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Abstract

We construct a new exactly solvable supersymmetric spin chain related to the BCy extended root system,
which includes as a particular case the BCp version of the Polychronakos—Frahm spin chain. We also
introduce a supersymmetric spin dynamical model of Calogero type which yields the new chain in the
large coupling limit. This connection is exploited to derive two different closed-form expressions for the
chain’s partition function by means of Polychronakos’s freezing trick. We establish a boson—fermion duality
relation for the new chain’s spectrum, which is in fact valid for a large class of (not necessarily integrable)
spin chains of BCy type. The exact expressions for the partition function are also used to study the chain’s
spectrum as a whole, showing that the level density is normally distributed even for a moderately large
number of particles. We also determine a simple analytic approximation to the distribution of normalized
spacings between consecutive levels which fits the numerical data with remarkable accuracy. Our results
provide further evidence that spin chains of Haldane—Shastry type are exceptional integrable models, in
the sense that their spacings distribution is not Poissonian, as posited by the Berry—Tabor conjecture for
“generic” quantum integrable systems.
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1. Introduction

In the last few years exactly solvable (or integrable) supersymmetric spin chains and their
associated dynamical models have been the subject of extensive research in connection with dif-
ferent topics of current interest, such as the theory of strongly correlated systems [1,2] or the
AdS-CFT correspondence [3]. Among these models, the supersymmetric versions of the cele-
brated Haldane—Shastry chain [4,5] and its rational counterpart proposed by Polychronakos [6]
and Frahm [7] occupy a distinguished position, due to the rich mathematical structures at the
heart of their highly solvable character. The Haldane—Shastry (HS) chain was introduced in
an attempt to construct a simple one-dimensional model whose ground state coincided with
Gutzwiller’s variational wave function for the Hubbard model in the limit of large on-site interac-
tion [8—10]. It can also be obtained in this limit from the Hubbard model with long-range hopping
studied in Ref. [11], in the half-filling regime. The original HS chain describes N spin 1/2 parti-
cles equally spaced on a circle, with pairwise interactions inversely proportional to the square of
the chord distance. Its Hamiltonian can be written as

i
H=JOZsin(z‘/‘i—z9j)_2Ji'Jj, vi=rs (1)
i#]

where J; = %(oix, o0 ,07), o is a Pauli matrix at site i, and the summation indices run from 1
to N (as always hereafter, unless otherwise stated). A natural generalization of this chain to su(m)
spin [12,13] is obtained by taking J; = (Jil, R Jimz_l), where {Ji‘"} are the generators of the
fundamental representation of su(m) at site i. In fact, with the usual normalization tr(J}" J, ky) =
%S“V we have

1 1
Ji'Jj=§<Sij—Z>a

where §;; is the operator permuting the ith and jth spins, so that the su(m) spin Hamiltonian (1)
is a linear combination of spin permutation operators.

The spectrum of the spin 1/2 HS Hamiltonian was numerically analyzed in the original papers
of Haldane and Shastry. The more general su(m) spin case was studied in a subsequent publi-
cation by Haldane et al. [14], who empirically found a complete description of the spectrum
and explained its high degeneracy by an underlying )(sl,) Yangian symmetry. These results
were rigorously established in Ref. [15] by constructing a transfer matrix using the Dunkl opera-
tors [16,17] of the (trigonometric) Sutherland dynamical model [18,19]. Although this approach
yields an explicit formula for the energies in terms of the so-called motifs, the computation of
their corresponding degeneracies becomes quite cumbersome when m > 2. This is probably the
reason why the partition function of this chain was computed only very recently [20], using a pro-
cedure known as Polychronakos’s freezing trick which does not rely on the explicit knowledge
of the spectrum [6,21].

The key idea behind the freezing trick is exploiting the connection between the HS chain
and the Sutherland spin dynamical model in the strong coupling limit. Indeed, in this limit the
particles in the latter model “freeze” at the coordinates of the (unique) equilibrium of the scalar
part of the potential, which are exactly the chain sites. Thus, in this limit the dynamical and the
spin degrees of freedom decouple, so that the spectrum of the spin Sutherland model becomes
approximately the sum of the spectra of the scalar Sutherland model and the HS chain. This
observation yields an explicit formula for the partition function of the HS spin chain as the strong
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coupling limit of the quotient of the partition functions of the spin and the scalar Sutherland
models, both of which can be computed in this limit. In fact, this method was first applied by
Polychronakos to evaluate the partition function of the su(m) spin chain associated with the spin
Calogero (rational) model [22,23], usually known in the literature as the Polychronakos—Frahm
(PF) chain, whose Hamiltonian (in the antiferromagnetic case) is given by

H=Z(§i — )2+ Si)). (2)
i<j
The sites ¢; of this chain are the coordinates of the equilibrium of the scalar part of the Calogero
potential, which coincide with the zeros of the Hermite polynomial of degree N [24].

Both the HS and the PF chains admit a natural su(m|n) supersymmetric version, in which
there are m bosonic and n fermionic degrees of freedom at each site [25-29]. In practice, the
Hamiltonians of these chains are obtained by replacing the spin permutation operators S;; by
suitable supersymmetric generalizations thereof (cf. Eq. (4) below). The partition functions of
the su(m|n) PF and HS chains have also been computed in closed form using the freezing trick
method outlined above [25,27]. These partition functions were then used to establish a remark-
able boson—fermion duality relation for the spectrum of each of these chains [25,28].

The original HS and PF chains (and their supersymmetric versions) are associated with the
Ay _1 root system, since the interaction between any two spins depends only on the difference of
their site coordinates. It is also of interest to consider generalizations of these chains to the BCy
extended root system, in which the spins interact not only among themselves but also with their
mirror images with respect to a reflecting end located at the origin. In the non-supersymmetric
case, the HS chain of BCy type was first discussed in Ref. [30], and its partition function was
evaluated by means of the freezing trick in Ref. [31]. Likewise, the partition function of the
su(m) PF chain of BCy type introduced in [32] was recently computed in closed form by the
authors [33]. To the best of our knowledge, however, the supersymmetric counterparts of both
the HS and PF chains of BCy type have not been studied so far. One of the main purposes of
this paper is precisely to fill this gap in the case of the PF chain. More precisely, we shall apply
the freezing trick to compute the partition function of this chain in closed form, relating it to
the corresponding partition function of the su(m|n) PF chain of type A. We shall also extend the
boson—fermion duality mentioned above to a large class of supersymmetric spin chains of BCy
type which includes the PF chain as a particular case.

The spectra of the non-supersymmetric spin chains of Haldane—Shastry type whose partition
function has been explicitly computed share some statistical properties that we shall now discuss.
In the first place, the density of energy levels follows the Gaussian law with remarkable accuracy
even for a moderately large number of particles [20,31,33,34]. Secondly (except for the HS
chain of BCy type, which has not yet been studied in this respect), the density of spacings p(s)
between consecutive (normalized) levels follows a characteristic distribution essentially different
from Poisson’s law p(s) = e™*. This fact is somewhat surprising, in view of the integrability
of these chains [6,32] and the long-standing conjecture of Berry and Tabor [35], according to
which the spacings distribution of a “generic” quantum integrable system should be Poissonian.
The validity of this conjecture has been verified for a number of important integrable systems,
including the Heisenberg chain, the 7—J model, the Hubbard model [36], and the chiral Potts
model [37]. On the other hand, the non-Poissonian character of the spacings distribution has
recently been observed for the su(m|n) HS chain of Ay_ type [27], whose density of spacings
is qualitatively similar to that of the non-supersymmetric HS and PF chains. Another important
aim of this paper is the study of the level density and the spacings distribution for the su(m|n) PF
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chain of BCy type. Our main conclusion in this respect is that this chain behaves in essentially the
same way as other chains of Haldane—Shastry type previously studied. In other words, when the
number of spins is sufficiently large the level density follows with great accuracy the Gaussian
distribution, and the spacings distribution also deviates substantially from Poisson’s law. As a
matter of fact, we shall see that the spacings density is well approximated by the same “square
root of a logarithm” distribution as the original HS and PF chains, and the su(m) PF chain of
BCy type [33,34]. This lends further support to the fact that spin chains of Haldane—Shastry
type are exceptional integrable systems from the point of view of the Berry—Tabor conjecture.

