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Abstract

We present here an improved version of the method introduced by the first author to
derive pontwise gradient estimates for the solutions of one-dimensional parabolic problems.
After considering a general qualinear equation in divergence form we apply the method to the
case of a nonlinear diffusion-convection equation. The conclusion are stated first for classical
solutions and then for generalized and mil solutions. In the case of unbounded initial datum
we obtain several regularizing effects for ¢ > 0. Some unilateral pointwise gradient estimates
are also obtained. The case of the Dirichlet problem is also considered. Finally, we collect,
in the last section, several comments showing the connections among these estimates and the
study of the free boundaries associated to the solutions of the diffusion-convection equation.
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1 Introduction

This paper deals with a very old task which seems to have their origins in the work by S.N.
Bernstein on the beginnings of the last century ([10]): find a priori pointwise estimates on the
(spatial) gradient of solutions of nonlinear second order equations. To be more precise we shall
consider onedimensional parabolic equations.

Our main purpose is to present here an improved version of a general method introduced, orig-
inally, by the first author (see Section I. 2 of Benildn [6]). The method has important differences
with respect the way in which D.G. Aronson [3] derived, in 1969, this type of estimates for the
porous media equation. His technique was later applied by different authors to many other non-
linear degenerate equations (see references in the surveys [31] and [41]). Such a already classical
technique consists of, firstly, introducing the variable v = f(w) with a concave function of the form
f(r)y = Cyr(Cy —r), for some suitable constants C; > 0 and, secondly, estimating the value of |v,|
at a maximum of the auxiliary function z = C2w§, with ¢ a cutoff function.

The method here presented seems to be better adapted to recognize the different nonlinear terms
involved in the equation and so, it allows to obtain sharp pointwise gradient estimates. Moreover,
our method provides quantitative estimates. In many cases these estimates have an important
physical meaning and allow to deduce many other qualitative properties of the solutions.

We shall limit the exposition to a general class of equations in divergence form

ug = o(u,uy)y (1)
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but the method also applies to more general equations (see the exposition made in [6]). In order to
explain some additional details, we consider the special case of the nonlinear diffusion-convection
equation

ut = p(u)zz + Y(u)a- (2)

Equation (2) appears in many different contexts. For instance, unsaturated soil-moisture flows
are modelled by (2) under the condition ¢'(0) = 0. In that case the equation becomes degenerate
and due to that a very rich structure arise concerning many different aspects: finite speed of
propagation, stability results, etc. In the context of gas flow in a porous medium, the expression

pu(@, b))z + (u(x, 1))
u(z,t)

Vt,x) = —

represents the Eulerian description of the velocity at the position z and the time ¢ of the “ho-
mogenized gas” (see, [18], [14]). It seems natural to expect boundedness of V' which, in fact,
leads to “optimal gradient bounds” for the solution u of (2) in some special cases as, for instance,.
p(u) =u™,Y(u) =u" 1< m,1 <n. In that case, it is possible to find out some special solutions
for which the modulus of continuity found via this gradient estimate can not be improved (see,
e.g., [26], [21] and [29]).

The nature of “optimal gradient bounds” is much less evident in other contexts in which
equation (2) arises (as, for instance, in Plasma Physics where ¢(u) = «™ and 0 < m < 1 [11]) or
even in the context of equation (2) when convection dominates over diffusion: p(u) = u™,(u) =
u"and 0 <n <1< m: [16]).

One of the main features of the method, as presented here, is that it endows us with a “sim-
ple” analytical argument that allows to find sharp gradient bounds independently on the physical
arguments involved in the concrete formulation. Another characteristic of the method is that it
can be used locally in time and space and, in particular, it illustrates some regularizing effects (for
instance some gradient bounds take place for any ¢ > 0, independently either it already holds at
t =0 or not).

The main idea of the method is to find an auxiliary nonlinear parabolic operator £ in such a
way that a pointwise gradient estimate of the type

o(u,uz) < k(t,z,u) (3)

holds as a consequence of the comparison principle applied to a function of the form p = o (u, u,)/k(., ., u),
in the kernel of operator £, and a constant function, i.e.

L(p) =0<L(1). (4)

In this way, the possible choices of function k(t,x,u) are determined by the condition £(1) > 0.

The contains of the paper is the following: Section 2 is devoted to a general presentation of
the method for equations (1) and its particularization (2) in the context of classical solutions.
The application to the case of weaker notions of solution is carried out in Section 3. Pointwise
gradient estimates are first obtained for the generalized solution of the Cauchy problem associated
to (2) in Subsection 3.1. An unidirectional pointwise gradient estimate, that cease to be true
if the direction of the spatial variable x is changed, is obtained in Subsection 3.2. The case of
unbounded initial data and the proof of regularizing effects in the class of mild solutions are
developed in Subsection 3.3. The derivation of pointwise gradient estimates for the case of a finite
spatial interval is considered in Subsection 3.4. Finally, some comments on the connection between
pointwise gradient estimates and the study of the free boundaries defined as the boundaries of the
support of the solution are collected in Subsection 3.5.



