts of configurations reveals the dynamical role of the space-time
torsion and provides new features associated with this field, what involves a richer vacuum structure of post-Riemannian gravitational
theories endowed with both curvature and torsion.
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Appendix A. Expressions of the field equations
The Lagrangian (4) imposes the vanishing of the tensors X1,V and X2, AV in vacuum, whose expressions can be written as:
X1,V = —26"“ +4c1T1, Y +2c2T2, Y —2(2c1 +¢2) T3, Y +2d; (Hlﬂ" - H2, ") +oall, Y +B812," +yI3,", (A1)

X2, =Ty ™ + 40101, ™ — 26502, ™ +2 (201 +¢2) €3, ™ — 2dy (Y1, 2 -Y2,")—az1, Y - pZ22," —y 23,7,

(A.2)
where it is given the explicit dependence with the following geometrical quantities:

R D Vv R Y

G =Ru" = 8", (A3)
- - 1 - -

Tlll- V= R)Lp,ua R)vag - Zfs/,c URApta RApIo‘ ’ (A4)
~ ~ - - 1 ~ -

724" = Rupuo R*"P7 + Ry po  R* P — 70u "Rapro R¥P7 (A.5)
- ~ 1 ~ -

T3," = Rappo RV — 2% "Ripra RT7P, (A.6)

- - -~ o~ 1 -~ o~
H]IJ« V' =RY A;LpR)Lp + R)\//.R)\U - E(SM UR)\,ORM) s (A'7)
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)»,upRp + RAMRV — _8M VRM)R’O

=R

1
( Topu TP + Vi " — KP T " — ZSH”TMUT“’“> ,
( w TP+ Topp TPX 4 VT ) = VTV 4 KP 1 (TV ) = T

1
I3M”:2<T“MTPP)‘—VMT)“;\” —KY TP p* = EB,L“(TUUTP,,“ —2vkrppl)> ,

Tﬂ, AV =6ﬂl)g)»GTppo_ _g}»VT,OpM _g}»GTU#O_ ,
A p A A 5, p A
C1, " = VR PV + K 5pRu P — K% 1pRs PV,

Czu AV Vp (RM VAQ _ RM pkv) + K)‘ op (k’u vop _ RM pav) —K° 1p (Ra VAQ _

C3M AV Vpk,ovku + KA Opkpva = K° W)R,ovka ,

Y1, " =8, "V,R* — VR 48, VK* 5 pR7P + KP 1 pR* — KV 1,p R — K* 4
Y2, =8, "V,RP* — VR + 8, "K* 5pRP7 + KP [pRY — KY 1pRP — K*

Z-IM)\,I)=4T}LUIL7
A A A
22, " =2(T" =T )
ZBMAV =gAqu ol _(SM ngoTp po -
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