ON SPECIAL PARTITIONS OF [0,1] AND LINEABILITY WITHIN FAMILIES OF
BOUNDED VARIATION FUNCTIONS
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ABSTRACT. We show that there exists large algebraic structures (vector spaces, algebras, closed
subspaces, etc.) formed entirely (except for 0), on one hand, by singular, nowhere monotonic functions
on [0, 1] and, on the other hand, by absolutely continuous nowhere monotonic functions. Several tools,
of independent interest, related to obtaining special partitions of R into uncountable collections will
be provided and used. The results obtained in this note are either new or improved version of already
existing ones.

1. INTRODUCTION AND PRELIMINARIES

This work is a contribution to the search for large vector spaces of functions having certain
special (or pathological) property. Let us recall, for the sake of completeness, the following definitions
of lineability and algebrability (that shall be recurrent throughout this text).

This terminology of lineable and spaceable coined by V.I. Gurariy and it was first introduced in
[5,39]. There has been plenty of work in this direction since its appearance about a decade ago. As
a matter of fact, this notion was (just recently) introduced by the American Mathematical Society
under the MSC2020 15A03 and 46B87 reference numbers. Let us, briefly, recall these notions.

Let « denote a cardinal number. A subset A of a vector space X is said to be

e lineable if AU {0} contains an infinite dimensional vector space.
o «-lineable if AU{0} contains an a-dimensional vector space.

If X is, in addition, a topological vector space, then A is called
e spaceable in X if AU {0} contains a closed infinite dimensional vector subspace.

As introduced in [4], A is called dense-lineable in X if AU{0} contains a dense vector subspace.

Of course, spaceability implies lineability and, if X is infinite-dimensional, then dense-lineability
implies lineability too. Moreover, provided that X is a vector space contained in some (linear) algebra,
then a set A is called:

e algebrable if there is an algebra M so that M \ {0} C A and M is infinitely generated, that is,
the cardinality of any system of generators of M is infinite.

o strongly a-algebrable if there exists an a-generated free algebra M with M \ {0} C A. Recall
that if X is contained in a commutative algebra, then a set B C X is a generating set of some
free algebra contained in A if, and only if, for any NV € N, any nonzero polynomial P in N
variables without constant term and any distinct f1,..., fy € B, we have P(f1,...,fn) #0
and P(fl,...,fN) € A.
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The notion of simple a-algebrability is defined in a similar fashion. Of course, strong a-algebrability
implies a-algebrability, which implies a-lineability. However, in general, the converse implications do
not hold, see, e.g., [3,8,10]. Recall that these notions of algebrability and their variants first appeared
in [6,7]. The interested reader may also consult [2,12-16,18,20,22,23,31,33] for a complete account
on lineability, spaceability, algebrability and related topics.

For measure spaces (§2,.4) and (£, A"), a measurable transformation 7' : Q@ — Q' and a measure
on (9, A) we will let u” denote the push-forward of p under T, i.e., u”(E') = u(T~*(E")) for every
E' e A.

By Y5 = {0, 1}V we shall denote the code space of two symbols, and p will stand for the ultrametric
defined by

0 for k=1
(1.1) pk,1) = {2—min{i€N: BALY  for k 41,
where k = (k;)ien, | = (I;)ien. The resulting metric space (X, p) is compact. Letting B(X2) denote
the Borel o-field on 39 and ¥ the subset of X5 containing only elements k € Y5 without period 1 i.e.,
there is no 4o such that z; = 1 from iy on. We obviously have X} € B(X2).
Consider a function f :[0,1] — R. Recall that f is said to be of bounded variation whenever
TV (f;[0,1]) < oo, whereby the total variation of f on [0,1] is defined by

n
TV (f;[0,1]) = sup Z|f($z) — flwi1)l-
neEN, 0=ro<z1 <2<y < Swn 1 <wn=1 "7
The function f is said to be absolutely continuous if it fulfills the following condition: given ¢ > 0,
there is a § > 0 such that, for any n € N and any collection of 2n points z;,y; satisfying 0 < 7 <
1 <@y <. <z, <y, and Y. (y; —x;) <d,onehas > |f(yi) — f(z;)] <e. If f is absolutely
continuous then it is continuous and of bounded variation, but the converse is false. Finally, f is
called singular if it is continuous, bounded variation and f’(x) exists and is zero almost everywhere
on [0,1]. See [42] for background on this classes of functions.