2 The general method

In this section we introduce the main idea of the method. As usual, pointwise gradient estimates
will be obtained as a priori estimates for any possible solution u. So, at the first step, they will be
obtained in the more favorable setting of smooth solutions. Since the resulting estimates will be
independent of the regularity used in the proof, they can be extended to the framework of weaker
solutions. This second step will be illustrated in the next section.

2.1 A general quasilinear equation

Let @ be an open regular set of R x R and let u be a classical solution of the equation
ur = o(u,uz)y in Q. (5)
We assume u € C?3(Q) such that
m- < u(t,z) <mg on @, (6)

for some m_ < m+. We also assume that o € C?([m_-,m4] x R).

Our main goal is to obtain pointwise estimates as (3) for suitable auxiliary functions k. As
mentioned before, we start by assuming the regularity conditions: k € C%(Q x [m_,m.]) and k #
0. The principal ingredient of the method is to find a (possibly nonlinear) parabolic operator, £,
vanishing when applied to the function

o(u(t,x),u.(t,x))
E(t, z,u)

p(t,z) == (t,z) € Q (7)

(some other choices of function p are also of interest: see [6]).
Using (5) we find
Ut = (kp)m = (kz + ky + kuum)p + kpz (8)

and differentiating (8) with respect to x,

Uty = (kzz + kauuz + kuuui + kuuzz)p + Q(kz + kuuz)pz + kpzz = Oyl + Oy, Uga- (9)

Differentiating (7) with respect to ¢ we have

pek + p(ky + kyug) = oyup + 0y, Uy
Multiplying (8) by ¢, and (9) by o,, and adding the resulting expressions we find that

L(p,u,) =0

where

Z(pv uz) = ptk +pkt + (pku - Uu){(kw + kuuz)p + kpz}
—Ou, [(kzz + 2Ky ug + kuuui)p + Q(kz + kyug)py + kpzz]
—kuplpzk + p(ke + kuuz) — Oy lg].

In order to obtain an expression independent of u, we assume

Ou, > 0. (10)

Thus we can define S(u,-) := o(u,-)~! and so u, = S(u, kp). Finally, in order to find an operator
L such that £(p) = 0 we define £ by



L(p) = L(p, S(u, kp))

(the dependence on u of the right hand side is understood as a (¢, x)-dependent coefficient). The
exact form of £(p) is irrelevant for our purposes. Our main aim is to compare p with 1 and so the
relevant expression is £(1), i.e.

L(1) = ky + (ky — 0u(S(E)ky — 0, (S(k) { ke + 2kauS (k) + kuuS(k)?} (11)

where we used the notation o, (S(k)) = oy (u, S(k)) and S(k) := S(u, k).

The following result is a trivial consequence of the maximum principle (see, e.g., the presentation
made in .[5]):
Lemma 1. Assume (10),

E(t,z,u) >0  on Q x (m_,m4), (12)
L()>0 inQ (13)
o(u,ugz)(t,z) < k(t,z,u(t,x), (t,z)€ 0pQ, (14)

where 0,Q) denotes the parabolic boundary of Q). Then

o(u,ug)(t, ) <k(t,z,u(t,z)) for any (t,7) €Q. m (15)

A concrete boundary value problem for which it is easy to check assumption (14) corresponds
to the case of Neumann type boundary conditions.
Lemma 2. Let I = (a,b) with —co < a < b < 400 and let Q = (0,T) x I where 0 < T < +0o0.
Let u be a classical solution of (5) on Q. Assume (10), (12), (13),

o(u,uy)(0,2) < k(u)(0,2) for all x €I, (16)
(ug — kg — kyug)(t,a) >0 if a> —o0, forallt e (0,T), (17)
(wg — kg — kyug)(t,0) <0 if b< 400, forallte(0,T),
and
‘ Fa & Rtz < o0 (18)
k Lo ((0,T)xdT)
Then estimate (15) holds.
Proof. From (8) we have that
N ke + kyug ot
Pz + P 2 T
So, if v denotes the exterior “unit outer normal” to dI (i.e. v(a) = —1, v(b) = 1), we deduce that
—paUu+p {_v {7]%” +kk'“ux }:| = —% on (0,T) x OI.

Since we assume (18) we can apply the comparison principle. Taking p(t,z) = 1, assumption (16)
implies that p < p on {0} x (a,b) and (17) implies that

0+ {_{%H <" on (0.7) x oI,



In consequence p<pon[0,T]x I.m
In the special case of
k(t, 2, u) = 0(u), (19)

we deduce, from (11), that L
L(1) = —0.,(S(6))S(0)0" (20)

and then the following result holds:

Corollary 1. Let u be a smooth solution of (5) satisfying (6). Assume (10) and let § € C*([m—,m4])
such that

>0 and 0" <0 on[m_,m4]. (21)
Then ( ) ( )
o(u,u o(u,u
> T < su r 22
0w < ob oW ™ 22

