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Abstract

Scaling up quantum computers is a formidable task [Prel8, (CKJT20]. Quantum systems
are extremely delicate and sensitive to environmental interactions [Nie02]. Ever since the
first theoretical proposals for their construction in the early 1990s [CZ95], many platforms
have arisen, and several of the original challenges addressed. However, while the first
proof-of-concept quantum computers are already a reality, the question of how to scale up
these prototypes to the dimensions needed for fault-tolerant computing remains largely
open.

Distributed Quantum Computing (DQC) emerged as an alternative to expand the size
and capabilities of quantum computers. The key idea is to distribute computations and
memory across multiple medium-sized nodes, similar to classical computing. While this
approach reduces cross-talk and control line overhead from placing many qubits on a single
chip, it introduces new challenges. A distributed architecture needs fast, reliable, and
synchronized information exchange between nodes to function effectively. In this thesis,
we advocate for quantum state transfer, first proposed in [CZKM96], as a fundamental
operation for transmitting quantum information deterministically and on demand. This
constitutes the foundation of what we refer to as quantum state transfer networks, of which
pioneering experimental realizations already exist [LLC™19, MSK™20,|(QLN"23]. In these
networks, quantum information is transmitted by mapping states from stationary qubits
to propagating ones. This requires strong and finely tuneable light-matter interactions,
which make superconducting circuits an ideal platform for implementation.

The objective of this thesis is twofold. First, we construct a theoretical quantum optical
model of a complete state transfer network based on microwave quantum links with the goal
of understanding and providing theoretical insights for state-of-the-art experimental work.
Secondly, we propose and design novel protocols and mitigation strategies for overcoming
some of the most critical challenges affecting this platform nowadays.

Through detailed modeling of the experiments, we identified sources of error that are
often overlooked in the superconducting circuits literature, such as wavepacket distortion
caused by non-linear dispersion relations and non-uniform couplings. These limitations
add on top of the commonly recognized issues, such as poor measurement fidelities, limited
qubit coherence times, and the challenge of maintaining the entire network at cryogenic
temperatures [BGGW21]. Beyond these imperfections, the field also faces ongoing chal-
lenges, particularly the need for multiplexing information through quantum links and the
generation and distribution of entanglement across the network. Addressing both error
mitigation and protocol design is crucial for building a functional, scalable quantum state
transfer network.

Equipped with the tools of quantum optics and building on the complete modeling of
existing experiments, we addressed both issues. By accurately characterizing the emission
process and exploiting the explicit relationship between the couplings and the shape of
the produced electromagnetic field, we were able to leverage the flexibility of the light-
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matter couplings for various purposes. Through careful engineering of the phase profile,
we designed a family of predistorted photons that are resilient to propagation distortions.
This method applies to any quantum communication channel, provided the distortion
behavior of the photon within the channel is known.

We also developed two strategies to increase the quantum link’s information capacity.
The first mechanism aims at increasing the computational space of the waveguide by
designing photons that are orthogonal in the time domain, such that at the same frequency
one could have several distinguishable wavepackets. The second consists of making use of
the big operational frequency bands available in the experiments. By placing the carrier
frequencies apart from each other, and carefully studying the cross-talk and overlap effects,
we were able to predict that tens or even hundreds of flying qubits can be transmitted
with current setups at extremely low error rates. Thus, we conclude that there is plenty of
room in the bandwidth offered by microwave quantum links, the main remaining challenge
being the ability to connect those many solid state qubits to the extremes.

Finally, once the realistic design and control of the quantum links is well understood,
we focused on the application of these state transfer networks to the distribution of en-
tanglement. We conceived and designed a novel operation, which we termed fractional
quantum state transfer, demonstrating theoretically and through numerical simulations
the deterministic generation of multipartite entanglement. By concatenating several of
these fractional operations, we proposed two distinct protocols that enable entanglement
distribution across all nodes of an arbitrary quantum network without requiring measure-
ments. This approach is particularly advantageous for superconducting circuit architec-
tures, where measurements tend to be slower compared to other platforms.

We conclude that state transfer networks based on microwave quantum links are a
practical and effective solution and a promising avenue for quantum information processing
in general when considering appropriate design protocols and mitigation strategies.



Resumen

El escalado de las arquitecturas de computacién cudntica es una tarea formidable [Prel8),
CKJ™20]. Los sistemas cuanticos son extremadamente delicados y sensibles a las interac-
ciones con el entorno [Nie02]. Desde las primeras propuestas tedricas para su construccién
a principios de la década de 1990 [CZ95], han surgido muchas plataformas y se han abor-
dado varios de los desafios originales. Sin embargo, aunque los primeros prototipos de
ordenadores cuanticos son ya una realidad, la cuestiéon de cémo escalar estos dispositivos
a las dimensiones necesarias para la computacion tolerante a fallos sigue siendo en gran
medida un problema abierto.

La Computacién Cudntica Distribuida (DQC, por sus siglas en inglés) surgié como
una alternativa para expandir el tamafno y las capacidades de los ordenadores cuanticos.
El nicleo de la idea es distribuir las computaciones y la memoria entre multiples nodos
de tamano mediano, similar a como se hace en computacién clasica. Aunque este enfoque
reduce las interferencias y la sobrecarga de las lineas de control al limitar la cantidad de
cubits en un solo chip, también plantea nuevos desafios. Una arquitectura distribuida
necesita un intercambio de informacién réapido, fiable y sincronizado entre nodos para
funcionar eficazmente. En esta tesis, abogamos por la transferencia de estados cudnticos,
propuesta por primera vez en [CZKM96], como una operacién fundamental para transmi-
tir informacién cudntica de manera determinista y bajo demanda. Esto constituye la base
de lo que denominamos redes de transferencia de estados cudnticos, de las cuales ya exis-
ten realizaciones experimentales pioneras [LLCT19, MSK™20, QLNT23]. En estas redes,
la informacién cudntica se transmite mapeando estados de cubits estacionarios a cubits
propagantes. KEsto requiere interacciones luz-materia fuertes y controlables con un alto
grado de precisién, lo que convierte a los circuitos superconductores en una plataforma
ideal para su implementacién.

El objetivo de esta tesis es doble. Primero, construimos un modelo tedrico de 6ptica
cuantica de una red de transferencia de estados basada en enlaces cudnticos de microon-
das con el fin de comprender en profundidad los trabajos experimentales mas avanzados
del campo y proporcionar conocimientos tedricos para su mejora. En segundo lugar, pro-
ponemos y disenamos nuevos protocolos y estrategias de mitigacién para superar algunos
de los desafios més criticos que afectan a esta plataforma en la actualidad.

A través de la modelizacién detallada de los experimentos, identificamos fuentes de
error que a menudo se pasan por alto en la literatura de circuitos superconductores, como la
distorsion de los paquetes de onda a causa de la propagacién y acoplos no uniformes. Estas
limitaciones se suman a los problemas comtinmente reconocidos, como las bajas fidelidades
en la medida, los limitados tiempos de coherencia de los cubits y el desafio de mantener
toda la red a temperaturas criogénicas [BGGW21]. Mas alld de estas imperfecciones de
ingenieria, el campo también enfrenta desafios conceptuales, particularmente la necesidad
de multiplexar informacién a través de enlaces cudnticos y la generacion y distribucion de
entrelazamiento. Abordar tanto la mitigacién de errores como el disenio de protocolos es
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crucial para construir una red funcional y escalable de transferencia de estados cuanticos.

Equipados con las herramientas de la éptica cudntica y basdndonos en la modelizacién
completa de los experimentos existentes, abordamos ambos problemas. Al caracterizar
con precision el proceso de emisién y aprovechar la relacién explicita entre los acoplos y
la forma del campo electromagnético emitido, hemos podido aprovechar el alto nivel de
control de las interacciones para varios propositos. A través de una ingenieria cuidadosa
del perfil de fase, disefiamos una familia de fotones predistorsionados que son resilientes a
las distorsiones de propagacién. Este método se aplica a cualquier canal de comunicacién
cuantica, siempre que se conozca el comportamiento de distorsién del fotén dentro de dicho
canal.

También desarrollamos dos estrategias para aumentar la capacidad de informacién
de los enlaces cuanticos. El primer mecanismo tiene como objetivo aumentar el espacio
computacional de la guia de ondas diseniando fotones ortogonales en el dominio temporal,
de manera que a la misma frecuencia se puedan tener varios paquetes de ondas distin-
guibles. El segundo consiste en aprovechar los grandes anchos de banda disponibles en
los experimentos. Al separar las frecuencias centrales de los paquetes de onda y estudiar
cuidadosamente los efectos de interferencia y solapamiento, hemos podido predecir que
decenas o incluso cientos de cubits propagantes pueden ser transmitidos en los equipos
actuales con tasas de error extremadamente bajas. Por lo tanto, concluimos que ain
queda un amplio margen por explotar en el ancho de banda de los enlaces cuanticos de
microondas, siendo ahora el principal desafio conectar un gran ntimero de cibits de estado
solido a los extremos de la guia de ondas.

Finalmente, nos hemos centrado en la aplicaciéon de estas redes de transferencia de
estados a la distribucién de entrelazamiento. Concebimos y disenamos una nueva op-
eracién, que denominamos transferencia de estados cuanticos fraccionada, demostrando
tanto tedricamente como mediante simulaciones numéricas la generacién determinista de
entrelazamiento multipartito. Al concatenar varias de estas operaciones fraccionadas, pro-
ponemos dos protocolos distintos que permiten la distribucién de entrelazamiento entre
todos los nodos de una red cudntica arbitraria sin necesidad de realizar medidas. Este
enfoque es particularmente ventajoso para arquitecturas de circuitos superconductores,
donde las mediciones tienden a ser mas lentas en comparacién con otras plataformas.

Concluimos que las redes de transferencia de estados basadas en enlaces cuanticos
de microondas son una solucién préctica y eficaz, y una via prometedora para el proce-
samiento de informacién cuantica en general, teniendo en cuenta los protocolos de disefio
y estrategias de mitigacién apropiadas.
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Thesis Overview

Quantum computing (QC) holds the potential to completely revolutionize the way we
model and understand the physical world. The history of the field can be traced back
to 1982, when Feynman realized that the impracticality of simulating quantum systems
with classical devices could be overcome by the utilization of a quantum computer [Fey82).
Shortly after Feynman’s conference, still in the 1980s, Bennett and Brassard proposed a
protocol to share a private key between parties in a provable robust way [BB84] giving
birth to the field of quantum cryptography. Building on the ideas of this protocol, the same
authors designed a way to teleport a quantum state from one place to another [BBCT93],
at the cost of exchanging classical information through an auxiliary channel. Interestingly
from a historical perspective, this protocol exploited the apparent paradox found by Ein-
stein, Podolski, and Rosen in the 1930s with which they tried to prove the incompleteness
of the quantum theory [EPR35]. The whole field finally exploded in the 1990s when Shor
realized that a quantum computer could efficiently factorize large prime numbers [Sho94]
and therefore break the RSA encryption scheme [RSATS]. Just the following year, Cirac
and Zoller demonstrated that it was possible in principle to construct a universal quan-
tum computer using atoms and lasers [CZ95]. Ever since these seminal proposals, many
applications have been put forward. In particular, there is a consensus that quantum
computation, if realized to unleash its full potential, will have an enormous influence in
the fields of chemistry, pharmaceutics [MEA 20|, material science [BBMC20)], complexity
theory [BV97] and several others.

After these hallmark contributions, the 2000s and 2010s have mostly been devoted to
their implementation. Throughout the last quarter of a century, many platforms for quan-
tum information processing have been proposed and tested in the laboratory. Among these
we can name trapped ions [BCMST9], cold atoms [WDE™23], photonic computers [FSS18§],
Nitrogen-vacancy centers [DMD™ 13|, semiconductor quantum dots [GTK™21] and super-
conducting circuits [BGGW2I]. It turns out that scaling up any of these architectures
to the number of coherent qubits that are needed for a universal fault-tolerant quantum
computer is extremely challenging [Sho906, [Got98]. In this thesis, we will focus our atten-
tion on superconducting circuits, but most of the difficulties encountered and proposed
solutions may be also relevant to other platforms.

Superconducting circuits for quantum computing emerged in the early 2000s [BV.JT98,
NPT99, [LBS™03] and quickly gained significant attention. They leveraged techniques de-
veloped in the field of circuit quantum electrodynamics (cQED)[BGGW21], which itself
arose from cavity-QED[MDO02]. In cavity-QED, atoms are placed inside high-quality op-
tical cavities, resulting in exceptionally strong light-matter couplings [Kim9§|. Supercon-
ducting circuits inherited this key feature from cavity-QED [WSB™ 04, [KYG™07, SHK™08],
and in fact, have achieved the most extreme coupling regimes to date [NDH™10, [FLM ™10,
YFAT17]. Another appealing aspect of this paradigm is its dimensions and operating
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regime. Unlike real atoms, which are on the nanometer scale, superconducting circuits are
several micrometers in size and operate in the microwave frequency range. This allows
for the direct application of much of the existing knowledge from integrated electronics.
Additionally, their larger size results in significant dipole moments, which enhances the
light-matter interaction and controllability. However, these properties also pose challenges.
Being each component on the micrometer scale, an entire chip spans millimeters, making
it quite a large piece of material to keep cool at the cryogenic temperatures required for
these systems to operate. Moreover, the large light-matter coupling leads to cross-talk
between components [MMMJ20]. Currently, there is wide consensus that it will not be
feasible shortly to host the millions of qubits required for error correction on a single
chip [FMMC12].

The difficulty of scaling up a single chip led to the proposal of distributed quantum
computing (DQC) [Kim08, MRR 14, WEHTIS]. This platform-independent paradigm in-
volves building multiple medium-sized quantum computational nodes connected via com-
munication channels, as opposed to attempting to construct one massive chip that handles
all memory and computations. It is natural to think of this computing paradigm, since
in some sense, it is how classical computers work. In a classical von Neumann architec-
ture [von45], a universal computer is composed of a processing unit (itself subdivided into
several components) and a memory unit, both of which continuously exchange bits in the
form of traveling electromagnetic pulses.

We choose to categorize the efforts of distributing the computational tasks across mul-
tiple spatially separated nodes into two broad families: Quantum teleportation networks
[BPM 97, [KWT19] and Quantum state transfer networks [RNH™12, IABPT18|. From an
information-theoretic perspective, both approaches are equivalent. Despite their distinct
inner mechanisms, both can be used to transmit quantum states and distribute entangle-
ment among the network’s nodes. The choice between them depends on the specifics of
the platform.

Quantum teleportation networks share entangled qubit states across the network,
using quantum teleportation protocols—i.e., local measurements and exchange of clas-
sical information—to implement operations across distant qubits. They are based on
the foundational result of quantum teleportation [BBCT93|, which was first experimen-
tally validated in [BPM™97]. This kind of protocol has been successfully implemented
with Nitrogen-vacancy centers [TKK™19, [HPBT22|, trapped ions [RHRT04, BCST04,
SKO™06], and it is central to photonic quantum computers [OFV09]. More specula-
tively, these networks have been proposed as the base technology for a quantum internet
[WEHIS|]. Quantum state transfer networks, on the other hand, map the quantum states
from the solid state localized qubits at the nodes to propagating qubits (in the form of
one or more traveling photons, phonons, or other extended quantum degrees of freedom)
that then travel through the links. They are based on the deterministic quantum state
transfer protocol [CZKMO96]. In the last decade, several pioneering experiments around
the world have paved the way towards a realistic implementation of quantum state trans-
fer networks with superconducting quantum links. Among these, we can name the first
that were able to distribute entanglement deterministically across nodes in the same cryo-
stat [ABPT 18} ICZN"18]. Also, those which achieved deterministic quantum state transfer
among different nodes within the same refrigerator [ZCS™19, [LLCT19, (QLNT23|, or be-
tween spatially separated ones [MSK™20, BTZ" 21} ISSK™23].

The decision to pursue teleportation or quantum state transfer networks largely de-
pends on the hardware, as each approach imposes different demands. Teleportation net-
works require the faithful distribution of many entangled pairs, performing measurements,
and classical communication channels to convey the outcomes of those measurements. One
proposed solution for reliable entanglement distribution is entanglement purification or dis-
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tillation [BBPS96, BDSW96, BBP™96]. The core idea behind entanglement purification
is to extract a smaller number of high-fidelity entangled pairs from a larger set of less
reliable, noisy pairs. However, this process can be resource-intensive. If qubit coherence
times and transmission fidelities are not high, many initial entangled pairs may be re-
quired. This challenge is further exacerbated if measurement fidelities are poor, as the
distillation protocol itself demands additional measurements. Moreover, both distillation
and entanglement distribution are inherently probabilistic processes. In summary, this
paradigm is better suited for platforms where generating numerous copies of entangled
states is feasible and where high measurement fidelities can be achieved [PEWT15].

Unlike teleportation schemes, quantum state transfer networks do not require mea-
surements or the exchange of classical information. Additionally, it is not necessary to
distribute entangled pairs across the network a priori. However, this approach demands
a high degree of controllability. Strong and finely tunable coupling mechanisms are es-
sential to ensure the high-fidelity and rapid transfer of quantum information between
solid-state devices and bosonic excitations. This paradigm is therefore better suited for
platforms where strong couplings can be achieved, quantum information can be trans-
mitted reliably and deterministically through the channels, and measurement fidelities
pose a limitation. Superconducting circuits are an exemplary hardware that meets these
requirements [BGGW21].

The aforementioned pioneering experiments in superconducting circuits suggest that
this paradigm is feasible, demonstrating several key operations required to build a scalable
state transfer network. However, the field still lacks a comprehensive model that covers all
necessary components and operations, identifies the main bottlenecks, and addresses the
most critical sources of errors. Our main goal in this thesis is to develop a comprehensive
quantum optical modelization of a near-term quantum state transfer network based on
superconducting circuits. Taking the previous experiments as a departing point, we aim to
use the techniques of quantum optics to evaluate the required operation fidelities, identify
the current sources of errors, propose mitigation strategies, and design novel protocols
for quantum information processing. Our vision is to construct a functional and scalable
quantum state transfer network using superconducting microwave quantum links.

In the first part, we focused our attention on the modelization of the experimental setup
of [MSK™20]. For that, we derived a complete quantum optical Hamiltonian description of
a distributed superconducting architecture. One of the standing problems in the field con-
sists of understanding how well the quantum state transfer protocol [CZKM96], conceived
under ideal conditions, behaves when subject to real-world imperfections, such as non-
linear dispersion relations and non-uniform couplings. We found that these mechanisms
are relevant and have to be taken into account to aim for bellow fault-tolerant threshold
errors. In the same vein, the protocol [CZKM96] is usually implemented in the above
experiments through a technique called wavepacket shaping, essentially a scheme to map
the quantum state from localized to propagating qubits. However, wavepacket shaping
relies on some approximations that do not always apply to the physical systems under
consideration, which also leads to errors. In Chapters|3|and 4| we provide a comprehensive
analysis of all these issues. We discovered how considering these real-world effects (most
notably non-linear dispersion relations and non-Markovian dynamics) impacts fidelity in
non-obvious ways, assessed the appropriate operating regimes, and provided quantitative
metrics and scaling analyses.

In the second part, we designed correction strategies to mitigate the effect of the studied
imperfections. One of the inescapable consequences of having large light-matter couplings
is that the generated photons have a big spectral width. This is not necessarily a negative
trait, as it means that photons are generated quickly. However, it does make them more
susceptible to propagation and scattering distortions. Some experiments have addressed



this issue by emitting very narrow, quasi-adiabatic wavepackets [LLC™19], which slows
down the protocol. In contrast, we have developed a novel technique that, through a
detailed study of the distortion process, injects a predistorted photon into the waveguide.
This predistorted photon is shaped to compensate for errors in advance. As a result, this
technique enables high-fidelity quantum communication between nodes without sacrificing
speed, as it operates with broadband photons.

Another central challenge in the field is multiplexation of quantum information. Quan-
tum state transfer networks, as well as any other candidate for scaling up quantum com-
puting, have to show their ability to store, manipulate, and send large numbers of qubits.
This thesis presents two distinct contributions directed towards this goal. First, on the
modelization front, we have conducted an in-depth study of the physics beyond the single
excitation case. This included developing a Python library for efficiently simulating states
with multiple excitations, which would otherwise be intractable. We have open-sourced
this library for the benefit of the entire community. Second, on the design front, we have
proposed two protocols to increase the information capabilities of the quantum link, mode
multiplering and frequency multiplexing. Mode multiplexing leverages the flexibility of
coupling schemes in superconducting quantum links to engineer photons that are orthog-
onal in the time domain, allowing for their discrimination even if they share the same
carrier frequency. Frequency multiplexing, on the other hand, involves sending wavepack-
ets simultaneously at different carrier frequencies. While this approach is commonly used
in classical optical fibers, it poses new challenges when applied to microwave photons in
superconducting quantum links. Using the aforementioned Python library, we established
tight fidelity bounds for this type of multiplexing and assessed the channel capacity for
several tens of qubits below the error correction threshold.

Lastly, any candidate for distributed quantum computing must be able to distribute en-
tanglement. Entanglement, which can be viewed as a resource, is essential in a distributed
architecture for performing non-local operations such as gates and measurements. Some
of the pioneering experiments in superconducting quantum networks presented above have
already demonstrated entanglement distribution [ABP™18| ICZNT18, [KMW™18|. For ex-
ample, in [KMWT17], entanglement is generated by preparing a superposition state in one
node and transferring it to another node with a 50% chance, resulting in a Bell state.

In contrast, we proposed in Chapter [7] an innovative method for deterministically
distributing genuine multipartite entanglement across the network. Our method, based
on the fractional quantum state transfer operation, enables the creation of an N-particle
entangled state by allocating a single excitation across all these nodes. By combining
various fractional transfers, we can create different types of entangled states. We have also
developed theoretical tools to implement this protocol with a range of coupling schemes
and network topologies.

In conclusion, we believe that the comprehensive modeling of superconducting quan-
tum links using quantum optics tools, as presented in this thesis, adds significant value
to the field of state transfer networks and represents a step forward toward achieving a
fully scalable quantum computer. Additionally, the problems identified in this work, along
with the proposed solutions and designed protocols, offer notable insights to guide future
experiments and theoretical efforts.



Superconducting circuits, a
platform for distributed quantum

computing

Superconducting circuits are an ideal platform for quantum state transfer networks. Be-
cause of their size, they have large dipolar moments, which result in strong light-matter
couplings. This, together with advanced microwave techniques, allows for good controlla-
bility, which is precisely what the protocol of deterministic quantum state transfer needs.

In what follows, we will introduce the different components of a superconducting cir-
cuit network using the language of quantum optics. The exposition will closely follow
the references [BGGW21] and |Rip22]. It is convenient that the theory describing the
interaction of atoms and light in the visible regime [SZ97, [GZ15] so well applies to su-
perconducting circuits and the electromagnetic field in the microwave regime, because it
means that most of the theoretical background was established decades ago.

Some promising proposals rely on using the big light-matter couplings achievable with
circuits to produce microwave photons and then transduce them to the optical regime
[LCRSS20], ILSB™20, ISHR*22|. This approach holds great potential because it takes ad-
vantage of all the techniques from the mature field of integrated photonics [WSLT20].
However, this is not the path to be studied in this thesis. Instead, we will consider a setup
in which all the components work at cryogenic temperatures in the microwave regime.
Emission, propagation, and absorption of information throughout the network will hap-
pen in these conditions. This paradigm also enjoys good health nowadays and there have
been several different experimental proposals connecting different nodes inside the same
refrigerator [KKT™18|, [ZCB™21|, or across spatially-separated refrigerators through a
cryogenic waveguide [MSK™20, ISSK™23].

The setup that we will argue in favor of throughout the whole thesis is that depicted
pictorially in Fig. 2.1k, in which several distributed quantum computing nodes are con-
nected through quantum links of very different sizes, comprising communications inside
the same fridge as well as far-apart ones. The type of computing node we are considering
is illustrated in Fig. 2.Ib, which shows a real superconducting quantum computing node
from A. Wallraff’s lab at ETH Zurich [MSK™20]. The microscopic image displays all
the components that we will describe theoretically in this chapter: the resonators, repre-
sented by simple curved cables (shown in green and yellow), the central superconducting
nonlinear element (colored in red), and the various coupling and drive lines.

We decided to structure the chapter in the following manner. In Section [2.1] we intro-
duce the essential components needed to construct a theoretical quantum computing ma-
chine, following the criteria outlined by DiVincenzo [DiV00]. After that, in Section [2.2| we
lay out the basic components to build a superconducting quantum computing node, these
are, the resonator—Subsection [2.2.1}—, and the qubit—Subsection 2.2.2}—. After having
presented these essential pieces, we devote Section to study different coupling regimes

5
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Figure 2.1: Superconducting quantum network architectures. (a) Sketch of a quantum net-
work, where multiple quantum nodes are connected via quantum links of different lengths,
allowing for an inter- and intra-node bidirectional exchange of quantum information via
photon pulses. (b) False color photograph of a chip from the experiment [MSK*20] show-
ing the transmon island (red), the drive line (blue), the readout circuitry (green), and the
transfer circuitry (yellow). The purple inset shows a microscope image of the transmon
qubit, after deposition of the Josephson junctions. The pink inset presents an enlarged
view of the Josephson junctions, see scale bars for reference.

between them, Subsection explores the static resonant regime, Subsection the
situation of dynamical couplings, and Subsection the off-resonant one. Finally, as
a last ingredient to build a superconducting quantum network we present, in Section
the concept of a superconducting quantum link that allows for communication among the
different nodes of the network.

2.1 Necessary components of a quantum computer

Some basic concepts of quantum information theory bear great importance and will play
a central role in this thesis. The idea is to present them now so that they are clear
before digging into the particular protocols and proposals. The exposition will follow the
standard reference in the field [NCO0].

In the year 2000, David DiVizenzo introduced five criteria that every quantum com-
puter should meet [DiV00], and they have become a cornerstone in the field. We will follow
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CHAPTER 2. SUPERCONDUCTING CIRCUITS, A PLATFORM FOR
DISTRIBUTED QUANTUM COMPUTING

them making the necessary definitions when needed, and, in the following subsection, we
will show how they can be met using superconducting circuits.

1.

A scalable system with a well-characterized qubit. The qubit, short for ”quantum
bit,” is the fundamental unit of quantum information, analogous to the bit in classical
computing. However, unlike a classical bit which can exist in one of two states
(either 0 or 1), a qubit can exist in a state that is a superposition of both 0 and 1.
Mathematically, a qubit can be represented by the quantum state vector

) = al0) +511), (2.1)

where a and B are complex numbers, which ensure that the state is normalized.
Physically, a qubit can be realized in many different ways, everything that is needed
is a quantum state which can only exist in two different states.

The ability to initialize the state of the qubits to a simple fiduciary state. Typically,
and definitely for the case of superconducting circuits, this fiduciary initial state will
be the vacuum state |0).

Long relevant decoherence times. Decoherence time is the duration after which
a quantum system loses its genuinely quantum properties. This can happen for a
variety of reasons. The excitation might leave the qubit altogether, this is governed
by the decay time T7. More subtly, the noise can cause information about the relative
phase between a and 8 in Eq. to get lost, which is dictated by the dephasing
time T5. All the relevant times that affect coherence must be as long as possible.
In Section [£.2] of Chapter [4 we will detail how to characterize the errors stemming
from the finite 17 and T5 values, when considering experimental imperfections.

A universal set of quantum gates. A quantum logic gate is a basic quantum
circuit operating on a small number of qubits. They are the fundamental building
blocks of quantum circuits, much like logic gates are for classical digital circuits.
Quantum gates are essential for performing computations in quantum computing
and are mathematically represented by unitary matrices. A gate that acts on n
qubits is represented by a 2" x 2" unitary matrix. An important result is that a
universal set of quantum gates can be built only with a very small number of
one and two-qubit gates. This means that only with these very simple operations,
any imaginable quantum operation in any state can be implemented. One example
of such a set consists of the one qubit rotations R,(6), R,(0), R.(6), the phase flip
P(¢) and the controlled-not gate. In Chapter 4| we show how one such universal set
can be constructed using only basic distributed network operations.

A qubit-specific measurement capability. For the quantum computer to output any
information, it is essential to measure the qubits after all the desired logic operations
have been performed on them.

2.2 Components of a superconducting quantum computer

A minimal superconducting quantum computing node needs at least two physical devices
and a way to couple them. In increasing level of complexity, it first needs a resonator,
which is a basic circuit component that behaves as a harmonic oscillator. Then, it requires
a qubit, which will be realized as a non-linear circuit component. This nonlinearity is
essential to allow for selective targeting of a single transition and not others, something
that is not possible with a linear harmonic oscillator.
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2.2.1 Superconducting resonators

The first circuit component that we are going to focus our attention on is a quantum LC
oscillator. This device can be realized in a variety of ways, and it is always characterized
by its inductance L and capacitance C. This system presents an oscillatory behavior whose
natural frequency is w, = 1/ VLC'. In the particular example that we are focusing on in this
thesis, they are coplanar waveguide resonators, essentially a single conducting track printed
onto a dielectric substrate [BGGW21], (GFBT08|. The green and yellow curves in Fig.
are coplanar waveguide resonators. The energy is given by the following Hamiltonian,

Q2 (I)2
Hijc=—+— 2.2
LC + 2L’ ( )

where Q(t) is the charge in the capacitor, and ®(t) is the flux traversing the inductor.
Their respective relations with current and voltage are

Qt) = /t I, B(t) /t v, (2.3)

0 0

The relevant feature to us here is that the Hamiltonian ([2.2)) corresponds to a harmonic os-
cillator and that, from a quantum mechanical perspective, these charge and flux operators

obey(T]

This canonical commutation relations allow us to define annihilation and creation opera-
tors in the following way

1

P = QLUTC(GT + a), (2.5)
Q=1 w;C(aT—a). (2.6)

In terms of these operators, the previous Hamiltonian now becomes
Hic =wy(a'a+1/2). (2.7)

We will drop the constant quantity w/2 throughout the rest of the thesis since it simply
corresponds to an energy shift.