The paper is organized as follows. In Section 2 we recall the definition of the supersymmetric
spin permutation operators [25], and introduce new supersymmetric spin reversal operators. With
the help of these operators, we construct the su(m|n) PF chain of BCy type and explain how
the freezing trick can be used to compute its partition function from that of its associated spin
dynamical model. In Section 3 we compute the spectrum of the latter model, which is then
used in Section 4 to evaluate the chain’s partition function. Using the grand canonical partition
function of the spin dynamical model, in Section 5 we obtain an alternative expression for the
chain’s partition function in terms of that of the su(m|n) PF chain of type A. This expression
turns out to be particularly efficient for the computation of the chain’s spectrum for a relatively
large number of spins. Section 6 is devoted to generalizing to spin chains of BCy type the boson—
fermion duality uncovered in Refs. [25,28]. In the last section we use the explicit formulas for
the partition function obtained in Section 5 to study the asymptotic behavior of the level density
and the spacings distribution when the number of particles is very large. The paper also includes
two appendices, the first one being a collection of several useful g-number identities, and the
second a detailed derivation of the exact formulas for the mean and standard deviation of the
chain’s energy used in Section 7.

2. The model

Let us begin by defining the Hilbert space of the internal degrees of freedom and the action
therein of the su(m|n) permutation and spin reversal operators Sl.(;"‘") and Sl.“/. There are two
species of particles, “bosons” and “fermions” (the reason for this terminology shall be apparent
later), with m and n denoting respectively the number of bosonic and fermionic degrees of free-
dom. More formally, the internal Hilbert space X ™" ~ (C"*+")®N is spanned by states of the
form |s1) ® -+ - ® |sy) =51, ..., 5n§) = |s), where s; is a two-vector (sl.l,sl.z) with

N2 0, bosons,
i) si=n(s)=

1, fermions,

(—ot —msl 1 2 a(s) =0,
(11) Sil € nzl nle nfi l

(- - +L....5} =#m@6)=1
We shall say that sl.1 is the value of the “spin” s;, while Si2 = 7 (s;) is its type (bosonic or
fermionic). As usual, the inner product on X" is defined in such a way that the set of vectors

|s) forms an orthonormal basis.
. . / . . . .
The action of the spin reversal operators Si¢ on this basis is given by

! -
SECIST, o ey Siveeoy SN) = PGS |51, .87 s, 3)
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- _ 1 2
where s, = (—s;, 57),
€, m(sj)=0
S;) =
pe) {e’, 7(si) =1,

and €, ¢’ = %1 are two independent signs. In other words, S} < reverses the value of the ith spin
without affecting its type, and multiplies the state by the sign p(s;).

The definition of the spin permutation operators S l(]mln) = S;Tln) is a bit more involved,
namely (assuming that i < j)

S,.(]’?"”)|...,si,...,sj,...> = (=D%O| s s, (4)

where

aij(s) =m(sp)m(sj) + (w(si) +7(s))) fi; (9),

and
j—1
fi®= > m(s)
k=i+1
is the number of fermions in between the ith and jth spins. In other words, the sign (—1)%i® is
—1 when either both s; and s; are fermionic, or s; and s; are spins of different type with an odd
number of fermionic spins between them. An equivalent way of defining the action of Sl.(]’."‘") is
by requiring that Sl(’l"fl) introduce a factor of —1 precisely when s; and s;41 are fermionic. This
clearly implies the previous (apparently more general) rule, since an arbitrary permutation is a
product of permutations of consecutive elements.
The Hamiltonian of the supersymmetric su(m|n) PF chain of BCy type is defined by

1— S(m‘n) 1— S(m‘”) 1— SEG
€ ; (& —&))? (§z+€])2 ﬁz ©

where! S‘i('."‘") =S¢ 6/Sé'e/Si('."I") and B > 0. The chain sites £; are the same as those of the ordinary
PF chain of BCy type studied in Ref. [33], namely the coordinates of the (unique) equilibrium
of the scalar potential

U(x)=Z[ 1 } Zﬁz 6)
= (xi_xj)z (xl+X)2

in the open set C = {x= (x1,...,xy) |0 <x; <--- <xpn}. It can be shown [32] that §; = \/2y;,

where y; is the ith zero of the Laguerre polynomial Lﬁ ~!. Note also that the convention for the
(mln)

sign of the SUSY spin permutation operators in the definition of H_ is the opposite to that
of Ref. [27], but (as we shall see in a moment) our choice is more cons1stent with the use of the
names “bosonic” and “fermionic” for the two species of spins. Since

sV =5, SO =—5; S =es, (7)

1 Note that the operators S l.({nln) actually depend on € and €', although for simplicity we have chosen not to make this
dependence explicit in the notation.
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where S; is the operator reversing the ith spin, the purely bosonic (respectively purely fermionic)
spin chain 7’-{6 m(0) (respectively HE Ol )) coincides with the ordinary ferromagnetic (respectively
antiferromagnetic) PF chain of BCy type [33].

The spin chain (5) is naturally related to the su(m|n) spin dynamical model

min) _ L4 - S“ L4
H,, —A+a +b r , 8
Zi u)Z uﬂ2] 2: ®
i#] i
where xiﬂ; =x; £xj,b=Paand a > 1/2, and to its scalar counterpart
1 a’ ,
w——A+mn—n§:[ —+ +2]+Mb—D§: s+ ©)
Sl o)
Indeed, we have
HO" = Hye +aty”, (10)

where ﬁir:/ln) is obtained from the spin chain Hamiltonian (5) by replacing the sites & by the
coordinates x;. Since

HIW = —A+a’U + 0(@),

as a grows to infinity the particles tend to concentrate at the chain sites &;, so that the dynamical
and internal degrees of freedom decouple. By Eq. (10), in this limit the energies of the dynamical
spin model (8) are approximately given by

Ejj~E*+a&;, a>1, an

where E isc and &; are any two energies of the scalar Hamiltonian (9) and the spin chain (5). The
latter formula cannot be used directly to deduce the spectrum of Hi’:’,‘") from those of HG(Z,"")
and Hy, since it is not known a priori which eigenvalues of H;:fln) and Hy. combine to yield

an eigenvalue of Hi’zl"). However, Eq. (11) immediately leads to the exact “freezing trick” for-
mula [21]

a—> oo Z sc (a T)
relating the partition functions Z:Zfln), Zi’:,‘") and Z of Hirzln)’ He('jln) and Hy, respectively.
The partition function Z of the scalar model (9) was computed in Ref. [33]. We shall see in the
next section that the spectrum of H_, (min) i quite simple, a fact that shall be exploited in Section 4
to explicitly compute its partition function. Using Eq. (12) we shall then obtain the partition

function Ze(gf‘") in closed form.
3. Spectrum of the spin dynamical model

The first step in the evaluation of the partition function of the spin chain (5) by means of the
freezing trick relation (12) consists in determining the spectrum of the spin dynamical model (8).
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To this end, we introduce the auxiliary “exchange Hamiltonian”

a - b a®
__A+Zi — —mp+—¢—m—Km}+Z}3w—K»+—ﬂ,(B)
(x )2 (x;7)? ~ x; 4
i#j ij L i i
where K;; is the operator permuting the ith and jth spatial coordinates, K; reverses the sign of
the ith coordinate, and K ij = K; K jK;;. The rationale for introducing this operator is the fact
that its restriction to states symmetric under the action of the operators

am =k;se, e =Kis¢ i j=1,....N, (14)
coincides with that of the Hamiltonian H ("fln)

all three sets of operators {K;, K;;}, {Sl.“/, Si(;"ln)} and {I"[i“/, I'Ii(j'."‘")} generate a realization of
the Weyl group of BCy type, namely they satisfy the commutation relations