This note is arranged as follows. Section 2 will focus on the construction of partitions of R into
uncountable collections of so-called everywhere uncountably dense sets. Several different constructions
shall be provided. These tools, although of interest by themselves, will be useful throughout this note.
Section 3, on the other hand, shall deal with the family of all absolutely continuous nowhere monotonic
functions, the family of singular nowhere monotonic functions, and the study of their lineability. New
results will be obtained and known ones will be improved. We will write Noo = {1,2,3,...}U{oo} and
refer to Yo, = (Noo )Y as code space of infinitely many symbols.

2. EVERYWHERE DENSE PARTITIONS OF [0, 1]

In [44] (also see [26]) the authors construct partitions of the real line R into uncountable collections
of so-called everywhere uncountably dense sets, whereby a partition (E;).c[,1] of R is called everywhere
uncountably dense if, and only if, for every open set @ # U C R and every t € [0,1] we have
#({U N E;) = ¢ = #R. There are various alternative simple ways to construct such partitions - we
will describe one approach in detail and then only list some additional ones, all of them having in
common that they are based on code spaces (also known as symbol dynamical systems) and impose
conditions ignoring initial digits. To simplify notation we shall only work with [0,1) (the extension to
R is straightforward).

Let ¢ : [0,1) — X, be the mapping assigning every x € [0,1) its unique binary expression
(z1,22,...) € X without period 1. Then obviously v is bijective and measurable and its inverse
¢ (extended to full ¥y) is given by

sl =35

i=1

oo
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Tt is straightforward to verify that ¢ : ¥ — [0,1) is continuous, hence measurable, and injective on
3.

Let us denote by 14 the characteristic function of a set A. For every n € N define the mapping
frn X2 —[0,1] by

fn(k) = % Z 141y (ki)
i1

and set
h(k) = limsup f, (k).

n—oo

Considering that each f,, is obviously continuous, the induced mapping h : X5 — [0, 1] is measurable.
Finally, for every ¢ € [0, 1] define the set E; C [0,1) by

(2.1) By = (hoy) *({t}) = {35 €10,1) : limsup #iefl,....,n}: zi =1} — t},

n—00 n

where 0.x12223 ... is the unique binary representation of x without period 1.

Lemma 2.1. The partition (Et)e[0,1] according to equation (2.1) has the following properties:
(1) E; € B(|0,1)) for every t € [0,1].
(2) AM(E¢) =0 for every t # 1, AMEy) =1.
(3) (Et)tejo,1) is everywhere uncountably dense in [0,1).

Proof. The first assertion is trivial considering that h o 4 is measurable, the fact that A\(F 1 y=1Iis
a direct consequence of the Strong Law of Large Numbers (see [30]) as well as the Birkhoff Ergodic
Theorem (see [43]), using o-additivity of A therefore implies A(E;) = 0 for every t # 3, and it remains
to prove the third assertion.

We start with ¢ € (0,1) and show that F; is everywhere uncountably dense. For k € Y5 arbitrary
but fixed let ¢,(k) € £5 be given by

Lt(k) = (]{1171,...,1,/€2,0,...,O7k‘3, 1,...71,k4,07...70,]€5,...),
—— —— —— ——
ni times no times ns times n4 times
where ni,ns,... € Ny are as follows: n; is the minimal integer fulfilling % > t, ny the minimal
integer fulfilling % < t, nz the minimal integer fulfilling % > t, and so on. Loosely

speaking, sufficiently many 1s and Os are inserted between k1, ko, ... in such a way that the resulting
sequence (fn,(tt(k)))nen jumps above and below ¢ and converges to t.