Large macroscopic LC circuits also exhibit oscillatory behavior without the need for a
quantum mechanical description. For the quantum effects to become apparent, the system
has to operate in a regime where the thermal fluctuations are much smaller than the energy
separation between levels, mathematically, kg T < hw,. This imposes a strict condition
on the operating temperature: for a typical microwave frequency of w, = 27 x 1 GHz,
temperatures below 50 mK are required. In addition to these cryogenic temperatures,
large quality factors are required, but nowadays values of Q ~ 10° — 10® are achieved in
the laboratory without difficulty [FWST05, RPAT16].

Microwave resonators are of uttermost importance in circuit QED, as they are essen-
tial to measuring qubits [BHW 04, (CDG™10], shaping photons [PHET14, [ZPB™ 15|, and
several other tasks. However, they do not serve as a qubit. They are linear devices and,
as such, the spectrum of is equispaced, and therefore no individual transitions can
be targeted independently. For that, some kind of non-linearity has to be included.

1'We will, throughout the whole thesis, consider & = 1.
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2.2.2 Superconducting qubits

As mentioned in the previous subsection, realizing a qubit requires a quantum system
where two specific states can be selectively addressed. Even restricting ourselves to super-
conducting circuits, several different embodiments of qubits can be found. Throughout
this thesis, we will consider the transmon as the paradigmatic superconducting circuit
qubit [BGGW21].

To understand the physics of the transmon it is necessary first to study the broader
concept of a charge qubit and the parts of which it is made. A charge qubit (also
known as Cooper pair box) is a qubit whose basis states are charge states, and they were
first envisioned in [BV.JT98, [NPT99, [LBST03|. This means that the states represent the
presence or absence of excess Cooper pairs on a superconducting island. The fact that one
can define such states relies on the so-called Josephson junctions, which are two pieces
of superconducting material separated by some dielectric. This configuration establishes
a potential through which some Cooper pairs can tunnel. The pink inset of Fig. shows
a real-world picture of the deposited dielectric material on top of the superconducting
island.

The transmon qubit is one specific clever realization of the previous concept, conceived
in a way that minimizes charge noise. First realized by the Yale group [KYG™T07,ISHK™08],
the Hamiltonian describing such system is

Hp = 4E, (n — ny)? — Ej cos(e). (2.8)

The quantity Ej is the Josephson energy, and it represents the energy associated with
the coherent tunneling of Cooper pairs across the junction. On the other hand, E¢
is the charging energy, and it is related to the total capacitance of the circuit. The
operator n represents the number of quanta, and as usual, the bigger its eigenvalue, the
bigger the energy of the system. Also, Eq. contains the term ng4, which represents
a charge offset, this can come from desired sources, such as an intentional gate voltage
Vg = Qg4/Cy, or undesired ones, such as environmental interactions. This is so because
the relation between the number and charge operators is just ngy = Q4/2e. Finally, ¢ is a
rescaled flux traversing the inductor, and it is an essential term for the Hamiltonian
to display a non-linear behavior and depart from the completely harmonic spectrum of
the LC resonator displayed in the previous subsection. Let us recall that in the harmonic
case, the inductor flux appears as ®? in the Hamiltonian , which ensures the linear
behavior and differs substantially from the cosine term in Eq. .

The spectrum of Hr is controlled by the ratio E;/Ec. When E;/Ec < 1 the situation
corresponds to the first attempts of charged qubits referred to at the beginning of the
Section [NPT99], which are very sensitive to the term n, and therefore not robust to
external disturbances. The regime E;/FEc ~ 1 was explored in [VACT02], and finally
Ej/Ec > 1 is the transmon regime, which was first reached in [KYGT07|. Fig.
shows how the spectrum of the Hamiltonian changes as a function of the ratio E;/E¢c. In
the transmon regime, it is observable how the energy levels flatten out and get distributed
anharmonically (solid lines in Fig. )7 this is analogous to atomic energy levels, and it
is the reason why these circuits are often called artificial atoms.

The transmon qubit presents a challenging trade-off, while the robustness against
ng increases with E;/E., the anharmonicity decreases. The anharmonicity parameter
a = Fi9 — Ey; is the difference in energy between the two lowest transitions, and it
is a critical feature of any charge qubit. The fact that made the transmon the most
popular physical realization of a qubit in superconducting circuits is that, while the re-
duction in charge noise is exponential with E;/E., the loss of anharmonicity is alge-
braic (EJ/EC)_1/2 IKYG™07, ISHK™08]. This makes it possible to find a regime in which
the decoherence gets dramatically reduced while the anharmonicity is kept large enough
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Figure 2.2: Spectrum of the transmon qubit and first few eigenfunctions. a) Eigenenergies
en = (En(ng) — Eo(0)/wor) (for the first three levels, n = 0, 1,2) of the qubit Hamiltonian
presented as a function of the effective offset charge n, for different ratios of E;/E, = 0.02
(dashed), 2 (dot-dashed) and 16 (solid). The energies are referred to the transition energy
Ep1 evaluated at the degeneracy point ny = 0.5. The dashed line corresponds to the
charge qubit regime, in which one already has anharmonicity, but the charge fluctuations
are large. As the ratio keeps increasing the fluctuations concerning n, become smaller
until finally in the transmon regime (solid line) they are negligible. b) For a transmon
with E;/Ec = 16, we plot the energy levels relative to the ground state en(0), together
with the nonlinear inductive potential Ejcos(¢)/woi. On top of each level, we plot the
eigenfunctions, shifted and scaled arbitrarily.

to guarantee high-fidelity manipulations. For a value of E;/E. = 16, inside the transmon
regime, we show in Fig. 2.2b the energies of the four lowest energy levels together with
their corresponding eigenfunctions.

In the transmon regime E;/Ec > 1, the term n, can be dropped because the energy
of the level flattens and does not depend on this parameter. Doing so, and truncating the
Hamiltonian up to fourth order in ¢ leads to

1 1
H} = 4Ecn® + §EJ¢2 — @Em‘*. (2.9)

Now, rewriting this Hamiltonian in terms of creation and annihilation operators b, b! de-

fined through
o 1/4 ,
= <19J) (1 +0)

i) )

results into
/ / T 1t EC’ + 4 + EC 7t

where in the last step we have only kept the terms having the same number of b b
operators, following [BGGW21], and where the natural frequency of the system is w, =
V8EcE; — E¢.

Finally, focusing only on the two lowest energy levels of the transmon |g) and |e),
which amounts to making the changes b — ot = |e) (g| and b — o~ = |g) (e| transforms
the previous Hamiltonian into

Hys = wanra*, (2.11)
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which is the standard expression of a 2-level system Hamiltonian, or, in other words, a
qubit.

2.3 Qubit-resonator couplings for gates and measurements

Some form of coupling between the resonator and the qubit is essential such that they
can affect each other. In the particular case of superconducting circuits, many control
tasks on the qubit, including all measurements, are made through the resonator. In
particular, in the quantum computing node photograph of Fig. [2.1p, the yellow resonator
is used for transferring population in and out of the qubit (cf. Subsection , and the
green resonator for measuring the state of the qubit via an out of resonance coupling (cf.
Subsection [2.3.3)).

2.3.1 Resonant regime

Having the Hamiltonians for both the resonator and the transmon qubit, the next step
is to couple them. This can be done in two different ways, capacitively or inductively,
in either case, the resulting Hamiltonian has the same form, the so-called spin boson
model [LCD™87]

H=wyoto™ +wala+glot +o07)(a+a), (2.12)

where the coupling constant g changes depending on whether it is capacitive or inductive
[Rip22]. The physics of the spin-boson model is very rich. When instead of considering a
single mode a, one considers a collection of modes ay, it constitutes one of the paradigmatic
models for studying dissipation in quantum systems. The specific instance of the single-
mode spin-boson model considered here is usually referred to as the Quantum Rabi model,
due to its connection with the Rabi problem in nuclear magnetic resonance [Rab37].

When the natural frequencies of the elements involved wg, w, are much larger than the
typical couplings of the system, the conditions for the rotating wave approximation hold.
In this situation, the terms ota’, 0~ a oscillate much faster than the relevant timescales
of the problem, and therefore their effect becomes negligible. In this situation, one arrives
at the Jaynes-Cummings Hamiltonian [JC63],

Hjc = weot o™ +weala+g(ota+ o al). (2.13)

The Hamiltonian given by Eq. is ubiquitous in quantum optics and captures the
physics of an excitation being coherently exchanged between the atom and the resonator.
It is important to note that the Hamiltonian , unlike the Quantum Rabi model
preserves the number of excitations, which will be of central importance to this thesis. This
means that the eigenstates of the Hamiltonian are also eigenstates of the number operator
n = a'a. This fact implies that the number of excitations present in the initial condition
of the problem will be preserved. This, in turn, allows for a simplification of the problem
as the different blocks of the Hilbert space containing different numbers of excitations do
not get mixed, see Chapter [3] for a thorough discussion of this method.

In the resonant condition w,; = w;, it gives rise to the so-called Rabi oscillations.
These describe a process in which the two-level system and the resonator exchange an
excitation back and forth, and are an important benchmark of quantum behavior. The
Jaynes-Cummings model is exactly solvable and, despite its simplicity, offers valuable
insights into the quantum nature of light. Indeed, some of the most used benchmarks
for the quantum regime are directly derived from this model. We devote the rest of this
subsection to their study.

To confidently know that we are manipulating quantum information in this context,
we have to ensure that we are working in the strong coupling regime. This is the regime
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Figure 2.3: Dynamics in the weak and strong coupling regimes of a JC model. (a) Excited
state population for the cavity-qubit system starting in the |e,0) state, that is, qubit
excited and no photons in the cavity. The horizontal axis represents time in units of the
system’s natural frequency and the vertical coupling strength over losses. (b) Horizontal
cuts for g = 0.05vy, 0.1y and 0.2v. Plots use w, = wy = 1, v = K = 0.1. Figure borrowed

from [Rip22].

in which the coupling between qubit and cavity is larger than the intrinsic losses of the
system |g| > k,~y, where & is the linewidth of the cavity and it dictates how fast it leaks
excitations to the environment. Whereas  represents the losses of the qubit. We can study
the dynamics of the JC model with losses employing the following master equation

Orp = —i[Hjc, p] + %(20‘/%7+ —otoTp—potoT)+ g(2apcfr —a'ap —pa'a). (2.14)

Because the JC Hamiltonian preserves the number of excitations, we can project our
density matrix onto a specific sector with a fixed number of excitations pn () = Pnp(t) Py,
where Py is precisely the operator which projects the full density matrix onto the subspace
of size containing N excitations. Doing so, the previous master equation becomes

Opn = —i [Hegpn] + kapny1a’ + 0~ pyiaot, (2.15)
Hog = Hyo — i%o—%—— - igaTa. (2.16)

As previously mentioned, the dynamics of this model is integrable for any number of
excitations. We choose now as our initial condition p;(0) = e, 0) (e, 0|, this is, the emitter
in its excited state and zero photons in the cavity. The solution in this case takes the form

(1)) = ce(t) [e,0) + ¢4(t) [9, 1), (2.17)

which is an unnormalized state that loses population as it leaks into the environment. The
coefficients c.(t), c4(t), which can be comprised into the vector c(t), follow the dynamics

c(t) = e 13 @aent= TN [oog( Q)T — i sin(Qt)¥ - 0] ¢(0), (2.18)

where o is a vector containing all Pauli matrices as its components, and the vector v and
the Rabi frequency 2 are respectively

2
_ g  wWg—wr K—7 ~ Wg—wr K="
—(ZL,0,% _ 0=/ . 2.19
M <Q 20) Hzm)’ \/g+< 2 '3 ) (2.19)
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The norm of the state |¢(t)) decreases exponentially, Tr(py(t)) = || (¢))]? o efi(’“”)t,
pointing to the fact that population from the excited state is lost irreversibly to the
environment.

Besides this behavior of exponential losses, there are also oscillations between |e, 0)
and |g,1). We could determine the regime in which we are operating by looking at the
interplay between the damping and the oscillatory dynamics. To ensure that we are in the
quantum regime, Rabi-like oscillations must be observed, these are the coherent exchange
of excitations between the qubit and the resonator. This interplay is precisely what is
shown in Fig. [2.3] The evolution dynamics starting from the initial state |e,0) is shown
for different values of the ratio g/, /7. It is observed that when in the weak coupling regime
g < 7, kK, the dissipation dominates, and no oscillation is observed, this is evident from
the horizontal cut displayed by the solid line in Fig. 2.3p. On the other hand, when in the
strong coupling regime g > -, k the oscillations become visible (dotted line in Fig. )
In this situation, we can ensure that a coherent interaction between the quantum elements
is occurring.

The first observations of Rabi-oscillations in a cavity-atom system were made by
Serge Haroche and his group [RBHO1, [Har13| using high-quality factor microwave cav-
ities. Nowadays, the strong coupling regime, evidenced by the observation of these oscilla-
tions is routinely achieved in circuit QED experiments coupling microwave resonators to
superconducting qubits, [MSK™20, KKT*18, [LLC™19].

Before closing this subsection on the resonant cavity-qubit regime, it is instructive to
clarify that the master equation formalism, such as that displayed in Eq. will not
be used almost anywhere in this thesis. Although it is a very powerful theoretical tool
and it incredibly helps to study losses and open dynamics in general in quantum systems,
it has the drawback that one misses most information regarding the environment. As will
be explained in more detail in Section and especially throughout Chapter |3 one of the
main objectives of the present study is to assess the performance of quantum links and
understand the behaviors of the fields inside them. Because of this reason, the collection
of modes comprising the quantum link will be explicitly taken into account.

2.3.2 Tunable couplers

Another central idea of this thesis is that of wavepacket shaping, which will be described
at length in Chapter [3] It essentially consists in deterministically shaping the outgo-
ing photon using a time-dependent coupling. What is relevant to note now, is that the
Hamiltonian suffices to implement this technique as long as the coupling g changes
with time, that is ¢ — g¢(¢). Within the field of circuit QED several proposals en-
able time-dependent couplings, some of them make use of the upper energy levels of the
transmon [ZPBT15, PHE14], others use intermediary transmons that then get traced
out [YEAT23|, and yet others effectively tune the coupling between the node and the
quantum link [CNR™14, [KMT19, IGYC™24].

Throughout most of the thesis, we will work with the assumption that the coupling
between the qubit and the resonator can be tuned in time, that is, we will treat it as a
time-dependent function g(t). Moreover, we will not only tune its amplitude but also its
phase, that way, we will assume that, in general, g(¢t) € C. This last requirement will
sometimes be relaxed, but it will be central in Chapter [b| when we attempt to correct
distortion by engineering phases on the control. Because in the following we will just
assume that we have this time-dependent ¢(t) at hand, we will devote this subsection to
detail one specific way this can be achieved in a distributed superconducting architecture.
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We choose to focus on the implementation put forward in [PHE"14], and [ZPB™15], in
which they arrive at an effective g(t) through applying a microwave drive to a transmon-
resonator node. This approach is appealing because it does not require changing the qubit
frequency, or the coupling, which minimizes the number of circuit components.

In the scheme proposed in [ZPB'15] the amplitude and phase tunability is achieved
by a mechanism known as cavity assisted Raman process, which is well known in the
atomic physics literature [GE90L [CKSG91l, [AB95, Wu96]. The core of the concept is to
use an external coherent drive with a time dependent-amplitude that induces an effective
coupling ¢(t) between two levels of the transmon qubit and the resonator. The idea is
that, through a two-photon process, and mediated by a third level that will be traced
out, the two levels under interest get coupled with the cavity field. As we will see, having
access to the amplitude and phase of the drive, will allow us to control the amplitude and
phase of the coupling.

To explain how this cavity-assisted Raman process works in this context it is illustrative
to go back to the picture of the transmon as an anharmonic oscillator, c.f. Eq. . The
three lowest energy levels are |g), |e), and | f), and their respective energy differences Eg. =
wq, Fey = wq + a, with a negative in this case. A display of the different energy levels can
be seen in Fig.[2.:4] The resonator, on the other hand, is a harmonic oscillator with energy
wy. The transmon and resonator are in the dispersive regime, that is, Ay = wy —w, > g,
and therefore the exchange of excitations between them is suppressed. Together with this,
the idea is to apply a drive to the qubit with a frequency wy = 2w, + o — w;,, which
corresponds to the difference between the |f0) and |g1) states. Such drive is of the form

Q(t) = Qo(t) cos (wat — ¢(t)) , (2.20)

which has the corresponding complex drive strength Q(t) = Qg (t)e'¥®) with slowly varying
amplitude Qo (t) and phase ¢(t). In reality, the frequency one has to consider is a bit more
involved than wg, because one has to compensate for the difference in AC Stark shift
suffered by |f0) and |g1). However, such technicality is not very relevant here, and we
refer to [ZPBT15] for these details.

The Hamiltonian of this system, in a frame rotating at the frequency of the drive wy,
is H = Hyc + H4, where

Hyc = (wr —wa)ala + (wg — wq)b'b+ %bTbTbb + g(ab® + a'b), (2.21)

and

PP 1)

(b +hc.). (2.22)

The idea now is to get to an effective qubit-cavity Hamiltonian with a dynamical
coupling ¢(t) by writing H in the eigenbasis of Hjc and performing perturbation theory
on Hy. Following [ZPBT15] we label the eigenstates of Hjc as |i,j)p (i = g,e, f,...
and j = 0,1,2,...), whereby the subscript D we refer to the dressing caused by the
static coupling g. Oppositely, we will use |i,j) = |i) ® |j) for the bare qubit-resonator
states. Looking at the energy levels of the JC ladder in the rotating frame, panel (b) of
Fig. we can see that the only relevant transitions are those involving the resonant
states |g,l + 1), and |f,[) ;. Keeping only these terms is analogous to the rotating wave
approximation performed to go from the spin-boson to the Jaynes-Cummings Hamiltonian.
Finally, writing Hy in the |i, j) , basis and truncating as just stated, one obtains

Hixy 02( V.04 1) (ol {{g. 14 11 (%00 +e ¥t [£,1) ). (2.23)
l

Now, because the qubit and resonator are in the dispersive regime (i.e. they are far off
resonance, g/(w, —w,) < 1), we can treat the term g(ab’ + afb) in Hjc as a perturbation
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Figure 2.4: Energy level diagram of the transmon-resonator system in the laboratory frame
a), and in a frame rotating at the drive frequency wq, b). In panel a) we show the different
energy gaps between the three lowest levels of the transmon and define the quantity A o1
as the energy difference between the |f0) and |g1) states. This value of A g1 corresponds
to that of wy defined in the main text. Panel b) shows how, in the rotating frame at
the drive frequency, the energy difference between the |f0), and |gl),, that is, A?Ogl
vanishes. The effective coupling § can be understood as a second-order cavity-assisted
Raman process, indicated by the pink dashed lines. Also, the blue curvy arrow represents
a photon being emitted when the system undergoes the transition from |f0) to |g1) and
then spontaneously decays to |g0).

and obtain an expression for |7, j) ;, in terms of |, j) at first order in g. Doing this allows
us to calculate the effective coupling as

- [+1 «
P e ~ 1<p(t)
gl(t) = <g?l + HD Hd |fa l>D gQO(t)e 9 Aqr(Aq’r + OL) : (224)

And now, defining the lowering operators for the dressed states as
5= lg.)p (£ llp, a= Y VI+1 5D, G1+1p, (2.25)
l Lj

we can express the driving Hamiltonian
Hy ~ g)a'e +g;(t)as . (2.26)

We will, throughout the rest of the thesis, consider [ = 0 in the previous expression,
therefore, focusing our attention on the |f0),, |g1), transition and taking as the time-
dependent coupling g;—o(t), we get

(07

V20, (Ayr +a)

Go(t) ~ gQo(t)e?® (2.27)

Two things are important to bear in mind, first, that restricting our attention to the
|f0)p, |g1)p transition amounts to having again a Jaynes-Cummings Hamiltonian (cf.
Eq. (2.13))), given that the anharmonicity « is big enough and the other levels do not play
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any role. In the following, we will treat our system as described by Eq. but with
a time-dependent tunable coupling. Second, from Eq. , and its particular case with
=0 , it is evident that both the strength of the coupling and its complex phase can
be tuned through y(¢) and ¢(t). The ability to tune these quantities will be essential for
the content of this thesis, as all the protocols that we will propose need the modulation
of the amplitude, and many of them also of the phase.

2.3.3 Dispersive regime

The resonant regime bears great importance due to the possibility of exchanging exci-
tations coherently. However, there is another important regime that takes place when
qubit and resonator are far out of resonance. This is the so-called dispersive regime. For
instance, in the microscopic photograph of Fig. , the readout resonator (depicted in
yellow), and the transmon qubit (depicted in red) are in this situation. This is the case
because superconducting qubits are usually measured with a far detuned resonator, as we
will explain in the following.

The dispersive regime refers to the scenario where the detuning between the qubit and
the resonator is large compared with the coupling strength (A, = wy —w, > ¢). In
this regime, it is useful to perform a Schrieffer-Wolf transformation [SW66, BDL11] on
the Hamiltonian [BHW 04, KYG™'07|. The Schrieffer-Wolff is a unitary transfor-
mation that determines an effective (often low-energy) Hamiltonian by decoupling weakly
interacting subspaces. In the case under consideration, this effective Hamiltonian becomes

1
He = (wr + x0*) ala + 5 @a + )77, (2.28)

where the dispersive parameter y is

The effective Hamiltonian indicates that the frequency of the resonator moves
up when the qubit is excited (0% |e) = sy |e)) and down when the qubit is in the ground
state (0% |g) = s— |g)), where s; = +1. This last term is particularly interesting, because,
as was realized in [BHW ™04, WSB™05, SWBT05], it can be used to determine the state
of the qubit without destroying it. Likewise, as will be shown in Chapter [4, this same
dependence can be used to engineer gates between remotely located qubits.

The technique to determine the state of the qubit making use of Eq. receives
the name of dispersive measurement and is widespread nowadays, being the most popular
measuring protocol in superconducting circuits. The method consists of sending a mi-
crowave pulse and studying its phase upon reflection from the dispersively coupled cavity.
It is known from scattering theory [Nav22| that the amplitude of the reflected field with
frequency w; is

~ eiPs(t), (2.29)

where ¢4(w;) is the phase acquired. Now, driving the pulse resonantly with the cavity
wr = wy, and incorporating the fact that the frequency is dependent on the state of the
qubit s1 = £1 the phase change results in

_ISEX T K/2 imtagesa) (2.30)
is+x + K/2

Wt
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The term J¢; is the difference in the scattering phase of the tone depending on whether
the qubit is in its excited or ground state. This last expression provides the state of the
qubit by detecting the phase of the scattered field. This phase goes as

tan (1 + ddhysy) A % (2.31)

from which sy reveals the information about the qubit’s state in the z-basis.

2.4 Superconducting quantum link

The final aim of this chapter is to arrive at the complete Hamiltonian of a superconduct-
ing quantum network. For that, the missing part at this point is to join the quantum
computing nodes via quantum links.

The lumped circuit element for a quantum link is that of a transmission line, which
can be seen as a set of coupled resonators [BGGW21], and whose Hamiltonian, written in
terms of the creation and annihilation operators takes the form

Hqr =Y  wmbl,bm. (2.32)

Eq. describes the physics of a multimode resonator that holds m different modes at
frequency wy,. How these frequencies are distributed, i.e. the dispersion relation, depends
on the specific physical implementation of the transmission line and will be of great im-
portance throughout this thesis. For the most part, we will work with a superconducting
WROI0 rectangular microwave guide [Dav12], as is the case in the experiment reported
in [MSK™20|, which greatly inspires the model developed here. The TFEjg,, modes fre-
quencies of this waveguide are distributed according to

wm = e/ (7 /11)2 + (mn/L)2, (2.33)

which depend on the vacuum speed of light ¢, the broad wall dimension [y = 2.286 cm
and the wave number k,, = mm/L. This dispersion relation gives rise to very interesting
physics, as it presents non-linearities and the mass-like term (7 /l1)? which opens a band
gap. When not explicitly stated, this is the waveguide and dispersion relation that we
will be using. However, for the sake of generality, we will at moments offer examples
of other dispersion relations, such as linear, quadratic, or cosine-like. Albeit outside the
scope of this thesis, it is worth mentioning that the difficulties arising from non-linear
dispersion relations are not unique to superconducting circuits and microwave photons.
They pose a challenge in many platforms in the wider field of quantum technologies such as
magnons [BGLT21], coupled cavity arrays [ACAST6], or topological waveguides [OPA™19]
among others.

Now, once we have particularized the quantum link Hamiltonian and a specific
dispersion relation , the final step is to take the Jaynes-Cummings Hamiltonian for
a computing node (cf. Eq. ) and join the two of them. For that, we need a term
that couples the resonator mode to the collection of waveguide modes, the term G, ; in
Fig. This resonator-waveguide coupling amplitude can be deduced from each cavity’s
decay rate k; and the parity of the stationary modes as [Nav22) Rip22]

mmx;

J) V/5509m (208, 1), (2.34)

Gn,j = cos (

The prefactor before the integral is related to the parity of the stationary waveguide modes,
and will in practice always take the values 1 since the computing node is either located
at z; = 0 or at ; = L. The group velocity inside the transmission line is denoted as
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Quantum node 1 (Hy) Quantum node 2 (Hy,)
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Figure 2.5: Minimal Network represented by the Hamiltonian consisting of two
nodes connected through a quantum link. Each of the nodes is composed of a qubit-cavity
system. The system is bidirectional, and the structure of the couplings makes it possible
for both nodes to emit and absorb excitations independently.

vy and is defined as the derivative of the dispersion relation at the working frequency.
Finally, it is important to note that the strength of the coupling is not the same for all the
stationary modes but that it has a dependence G, ; o y/wy,,. With all this into account,
the complete Hamiltonian of the kind of quantum network we propose in this thesis is the
following

H=Hqy+ Y [Hx, + Hx,—qr], with (2.35)
j
Hy; = 5ja]-+a; + QRja;(l_j + gj(t)a;faj + g;f(t)afaT

J oy
Hqr =Y wmbl,bm,
m
HNj—QL = ZGm’j (bjnaj + H.C.) .
m

Each quantum node contains a qubit and a cavity Hy; with a time-dependent cou-
pling ¢;(t) that can be tuned for wavepacket engineering [KMW 17, MSK™20] (cf. Sub-
section . The waveguide Hqr, hosts a family of modes with frequencies w;,, which
connect both cavities through a static coupling Hx;—qr. The a; and by, are Fock operators
for the resonators and waveguide modes respectively, and we use spin-1/2 Pauli matrices
oj = [1),(0]; for the qubits, as detailed in Subsection

We compute the group velocity vy = dw(k)/dk at the frequency closest to both cavities
we = w(ke) ~ Qr1 = Qgra2, which we assume identical. We choose a gauge in which
the resonator-waveguide coupling G, ; € R whereas g;(t) € R or C depending on the
situation. All couplings between qubits, resonators and waveguide, as well as their intrinsic
energies respect a hierarchy of interactions which justifies the rotating-wave approximation
Qr; — 0;] < |Q2r; + 6], and g5, [r;] < win, Qrj, 6

We choose to work at the X-band of the waveguide (8 — 12 GHz) as it is usual in
experiments [MSK™'20, KMWT17|. For typical parameters d;2,w12 ~ 27 x 8.4 GHz,

kj ~ MHz, the group velocity of the central mode is vy = cy/1 — (me/aw)? ~ 2¢/3.

A relevant parameter is the free spectral range (FSR) Awy, = Wint1 —wm, which is the
frequency separation between adjacent waveguide modes and it is inversely proportional
to L. We will refer to it by FSR or Aw,, indistinctively. The interplay between ; and Aw
will prove relevant in later developments. The decay rate of the resonator s will ultimately
determine the maximum frequency width of the emitted wavepacket, and whether the ratio
k/FSR is big or small will determine if the picture resembles more that of a continuum of
modes or of a coherent interaction between the resonator and one single waveguide mode.
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The model described by Hamiltonian will guide us through most of the thesis,
and the parameters specified in the previous paragraphs will serve as the standard. How-
ever, depending on the specific problem we are tackling, we will include variations of it.
For instance, in Chapter [6], when exploring how to increase the information capacity of
quantum links, we will allow more than one qubit and resonator per computing node. In
another example, when distributing entanglement across different network topologies in
Chapter [7], we will consider situations in which not one but many quantum links depart
from the same computing node.

2.5 Summary

Finally, in the last five to ten years, several leading laboratories around the world have
started implementing protocols that fall under what we have named quantum state trans-
fer networks, namely the precise control of qubit photon interactions to create determin-
istically wavepackets on demand. Although these experiments differ from one another,
the communication channels are different, some use additional resonators for filtering
purposes and so on, all of them can be described with the formalism presented in this
chapter. To the best of our knowledge, the leading experimental efforts in the field up
to date are: from the group at Yale [PHBT 14, |CZN™18, IABPT18, IBTZ" 21|, from the
group at the University of Chicago [ZCS™T19, [LLC™19, |(CZB™20], from the group at ETH
Zurich [KMW ™17, BGC™18, MSK ™20, ISSK™23]|, from the group at UCBerkley [RSM™14],
from the group at the University of Tokyo |[KKT™18|, from the group at Chalmers Uni-
versity [SCCT22 YEAT23, [ESKT24|, and from the group at Tsinghua University in Bei-
jing [QLNT23].