, as we shall next discuss. To begin with, note that

Kl-2j=1, KijKjx = KikKij = K jk Ki, KijKk = K Kij,
Kl_2:1’ KiK;=K;K;, K;jKr = Ky Kj, KijK;=K;Kj; (15)
(where i, j, k, [ are distinct) and similarly for the other two sets. We shall denote by Ai’:)")

the projector on states totally symmetric under the action of the operators {171.“/, HZ.(;"‘")}. For
instance, if N = 3 we have

1 ! ! !
AT = (T (14 15 ) (1 4+ 75

1
% 5(1 +H(rn|n) + H(MIﬂ) _|_H(m|n) +H(m|n)H(MI'1) _|_Hl(r2n|n)n2(gnln)).
In particular, A“‘ ) (respectively A( I )) projects onto states totally symmetric (respectively
antisymmetric) under particle permutations and with parity € with respect to simultaneous sign
reversals of spatial coordinates and spins. From the definition of the total symmetrizer Ag:,ln) it
follows that

Hl(mln)A(m,ln) — A(m/‘n)nfmln) A(mln) H?G,A(m/‘n) — A(m/‘")n_éél — A(m/ln),
j €€ ce ij i ce 133 i 133

66/ 9
so that
(mln) ,(mln) _ ¢ = 4 (m|n) (MIn) (m|n)
SEmAL = kAl s Al = kAT, (16)
Hence
(mln) 4 (min) __ yq1 4 (mln)
Hee’ Aee’ _HAee’ ’ (17)

which, as we shall see, is precisely the relation needed to deduce the spectrum of He(Zfl") from
that of H'.

Indeed, recall [33] that the operator H’ is represented by an upper triangular matrix in the
(non-orthonormal) basis with elements

de=e 4 [Tl [Tk 1" T T as)
1 l

i<j
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where
k= (ki,....ky) € (NU{0)" =N,

ordered according to the degree [k| = >, k;. In other words,

H'¢x = Ex¢x + Z CRkPK

K| <[K|

where the eigenvalues are given by
Ey = alk| + Ey,

with Eg=Na(b+a(N — 1) + 1).
Due to the impenetrable nature of the singularities of the Hamiltonian (8), its Hilbert space
is the set L%(C ) ® X" of spin functions square integrable on the open set C and vanishing

sufficiently fast on the singular hyperplanes x; & x; = 0. However, it can be shown that H;Zf‘")

is equivalent to its symmetric extension (under Hi(;"ln) and Hi“/) to the space L%(RN Y@ X min),
The states

Yies = A" (pe(x)1s)), (19)

form a basis of this Hilbert space provided that the following conditions hold:

(i) ki = > ky,
(i) if k; =k; and i < j, then:
(ii.a) m(s;) <m(s)),
(ii.b) sl.1 > sll. + m(s;) whenever 7 (s;) = 7 (s;),
(i) 5! >0 foralli,ands; > 0if (D% p(s;) = —1.

The last two conditions, which differ from the analogous ones for the su(m) case [33], deserve
further remark. Condition (ii.a) simply states that acting with appropriate generalized total per-
mutation operators I7; ;"‘") we can first reorder the spins so that within each sector of s (spin
components corresponding to a maximal sequence of equal components of k) bosons precede
fermions. Furthermore (condition (ii.b)), the bosonic spin components can be arranged in non-
increasing order, while for the fermionic ones we can enforce strictly decreasing order since in
this case the state vanishes if s; = s; by antisymmetry. (This is, by the way, the justification for
the names “bosonic” and “fermionic” used for the two species of spins.) Finally, condition (iii)

stems from the fact that the spin functions (19) must be even under 1'[1.“/, while if sl.1 =0 we have

I8 Y = AL (T g ®)18) = (— D p(si) s,

so that (—1)% p(s;) = 1. A direct consequence of this condition is that the number of bosonic
spin values of s; compatible with rule (iii) is given by

> m even,
m(kj) = m;e, m odd, k; even, (20)
#5€, modd, k;j odd.

Similarly, the number 71(k ;) of fermionic spin values of s; compatible with the third rule is given
by the previous expression, with m replaced by n and € by €’.
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The Hamiltonian H;Z‘") is represented by an upper triangular matrix in the basis (19), or-

dered according to the degree |K|. Indeed, taking into account that H’ commutes with Ai’:,ln), by
Eq. (17) we have

H s = H s = A% (H'¢)ls)) = Exs + Y cinclic s
K| <[K|

Hence the eigenvalues of He(gln) are given by
Exs=alk| + Eo, (21

where k and s satisfy conditions (i)—(iii) above. Note that, although the value of Ey s is indepen-
dent of s, the degeneracy of each level clearly depends on the spin through the latter conditions.

From Eqgs. (7)—(9) it follows that the Hamiltonian Hy. of the scalar Calogero model is simply
Hil‘o), so that its spectrum is also given by the RHS of Eq. (21), with all k; even by condition
(iii). We can thus subtract the ground energy Eg from the spectra of both Hy. and H:'gln) without
altering the partition function of the chain (5). With this proviso, the energies of both models
are proportional to the coupling constant a, which implies that Zs.(aT) and Zi:l,‘") (aT) are
independent of a. Hence, in the calculation of the partition function of the chain (5) we can take
without loss of generality Eg =0 and @ = 1, and write the freezing trick formula (12) simply as

(mln)
Zee’ ()

(mIn)
27T =
e (D) Zse(T)

(22)

4. Evaluation of the partition function

We are now ready to compute the partition function of the spin chain (5) using the freezing
trick formula (22). As for the ordinary (purely bosonic or fermionic) chain, the evaluation of the
partition function Zi?,ln) of the spin dynamical model (8) depends on the parity of the integers
m and n, so that one has to consider four different cases. In the calculations that follow, we shall
use the fact that the number of ways into which we can arrange the spin components s; in a sector
of s corresponding to a certain component « of k repeated v times is given by

min(n(k),v) , - - .
A1) = Z (n(fc)) (m(ic)—l—v . i 1>. 23)
= i v—1

Clearly, this number depends on « only through its parity, cf. (20) and its fermionic analogue.
Note also that when m (k) = 0 the second binomial coefficient in (23) should be interpreted
as d;y.

Case 1: m,n even

Recall, to begin with, that after setting Eg = 0 and a = 1 the partition function of the scalar
model (9) reads [33]

ZeM= Y @M=TJ(1-¢*) ", g=e VD, (24)

k1 zZ2kny 20 i
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By Eq. (21), the partition function of the Hamiltonian (8) can be written as
= Yy g™, (25)
ki 2-2ky 20

where the spin degeneracy factor dk is the number of spin states |s) satisfying conditions (ii)
and (iii) for a given multi-index k. Since both m and n are even, by Eq. (20) and its fermionic
analogue we have m(k;) =m/2 and n(k;) =n/2.If

V1 Vr

rm— r— e
K=(k1,....Kl, o Ky Kr), K1 >-->kr 20, (26)

from Eq. (23) it follows that

de=[]dw)=dw). (27)
j=1
where v = (vq, ..., ;) and
mm(2 vj)
. 5 R Rt 1)
d(vj)= ;0 <l>( o i : (28)

Since Y i_, v; = N, the multi-index v is an element of the set Py of partitions of N with order
taken into account. Inserting Eqs. (26)—(28) into (25) we obtain

Z(m|”) Z d(v) Z ng:l Viki .
vePy Ky >->kp 20
The RHS of the previous equation can be evaluated as in [33, Eq. (24)], with the result

ew) ny

(mln) 7N Z d(v)l_[

vePy

(29)
where £(v) =r is the number of components of the multi-index v and

J
Nj ZZV,'.
i=1

From Egs. (22), (24) and (29) it follows that in this case the partition function of the su(m|n) PF
chain of BCy type is given by

zo" =Tl +4)- Y dwg>

i vePy

T g
—q 1), m,n € 2Ny, (30)

where the positive integers N ]/ are defined by

{Ni""’NI/V—Z(v)} ={l,...,N—=1} —{Ny,..., New)—1}-

Note that, as for the purely bosonic/fermionic model, in this case the partition function does not

depend on ¢, €’. We shall therefore drop from now on the subscripts €, €’ from Z__ () \when both
m and n are even. The first product in Eq. (30) is simply the partition function of the su(2/0) chain
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(5) (cf. Eq. (34) in Ref. [33]), whereas the remaining sum coincides with the partition function