Tt is straightforward to verify that ¢; : ¥9 — 3 is injective, hence considering po1:(X3) € Fy it follows
that F; has cardinality ¢. If U C [0,1) is open and non-empty then U contains an interval of the form

[;},2%) for some n € N and some i € {1,...,2"}, so we can find some ly,...,l, € {0,1} such that
(slightly abusing notation) ¢((l1,l2,...,ln,tt(k))) € E: NU for every k € Yo, implying that E; N U
has cardinality ¢. The cases t =0 and ¢t = 1 can be handled analogously. 0

Alternative methods for constructing everywhere uncountably dense partitions (E};).e[,1] are the
following ones:

(i) Asusual, let G : [0,1] — [0, 1] denote the Gauss map, defined by G(0) =0 and G(z) = 1 — | 1]
for x € (0,1]. Set s; = % for every i € N and s, = 0. Then the intervals I, = {soo}, [1 =
(s2,51], 12 = (83, 82], ... form a partition v¢ of [0, 1]. Coding orbits of G via 7¢, the continued
fraction expansion cf : [0,1] — X is defined by setting cf(z) = a = (a1, a2,as,...) € ¥ if
and only if Gi~1(z) € I,, holds for every i € N. It is well known that G is strongly mixing

(hence ergodic) w.r.t. the absolutely continuous probability measure ug with density 5=



4 BERNAL, FERNANDEZ, SEOANE, AND TRUTSCHNIG

for x € [0,1] (see [27]).
For every t € [0,1] define the set §2; by

(2.2) Q= {k € Yo hmsup Zl{l} ; t}

i=1

and set Fy = (cf)71(Q). Then it is straightforward to show that (F}).cp,1) is an everywhere

log 3
g2

uncountably dense partition of [0, 1] in Borel sets, and we have A(F}) = 0 for all ¢ # 2 —
t1 as well as A(Fy, ) = 1.

(ii) The Gauss map G and the continued fraction expansion cf : [0,1] — X allow to construct
another uncountably dense partition of [0,1]: Suppose that S C N is a set containing at least
two points. Then considering

Qs :={keN": #{i e N:k; ¢ S} < oo and #{i € N: k; = j} =N for every j € S}

and setting Hg = (cf)~(Qg) it is straightforward to verify that Hg fulfills #U N Hs = ¢
for every non-empty open set U C [0,1]. Moreover, (Jgcy 4552 Hs contains all z € [0, 1]
for which cf(xz) € X is not eventually constant. Letting A denote this very exceptional set,
setting HELQ} = H{1 9y UA as well as Hy = Hg for every S with #S > 2 and S # {1,2}
therefore yields an everywhere uncountably dense partition of [0, 1].

(iii) Example 12.4 in [19] provides a less elementary example of an everywhere uncountably dense
partition of [0, 1].

In the rest of this section we will construct countable partitions fulfilling a condition even stronger

than uncountable nowhere denseness:

Definition 2.2. A4 set E € B([0,1]) is called A-dense if for every nonempty open subset U C [0,1] we
have A(ENU) > 0 and A(E°NU) > 0. Moreover, a partition (Ep)nen of [0,1] is called A-dense if
every E, is \-dense.

An example of a A-dense set E € B([0,1]) fulfilling A(E) = 1, which was constructed via repeat-
edly copying shrunk versions of a fat Cantor set (a.k.a. Volterra-Smith-Cantor set) in the intervals
constituting the complement of the initial Cantor set can be found in [21]. Moreover, it is known that
the existence of A-dense sets is equivalent to the existence of singular homeomorphisms, see [28]. In
fact, let h : [0,1] — [0,1] denote an increasing singular homeomorphism (for methods of construction
see, e.g., [17,35,38,41]) and pj the probability measure associated to (the distribution function) h.
Then there exists some A € B([0,1]) with A(A) = 1 and up(A) = 0 such that A'(z) = 0 for every
x € A. Setting g = J(h + idjy 1)) yields another increasing homeomorphism g and the set g(A) is
measurable and A-dense: Measurability follows from the fact that ¢’ = § on A, hence g(A) is a Borel
set and A(g(A)) = 1 holds (see [34]). Letting 11, denote the probability measure corresponding to (the
distribution function) g we have y, = 1(u, + A), hence using A= g and letting (a,b) C [0, 1] be
non-empty yields

A(g(A) N (a, b))

Mg@)ngog(a,b) =N (Ang~(a,))
pg (AN g~ (a,b)) = AN (ANg ' (a,b))
= 32 (97 (a), g7 (B)) > 0.
To construct A-dense partitions of [0, 1] the subsequent simple lemma will prove useful. We start
with some notation and then state the main properties of the transformation which will be used in the
sequel.

