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The gyrator transform (GT) promises to be a useful tool in image processing, holography, beam characteriza-
tion, mode transformation, and quantum information. We introduce what we believe to be the first flexible
optical experimental setup that performs the GT for a wide range of transformation parameters. The feasibility
of the proposed scheme is demonstrated on the gyrator transformation of Hermite—Gaussian modes. For cer-
tain parameters the output mode corresponds to the Laguerre—Gaussian one. © 2007 Optical Society of

America

OCIS codes: 070.2590, 120.4820, 200.4740, 140.3300.

The gyrator transform (GT) introduced in [1,2] and exten-
sively studied in [3] as well as the fractional Fourier
transform [4] belong to the class of the linear canonical
integral transforms widely used for the optical, digital,
and quantum information processing, holographic record-
ing, mode transformation, etc. The GT at parameter «,
which we denote as a transformation angle, of a function
g;(r;), is defined as
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where r; ,=(x;,,y;,) are the input and output coordinates,
respectively. This transform is additive and periodic with
respect to a. For a=0 it corresponds to the identity trans-
form, for a=m/2 it reduces to the direct/inverse Fourier
transform with rotation of the coordinates at 7/2, and for
a=1 the reverse transform described by the kernel &(r,
+r;) is obtained. The applications of the GT for space-
variant filtering, hyperbolic noise reduction, and encryp-
tion have been proposed in [5]. Moreover the GT corre-
sponds to the movement on the main meridian of the
orbital Poincaré spheres [6,7] introduced by the analogy
to the polarization Poincaré sphere. The GT can be con-
sidered a universal mode converter, since it allows the
generation of all essentially different structurally stable
Gaussian modes, which can be obtained from the
Hermite—Gaussian (HG) modes by the integral canonical
transforms [7].

To use the GT for optical information processing we
need an optical setup performing this operation for differ-
ent parameters «. The design for such a system has been
proposed in [9]. Based on the ABCD matrix formalism for
the first-order lossless optical systems, it has been shown
that the coherent optical system, which contains three
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generalized lenses with fixed distances between them
[Fig. 1(a)] is able to perform the GT for the large range of
angles a. The transformation angle « is changed by rota-
tion of the cylindrical lenses, which forms the generalized
lenses.

In this paper the first experimental implementation of
the flexible optical scheme for the GT is reported. The ac-
tion of this system is demonstrated on the example of the
transformation of the HG modes into the helicoidal
Laguerre-Gaussian (LG) ones for a=(2k+1)7/4 (k is an
integer) passing through intermediate modes [7,8] for
other values a.

We start from a detailed description of the symmetric
optical setup constructed with three generalized lenses
performing the GT [Fig. 1(a)l. Every generalized lens is a
combination of two convergent thin cylindrical lenses of
the same power. The action of the generalized lens leads
to the quadratic phase modulation written as
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where \ is the wavelength, f is the focal distance of a cy-
lindrical lens, and angle ¢ indicates the position of the
axis of symmetry of the cylindrical lenses. Thus the axis
of the cylindrical lenses forms angle ¢;=—¢ and ¢y
=p—m/2 with the vertical axis OY, respectively [10,11]
[see Fig. 1(b)]. The first and third generalized lenses are
identical and will be further denoted as L;. Their focal
distance f; equals the distance z between two consecutive
generalized lenses of the setup (the first and second or the
second and third generalized lenses [Fig. 1(a)l. The sec-
ond generalized lens Ly has a focal distance f5=2/2. As an
example, the phase modulation functions associated to
each of the generalized lenses for the GT at angle «
=37/4 (z=0.5m and A=532nm) are also shown in
Fig. 1(a).
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Fig. 1. (Color online) (a) Setup scheme associated with the gy-
rator transform. The phase modulation functions (for the case z
=0.5m and A=532nm) associated with each generalized lens
when the setup performs the GT at angle «=37/4 are shown be-
low, where the gray levels indicate the phase distribution range
[=7,7]. (b) An assembled set of two cylindrical lenses that forms
the generalized lenses L; and L.
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Fig. 2. Operation curves ¢;(«) for the generalized lenses (a) L;

and (b) Ly. The operation curve ¢y(«) is derived from the relation
ho=—(¢1+1/2).