Remark 1. Conclusion (22) expresses a “conservation of the regularity”: if the estimate is true on
the parabolic boundary of @ it also holds in the interior of ). We emphasize the large generality
on # assumed in (21) and that, by passing to the limit, it is possible to extend the conclusion for
f concave such that 6 > 0. As a general remark, we point out that the Bernstein technique, as
described before, still works in several space dimensions for radially symmetric solutions (see, for
instance, [24], for a related result). g

In the rest of this section we illustrate the applicability of the method by considering equation
(2).
2.2 A nonlinear diffusion-convection equation

As it was already mentioned, a physically relevant special case of equation (1) is

Uy = p(U)gz +(u), in Q, (23)

where ¢ is a nondecreasing function with ¢(0) = 0. For the sake of simplicity, we assume in this
subsection that ¢ € C?([m-,my]), ¢’ > 0 and ¥ € C'([m_,m4]). In the applications we shall
present here, we assume the (¢, z)-dependence of function k of the form

k(t, z,u) = p(t, z)0(u). (24)

Then, Lemma 1 leads to the following result
Lemma 2. Let Q C RT x R. Let u be a smooth solution of (23) satisfying (6). Let p > 0 and
6 > 0 be smooth functions such that

)

o— i po— 27 . (25)
(52) + 5 (2] ] mo

0< 24 [0' — (M) _1/1”] Py
"
2

Then



In the next section we shall give several applications of Lemma 2 to the case of weak solutions
of (23). Nevertheless, some previous consequences for the cases in which condition (26) is trivially
satisfied (the Cauchy and the Neumann problems) can be easily derived for the special choice

plt.a) = 1/VE.

Corollary 2. A. Let Q = (0,T)x R with 0 < T < 0o and § € C?([m_,m]) satisfying 6 > 0 and

2
!
% + 60" <1 - 1#%) <0 foranyte (0, T] on[m_,my]. (28)
Then, if u is a smooth solution of (23) on Q satisfying (6), we have the estimate
ol + 00 < 2 on 0.7 xR 29)

B. Let I = (a,b) with —o0 < a < b < 400 and Q = (0,T) x I. Assume that 6 satisfies the
conditions of part A and let u be a smooth solution of equation (23) on Q verifying (6) and the
homogeneous Neumann boundary conditions

0= (p(wa +¥(w)(t,a) = (¢(u)s + ¥ (u))(t,b) fort e (0,T). (30)

Then inequality (29) holds on (0,T] x I. The same conclusion holds if we replace the boundary
condition (30) by

0= p(u)a(t,a) = p(u)e(t,b) (31)

and assume that 1» <0 on (m_,m4).m

Remark 2. In contrast to Corollary 1 the above result shows the first “regularizing effect”:
estimate (29) holds for any ¢ > 0, independently of either it takes place at ¢ = 0 or not. Other
regularizing effects will be given in Subsection 3.3.

Another interesting choice of function p(t,x) leading to local effects, independently of the
boundary conditions, is p(t,z) = &(x)/\/t with &(x) vanishing on the boundary of the spatial
domain.

Corollary 3. Let I = (a,b) with —00 < a < b < 400 and Q = (0,T) x I. Assume that
6eC?([m_ymy]),0>0,6€C?*(I),E>00n I and £ =0 on OI. Assume that

1 i " ef/ﬂ—’¢ n fm
0= _§+[9_¢ (T>_¢]? (32)
e | &0 (06/VE=0\ 0" (06/VE-v\
- €+2£§< @ >+9< @ )]

Let u be a smooth solution of equation (23) on Q satisfying (6). Then we have the inequality

O(w)€(x)

p(u), +Y(u) < i

on (0,T] x I.g (33)

Condition (32) leads to interesting results once we know more about the functions ¢ and ¢, for
instance, if ¢(u) = u™, ¥ (u) = u™ for some positive m and n (see Subsection 3.4).



3 Applications to generalized and mild solutions

Corollaries 2 and 3 will be used in this section for two different objectives: (i) to extend estimates
(29) and (33) to weaker notions of solution of the Cauchy and Dirichlet problems associated to
equation (23) (and so under much more generality on the data ¢, ¥ and ug), and, (ii) to present
explicitly different choices of the function 6 according ¢ and .

3.1 Generalized solutions

We start by considering the class of nonnegative bounded generalized solutions of the Cauchy
problem

0 <wg(z) < My for any xz € R. (34)
ur = @(U)ge +¥(u), in (0,T) xR, (35)
u(0,2) = up(x) z e R,
with
0 <up(z) <My for z €R, (36)
for some My. We assume that
@, € C°(]0, My]), ¢(0) =0, ¢ strictly increasing (37)

as well as the following technical conditions (see Subsection 3.3)

{ 3o > 0 such that ¢,v € C2((0, My + 6o]) and

¢" and " are locally Hélder continuous on (0, Mg + dg)- (38)

We recall that given 0 < T' < +00, a function u(t, x) is said to be a nonnegative bounded generalized
solution of equation (23) if uw € C'([0,T] x R),