Fix a € (0, 1] and suppose that E € B([0,1]) fulfills A(E) = a. Set ¥ = A|g and define the function
T :[0,1) = [0, a] by

(2.3) T(z) = /[0 1z dr = MEN10,2]) = 950, z).
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The following lemma gathers some properties of T, implying that T is an isomorphism (see [43]) of
(Ev En B([O7 1])5 ﬁE) and ([07 a]7 B([O7 0,]), >‘|[0,a])'
Lemma 2.3. The function T defined by equation (2.3) enjoys the following properties:
(1) T is absolutely continuous, non-decreasing and fulfills T(0) = 0,T(1) =
(2) There exists a set E € B([0,1]) fulfilling E C E and \(E) = A(I) such that T|g is injective.
(3) E - >\|[0 al- R
(4) MT(E)) = M(T(E)) = a.
(5) Defining S : T(E) — E by S(T(z)) = = we have )‘ﬁo,a] =Jg.
Proof. The first assertion is obvious. Setting A := {z € (0,1) : T'(z) = 1g(z)}, according to [37] we
have A € B([0,1]) as well as A(A) = 1. Considering E := EN A we get E € B([0,1]) and A(E) = a. If
2,y € E and z < y, then T"(x) = 1, from which T(y) > T(x + 1) > T(z) + 5 follows for all n greater
than some index ng € N. This proves (2).

To prove the third assertion interpret X = idjg 1] as random variable on the probability space

(10,11, B0, 1)), 9).

Then the distribution function Fx of X coincides with % T, so, by the probability integral transform,
the random variable Y = 1 To X fulfills Y ~ 2/(0,1) (that is, Y has uniform distribution on [0, 1]), from
which 9%([0,b]) = b for every b € [0, a] follows immediately. Considering T'([0,1]) = [0, a] this implies
9% = Mjo,q- Since T is injective on E according to [40, Theorem 4.5.4] we have T(E) € B([0,1]),
hence
= M([0,4]) > A(T(E)) = 0L(T(E)) > 9s(E) = a

shows assertion (4) (notice that A(T'(F)) is well-defined since [0, a] \T(E) € B([0,1]) has A\-measure 0,
implying that T(E) is a Lebesgue-measurable set). The fifth assertion can be proved analogously. O

In case FE € B(]0,1]) is A-dense the following stronger version of assertion (2) in Lemma 2.3 holds:

Corollary 2.4. Suppose that E € B([0,1]) fulfills A\(E) = a € (0,1] and that E is A\-dense in [0,1].
Then the function T defined according to equation (2.3) is injective on [0,1] and we have )\| ] =Vg.
Moreover |T(z) — T(y)| < |x — y| holds for all z,y € [0,1] with x # y.

Proof. Injectivity of T and AT (0,a] = =9 are a direct consequence of Lemma 2.3 and A-densensess of E.
The third assertion follows dlrectly from the fact that for x < y we have

T(y) - T(x) = / 1pd) = AEN (z,9)) € (0, — 2)

(z,y)
whereby the last inequality is strict since A(E° N (z,y)) > 0. O

Using the afore-mentioned results a A-dense partition (Ern)nen can be constructed as follows:
(i) Suppose that Ey € B([0,1]) is A-dense with A\(E;) = % and fulfills {0,1} C Ey. Set E := E; \ {0,1}
and E - 1 := {%:z € E}. Defining Ty : [0,1] — [0, 3] and E; by

Ti(z) = / 1ge dA = A(EfN[0,2]) = 9pe([0,2]), By =Ty '(E-3)NES
[0,2]

then using Lemma 2.3 and Corollary 2.4 it follows that for every nonempty open set U C [0, 1] we have
ME2NU) > Vpe(EaNU) = 19E5(Tf1(E' 3) NT{ o Ti(U)) = 19211((]5 $)NT(U))
— M(E-HNT) >0,
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whereby the last inequality follows from the fact that T3 (U) is open since T; is a homeomorphism of
[0,1] and [0, 3] and E-2 is A-dense in [0, 3]. Considering E§ O FE; we obviously also have A(ESNU) > 0,
so B, is A-dense. Also notice that A(E;) = % since

MEz) =0 (Bv-5) = Aoy (B~ 5) = §

holds. The set F1 U Es is A-dense too since for every non-empty open U on the one hand we have
AM(ErUE2)NU) > A(E1NU) >0, and on the other hand

MEVUE)NU) > Op(BESNU) =g (Ty (E-3)°NU) =g (T7H(E-3)°NT o Ty(U))
= 9 (B-5)°NTi(U)) = A((E-3)°nTy(U)) > 0.