Throughout the following chapters, we will put forward our protocols and ideas, but
always with a look at these experiments. We will use them as guides to assess losses and
imperfections, and we will compare our ideas with the ones already implemented in them.
This is especially true in the case of the experiments of the ETH Zurich group, since
this thesis was conceived as part of a joint project in which to propose novel methods for
implementation in their distributed superconducting setup.






Wavepacket engineering as a
primitive for distributed

computing

As pointed out in Chapter [I the main objective of this thesis is to build the framework for
a quantum state transfer network based on superconducting circuits. The main primitive
for that is quantum state transfer, and the way to achieve it will be following the seminal
proposal by Cirac and collaborators dating back to 1996 [CZKMO96]. In it, the authors
propose a way to map the quantum state of a solid-state qubit to a flying one, that then
travels through some medium until it reaches another node.

The present chapter focuses on a specific part of the protocol proposed in [CZKM96],
which, as we shall see, allows for much more than just state transfer. The problem un-
der consideration consists of how to map the quantum state of one emitter to a trav-
eling photon in a waveguide, and conversely to convert a flying photonic qubit into
a stationary one hosted in a computing node. The technique to achieve this, called
wavepacket shaping or wavepacket engineering, consists of the dynamical control of the
emitter-waveguide coupling g(¢) such that the electromagnetic field acquires a particular
target shape. Wavepacket shaping has an interest in itself as it allows for the creation of
entanglement between a stationary and a flying qubit, as already demonstrated experi-
mentally [RNH"12, PHET14, |ZPB™15, FWC™17, [MKLRI9]. When also applied at other
nodes of the network, the emitted wavepacket can be absorbed, achieving deterministic
quantum state transfer between distant qubits [KMW™17, |ABP ™18, ICZN"18, IMSK™20)].
There already exist two experimental PhD theses on how to apply these techniques to
the particular context of superconducting quantum networks [Kurl9], [Mag21]. These
works will motivate experimentally many of the ideas that will be presented in this and
subsequent chapters.

It is worth noting that whereas the original proposal imposes a time-symmetric shape
for the wavepacket, this restriction is not necessary, and the aforementioned works achieve
state transfer with non-symmetric as well as symmetric wavepackets. What is however
unavoidable for wavepacket shaping to work is the ability to engineer time-dependent light-
matter couplings, a requirement that many laboratories around the world meet nowadays
ordinarily [YEAT23, ISSK™23]. This last point was already commented on in Chapter
when presenting the Hamiltonian model .

Also, there is a conceptual difference between the original proposal and the methods we
describe in this chapter. Because in [CZKM96], they achieved the transfer by imposing a
dark state condition (no population in the quantum link upon reflection), the dynamics of
the emitter and the receiver get connected. This leads them to require that the wavepacket
is time-symmetric, or, in a less restrictive way, that the absorption control is the time-
reversed of the emission one. In reality, no connection between g(t)emission and g(t)absorption
has to be imposed. Everything works more clearly if one only focuses on the relation

21
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between the incoming field and the corresponding ¢(¢) (in the case of absorption), or the
relation between the desired outgoing field and its related g(¢) (in the case of emission).
This way, the whole problem reduces to computing the differential equations backward
or forward, but with the nodes treated as independent. Because of this simplification
in the formalism, we can compute controls g(t) even analytically in relevant situations
that had been previously overlooked, such as the presence of extra resonators between the
computing nodes and the quantum link.

This chapter is divided into two well-differentiated parts. In the first one—Section
we present the Wigner-Weisskopf ansatz, and show how it can be used to go from equations
for operators to equations for complex scalar coefficients. Besides this simplification, this
ansatz also allows for a dramatic reduction of the dimensionality of the problem. After
that, but still in the same section, we introduce the Markov approximation and input-
output theory. These allow for a further simplification of the equations of motion by
decoupling the dynamics of the different nodes of the network. In the second part—
Section we will make use of the simplified decoupled model to obtain analytical
expressions for the time-dependent controls g(t). Explicit formulae for the couplings g(t)
will be given in a variety of physical situations and for several different target wavepacket
shapes. These generalizations are not trivial. As we will see, allowing for arbitrary phase
profiles or including extra cavities as filters modify the methods and controls in a non-
obvious fashion.

3.1 Wigner-Weisskopf ansatz, the Markov approximation
and input-output theory

The rotating wave light-matter Hamiltonian given by Eq. preserves the number of
excitations. This makes it possible to fix the number of quanta in the initial state in a way
that will be preserved throughout the whole dynamics. The so-called Wigner-Weisskopf
ansatz builds precisely on this idea. It is the most general initial state for a given number of
excitations. The rest of the chapter will be centered around the single excitation Wigner-
Weisskopf ansatz, which we will use to study the dynamics of an emitter that leaks into
an environment. The most general one-excitation state within a system described by the

Hamiltonian is
w@) = | Y (o) +et)al) + L (3.1)

j=1,2

The operators O';r, a} and b,t represent the possibility that an excitation is created in the

qubit j, the cavity j or the waveguide mode k respectively, when acting upon the vacuum
|0). The coefficients ¢;(t), ¢j(t), and v (t) are complex numbers that determine the field
in each of the system’s components. For example, the quantity |3(t)|? corresponds to
the probability of finding the excitation in the third waveguide mode, while >, ¢y (¢)[?
represents the probability of finding the excitation in the waveguide altogether.

Now, the convenience of defining the ansatz becomes evident when imposing it
upon the Schrédinger equation together with the Hamiltonian . When doing so, the
general equation for operators transforms into a set of coupled linear differential equations

iqj(t) = 0;q;(t) + g;(t)c '(t% (3.2)
iéj (t) = QR]'CJ( ) + gj + Z Gk,]wk (33)
() = w(k)(t) + > Grjci(t), (3.4)

7j=1,2
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which can be summarized as
d
7’% |\Il(t)> = Hlexct ’\Ij(t» 5 (35)

whereby Hiexet we are denoting only the part of the initial Hamiltonian that acts on the 1
excitation subspace, an operator whose matrix representation is much smaller than that of
the full problem Hamiltonian H. The Egs. (3.2)) to (3.4) are comparatively easy to handle,
and since they are linear, we can solve them using the matrix exponential operator, which
is numerically very efficient. In our particular case, in which the Hamiltonian depends
explicitly on time, we can write the evolution operator as

U(ti,tifl) — e—iHiAt’
and then obtain the wavefunction at any time
U(t;) =Ul(ts, ti—1)¥(ti—1).

The key realization that makes this process very efficient, made by [HA10] and later refined
by |[AH11] is that we do not have to compute the full N x N matrix exponential U. Rather,
it is sufficient to only compute the result of the product U (¢;,t;—1)¥(t;—1), which is of size
N x 1, as it is the exponential of an N x N matrix acting on a vector.

For the problem of wavepacket shaping, only the dynamics of one node containing the
emitter and the resulting field are of interest. Because of that, it is convenient to find a
way to decouple the different emitters in Eqgs. (3.2)) to . This can be done in a context
in which the medium connecting the different nodes, the bath, has a memory time much
shorter than the typical energies of the different elements. This physical regime, called a
Markovian environment, allows one to perform the so-called Markov approrimation, which
is ubiquitous in quantum optics [GZ15, Rip22]. It is important to pause for a moment here
and consider the implications of doing this step. From a physical point of view, performing
this approximation means that all relevant timescales of our problem are much longer than
that of the environment. In other words, the validity of the method will be worsened as
we push towards faster protocols and dynamics. In particular, we will have to come
back to this point in Chapter [5| where we realized that for the quick controls and cavity
fields needed there, this approximation in the way it is performed here no longer applies.
See [dA17] for a thorough review of non-Markovian dynamics in quantum systems.

The first step towards a Markovian model of Egs. — is to integrate the field
variables ¥ (t) in Eq. and substitute them into Eq. (3.3), arriving at

t

(1) = —ig"(£)g(t) — in(t) - / dr K (t — 7)e(r). (3.6)

to

As it is standard in the quantum optics literature, &y (t) = Dok Gre @FE(t=to)y)y (tg) is the
input field which represents the electromagnetic field that arrives to the emitter from the
past state of the environment. The term K(t — 7) = >, G2 (=7) is referred to as
the kernel and it contains information on how the state of the emitter affects the state of
the field. It is also useful to define implicitly the spectral function, which is the Fourier
transform of the memory function

S / J(@)e e, (3.7)

k() = Y agen = L
k

The equations we are considering in the present calculation assume only one qubit and
one resonator per computing node, when more of these interacting quantities are placed
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together, the expressions for the Kernel and spectral function get modified. This situation
will be studied in detail in Chapter [6]

Proceeding now analogously to appendix B of [Rip22] (Eq. B.26), we can separate the
time evolution of ¢(t) as a slow contribution c(t) = cslow(t)e*i‘“/t = Cyowe “lem 't with
an unknown frequency w’, and a fast one. Performing this step, and introducing v = t — T,
the kernel integral in Eq. becomes

. +oo . .y
Colow€ W / duK (u)e™ e, (3.8)
0

The core of the Markov approximation relies on this separation of time scales. Assum-
ing that the memory time of the bath is much shorter than all other characteristic times,
or mathematically, that the kernel approaches a delta function, the integral (3.8]) becomes
local in time

oo L 1
o(t) / A ()™ = (idw + R)elt) (3.9)
0
where Clow(t)e™™'t = ¢(t). The quantities idw and & are the Lamb shift and decay rate,
respectively. They are related to the spectral function by the following relations, which
are very useful for calculations [DCPGRI5]

e :;T/iPV( 1 )J(w)dw, (3.10)

w—w
K 1

3 =9 70 (W — w) J(w)dw. (3.11)
When combining all this, the initial equations for the coefficients (3.2)) to (3.4)), can be
simplified to

q(t) = —ig(t)c(t), (3.12)

6(t) = —ig" (1a(t) — #a(t) — (80 + LR)e(t). (3.13)

The Lamb shift dw constitutes a change in frequency of the cavity due to its interaction
with the environment [Nav22|, which in this particular case is represented by the mode
structure of the waveguide. As we will see in Chapter [4] the value of the Lamb shift is
not a mere technicality, on the contrary, it is a relevant effect that has to be accounted for
and precisely computed. The decay rate s replaces the complicated term ), Gy jvr(t)
in Eq. , a term in which the details of the frequency modes of the environment, and
the cavity-waveguide capacitive coupling are present. Instead, the Markovian decay rate
k represents a picture in which all the information regarding the environment has been
lost, and what remains is a cavity that leaks excitations to this medium at an exponential
rate.

The previous simplification comes, however, at a price. That of losing the connection
present in the full model between, for example, an excitation in the qubit, and the shape of
the electromagnetic field generated upon emission. This is so because all the details about
the intricate mode structure of the waveguide, or environment in general, have been washed
out. Luckily, there is a solution to this, the so-called input-output relations [Yur84, (GC85].
The concept is that it is possible to replicate the procedure to obtain but using initial
conditions from the far future (t; — 00), instead of from some past time, as has been
done in the previous paragraphs. This leads to an equation for the cavity field of the form

é(t) = ~ig" (1a(t) ~ (1) — (id2 — L R)elt). (3.14)
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This cavity field however, has to coincide with the one predicted by the previous procedure,
that is, we can subtract Eq. from Eq. , and the only terms that survive are
those of k, the only ones that changed sign between both calculations. This yields the
really simple relation

Eout(t) = Em(t) — irc(t). (3.15)

There is, however, one last issue to be resolved. The dimensions of 5 are not the right
ones. If instead of doing the calculation with coefficients (complex scalars) we do it with

operators, see for instance [Rip22|, we realize that [fﬁf (), &Pt )] = kd(t —t'). Therefore,
they do not satisfy causal commutation relations and can not be considered proper field
operators, to fix this we introduce new field operators £°P(t) = £°P(t)/+/k. These translate

into our equation for coefficients as

éout (t) = gin(t) - i\/EC(t)- (316)

Now, bringing together the equation for the field coefficients £(¢) with Egs. (3.12)) one
arrives at the set of equations that will lead all the remaining sections in the chapter

it) = —ig(t)e(t). (3.17)
Ht) = —ig* (1)q(t) — i/Rm() — (i6w + %n)c(t), (3.18)
gout (t) = gin(t) —1 K}C(t). (319)

These equations deal solely with one node and constitute the appropriate tool for obtaining
the time-dependent coupling ¢(t) in terms of some desired target wavepacket.

The Egs. @— will be a very important tool throughout the thesis, unlike
Eqgs. —@ , they are manageable analytically and offer valuable insights between
the fields £(t) and the rest of dynamical quantities. Under the input-output relation,
Eq. , we can keep track of the incoming and outgoing fields while at the same time
resorting to the Markov approximation and forgetting about all intricacies related to the
environment.

It is important, before we go on, to state the assumption on which Eqgs. —
rely, as their validity will be a much-discussed topic in the forthcoming chapters. The
input-output theory assumes a continuum of modes, therefore it is expected to apply
when the frequency width & of the wavepackets £(t) is much greater than the frequency
separations of these modes, or, in the language presented in Chapter 2| when & > FSR.
As we will discover in Chapter [ there are situations in which the previous condition
is not respected and the input-output relations still hold. On top of this, to arrive at
Egs. , , we made use of the Markov approximation, which assumes that the
time scales of all the terms that we keep are much slower than those of the environment.
As we will see in Chapter [5] this is no longer the case when one tries to imprint chirps
and non-trivial phase profiles in the wavepacket, and the Markov approximation in such
cases will have to be amended.

3.2 Reverse engineering the dynamical equations

This section aims to propose a target wavepacket shape and reverse engineer the equations
to obtain an analytical expression for g(¢). The starting point for this task is the Markovian
equations derived in the previous section, Egs. —. The shape of the control
g(t) depends on the target wavepacket and also on the physical setup. In the following
subsections, different physical scenarios will be studied, and for each of them, different
wavepackets proposed.
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3.2.1 Real valued controls, g(t) € R.

The easiest possible scenario is that in which g(¢) is a real-valued function of time, and
therefore no tuning of the phase is necessary. Albeit its simplicity, many insights can
be extracted from this example. Indeed, this first case will reveal an intrinsic physical
limitation regarding the speed at which the photon can be emitted that will be present in
one form or another throughout the whole thesis.

3.2.1.1 Qubit-cavity node.

Most experiments in this realm of superconducting quantum links place a transfer res-
onator between the qubit and the waveguide [ABP™18, [KMW ™18, IMSK™20], thus using
qubit-cavity computational nodes. Furthermore, this scheme is necessary to achieve the
effective time-dependent coupling ¢(t) as described in Section of the previous chap-
ter. Because of this reason, this is the configuration that we will explore in more depth.
However, other configurations are also feasible and deserve attention, the next subsection
will treat the case of a node with an additional cavity; and, in Chapter [7] we will briefly
discuss the situation of a qubit directly coupled to the waveguide.

Recall that the objective is to reverse engineer the equations of motion to obtain the
g(t) that produces the target wavepacket &oui(t). Hence, the initial state of the field will
be the vacuum, therefore ¢ (tg) = 0 = & (t) = 0. Furthermore, imposing that ¢g(t) € R
and setting without loss of generality the Lamb shift equal to zero, the Egs. ,
for the qubit and the cavity become

q(t) = —ig(t)e(t) (3.20)

&(t) = —ig(t)q(t) — 5e(t). (3.21)

writing ¢(t) = —ic(t), the parameters ¢(t) and é(t) are also real, and the outgoing photon,
given by Eq. (3.19) is
fout(t) = \/Eé(t)- (3.22)

The probability that the excitation remains in the qubit or resonator is [¢2(t) + é*(t)],
therefore the time evolution of this quantity becomes

d

5 [P0+ 3] = —re(2). (3.23)

This single equation can be solved formally from an initial arbitrary time ¢y as

t

(1) = a00) = 20~ [ dr #(r) (321
= lto) = ()~ [ dr €l (325)

where Eq. relating the outgoing wavepacket with the cavity field was used in the
second line.

This previous expression sets a constraint in the pulses that can be produced, since
the left-hand side is a probability, it imposes that

1 t
0< —Guelt)+ | dr&u(r) < 1. (3.26)
to

The expression given by Eq. (3.26]) limits the slope of the photon envelopes, restricting
the ones that can be created with this method to have an edge that raises at most as an
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exponential. For this reason, photons with, for example, Gaussian envelopes cannot be
produced. This limitation on how fast the wavepacket envelope can raise (or fall) will be
present throughout the whole thesis and will determine, for example, in Chapter [5| how
much distortion can be corrected.

Having ¢(t), it is direct to obtain the pulse using the relation

o(t) = VE((t)
&)
where for simplicity we have dropped the label out from the output field. From now on,
&(t) will denote the output field, in other words, the target wavepacket.

The first example of a wavepacket we present is the hyperbolic secant wavepacket,
which is widely used in the literature. [Mag21], Kur19, MSK™20,ISSK™23|. This wavepacket
is easy to handle analytically—it is only composed of exponential functions—and it per-
mits the maximization of the bandwidth allowed by the cavity, its expression in frequency

o &) = / deof(w)b},[0),  with f<‘*’>=\/§ Sedl(W)' o

This wavepacket is defined by the central frequency w., which we will also refer to as
carrier frequency, and its effective linewidth . This last quantity is bounded by the
restriction , which imposes that it is always smaller than the cavity’s decay rate
k < k. When the equality holds, the wavepacket maximizes the allowed bandwidth, as
stated before. The Fourier transform of the wavepacket given by Eq. provides its

shape in the time domain
K Kt
&) = —\/i sech (F;) , (3.29)

ensuring that ffooo dt|é(t)]?> = 1. Applying the previous procedure with such a wavepacket
shape, the resulting control is

(3.27)

— Ktanh(kt/2
ot ) — ——Ftanh(El/2) (3.30)
2+ e -1
In particular, when & = k, that is, when the bandwidth of the photon saturates the
limit imposed by Eq. (3.26)), the control simplifies and also follows a hyperbolic secant

gt k) = gsech(m/Qt). (3.31)

This nice relation between a hyperbolic wavepacket and hyperbolic control g(¢) will be
exploited many times in the subsequent chapters. The hyperbolic secant photon with
maximum width and its associated control will be the benchmarks with which we will
first test all the proposed protocols. Also, as it will become clear, different methods and
purposes will require other shapes.

Another wavepacket shape that bears interest is a Lorentzian one, defined by

£t) = \/ 71_(1_:{;,»{%2)7 (3.32)

which following the previous steps leads to a different protocol g(t), which adopts the form
B R(L+ (Rt)2) 732 (k — 282t 4+ kR2t?)
V2ry/km — 2k(1 + (t)2)~1 — 2k arctan(&t)

g(t) (3.33)
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3.2.1.2 Inclusion of a Purcell filter. Qubit-cavity-filter node.

The Purcell effect is the enhancement of the spontaneous emission rate of a quantum sys-
tem by its environment. In particular, when a cavity is coupled dispersively to an emitter,
as described by Eq. , a new channel for emission appears spoiling the coherence
properties of the qubit. This mechanism is of critical relevance in superconducting cir-
cuits because the dispersive coupling is essential for measuring [BGB09], [JSM*14]. To
mitigate this effect it is customary to include an auxiliary cavity that blocks the decay
channel, what is called a Purcell filter (Chapter {4| discusses in quantitative terms how
much the Purcell decay affects the concrete model proposed in this thesis). The inclusion
of an extra cavity does have an impact, as the field emitted by the qubit will now have to
traverse two resonators before being poured into the waveguide. In the following, we will
study how the inclusion of this new element transforms the control g(¢). To the best of
our knowledge, this has not been studied elsewhere, and it is relevant, because most su-
perconducting circuit experiments use Purcell filters, and the modifications in the control
shape, as we will see, are substantial.

To account for the extra cavity, the equations of motion of the effective model
have to be transformed. We add the new equation for the population in the filter, with
coefficient d(t), and the coupling between filter and cavity g,. Analogously as before, the
rotations in the complex plane, ¢(t) = iG(t) and d(t) = id(t) make all the coefficients
real-valued

q(t) = —g(t)e(t), (3.34)
&(t) = g(t)a(t) + gpd(t), (3.35)
d(t) = —gpe(t) — k/2d(t). (3.36)

Analogously as before, the time evolution of the excitation’s probability to remain in the
qubit-cavity-filter system is

qa
dt

The input-output relation gives £(t) = \/ch(t), and the expression given by Eq. (3.24)
transforms to

[g%) ) + oi?(t)] = —kd(1). (3.37)

K

2(t) = Pto) — (1) - O _ / L (), (3.38)

which again is a limitation to how steep can the photon envelope be.
Now solving for the field in the cavity

: ; L (&) Ve
d(t) = —gpc(t) — k/2d(t) = c(t) =—— <\/E + 7{(1&) (3.39)
and plugging it in the previous equation for the qubit, the equation for the control in this

oty = YEA()
§(t)
For the sake of comparison, we will now aim at producing the same wavepacket as in

the previous subsection, and see how the inclusion of the filter cavity changes the resulting
g(t). Such wavepacket is

£(t) = —\/E sech (’Z) _ —\/Zsech (;’f}) . (3.40)

case becomes
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Where we introduced the parameter 17 which relates the photon effective bandwidth & with
the decay rate of the cavity k. The idea is that 7 > 1 such that by & = k/n the effective
bandwidth % is always smaller than k. The first difference concerning the case without a
filter is that because now both ¢ and ¢ appear in the equation for the modulus, we have a
restriction for the values x can take in terms of g,. For the proposed wavepacket the field
in the cavity is

rsech(rt/(2n)) (n — tanh(xt/(2n)))

o(t) = i , (3.41)
and since 0 < c?(t) < 1 V¢ we find
16v2
g < 6v2 . (3.42)
\/8+r] (3v/8+2+n(204n(y/3+2-n)))
1392

Having the wavepacket £(t), and the form of the field ¢(t) we can easily obtain using
Eq. (3.38)) the field in the qubit ¢%(¢). Again, this quantity must be bounded between 0
and 1, which results in the following condition for s

1/2
244/n(5n—4)3+n(11n—14
\/577< ++/n(5n nl;rn( n )> 9

(1+m)3/2

This physics is quite different from that observed in the scenario with just qubit and cavity.
It essentially means that coupling two resonators comes with constraints when it comes
to engineering a particular wavepacket. In particular, for the easiest case of n — 1, the
previous condition simplifies to

Kk <

(3.43)

k < 2gp.

There are analytical expressions for the control ¢(t) corresponding to the proposed
hyperbolic secant photon, and also for a Lorentzian profile. We choose however to avoid
writing them explicitly here since the expressions are intricate and not too informative.

Finally, Fig illustrates the difference in the control functions, ¢(t), required to
generate the same wavepacket described by Eq. in two different scenarios. In one,
solid green line, the system is composed of one qubit, one Purcell filter, and one cavity,
so it obeys Egs. and the parameters for x, n and g, are chosen such that the
restrictions (3.41) and (3.42]) are respected. The other control g(¢), dashed orange line, is
the one obtained by considering the same wavepacket in a node with only one cavity and
one qubit. The main difference is that in the case of the Purcell filter, the control remains
open, which can be interpreted as an extra time that is needed so that the excitation can
leave through both resonators. It is worth noting that, with another choice of parameters
or of photon shape for the situation of only qubit and cavity, the obtained control could
have also been left open. The converse however is not true, the control g(t) with a Purcell
filter must always remain open.

3.2.2 Complex valued controls, ¢(t) € C.

Allowing ¢(t) to take complex values is essential for correcting distortion, see Chapter
for creating orthogonal spatial wavepacket modes, see Chapter [} and for other potential
applications, such as emitter-photon-receiver mismatches.

In order to find the pulse when g¢(t) € C, the Eqgs. have to be generalized to

i(t) = g()e(t) (3.44)
(t) = —g" (Halt) — ré(t)/2. (3.45)
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Figure 3.1: Difference between controls for creating the photon £(t) = —+/% /4 sech(kt/2)
with & = 2719.23 MHz. In the case with Purcell filters, the parameters are K¢y = 27130
MHz, n = 6.76, g, = 2725 MHz. In the case with only one qubit and one cavity Kecay =
2719.23 MHz, n = 1.

The input-output relation for the field does not change £(t) = \/ké(t). Now, the key
difference between the current procedure compared with the previous subsections is that
it is mandatory to keep track of the modulus and phase of all quantities at all times. This
is the only way to engineer a control that now has two degrees of freedom instead of just
one. For that, we make the following definitions for the fields in the cavity and the qubit

&(t) = er®=0() (3.46)
g(t) = e" o), (3.47)
from which it follows
q(t) = (&(t) —io(t))q(t) = g(t)e(t) (3.48)
&(t) = (#(t) — i0(1)e(t) = —g" (t)a(t) — we(t)/2. (3.49)
Solving for é(t) in the last equation,
~ —g*(t)q(t
D=0 —gwg(gﬁ)m (3.50)

and plugging it into Eq. , one obtains
, N o _ lg(t)?
(610) = (1) = g0 fa(t) =~ T

This equation is important as it isolates the phase and the modulus of the qubit field.
These quantities are not obvious to obtain because they can not be readily extracted from
the equation for the modulus, as in the previous subsection. On the other hand, by the
input-output relation, the phase and modulus of the cavity field, r(t), 8(t) respectively, are
related to those of the proposed wavepacket. There is a way to proceed now by isolating

the real and imaginary parts of Eq. (3.51))

(3.51)

B0) = — !g(t)\Q(f(t)JrHP) ’ (3.52)
(1) + /22 + 02(1)
o) lg(t) (1) (3.53)

(7(t) + 1/2)2 + 02(t)
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Making the quotient between these two equations, the qubit phase can be written as an
ordinary differential equation which can be integrated

O(t)i(t)

"= "G 1)

(3.54)

And finally, once we solve for the phase o(t) we can compute the control similarly to all
previous cases, that is, by dividing the qubit and cavity fields

: P(t) —io eT(t)—io(t)
oty = 10 _ 20 er(t()t)i)e(t) : (3.55)

The logic is the following. Given a target wavepacket £(t), we can compute r(t) and
9(t). Recall that r(t) = log|&(t)|, while #(¢) is its phase. Having |£(¢)|> (or what is the
same,r(t)) we compute |g(t)| from

2 o E®)P ! 2

o0 =latto) 2 = =2~ [ arls(rP (3.56)
0

This allows us to determine z(t) = log |q(t)|. Then, we use Eq. to compute o(t), so

that we have all the ingredients to plug in Eq. and find g(¢).

Keep in mind however that the equation for the qubit phase has an intricate
form and does not seem easy to solve analytically. While we can always find a numerical
solution, it is desirable to not lose the intuition of how the phase of the qubit field,
and ultimately of the control g(¢) depend on the target wavepacket. The next section is
precisely devoted to that.

3.2.3 Explicit relation between wavepacket shape and control.

The expression derived at the end of the last subsection (Eq. ) already gives a recipe
for obtaining a control g(t) € C, albeit a bit involved, as it is not straight forward to
compute it. Both to gain intuition and to improve the computational toolbox, it would
be convenient to have an explicit expression. Defining the control as g(t) = |g(t)|e*?®),
the aim is to obtain closed expressions for the modulus and the phase solely in terms
of wavepacket variables. We will break up Eq. into equations for the phase and
modulus and obtain from them simple analytical expressions.

The derivation of these formulas requires the separation of the wavepacket expression
into amplitude and phase

£(t) = f(t)e PO, (3.57)

with f(¢),8(t) € R, with the caveat that f(¢) may take negative values. Removing the
sign dependence of £(t) from [(t) eases the calculations, as otherwise 3(¢) may undergo
discontinuous jumps whenever £(t) changes sign. Next, defining F(t) = ftto dr|é(T)]? =

fti) dr f?(7) allows rewriting Eq. (3.24) as

1 1
z(t) = log|q(t)| = 5 log |1~ ;f2(t) - F(t) (3.58)
and thus, its derivative as

FOF®) +r/2 £2(1)

H) === Fo) - 2l

(3.59)
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Now, this last expression gives #(t), whereas Eq. (3.54]) provides the expression for the
qubit field phase. Finally, this facilitates the modulus of the expression for the con-

trol
lg(t)] = "D O[E2 (1) + 62 ()2, (3.60)

Now, plugging in the expressions,

_ @) + K72 F())? + (B() f(1)?
lg(t)] = \/ S0 = F(1) - f2(0) , (3.61)

which is the desired formula explicitly relating the control modulus with exclusively
wavepacket variables, the envelope f(t), and the phase 3(t).