0 <u(t,x) <My forx € Randte0,7], (39)

for some m > 0 and satisfies the integral identity
to T2 T2

[ [ two+ e, - voydede = [ ultaa)olta,n) — ultr,2)o(t,0) s
ty 1 z1

T
T2

+ {ult, 22)0(t, x2) — u(t, z1)o(t, 1) }dt

t1

for all non-empty bounded rectangles (t1,t2) x (21, 22) and nonnegative functions ¢ € C'12([t1, ta] X
[371,502]) such that ¢(t,$1) = ¢(t,$2) =0forallte [tl,tQ].
We recall (see, e.g., [16]) that any generalized solution is a weak solution in the sense that the
above integral identity can be replaced by the condition us = @(ut)z. + ¥(u),; in D'(Q).
Different results on the existence and uniqueness of a generalized solution u of the Cauchy
Problem (35) are today available in the literature (see e.g. [9] [20] and [13]). For our present
purposes we shall made use of the results of Gilding [23] requiring, merely, the continuity of the
initial datum. We have:
Theorem 1. Assume that ¢ and 1 satisfy (37) and (38). Let ug € C°(R) satisfying (36). Let
u € C([0,T] x R) be the generalized solution to the Cauchy problem (35). Assume that there exists
a function A € C°([0, My)]), concave, increasing and such that

M < (40)

where



Mo dip(s)
M "/0 AN ()

Finally, assume that there exists a constant C' > 0 such that

P(s) < CA(s) for any s € (0, My). (41)
Then
o(u)y +(u) < [\/4C2T +2M + 20\/T] L\/? in D'((0,T) x R). (42)

Before giving the proof we shall state two immediate consequences.
Corollary 3. Let ¢ and v satisfying (37) and (38). Assume 1» be such that

¥(s) < CV/s for any s € (0, My), (43)

for some constant C' > 0. Then, if ug € C°(R) satisfies (36) and u is the generalized solution to
the Cauchy Problem (35) we have the estimate

up(Mo)

plu)s + (u) <2 in D'((0,T) x B). (44)

Corollary 4. Let ¢ and ) satisfying (37) and (38). Let ug € C°(R) satisfying (36) and u be the
generalized solution of the Cauchy Problem (35). Then o(u(t,-)), € L (R) and

Mo) M,
o0t el ey < 212D o2y v (45)
for any t > 0, where
N = sup ¢ — inf .0 (46)
[0, Mo] [0,Mo]

Proof of Corollaries 3 and 4. Corollary 3 follows from the fact that function \(s) = /s satisfies
(40) for any continuous nondecreasing function . To prove Corollary 4 we point out that u is also
a solution of the equation

Ut = @(U)zz + wd(u)za (47)

where 9,(s) := ¢ (s) + d with d € R arbitrary. By choosing d = —d; with d; = sup{i(s) : s €
[0, Mp]} condition (43) is verified for ¢, (since by the maximum principle u we know that u satisfies
0 < u < Mpy). Then (44) implies

+di —ds

o(u), < <%(M@)U2

where dy = inf{y(s) : s € [0, Mp]}. To obtain the estimate in the reverse sense we define u(t, z) =
u(t,—x). Then u satisfies

U = @(@)aa + $a(@)e (48)
with 17)d(s) = —1(s) — d. Then, by choosing d = —d», we conclude that
- Moo MO 12
—p(u)e = p(u)y <2 <7099t( 0)> +di —da,

and so estimate (45) holds.m

Proof of Theorem 1. To get the result we shall perform an approximation process according classical
ideas. Our main purpose is to approximate u« by a sequence of smooth functions. Let §p be given
in (38). Fix ¢ € (0, do) arbitrary and let ko € N be such that



270t < (Mo + 6) — p(Mp). (49)
For k > ko we define the cylinder Q = (0,T) x (—k, k) and consider the boundary value problem

u = o(U)er +¥(u),  in Q, (50)
u(t, k) = My for all t € (0,7, (51)
U’(va) = Uo,k(l') on (_kak)v (52)

where the sequence {ug} satisfies the following properties: (i) ugx(z) < Mo + ¢ for all z € R,
(ii) there exists e, > 0 such that ey < woi(z) for all € R, (iii) there exists ay € (0,1] such
that ug, € C*F2*(R), (iv) ug g+i(x) < ugr(x) for all x € R, (v) ugx 4 uo as k 1 oo uniformly on
compact subsets of R, (vi) ugx(x) = My +6 for all |z| >k —1/2.

This approximation process was made explicit in [23]. Since properties (ii), (iii) and (vi) holds we
can apply the theory of nondegenerate parabolic problems (see e.g. [34]) and so (50), (51), (52) has
a unique classical solution ug (¢, ). Moreover from (i) and (ii) we deduce that ek < ug(t,2) < Mo+0
for all (¢,z) € Q. By the maximum principle, property (iv) implies, that ug1(t, z) < ug(t,z) for
all (t,z) € Q, (assumed k > ko). Hence we can define

u*(z,t) = lim wug(z,t) for all (¢,2) € [0,T] x R.
koo
It is easy to see that u* is a generalized solution. It is clear that it remains to show that u* €
C%([0,T] x R) since by the uniqueness of the solution, u = u*. The continuity of u* will be obtained

similarly to the proof of Theorem 1 of [23]: as in the proof of Corollary 4, we first conclude the
gradient estimate for ¢ € (0,7