(ii) Define the transformation 75 : [0,1] — [0, 1] and the set E3 by

Ty(z) = /[ g d\ = \(ES N ESN[0,2]) = 9,0, (10,2)), Bs =Ty (E-1)n ES N ES.
0,z

Using the same arguments as before we get that F5 and U?:1 E; are A-dense, and that A(E3) = .
(iii) Proceeding inductively we finally get a sequence (E,)nen of pairwise disjoint, A-dense Borel sets
fulfilling A(U;2, Ei) = > oio; AM(E;) = 1. In case of |J;2, E; = [0,1] the construction is complete, in
case of ;o E; # [0,1] defining F/ := Ey U ([0,1]\ U;2, E;) as well as E} = E; for every i > 2 yields
a A-dense partition (E)),en-

Recall that a positive measure p defined on the Borel o-algebra of a topological space is said to
have full support whenever u(U) > 0 for every nonempty open set U. Extending Definition 2.2 in
the natural way to general probability measures on B([0, 1]) the following result holds:

Theorem 2.5. Suppose that p is a probability measure on B([0, 1]) with full support. Then there exists
a p-dense partition (Dy)nen of [0, 1].

Proof. Suppose that (E,)nen is a A-dense partition of [0,1] and let F' = F), denote the distribution
function corresponding to . Then F : [0,1] — [0,1] is a homeomorphism and each set D, :=
F~Y(E,),n € N, is measurable. If U C [0, 1] is non-empty and open then, using the fact that obviously
pt =\, we get
wD,NU) = wFYE,)NFoFU))=pu"(E,NFU))=\NE,NFU)) >0,
~——

open

the fact that u(DS NU) > 0 follows in the same manner. Since (D,)nen is a partition of [0, 1], this
completes the proof. O

3. LARGE CLASSES OF NOWHERE MONOTONIC FUNCTIONS WITH BOUNDED VARIATION ON [0, 1]

In what follows BV will denote the family of all real-valued functions f with bounded variation
on [0,1]. To simplify notation we will also write TV (f) instead of TV (f;[0,1]). Defining the total
variation norm || f||pv of f € BV by

(3.1) IfllBv = [f(O)]+TV(f)

it is well known that (BV, || - || pv) is a (non-separable) Banach space (see, e.g., [1]), that a function is
of bounded variation if, and only if, it can be expressed as the difference of two monotonic functions
(see [11]), and that for absolutely continuous f the total variation can be calculated as (again see [11])

(3.2) TV(f) = /[0 RS

whereby we (here and subsequently) set f/(xz) = 0 for every x from the set (of A-measure 0) of all
x € [0,1] at which f is not differentiable. Recall also that f is absolutely continuous if and only if
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there is a A-integrable function g on [0,1] such that Barrow’s rule f[(),x] gdX = f(x) — f(0) holds for
all € [0,1], in which case f’ =g A-almost everywhere in [0, 1] (see [42, Chapter 6]).

Suppose now that (E,)nen is a A-dense partition of [0,1]. Based on (E,)nen we are going to
construct very large subsets of (BV,|| - ||pv) consisting exclusively of functions that are nowhere
monotonic (i.e., not monotonic on any non-degenerated interval (a,b) C [0, 1]). For every n € N define
the absolutely continuous function d,, € BV by

22n
(33) dn(x) - (1E2n71 - lEZn) dA.
3 o4

A straightforward calculation using equation (3.2) shows that ||d,||pv = TV (d,) = 1 holds for every
n € N. Using (d,)nen we can now construct an embedding « of (I1,] - ||1) into (BV,| - ||v) by

(34) k(@) =Y andn,
n=1

whereby a = (a1, as,...) denotes an arbitrary element of I;. The subsequent lemma summarizes key
properties of k.