The phase of the control ¢(t) is more problematic. Firstly, the phase of the rotated
cavity filed 6(t) is not exactly B(t) because of the choice that f(t) changes sign. The
input-output relation connecting the target wavepacket with the cavity field is, in this
case,

F(H)e PO = \/ke(t). (3.62)
At this point, since &(t) = e~ we identify the phase in the resonator as 6(t) =
B(t) + ¢5. Where ¢; accounts for the sign of f(t), that is, £(t) = |f(t)|e” s, where
¢p =mfor f(t) <0and ¢y =0 for f(t) > 0.
Then, from g(t) = i4(t)/c(t) we have

o(t) = B(t) + ¢¢ + atan(a(t)/(t)) — o(t). (3.63)

There is no simple expression for o(t), but it can be left in an integral form. Expressing
everything in terms of the proposed photon, the phase of the control becomes

- atan p0) () BP0
A A (—(f(t)f(t)+ﬁ/2f2(t))> J o sy Py 409

This last equation is still quite involved, but it is a closed relation between solely wavepacket
variables (3, f, k) and the phase of the control. Even though it might not look intuitive,
having this kind of relation is important, when, for example, relating the modulus and
phase of the microwave drive that induces the coupling discussed in Chapter 2] Being able
to relate the physical magnitudes explored there, namely y(t) and ¢(t) in Eq. ,
with our |g(¢)| and ¢(t) given by Egs. (3.61)), and respectively is very valuable. We
believe that the fidelity of cutting-edge experiments such as [MSK™20, ISSK™23| could be
improved by explicitly making use of these relations.

3.3 Summary

In this chapter, we have established the framework of wavepacket engineering. We have
explicitly shown how to obtain particular controls g(¢) from a target wavepacket under
a variety of scenarios. In particular, the ability to make complex controls has many ap-
plications that will become clear later in the thesis. The fact that we can engineer the
modulus and phase of the coupling according to Eqgs. , will be essential to
correcting distortion in nonlinear waveguides, the main topic of Chapter A complex
control g(t) will also be required to create orthogonal wavepackets and increase the com-
putational space of the channel, as will be shown in Chapter [l But before we jump into
those applications, we will devote the following chapter to studying in depth the real-world
limitations of this theory and the validity of all approximations we have made. We will do
so by landing all these concepts in a specific implementation and doing careful simulations
comparing the simplified model with the complete set of dynamical equations.



Design of a universal set of

distributed gates

In this chapter, we develop a general framework for implementing distributed quantum
gates. For this, we use the realistic setup introduced at the end of Chapter 2} a quantum
network composed of bidirectional quantum links connecting distant nodes. Our pro-
posal works both for inter- and intra-node communication and handles scenarios ranging
from the few to the many modes limit of the quantum link. This includes intrasystem
links like those in [CZBT20] and meter scale microwave networks such as [KMW™17]
and [MSK™20]. We can design fast and reliable state transfer protocols in every regime
of operation. Combined with a detailed understanding of the scattering process, this en-
ables the engineering of two sets of deterministic universal distributed quantum gates.
These gates can be implemented in quantum networks without requiring entanglement
distribution or measurements.

The design of the gates builds upon two physical processes, photon-based state transfer
and photon-cavity scattering. Both state transfer and photon scattering are foundational
elements of a deterministic distributed quantum toolbox. The idea is to use these two
primitives to design a universal family of distributed quantum gates. The propagating
photon state transfer follows the seminal work by Cirac et al. [CZKM96|, whereas the
scattering gate is inspired by [DKO04].

The core of the analysis develops analytically and numerically demonstrates the imple-
mentation of the gates in a scenario with realistic waveguides. We consider the real-world
limitations that hinder the fidelity of both state transfer and photon cavity scattering. The
case of state transfer by means of wavepacket shaping is studied in particular detail, pay-
ing attention to how each source of error affects it and comparing it with other methods in
a variety of scenarios. We find that wavepacket shaping outperforms adiabatic-like proto-
cols [VVNT17, ICZB™20, LLCT19| and direct-SWAP-like ones [SMBO06| for any waveguide
length once one accounts for the imperfections.

The realization that wavepacket shaping works so well for both long and short waveg-
uides is somewhat surprising, and it stems from the fact that input-output theory describes
accurately the physics of these systems in those two regimes. In previous works, it was as-
sumed that wavepacket shaping would only work in the long waveguide limit, in which the
mode structure resembles the continuum [CZKM96, VVNT17]. By extending the regime
of applicability of input-output theory, we could use the techniques of wavepacket shaping
developed in Chapter 3| for any waveguide length and therefore design very general families
of distributed quantum gates. With this knowledge, we are able to identify optimal points
of operation both for the state-transfer and scattering gates with resulting infidelities of
1-F~10"2-10"".

The chapter is organized as follows. In Section [£.1] we define and explore the two dif-
ferent physical mechanisms that will be the foundations of the distributed gates, photon-
based quantum state transfer (Subsection , and photon-cavity scattering (Subsec-
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tion . After that, in Section we benchmark these primitives and assess their
feasibility. First, by studying with semi-analytical tools the main sources of imperfections
(Subsection , and after that, by carrying out detailed simulations and comparisons
with other state-of-the-art strategies of both quantum state transfer (Section and
photon phase scattering (Section . Finally, Section uses the knowledge gained in
the previous sections to build two families of distributed quantum gates, one based solely
on quantum state transfer (cf. Subsection and the other on wavepacket shaping
plus photon scattering (cf. Subsection .

4.1 Primitive operations for distributed quantum gates

Quantum state transfer via wavepacket shaping [CZKM96] and collisional photon phase-
imprinting [DK04] are the building blocks for the distributed gates that we will propose
towards the end of the chapter. In this section, we will present both of them in an ideal
scenario without considering losses.

4.1.1 Quantum state transfer via wavepacket shaping

In chapter [3] we presented the idea of engineering a control related to a one-to-one corre-
spondence with a wavepacket shape. It was pointed out that this correspondence meant
that the photon could either be emitted or absorbed, depending on the initial state of
the field and the emitter. It turns out that this wavepacket shaping technique based on
input-output theory can be used to implement deterministic quantum state transfer in the
way this was designed by Cirac and collaborators in Ref. [CZKMO96].

Deterministic quantum state transfer as put forward in the mentioned seminal work
describes the process whereby quantum information is physically moved between distant
qubits, as described by the operation:

(al0), + B11),) @10}y L 10), @ (@[0), + B]1),). (4.1)

This notion of state transfer, elaborated upon in Ref. [CEHM99] and first empirically
validated in [RNH™'12|, is based on the exchange of a single photon. The central idea put
forward in [CZKMO96] is that one can ensure a zero reflection of the emitted photon by
imposing it to be time-symmetrical and applying at the second node the time reversal of
the emission control. Within this framework, an excitation |1); from qubit Q1 is converted
to a photon by wavepacket shaping. Then, this photon is captured by cavity R2 and qubit
Q2. To achieve this photon emission and absorption, the temporal modulation of the
couplings ¢1(t) and ga(t) is essential, ensuring that go(t) = g1(—t + t4), where t;4 is some
delay time to be adjusted depending on the situation. The condition that the wavepacket
is time symmetrical has been relaxed in further works [VVNT17] and we now know that
it suffices g2(t) = Gabsorption(t) is related to the incoming wavepacket, independently of the
emission control.

On top of the symmetric condition, it has long been assumed that quantum state trans-
fer through wavepacket shaping would only work in the continuum limit, where the mode
structure of the propagating channel resembles that of free space. This assumption aligns
with the established limits of input-output theory. Recall that the entire model for de-
signing the control g(t), developed in Section is based on this theory, which inherently
works in a continuous framework. We will, however, apply the same techniques to situa-
tions in which very few modes participate and show that wavepacket shaping still works
very well in these regimes. This result is important since it implies that wavepacket shap-
ing can be applied in almost any regime. Furthermore, we will show in Subsection [4.2.2.1



35 CHAPTER 4. DESIGN OF A UNIVERSAL SET OF DISTRIBUTED GATES

that this technique outperforms other protocols in the very few mode regimes in which it
was suspected to fail.

But before jumping to the scattering process and the comparison between protocols,
we will devote the following subsection to particularizing the time-dependent controls g;(t)
that we will use for emission and absorption throughout the chapter. This is important
because there are infinitely many wavepackets that can be created, with different shapes
and durations.

For the sake of simplicity, we will use in this chapter a limited set of real and time
reverse symmetric controls. This allows us to focus on the design of gates, the experimental
limitations, and the realistic modelization of waveguides and circuit components, without
loss of generality. We will thus follow the derivation of Section [3.2.1.1] in Chapter [3] The
treatment of the dynamics will be fully Markovian, following Egs. . The aim is to
create the already presented, commonly used [Mag21, [VVN™17], sech profile photon

€)= / du f@)B[0), with f(w) = /7 (2R)sech(r(w — we) /7). (4.2)

As explained in Chapter [3 the photon bandwidth & must be smaller than or equal to the
decay rate of the cavity that produces it, & < k1. When equality holds, the hyperbolic
secant photon maximizes the frequency bandwidth provided by the cavity. The temporal
width of this family of photons is oy = 7/(v/3F), which is obtained by computing the
Fourier transform of Eq. . They are generated by the qubit-resonator coupling (cf.

Section |3.2.1.1))
Kk — ktanh(&t/2)
2/ (1 + e F)kji —1

g(t; R, k) = (4.3)

In an optimal scenario, the interaction ensures that the photon is completely captured
by the second resonator, R2. If we use as the emitting control g;(t) = g(t + tq/2; &, k1),
this occurs when the coupling condition g2(t) = g(—t+t4/2; &, k2) is met and & < k2 holds
true. To achieve the fastest implementation of the protocol, the maximum qubit-resonator
coupling value is determined to be max¢{g1 2(t)} = k1,2/2.

The delay between controls ¢4 is adjusted to correspond with the propagation time of
the photon in the waveguide, that is, ty = t, = L/v,. However, this quantity may change
when other mechanisms, such as photon scattering, are present. The protocol unfolds
over a duration ¢t € [—T,T], chosen to avoid significant cut-offs of the sech-pulse control.
In this context, the initial and final values of the coupling, ¢1(—7")/k and g2(T)/k, are
constrained to less than 107°. To accomplish this, the total time of the protocol, 27T, is
calibrated based on the inherent temporal scale of the system, according to the formula
2T = t, + 10/k. Further discussions will demonstrate that such small coupling values at
the outset are not a prerequisite for achieving high fidelities.

It is worth noting that this control can handle asymmetric networks where ko # K
without any problem. Also, it enables the creation of photons with reduced bandwidth,
characterized by a factor n = k1 /& > 1, enhancing their robustness against imperfections.
However, producing such narrow-bandwidth photons requires a longer protocol duration
by a factor of 7, presenting a balance between reducing distortions and mitigating deco-
herence. The interplay between these different kinds of imperfections will be treated in
detail in Subsection where we will also provide analytical estimates.

4.1.2 Photon phase via scattering

Besides the already presented quantum state transfer, another key element for build-
ing photonic networks is the collisional scattering operation introduced by Duan and
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Figure 4.1: (a) Schematic illustration of a photon scattering process, where the photon
interacts with R2, which results in a phase ¢scqrt(2r2) imprinted on the photon. (b) Phase
gained by each mode of frequency w,, of the QL after a scattering process with R2 with
frequency Qg2 and decay rate k. The phase for each of the discrete modes (points) of a
QL with L = 30, 15 and 5 meters with ko/27m = 20, 25 and 80 MHz, respectively, closely
follows the theoretical expression for any L and k3. Note that the spacing between
the points is given by the free spectral range of the QL.

Kimble [DKO04]. In this proposal, the photon acquires a controlled phase by a tailored
photon-cavity interaction. This approach involves a traveling photon being reflected off
a cavity, with the frequency of the cavity varying based on the state of a qubit coupled
off-resonantly. Recall the dispersive limit Hamiltonian from Section The phase of
the reflected photon, which will be dependent upon the state of the qubit, is instrumen-
tal in executing various protocols. In particular, it will be central in our proposal of a
distributed controlled phase gate detailed in Subsection

We depict, in Fig. f.Th, the configuration for observing the scattering phase. In this
setup, a single photon generated by qubit Q1 at the first node travels and interacts with
the second cavity, R2. The photon enters and exits R2 with its shape intact, undergoing
only a phase shift. Initially, this study explores this phase shift for very long wavepackets
or quasi-monochromatic photons. The focus is on how the phase shift varies with the
detuning between the photon and the cavity.

According to the standard input-output formalism outlined in [GZI5], the output
field scattered by a resonator R2 with frequency {lgo undergoes a linear transformation
bout = €Pscatt(@p which maintains the mode population while imprinting a frequency-
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dependent phase shift, given by

ei¢scatt(w) _ ’l(w — QRQ) + H2/2. (44)
i(w — QRQ) — HQ/Q
In this expression, w represents the frequency of the incident photon, o is the decay rate
of R2, and the equation is applicable in the context of an infinitely long waveguide.

Numerical verification confirms the applicability of the relation (4.4]) for each discrete

mode wy, of the quantum link. By generating monochromatic photons of the form by, |0)
and disconnecting the Q1-R1 coupling, it was observed that after a sufficiently long inter-
action period T > t,, these photons returned to their original mode, exhibiting a phase
shift ei¢rot ) |0). This observed phase, ¢iot = —wt + Gscatt(w), conveys both the free
evolution of the mode, proportional to wt, and the scattering component as described in
Eq. .

In Fig. f.6b, we present the scattering phase that each mode undergoes in waveguides
ranging from L = 5m to 30m after removing the free evolution component wt. Remarkably,
the observed phase closely aligns with the theoretical prediction of Eq. , showing a
high degree of accuracy across different waveguide lengths L and regardless of the second
resonator’s decay rate ko. This outcome indicates the reliability of input-output the-
ory even in scenarios where its applicability might initially be questioned, similar to the
findings in the quantum state transfer numerical experiments that will be presented in

Subsection [4.2.21

4.2 Benchmarking the primitives

We want to study how the previously proposed primitives, i.e., quantum state transfer and
photon scattering, behave when considering real-world imperfections. For that, we will
first, in Subsection [£:2.1] explore the main sources of imperfections affecting superconduct-
ing networks and propose heuristic explanations and semi-analytical scalings. Secondly,
in Subsections [4.2.2] and [4.2.3] we will benchmark through careful simulations of state
transfer via wavepacket shaping, and phase scattering imprinting respectively.

4.2.1 Experimental limitations and imperfections

Our idea is to design protocols that can be implemented in the near term, in particular,
employing a superconducting platform. For this objective, it is important to assess the
main sources of error and the way each of them would affect the fidelity of the primitives
that we presented.

In the following, we enumerate the most pressing physical mechanisms that affect
distributed superconducting architectures, stating in each case its magnitude and, when
possible, ideas to mitigate them. We pay special attention to the process of propagation
by distortion, as Chapter [5| will be mostly devoted to correcting this effect.

4.2.1.1 Lamb shifts

The Lamb shift is an energy shift that was first measured by Willis Lamb in the con-
text of atomic physics [LR47]. It refers to the fact that the natural or bare frequency of
an electromagnetically interacting object changes due to the coupling of this object with
its environment. In the particular case of the setup presented in Chapter [3 the natural
frequency of the resonator gets modified due to its interaction with the collection of waveg-
uide modes, which play a role analogous to the environment. Although this is not critical
for experimental implementation, since in the laboratory one always measures the already
modified dressed frequency, it is important for calibration tasks and accurate simulations.
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Figure 4.2: Setup proposed in Chapter [2] and strongly inspired by the experiment
, in which we will analyze the sources of losses. The decoherence and dephasing
times of the qubits are, respectively 17, T>. The Lamb shift affects the resonator frequen-
cies, (g1 g2 since these are the objects in contact with the collection of waveguide modes
wm. The dynamical coupling between the qubit and the resonator causes AC-Stark shifts
that alter the frequencies 91 2. Diffraction alters the shape of the wavepacket as it traverses
the quantum link, this mechanism also applies in the situation of scattering, although not
depicted here (cf. Fig. ) Finally, in any of the resonators, quantum link, or matching
elements the photon may escape, a process modeled as photon loss.

There are two contributions to the Lamb shift in this context [DCPGRI5|, (i) the
unequal coupling between the cavity and the different waveguide modes G, ; o \/wp,
and (ii) the curvature in the dispersion relation (refer to Section [2.4)). This interaction
alters the frequency of the resonator by a factor that \;, changing its bare frequency to
the value ng = Qpg, + A;j. This last frequency is the dressed one we referred to in the
previous paragraph as the one measured in the experiments, and to which the frequency
of the qubit has to be adjusted. However, we can not do that a prior: in the simulation,
and instead, have to run a calibration procedure. This consists of starting with an excited
qubit ¢;(—7") = 1 and running a depletion simulation that transfers that excitation to the
resonator and finally to the waveguide. In this simulation, we choose the Lamb shift A;
to be a parameter and optimize over it aiming at maximum depletion.

Besides its relevance for accurate simulations, it is important to check from a theory
standpoint that the Lamb shift does not present divergences in the regime under study.
It is well known that the calculation of this quantity explodes to infinity in a variety of
situations. Bear in mind that the mathematical expression given by Eq. can diverge
depending on the form of J?C(w) and therefore of the mode structure of the waveguide
and the couplings Gr. The convergence of the model under study in this thesis was
verified semi-analytically in [DCPGR15] and [GPRB¥17], and is confirmed numerically in
the present chapter. Also, pursuing this question gave rise to a Master thesis within our
group, in which the convergence of Eq. was studied in great detail.

Finally, the value of the Lamb shift might vary in time if the coupling g(¢) also does
so. We will not pay attention to that fact in this chapter since all the controls are real and
therefore do not have rapid phase changes. In the next chapter, however, we will explore
complex controls g(¢) € C and, in that context, the dynamical nature of the Lamb shift
and the effective decay rate will prove important. A detailed analysis of these mechanisms
is provided in Section [5.2] of Chapter

4.2.1.2 Distortion by propagation

The typical microwave photons produced by superconducting qubits have wide band-
widths, in the range of tens of MHz [KKT'18 IMSK™20, SSK™23|. This presents advan-
tages and disadvantages. On the one hand, large bandwidths mean fast emission times




39 CHAPTER 4. DESIGN OF A UNIVERSAL SET OF DISTRIBUTED GATES

and therefore fast protocols, on the other, these kinds of wavepackets are more prone to
distortion. The wider the photon is in frequency space, the more sensitive it becomes to
effects such as the non-linearity of the dispersion relation.

The distortion by propagation is important because it causes the photon to lose its
original shape. At the core of state transfer via wavepacket shaping lies the idea of
absorbing a photon with a control tailored for a particular shape. Therefore, if the arriving
wavepacket is different from the supposed one, the absorption efficiency at the second node
lowers. We evaluate this distortion through the overlap fidelity |2|> = |(£(t,)|£(t,))[?. This
overlap compares the ideal photon |{(t,)), having traversed the waveguide for a duration
t,, against the distorted photon |£(t,)), which would have followed a similar path in
a waveguide with a non-linear dispersion relation. Mathematically we can define the
evolution under a linear dispersion relation as U(t) and under the realistic one as U(t)
and write

§(t)) = U(t) £(0)) (4.5)
() = U(t) |£(0)) - (4.6)

In the system under consideration, the realistic dispersion relation will be
Wy, = C\/(7T/l1)2 + (mm/L)?, (4.7)

cf. Eq. (2.33) from Chapter

For the scenario involving propagation, expanding the dispersion relation around the
central frequency w. up to the second order yields

(W — we)?

w(k) ~ vk + 502
g

D, (4.8)

where vy = dw(k)/dklg, and D = d?w(k)/dk?|, denote the group velocity and curvature
of the dispersion relation respectively at the central wave vector k.. Using this approxi-
mation, we can compute |z|2 up to second order in w(k). The expression for this quantity
after a one-way trip, that is, after an evolution time equal to the propagation time of the
waveguide t,, is

L2D2%k*

- —. 4.9
180v5n* (4.9)

2
ol = ‘/ o ()2t DI

As a reference, for the standard WR90 waveguide, utilized in [MSK™20, ISSK™23], the
curvature is of the order of D ~ 10°m?/s. The expression given by Eq. quantifies
the distortion of the photon and the diminished state transfer probability. Notably, the
relationship 1 — |z|? o x*/n* suggests that photons with narrower bandwidths are less
affected by the waveguide’s dispersion curvature. A similar approach will be followed in
Section when quantifying the distortion due to limited bandwidth scattering.

4.2.1.3 Stark shifts

Depending on the strength and the speed of the change of the dynamical coupling g¢(t),
frequency modulations of the AC-Stark type occur. In practice, this effect is only relevant
in the few modes limit, when the qubit-cavity system is mainly interacting with the closest
frequency mode. In this regime, small shifts can alter the depletion efficiency of our
protocol. We now present an analytical but heuristic derivation for estimating this effect.

We are focusing for this analysis on the setup pictured in Fig. that is, qubit
resonator nodes linked by a WR90 waveguide. Investigating the dressed states of the full
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bosonic part, the R1-QL-R2 configuration, gives valuable insight into the long photon
limit, that is, when the photon does not fit in the waveguide. This situation corresponds
to the sech-like photon used in this chapter with KL < 27v,/ V3.

Diagonalizing the Hamiltonian yields

ATHRl_QL_RQA = Z(Z)nc;rlcn, (410)
n

where ¢, represents the annihilation operator of the dressed modes of the R1-QL-R2
ensemble. The central mode &gy and its nearest counterparts, i are of particular interest.
These three mixed modes are close to the resonant condition wo,W+1 ~ d1,2, and possess
the largest resonator content.

In an ideal waveguide with a linear dispersion relation and constant coupling (G, ; =
G), it is known that (D' coincides with the frequency of both resonators {drire. The
frequencies of the adjacent modes, wfl, separate from w by +v/2G. The small fre-
quency separation between the two adjacent states makes them relevant for the dynam-
ics [VVNT17]. A realistic dispersion relation modifies these expressions by an amount
of the order of the Lamb shift found numerically while inducing an asymmetry in the
resonator content of the dressed modes. Meaning that wy; and w_; are not at the same
distance from @y anymore.

Including now the qubits, we can write the Hamiltonian of the full system in the
diagonal bosonic dressed states basis as

H = anc cn—l—ZcSa o; +g;(t (Zﬁjcn>+Hc

7=1,2

where the a} have been transformed to the dressed mode representation through the
unitary matrix A, which acts as a} - >, B%cn. Adopting the Wigner-Weisskopf ansatz

() = D i1 ol qt) +>, cildn(t)] |0), shows that the sum of probabilities |q1(t)|? +
lq2()|? +|do(t)|?> =~ 1 in the long photon limit. This means that during the whole protocol,
the excitation is either in one of the qubits or in the central resonant mode. Yet, there
is still a small contribution given by the two adjacent dressed modes wy; so that the
single-mode approximation is not completely valid. As an example, for L =5, k = 27 x 1
MHz we find max; (|d—1(¢)|* + |d41(t)|?) & 0.02. The rest of the modes barely participate
in the dynamics (populations smaller than 107!0), this behavior was already observed
in [VVNT17]. To the contrary, and as expected, in the short-photon limit, many dressed
modes participate.

In the long photon limit, where only three or fewer modes participate, the dynamics
are slow enough that adiabatic elimination is justified. The equation of motion for each
dressed mode coefficient m is

di(t) = ~imdm(t) = ig1(t) Bmar (1) — ig2(t)Ba2(t), (4.11)
whereby imposing d,,,(t) = 0 (adiabatic condition), one arrives to

91() B () + 62 (1) Bra2(t)

dm(t) = — ~ 4.12
(v - (112
Substituting now in the equation for the coefficient of the qubit 1 we obtain

| G018

q1(t) = —id1q1(t) —iga(t) > Brdn A ) 2(! )ﬁl gt )+2Mq1(t). (4.13)

m

n#m
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That is, for all the adiabatically eliminated modes we find a time-dependent Stark shift
to the qubits’ frequencies that amounts to

5i(t) =0 - gg(gw"ﬁ (4.14)

and a flip-flop term between qubits that goes as g1 (t)g2(t) B, 52, /Om.

On the other hand, a small frequency mismatch (; — d;) in a coherent and resonant
(6:—0:)?
which |(9; — d;)/g| < 1, where g is the coupling between emitter and receptor.

transfer of excitations leads to a residual population Fg ~ 1 — , in a situation in

In the long photon limit, we can approximate Y. |8, |>/&m ~ 1/@o and ¢;(t) ~ .
Doing so, the detuning given by Eq. becomes |0;(t)—8;| = &2 /. It is worth stressing
that, unlike the propagation by distortion, this estimation does not depend on the length
of the waveguide or diffraction properties, and in addition, it scales as &% = k2 /n? rather
than x*/n? as the diffraction limit.

4.2.1.4 Relaxation, dephasing and photon loss

All the errors considered in the previous subsections are of the coherent type, that is, all
of them preserve the number of excitations and involve an exchange of information only
within the initially chosen subspace. There is, however, a different family of errors, those
in which the excitation is lost or, more generally, in which the information is exchanged
with an environment. These errors are called incoherent and are more difficult to deal
with since retrieving the information is effectively impossible.

One obvious approach is to try to make better qubits and components at the hardware
level, such that their rate of losses to the environment is minimal. A lot of effort is
being currently put into this, and proposing novel types of qubits and coupling schemes
is an active field of research. On the other hand, a more quantum information theoretical
approach consists of codifying the information in logical qubits composed of many physical
ones using error correction techniques [Sho95| [Ter15].

Besides the errors in the qubit, there is also the possibility that the photon escapes
once in the resonators, in the waveguide, or in any of the matching elements. We refer to
all these scenarios as photon loss, depicted with the green photon flying away in Fig. [4.2]
Although this is an important source of error in the systems under study we choose to
not focus on it, since, as far as we know, there are no theoretical tools that can improve it
and it remains mainly an engineering challenge. Also, any time this kind of error occurs it
results in a random catastrophic loss, which yields zero fidelity for that specific realization.
This means that a fair way to take it into account would be to multiply the final fidelity
by an error probability, which does not have to be taken into account beforehand.

Contrary to photon loss in other parts of the experiment, we do take into account
qubit decay, first, because making better qubits is a separate problem in which theoretical
advancements may play a role, and second, because different protocols populate the qubits
very differently. This means that one way in which one protocol may outperform the other
is by how much time they leave the excitation within the qubit. This will become evident in
Section and also in Chapter [7]in the context of different protocols for entanglement
distribution.

To assess this effect, the duration 7 for which the qubits remain populated is calculated
as follows:

T
T /Tdt (I (O + lg2(6)]?) ,
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where the integration spans the entire protocol duration. The time 77 sets a characteristic
timescale in which the excitation is lost. Averaging over many realizations, mathemati-
cally, the fidelity diminishes by a factor e~7/71.

Finally, we model qubit dephasing as a random uncertainty in each of the qubit fre-
quencies obeying a Gaussian distribution. For a single realization, the frequency of the
ith qubit is shifted according to §; — §; + dw; with

1
p(dw) = /(2% (4.15)
2o
The dephasing time 753 is related to the standard deviation of the Gaussian distribution
as 0 = v/2/Ty. Assuming an equal T, for all the qubits, this results in an independent
and identically distributed fluctuation dw; for all qubits in the network.

4.2.2 Benchmarking state transfer via wavepacket shaping

Let us now discuss a realistic numerical study of state transfer in a scenario that con-
templates most of the imperfections discussed before. The study is based on a Wigner-
Weisskopf model such as the one described by Eq. , with which we will explore the
limits of transferring one excitation from qubit 1 to qubit 2 located at the opposite node.

In this study, a simulation of the state transfer protocol T was executed, implementing
numerically the evolution with the Hamiltonian . A very important parameter to
consider in these simulations is the number of waveguide modes, however, it does not make
sense to fix it for all lengths since this would imply very different frequency windows.
Instead, what we do is fix an operation band of 4 GHz, that is, much bigger than the
wavepacket width & ~ MHz and adapt the number of modes to this requirement. In the
case of a 30 m waveguide, the free spectral range is of ~ 3 MHz so we will consider 2000
modes, in the case of [ = 5 m, the free spectral range increases to ~ 20 MHz, and therefore,
500 modes suffice.

The simulation starts with the initial condition ¢; (—7") = 1. Hence, the quantum state
transfer efficiency can be quantified as |g2(7')|?, the population of the second qubit at the
end of the protocol. Displayed in Fig. [£.3p, the transfer efficiency is plotted as a function
of the cavity bandwidth, k = k12, across various waveguide lengths (L = 1,5, and 30
m). The simulation uses photons at maximum bandwidth, # = k. For the 30 m scenario,
it also extends to photons with reduced bandwidth, & = k/4 (equivalent to n = 4), to
explore the effect of narrowed photons on transfer efficiency.

There are two different tendencies in Fig. which correspond to the two different
regimes of operation, the short photon limit and the long photon limit. In the short
photon limit, when x/n 2 27v,/(v/3L), the photon fits entirely within the quantum link.
In this regime the state transfer fidelity is primarily limited by waveguide diffraction,
approximated as |q2(T)|? ~ |z|> ~ &?/n?, cf. Eq. (£9). Producing narrower photons
(k < Kk, n > 1) significantly increases the fidelity by a factor of n=* (cf. Fig. ) while
slowing down the transfer process, increasing its duration proportionally by a factor of 7.