+N

1/2
oo (ot () | e ((—y) §2<¢(Mo+6t)(Mo+5)>

with N given by (46). This implies the existence of a modulus of continuity of u in « and (by the
results of Kruzkov [33] and [20]) also in ¢. This modulus of continuity is independent of &k and so,
by passing to the limit in %, it also applies to u(t,z) for t € (0,7] and z € R. The continuity at
t =0, i.e.the inequalities

ug(zg) < lim inf u(t,z) < lim supu(t,z) < ug(x
0( 0) ~ (t,®)—(0,z0) ( ) ~ (t,®)—(0,z0) P ( ) - 0( 0)
for any xg € R, were proved in [20] by using a local barrier function argument which literally
applies to our case.
The rest of the proof consists in obtaining the gradient estimate (42), on (0,7") x (—k, k), for the
smooth solutions uy but replacing My by My in (42), where

- Moy+6 dip
Ms = / NN G)

Then, passing to the limit in k, we deduce the same estimate for w (but now in the sense of
D'((0,T) x R)). Finally, as 4 is arbitrary we get (42).
In order to estimate ¢(uy), + 1 (ux) we apply Lemma 2 with k(s) = 6(s)/v/t, where 6(s) is
convex, increasing and positive function to be determined. Notice that condition (16) tr1v1ally
holds. On the other hand, from the boundary condition (51) we deduce that (ug(¢, £k)); = 0 for
€ (0,T). Moreover as ug(t,z) < My + ¢ we deduce that u,(t,—k) <0 and u,(¢,k) > 0 for all ¢
€ (0,T). Then, conditions (17) holds. Finally, since uy is a positive classical solution, condition
(18) is also satisfied.



Thus, it only remains to check condition (13) or, equivalently, (28). We introduce the function
0(s) :=eX(s —cj(c)) (53)

where e and ¢ are positive constants to be chosen later and j is the convex function defined by

//Ad‘pz . (54)

Our first condition on ¢ is ¢ < 1/M. So from the convexity of j we deduce that §”(s) < 0 and
6'(s) > 0if s € (0, Mo + &]. Moreover

0(s) > eX((1 —cM)s) > e(1 —cM)X(s) >0 if s € (0, Mo + 4] (55)

In order to check condition (28), we observe that

8" (5) = eX'(s —cj(s))(1 —¢cj"(s))? —ec) (s — cj(s))%.
Then, (28) is equivalent to

2

s —cj(s)) N s—cy 1
> —.
e A(s) e)\ (s —cj(s )) —2 (56)
But the concavity of A implies that \'(s — cy( )) > N'(s). Then, from assumption (41)
LYVt
eX(s — cj(s)) 1 — cM(;)
So, condition (56) is verified if
2CVT 1
2
— b Sl
c(1 — eMs) (1 o1 —cM5)> Z 3 (57)

Taking ¢ = 1/(2M5), (57) reduces to the inequality

e? — 4eCNT — 2Mj > 0,
and, finally, the choice

e = 20VT +\/4C2T + 2M;

leads to the desired estimate (42) completing the proof of Theorem 1.g

3.2 Unidirectional estimates

It is important to point out that sometimes, it is possible to get pointwise gradient estimates of
unidirectional type for the solutions of the diffusion-convection Cauchy problem (35), i.e. inequal-
ities estimates which become false if we reverse the direction of the spatial variable # by making
the transformation © = —z. This is illustrated in the next result which exhibits an alternative
proof to a result diven in ?7.

Theorem 2. Let ug € C°(R) satisfies (36),with My small enough, and let u be the generalized
solution to the Cauchy problem (35) corresponding to

pu) =u™, Yu)=—-u" and 0 <n <1< m.
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Then m
(™), > —K“Tm DI((0,T) x R), (58)

for some K > 0 depending only on My, m,and n.

Proof. As in the proof of the previous theorem we can assume u to be positive and smooth enough.
Let A(r) be a regular function, to be chosen later, such that A(r) is a smooth function transforming
[0, wp] onto [0, m In My], for some wqy > 0 and such that

K= sup XN(w)> inf MN(w)=0C>0. (59)
wE{O,U)o] w€[07w0]

Then, the equation
mnu(t,z) = Mw(t, z))

defines a regular function w(t, ) such that 0 < w(t,z) < wyp for all (¢, ) € [0,T] x R. In order to
prove the estimate we introduce the function

z(t, x) = w,(t, x)t.