Z(( A7)| 2 of the su( | ) PF chain of type Ay_1 computed in [29]. We thus obtain the remarkable

relation
Zmin) — z<2‘0>z , m,ne2N. 31)
Recall [25] that the partition function of the su(k|/) PF chain of type A is explicitly given by

Z*ID _ Z Lk M1y (@n 32)

Ay — - ,
M1+~~+Mk+l—N (q)Ml (q)MkH

where the notation (q) is defined in Eq. (A.1) of Appendix A. For instance, from Eq. (32) with
k =1=1 and Egs. (A.1)-(A.3) one obtains

N N—-1
2 =2 (], =M
M=0 q i=0
so that
N-1
200 = 220zl =2(14+¢™) [T (1+4°) (33)
i=1

Case 2: m odd, n even

In this case, by Eq. (20) and its fermionic counterpart we have n(k;) = n/2, while m(k;)
depends on the parity of k;. Hence it is convenient to modify condition (i) by first grouping
separately the components of k with the same parity and then ordering separately the even and
odd components. In other words, we shall now write k = (ke, k,), where

Vi Vs

ke = (261, ...,2K1, ..., 2Ks, ..., 2Ks ),

Vs+1 vy

ko =2x541+ 1, ..., 2k541+ 1,000, 200+ 1,000, 200 + 1),

and

K1 > >kg 20, Ks41 >+ >kr =0.

By Eq. (20), m(2«;) = (m +¢€)/2 for j =1,...,s, while m(2«; + 1) = (m — €)/2 for j =
s+ 1,...,r. From Eq. (23) it follows that the spin degeneracy factor di is now given by

N r
de=]]devp)- [] decvp) =diw), (34)
j=1 j=s+1
where
min(5,v)) m+e :
n +vj—i—1
dewp)= Y. (2)< z ) (35)
i=0 1 l)j—l
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Eq. (25) for the partition function of the dynamical spin model (8) then becomes

,
Zi?,'”) _ Z Zdj(v) Z qu=1 2v,-/c,~+2f=5+1u,~(2/<,~+1)’

vePy s=0 K1>->K5 20
Kg1>>kr 20

where the RHS can be evaluated as in [33, Eq. (29)]. We thus obtain

() Wy,

Z(mln) Z st(v)q (N+N)1_[ q . l_[ Lm’ (36)

vePy s=0 j=s+1 l—gq

where

j
Vi= > v, j=s+1. L)

i=s+1
Substituting Eqgs. (24) and (36) into (22) we arrive at the following explicit expression for the
partition function of the spin chain (5) for odd m and even n:

L) q L) q2"~’.i
Ze(?'”) =H( Z st(v)q (N+Ny) H . 1‘[ —. 37)
i VEPN s=0 j:s—',—l 1 —q /

Note that in this case the partition function depends on ¢ but not on €’.

As is the case for any finite system with integer energies, the partition function Zg(':il") should
be a polynomial in g. We shall now prove this fact by simplifying Eq. (37) with the help of the
identities in Appendix A. To this end, we define the two sets of integers

{Nl.....Ny _}={l.....Ny = 1} = {N1, ..., Ns_1},
{NZ/\’S—S—&-I""’N]/V—Z(V)} ={l,....N = Ny = 1} = {Ngs1, ..., Neww)—1},
in terms of which we can rewrite Eq. (37) as

L(v)

I o S T W VR LA L [1]\\7’] 2
vePy s=0 s-q
Ny—s , N—t(v) -
< [Ta-a")- [T (-4*"). (38)
j=1 j=Ng—s+1

From the discussion in Appendix A (cf. Egs. (A.6)—(A.7)), it follows that the binomial coefficient
[}I\X ]qz is an even polynomial of degree 2N (N — Nj) in g. Thus the RHS of Eq. (38) is also a
polynomial in g, as expected.

Case 3: m even, n odd

The evaluation of the partition function Ze(m,ln) is performed as in the previous case, the only

difference being that the spin degeneracy factor d; (v) in Eq. (38) should be replaced by

dSm)=[]dewj)- [] d-ep. (39)

j=1 Jj=s+1
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where now

. ’
mln(%,vj-)

n+e m i
d€/(vj): Z < 2 ) ( 2 +V] l 1) ) (40)

I vi—1I
i=0 J

In particular, the partition function Z:T,ln) does not depend on € in this case.
Case 4: m, n odd

In this case both m(k;) and n(k;) depend on the parity of k;, so that the computation of the
partition function proceeds as in Case 2. The final result is still Eq. (38), with the spin degeneracy
factor df (v) replaced by

N r
Ay ) =[]dee ) [] dee—erv)). (41)
j=1 j=s+1
where
min(%‘/,Vj)

n+e’ m+-e e
dee/(vj): Z < 2 ) < 2 +vj 1 1>' (42)

i v, —1
i=0 J

Thus in this case the partition function depends on both € and €'.
5. Relation with the spin chain of type A

We have seen in the previous section that when the integers m and n are both even, the partition
function Z" of the chain (5) is related in a simple way to that of the su(%5|5) PF chain of
Apn_1 type, cf. Eq. (31). The purpose of this section is to derive an analogous relation for odd
values of m and/or n. To this end, we shall deduce an alternative expression for the partition
function by means of the grand canonical partition function of the spin dynamical model (8),
following an approach similar to that of Refs. [21,25] for the ordinary and supersymmetric PF
chains of type A.

In order to compute the grand canonical partition function, it is convenient to replace con-
ditions (i)—(iii) in Section 3 ordering the labels Kk, s of the basis states (19) by the following
equivalent set of rules:

(a) Ifi < jthenm(s;) <m(sj);

(b) Ifi < j and 7(s;) = 7(s;), then s} <s};
(c) Ifi < jands; =sj,thenk; > kj +m(s;);
(d) 5; > 0,and (—Dk = p(s;) if s} =0.

By Eq. (21) (setting, as before, Eg = 0 and a = 1) the grand canonical partition function
de",‘") of the spin dynamical model (8) is given by

oo
20" (T =y Y g, (43)

N=0 k,s
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where p is the chemical potential and the inner sum runs over all values of k € N(’)V and s com-
patible with conditions (a)—(d). As in the previous section, the computation of Zi’:,‘") depends on
the parity of m and n. Since the case of even m and n has already been dealt with above, we shall
start with the case of m odd and n even:

Case 2: m odd, n even

Calling m = (m — 1)/2 and n = n/2, by conditions (a), (b), and (d) we can write

Vo Vi Vin+1 Vin+ii
1 111 1 1
s=(0,...0. 22— °—~ - nt— /) (44)
2 2 22 2 2

where v; € Ng and Zl@(_}ﬁ v; = N. With a slight abuse of notation, we have suppressed the second
component sl.2 of each spin s;, since clearly sl.2 = 0 for the first vy + - - - + v spins and 51'2 =1 for
the remaining ones. By condition (c), the multi-index k is of the form

k:(2K?+p,...,2/c80—}—p,/cll,...,/cl Ki"*'”,...,/c';’ﬁ) (45)

vyt Vit )’

where
1
p= E(1 —€) (46)

and the nonnegative integers K;- satisfy

Ki}ou}/c,’;i, i=0,...,m,
K{ ~'>K‘I;i, i=m+1,...,m+n.
By Eq. (43), the grand canonical partition function of the chain (5) is given by

m+n

Zi’:l/ln) - Z Z qZ;’gl(z’ﬁO*P)*Voll 1_[ qu’zl Kl—vp

VO, ooy Vi it 2 ,(1/'>..4>,(3_ =1
J

>k,
O,es i j=fi41,..., 10+

\\/

1
k1
i

- = qz:z.aww][n > men]
i>. >K

K?>-~~>K90 I
o 20 v; 20
m+n v
J J
X 1_[ E qZ,:]Kr_VjM .
Jj=n+1 K> >ij
v; 20

The first factor in the last equality is clearly the grand canonical partition function ZS'(” of
the purely bosonic spinless dynamical model (8) (which coincides with the scalar model (9) for
€ = 1). On the other hand, in Ref. [25] it was shown that