Let us consider the evolution of the complex field
gi(x;,y;) during the propagation through this system. Us-
ing the Fresnel diffraction integral and Eq. (2) for lens L;
we obtain the expression for the complex field just before
the second lens L,
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After the corresponding modulation by the second lens

transfer function and the propagation through a free-
space interval z we derive
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The action of the third lens, L, leads to the final expression for the complex field amplitude at the output plane of the

gyrator system:
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This equation coincides, except for a constant phase, with
the definition of the gyrator transform at angle « with
normalization s2=\z, Eq. (1), if

sin 2¢; = cot(a/2),
sin 2¢9 = (sin a)/2. (6)

Note that the angles ¢; and ¢y correspond to the general-
ized lenses L; and L, respectively. It is easy to see from

dx;dy;. 5
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the later relation that this setup is able to perform the GT
only for the angles ae[w/2,37/2]. Nevertheless, since
R fi(x)](x,)=R[f;(x;)](-r,) we can cover all the inter-
val @ e[0,27] if it is necessary.

The variation of the transformation angle « is achieved
by proper rotation of the cylindrical lenses according to
the operation curves. The operation curve is a graphical
representation of the rotation angle ¢; of one of the cylin-
drical lenses, which composed a given generalized lens as
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Fig. 3. Experimental optical system configuration. Two SLMs
(Holoeye LCR-2500) are used for the input signal (HG mode) gen-
eration. BS is a beam splitter. A pinhole (PH) is placed at the
Fourier plane of the 4-f system. The GT at angle « is performed
by three generalized lenses. The parameter « is changed by the
proper rotation of the cylindrical lenses, which form every gener-
alized lens. The output signal is registered using a CCD camera
(Sony XCD-X710).

a function of the transformation angle a. In Fig. 2 the op-
eration curves ¢;(a) for the generalized lens L; (a) and Ly
(b) are shown. Note that ¢s(a) is derived from the relation
¢o=—(¢1+m/2). In addition, when the angle between the
cylindrical lenses is 7/2 a generalized lens reduces to a
spherical one.

We observe that for a=m, occurring when the general-
ized lenses L; and Ly, are reduced to the spherical lenses,
the common 4-f system—a cascade of two Fourier trans-
forming systems—is obtained. Therefore the proposed gy-
rator system can be considered as a generalization of the
well-known optical processing 4-f system to the case of
the generalized lenses.

In Fig. 3 the detailed scheme of the GT optical setup is
displayed. The input complex field amplitude is generated
by the two coupled spatial light modulators (SLMs). This
optical configuration is known as a hybrid hologram [12]
because the amplitude and phase components of the input
signal are separately implemented on each SLM. The am-
plitude component is projected by means of a 4-f lens sys-
tem on the second SLM, which introduces the appropriate
phase modulation. The second 4-f lens system is used in
order to remove the nonzero diffraction orders in the Fou-
rier plane, arising due to the discrete structure of the
SLMs. The main disadvantage of this hybrid hologram
scheme concerns the alignment accuracy between the
SLM displays. Nevertheless, position stages for the SLMs
are not required because the alignment between ampli-
tude and phase components is digitally achieved by
means of a PC. Therefore this alignment accuracy is lim-
ited by the pixel size, which is 20 um in our case (Holoeye
LCR-2500 SLM). The signal quality is also limited by the
spatial resolution and in addition by the dynamic range of
the SLM (8 bits). The application of the SLMs for an input
signal generation allows performance of an almost real
time information processing. The distance between gener-
alized lenses in our experimental setup is z=0.5 m.

For the demonstration of the experimental implemen-
tation of the GT we use the HG modes of various orders as
input signals. The HG mode is given by the following ex-
pression:
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Fig. 4. Hermite-Gaussian mode HG; 4 obatined using the pro-
posed hybrid hologram. The image (a) corresponds to HG7 4 in-
tensity distribution and (b) is an interference pattern, which re-
veals the HG; 4 phase distribution.

9% /// W

X y
Hm(\r'%_)Hn(\”%_)
HG ( ) 21/2 w w ( 7T 2)
rw)= ————exp| - —r?|,
o V2™"m lw\2"n lw w?

(7)

where H,, is the Hermite polynomial and w is the beam
waist. The beam waist is set at w=0.73 mm for the HG
modes considered in this work. The HG modes
HG,, ,,(r;w) generated experimentally by the modulation
of the collimated Nd:YAG laser beam (A=532 nm) by the
coupled SLMs with further spatial filtering of the nonzero
order diffraction components are in good agreement with
the theoretical results. As an example, the intensity dis-
tribution (a) of the HG; 4 mode and its phase structure in
the form of the interferrogram with a plane wave (b) are
demonstrated in Fig. 4. The images are registered by
CCD camera, Sony XCD-X710.