Conversely, in the long photon limit, x/n < 27v,/(vV/3L), and the wavepacket does
not fit within the waveguide. Under these circumstances, the input-output theory that
justifies the control mechanism detailed in Eq. is not expected to apply. This is
because, in this limit, the photon in frequency space is narrower than the free spectral
range, that is, it can resolve the discrete nature of the waveguide, interacting only with very
few modes. This seems far away from the application regime of the wavepacket shaping
regime, which assumes a frequency continuum. Because of this, the literature assumes
that in this situation, only slow adiabatic-like protocols work [VVNT17, [KKT*18]. Our
approach, however, is to follow the spirit of analytical continuation and just apply the
controls g(t) obtained with the continuous theory to this apparently far-off regime.
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Figure 4.3: (a) Schematic illustration of the quantum state transfer protocol: By applying
the controls g; 2(t) one can transfer the excitation from Q1 to Q2 via a photon propagating
through the quantum link that distorts it, and thus, |g2(7")|? ~ 1 at the end of the protocol.
Panel (b) shows the quantum state transfer efficiency 1 — |go(T)|? as a function of  for
three different quantum link lengths (L = 30, 5 and 1 m), and distinct photon bandwidths,
n =1 and n = 4. The dashed-dotted lines correspond to the limit imposed by diffraction,
cf. Eq. (short photon limit). The dotted lines represent the length-independent limit
(long photon limit). The crossover between these regimes takes place when 20, ~ t,,
i.e., k/n ~ 2mvy/(v/3L). Panel (c) shows the impact in quantum state transfer efficiency
when the resonant condition is not met, that is, Qg1 = Qr2 = w. (resonant) versus
QRr1,r2 = we + Aw,/2 (off-resonant), i.e., R1 and R2 lie in between two TE1g,, modes.
Panel (d) shows the impact that a truncation of the control g(¢) has on the quantum
state transfer efficiency, for k = 27 x 90,18,3 MHz and L = 1, 5 and 30 m, respectively
(same style as in (b)). This indicates that the diffraction limit can be reached already
with g1 (=T) ~ 27 x 1073 or 10~} MHz, depending on the parameters.
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Contrary to what the literature suggests, we prove that wavepacket shaping leads to
high efficiencies in quantum state transfer within the long photon limit, using the controls
g1,2(t) outlined in Eq. . Furthermore, we identified that the coherent error is coming
from the AC-Stark shifts. As studied in Subsection[4.2.1.3] a time-dependent control of the
type we are using in this simulation leads to a dynamical detuning proportional to %, which
in turn affects the absorption efficiency by 1 — |g2(T)|? ~ x2/n?. This error mechanism is
independent of the waveguide length. This behavior is validated by the results shown by
the dotted line in Fig. for n = 1 across different lengths (L = 30m, 5m, 1m).

The efficiency of state transfer in the long photon limit is highly dependent on achieving
a resonant condition between the resonators R1, R2, and the closest mode of the waveguide
(Qr1 = Q2 = w¢). This requirement is depicted in Fig. [4.3c, which shows a significant
decrease in fidelity when this resonance condition is not met. This behavior is expected,
since in this regime the photon is narrower in frequency than the separation between
modes, and therefore the emission can not be complete if the wavepacket is centered
between two modes. This dependence between the central frequency of the wavepacket
and those of the waveguide modes is not relevant in the short photon regime. In such
case, the frequency width of the wavepacket # > FSR, and therefore it always has modes
to decay to.

It is possible to optimize the duration of the protocol by investigating the state transfer
fidelity as a function of the sech-pulse duration, this is studied in Fig. [£.3ld. This involves
shortening the protocol duration 27, causing the initial value of the control to rise from
g1(=T)/k =~ 1075 to g1(—T)/k ~ 1. As depicted in Fig. , there is a threshold for
91(—T) beyond which the transfer efficiency reaches a saturation point, corresponding to
the diffraction limit. This observation suggests that the previously assumed necessity of
g1(=T)/x < 107% is too conservative. In practice, as reported in experiments like that
in [MSK™20], values of g;(—T)/k within the 1072 to 107! range are likely adequate for
achieving high-fidelity in quantum operations, marking a significant flexibility in protocol
timing for efficient quantum state transfer. It all indicates that the duration previously
proposed of 21" = t, + 10/k is indeed too long, and that good fidelities can be obtained
with durations of only 27" = t, + 1/&.

4.2.2.1 Comparison with adiabatic and direct SWAP protocols

The remarkable performance of the pulse shaping method in the long photon limit offers an
interesting comparison point with state-of-the-art adiabatic-like protocols from previous
studies [VVNT17, [CZBT20, [LLCT19|, as well as with the direct-SWAP gate approach
detailed in [SMBO06]. The comparison with STIRAP protocols is particularly interesting,
the acronym derives from Stimulated Raman adiabatic passage and is a technique that
draws on strategies from atomic physics for transferring excitations between atoms in a A
configuration [VRSBI7]. is implemented through the time-dependent control functions

g1(t) = gosin((t + T)w/(4T)), and  go(t) = gocos((t+ T)w/(4T)),  (4.16)

starting with g1(—7) = 0 and g2(—T) = go, as applied in |[CZBT20]. This method can
achieve perfect state transfer from Q1 to Q2 in the adiabatic condition where T is much
greater than 1/gg. Also, the gy parameter is not free, as it has to always remain below
the free spectral range.

Eq. is not unique, in the same way that many controls can be used for wavepacket
shaping, the same holds for STIRAP. The proposal of [VS97] uses the following set of
equations,

g1(t) = gosin®((t + T)w/(4T)), and ga(t) = gocos®((t + T)m/(4T)), (4.17)
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Figure 4.4: (a) Comparison of the quantum state transfer efficiency 1 — |g2(T)|? as a

function of the protocol duration for the direct swap, STIRAP-like and pulse shaping
following Eq. , for L =1, 5, and 30 m; and Aw, = £ = 27 x 90, 18 and 3 MHz,
respectively. The horizontal dotted lines correspond to the efficiency limit posed by the
wavepacket distortion (cf. Eq. ), to which the pulse shaping saturates. (b) State
transfer efficiency for the same three protocols but including a finite coherence time of the
qubits of T} = 11.5us, following Ref. [CZB¥20]. The decoherence has been introduced
according to 1 — |qo(T)|2e~ 7/,

which are similar to the previous but differ in that dg; o(£7)/dt = 0. The switching
off and on is now smoother, making the STIRAP more adiabatic. We will show in the
two figures of this subsection that both STIRAP protocols defined through Egs.
and perform more poorly than wavepacket shaping.

However, there is yet another approach besides wavepacket shaping and STIRAP,
the direct-SWAP gate. This involves maintaining constant couplings gi2 = g to get an
approximate quantum state transfer in a time frame defined by gt ~ m, as proposed
in [SMBO06]. This method represents a more straightforward approach compared to the
adiabatic STIRAP-like protocol.

Following the parameters used in [CZBT20], we set the decay rates of the resonators
equal to the free spectral range k = k12 = Aw,, and choose gy = £/5.26, a ratio dictated
by the adiabatic condition discussed in the supplemental material of [CZBT20]. We then
proceed to compare the efficiency of our pulse shaping method under Eq. with that
of a STIRAP-like protocol as the protocol duration increases, as illustrated in Fig. [{.4h.
As anticipated, while the fidelity of the pulse shaping approach reaches a limit due to
wavepacket distortion as per Eq. , this saturation level is achieved much faster com-
pared to the STIRAP-like method, leading to an advantage of two orders of magnitude in
terms of protocol speed.

Additionally, this study explores the fidelity of a direct-SWAP protocol by experi-
menting with different coupling strengths g. The goal is to identify the optimal duration
for quantum state transfer (Fig. [4.4h). The comparison shows that pulse shaping and
STIRAP-like methods maintain efficiency across a range of times. In contrast, the direct-
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Figure 4.5: (a) Robustness of each of the three protocols studied in this manuscript against
slight variations of the protocol time for kK = 2w x90 MHz =~ Aw, and a L = 1 m waveguide.
The lines plotted correspond to a single simulation of those shown in Fig. |7.8(b) around
the 200 ns point. It can be seen that whereas the pulse shaping and the STIRAP (solid
and dotted-dashed lines respectively) are robust, the direct SWAP (dotted line) undergoes
large variations even for just a few nanoseconds. (b) Comparison of the quantum state
transfer efficiency 1 — |g2(7)|? as a function of the protocol duration for an improved
STIRAP-like protocol and pulse shaping following Eq. , for L = 1, 5, and 30 m, as
in Fig. a). The horizontal dotted lines correspond to the efficiency limit posed by the
wavepacket distortion (cf. Eq. ), to which the pulse shaping saturates.

SWAP method’s success depends highly on hitting the optimal timing precisely. Despite
this, the direct-SWAP method does not achieve greater fidelity than pulse shaping.

The distinction in protocol duration is significant when incorporating decoherence ef-
fects. While STIRAP avoids diffraction effects and can theoretically achieve perfect trans-
fer with sufficiently prolonged controls, its slower pace makes it more prone to decoherence
effects. For illustration, Fig. showcases a realistic protocol scenario incorporating all
imperfections and assuming a qubit lifetime of 77 = 11.5us, in line with cutting-edge
experimental benchmarks |[CZB720]. Including decoherence (T}-errors), the considerable
difference in the duration of the protocols leads to a substantial fidelity advantage for the
faster pulse shaping method, exceeding STIRAP by more than an order of magnitude.

As outlined in [SMBO06], executing a SWAP gate involves utilizing constant and always-
on couplings g1 and go, assumed here for simplicity to be equal (g1 = g2 = g). When
g < G, that is, when the coupling between qubit and cavity is much smaller than that of
cavity-waveguide, the interaction between Q1 and Q2 effectively occurs through a single
mode, allowing for an approximate quantum state transfer within a time frame of gt ~ .
To maximize transfer efficiency, one must identify the optimal timing where the population
|q2(t)|? reaches its peak, as depicted in Fig. . This characteristic makes the direct-
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SWAP fidelity vulnerable to timing inaccuracies, thus being less robust than STIRAP-
like or pulse-shaping methods. This vulnerability is highlighted in Fig. for a given
example, displaying the variation of |gz(t)|?e~"/7*—with T} = 100 us—around the optimal
time, and presenting it together the more stable outcomes of pulse shaping and STIRAP.

Finally, to close up this comparison between methods we show the last version of
the more adiabatic STIRAP, defined through Egs. instead of the control equations
defined by . This effect is depicted in Fig. |4.5b, where gq is set to /2. Again, while
pulse shaping is ultimately limited by propagation distortion and the improved STIRAP
is not, the former reaches its limiting fidelity in a much shorter time than the latter.

4.2.3 Benchmarking photon scattering phase

While the total phase acquired by each mode ¢ (w) coincides with the theoretical result,
it is important to recognize that this total phase is composed of two distinct parts: the
phase due to propagation and the scattering phase, neither of which behaves linearly
with the quasi momentum of the photon. This non-linearity, especially noticeable in the
curvature of the scattering phase depicted in Fig. [4.6pb, plays a role similar to photon
diffraction.

To explore the impact of distortion on a photon generated by the first node with the
control g(t) defined by Eq. (4.3)), we describe the initial state of the photon as |¢(t = 0)) =
i f(w)bi, |0) dw, where f(w) = /7/(2F) sech(m(w—w.)/k) and k1 2 = k. After the photon
travels a sufficient distance, defined by a time longer than the propagation time (7' > ¢,), it
is fully scattered by the second resonator, which then returns to its empty state. According
to the theoretical framework, this interaction results in the photon undergoing a frequency-
dependent phase shift of the form

61) = [ Fwpe e o) dw. (4.13)

For wavepackets that are narrowly centered around the frequency w,, the scattering
phase ¢gcatt (w) can be approximated by expanding it to the second order around (w —w).
This gives the expression

¢scatt(w) ~ stscatt (Wc) + (bl(wc)(w - wc) + %QZ)//(WC)(W - wc)2-

Here, the zeroth-order term is the average phase the photon experiences, relevant when
the bandwidth is nearly zero. The first-order derivative, ¢l ... (w) = 4k /(K> +4(Qr2 —w)?),
reflects a delay owing to the photon’s absorption and subsequent remission by R2. This
implies that the total round-trip time of the scattered photon will be T' = 2t, + ¢'(w,),
with ¢, being the propagation time L /v.

The second-order term,

32K(QRQ - w)
(K2 +4(Qmr2 — w)?2)?’

¢gcatt (w) =

accounts for the curvature of the phase profile. This curvature will be the main cause of
distortion of the photon shape upon scattering.

To compute the magnitude of this distortion, the actual scattered photon, represented
by |£(T)), is compared with an ideal photon, |£(T)), which undergoes no distortion but
simply experiences a delay and an average scattering phase, @scat ™ ¢scat(we). The fidelity
of this transformation can be determined by examining the overlap between these two-
photon states. This calculation incorporates not only the curvature of the phase profile
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Figure 4.6: Distortion of a realistic wavepacket due to the phase profile ¢gcq(w) as well
as due to the residual population that remains in the R2 (dotted lines) for different length
but with k = 27 x 100 MHz. Solid lines correspond to the numerical simulation compared
to the ideal photon after scattering |z|2 = |[(€(T) [(T)) |2, while the dashed-dotted lines
have been obtained using the theoretical expression ([@.4), |z|> = [(£(T)|&(T))|*. Note
that for n < 10, 1 — |2|? ~ =% as predicted by Eq. , while quantum links with larger
length L are more prone to distortion due to propagation (cf. Section . For n > 1
one enters the long-photon limit where the photon does not fit within the quantum link
and residual populations remain (see main text for further details).

but also the effects of propagation through the waveguide,

2

~ 2 . /1
o1 = [N = | o eI e
Y[ Ghean(we) TD
~1— 457’4 ( sca2 22}2) . (4.19)

We have tested our theoretical predictions against numerical simulations of the scat-
tering process, using a fixed resonator frequency. Later, in Section[4.3.2] the frequency will
depend on the state of the qubit, but for now, we arbitrarily set w. —Qgro = £(1/24+1/1/2)
so that the resulting phase gained by the photon upon scattering is ¢scqr(we) = —7/4 (cf.
Flg ) while ¢scatt( ) - 2(1 - \/5)/’%2'

We calculate |z|? using two approaches to compare our analytical second-order per-
turbation theory with simulation data. First, we compute the overlap between the ideal,
undistorted wavepacket |£(T)) and the wavepacket from the numerical simulation [ (7)) =
e~ T(Har+Hxy—q1) 4)(0)), where [15(0)) represents the initial state with a photon in the
quantum link and an empty resonator R2 (c2(0) = 0). Then, we measure how well this ideal
|E(T)) agrees with the theoretically derived wavepacket, [£(T)) = 3, e "TWm gidscatt(wm) f (wim)bln |0),
with ¢scart(w) specified by Eq. (4.4)).

As Fig. reveals, achieving minimal distortion and accurate alignment with the
scattering phase requires the bandwidth of the scattered photons, &, to be narrower than
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the decay rate ks of the second resonator, or equivalently, n > 1. Within this parameter
range, the observed infidelities agree well with theoretical predictions, and demonstrate a
consistent decrease as the factor 7 = ko /K increases, until reaching a minimum bandwidth
that is dependent on the length of the waveguide L.

After this minimum, the infidelity starts to increase again, as the system enters the
long-photon limit. Specifically, as n expands further, the temporal width of the photon
ot = m/(V/3kK) exceeds the node-to-node propagation time o; > t,. In such a scenario,
the photon does not fit completely within the waveguide, leading to a significant change in
dynamics. The resonator R2 fails to empty entirely, retaining some population even well
after the interaction period T' = 2, + ¢scart(we). This results in a decrease in the norm of
the scattered wavepacket, resulting in the observed spoiling of the fidelity.

In summary, the dynamics of a photon generated by node Q1-R1 and interacting with
a second resonator R2 at a different node follow input-output theory predictions. Building
from the initial proposal in [DK04|, our investigations emphasize the importance of con-
sidering the shape and duration of the wavepacket, as well as the distance between nodes.
For practical scenarios, the long-photon limit is not too relevant, as operationally, photons
of intermediate size (o < t,) are needed. This size range enables clear differentiation
between the emission and scattering phases of the photon, and its potential reabsorption
by the Q1-R1 node, as detailed in Section

4.3 Distributed quantum gates design

Based on the findings of the previous two sections, we propose two novel methods for
achieving a distributed quantum gate across nodes in a quantum network. The first method
relies on quantum state transfer, where a flying qubit is sent through the bidirectional
channel. The second method introduces a passive approach that obviates the need for
node synchronization, implementing the gate through photon scattering processes.

4.3.1 Quantum gate transfer

The quantum gate transfer protocol leverages state transfer to distribute a quantum op-
eration across the network, analogous to distributing an entangled state. This process is
encapsulated by the formula

U173 ® Iy := 7-1J[2U2737-172. (420)

It involves a sequence of two state transfer steps—7i 2 from Eq. and its reverse,
T2,1—flanking a two-qubit gate Us 3 executed between qubits Q2 and Q3 at the second
node, as depicted in Fig. [L.7h.

The second state transfer protocol essentially substitutes the classical communication
necessary for a gate based on quantum teleportation. Even though the speed of our
proposal is upper bounded by v, ~ 2¢/3, the overall performance of this direct operation
could surpass that of the mixed quantum-classical method. This advantage can be relevant
in particular in superconducting circuits, where state transfer can achieve high fidelity, and
the additional processes required for quantum state distillation introduce significant errors.

The fidelity of the gate transfer can be estimated by a lower bound expressed as

F = [Fyexp(—7/T1))° Fa3. (4.21)

The term F3 3 denotes the fidelity of the operation within a single node, Us 3. The term
Fy = |qo(T)|? represents the fidelity of a single state transfer step, and T} is the single qubit
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Figure 4.7: (a) Schematic illustration of a quantum gate transfer between Q1 and Q3, as
given in Eq. (4.20)), that involves two state transfer operations and a two-qubit gate U3
on qubits within the same node. (b) Duration of the gate transfer protocol t = 2 x 2T,
assuming that the local gate implemented at the second node is instantaneous, for three
different waveguide lengths with 7 = 1 (omitted in the legend) and one case with L = 30
m and 7 = 4. For small, x the propagation time is negligible, and the limitation comes
from the time-dependent control g(t) and all lines with n = 1 overlap. (c) Fidelity of the
process for the same set of parameters, where a trade-off between protocol duration and
distortion of the wave packet is observed, specially in the L = 30 m, n = 1 case.

decoherence time (including effects from other potential decoherence sources like non-
radiative decay). Here, 7 indicates the duration for which the qubits hold their population
during a single quantum state transfer event, as detailed in Subsection [4.2.1.4

Examining the contribution to the fidelity that only depends on the state transfer
and qubit decay from the simulation values of Section we observe, as illustrated in
Fig. [£7p, that the quantum gate transfer presents an optimal operational point. This
balance point depends on the trade-off between distortion errors and the decoherence
stemming from the duration of the protocol. In practical settings, especially with shorter
waveguides designed to link fridges or chips within the same cooling unit, the gate transfer
achieves competitive fidelities in the range of 1 — F ~ 1072 — 1073, Importantly, these
control methods facilitate faster operations compared to adiabatic population transfers, a
point highlighted in Section and evidenced in Fig. [4.4]

The fidelity of the gate transfer can be enhanced by shortening the protocol duration,
2T. The results shown in Figs. [£.7(b)-(c) were derived by ensuring that the fidelity for
each data point is limited by the propagation-induced distortion. As mentioned previously,
adhering strictly to this limitation may not always be practical for actual implementations.
When T is more restrictive than the diffraction limit, it is beneficial to shorten the protocol
even if it worsens depletion, as minimizing the decoherence error becomes the priority. To
demonstrate this, we tailored the protocol duration for a set of specific parameters —
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L =30 m, k =27 x 3 MHz, T} = 100 pus — and achieved a gate fidelity of Fy, ~ 1072,
This represents a 5-fold improvement over the fidelity achieved using a less optimized
protocol duration 27'.

4.3.2 Controlled-phase gate

The operation of the gate transfer demands synchronization between the sender and re-
ceiver nodes. A more straightforward gate can be devised where only the initial node
Q1-R1 emits and subsequently reabsorbs a photon, which becomes entangled with the
second node. This approach leverages the photon-cavity scattering phases discussed in
Ref. [DK04] and Section In this simplified protocol, active control is only required
at the first node, while the second node influences the process through a resonance fre-
quency Qgrs + x5, which varies based on the state of the second qubit (Q2 as depicted in
Fig. 4.8n).

To test the performance of this protocol, we emit a photon to transfer the state of
qubit Q1 into a traveling photon, denoted by |&i,). This photon moves along the link and
eventually interacts with the second node, during which it gains a qubit-state-dependent
scattering phase. The mathematical expression of this process is

[Gin) (0]0)3 + B11)5) = (Iout) [0}y e ™7 + [€ous) [1); Be™"7)

After scattering, the photon, now |{ut), gets reabsorbed by the first node, again using
the same mechanisms of wavepacket shaping. By adjusting the resonance center )ro
and the displacement y, we create a scenario where ¢ = @1 — ¢g = w. This setup,
upon the reabsorption of the photon, creates a controlled-phase gate between Q1 and Q2,
represented as

™

53| (4.22)

1
Uep =€xp —zi(af +1)®
First, let us consider the setup described in Ref. [DK04] and illustrated in Fig. ,
where the second node features a single cavity influenced by a qubit through a dispersive
frequency shift. This interaction is governed by the Hamiltonian [KKT* 18, BGCT18§]|, see
also the discussion in Chapter

Hyodez = 0205 05 + (g2 + x03)alas. (4.23)

Here, the frequency of the second resonator R2 is modified to Qpgo, = Qgo + (—1)"Tly
based on the state |z € {0,1}) of the second qubit Q2. The parameter y depends on the
coupling strength go between Q2 and R2, and their frequency difference A = d9 — QRo.
The application of the dispersive limit as detailed in Eq. requires the condition
A > go, a regime easily achieved in various experimental settings.

As outlined in Ref. [DKO04] and further explored in Section when a quasi-
monochromatic photon interacts with R2, it undergoes a phase shift b, |0) |z) — eid(@2)p], |0) |x).
The change in phase ¢(w,x) depends on the frequency of the second resonator Qgs , (cf.
Eq. ) Setting the parameters to w. = Qg and x = k2/2, the phase difference tied
to different qubit states is ¢(we, z) = (—1)*+t17/2. This configuration achieves the target
controlled-z gate operation by making ;4 = 7, as shown in Fig. [4.8p.

The study performed in Section suggests that the first node is limited to gen-
erating photons within a finite bandwidth, making them susceptible to diffraction effects
from both the waveguide and the curvature of the scattering profile. These imperfections
can be quantified as

ki (t,D - 2 2
|22 = 1 — 1 (p +(—1) 2> . (4.24)
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Figure 4.8: (a) Schematic illustration for the realization of a controlled-phase gate, where
the phase of the scattered photon depends on the Q2’s state, |x € {1,0}). (b) Phase profile
¢.(w) as a function of the detuning of the incident photon for the effective R2 frequency.
(c) Infidelity of the controlled-phase gate 1 — Fy for two different L and . The quantity
F, is calculated according to Eq. of the main text. The solid lines correspond to
the numerical simulations optimizing y so one can access the long-photon regime, while
the theoretical predictions (dashed lines) are calculated from the joint diffraction and
scattering expressions. Neither decoherence times nor the effect of the Purcell filter are
considered. (d) Results for 1 — Fy for the same set of parameters but including coherence
times and a Purcell filter between the quantum link and R2. We set g2/A = 0.1 and 0.125
for kK = 27 x 100 and 50 MHz with g,/A = 0.03 and 0.04, respectively.
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This equation highlights an asymmetry, |z1| > |z0|, indicating that for x = 1, the scattering
and propagation distortions counterbalance, whereas for x = 0, they add up. Utilizing z,
and the phase difference ¢, we derive a lower bound for the gate fidelity compared to the
perfect gate operation Uy, as:

(1472427 cos p)’ (147r242rcosp) —

|z0]2 sin® if (147 cos p) <1,
g . (4.25)
ol?, otherwise,

where r = |zg|/|z1| < 1 is defined.

In our setup with 12 = k, we conducted numerical simulations of the gate operation.
The Q2-R2 node, being passive, is characterized by a fixed coupling ga2(t) = g2, which
enables the dispersive interaction detailed in Eq. . For the Q1-R1 node, a symmetric
pulse governs the emission and reabsorption phases with the following functional form

o1(t) = {g(t—l—td/2;%,n), for ¢ € [T, 0], (426)

g(—t+tq/2;k, k), te€l0,T].

The value of the delay is set to tq = 2L /vy +2/k, which accounts for both the propagation
time of the photon and the delay from scattering, as discussed in Section [4.1.2

The data shown in Fig. [{.8k demonstrates that gate fidelity agrees closely with the
theoretical predictions. Fidelity diminishes with increasing waveguide length and with
the ratio n = /&, which compares the bandwidth of the photon to the curvature of the
scattering phase. Notably, the gate fidelity reaches very good values for moderate 7, at
the expense of protocol duration. As previously mentioned, the gate continues to perform
well even when the assumptions of the input-output theory no longer apply. Yet, in the
long-photon domain—defined as n 2 2 or 5 for L = 5m, 10m respectively—the optimal
value for x diverges from the expected x = k/2 and requires semi-analytical corrections.
Furthermore, when the width of the photon is more than twice the length of the quantum
link, the emission and absorption controls overlap, precluding perfect reabsorption as

inferred from Eq. (4.26]).

In this setup, we explore the intrinsic limitations of quantum gates due to scattering
processes. A notable issue arises from the dispersive interaction between the qubit and
cavity in standard superconducting qubit models, leading to Purcell-induced decay in data
qubit Q2, represented by v, = r2(g2/A)? [BGB0OY, [JSMT14]. This decay, previously un-
addressed, can significantly affect gate fidelity. An effective mitigation strategy involves
using a Purcell filter [SMKT5, WKG™17, KMW™17], an additional resonator that sub-
stantially reduces the decay of the second qubit Q2 by effectively decoupling it from the
transmission line. This approach, illustrated in Fig. [4.8h, can enhance qubit coherence
dramatically, ensuring more accurate quantum gate operations.

In our analysis, we have integrated a resonant cavity that exhibits a decay rate of ko
when linked to the quantum link, and it interacts with R2 through a coupling strength
denoted by g,. The deployment of a filtering mechanism significantly curtails the decay
rate of Q2 to v, & k2(g2/A)*(gp/A)?, under the assumption that A > go, Ga, ko [SMKTH].
Additionally, the derived formula for the phase profile (see Eq. ) remains applicable,
and the aggregate gate fidelity is obtained by adjusting the factor shown in Fig. 1.8
through multiplication by e~("/714+77)  Examining the set of non-optimized parameters
displayed in Fig. , we find that 1/, 2 T1, where T} is specified as 100us. Given these
practical scenarios, it is feasible to execute a controlled-phase gate with an infidelity of
1—-F,~1072
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4.4 Summary

In the first part of the analysis we showed that input-output theory, foundational for
quantum device operation as shown in [CZKM96, [DK04], remains valid even under large
Free Spectral Range (FSR) and short quantum links, conditions previously thought un-
suitable. Pulse shaping proves effective in regimes with short links or few relevant modes,
outperforming traditional adiabatic approaches and enabling rapid operations constrained
only by cavity bandwidth.

We proposed two different distributed quantum gates, one based solely on quantum
state transfer and the other on wavepacket shaping plus a collisional scattering phase. Both
these gates are specially suited for implementation in superconducting quantum networks
since they do not require entanglement distribution, measurements, or the exchange of
classical information. All these mechanisms are costly in a superconducting platform.
The gate based only on state transfer via wavepacket shaping is quite straightforward
to implement in experiments where the primitive has already been demonstrated, such
as [KMW 17, [KKT™18, IMSK™20, ISSK™23|, however, it demands perfect synchronization
between nodes and at least three qubits. On the other hand, the collisional controlled-
phase gate, while in principle requiring more ingredients and being more challenging to
implement, has some clear advantages. First, the node with the control qubit is passive,
and therefore no dynamical g(¢) nor perfect synchronization is needed. Second, it suffices
to have two qubits, the target and the control for the complete action of the gate, saving
up valuable resources, especially thinking of scalability. Under realistic coherence times,
between 20 us and 100 ps, our analysis shows gate fidelities ranging from 1 — F = 1072
to 1073, This performance suggests such gates offer better fidelities than those based on
entanglement distribution plus measurements.

Based on our findings, we posit that quantum networks composed of superconduct-
ing qubits and waveguides offer a viable foundation for executing quantum operations
across both long-distance (inter-node) and short-distance (intra-node) quantum proces-
sors. We anticipate that forthcoming theoretical advancements, notably in techniques
such as chirping [CGBM™21] and quantum control [SRST10, ISRST11], will address the
current challenges associated with propagation delays and Stark shifts. These develop-
ments are expected to enhance the efficiency and speed of quantum state transfer, further
increasing the potential of these networks for quantum computing and communication
applications.

Finally, setting aside photon loss and decoherence, the most pressing source of error we
found in the present analysis is the distortion due to the propagation. This is especially so
as we move towards longer links and faster emission protocols (broad bandwidth photons),
which is one of the main goals of the field. Because of this, the next chapter will be devoted
to the design of a strategy to mitigate this error, namely, to engineer wavepackets that
are robust to this distortion by exploiting the flexible nature of the controls g(t).



Mitigation of distortion and

non-Markovian effects

In this chapter, we address the imperfections suffered by photons as they propagate on
a waveguide, providing error mitigation strategies that are compatible with the photon
generation and state transfer protocols from Chapters [3| and [4l The existing quantum-
optical frameworks for the pitch-and-catch methods overlook two critical elements (i) the
diffraction of photons as they propagate through a waveguide with some dispersion, and
(ii) the non-Markovian signatures triggered by the dynamical nature of the couplings.
Both these mechanisms are shown pictorially in Fig. [5.1j, the necessity for creating fast,
broad-bandwidth wavepackets implies that they are more sensitive to the curvature of the
dispersion relation, and the finite nature of the waveguide.