Z S T g0, Z ) a7 )

v=0 k12> 2K, =0 K1>>Ky
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where Z&l? ) (respectively ZE%D) denotes the grand canonical partition function of the purely

bosonic (respectively fermionic) spinless Calogero model of type A. We thus have

(mln) 110) (7 (1O 252 (7 011\ 3
Z, :ZE | )(Z(A) ) : (Z(A) )2~

Using again the results in Ref. [25], we can write the previous formula as

—1
("=1%)

(mln) _ (110
Z" _Zg”Z(A) , 47)

m—1n
where ZE A 2 denotes the grand canonical partition function of the su(”’T*1 |5) spin Calogero

model of type A. On the other hand, the grand canonical partition function Z(T, ) can be
expressed in terms of the N -particle canonical partition function Zy (T) as

LT, W= yNZn (),
N=0

where y = ¢~ and Zy(T) = 1. Equating the coefficient of yV in both sides of Eq. (47) we
readily obtain

N
(mln) _ 110y ,(“51%)
Zee’,N - Z ZG,M Z(A),N*M’

M=0
m—1n
where Z E A), N‘i;,, is the partition function of the su('”T_l |5) spin Calogero model of type A with
N — M particles. By Eq. (22), the partition function of the N-particle su(m|n) PF chain of BCy
type is thus given by

N 7010

(mln) _ eM (")
Zeo N = Z ZinyNm (48)
M=0 Zsc,N

The partition function Zfrl ‘1(3 is simply given by
10y _ _ 1 4
Z+,M—ZSC,M_W7 ( 9)
where we have used (24). On the other hand, from conditions (i) and (iii) in Section 3 we have

M
110 Mk 4
= q=m D = M Ze = 75 0
ki = Zky 20 om

The partition function of the su("’T_1 |7) spin chain of type A with N — M particles is related to
the partition function of its corresponding spin dynamical model by [25]

(2 (=8
ZiapNm = @DN-MZ 55 Ny (51)

Inserting Egs. (49)—(51) into (48) we finally obtain
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Ay @>n (L))
Zmin) _ Zqz(l—e)M z z2

“’N_M:O @m@n-p ANM
N m=1n
1—e)M (%5=1%)
_Z‘F( —e) H [M] Zin (52)
i=M+1 q

where we have used the identity (A.2). Alternatively, from the first equality in (52) and Eq. (31)
we can also derive the relation

Zmin) _ 1—e)M (m—1ln)
eeN ZQZ( - |: i| 2ZN_M
q
Case 3: m even, n odd
This case is very similar to the previous one, the main difference being that Eq. (47) now

becomes

o a-ly

(mn) (01
Lo =1, Z(A) ) (53)
which leads to the following expression for the chain’s partition function:

NoZOD
/,M myn—1
zi =" =Mz (54)
M=0 "

By conditions (i)—(iii) in Section 3, the partition function Zf,‘zlt/; of the spinless fermionic model
(8) with even parity is given by

Zfljlw) _ Z qZZi’Zlki — Z zz L Gi+M—i)
ky>->kp =0 l1Z2ln 20
M(M—1)
_qM(Mil)Zscqu(qW~ (55)
Similarly,
MZ
Z(_O!IE _ Z qu‘i](Zki+l) —gMzOD _ q (56)

+M — (.2 :
ky>->kp =0 (q )M

Inserting (55) and (56) into Eq. (54) and proceeding as before, we obtain the following two
expressions for the partition function of the chain (5) with even m and odd n:

N N
_l / j N (ﬂln )
2= Y g TT g | | 2800 o
M=0 i=M+1 4
N 1 N
_ MM-1(1+¢)) (mln—1)
=Yg : [M} 2 (57b)

M=0 q
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Case 4: m,n odd

In this case both the bosonic and fermionic spin components can take the zero value, so that
instead of Eq. (47) we now have

min) _ 7 (110) 7 O11)  (*7H"5H)
Lo =1 7L, Ly, . (58)
In particular, setting m = n = 1 in the previous this formula we get
A1) _ 7(110)(OI1)
1) = 710701 (59)
and therefore
(mln) _ (11D ()
Zee’ _Zee’ Z(A) : (60)
Proceeding again as in Case 2, we easily obtain
N ) N
Z m—1,n—1 2 m—1,n—1
(mln) ee’.M (2555 @7)n a2t et
Z = Z A= —Z 1 Z o (61)
ece’/,N MZ:() Zsc,N (A),N—M A;) (Clz)M(Q)NfM e/, M~ (A),N-M

As before, this expression can be simplified in two alternative ways, leading to the following
remarkable identities for the partition function of the chain (5) with odd m and n:

N N
(min) _ N | N a5
zhn=> 1] (1+4’)'[M} Z o E AN (62a)
M=0i=M+1 q
AR
11 —1ln—1
=[] e @
M=0 7

Let us finally evaluate the partition function Ze(y]) appearing in Egs. (62a)—(62b). To begin with,
from Eq. (59) for the grand canonical partition function and the freezing trick formula (22) we
obtain

N 7110) O N N
Za _ eN-MTe M _ qp(N—M)+M(M—1+p/) [ } i (63)
€€ MX=:() ZseN Z=:O M 2

where p is given by (46) and p’ = (1 — €’) /2. We thus have

N N—-1
N .
M=0 q i=1

where we have used Eq. (A.3) with x = 1 and ¢ replaced by ¢2. On the other hand, if e = ¢’ = —1
Eq. (63) becomes

N
amy _ N My N | _ N
Z__ _q Zq(2)[M] z_q Z++ . (65)
M=0 q
Next, if e = —¢/ =1 we have
N TN N—1
an _ M _ 2i+1
=24 [M}Z—H(lw’ ) (66)
M=0 q i=0
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where we have used Eq. (A.4). Finally, when € = —¢’ = —1, Egs. (63) and (A.5) yield

N N—1
[N -
Z£1|+1) =6]N ZqM(M 2) I:M:| 2 :qN 1_[(1+q21 1)
M=0 q i=0
N—-1 .
=q" "1+ [T +477). (67)
i=2

6. Boson—fermion duality

In Ref. [28] it was uncovered a remarkable boson—fermion duality satisfied by the spectrum
of any spin chain of Ay_1 type with global su(m|n) symmetry. We shall now extend these ideas
to the PF chain of BCy type (5), although our results will in fact be valid for any chain of BCy
type possessing global su(m|n) symmetry.