The rest of the results shown in Figs. 5-7 are related to
the functioning of the gyrator transform setup. It is

(a) (b) ©)

Fig. 5. Input HG modes HGgg, HG;,, and HG; 3 are trans-
formed by the GT at a=37/4 into LG modes LGg,, LG;;, and
LGs,, respectively. The interferrograms for these LG modes with
a plane wave are displayed in (a)—(c), correspondingly. Images (a)
and (b) reveal a forklike structure, typical for the associated heli-
coidal phase distribution, which is not present for the case of (c)
LG; .
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Fig. 6. Intermediate modes obtained by the GT of the input mode HGj 3 (a) for the angles a=[37/4,x], (b)—(f). The first and second rows
correspond to the intensity and phase distributions (gray levels indicate the phase range [-, 7]), respectively, obtained by numerical
simulations of the GT. The experimental intensity distributions are shown in the third row. The input mode (a¢=0) generated by the

SLMs is also displayed in the third row, (a).

known that by the GT at angles a=(2k+1)w/4 (k is an in-
teger) the HG modes HG,, ,(r;w) are transformed into
the helicoidal LG modes:

[min(m,n)! [ __[x y !
LG;,z(r;w)=w‘1 m(\/Zﬂ<;ii;>>
l 2w 2 . 2
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where LIZJ is the Laguerre polynomial, p =min(m,n) and [
=|m -n|. The topological charge, related to the orbital an-
gular momentum (OAM) of the vortex mode, is given by

+[. In particular for the angle a=37/4 the HGg g, HGs o,

o= 1352

Fig. 7.

o= 142.5°

and HG3 3 modes are transformed into LG, LGy ;, and
LG . The experimental results of this transformation
are shown in Fig. 5. The interference pattern of the LG
mode with a plane wave reveals its helicoidal phase struc-
ture, as displayed in Figs. 5(a)-5(c).

For a=mk/2 the output mode corresponds to HG,, ,, ro-
tated at angle « with an additional phase shift.

For the rest of the transformation angles the interme-
diate modes (or gyrating modes [7]), which possess the
fractional orbital angular momentum [6], are obtained. In
particular in Fig. 6 the modes generated from the input
mode HGj;3 [Fig. 6(a)] by the GT for the angles «
e [3mw/4,m] are displayed. The first and the second rows
show the numerical simulation of the intensity and phase

o= 1502 o= 180¢

Intermediate modes obtained by the GT of the HG modes composition HGs; o+ HGs 5 (a) for the angles a=[37/4, 7], (b)—(e). The

first and second rows correspond to the intensity and phase distributions (gray levels indicate the phase range [—, 7)), respectively,
obtained by numerical simulations of the GT. The experimental intensity distributions are shown in the third row. The input mode («

=0) generated by the SLMs is also displayed in the third row, (a).
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distributions of these modes, respectively. The third row
in Figs. 6(a)-6(f) corresponds to the experimental inten-
sity distribution registered by means of the CCD camera.
The continued gyrator transformation of the HG mode
HG,,, for the angles aec[n/2,37/2] is related to the
movements along the main meridian of the orbital (m,n)
Poincaré sphere [6,7].

Moreover, a composition of the HG modes of the same
order (n+m=const) also produces a structurally stable
mode under the GT action. For instance the combination
of HGj5 5 and HGy 5 modes: HGj o+ HGy 5 [Fig. 7(a)] leads
for a=3m/4 to the odd LG mode, which is the sum of two
helicoidal LG modes with opposite OAM values: LG;,3
+LGg 5 [Fig. 7(b)]. The intermediate modes are displayed
in Figs. 7(c) and 7(e). We notice that due to the input
mode symmetry it is an eigenfunction for GT at the angle
a=m, which is a simple m-angle rotation [see Fig. 7(e)l.
The first and second rows again show the numerical simu-
lation of the intensity and phase distributions of these
modes. Meanwhile the third row [Figs. 7(a)-7(e)] corre-
sponds to the experimental intensity distribution.

We observe that the experimental results are in excel-
lent agreement with the theoretical predictions that dem-
onstrate the feasibility of the proposed GT setup. The
flexible structure of this scheme based on the fixed dis-
tances between the three assembled pairs of the cylindri-
cal lenses and the manipulation of the transformation
angle a by means of the lens rotation makes the setup
useful for numerous applications. In particular the pro-
posed experimental setup is able to generate, almost in
real time, a wide spectrum of modes applicable for beam
design purposes, optical trapping, quantum information,
etc. Moreover, regarding the promising results related to
the application of the GT for shift-variant filtering, noise
reduction, and encryption [5], this setup can be used for
optical image processing.
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