The first limitation, photon diffraction, is significant across numerous experimental se-
tups involving microwave guides [MSK™20, [KMW™17|, photonic crystal arrays [YMHKT9,
BKK21], or spin-wave technologies [RVH"16, (CKW™22]. Regarding the traces of non-
Markovian dynamics [TKC14, [LPB10], these are primarily observed in the frequency
modulation of qubit-photon systems, leading to alterations in the shape of the trans-
mitted wavepackets that deviate from standard input-output theory. Importantly, these
errors increase with both expansion of the bandwidth of the flying qubits, and the length
of the quantum link. A viable strategy to mitigate this involves the use of photons
with extremely narrow bandwidths, such as is done in adiabatic quantum state trans-
fer [Pel97, ICYL™T07, YZZ08|, [Clal4, Tial2, ZCB™21, BTZ"21]. Nevertheless, such an ap-
proach inevitably slows down the photon generation process, making it less robust against
qubit decay and dephasing.

The present chapter offers simultaneously mitigation strategies for both sources of
error without sacrificing the speed of state transfer, which is especially important for long
waveguides, such as those in [SSK™23, QLNT23|. The approach considers a fully-coherent
transfer and solves the dispersion by imprinting the flying qubit with engineered phases and
frequency chirps that compensate for the errors in the quantum link, this is summarized
in panels c¢) and d) of Fig. On top of this, the emission and reabsorption of the flying
qubits are done using an improved input-output model, with corrected equations that
go beyond the Markov approximation, the difference between using or not the improved
model is represented schematically in Fig. [5.1b.

The chapter is structured into three parts. Section [5.1] explains how to implement the
correction strategy by imprinting phases on the wavepacket. Section [5.2] revolves around
how to implement such a correction strategy in a scenario with modifications that go
beyond the Markov approximation. Finally, Section [5.3| centers on the implementation of
the correction strategies in situations with real-world interest.
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Figure 5.1: (a) Illustration of the two sources of imperfections that we tackle in this
chapter, namely, that the fast-generated photons (wide in frequencies) are affected by both
the curvature of the dispersion relation of the material through which they propagate and
the edges of the frequency band within they are contained. (b) Neglecting non-Markovian
effects leads to an imperfect depletion of the qubit excitation (green line). This stems
from the revivals as the photon hits the end of the frequency band. In the inset we
show the controls g(t) for the two different cases: when non-Markovian corrections are
taken into account, the control remains non-zero at the end and the depletion is perfect
(gray line). Panels (¢) and (d) show a sketch of the aim of this article, that is, to engineer
complex controls, where both the phase and modulus are tuned dynamically. These control
pulses yield photons robust to distortion that improve quantum state transfer. A phase
is imprinted in these photons such that the propagation through the medium leads to a
photon on the other end which can be absorbed with either a real control (cf. panel (c))
or with a complex control (cf. panel (d)).
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5.1 Correction strategy

As considered in Chapter [3, we are interested in a single photon propagating through a
quantum link. The setup is again the one described in previous chapters, in which the use
of a Wigner-Weisskopf single excitation ansatz leads to Eqgs. . Within this model, this
chapter aims to design photons that are robust against distortion when traveling through
a medium with a nonlinear dispersion relation, encapsulated in the term w(k).

The main focus will be to mitigate the effects of the curvature of the WR90 waveg-
uide thoroughly studied in the previous chapter, therefore the dispersion relation w(k) o
Vb + k? will center the discussion. This dispersion relation, and how the operation band-
width compares to the photon bandwidth, is represented in Fig. [5.Ih. Also, to show the
generality of the method, the same techniques will be applied to a dispersion relation with
negative curvature in Subsection

The present approach aims to generate a target wavepacket form, &arget(25,1), at a
designated position xp of the waveguide. In the presence of distortions, this goal can be
achieved by generating the photons at the emitter position, &injection(Z 4, t), with a different
shape that, once subject to the actual distortions imposed by propagation, will become the
target wavepacket. To analyze the wavepacket to be created, we must therefore understand
the precise transformations experienced by the photon in the waveguide.

The wavepacket of interest at location zp can be expressed as a sum of waveguide
modes w&B), represented mathematically by

gtarget rB,t Z ¢w _ZWt (51)

In a scenario where the dispersion relation is linear, described by w(k) = vg4|k|, one can
generate this profile by introducing a wavepacket with a similar shape, £(zp,t) o< £(za,t—
tAB), at the entry point of the quantum link 4. Where, top is the distance between x4
and zp, divided by vy. However, in the presence of generic dispersion relations w(k), the
shape of the wavepacket will change from x4 to zp as depicted in Fig. [5.1c and d.

Without loss of generality, let us consider a semi-infinite line, with photons originating
at x4 = 0 and moving right-wards with momentum k. Within this context, the expression
of the field at various points on the path is given by

wa zkz iw k:)t (5‘2)

This formula demonstrates how the initial wavepacket shape and phase at point x 4, written
as &(xa,t) = Zk exp {—iw(k)t} correlates with the wavepacket &(xp,t) at any other
location and time. By inverting this relation, the linear and non-linear contributions of
the phase accumulated by the dispersion relation w(k) separate into

w(k) = w(ko) + vg(k — ko) + wnr(k) (5.3)

where vy = Ow(k)/0k| ko is the group velocity, and wnr, (k) represents the sum of all
nonlinear terms in k. After rearranging, we arrive at the first conclusion of this chapter.
That a specific shape of the input wavepacket ([5.1) can create the desired photon shape
at xp

{injection(t) =&(za,t) = Z wif]z)e‘f‘iUJNL(k)tAB e~ w(k)t (5.4)
k

This adjustment in frequency space means the photon emitted does not retain the standard
hyperbolic secant profile in position space at x4. Rather, its initial amplitude and phase
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are influenced by the nonlinear term wny,(k), alongside the duration t4p required for its
travel from x4 to zg.

Before jumping to the implementation of the predistorted wavepacket method, it is
important to mention the two distinct strategies for the correction method, as illustrated
in Fig. and d. The first strategy, predistortion (i), (cf. Fig. ) consists of selecting
x4 and xp as the endpoints of the waveguide, ensuring that the photon achieves a perfect
hyperbolic secant shape upon arrival. However, this approach might not always be practi-
cal, when the distance |z — z 4| or the nonlinear coefficients wni, are too large, the phase
profile changes too fast and the g(¢) cannot be engineered. This is a consequence of the
restriction on the derivative of the profile of the wavepacket . In such instances, the
alternative strategy of pre- and post-distortion (ii), outlined in panel (d), becomes rele-
vant. This method involves aiming for an optimal wavepacket at a midpoint B within the
waveguide. It requires applying correction strategies at both the insertion and receiving
endpoints.

The next subsection revolves around this point, namely, how much distortion can be
corrected depending on the length of the waveguide, the width of the wavepacket, and the
curvature of the dispersion relation.

5.1.1 Maximum correctable distortion

The photon injection mechanism does not allow arbitrary wavepackets to be generated.
These wavepackets must satisfy some restrictions (cf. Egs. , from Chapter |3)
that prevent us from creating arbitrary predistortions or correcting generic errors in the
waveguide. This can be seen by developing a heuristic that produces sech photons and
corrects up to the second order in the dispersion relation, that is, approximating wny, (k)
with a quadratic term.

This subsection details the second-order approximation of the non-linear dispersion
relation for deriving ¢(¢) and the formula for the maximum correctable distortion. The
approach begins by considering the continuum limit, which includes infinitely many modes,
expressed as

Oow

Eaist (1) =~ /dw (81{:)_ (k) exp {iwnr, (k(w))tap — iwt} (5.5)

— /dwwid(w) exp {iwnL (k(w))taB — iwt} .

The wavepacket is essentially the continuum limit of the one given by Eq. .

The next section will explain how to calculate the pulse g(¢) needed to generate a
photon with a specific distortion D. For now, the focus is on determining the maximum
value of this distortion parameter before the model breaks down. Consider a photon
E(D)) = [ dwbl, f (w, D) |0) where, following previous works, and without loss of generality
we model as hyperbolic secant

f(w,D) = \/isech <%) e~ (5.6)

For D = 0, after a Fourier transform, the resulting photon in time-space becomes
€(t) = \/k/4sech(kt/2). When D # 0, determining the time profile requires numerical
methods. The goal is to produce a photon with D # 0 that, after traveling through a
medium with a nonlinear dispersion relation, suffers a distortion with the opposite sign to
that caused by the propagation.

To calculate Dypax (k) numerically, we hold x constant and gradually increase the dis-
tortion starting from D = 0. The spirit of the calculation is the following, we take the
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Markovian equations of motion and try to invert them to obtain a g(t) for wavepack-
ets that are more and more distorted (this is what increasing D means). At some point,
the condition 0 < |¢(¢)|? < 1 (Eq. (3.26)) no longer holds, and we interpret this as the last
physical photon that can be created. The greatest permissible value of D that meets this
criterion is denoted as Dpax(k), which is depicted as blue dots in Fig. [5.2

Additionally, a heuristic approach helps to establish the relationship Dyax(x). The
leading order overlap between the distorted and ideal photons, expressed in terms of
D2k, is represented by

2
22 = [((O)¢(D)) 2 = ] [ 10w = (5.7)
9 2 D24
= ‘/dw |f(w,0)2e P ~1— T + O(D*x8). (5.8)

For a traveling photon in this context, the D parameter accounts for both the curvature
of the dispersion relation and the propagation time. Using the formula above, D =
3v5(1 — |2]2)/k?, the scaling Dpax o k2 is determined. Setting |2|> = 9/10 agrees
well with the numerical analysis, yielding Dyax = 3/(2v/5%%). Thus, Dpax specifies the
upper limit of D that can be imprinted on a photon, defining the maximum correctable
distortion.

104_ ..

. Numerics e

Heuristic 3/(2v/5k%) "% .
707 10! 107
k/(2m) (MHz)

Figure 5.2: Maximum distortion that can be imprinted in a sech-photon using our formal-
ism. The numerical simulations using a 3-level system (points) agree with the theoretical
expression Dyax = 3/(2v/5k2).

Once it is understood how imprinting phases on a wavepacket can counter the effect
of distortion, and that there is a limit to how much predistortion can be imprinted, it is
time to explore how one can effectively design such photons. One of the first difficulties is
that by making the control faster the applicability of the Markov approximation worsens,
and therefore, further corrections have to be included.

5.2 Beyond Markov approximation

As we design more sophisticated photon generation controls, including strong predistor-
tions, we approach the limits of validity of the Markov equations derived for this purpose
(cf. Chapter . This section aims to extend the utility of those controls, including small
corrections that allow us to correct the lowest-order non-Markovian effects.
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The reason for the breaking of the Markov scenario is two-folded, first, strong pre-
distortions force us to imprint rapid chirps onto the wavepacket, and second, engineering
ever faster protocols makes broad bandwidth photons. This second fact is illustrated in
Fig. .1p, namely that, when the wavepacket is too wide in frequency space, it starts re-
solving the mode structure of the waveguide and moving away from the purely Markovian
scenario.

These rapid chirps and broad bandwidth photons are not adequately addressed in the
framework of the Markov approximation. This approximation presumes that the cavity
field ¢(t) varies slowly around a central carrier frequency ~ r. However, by revisiting
the principles of input-output theory, we can incorporate corrections of the lowest order
that account for a chirp in the modulation.

5.2.1 Dynamical beyond Markov approximation

Recall from Chapter [3| that the equation for the cavity field before the separation of
timescales method is Eq. (3.6))

(1) = —ig" (t)q(t) — i€n(t) — / dr K (t - 7)e(r).

The expressions for K (t — 7) and &, are also given in Chapter [3|right after Eq. (3.6), but
we reproduce them again here for the sake of clarity

En(t) =) Gre @Ry, (1), (5.9)
k

K(t—71)=) Gre ™), (5.10)
k

In a prototypical state transfer experiment, the waveguide has initially no field in it,
i.e., ¥r(to) = 0. Consequently, the equation for the cavity field becomes

é(t) = —ig"(t)q(t) - (1), (5.11)

where the source term I'(¢) is defined as

I(t) = /t t dr > Gre *WITe(r) = / t dr K(t —7)e(r). (5.12)

to

There might be a frequency shift due to the interaction (Lamb shift); to compensate for
such shift we introduce ¢(t) = ¢s(t)e "%t which leads to

t
I'(t) :/ dr ZG%e_i‘:’(k)(t_ﬂcs(T)e_i&” =
to &

t T
= / dr e_i(‘b(k)_‘S“’)(t_T)e_thcs(T) = e_i‘s“’t/ dr K(t — 1)cs(7). (5.13)
to to

Now, the Markov approximation, as it is done in Chapter and exemplified by Eq.
presumes that the kernel K (t—7) is a very peaked distribution around ¢ and that therefore
the previous integral is just local in time. The aim here is to explore what happens when
this is not assumed.

Recall that we are in the rotating frame with respect to the resonator. Now, we
introduce U(t — 7) = ftz dr'K(t — 7') and do integration by parts as

/t dr K(t — 7)es(1) = /t: dr dU(flT_T)cs(T) =

to

=U(t—71)es(1)| — / dr U(t — 7)és(T). (5.14)

to to
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By definition U (t —tp) = 0, taking this into account and assuming that ¢s(¢) varies slower
than the integral of the memory kernel, we arrive at

t
et / dr K(t - T)es(r) ~

to
t t T
c(t) / dr K(t — 1) — ¢g(t)e™ 0wt / dr / dr' K (t — 7). (5.15)
to to to
Now, making use of the fact that
&t) = % [cs(t)e—w} = &(1)e 9 — Sy ()e "Wt = ¢y(t)e” 9 — idwe(t),
we have
t
o—idit / dr K(t — 7)es(r) ~ c(t)K1(t) — (&(t) + idwe(t)) Ka(?) (5.16)
to
with
t
K, :/ dr K(t— ), (5.17)
to

t T
Ko(t) = /t i /t drK(t—7), and (5.18)
0 0

K(t—7) = 3 GRemi(@t=8)-n (5.19)
k

For a linear dispersion relation with Gy = G and @(k) = kA, there is no Lamb shift
(0w = 0), and the terms K;(t) and K»(t) can be easily computed. Indeed, following the
calculation of Chapter 3, (cf. Eq. ), the first term corresponds just with the decay
rate in Markovian scenario, K (t) ~ /2, while the second deserves its separate definition

t T
N = dT/ dr'K(t —1'). (5.20)
to to

It is important to note that the approximation in Eq. (5.15]) depends on the dynamics.
Thus, expanding the source term only up to the second order, one ends up with

[(t) = c(t) thK(t —7) 4 ¢&(t) /t ’ drdr’K(t—1")+--- (5.21)

to to Jto

For the study that follows, only the first two terms of the expansion are relevant, since
the order of magnitude of the third-order correction is smaller than other effects present
in the system. Doing so, the expression of the source term becomes

T(t) ~ c(t) <i5w(t) + ’?) +HON (), (5.22)

where the dynamical Lamb shift and the decay rate are linked to the kernel through
idw(t) + k(t)/2 = ftto drK(t — 7), and the correction term N(t) = ftz dr [, dr'K(t —1').
As a result, non-Markovian effects manifest through a time-variable decay rate k(t) and
Lamb shift, along with a first-order correction N (t) # 0.
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5.2.2 Pulse derivation

In the forthcoming sections, it will be shown that to design a control, adopting average
values xk and N during the whole duration of the experiment is a good approximation. By
taking these values constant, it becomes feasible to write down a modified equation for the
cavity field. This, together with that of the qubit (which is unchanged by the first-order
non-Markovian correction) takes the form

q(t) = —ig(t)c(t) (5.23)
1

c(t) = 77 (Tig7()a(t) — ke(t)/2) (5.24)

where the resonant condition, § = €2 4 dw, is maintained. In this subsection, we provide
the details for the derivation of g(¢) from the dynamical equations for the qubit and cavity
field. Importantly, the non-Markovian parameter N' € C, and we will make the definition
N = |N|e"~. The procedure is similar to that outlined in Section replacing the
equation for the cavity field to include the non-Markovian correction. This replacement
changes the shape of the equations, but not the spirit of the derivation. That way, the
equation for the qubit field becomes

(1-N)

K

8= [ememar- [ lenpan

(5.25)

lg(t)]* = |q(to)” — p

t X (r)é(r)dr —

Let us recall the definitions from Section &(t) = —ic(t) = e"O=0W) (1) = ex()—iot)
to keep track of the modulus and phase of all quantities. Additionally, we also recall the
input-output relation é(t) = £(t)/v/k, where £(t) := (x4, t) for simplicity.

Obtaining the modulus and the phase of the cavity field, r(¢) and 6(t) respectively, is
straightforward once the wavepacket is known. The modulus of the qubit field is given
by Eq. . However, recall from Section that, when deriving a complex ¢(t) the
main difficulty was obtaining the phase of the qubit field o(t). Following exactly the same
steps for arriving at Eq. , but dragging along the parameter N, one arrives at

0(t)(1 — |N|cos d)N)'—i- 7(t)|N] sin par
#(t)(1 — |N|cos par) — O(t)|N|sinpn + k/2

o(t) = —x(t) (5.26)
and upon integrating o(¢) numerically one has all the ingredients to construct the desired
control.

It is interesting to explore a simplified example to highlight the fact that there still
exist analytical expressions for the controls in this non-Markovian scenario.

A simple limiting case would be to emit a photon that has no imaginary part (for
example, if we planned to correct all distortion at reception). Considering such a real
pulse 0(t) = o(t) = 0 V¢, then

2(t)e*®
g(t) = (2@ (5.27)
where r(t) = log(|¢(t)|/+v/k) and z(t) = log |q(t)|. For &(t) = /k/4sech(xt/2), we find

et/ (2=2N) .
(1+ ent/(l—N))2\/N+ (1-N)/(1+ ent/(l—N))2'

When the Markovian parameter is zero AN/ = 0, one recovers the physics of the Markovian
model studied in Chapters [3| and |4} and the standard pulse g(¢) = x/2sech(xt/2). How-
ever, for N' > 0 the dynamics change, and to create a sech photon, the coupling remains
opened |g(t — 00)|> = N.

glt) = (5.28)



6HAPTER 5. MITIGATION OF DISTORTION AND NON-MARKOVIAN EFFECTS

0.5
(a)

0.4

i 0.3

+~

= 02 gin'ec ion(t)

= 0 o —— g(t). Markovian
' —— ¢(t). Beyond Markov
W e
0.5
0.4 (b)
0.3

N

— 02

% 01 finjection(t) ‘
00fF———————— : t S====a
—0.1
—0.2 . , , . .

—20 —10 0 10 20
Kt

Figure 5.3: Time dependent controls ¢(t) for different proposed injection wavepackets.
Panel a) shows the result of proposing a sech photon. In this case, we have analytical
expressions for both cases, the Markovian control (gray line) is just another hyperbolic
secant, while the g(t) obtained with the refined model (green line) is given by Eq. .
In panel b) the proposed photon follows the Eq. where the non-linear part of the
dispersion relation has been kept quadratic, i.e., wny, o< k2. In this case, no analytic ex-
pression exists, and the equation for the phase of the qubit field has been integrated
numerically.

The controls shown in Fig. [5.3 summarize the difference between using the Markovian
model derived in Chapter [3]versus the first-order Markovian approximation presented here.
Panel a) shows the control when the target wavepacket is hyperbolic secant, whereas in
panel b) the target photon has an imaginary part equivalent to setting wnr, o< k? in the
equation for injected wavepacket . The insets show the real and imaginary parts of
the injection wavepackets in each of the cases. The main qualitative differences introduced
by the refinement are that i) the coupling remains opened (as remarked in the previous
paragraph), and ii) the oscillations of the imaginary part get smoothed when imprinting
phases on the wavepacket. This last trace is very convenient since it allows imprinting
greater distortions than the purely Markovian theory.

5.3 Implementation of the correction strategy

The theoretical investigations in the previous sections have revealed two key findings.
First, non-Markovian effects play a significant role, highlighting the need for protocols that
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account for these influences when correcting diffraction. Second, the revised model, which
incorporates non-Markovian effects, allows for accurate wavepacket engineering. This
enables the mitigation of distortion by precisely imprinting the desired phase patterns
onto the target photons. These findings will be validated through detailed numerical
simulations, focusing on a practical application of the state transfer mechanism using
circuit-QED elements.

5.3.1 Simulation parameters in WR90 waveguide

The detailed study of the setup of [MSK™20, [SSK™23] done in Chapter 4] lead us to the
conclusion that the propagation distortion was indeed playing a role. Because of this, we
choose to test the method described in the previous sections first on a WR90 waveguide.
This is, in the kind of waveguide used in these particular experiments.

Let us recall from Chapter 2| that the dispersion relation of this waveguide is [Dav12]

w(km) = ¢ <Z>2 k2, (5.29)

where the k,, represents the wave numbers along the longer dimension of the waveguide,
defined by k,, = mn/L for x € [0,L], and [; denotes the width. The theory of capaci-
tive couplings between the transfer resonators and the cavities allows for the derivation of
the cavity-photon coupling coefficients Gy, j = (—1)™U=Y /k0, w(ky)/(2Qr; L) [Rip22],
where k; are the experimental decay rates for the two transfer resonators. Recall Sec-
tion [2.4] of Chapter

The computational modeling of the experiments relies on two separate elements. First,
a software was developed to generate the time-varying control functions, g;(¢). In sim-
ple scenarios, such as a waveguide with a linear dispersion relation, the software uses
analytical expressions for g(t). For more complex scenarios, Runge-Kutta integration is
employed. This method integrates Eq. in the reverse temporal direction, starting
from a specifically chosen predistorted wavepacket.

This study also incorporates a simulation of the entire set of dynamical equations of
the full problem: Egs. , , and . The approach uses a Trotterization technique
to model the dynamics, accommodating a variety of dispersion relations, time-dependent
controls, and any value of the length and free spectral range (FSR) of the waveguide. These
simulations, which are numerically exact within the single-excitation subspace, evaluate
the fidelity of the state transfer process. In general, this numerical implementation of the
evolution dynamics is very similar to what was already used in Chapter [4] and produced
the state transfer data shown in Figs. [£.5] [£.4] £.8 Only technical improvements to
accommodate that now ¢(t) € C, and some other minor changes were included. The main
novelty of this chapter is the design of the distortion-correcting controls.

This subsection deals with two different simulation scenarios within the WR90 waveg-
uide. First, inspired by [MSK™20|, a waveguide with a length L = 5m, which supports
351 modes. Second, and thinking of a return trip in the setup of [SSK™23] a considerably
longer L = 60m waveguide, which accommodates 4000 modes.

The inverse relationship between the free spectral range and the length of the waveguide
imposes a difference in the number of modes between the two setups. It demands a greater
number of modes for the 60m waveguide to maintain a bandwidth comparable to that of
the 5m setup. In both experiments, we operated at the highest possible speeds i.e. kK = k,
leveraging the fact that the X-band in the WR90 waveguide is much wider than the typical
wavepacket «, as highlighted in [Dav12].

It is important to note that the simulations disregard decoherence effects to focus on
improving the fidelity of coherent quantum state transfers. Nonetheless, it is relevant to
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mention that, based on findings from [SSK™23, |QLN"23|, photon loss could potentially
degrade the fidelity by up to 0.5% in a 60m waveguide. As discussed further below, this
degree of loss is less significant than the infidelity caused solely by photon distortion in
cryogenic superconducting waveguides.

However, before presenting the results for distortion correction in a full state transfer
experiment, it is important to assess the fidelity of the effective non-Markovian model
representing the dynamics of the full system.

5.3.2 Comparison between the non-Markovian model, and the full
Hamiltonian

The simulation in this segment focuses on a single node, starting with the qubit in an
initially populated state ¢(0) = 1. A broadband hyperbolic secant photon, characterized
by k/(2m) = 200 MHz, is introduced into a waveguide of length L = 5 m. This challenging
experimental scenario enables rapid protocol execution and thorough investigation of the
non-Markovian effects.

The first quantity we will pay attention to is I'(t)/c(t). Recall Eq. for the
definition of I'(¢) and its simplified second order approximation, Eq. . It is important
to remember that in a purely Markovian scenario, the mentioned ratio is just a constant
complex number, namely,

0 = 0w + K/2 (5.30)

c(t) '
with the real and imaginary parts representing the decay rate and the effective Lamb shift,
respectively. This quantity is shown in the top two panels of Fig. for two different
situations.

When looking at a linear dispersion relation, the Lamb shift disappears. However, the
ratio I'(¢)/c(t) displays dynamic behavior instead of remaining static. Specifically, the
real part of the ratio, Re(I'(t)/c(t)), oscillates around the predetermined decay rate k,
alternating below and above it depending on whether ¢é(t)/c(t) > 0 or é(t)/c(t) < 0. For
a non-linear dispersion relation, the average Lamb shift deviates from zero and exhibits
fluctuations proportional to ¢&(t)/c(t).

Utilizing the calculated values for ¢(t) and I'(¢), it is possible to deduce the magnitude
of the non-Markovian correction parameter, denoted as N (). Set x and dw to their mean
values (indicated by the gray dashed lines in Fig. and (b)), and compute

N(t) = <1;((;) - g - iéw) Zg; (5.31)

The calculated non-Markovian corrections for the emission process, which occurs over
temission € (—12/k,+12/kK), are depicted in Fig. . At approximately ¢t = 0, the pop-
ulation of the cavity peaks, making the c(t)/¢(t) term in Eq. singular, and thus
the formula inapplicable. This effect is observable in Fig. [5.4¢, where the absolute value
of N exhibits a divergence around st ~ 0 and its phase undergoes rapid fluctuations be-
tween —m and 7. Nonetheless, during most times of the dynamics, N (t) remains roughly
a constant complex value.

The departure from Markovian theory has significant implications. Such deviations
suggest that a control g(t), formulated under the strict Markovian framework, will inject
photons injection that differ from the anticipated profile arget. These imperfections can
be mitigated by employing non-Markovian models that incorporate a non-zero N.

This approach has been numerically verified by evaluating the fidelity of the photon
injection

Fpulse = | <§target|§injection> ‘2‘ (532)
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Figure 5.4: Real (a) and imaginary (b) part of 2/k I'(¢)/c(t) for a linear waveguide with
constant couplings G = |G| (green line) and for a WR90 model (orange line). The real
part gives an account for the decay rate, while the imaginary part refers to a Lamb shift.
(c) Modulus and phase of the non-Markovian parameter N = [N’V calculated from the
two top panels according to Eq. . Note that, around xt =~ 0, ¢(t) — 0, leading to
a singular behavior of N, which is physically irrelevant. Parameters: L = 5m waveguide,
k/(2m) = 200 MHz, 5000 time steps, g(t) o sech(kt).

Simulations with the complete Hamiltonian, applying controls g(¢) calculated via both
Markovian and non-Markovian models, support this verification. Simulation data, de-
picted in Fig. for waveguides of L = 5m and L = 60m with a linear dispersion relation,
show that incorporating the non-Markovian parameter N significantly enhances the pulse
fidelity by more than an order of magnitude.

This evidence reinforces the argument that integrating corrections beyond the Markov
approximation leads to a model that reflects more accurately the physics of the entire
system, thus enabling higher fidelity state transfer in practical settings.

5.3.3 Correcting distortion in a WR90 waveguide

This section demonstrates the significant enhancement of quantum state transfer fidelity
achieved through our approach, using a WR90 waveguide. As outlined in Section [5.1
addressing distortion requires creating a wavepacket defined in Eq. (5.1]).
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Figure 5.5: Infidelity 1 — Fj,yse to quantify the faithfulness of the effective model for two
different waveguide lengths L =5 m (a) and L = 60 m (b). Fpyse is calculated according
to Eq. The control g(t) is derived from a Markov model (AN = 0, orange lines) and
the effective model including non-Markovian effects (N # 0, green lines). The target field
in every case i Ytarget (t) = \//4 sech(kt/2). The output field has been reconstructed at
the middle of the waveguide using Eq. setting x = L/2. For L = 5 m, 351 modes,
2000 time steps have been used, and a protocol duration of t5, € (—40/k,4+40/k). For
L = 60 m, 4000 modes, 2000 timesteps and tgom € (—100/k,+100/K).

Approximating the dispersion relation (5.29) to second order around (k — k.), the
resulting expression is

1
w(k) = wike) + (k = ke)vg + 5 (k = k.)? Do, (5.33)
where Dy = 628‘2(2]“)

In our study, we adopt again the wavepacket d}}cd = /3, sech <%(k)> To adequately

‘ k, represents the curvature of the dispersion relation.

address correction up to second order, Ds, the wavepacket demands the following phase
profile

. . 1
ginjection (t) = Z w}@de_lw(k)t exp <Z2D2(k - kO)QtAB>7 (534)
k

where recall that the parameter tpp is the propagation time from the emission point (x4)
to some other point (xp). If we wanted to correct all distortion at emission, then txp
would just be the propagation time of the waveguide. But other possibilities involving
correction at emission and reception are also possible. These different approaches are
shown pictorially in Fig. and d.