Let us start by defining the star operator * : X" — n ) by

[5)* = (=X 7). (68)
and the exchange operator X" : xmin) - s(nim) py
X(m|")|s1,...,s1v)=|s{,...,s§v), si’E(sl-l,l—siz). (69)

In other words, s; has the same value as s; but opposite type. Following Ref. [28], we next define
the operator """ ; Z(mlm) . 5(lm) a5 the composition

u(mln) — X(m\n) 0¥, (70)

Since, clearly, the operators *o* and X ™) o X" are the identity in X 1™ /("M is invert-
ible and

ymm =t x| pnim) _ (_1)%N(N+1)u(n|m)'
Indeed, if |s) € X "™ we have

I}, ... sh) = (=DEaiT6D

- si,...,s;\,>=(—I)Zfi(l_”(si))|si,...,s}\,>

— (_Dleu(nIm)ls) — (_1)%N(N+l)u(l’l‘m)|s>

Moreover, it is also easy to see that the star operator is self-adjoint and X’ mimT = y@lm) gq
-1 . . . . .

that UM =+ o y@lm) — gyomim) ,i.e., UM is unitary. A straightforward computation [28]

shows that U(m|”)Sl.(;"‘") = —S,Fj’?'"”wml"), or equivalently

u(nzln)_lsl§;1|m)u(m|n) — _Si(;nln)' (71)

The above considerations are enough for proving duality in the Ay case. However, in the BCy
case we need also consider the behavior of the spin reversal operators S7¢ with respect to con-
jugation by /") For clarity’s sake, in the following discussion we shall use the more precise
notation Sl.(melne/) to denote the operator S¢€ : X("I") — ("I Noting that (s;)’ = (s/)~ and
n(s;) =m(s;), if |s) € X" we have
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U ST 6y — o (U sy, .57 sw)
= p(si) (=12 i”(sf)|si, el (sf)/, sy)
= p(s) (=)D | ()7, sy ) = S MmOy mim gy
and therefore
( =1 o(n€'lme), ,( (melne) (m,—€|n,—€")
Ymim g imAyonn = g, —-S; : (72)

With the help of Egs. (71) and (72) one easily obtains
(mn) (mln) =L (nlm); (m|n)
H_e’_e/ +U mln He/e U mln

<Z[(& )7+ & +8)77] +ﬂZ$ ):N2,

i#]j

where the last sum was evaluated in Ref. [33]. Since u<m|”>‘1H§}€"")u<mI”> and Hi’,’glm) are
isospectral, from the previous equation we obtain the remarkable duality relation

(nlm), \ _ N2 z(mln) ¢ —1
Ze’e (@) =q Z—é,—e’(q ) (73)

When €’ = ¢, the previous formula relates the spectra of two chains which differ in the ex-
change of bosons with fermions and the action of the spin reversal operators. On the other hand,
when €’ = —e Eq. (73) is a genuine duality relation with respect to the exchange of bosons
and fermions, i.e., it relates the spectra of the chains H(,"llne) and H(,"El"? In addition, if m =n
Eq. (73) establishes that the spectrum of the chain ’H( ) is invariant under the transformation
E+> N? — &, ie., it is symmetric about N2/2. For 1nstance, for m =1 this property can be
checked directly from Egs. (66)—(67) for the partition function.

Similarly, if m and n are both even the partition function does not depend on € and €’, so that
Eq. (73) is again a genuine boson—fermion duality relation. For the same reason, if m =n € 2Ny
the spectrum of the chain Hirglm) is invariant under £ — N? — £. As an example, if m =n =2
this property can be readily verified using the explicit formula Eq. (33).

As mentioned above, a duality relation of the form (73) clearly holds for an arbitrary chain
with global su(m|n) symmetry, with Hamiltonian

A =y ey (1= 85") +é;(1 = 57™)] +Zc, (1—85)
27

where ¢;j, ¢;j and ¢; are real constants. More precisely, from Egs. (71) and (72) it now follows
that

~ N
R g i) = (Z(cl, +Ej) + Za) =C,
i#]

so that Eq. (73) becomes

5 (n|m) C (m|n) —1
z:"(q) = zM (g7h).

—€, —€’
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Fig. 1. Plot of the Gaussian distribution (75) (continuous red line) versus the LHS of Eq. (76) (blue dots) in the case
m=n=1,e =—e=1,for N =15 (left) and N = 30 (right). The root mean square errors (normalized to the mean) of
the adjustments are 4.0 x 1072 and 2.2 x 1072, respectively. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this paper.)

7. Level density and spacings distribution

Having derived several explicit formulas for the partition function of the spin chain (5), it is
natural to inquire on the global properties of its spectrum. In fact, the partition function (and
hence the spectrum) can be computed in a very efficient way for relatively large values of N
by expanding in powers of ¢ Egs. (31), (52), (57a), (62a) and (64)—(67), together with Eq. (32),
with the help of a symbolic computation package. For instance, using MATHEMATICA™ on a
personal computer it takes about five seconds to evaluate the partition function 2@ for N =40
particles.

In the first place, our calculations for a wide range of values of N, m and n show that the
energy levels of the chain (5) are equidistant, as already observed by us in the purely bosonic
or fermionic case [33]. More precisely, we have found that the distance §€ between consecutive
levels is equal to one, except for the su(1|1) chain with € = €’, for which §€ = 2 by Egs. (64)
and (65).

Secondly, our numerical calculations evidence that for sufficiently large N (N = 20) the nor-
malized level density

L
FE=m+n) N dsE - &, (74)
i=1
where £ < --- < & are the distinct energy levels and d; is the degeneracy of &;, can be approx-
imated with great accuracy by the Gaussian law

_(E-w?

e 27 (75)

)= —

g =

V2ro
with parameters p and o given by the mean and standard deviation of the chain’s spectrum. Since
the energy levels are equidistant, this means that

d;
—— 2~ g(& N>1). 76
Seim Ty S8E) (VD) (76)
As an illustration, in Fig. 1 we have plotted both sides of the latter equation in the case m =n =1
and ¢ = —¢ =1 for N = 15 and N = 30. The approximate Gaussian character of the level

density is thus a property shared by all spin chains of HS type studied so far, of both types A
and B [20,27,31,33,34].
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Since, by Eq. (76), the level density is asymptotically given by the Gaussian law (75), it is
of interest to compute the mean energy and its variance as functions of N, m, n, € and €', as
has been done for other spin chains of HS type (including the purely fermionic version of the
chain (5)). Indeed, in Appendix B we show that i and o2 are given by

1 m—n €pm +€'pn\ N
=—|l1—— NN -1 l——— )=, 77
H 2( (m+n)2) ( )+< m+n 2 7

2 (MmN ey 32w
o _(1 on+nﬂ)36@N +6N l)+9Mr+m4NUV (N =2)

+ W(’%Pm —me' p,)N(N —1)

m-—n 2
+ 4(m1—VH1)2 <<m —i—n) (P +E/p”)2>’ 7
where p,,, pn € {0, 1} are the parities of m and n, respectively. In particular, when N tends to
infinity 1 and o2 grow as N? and N7, as for the ordinary (non-supersymmetric) PF chains of
types A and B (cf. Refs. [33,34]).

Another property of the chain’s spectrum worth studying is the distribution of spacings be-
tween consecutive “unfolded” levels. In general [38], the unfolding of the levels &; of a spectrum
is the mapping &; — n; = n(&;), where n(€) is the continuous part of the cumulative level den-
sity

£
! ! 1 .
F@piifwmg_@ﬁjwﬁ;éw

It can be easily shown that the unfolded spectrum {n; }iL:1 is uniformly distributed regardless of
the initial level density, making it meaningful to compare different spectra. In our case, by the
previous discussion we can take (&) as the cumulative Gaussian density (75), namely

&
_ ag = 1 E-n
n(S)—/g(é’)dé' —2[l+erf( T >i| (719)

One then defines the normalized spacings

si=miy1—ni)/4A, i=1,...,L—1,

where A = (np — n1)/(L — 1) is the mean spacing of the unfolded energies, so that {si}iL:_l1 has
unit mean.

As mentioned in the Introduction, the main motivation for studying the spacings den-
sity p(s) lies in the Berry—Tabor conjecture, which states that the distribution of spacings
of a “generic” quantum integrable system should obey Poisson’s law p(s) =e™*. By con-
trast, for a chaotic system the spacings distribution is expected to follow Wigner’s surmise
p(s) = (ws/2) exp(—ns2 /4), as is approximately the case for the Gaussian ensembles in ran-
dom matrix theory [38]. A detailed study of the spacings distribution has been performed for
many spin chains of HS type, namely the PF chains of types A and B [33,34], the original
(type A) HS chain [20,34], as well as the supersymmetric version of the latter chain [27]. The
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spacings distributions of all these chains, which turn out to be qualitatively very similar, dif-
fer essentially from both Wigner’s and Poisson’s distributions. More precisely, for the ordinary
(non-supersymmetric) chains mentioned above we showed in our recent papers [33,34] that the
cumulative spacings distribution P(s) = fos p(s")ds’ is approximately given by

2 Smax

P(s)~1-— log< >, (80)
ﬁ Smax s

where smax 1S the maximum spacing. As a matter of fact, in Ref. [33] we proved that the previous

approximation holds for any spectrum Epin =& < -+ - < &L = Emax, provided that the following

conditions are satisfied:

(i) The energies are equispaced, i.e., &1 — & =8 fori=1,..., L — 1.