Lemma 3.1. The operator r defined according to equation (3.4) is an isometric embedding of the
Banach space (11,] - ||1) in (BV,|| - ||sv). Moreover, k(l1) is a closed, infinite-dimensional subspace of
BV, - lsv)-

Proof. For every n € N there exists a Borel set A,, with A(A,,) = 1 such that

a(r) = 55 (Lps () = 15, (2)

holds for every = € A,,. Consequently, the set A = (°_; A,, € B([0,1]) fulfills A\(A) = 1 too. For every
x € A and every a € [; we have

i a;d;(x)
i=1

Applying the Monotone Convergence Theorem (see [37]) yields

24
L et = [ 52015 1 o )03 = 3 =

i=1
hence the function = — f 0 z] oo q a;d} d) is integrable. Using Dominated Convergence and Fubini’s
Theorem we get

e Zl OO0 = fin [ S adO00 = lin 3 ad)
= l‘i(a)(l’) = H(a) (1;) — l"\?(a)(O)’

so k(a) is absolutely continuous with density Y .-, a;d;(z), and applying equation (3.2) yields

oo [e )

22n
Z |a7,d/( )‘ - Z |ai‘ : ? ' 1E2i—1UE2i(m)'

=1 =1

I5(@)[Bv = llall1,
which completes the proof of the first assertion of the theorem. The second assertion now follows
immediately since «(l1) obviously is a subspace of (BV,|| - ||py) and it is closed since k is an isometry.
In fact, letting (k(a,))nen denote a convergent sequence in (BV,|| - ||pv) with a limit f € BV, then
from the fact that x is an isometry it follows that (a,)nen is a convergent sequence in (l1, || - ||1) which
has some limit a € Iy, and we have k(a) = f. O

Theorem 3.2. The family of all absolutely continuous, nowhere monotonic functions is spaceable in
BV, |- lsv)-
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Proof. Considering Lemma 3.1 it only remains to show that each x(a) with a # 0 is nowhere monotonic
on [0,1]. Let (¢,d) C [0,1] with ¢ < d be arbitrary but fixed. Letting no denote the smallest integer
such that a, # 0 it follows that the sets A, A_, defined by

Ay ={t e (e,d): ((a))(t) = an, 252}, A_ = {t € (¢, d) : (k(a))'(t) = —an, 25},
fulfill A(A4+), A(A_) > 0, implying that x(a) cannot be monotonic on (¢, d). O

Remark 3.3. An important result that is related to Theorem 8.2 is the following negative one due
to Gurariy [25]: The family of all differentiable functions in [0,1] is not spaceable in the space of
continuous functions under the supremum norm.

Next we are interested in studying the dense lineability of the family of absolutely continuous,
nowhere monotonic functions. However, in order to achieve this, we need to recall some tools that will
be very useful to accomplish this result (see [4]).

Definition 3.4. Let A, B be subsets of a vector space X. We say that A is stronger than B if
A+BCA.

Theorem 3.5. Let X be a separable Banach space, and consider two subsets A, B of X such that A
is lineable and B is dense-lineable. If A is stronger than B, then A is dense-lineable.

Now we are ready to state and prove the result we announced earlier. By (C[0,1],]].||,,) we shall
denote, as usual, the Banach space of all continuous functions [0, 1] — R, endowed with the supremum
norm. Recall that this space is separable.

Theorem 3.6. The family of all absolutely continuous, nowhere monotonic functions is dense lineable

in (C[O, 1]7 H”oo)
Proof. Let {E,}nen be a A-dense partition with
A(E,)=1/2" for all n € N.

Now, let us consider a bijection ¢ : NxN — 2N. Given n € N, let us define the function f, :[0,1] = R
by
2<p(n,m)—1
ﬁ ifx e Etp(’n,m)717
n,m) —
fn(z) = SDégﬂ(n,m) ) )
- ifxe Etp(n,m)~
@ (n,m)

Tt is easy to see that f,, is Lebesgue-integrable. Now, we set F,,(z) := f[o 2] frndX for every z € [0, 1].

Plainly, every F,, is absolutely continuous, and there is a measurable set Z, with A\(Z,) =0 such
that F)(z) = fu(z) for all 2 € [0,1]\ Z,. We set Z := J,,cy Zn, so that A(Z) = 0.