Further, we define a normalized distortion parameter D = Datap/ (21}2). Computa-
tional analyses reveal that the phase configuration in Eq. can be generated through
a control g(t), assuming | D| < Dpaz, Where Dy, is approximately 3/(2v/5x2), as detailed
in Subsection B.1.1]

Considering the parameter regime shown in Fig. ie. L =>5m and k/(2m) ~ 102
MHz and a L = 60 m waveguide with x/(27) ~ 10! MHz, the values for the distortion
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Figure 5.6: State transfer infidelity for a realistic WR90 waveguide. The dots are the
actual points where the simulation was performed, whereas the lines are to be interpreted
merely as guides to the eye. Blue lines correspond to the usual g(t) = x/2 sech(xt/2).
Orange lines are obtained by trying to generate the corrected photon , obtaining the
corresponding ¢(t) with the effective Markovian model (N = 0). Green lines correspond to
the infidelity when the control to generate Eq. is obtained, considering corrections
beyond Markov (N # 0). Both the blue and green lines are explained very accurately by
an analytical calculation of the distortion, analogous to the one presented in

Panel (a) contains simulations for a 5 m waveguide whose parameters are 351 modes,
2000 time steps, and a protocol duration of t5y, € (—40/k,4+40/k). A distortion of Dsy, =
0.33/2 ns~2 at each of the nodes. The parameters of the panel (b) are 60 m waveguide 4000
modes, 2000 time steps and tgom € (—100/k, +100/k). A distortion of Dgoy = 4.70/2 ns?
at each of the nodes.

parameter are Dsy = 0.33 ns? and Dgom = 4.70 ns?. These values are larger than Dyay
but still smaller than 2D.,,. Hence, one can employ the complex control to correct half
the distortion on the emission process and half on the absorption, as discussed at the end
of Section (.11

In Fig. [5.6] we show how our method compares to the usual wavepacket engineering
done ignoring non-linear dispersion relations. We define the fidelity of state transfer as
the probability that the second qubit absorbs the photon and gets excited at the end of
the experiment ¢

Firansfer = |q2(tf)|2- (535)

The blue line corresponds to the state transfer fidelity using the usual Markovian control

g(t) = /2 sech(xt/2) [PnPR¥22|, obtained from an ideal wavepacket such as ¥id =

5, 5ech %(k)> without any predistortion of the phase. As expected, we obtain fidelities

that decrease with increasing photon bandwidth. These infidelities are dominated by the
photon wavepacket distortion, consistent with the estimations in Chapter
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The orange and green lines show the fidelity obtained using controls that have been
obtained, proposing the &injection defined in Eq. . Both of them show much better
fidelities than the case of the ideal photon. The orange line uses time-dependent controls
obtained with the Markovian effective model, cf. Egs. and in Chapter The
values to which this line saturates can be explained by the orange line in Fig.[5.5] Beware
that the results of Fig. can not be directly translated to Fig. since G, = |G| in
the first one, whereas Gy, o< y/wy in the second.

Also, the generation of the target wavepacket with a control ¢(t) taking into
account non-Markovian effects, that is, Eqs. (5.23) and (5.24) with N' # 0, leads to
infidelities that are up to three orders of magnitude better than with the usually employed
controls. As for the blue line, we stress again that the numerical results for the green line
are accurately predicted by the theoretical model proposed in [PnPR™22] provided that
one accounts for the correction of the quadratic term.

Finally, let us mention that the proposed method can be applied to different quantum
platforms, that is, to quantum links with distinct dispersion relations, either with positive
or negative curvature. The following and final subsection is devoted to implementing
correction strategies for a typical w(k) of coupled arrays, such as those found in [CSPT19,
SLZ™19, [LHT7].

5.3.4 Correcting distortion in a w(k) o cos(k) waveguide

In this section, we illustrate the adaptability of our approach to various platforms char-
acterized by different dispersion relations w(k). Employing the methodology outlined in
the previous subsections, we conduct numerical simulations for state transfer through a
medium with the following dispersion relation

w(k) = wo — 2J cos(k). (5.36)

This relation is representative of those found in coupled cavity array systems |[CCCRI6),
SLZ™19, [LHT7].
The group velocity and curvature of this waveguide are

Ow(k) ,

vg = 2% ‘ko = 2J sin(kp), (5.37)
d*w(k

Dy = (%(2)‘% = 2J cos(kp), (5.38)

where kg represents the wave number at which the frequency of the waveguide mode equals
that of the emitter, i.e. w(kp) = d1.2. Similar to the situation with the WR90 waveguide,
both the curvature Do and the distance traveled determine the value of the distortion
coefficient D.

To align with the frequency domain utilized for the WR90 waveguide, the parameters
chosen are: wp/2m = 9.406 GHz, J/2m = 1.5 GHz, and the waveguide length is set to
30 m, with emitters tuned to 0;2/27m = 10.406 GHz. Consequently, the curvature of the
dispersion relation in the operation band is negative (refer to Fig. ), unlike the positive
curvature considered in the previous subsection. With these specifications, the distortion
for a single trip in this waveguide totals D = —1.343 ns?. The propagation time at the
emitter frequency is tprop = 134.99 ns, compared to tprop = 142.58 ns observed in the
WRI0 waveguide.

The infidelity of state transfer is depicted in Fig. [5.7p. Similar to observations with
the WR90 waveguide, the inclusion of a control function g(t), which compensates for non-
Markovian effects (N # 0) and distortions in the wavepacket, improves the fidelity by
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Figure 5.7: (a) Dispersion relation w(k) given by Eq. (dotted-dashed line). The
region highlighted with a solid orange line corresponds to the 700 modes used for the
simulation, and is centered around the emitter frequency §/27 = 10.406 GHz where w(k)
features a negative curvature. (b) State transfer infidelity for w(k) (5.36). The points
correspond to the numerical results, while the lines are guides to the eyes. In blue, the
standard strategy without correction, g(t) = k/2 sech(xt/2). In green, the infidelity when
the control to generate is obtained considering corrections beyond Markov (N # 0),
and correcting D = —1.34/2 ns~2 at each of the nodes.

two orders of magnitude. This enhancement underscores the adaptability of the proposed
method for accelerating state transfers across different quantum platforms.

In conclusion, it is noteworthy that the method introduced herein is versatile and
adaptable across various quantum systems, specifically to quantum links characterized by
different dispersion relations, including those with either positive or negative curvature.

5.4 Summary

In this chapter, we introduce two relevant and sophisticated correction mechanisms to
improve the fidelity of quantum state transfer in realistic waveguides. The core finding
is that near-optimal quantum state transfer is feasible despite coherent distortions en-
countered within the quantum link. To compensate for the distortions that appear in a
medium with non-linear dispersion relations, we derived a new set of control equations
that both address the need for complex couplings, while introducing corrections beyond
the usual Markovian theory. Both ingredients combine to reduce the infidelity of quantum
state transfer for several orders of magnitude in scenarios of practical experimental inter-
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est, such as circuit-QED experiments involving long quantum links as those employed in
Refs. [SSK™23, |QLNT23|. For short quantum links, i.e. in the few-mode limit, infideli-
ties can also be reduced, where the correction would be noticeable in the case of strong
non-linear dispersion relations. Note that, albeit adiabatic quantum state transfer is not
limited by distortion, such slow protocols are more prone to decoherence, and wavepacket
engineering performs similarly or better, even at short distances [PnPR™22].

In the context of shorter quantum links, particularly those in the few-mode regime, the
improvements in fidelity are also substantial, especially under conditions of pronounced
non-linear dispersion relations. It is important to note that while adiabatic quantum state
transfer is not constrained by distortion, such slow protocols are generally more susceptible
to decoherence, yet wavepacket engineering often provides equal or superior performance,
even over shorter distances [PnPR'22].

This work opens various avenues for further research. From a fundamental perspective,
it may be interesting to understand how the theory applies to more general platforms, from
photonic crystals to magnonic waveguides. More generally, straightforward continuations
include higher-order corrections to the Markovian limit, evidence of which already exists
in these simulations. The most ambitious goal would be to push the speed limits of
quantum state transfer, seeking interaction strengths and control speeds that challenge
the constraints of the current model, such as the rotating-wave approximation.

Another natural extension to everything that has been laid out up until now is to
consider multiple emitters sending multiple excitations through the quantum channel.
Multiplexing information in these architectures will be essential for future development
and scaling, however, everything in this and the previous chapter was single excitation
physics. The next chapter delves in detail into the possibility of sending multiple photons
and the challenges and obstacles that this poses.






Multiplexation of quantum

information in waveguides

In this chapter, we present two techniques for multiplexing the communication through
a microwave waveguide utilizing single-photon wavepacket shaping methods [PHET13,
FWCT17,[KAST23, [YEAT23]. These approaches are examined within a distributed frame-
work involving two remote nodes connected via a quantum link, as experimentally realized
in state-of-the-art experiments [KMW ™17, MSK™20l [SSK™23, QLN"23, IGYC™24].

The two multiplexing techniques that we have developed are mode multiplering and
frequency multiplexing. The first method consists of a spatiotemporal mode multiplexing
strategy. This functions by engineering a control for producing a set of orthogonal modes
that would work with current single-photon shaping systems [PHET13, [YEAT23|. This
method expands the potential for constructing large photonic states [SCST16l, [FKB™22]
and broad quantum resources. However, it is impractical for communicating more than
two qubits coupled resonantly because operating on two orthogonal photons sharing the
same carrier frequency leads to interference and cross-talk effects.

The second method changes the focus and proposes a scenario where multiple emitters
operate at different wavelengths while maintaining coherent dynamics. This frequency
multiplexing technique effectively isolates unwanted interactions between emitters and
identifies optimal operating regimes. A detailed study involving 2+2 qubits—two qubits
at each of two separate computing nodes sharing a common quantum link—demonstrates
the feasibility of simultaneously transferring two photonic qubits with high fidelity. Only
a relatively small frequency separation, determined by the photon bandwidth, is required
to achieve the excellent fidelities of single-photon state transfer studied in [PPGR23|
PnPR722|. A pessimistic extrapolation of the two-photon case to multiple emitters esti-
mates the information capacity of the waveguide. This is understood as the bandwidth
requirements to transmit a given number of qubits below a given overall infidelity. These
estimates suggest that current setups support transferring tens of multiplexed qubits with
minimal coherent errors, at levels compatible with fault-tolerant quantum computation.

The presentation of the two multiplexing techniques is organized into four sections.
Section [6.1] presents the model and introduces the single and double excitation ansétze
employed in the simulations. Section[6.2] presents the idea of mode multiplexing, elaborates
on the theoretical framework for producing the target family of orthogonal wavepackets,
and shares numerical results from quantum state transfer protocols. Section [6.3] explores
frequency multiplexing, presenting in-depth numerical simulations of quantum state trans-
fers using two photons to assess its efficacy and predict its scalability with increasing num-
bers of multiplexed photons and emitters. Lastly, Section summarizes the key findings
of this study and discusses possible future implications.

73
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Figure 6.1: Schematic representation of the multiplexation protocols considered in this
chapter, namely, mode (a) and frequency multiplexation (b) across a waveguide connecting
two nodes. Mode multiplexation is illustrated in (a), where one can apply either go(t) or
g1(t) to produce a propagating photon, &y(t), or one that is orthogonal to it, £1(¢). At the
second node, one can selectively choose to interact with one or the other also by choosing
the adequate control. Panel (b) refers to frequency multiplexing, illustrated for nodes
containing two qubit-resonator systems each, and chosen to be pairwise resonant, §; = J3
(green qubits), and d2 = d4 (red qubits). The photons travel concurrently and do not
disturb each other because they have different central frequencies, exploiting the available
bandwidth.

6.1 Model

This chapter aims to improve the information capacity of a waveguide-QED quantum
link connecting two quantum processors. The proposed theoretical framework for the
link assumes two quantum nodes attached to either end of an open waveguide. Each
node is equipped with quantum registers comprising one or more qubits. These qubits
are individually linked to the waveguide through distinct microwave cavities, serving as
frequency filters. This arrangement has been previously implemented in cutting-edge
experiments involving superconducting circuits [ELFT12, [PHE™13, |ZPB™15, KMW ™17,
MSK ™20, ISSK™23, QLNT23|. In this study, we expand upon this model to include multiple
emitters at each of the two nodes (see Fig. [6.1]).

The setup shown in Fig.[6.1]is a figurative representation of the two multiplexing tech-
niques that are introduced in the following sections. First, Fig. illustrates photons
in orthogonal spatio-temporal wavefunctions. This corresponds to the mode multiplexing
method for increasing the channel capacity. Second, Fig. pictorially shows the idea of
frequency multiplexing, that is, sending simultaneously two flying qubits at different cen-
tral frequencies. This final proposal requires moving beyond the single-excitation ansatz
and developing strategies to effectively manage multiple excitations.

In exploring multiplexing strategies, it is essential to extend the analysis beyond the
limit of a single excitation. The smallest problem we need to analyze consists of two qubits
per node, exchanging at most two photons. This corresponds to a Wigner-Weisskopf
wavefunction with at most two excitations, which, due to the need to work with hundreds
of frequency modes, lays at the limit of our computational capabilities—at least when
working with exact diagonalization techniques. This two-excitation wavefunction model
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is represented by

[qu,j U+U+ +ZCz,jcz,] a + ZCm nwmn )b bT

i#]
+un a+aT+Zqzm +bT+Zc TbT}\O), (6.1)

where (;; = 1/v/2, and otherwise 1. By analogy with the notation used for single ex-
citations (cf. Chapter [3| Section [B.1), the terms g;;(t),¢;;(t), and thmn(t) denote two
excitations in the qubits, resonators, or the waveguide, respectively. The wavefunction
further accounts for pairs of excitations in different combinations: one in a qubit and one
in a filter represented by ¢f ;(t), qubit and waveguide mode qzjm (t), and a resonator and

a waveguide mode cfm(t). A critical constraint ensures that no individual qubit contains
more than one excit7ation, as specified by the condition ¢ # j in the initial sum. The
evolution of the state described in Eq. under the general Hamiltonian of the system
presented in Chapter 2| cf. Eq. , leads to a set of coupled differential equations akin
to those in Egs. -.

The case of two excitations is still numerically tractable, as in this subspace of the
Hilbert space the size of the evolution matrix scales as N(N — 1) x N(N — 1) oc N%.
In this context, N denotes the sum of all elements of the system, Ngupits, Neavities and
NwWGmodes, Where the main overhead comes from the number of waveguide modes. Still, as
will be shown in the numerical analysis, the 2 excitation ansatz permits simulations with as
many as 500 waveguide modes without being too demanding computationally. Simulations
will be run in a workstation with 38 cores. The same is not true, however, when scaling
to the three excitation subspace, nor when increasing the number of modes. Let us recall
again that the method we are using for computing the evolution never constructs the
matrix itself, but only the action of the exponential of the matrix acting on the state
vector. Without this method, the two excitation examples would already be at the limit
of the aforementioned computational capabilities.

The formulation of the time-dependent couplings g;(t) differs depending on the chosen
multiplexing strategy, which will be further elaborated in Section Now, we turn our
attention to the first of the approaches studied in this chapter, mode multiplexing, or the
creation of electromagnetic modes that are orthogonal in the time domain.

6.2 Mode multiplexing

Multiplexing is the process of combining two or more information channels into a single
transmission medium. This normally involves the use of various degrees of freedom in the
channel to increase the capacity, e.g., the time at which the wavepackets are produced.
In this section, we describe the first approach that we propose, introducing an additional
spatio-temporal dimension, represented by the waveform of the photons traveling through
the waveguide [see Fig. [6.1f].

The use of mode multiplexing requires us to generate and absorb photons in different
waveforms. As explained in Subsection[6.2.1}, each mode from an orthonormal basis {&,(¢)}
will be associated with one control for the emitter qubit and a slightly different one for
the receiver qubit. The controls must be discriminative, ensuring that if the j-th qubit is
intended to absorb a specific wavepacket shape, it completely rejects photons in orthogonal
modes. As discussed in the following subsection, adopting multiple modes demands a
departure from traditional wavepacket shaping methods [VVNT17, MSK™20, [PnPR"22,
PCZI17], which typically involve real-valued positive wavepackets, in favor of more general
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designs. These include the possibility of envelopes changing sign, or imprinting phases on
demand, as discussed in Chapter

6.2.1 Engineering orthogonal wavepackets

Let us denote as {&,(t)} the family of orthogonal modes in the multiplexed channel, where
n =0,1,... indicates the mode index. These photonic modes form an orthonormal basis,
expressed as

[e.e]
Enlt). () = | At O8n(0) = G (62)
—0oQ

Fulfilling this condition demands that certain modes exhibit non-trivial phase profiles,
such as sign changes at specific points. This requirement challenges traditional wavepacket
shaping methods that typically rely on real-valued functions for wavepackets and controls
throughout their calculations. However, this limitation is not fundamental, complex con-
trols of the form g(t) = |g(t)|e~*® pose no theoretical challenge, and can be engineered
with current technologies like qubit-cavity coupling systems [PHE™13].

This problem was tackled in Section of Chapter [3] when the general equations
for the modulus and phase of the control were derived in terms of a general wavepacket,
these are Egs. , and . The case of orthogonal wavepackets is a concrete ex-
ample where this generalization is mandatory. There is no way to satisfy the orthogonal
condition if one does not allow the envelope to take negative values.

6.2.2 Orthogonal mode state transfer

The minimal instance of mode multiplexing is to communicate nodes through two orthog-
onal modes. The objective of this subsection is to numerically evaluate the effectiveness of
a single-photon state-transfer protocol making use of two orthogonal modes. These modes
are generated by the control functions go(t) and g1 (), which were derived as outlined in
Chapter [3] and are illustrated in Fig. [6.2]

This analysis aims to verify that quantum state transfer is feasible using any desired
orthogonal mode while maintaining its selectivity. This is, whether we can reject an
incoming photon with a probability of 100% by receiving it with a control g,(¢) which is
orthogonal to that which created it.

As customary in the literature [KMWT17, IMSK™20, IABPT18, [CZN"18|, and also
throughout this whole thesis, we start from a sech-pulse

&(t) = \/jsech(mf/Q), (6.3)

and construct the orthonormal family of photon wavepackets associated with it. One
can obtain the first orthogonal photon mode by multiplying Eq. by a first-degree
monomial ¢. In this case, the orthogonality is guaranteed by the difference in symmetry
between both functions, [ & (¢)&(t)dt = 0, this leads to

§1(t) =/ ?l:zsech(ntﬂ)t. (6.4)

A larger family of sech-orthogonal photons can be constructed by Gram-Schmidt orthog-
onalization. For the second orthogonal photon, we could naively increase the order of the

monomial
[15K5
é.J_Q (t) = WSQCh(Ht/Q)tQ (65)
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Figure 6.2: Panel a) shows the shape of the first two mutually orthogonal photons from
the family &,(t) o sech(t) x ", i.e. &y(t) and & (t). Panel b) shows the corresponding
controls to produce them, go(t) and g1 (¢), respectively. These controls admit an analyt-
ical description and are obtained by plugging the wavepackets &y(¢) and & (t) into the

Egs. (3:61), and (3.69).

However, this function is not orthogonal to &. To ensure that the new proposed photon
is orthogonal to all the others one can use the Gram-Schmidt method,

2(t) o< E1y — (€145 80) S0 — (€100 &1) &1, (6.6)
finally finding &»(t) to be

sech(rt/2) <t2 — 7r2> (6.7)

& (t) = 32

K
2472 K2
Naturally, this technique can be extended to consider polynomial corrections of arbitrary
order.

Any of these photon shapes can be plugged into Egs. and , and obtain from
there the analytical formulas of the controls to produce them. We will reproduce again
here the formulas for the modulus and phase of the control in terms of the wavepacket for
the sake of clarity, they are

_ JU@ w2 502 + (G0 1)
‘g(t”‘\/ (= FO)- 20 (0%

and

- atan LIONRU [ B
PO = oo (—(f(t)f(t)+ff/2f2(t))> |t s~ ©9

In all cases considered in this chapter, the wavepacket is real &, € R, and we can set
fn = &n, Bn = 0. The expressions for the controls of the first two orthogonal modes are
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Figure 6.3: Quantum state transfer employing orthogonal wavepackets, showing the evo-
lution of the populations of the qubits and transfer resonators. Panels a) and b) show
a standard emission absorption protocol using the same controls at both ends, namely
go(t) in (a) and g1(¢t) in (b), resulting in a transfer efficiency in both cases well over 99%.
Panel c¢) shows the dynamics when a photon &;(t) is emitted using ¢ (), and we apply
an orthogonal control go(t) at the receiver end. The transfer efficiency in this case drops
to ~ 107°. The simulation parameters are: 012 = w12 = 21 x 8.9 GHz, Nwc = 300,
lwg = 30 m, and k12 = 27 x 20MHz.

given by

go(t) = gsech(mt/Q), and (6.10)

1+ e + kt)sech(rt/2)
D,

(1+ e”t)\/—SLig(—e—”t) + Kt [2kt + 8log(1 + e#) — ktsech® (kt/2) (1 + sinh(kt))],

) = , where D = (6.11)

with the special function Li, () = Y s, 2¥/k™. These controls are displayed in Fig. 6.2b
and they produce the wavepackets &(t) and &;(¢) shown in Fig. [6.2h. Observe the change
of sign in & (¢), a wavepacket of this nature cannot be generated by a non-negative coupling
g1(t) = |g1(t)|. Nevertheless, the approach presented here still yields a smooth and real
control, where the phase ¢(t) = 0,7 merely indicates a sign shift in g(¢). The point
at which the control changes sign is not obvious, since it depends on the profile of the
wavepacket, and also on the more involved term f(t)f(t) 4+ x/2f2(t) in Eq. (3-64).

We have studied the transfer of information among two nodes using the previous modes.
The first study relies on the transfer of a single qubit using either &y or &1, with adequate



CHAPTER 6. MULTIPLEXATION OF QUANTUM INFORMATION IN
79 WAVEGUIDES

controls at the receiving port. In Fig.[6.3] we present the results of a numerical simulation
for the single-qubit state-transfer protocol that incorporates two orthogonal modes in three
different situations. The upper two panels illustrate that employing the same control, g(t),
at both ends of the system, results in a high-fidelity transfer. It is important to note that
the state transfer is not perfect owing to wavepacket distortion effects, and the other
source of imperfections detailed in Chapter [4 Although the correction methods proposed
in Chapter 5] might enhance the results, they were omitted here to facilitate a direct
comparison with the single-mode strategy.

The fidelity of the process is quantified by the probability of completely transferring
the excited state of the emitting qubit at one end, |¢;(0)|?> = 1, to the receiving qubit at
the other, |go(T)|?. The simulations depicted in Fig. c) validate the selective aspect
of the controls, which, when configured for a specific photon mode &y(t), effectively reject
photons arriving in a different mode & (t). Though not depicted, the reverse scenario with
emission by go(t) and absorption through ¢ (¢) yields the same results. Finally, we note
that the method is extensible to any arbitrary mode functions, &, (t).

It is important to note that the photon that is rejected undergoes significant distortion
due to its interaction with the second qubit. Although the wavefront is not explicitly shown
in Fig. [6.3c, it is possible to infer both the original wavepacket |£;(¢)|? o< k1|c(¢)|? and
its altered form |&1(¢)'|? o kale2(t)|? using input-output theory based on the population
profiles of the cavities (dashed lines). There is a notable asymmetry in the distortion at
the right-hand node, which makes the photon notably distinct from its original profile [cf.
Fig. 6.3k, red dashed line]. We devote the next subsection to analyzing this effect and its
possible implications in mode multiplexing.

6.2.3 Orthogonal mode state scattering

The distortion observed in Fig. is completely accounted for by the interaction between
the photon wavepacket and the resonant qubit-filter node. During the reflection, the
photon, although being rejected, interacts with the qubit and undergoes a phase shift.
This process was already studied in Chapter [4] and the distortion it causes is captured
in Eq. . This section aims to examine what happens when a photon £ scatters
off a qubit-resonator node which is using a control g(¢) designed to absorb a different
photon mode. The previous subsection already shows how the absorption gets completely
suppressed, the objective now is to understand how this rejection affects the envelope of
the wavepacket.

The analysis is based on numerical experiments with the two wavepacket shapes
0,1(t) — from the previous section. The study compares the scattering phases ac-
quired by the two modes in frequency space. First, in an experiment with a bare resonator,
and second, in a situation with a resonator-qubit using a time-dependent control g(t). The
numerical experiment is designed with broadband wavepackets so that the photon com-
pletely fits inside the waveguide. The idea is to compare the photon shape before and
after scattering. This comparison is performed in frequency space, where the probability
of the different waveguide modes is undisturbed and only scattering phases are acquired.

The data displayed in Fig. illustrates the scattering phases after the interaction
with a bare cavity— Panel a), top— and with a cavity and a qubit— Panel b), bottom—.
The phases acquired by the interaction with a single resonator, shown in Fig. [6.dh are
independent of the incoming mode, &y(t) or £1(t), and are compatible with the expected
phases from an input-output theory calculation (cf. Section of Chapter {)

idseare(w) _ HW — Qra) + K2/2
e = - .
i(w— Qr2) — K2/2

(6.12)
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Figure 6.4: Orthogonal photonic modes scattering. Panel a) shows the result of comparing
the & and & photons after scattering off a resonator with no active control. Panel b)
shows the phases acquired by &q after scattering off a qubit-resonator system with dynamic
coupling g;(t) (blue dots), and those acquired by &; when at the other end go(t) is applied
(orange dots). Parameters of the simulation: [ = 30 m, k = 27 x 60 MHz. Nwg = 300
modes around a central frequency of w, = 27 x 8.9 GHz. Of those 300 modes only the 40
modes closest to the emitter’s frequency are displayed, which correspond to a bandwidth
of approximately x.

Panel b) reveals a completely different behavior. It displays the phase acquired by a photon
in mode &y(t) when the cavity-filter interaction follows protocol g;(¢) (blue diamonds) and
the phase acquired by a photon in mode &;(¢) when go(t) is used (orange dots). Now the
scattering phases are affected by the type of control g(t), imprinting a distortion that is
markedly different from the photon-cavity collisional phase. This said, the phase profiles
can still be computed and used to learn the shape of the reflected photon. This would
allow for engineering controls that could fix this distortion.

The methods described in Chapter [5| for correcting distortion using g(t) € C can be
applied to this context. The core of the method relies on imprinting on-demand phases
on the wavepacket to fix distortion, which is what this physics of scattering requires. This
underpins the assertion that mode multiplexing applies to broadband-based protocols for
generating high-dimensional photonic states, such as those proposed in [FKB*22).

6.2.4 Mode multiplexing conclusions

Nonetheless, while the multiplexing of a single photon mode is effective, generating two
resonant photons in two orthogonal modes simultaneously proves unfeasible. The use of
two resonant emitters, each equipped with their distinct controls go(¢) and g1 (t), leads to
significant cross-talk and degradation of the photons produced. Essentially, what happens
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is that activating two couplings gg and ¢; at the same point and the same energy leads to
population exchange between the emitters, even if these couplings have very different time
profiles. The natural remedy for this issue is to separate the emitters in frequency space,
thereby minimizing their interaction. This different approach introduces a new variant
of multiplexing, termed frequency-type multiplexing, which is explored in the following
section.

6.3 Frequency multiplexing

The second method for communication multiplexing discussed in this chapter uses the
carrier frequency of the photon as an additional degree of freedom, it involves transmit-
ting multiple qubits, with each qubit encoded onto a distinct photon characterized by
its unique carrier frequency. In this section, we examine the efficacy of frequency mul-
tiplexing within microwave experiments that utilize microwave guides. The cutting-edge
experiments guiding the analysis (see Refs. [KMW™17, [MSK™20]) predominantly operate
within the X-band, encompassing a bandwidth of 4 GHz (approximately 8-12 GHz). This
bandwidth can accommodate several photons, each having a width of several MHz.

This setup features two nodes, each comprising a pair of frequency-matched qubits
(cf. Fig. ) Qubits 1 and 2 are located at the first node, while qubits 3 and 4 are
at the second node, with corresponding frequencies and resonator frequencies matched
as follows: 01 = wpy = 03 = wpgr3, and §2 = wrs = 03 = wg3. The exact analysis
concentrates on the subspaces for single and double excitations, adequately representing
the state transfer capabilities for up to two qubits. The dynamics within these subspaces
are precisely described by the wavefunctions for a single excitation, given by Eq. and
for 2 excitations, cf. Eq. .

The goal for the rest of the chapter is to analyze the errors arising from transmitting
two qubits at different frequencies. Two primary types of errors are expected to appear
in this scenario: one due to the indistinguishability of the photons associated with each
qubit, and another stemming from the cross-talk between qubits and resonators operating
at close frequencies. It is expected that these errors will diminish as the carrier frequency
separation increases beyond the bandwidth of the individual photons, expressed as Ao =
|01 — 02| > k. This intuition will lead us to use the control g(t) derived for the single
photon case to the multiplexed scenario. However, when the detuning A, is small, we
do not expect good fidelities employing the same control. This is why we will devote the
following subsection to explore in some detail the physics of two excitations with small
detuning. Once this is understood, the objective is to assess the fidelity of two-photon
quantum state transfer and ultimately of the N-photon case.

6.3.1 Emitters cross-talk

When multiple qubits and filters are connected to the same environment, such as a waveg-
uide, there exists a possibility that these quantum objects affect one another, even if
their resonance frequencies are significantly different. This effect, commonly referred to
as cross-talk, can manifest either as an actual transfer of energy—for example, an exci-
tation located at qubit 1 might jump to site 2 and vice versa—or as alterations in the
inherent properties of the emitters—such as the renormalization of their frequencies and
decay rates.