(i) The level density (normalized to unity) is approximately given by the Gaussian law (75).
(iii) Emax — My b — Emin > 0.
(iv) Emin and Enmax are approximately symmetric with respect to p, namely |Epin + Emax — 21| K

gmax - gmin .

Moreover, when these conditions are satisfied the maximum spacing can be estimated with great
accuracy as

s _ gmax - gmin
max — — —
V2mo

It should also be noted that Eq. (80) is valid only for spacings s > 59, where s is the unique zero
of the RHS of this equation, namely

(81)

T2
50 = Sage Fohms (82)

Since, by Eq. (81) and condition (iii), we have (for instance)

) (Emax — M)z
PR
it follows that 5o < smax. The validity of the above conditions for the chain (5) when N >> 1 was
checked in Ref. [33] in the purely fermionic case, which automatically implies their fulfillment in
the purely bosonic case on account of the duality relation (73). For this reason, we shall assume
in the rest of this section that m, n > 1. We shall see below that in this case conditions (i)—(iii)
are also satisfied when N > 1, while condition (iv) only holds for m = n. It turns out, however,
that when one drops condition (iv) the approximate formula (80) still holds, albeit in a slightly
smaller range.
Indeed, it was proved in Ref. [33] that conditions (i)—(iii) imply that the spacings s; are ap-
proximately related to the energies &; by

>1,

_ (5,'*#)2
S; 2 Smax€ 202 . (83)
Hence
#(s; < 1
Piy="T0SD L e 6 <) 4 HEL <& < Ema)]. (84)

L—-1 L-1
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Si

Smin

: ; - &
Emin & £+ Emax

Fig. 2. Plot of the RHS of Eq. (83) showing the points Enin, Emax, and the roots £+ corresponding to a spacing s = Spin -
where

£y =pu+20 /1og(s“;a") (85)

_E-w?
are the roots of the equation s = spaxe 202, cf. Fig. 2. Using condition (i) to estimate the RHS

of the latter equation we easily obtain

1
P(s) ~ =D [max(E- — Emin, 0) + max(Emax — €4, 0)]. (86)

If

_ (‘gmin_l’-)z _ (Emax—10)?
Smin = max(smaxe 207, Smax€ 202

— 1 rmin(u—E&n: —_ )12
= Smax€ 22 [min (i —Emin,Emax— 1)1 , (87)

then for s > smin we have - > Enin and &4 < Emax; see again Fig. 2. Hence, for s > smin
Eq. (86) becomes
1

P(s) >~ m(é‘f — Emin + Emax — &4). (88)
Since (again by condition (1)) Emax — Emin = (L — 1)8E, substituting Eq. (85) into (88) and
using (81) we immediately arrive at the approximation (80) for P (s). We have thus shown that
conditions (i)—(iii) imply that Eq. (80) holds for s > spin. Note, finally, that the minimum spacing
Smin Satisfies the inequalities

50 < Smin <K Smax-

Indeed, the second inequality is an immediate consequence of Eq. (87) and condition (iii). As to
the first one, by Eqgs. (81), (82) and (87) we have

s 1
10g< 0 > = —%—z(gmax - gmin)z

Smax

1 . 2 Smi
< ———[2min(i — Emin, Emax — )] = 10g< — >

802 Smax

where the equality holds if and only if Eyin and Epax are symmetric about .
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Let us next verify that the spectrum of the chain (5) satisfies conditions (i)—(iii) when N > 1
and m,n > 1. We have already seen at the beginning of this section that conditions (i) and (ii)
hold for sufficiently large N. In order to check the validity of condition (iii), we need to compute
in closed form the chain’s maximum and minimum energies. By Eq. (11), the minimum energy
is given by

. 1 sSC
Emin = alipgo Z (Emin - Emin)a
where E;¢ and Epi, are the minimum energies of the scalar and spin dynamical models (9)
and (8), respectively. From the discussion in Section 3 it follows that E> = Eo, so that
(cf. Eq. (21)) &min is the minimum value of |k|, where k is any multi-index compatible with
conditions (i)—(iii) in Section 3. If m > 1 we can obviously take k = 0 (and, for instance,

s =((s,0),...,(s,0)), where s is any positive spin component), so that Epniy = 0 in this case.
Similarly, when m = ¢ = 1 the minimum energy is again zero, since the pair k = 0 and
s =((0,0),...,(0,0)) satisfies the required conditions. However, if m = 1 and € = —1, con-

dition (iii) implies that k; must be odd when si' = 0. Hence, the multi-index k yielding the
minimum energy is of the form

N—ii(0)  ii(0)

—— ———
k=1q(1,...,1,0,...,0), 7n(0) <N,
O©,...,0), n(0) >N,

with Epin = max(N — 71(0), 0), where the notation 7(k;) is defined by the fermionic analogue
of Eq. (20). (A compatible vector s is obtained by filling the rightmost 72(0) components with
all possible nonnegative fermionic spin values, and the rest (if any) with the unique bosonic spin
sl.l =0.) In summary, if m,n > 1 the minimum energy is given by

c 0, m>1,,orm=e=1, (89)
"0 | max(N - 2(0),0), m=—e=1.
As to the maximum energy, the duality relation (73) and the previous equation imply that
N2, n>1,orn=—€ =1,
gmax = { 2 _ , (90)
N —max(N —m(0),0), n=¢ =1.

From Egs. (77), (78) and the last two equations, it easily follows that both (Emax — )/o and

(u — Emin)/o are O(N %) as N — 00, so that condition (iii) above is indeed satisfied. On the
other hand, by Egs. (77), (89) and (90) we have

[Emin + Emax — 21| _ |m — n|
Emax — Emin (m + n)2

so that condition (iv) is not satisfied unless m = n, as claimed above.

We have verified that the approximation (80)—(81) is in excellent agreement with the numer-
ical data obtained using our exact formulas for the partition function for many different values
of m,n > 1 and N > 15. For instance, in Fig. 3 we plot the cumulative spacings distribution
P(s) versus its analytic approximation (80) in the cases m =n=—€ =¢ =1 and m = 2,
n=¢=¢ =1for N=15and N = 30 spins. The respective root mean square errors (nor-
malized to the mean) drop from 9.4 x 1073 and 4.6 x 1073 for N = 15, to 2.4 x 1073 and
1.1 x 1073 for N = 30. It is worth noting that the approximation (80)—(81) for the cumulative

+O(N7Y) (mn=0,
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Fig. 3. Cumulative spacings distribution P (s) (blue dots) and its analytic approximation (80)—(81) (continuous red line)
inthe casesm =n=—e =¢’ =1 (top) and m =2, n =€ =€’ = 1 (bottom) for N = 15 (left) and N = 30 (right). (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this paper.)

spacings distribution contains no adjustable parameters, since the maximum spacing spyax 1S com-
pletely determined by Eqgs. (78), (89) and (90). In fact, from the previous equations one easily
obtains the following asymptotic formula for the maximum spacing in the genuinely supersym-
metric case m,n > 1:

3 34mn —m? —n
Sma =
T Ve (m + n)*

Thus the behavior of spyax for large N is qualitatively the same as in the non-supersymmetric
cases studied in Ref. [33].

2\ "2 1 1
> N2+ O(N72).
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Appendix A. Some useful g-number identities

In this appendix we shall collect several identities involving g-numbers that are used in the
simplification of the partition function Z:':,ln) of the chain (5) when either m or n are odd. Given
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areal number g € (0, 1) and a nonnegative integer k, we define the symbols (¢), and [k], by

k

. 1—gk =1
@e=[]1-4"). [kly= l_qq =Y 4. (A1)
i=0

i=1

with (q)o = 1. The g-factorial of k is then defined as

k
[kl =] Jtil,-
i=1
Finally, if £, [ are nonnegative integers with k > [, we define the g-binomial coefficient

k] (k]!