Then, it is clear that the conclusion of the theorem will follow once we prove that z(t,z) > —1 on
[0,T] x R, since
(u™), K

= AMw)e = N (w)w, > e

um
It is not difficult to see that z satisfies £(z) = 0 where

L(2) =z —mu™ Yz, — g[(3m — DA (w) + m)‘ll(w)]zzz

A (w)
—nu" "z, — “7:2_1 [(m — DN (w)? +m (’;\,((;)))) + (2m — D" (w)]z?
+”(:Lnt1) n— 1/\( ) 2_%.
Hence,
m—1
L=1) = Z—[m-1)N(w ( (w ) — )N (w)]
t w
nin—1 1
_ ( ) n 1)\ ( ) 2 -
mt t

So, we have to choose A(r) such that £(—1) < 0 (notice that the comparison at ¢t = 0 is obviously
satisfied and that we can argue starting with w; and then passing to the limit as in the previous
theorem). The above condition holds once that

(m — DN (w)? +m (i((;‘)’))) +(@2m— 1N (w) <0 (60)
and
—"(1_71’1)0 +1<0, (61)
mMy™"

with C' given by (59). The condition (61) is satisfied by taking

o> MM
~n(l-—n)
To simplify the study of condition (60) we shall take A(r) such that \"'(r) = —y < 0 for any
r € [0,wp]. Then
Nw)\ _ = =
(A’(w))w ~ Ny TR

11



and (60) is satisfied once

,YZ

K?
Let us take A\(r) = ar® + br, with a = (—=v)/2 and b = K. By taking v = K, (62) is transformed
into

(m—-1)K?*—m— — (2m — 1)y <0. (62)

(m —1)K? — (2m — 1)K —m <0,
and so, it if fullfilled once that

(2m — 1)+ (2m —1)% + 4m)1/2.

. (
K <2
O<K <2< 2(m —1)

Finally, it is a routine matter to check that, among the many possible choices, A(r) = (2 — r)
satisfies all the requirements once we assume

1

% + 2n(T—n)

1
M; "< min{2—, J

As we shall comment later, in Subsection 3.4, estimate (58) ceases to be true if we reverse the
direction of z.

3.3 Mild solutions: smoothing effects

In the case of ug € L'(R) it is possible to show some regularizing effect for the, so called, mild
solution of the Cauchy problem (35). To introduce this notion we consider the implicit time-

discretization
w; — W;i—1 . !
(ITD) et = o(Wi)ex +Y(wi)z + fi in D'(R),
i — ti1

for a given € > 0 and a time discretization tg =0 < t; < - <t <T,t; —t;—1 <€, T —t, <e¢, and
for given data wo, f; € L*(R)NL> (R). We say that u is a mild solution of (35) if u € C([0, +00) :
LY(R)), u(0,.) = ug(.), and, for any € > 0 there exists (to,t1,- - -, tn, wo, w1, - -, wy,) satisfying
(IT D) with

t;
lwo — woll, < ¢, Z/ 1l dt < e
i ti—1

and such that ||u(t) — w;||; < e for any t € (t;—1,¢;], ¢ = 1,...,n. The existence of a mild solution
is due to Benilan and Touré [9]. Moreover, it was proven there that, under suitable additional
regularity on the data ¢, and ug, the mild solution is also a weak solution.

Theorem 3. Let ¢ and 1 satisfy (37) and let ugp € L*(R),ug > 0. Let u € C([0,T] : L*(R)) be
the mild solution to the Cauchy problem (35). Assume that

R(I) =R, (63)
where
Iu) = sign(w) | “(ow) — o(r))dr.
Then
ol
et Mgy € T (). (64)

Moreover, p(u(t,-)), € L®(R) and

12



ot elly o ey < 212D Wprz (63

for any t > 0, with

o757
m(t)=T7"( yP
and N given by (46).
Proof. Using the continuity of the solution with respect to the data and the functions ¢ and ¢
(see [8]) we may assume that ug, ¢, € C*(R) with ¢’ > 0, so that u is a classical solution with

ug,u; € C([0,T] : L*(R)). From the definition of I we deduce that I(u), = |u|¢(u),. Moreover

// ndr = [ 1w =~ [ 14w

But, using Holder inequality and the L'—contraction of the associated semigroup ([9], [8]) we get
that

17 (ult, )17 e s

1 / 9
= J|uol| 1 u| p(u),
4” 0||L(R)[R| | (u);]

IN

HIOR S /W 172 /2 (), 2 <
1 ol e t/1<>x¢<>

— Mol g5 [ [ 10)

On the other hand, if we define the function

then
1(t) <M (u(t, ')||L°°(]R) Hu(t)“Ll(R) < M (u(t, ')||L°°(]R) ”uUHLl(R) :

So, I(t) satisfies the ordinary differential inequality

41(t)?

U'(t) + ————
||u0||L1(R)

<0.

Dividing by 1(t)?, integrating and using that I(ty) > 0 for any ¢y > 0 we get that

2
lluoll7: 2y

<
i < =12,

and finally

||u0|| L1(R

)l ) €~

which leads to estimate (64). The rest is an obvious application of the arguments of Corollary 4.
Remark 3. It is possible to apply the general method to the study of one-side estimates on ;.
Among the many papers devoted to this task, we only mention here the presentation made in [6]
and the articles [4] and [40] (many others references can be found in the surveys [31] and [41]).
This allows to prove stronger differentaibilty on the solutions of (2) leading to the existence of the,
so called, strong solutions satisfying that ws, ¢(u)z and ¥ (w;), are in L*((0,T) x R) (see also the
different approach made in [7]).
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3.4 The case of a bounded interval

Concerning the case in which the solution is not defined on R but on a bounded interval, we can
get interior gradient estimates without using any concrete information on the boundary conditions.
We illustrate it by considering the special case of ¢ = 0.
Proposition 1. Let I = (a,b) with —00 < a <b< 400 and Q = (0,T) x I. Let u € L*°(Q) be a
positive solution of

ug = (u™)gein Q.