Now, we denote by Ag the family of all absolutely continuous, nowhere monotonic functions. In
order to show that Ag is dense lineable, it is enough to prove that A is, where A is defined as the
set of all absolutely continuous functions f :[0,1] — R satisfying the following property:

(U) If we set an interval (a,b) C [0,1] and M > 0, there exist two subsets of (a,b), of positive
measure, in such a way that f is differentiable on both of them and having derivative bigger
than M on the first set and smaller than —M on the second one.

It is clear that A C Ag. The functions F,’s are linearly independent (since the f,’s have pairwise
disjoint supports). Next, fix F' € span{F),},>1 \ {0}, so that there are p € N and reals ¢1,...,¢p
with ¢, # 0 such that F' = ¢ Fy + -+ 4+ ¢, F),. Then F is absolutely continuous. Let us prove that
F € A. Since A is invariant under scaling, we can suppose that ¢, = 1. We have to show that F
satisfies (U).
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To this end, fix M > 0 as well as an interval (a,b) C [0,1]. Since lim,,_,o @(p,m) = +00 =
limg o %, there is m € N such that

2% (p,m)—1
F)(z) = fp(r) = ——————5 >M forallz € E,;m—1\ Z, and
(¢ (n,m) —1)
, 9% (p,m)
Fy(x) = fplz) = _W <-M for all z € E,pm) \ Z.

Observe that, since the sets E,’s are pairwise disjoint, we have Fj(z) = f;j(z) = 0 for all j €
{1,...,p—1} (the last set is meant as @ if p = 1) and all = € Cy U Cy, where we have set

Cr:= (Eypm)—1 \ Z) N (a,b) and Cs:= (Eypmy \ Z) N (a,b).

Since the partition {E,},>1 is A-dense, we get A(Ci) > 0 < A(C3). Therefore F'(z) = fy(x) +
Yoo cifi(@) = fp(x) > M for all x € Cy and, analogously, F'(z) < —M for all z € Cy. Hence F
satisfy (U), and so span{F,,},>1 C AU{0}, which yields that A is lineable.

Finally, let us consider B to be the set of polynomials, which is dense in X := (C[0, 1], ||-||,,) by
the Weierstrass approximation theorem. But B is a vector space in itself; therefore it is dense lineable
in X. Let us check that A+ B C A. Let P be a polynomial and f € A. It is clear that P + f is
absolutely continuous. Clearly, P’ is bounded in [0,1]. Let us take any bound, v, of |P’| in [0, 1].
Since f enjoys property (U), if we take M > 0 and any interval (a,b) C [0, 1], we can find two subsets
S1,S2 C (a,b), of positive measure, in which f is differentiable and (—1)'f’(x) > v+ M for z € S;
with ¢ € {1,2}. Therefore, at the points of S; we have that P’ + f’ is bigger than M and, at the
points in Sy is less than —M. That is, P + f € A, which yields A+ B C A. Thus, we can apply
Theorem 3.5, and we obtain that A is dense lineable in (C[0, 1], ||-||.), as required. O

Remarks 3.7. 1. In the preceding theorem, the space C[0,1] cannot be replaced with BV, because the
set of absolutely continuous functions is not dense in the latter space. In fact, it is closed in BV and
separable under the inherited topology, while BV is not separable (see [1]).

2. In the proof of Theorem 3.6, one is tempted to directly choose the family of all absolutely continuous,
nowhere monotonic functions as the set A in order to apply Theorem 3.5. But in this case A+ B is
not contained in A. Indeed, in 197 Katznelson and Stromberg [29] provided a nowhere monotonic,
everywhere differentiable function L : R — R with |L'(x)] <1 for all x € R. Then its restriction to
[0,1] is nowhere monotonic and absolutely continuous. Now, the function P(x) := 2z is in B, but
L+P¢A asitis strictly increasing, because (L + P) =2+ L >0 on [0,1].

We now focus on studying the algebrability of the family of all absolutely continuous, nowhere
monotonic functions on [0,1]. For proving the main result the following lemma, which is a slight
modification of a result from set theory (see [36]) will be key:

Lemma 3.8. There exists a family D = (Dy)ier of pairwise different subsets of N having the following
three properties:

(P1) For all n,m € N with n < m and pairwise different real numbers t1,ta, ..., tn,tha1, - tntm
we have
(3.5) Dy n...0nDy, ND;  N...0D; #@.