L], [glk =1,

From the above definitions it immediately follows the useful equality

k] (@i

=— A2
L]y @@k A2

An important identity satisfied by the g-binomial coefficients is the following instance of New-
ton’s g-binomial formula [39, Eq. (8)]:

k k k=l _
Z[l] q® ’:l_[(1+xq’). (A.3)
i=0 q i=0
From the previous equation with g replaced by g2 and x by ¢ we obtain the formula
k r , kel
>[4 o =T0 e o
i—o L da? i=0
Replacing ¢ by g2 and setting x = ¢~! in Eq. (A.3) we obtain the analogous relation
k X B k—1 '
Z[[] q1(1—2):l_[(1+q21—1). (A.5)
i=o b Ha? i=0

The last three identities are used in Section 5 to compute the partition function Zs(yl).
Likewise, if 8, is the g-dilation operator, whose action on a smooth function f :R — R is
given by (8, f)(x) = f(gx), we have [39, Eq. (11)]

k
Z[i‘] =48k 1,
q

i=0

where 1 denotes the constant function identically equal to 1. Equating the coefficient of x' in
both sides of the previous equation we obtain the remarkable identity

m —a On(lg....q ). (A6)
q

l
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where t;(x1, ..., xr) denotes the elementary symmetric polynomial of degree i in k variables,
defined by
LX) = Y XX (A7)

I<ji<<ji<k

In particular, from Eq. (A.6) it easily follows that the g-binomial coefficient [f]q is a polynomial
of degree i(k —i) in q.

Appendix B. Computation of the mean and variance of the energy

In this appendix we shall compute the mean and variance of the energy of the chain (5) for ar-
bitrary values of N, m, n, € and €. In the purely fermionic case, these quantities were computed
in Ref. [33] using the formulas for the traces (of products) of the operators S;; and S; given in
Ref. [31]. In the genuinely supersymmetric case, one should evaluate the traces of products in-
volving the more general operators Sl.(/r."ln) and S¢¢'. Indeed, the traces of S[.('.nln) and Sl.('."‘")Sg"I"),
which are the only ones appearing in the chain of type A, were computed in detail in Ref. [27].
The calculation of the traces involving the spin reversal operator S¢ “is totally analogous, so that
we shall limit ourselves to listing the final results in Table B.1. In this table p,,, p, € {0, 1} are
the parities of m and n, respectively, and we have omitted the traces of products which reduce to
the identity matrix or to one of the entries.

In the first place, calling

hij=(E—&E)7%  hij=E+ENTS, = BE 2

and using the formulas in Table B.1 for the traces of the spin operators we easily obtain

(mn)
= trH .
(m +mnm)N
m—n ~ €pm+€'p
=(1-—— > hij+hip+ (1 - =) by (B.1)
(m+n)- ) ~ : m-+n -
i#j i
Table B.1 ~ ,
Traces of products of the spin operators S;;ﬂn) , Si(;nln) and Si€€
Operator Trace
se€! (m+m)N " epm + € pn)
sgm, gl (m — n)(m +m)N 2
s se¢ (m +mN2(epm + € pu)?
S;]’?l\")sze” S,ls;nln) SZ€, (m —n)(m+ n)N73(€Pm + elpn)

sii see!, g see! (m+mN=2(epm — € pn)

(m|n) o(mln) o(mln) g(m|n) gOmn) GOm|n) 2 N—4
Sii S S Sy S Sy (m —n)“(m +n)
(m|n) o(mln)  o(mln) c(mln) &(mln) (m|n) N-2

Sii Sy S S LSS (m +n)
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The sums in the previous expression were evaluated in Ref. [33], with the result

~ 1

D_(hij+hip=3NWN =D, > hi=75

i#j i

Inserting these values into (B.1) we immediately arrive at Eq. (77) for the mean energy .
The evaluation of the standard deviation of the energy

()
0 = —F
(m +n)N

which is considerably more involved, is also performed in two steps. We begin by expanding
Eq. (B.2) and simplifying the resulting expression using Eq. (B.1) and the trace formulas in
Table B.1. After a long but straightforward calculation we obtain

62:<1 (m+n)4><22 h2‘+fl"2")+2i:h"2)
4 m—n\> 5
+ (m+n)2 <<m+n> (Gpm"‘6 DPn) )( Zh thjht/>

i i#]

—u?, (B.2)

+ ————(nepy, — me' py) Z(hi‘ + hij)hi
3 J J
(m +n) %]
16mn ’ ~ ~
Tyt 2 i+ hip) i+ ). (B.3)
i,j,k

where the symbol Z ; x denotes summation over i # j # k 7 i. The sums in the first two lines
of Eq. (B.3), which were evaluated in Ref. [33], are given by

2 (h} + k) th 4N2+6N—1) (B4)
i#]
—Zh2 > hijhij=—. (B.5)
i i#]

In order to evaluate the last two sums in (B.3), we recall from Appendix A of Ref. [33] the
following identities involving the zeros y; = Eiz /2 of the Laguerre polynomial L,’i,_l and their
differences y;; = y; — y;:

1 NIN+B)
LET R (60
1 N
—== B.6b
Xi: i B (B0
Y vi=NN+B-1D), (B.6c)

Y =N +B-1QN+B-2), (B.6d)
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yi 1
Z =50i =P, (B.6¢)
Js J;ﬁt
y-2 1
Y =5 (07 20N + v = B+ ) (B.66)
j,j;éi ij
NN —1)
= 2B B.6
; yfj 4B+1) (B.6g)
yvi 1
2 gV =D, (B.6h)
i) i
¥ NV —1)(@N +58+2N +14) B
= 1448 +1) ' :

Multiplying Eq. (B.6¢) by y;” 2 and ¥i, summing over i the resulting identities, and using (B.6a)—
(B.6d), one easily obtains

-1 2
y; NN —-1) i
E:l_z_—, E:—’zNN—l N+8—1). B.7
£ 2B+ 1) £ i ( )( g—1 (B.7)

Similarly, summing Eq. (B.6f) over i and using (B.6¢)-(B.6d) we get

o1
== SNV = DN +36+2). (B.8)

i#j Vi
The sum in the third line of Eq. (B.3) can now be easily computed. Indeed,

> (hij + hij)h
i#i
1 o
_—Zy’+y’= ——g S NV -1, (B.9)
oyl iz Vi Tz U

where we have used Egs. (B.6g) and (B.7). Turning next to the last sum in Eq. (B.3), we have
/ ~ ~
D (hij + hip) hix + hix)

i,j.k

_y Lt 4y; el o (B.10)

2.2 2.2 2. oy
YijYik ik YijYik ik YijYik Yij ik

i,j.k i,j.k

The last sum in the previous equation clearly vanishes on account of the identity
1 1 1

(z1 —22)(z1 — 23) + (22 —z3)(z2 — 21) * (z3 —z1)(z3 — 22) -

valid for arbitrary z; # z2 # z3 # z1. On the other hand, the first two sums in the RHS of
Eq. (B.10) can be computed using Egs. (B.6)—(B.8). Indeed,
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4y? 4 2 2
Y-y (DA

ik YiiYikitj Yij Nk Yik o Vij
1 1
=323 (P 20N+ Py = BB+ ) - Z o
i#j Tt i#j
2
= §N(N - DN =2),
where we have used Eqs. (B.6f)—(B.6h) and (B.8). Likewise,

Y=y Qwi—ﬁ) R

tjkylly’k i#] y,] Yik o Yij z;éj yl/ i#j y,j
Vi — Yi B+1
I e I
i#j y,, 25 iE i#j Yij
on account of Egs. (B.6g)—(B.6h). The LHS of Eq. (B.10) thus reduces to

’ - ~ 2
Z (hij+hij)(hik+hik)=§N(N_1)(N_2)- (B.11)
ij.k
Substituting Egs. (B.4), (B.5), (B.9) and (B.10) into (B.3) we finally obtain the expression (78)
for o2 in Section 7.
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