Let £€ C*(I),£>0o0n I and € =0 on OI such that
€' ()| < €(2)*, |€" (2)| < E(x)*for any z € 1.

Then, if Mo := supq u,
a)if 0<m <1,

&(z)u My 1 2
™y < log —)(2vT(1 1, - -,
(™)l < =7 (e +og =5 VT (1+sup(1,0)) +4/2
c)if m>1,
m E(z) Ao (0w —u™
Vit

with a > aq := supq u™ ! and Ny such that

2T 2

Ao <

(m —1)(a—ag)’

T D@ —ag) @ 7 00)+2(m = Dao) +¢

Proof. In the case a) we take #(u) = Au™. Then condition (32) is satisfied if.
1-m

21— w
A1 —m) + 5

+ A\ﬁg—;@m —1)+ mt‘g—z <0,

which is implied by

—m

Ml
“A2(1—m)+ 02

!
+|/\|\/T§—2|2m—1|+mT§0.

This last condition holds once that

2 1-m

Al > Xo = %(‘m - %‘ VT + (T ‘m L (1 —m)(2mT + —M°2 N2,
—m

2

A simple computation shows that

T Ml—m
Ao < \/_ + 0 .
1-m 2(1 —m)

Case b). We take f(u) = Aulog 2 with M > M. Then, (32) leads to

M 1 é-/ M 6”
-\ log — + 5 + g—Zx/Zz\(logU -1+ g—gt <O0.
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Assuming |\| > /T, then
!
%x/ix < \?

and the above condition becomes

M 1
—/\210g7+§+ﬁ|/\|

M
log7—1‘+2T§0.

This is satisfied once that

1 M M M 1
>N = —(|log — — 1| VT + (T(log — — 1)% + 4log — (2T + =))'/?).
N2 20 = (g 3 = 1| VT + (Pllog 3 = 17+ 41og 307+ 5)))

Again, a simple computation shows that

1 2
Ao <2VT(1+ ——) + (— )"~
logT log <~

Case c). We take 6(u) = A(au — u™) with a > ag := supg u™ . Then, (32) leads to

“A2(m —1)(a —u™t) + % + )\\/Zf_—;(ma —(2m = Du™ ) + mtz—guml <0.

Assuming [A| > E2=D /T, then
é—l
(2m — 1)6—2\/Z>\ < (m —1)\
and the above condition becomes
1
A (m —1)(a—ag) + 3 + | A[VT |ma = (2m — 1)ag| + 2mTap < 0.

This condition is satisfied if

Al > Ao = (VT |ma — (2m — Dao| + (T |ma — (2m — Vag|*

(m —1)(a — ap)
+4(m — 1)(a — ao)(% + QmTaO))l/Z)7

and we have

o S o e )+ 20m = ) + (o) o

~ (m—-1)(a—ap)

In the case of homogeneous Dirichlet boundary conditions and for a general maximal monotone
graph ¢ and ¥ = 0, it is not difficult to show that the conclusions of Corollary 4 and Proposition
still hold for mild solutions. This leads to a gradient estimate which implies a regularizing effect
stronger than the fact that p(u(t,')), € L*(a,b), for any ¢t > 0, shown by H. Brezis in [12] for

initial data ug € H !(a,b). For the sake of the exposition, let us assume that

Then we have:
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Corollary 5. Let ¢ be a mazimal monotone graph of R% with 0 € ¢(0) and satisfying (66).
Let ug € L'(a,b), up > 0. Then the mild solution u of problem

Ut = Wae, w € @(u) in (0,T) X (a,b),
w(t,a)) = w(t,b) =0t (0,T),

u(0,2) = ug(x) x € (a,b),
satisfies .
It Vel oy < 212D (67)

for any t >0, with ¢ (r) = max{s € R: s € ¢(r)} and

3/2
o170 )

m(t) =T !

)m

3.5 Applications to the study of the free boundaries

We shall end the paper with several comments on the connections between pointwise gradient
estimates and the study of the free boundaries defined as the boundaries of the support of the
solution of the equation (2).