(P2) The intersections in (3.5) have cardinality No.
(P3) For every i € N we have D; N{1,2,...,i} = {i}.

Theorem 3.9. The family of all absolutely continuous, nowhere monotonic functions is strongly c-
algebrable.
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Proof. Let D be a family fulfilling the properties from Lemma 3.8, (d,)nen the family of functions
defined according to equation (3.3), and suppose that a € I; contains no 0. For every D € D define
the function fp :[0,1] — R by

fo(x) = Z 1p(n)and,.
n=1

Then proceeding as in the proof of Lemma 3.1 shows that fp is absolutely continuous with derivative
o) =37 1p(n)a,d,(x) for A-almost every z € [0,1], and that f is nowhere monotonic. We
are going to show that {fp : D € D} is algebraically independent and that it generates an algebra
contained in the family of absolutely continuous, nowhere monotonic functions. Suppose that m € N
is arbitrary but fixed, that p : R™ — R is a non-zero polynomial of degree r without constant term
and that Dy,,..., fp, —are different elements in D. To simplify notation we will write

F, = p(thl ) th,,,L)~
We shall proceed by induction of the degree r of p and to prove that Fj, is absolutely continuous
and nowhere monotonic.
(i) Suppose that » = 1. Then F}, is of the form F,, = Z;nzl ijDtj for some constants (i, ..., By, not
all of them being 0, and we have

Fy(x) =) 8; Y 1p, (n)and,(z)
j=1 n=1

for A-almost every « € [0,1]. Set jo := min{j € {1,...,m} : 5; # 0} and suppose that ng €
Dy, N ﬂ?;jo Df . Then for A-almost every z € Eap,—1 (notation as before) we get

F(@) =" Bi1p, (10)an,dh, (@) = Bjyan, L5~ # 0,

j=1

and for A-almost every x € Ey,, we get

Fli(x) = —ﬂjoanof% £ 0.
Considering that Fs,, and Fa,,—1 are A-dense it follows that the absolutely continuous function F, is
nowhere monotonic (and not identical to 0 on any non-degenerated interval).
(ii) Suppose that the assertion holds for all polynomials of degree < r and suppose that p is of degree
r—+1. Then F, = p( fpis--+, fp,,, ) is absolutely continuous and, letting 0; denote the partial derivative
with respect to the j-th coordinate, F,; can expressed as

Ej(x) =Y _0ip(fpy,+--- fp,,) - fbtj (z)
j=1
for A-almost every z € [0,1]. Denoting the smallest element integer j in {1,...,m} for which 9;p is

not identical to the zero-function by jo and choosing ng € Dy; N ﬂ;’; o D, then for A-almost every
T € Eopy—1 we get

2n,
F;;(x) = 8j0p(th1 (x)v ) th,,,L (x))ano 2 30 )
and for A-almost every z € Ey,, we have

Fy) = =0up(fo,, (2), - f,,, (2))an, 252

According to the induction assumption, as a polynomial of degree < r the function defined by z
9j,p(fp,, (), ..., fp,,, (x)) is not identically zero on any non-degenerated open interval, implying that
F; is positive and negative on sets of positive measure in every non-degenerated open interval. The
absolutely continuous function F), therefore is nowhere monotonic and the proof is complete since
m € N was arbitrary. O
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Remark 3.10. A result that is related to Theorem 3.9 is the following one, that is due to Gdamez et al.
[24]: The set of differentiable functions on R that are nowhere monotone is c-lineable.

Letting h : [0,1] — [0,1] denote an increasing singular homeomorphism, working with the singular
probability measure pj, induced by h, the sets E/, = h™1(E,),n € N, and the functions d), = d,, o h
and fj, = fp o h it is straightforward to translate the results derived before to the setting of singular
functions and obtain the following theorem (a part of which has already been established in [9] using
different techniques).

Theorem 3.11. The family of all singular, nowhere monotonic functions on [0,1] is spaceable in
(BV, || - llBv) and strongly c-algebrable.

Remark 3.12. Concerning Theorem 3.11, it is worth mentioning that it is not possible to replace the
supporting space (BV, || - |lBv) with (C[0,1],] - ||ec) because of the celebrated Levine—Milman’s theorem
[32] asserting the non-existence of infinite dimensional closed vector subspaces in the latter space formed
entirely by bounded variation functions.
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