As it was already mentioned at the introduction, in the context of the gas flow in porous media
the expression

pu(@, b))z + (u(x, 1))
u(z,t)

Vt,x) = —

represents the Eulerian description of the velocity of the “homogenized gas” at the position z
and the time ¢ once we identify the parabolic equation with the continuity equation for the mass
conservation. In particular, if we denote by = = {(t) to any of those interfaces, by standard fluid
mechanics arguments we deduce, at least formally, that if {(¢) is differentiable, then the particles of
the gas at the boundary of the support at time ¢ = 0 must remain at the boundary of the support
of the gas for any ¢t > 0 and so they must move with velocity V' (¢,((t)). Hence if, for instance,
C(t) = sup{z € R: u(t,z) > 0} then

_p(u(t, ¢(8))e + Y(u(t, ¢(t))
u(t, (1)) '

The question of justifying the above formula, in a rigorous way, is not an easy task. To
start with, the occurrence of the free boundaries must be correctly proved without invoking any
physical argument (recall that the equation holds for an homogeneized medium). Among many
papers dealing with the study of the interfaces we would start by mentioning the short paper by
A .S. Kalashnikov [30] in which he shows that the solutions of the Cauchy problem (35) with ¢ =0
and ug > 0 with compact support remain with compact support for any ¢ > 0 (a property that,
in what follows, we shall call as finite speed of propagation), provided that the pointwise gradient
estimate

') =

(68)

lp(u)e] < Mu (69)

holds. We recall that, by using completely different methods, it was shown that the finite speed
of propagation holds if and only if
d
/ #(5) < o (70)
0+

S

(see [36] for the sufficient part and [27] and [37] for the necessity part). So, we conclude that
estimate (69) only remains true by assuming the condition (70). Although a direct derivation of
estimate (69) was already shown in [3] and [28], we mention that this can be deduced also from
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our Theorem 1 by taking A(u) = u. Notice that condition (40) coincides with (70) and that the
estimate can be also proved for the class of mild solutions when ¢ is a maximal monotone graph
satisfying (70) since this condition make sense even if  is not C*.

In the case of ¥ # 0 the analysis is more sophisticated since the equation loses its invariance
after changing by —z. The convection term privileges one direction in contrast with the other
one. The finite speed of propagation (i. e. the existence of a minimal and maximal interfaces)
was shown in [26] and [29] when p(u) = v™ and ¥ (u) = " with m > 1 and n > 1. Nevertheless,
it was shown (by means of suitable pointwise gradient estimate) in [15] that if ¢(u) = u™ and
Y(u) = —u™ with 0 < n <1 < m then one of the interfaces (¢, (t) = sup{z € R : u(t,z) > 0}) does
not appear ((, () = +oo for any ¢t > 0) although the other one ((_(t) = inf{z € R : u(t,z) > 0})
exists (—oo < (_(t) < 4oo for any ¢t > 0). Notice that this can be also derived from Theorem 2
since, by a comparison argument, without loss of generality, we can assume My small enough and
from estimate (58) we deduce that

u(t,x)™ > u(t, xo)mefg(zf“”’)

for any t > 0 and & > wxo. Taking x¢ such that u(t,zg) > 0 we get the result. We point out that the
existence of the interface (_(t) shows the impossibility to have the reverse directional symmetric

pointwise gradient estimate
m

(™), < KUT on (0,T) x R.

The occurrence of the interfaces was studied by B.H. Gilging [22], in the general case of ¢ and
¢ as in Theorem 1 He proved that the interface ( (f) exists if and only if there is a real number
o such that

as+(s) >0 for all s € (0, Mp]

fowviw <=

Notice that this proves the non existence of ¢ (t) if p(u) = u™ and ¥ (u) = —u" with 0 <n <1 <
m and that, by changing = by —z, it proves the existence of {_(t). It was proved also in [22] that
if V(t, ) is bounded for ¢ = 0 then it remains bounded for any ¢ > 0 assumed (70) and

/0 +[L(S)]ds < .

and

S

Nevertheless, when p(u) = 4™ and ¥(u) = —u™ with 0 < n < 1 < m, it was shown in [16] that
the best pointwise gradient estimate has the form

(W™ ™)e| < M (71)

so that estimate (69) fails. Estimate (71) was later extended in [22] to more general ¢ and
¥ but satisfying additional conditions which are satisfied when ¢(u) = u™, ¢¥(u) = —u™ and
0 <n <1< m (see also the work [25] for the study of the dependence of the Bernstein estimates
on epsilon if one puts such a parameter in front of the diffusion term). We mention that, as kindly
indicated in [20] and [22], the boundedness of V' and the generalization of the estimate (71) were
obtained by applying the general idea of the method presented in this paper (a preliminar version
of it circulate, as unpublished notes, among the specialists in the field since the early eighties).
The justification of the differential equation was carried out, when ¢(u) = u™ and ¢ (u) = —u"”
in [38] and [17] for the case 0 < n < 1 < m (see also the formal asymptotic analysis made in [32]).
It was shown ([17]) that in ausence of waiting time phenomena ( [2], [1]) (_ € C([0,T])NLip(0,T),

lim

e (t ( (t (t))



and that formula (68) holds in the sense that

p(u(t, 2)s + ¥ (ult, )

() = — lim

2= (£) -0 u(t, z)
- - [ [Sees

for a.e. t € [0,T]. It is easy to see that applying (formally) the 'Hopital rule to the right-hand
side of this interface equation we get a second-order equation. The interface equations of this type
can also be derived by means of a special technique based on local comparison of the space profile
of a solution with a set of the space profiles of a complete family of explicit solutions to the same
equation, say, the travelling wave solutions: see [19], Section 5.

C'** and further regularity of the interface was obtained in [39] (see also [35]) under additional
assumptions on the initial datum.
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