A numerical exploration of the protocol at different detunings shows that the presence
of multiple qubits and filters affects the intrinsic frequencies of all neighboring circuits.
This influence can be summarized as a recalibration of the frequency of the resonators,
a modification of the decay rates, and a coherent exchange of population between them.
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Because all these effects occur only at the resonator-waveguide level, we chose to study
them with an effective model ignoring the qubits. Also, for the sake of simplicity, we will
drop the subindex R of the frequencies of the resonators throughout this subsection, and
denote the waveguide frequencies as €),,. The Hamiltonian of such an effective model is

H = Z wza a; + ZQ b b + Z mi (a;-rbm + H.c.) ) (6.13)

i=1,2 m,i=1,2

The calculation consists of two parts, first, departing from Eq. and getting rid of
the waveguide modes, the idea is to obtain an effective Hamiltonian for the resonators
and a closed expression for the Lamb shift. Once with such Hamiltonian, the objective is
to study how the exchange terms ajaj with ¢ #£ j affect perturbatively the energy of the
resonators.

The first step is to move to an interaction picture that rotates with the free energies

of resonator and waveguide modes, that way, Eq. (6.13])) becomes
H! = Z Gm,i <a1bme+it(“’ifﬂm) + aib;rne*it(“”*gm)) . (6.14)
m,i

In this picture the equations of motion for the operators are

a; =1i[H,a;] = —zz Gmjbm e itwi—Sm)

b = i [H, by ZG jaje —i#(w;=%m) g6 that,
j

t
bin (t) = by (0) — i Z Gmj /0 dra; (T)e_iT("Jj—Qm),
J

where we have changed the dummy index ¢ by j for the sake of clarity. Substituting this
formal solution for b,,(t) in the Hamiltonian, and focusing now only on the first term
yields

= —zZaT 'Htwl/ drK(t — 7)a;j(t)e”"™i + H.c. ; (6.15)
where K(t—7) =Y G iGmje 077, (6.16)

Recalling again the separation of time scales method introduced in Chapter [3] and exem-
plified by the expression Eq. . Separating the time evolution of the operator a as a
slow contribution a;(t) = a;siow (t)e_iwé't = aj’slowe_iwjte_iwét with an unknown frequency
w;, and introducing u =t — 7, the previous Hamiltonian becomes
+oo
=—q Z aje”twi aj7slowe_it‘”j / duK(u)eiwé‘“e*iwé't +H.c. (6.17)
— 0

—iw’
Now, undoing the transformation to the interaction picture, using that a;gowe wit — aj,

and grouping terms appropriately leads to
Heg = Z(WZ + (5wz~)a;rai +G (alag + aJ{a2> . (6.18)
i

The Lamb shift and effective coupling are defined through

/ / Wiy du, (6.19)
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- . . (W] —w)u .
G . /0 /\/Jz(w)\/J] (w) e dwdu, with (6.20)
Ji(w) =21 ) |G il 20(w — Q). (6.21)

The obtainment of the expression finishes the first part of the calculation and
qualitatively explains the physics of the system in the region where the detuning is very
small.

The Hamiltonian illustrates two primary effects. The change of the natural
frequency of the resonators, denoted by dwpg;, and the emergence of a coherent coupling
between these two resonators, represented by G. The resonator energy shift modifies the
carrier frequency of the flying qubits, which, in turn, impacts the probability of successful
absorption, and therefore, the state transfer fidelity. Additionally, the exchange term
G opens up the transfer of energy between qubits 1 and 2, effectively scrambling the
information being transmitted.

Further examination of Eq. indicates that in the scenario where the separation
between modes is less than the bandwidth of the filters, |wre — wri| < K, the exchange
terms aia} predominantly govern the dynamics. Notably, in this context, the infidelity of
photon emission/absorption can be approximated by considering the frequency overlap of
the produced wavepackets. This overlap reflects the frequency indistinguishability, which
correlates with the probability of photons from one resonator entering into the adjacent
resonator. A detailed assessment of this process, underpinned by numerical simulations,
is presented in Section [6.3.3]

Intuitively, one expects frequency multiplexing to become more accurate when the
emitters and resonators are well separated in energy space. This question may be formally
analyzed as a perturbative limit of the previous model in the limit of large detuning
|wre —wr1| < K, using a Magnus expansion [Magh4, BCORIS]| of the Hamiltonian (6.18)).
Moving once more to an interaction picture, rotating at the dressed frequencies of the
resonators wiD = w; + dw;, the expression transforms to

Heg = ZwiDaZai +G (alag + a];a2> —
i

HL =@ (alageﬂt(“?jj_w?) + aiage_"t(“éj_w?)) . (6.22)
Given that w2D and wlD are sufficiently far apart, a second-order Magnus expansion is

utilized to explore potential new renormalizations of frequencies.
The second order of the Magnus expansion is

M(t) = /O ity /O " b [H (), HI(t2)] (6.23)

The integral coming from explicitly computing the commutators of the first term yields

t t
16 (~alar + abas) / dt, / ' dtgetin @R —wP)-itaP—uP) (6.24)
0 0
1~ t 7 . D_, D
f t Fith (WP — B
e R A e i R
1 G?
=—iz—pH5—p (aJ{m + (—agag)) t + (terms K t). (6.26)

A minus sign from the exponential cancels out with the minus sign in the second commu-
tator, giving the same result, and therefore adding up. Taking all this into account, the
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Figure 6.5: Frequency shift of the resonator 1 (arbitrary labeling) induced by the presence
of the physically identical resonator 2 for three different values of the x. We can estimate
the value of G2 from the slope of the dashed lines. The parameters of the simulation are
! = 30m to avoid discrimination of the mode structure of the waveguide by any of the
three resonator widths. We do spectroscopy of the resonator with a depletion experiment
using as our control g(t) = Keg/2 sech(tkeg/2), where Keg = K.

final Hamiltonian up to second order in the Magnus expansion has the simple form

é2

D D-
Wy — Wy

geﬁ“ = Z C’Z-agai, with Cz = (—I)H_l (6.27)
i

The perturbative Hamiltonian reveals the transformation of cross-talk into a
Stark shift that moves the resonator frequencies up or down, depending on the location
of its neighboring circuits, note that this shift is different from the Lamb shift, which is
already taken into account in the definition of the dressed frequencies wiD .

The presence of these effective Stark shifts is confirmed by accurate simulations of
a 242 resonator and qubit system, starting with an excitation in qubit 1 and depleting
it. The data shown in Fig. [6.5] represents the value of the coefficient C4, starting in a
regime where the physics is dominated by exchange terms and depletion spectroscopy is
ineffective. However, as the condition (w2D —wlD ) &~ 2k is met, the observed frequency shift
aligns well with the predictions made by the effective Hamiltonian , as depicted by
the straight dashed lines. This agreement is very informative because the effective model
was derived considering only the resonators, while the numerical results in Fig. [6.5] utilize
the complete Hamiltonian, including qubits and time-dependent controls g(¢). It indeed
confirms our hypothesis that the effects of cross-talk can be analyzed by studying the only
objects that couple to a common bath, namely the waveguide.

The study of qubit depletion experiments provides information not only about the
resonator’s energy shifts but also on changes in the resonator’s effective bandwidth, k, a
value that must be very accurately calibrated to achieve the highest state transfer fidelity
possible. We show, in Fig.[6.6 a depletion experiment in which we compare the values of
the frequency and effective decay rate between a situation with two resonators (blue lines)
and one with a single resonator (pink line). The y-axis represents the level of depletion of
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Figure 6.6: Depletion of qubit 1 (arbitrary labeling) when there is only one resonator
connected at node 1 (pink line) versus when there are two (blue lines). In all cases with
two resonators, they are connected at the same spacial points but with a large detuning
of (w1 —wsy) = 27 x 200 MHz, or around 20x. We run a qubit depletion experiment using
as our control g(t) = Kefr/2 sech(tkes/2). This is all computed after the dw has already
been optimized. Numerical: [ = 30 m, Nyodes = 390.

the qubit. The numerical experiment shows that first, the frequency of the qubit has to
be changed between one situation to the other, i.e., dw changes when introducing an extra
resonator. Second, the value of k also has to be finely tuned. Once the qubit is rightly
placed in frequency, keeping the width of the control kg equal to the decay of the bare
resonator « leads to a depletion of only 10~* (dark blue line). On the other hand, adding
corrections to this parameter improves the depletion by over 4 orders of magnitude (pale
blue line). As demonstrated in Fig. even a slight misalignment in this parameter,
about 1%, can result in a five-orders-of-magnitude reduction in depletion efficiency.

The process depicted in Fig. is important, and it is a necessary first step for all
state transfer experiments done in the following section. Because the inclusion of extra
qubits and resonators affects the frequencies and decays, before running a state transfer
experiment we perform a calibration procedure. This essentially consists of using the
control gi(t) = Keg/2 sech(kegt/2) over a qubit with an initial frequency 61, and run
many instances varying both k.g and d; until we achieve good enough depletion. In this
particular case, the optimizer is set to stop at a depletion value of |q1(tf)| = 1079, For
the sake of simplicity, Fig. shows a sweep over the values of kg once the frequency
has already been optimized. In practice, however, the optimization is done over both
parameters simultaneously.

The outcomes of this section are promising. First, the application of the spectroscopy
method enables the identification of the dressed properties of the cavity. Second, despite
these properties being influenced by cross-talk, the simulations demonstrate that almost
perfect depletion can still be achieved by adjusting the control parameters g;(t) to adapt to
the altered conditions of the flying qubits. A significant question that remains is whether
these effective renormalizations accurately represent the dynamics when multiple flying
qubits are involved. To answer this, the next subsection is devoted to careful two-photon
state transfer simulations.
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6.3.2 Multiplexed state transfer tomography

The most basic configuration for investigating frequency multiplexing, illustrated in Fig.[6.1p,
involves two sets of qubits, with each set containing resonant pairs. Qubits 1 and 2 are
located at node A, while qubits 3 and 4 are at node B, and their frequencies are set ac-
cording to §; = d3 and o = d4. Ideally, the state transfer mechanism, represented by the
unitary Ujgeal, would map any state of each qubit at node A to its counterpart at node B
in such a way that

Uideal [(|0) + B11)1)(0]0)5 +7[1)3) ©10)310)4 ® |0)] (6.28)
=10)110)g @ (@ |0)5 + B [1)3)(6]0)4 + 7 [1),) ©10).

Each coefficient «, 3,7, § adheres to the normalization conditions |a|?+|3[? = |y|?+6]? =
1. The first four indices refer to the qubits, with the final, bold index indicating the
bosonic modes, which are consistently in the vacuum state at the start and conclusion of
the process.

A protocol that fulfills this equation completely maps the information stored in the
d = 4 states of the first node’s computational basis |i, A) € {|00 00 0), |01 00 0), |10 00 0),
|11 00 0)}, to the four corresponding computational states of the second node |i, B) €
{]00 00 0), |00 01 0), |00 10 0), |00 11 0)}. The following isometry captures this ideal
transformation

d
Uideal = »_ |1, B)(i, A]. (6.29)
i=1

To characterize the experimental setup, we only need to reconstruct the isometry that
maps the four input states |i, A) to other states of the quantum links and nodes

d
Ureat = Y _ Xij i, BY(j, Al + . (6.30)
ij=1

The coefficients y; ; will not be the identity. There is leakage to other states in the Hilbert
space—e.g., photons that are not absorbed in the receiver qubits and wander through
the waveguide or return to the original station, as well as imperfections in the emission
process that leave the emitting qubit with a residual population. The additional term T
represents the aggregate of all these effects. In particular, T = ZZ—W@B vij |1, x) (j, Al
where |i,2 ¢ B) spans all states containing at least one excitation in an element outside
the qubits at node B, i.e. in any waveguide mode, resonator or in any qubit at node A.

Errors in state transfer can be quantified using either entanglement fidelity ]:S(€T) or
average fidelity Fgr. These metrics are defined as follows [Nie02, PMMOT7]:

2
o9 _|1 ? - .
F) = ‘dTr (VheaVrear) | = = |2 (0 AU Urentli, 4)| (6.31)
i=1
Ao AFG A1
ST = d+1 )

where the dimension of the computational input and output spaces is d = 4. The focus
will be on using the entanglement fidelity ]:S(?r)

In numerical simulations, the fidelities of state transfer exhibit an oscillating behavior
as a function of the frequency detuning between qubits 1 and 2. This behavior can be
explained by dynamical phases acquired by the different states in the computational basis
due to the frequency difference among those states. However, these are phases that can
be compensated for by applying local rotations on the individual qubits, either before or
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Figure 6.7: Quantum state transfer protocol errors for two emitters as a function
of their frequency separation. We plot the actual infidelity from Eq. (solid-
dot) for multiplexed transfer; the single qubit infidelities for each emitter separately
1—F(wgi1,r2) (dashed and dot-dashed), and the lower bound for the multiplexed infidelity
1 — F(wr1)F(wr2) (long dash). As an illustration, we also plot the optimized infidelity
of multiplexed state transfer (big light-blue diamond) for a particular frequency separa-
tion. The solid line is a visual guide given by the photon wavepacket overlap, that is, by
Eq. (6.33). Qubit frequencies are symmetrically placed around (wp1 + wg2)/2 = 27 X 8.9
GHz. The simulations were performed using Nwg = 500 modes, a lwg = 15 m long
waveguide, a resonator bare decay rates of k = 2w x 10 MHz, a hyperbolic secant control
g(t) = Kefr/2sech(kegt/2) and a protocol duration ¢ € (—35/k,+35/k).

after the state transfer. Hence, we introduce the corrected two-photon fidelities as those
resulting from the maximization over those corrections

Fo = max }—S(fr) iPotigroi+igeos Ureal} ) (6.32)
$0,01,92

Fortunately, this optimization is trivially performed by inferring the effective single- and

two-qubit phases from x; ;.

The study of the next subsection aims to assess the accuracy of multiplexed two-qubit
state transfer as well as the fidelity of single-qubit processes. Additionally, it will evaluate
the performance of systems that consider more than two flying qubits. The fidelity of
state transfer involving one emitter on each side will be represented by Fi(w).

6.3.3 Two-photon state transfer performance

As in the mode multiplexing case, the simplest problem in which one may test the fre-
quency multiplexing method consists of two nodes with 242 emitter and receiver qubits.
This model can be simulated accurately with the ansatz presented at the begin-
ning of the chapter. The analysis will focus on a waveguide of lywwg = 15 meters, which
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utilizes Nwg = 500 frequency modes. The analysis explores how the fidelity improves
with the frequency separation of the flying qubits, starting from a resonant case wy = wo
until their separation significantly exceeds the bandwidth |w; — wa| = 12k. The intrin-
sic frequencies of the qubits and filters that generate these photons are set to 0;,wpr; €
(2m x 8.84, 27 x 8.96) GHz, with a bare decay rate for the resonators of x; = 27 x 10
MHz.

As commented previously, the simulations establish the frequency of the bare res-
onators wg; and employ spectroscopy techniques to adjust the renormalized frequency
and the effective decay rate reg ;. This closely resembles the calibration procedure that
has to be done in the experiment once all the components are connected. Subsequently,
these calibrated values are utilized to precisely position the emitter qubit §; = wiD and
to engineer the photon shaping control g;(¢). It is important to note that, although the
modifications to the baseline figures are minor—approximately 10? kHz as shown in the
previous section’s Fig. [6.61—, they significantly affect the fidelity of state transfer.

We display, in Fig. [6.7 the fidelity of the quantum state transfer operation as the
separation between the filter frequencies increases from 0 to 12x. A first region is observed
where there is significant population exchange between emitters, occurring when Ay <
5k. Following this, there is a plateau where the behavior effectively simplifies to two
independent single-photon state transfer operations.

In the scenario where the detuning between emitters is minimal, the infidelity of the
state transfer process is largely attributable to the indistinguishability of the emitted pho-
tons. By defining the overlap between two multiplexed modes, which are centered around
distinct carrier frequencies wy and wyo—represented as £(w1) and &(ws), respectively—we
introduce the following equation,

Tovertap (w1, w2) = [{&(w1)| €(w2))]?. (6.33)

As supported by numerical simulations (cf. purple line in Fig. the infidelity 1 —
Fsr(wri, UJRQ)D approximates Zoverlap (WR1, Wr2). Specifically, for sech-like photon profiles,
the overlap decreases exponentially with the ratio (wr; — wge)/K, which highlights the
photon bandwidth as the crucial parameter for distinguishing between emitters.

As the detuning between wavepackets surpasses x, the emission and absorption pro-
cesses of the two flying qubits operate independently, returning to the behavior seen in
the single excitation regime. Although the dressed frequencies of the cavities wri r2 are
not the same as in the single excitation case, the fine-tuning of §; through qubit-assisted
spectroscopy maintains fidelities comparable with those found in single-qubit experiments.
As depicted in Fig. when the frequency difference exceeds 6x, the fidelity of the two-
qubit state transfer closely follows the product of the individual state transfer fidelities at
wpr1 and wge. This phenomenon includes oscillations that are inherent to the dynamics
of single-photon state transfers (see F(wpg1) and F(wps) in Fig.[6.7). Specifically, within
a 15-meter waveguide, a photon with a bandwidth of k ~ 27 x 10 MHz is capable of
discerning the mode structure of the quantum link. Optimal transfer occurs only when
the filter frequency wgr perfectly matches one of the waveguide modes. This is illustrated
at the specific point in Fig. highlighted as a blue diamond, where the positioning of
all resonators with respect to a waveguide mode is optimal.

The numerical study, depicted in Fig. identifies the different sources of imperfec-
tions in a two-photon scenario. The different regimes of operation impose different con-
straints, especially those arising from the crosstalk. The next subsection revolves around
how to use these numerical results to develop a heuristic for the scaling of the fidelity.

!Throughout this and the following subsection, we denote functions defined over frequency space with
a generic argument w. To the contrary, wgr refers to a specific evaluation at that particular frequency.
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The objective is to infer how these multiple photon errors hinder the total information
capacity of a given channel and bandwidth.

6.3.4 Scaling with N emitters

Exact numerical simulations for more than two excitations are extremely demanding.
Because of this, the objective of the present subsection is to evaluate the state transfer
fidelity of N qubits using the results from the previous section involving two quantum
emitters. The deviation from the perfect single-photon state transfer is quantified by
G(wi,wj) = Fa(ws,wj)/Fi(wi)Fi(w;). In a conservative upper limit, this factor accounts
for the interference between all pairs of quantum emitters, thereby imposing N(N —1)/2
corrections to the single-photon state transfer across N qubits

Fest (W1, -y wN) = H}'l(wi) x [ Glwi,w;). (6.34)

i<j

For an asymptotic approximation of the combined impact of these effects, note that the
mode overlap [(£(w;)|€(w;))| accounts for most of the factor G(w;,w;), modifying (6.34) as
Fest(wi,swn) = [ [ F1(wi) x [T = [(€@ilé@i) ). (6.35)

i<j

Despite the inclusion of O(N?) factors, the photon overlap diminishes exponentially with
the frequency separation |wgr; —wr;|/~, allowing for further simplifications, as shown below.

Both the upper bound Fest and the approximate asymptotic formula fest can be de-
rived from the simulation parameters discussed in Section [6.3.3] For this analysis, we
will uniformly distribute the spacing between the emitters frequencies wpr;+1 — wr; = A
around the original resonance. Numerical simulations of the two-photon state transfer
are employed to determine the prefactor G(w;,w;) = G(w; —w;) = G((j — i) x A) for all
potential separations of N qubits.

A comparison of infidelity estimates across various frequency spacings, A/k = 2,3, 5,
and 6 is presented in Fig. The infidelity calculations derived from simulations
display some fluctuations due to the position of the cavities with respect to the waveguide
modes. Nonetheless, these values agree with those from the exponential approximations
provided by the overlap calculations Eq. . In each scenario, whether considering up-
per bounds or overlap approximations, the fidelity decreases exponentially as the number
of emitters increases. Notably, the rate of decline is proportional to N rather than N2,
suggesting that among the N(N — 1)/2 possible interactions, only the nearest-neighbor
effects are relevant, as denoted by

]}est ~ -7:{\[ X (1 - Ioverlap(A))N_l-

As mode spacing widens, the fidelity curves gradually converge toward the asymptotic
behavior of N independent state transfers, represented by the dash-dot line in Fig. [6.8]
Particularly, at a mode spacing of A = 6k, the infidelity closely follows that of the ideal
scenario.

From these curves, it is possible to determine the maximum number of qubits (Nyax)
that can be transmitted for a specific error threshold, €. This determination is simplified
by the straightforward behavior of Fu, allowing an analytical estimation through the
mode overlap equation

log(1 —¢)
log[fl(l - Ioverlap<A))] ’
where the total bandwidth requirement is A X Ny .. For instance, in the 15 m waveguide
illustrated in Fig. a separation A > 6 X k closely approximates the single-photon

Nmax -

(6.36)
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Figure 6.8: Heuristic infidelity scaling vs. number of transmitted qubits. We plot the
estimates from Eq. , for multiplexed state transfer with frequency separations
A = 2k,3k,5k and 6k. In the last case, we also plot the estimator Eq. based
on photon wavepacket overlap (dashed line). Note how, for sufficient frequency separa-
tion, the infidelity approaches the limit imposed by single-qubit state transfer (dot-dashed
line), which scales as FiV.

limit. Assuming no additional constraints, it is theoretically possible to transmit 500
qubits with an error below 1072 over a bandwidth of 27 x 5 GHz. While these figures
might be difficult to achieve experimentally, they underscore the potential of quantum
links to serve as universal buses for quantum data transmission.

6.3.5 Transfer optimization

The main takeaway from the previous subsection is that the fidelity of individual qubits
transmission, Fj(w), fundamentally limits the efficiency of multiplexed quantum state
transfer. Given this, the goal now is to understand the actual information capacity of
realistic waveguides.

Two primary factors contribute to the infidelity of single qubit state transfer. The
deformation of the wavepacket due to propagation under non-linear dispersion relations,
and Stark shifts resulting from the dynamic controls g(t). To mitigate wavepacket dis-
tortion, one can adjust the phases in the emission and absorption controls g(t), as was
done in Chapter [5] Additionally, both issues can be mitigated by decreasing the photon
bandwidth keg and extending the duration of the state transfer, while considering the
inherent decoherence and dephasing constraints of the emitters.

Another important factor is how the emitters are arranged relative to the resonances
of the waveguide. This organization is especially significant when dealing with narrow-
bandwidth photons and short waveguides, as the qubits resolve the mode structure of the
waveguide. The placement of emitters in frequency space explains the fidelity fluctuations
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Figure 6.9: Bandwidth requirements to host a particular number of emitters with a given
global tolerance of 10~* for the N-photons state transfer operation. The graph shows
data for two different waveguides of lwg = 5 m and lwyg = 30m. The lines stop when
increasing the bandwidth would not improve the fidelity, that is, when the value of the
single independent processes is itself greater than the tolerance imposed for the global
gate, 1 — F (wl)N > Tol. These data have been obtained with the estimator ﬁest defined
by Eq. , unlike that of Fig. which came from two-photon simulations.

observed in multiplexed state transfer for any number of qubits (cf. Figs. and .
A strategic placement of these emitters can markedly enhance the quality of the transfer,
as evidenced by the diamond dot in Fig. However, this placement affects the maxi-
mum channel capacity. If qubits must be placed close to resonant modes, the number of
transmitted qubits per bandwidth will be limited by the waveguide’s free spectral range.
We show, in Fig. the physical requirements for setups in which the three optimizations—
predistortion, wavepacket bandwidth, and emitter positioning—have been applied. The
plot shows the number of qubits transmitted in waveguides of 5 and 30 meters, with a
maximum error € = 1074 estimated from F.s—which, as seen above, captures the overall
scaling of resources very well. In both waveguides, the ultimate capacity is set by the
single-qubit optimized infidelities Z},, = 51077 and Z3,,, = 107>, as computed in previ-
ous chapters, with predistortion and optimal qubit positioning. These values already set
a very stringent upper bound on the sequential and multiplexed transmission capacities.
For instance, the 30 m waveguide only supports transmitting 10 qubits before the error
exceeds the tolerance 10~*. Furthermore, while shorter waveguides allow high-quality
transmission of more qubits—e.g., over 60 qubits for the 5 m waveguide—the bandwidth
requirement of over 4 GHz imposes challenging design restrictions in the emitters and filter
designs. Under these conditions, it may be advantageous, from an engineering perspective,
to use multiple separate physical channels.

6.4 Summary

In this chapter we have addressed the multiplexation of a microwave quantum link that
connects N 4+ N qubits in two quantum nodes, inspired by setups from recent experi-
ments [KMW ™17, MSK™20, ISSK™23| in which 1 to 1 transmission has been demonstrated
but whose generalization to more qubits seems feasible. Also, the tools that we have put
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forward generalize to other waveguide-QED architectures.

The first important result is the demonstration that qubits can be transferred in differ-
ent orthogonal modes by a suitable control of the interaction between the storage qubits
and the quantum link. This required generalizing the methods for wavepacket engineering
envisioned by [CZ95], and extended and implemented in various works [ELFT12, PHE 13,
ZPBT15, KMW™17, BSZT19, IMSK™20, ISSK™23, QLNT23, IGYCT24|], arriving at close
expressions for the controls to generate almost arbitrary wavepackets—under natural lim-
itations of bandwidths set by the mediating cavities. As a particular case, the study
demonstrates the accuracy of mode multiplexing for a family of sech-like pulses in a real-
istic setup.

The second relevant result stems from the study of frequency multiplexing for arbi-
trary numbers of qubits. An accurate analysis of the simultaneous transfer of two qubits
identified cross-talk as the limiting factor to the fully coherent process fidelity. Detailed
simulations with two qubits in generic waveguides enable extrapolating the fidelity of mul-
tiplexed state transfer to higher numbers of qubits, showing that the single-qubit state
transfer fidelity and the overlap between neighboring photon wavepackets ultimately limit
the overall fidelity. Using heuristic scaling in combination with the physical constraints of
state-of-the-art superconducting circuit experiments, we estimated the practical capacity
of microwave waveguides for a given error tolerance. For instance, we found that as many
as 60 photons could be sent through a 5-meter waveguide with a global infidelity below
the usual threshold for fault-tolerant computation 10~

The next and last objective of the thesis is to use the techniques of wavepacket en-
gineering to distribute entanglement deterministically across a network. The following
chapter is devoted to that, and with it, we will have demonstrated the potential of quan-
tum state transfer networks to work as fully operational distributed computers as they
can send quantum states throughout the network as well as distribute entanglement.



Entanglement distribution in a
quantum network via fractional

state transfer

In Chapter [1] we argued for the proposal of a superconducting quantum state transfer
network. We stated in that chapter that these kinds of networks were equal in capabil-
ities to teleportation networks. This effectively means the ability to distribute arbitrary
quantum states and, also, to distribute genuine multipartite entanglement across the dif-
ferent nodes. So far, we have devoted all our efforts to the task of transmitting quantum
states and engineering distributed gates. This was the focus of Chapters and [6] The
goal of this chapter is to apply the wavepacket engineering tools developed in Chapter
to propose a protocol for distributing genuine multipartite entanglement through frac-
tional quantum state transfer. This will close up the content of this thesis, as it will show
that state transfer networks can also distribute entanglement and, thus, implement all
the protocols inherited from teleportation which need entanglement distribution as a first
step. Critically, the method developed in this chapter achieves entanglement distribution
without the need for measurements or the exchange of classical communication. Like all
the other protocols developed throughout the thesis, it only makes use of finely tunable
couplings and high-fidelity transmission of quantum information.

Genuine multipartite entangled states—those that are not separable under any bi-
partition of the N qubits—are of significant computational interest [HHHHO09] due to
their potential to provide quantum advantage [HBcvB99, BKBO1, EKMBI7, [TA14]. In
tripartite systems, there are two distinct families of entangled states: the Greenberger-
Horne-Zeilinger (GHZ) and W states, both of which have been experimentally demon-
strated on various platforms [SKK™00, RNOT00, RRHT04, LKST05, [HHR™05]. The
ability to control and generate entangled states is crucial for quantum-based technologies,
including quantum key distribution [PABT20], quantum communication [Carl5], quan-
tum computation [NCOQ], and quantum metrology [Par09, (GLM11]. In particular, W
states find applications for random number generation |GHPT14], quantum key distri-
bution [ZXP15, [JLJP02, JQCO07], quantum teleportation [JPOKO3), [AP06] or even for
quantum metrological purposes [NK14].

The fractional quantum state transfer scheme we propose relies on quantum commu-
nication through traveling single bosonic excitations. As we demonstrate, this method is
especially well-suited for generating multipartite entanglement in the form of N-qubit W
states across an arbitrary number of quantum registers. These registers can be separated
by considerable distances, making the scheme highly relevant for quantum computation,
communication, and other related tasks. The protocol provides fast operation times and
can be adapted depending on the topology and connectivity of the quantum network,
operating in either a sequential or a simultaneous fashion. We illustrate our scheme by
detailed numerical simulations and show its robustness to the most pressing decoherence
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Figure 7.1: (a) Schematic illustration of a quantum network, where different nodes (circles)
are connected via quantum communication channels (QCCs) (solid lines). Each node
consists of a qubit and a resonator per QCC. By performing incomplete quantum state
transfers T, by transferring an excitation with a probability less than unity n > 1, different
nodes can be entangled, leading to deterministic genuine multipartite entanglement across
the network. (b) A linear quantum network where a sequential implementation of 7y,
leaves the N nodes in a W state. Other genuine multipartite entangled states can be
prepared by different choices of ng. The two families of multipartite entangled states can
be obtained, although GHZ states require a further two-qubit gate (CNOT) which may
be performed when qubits B and C are placed within the same node. (c) Extension to
other geometries or connectivities in a quantum network, e.g. a simultaneous emission
from qubit E to N nodes. See the main text for further details.

sources, namely, dephasing and qubit decay. The proposed protocols can be readily im-
plemented in current setups, such as in the already cited experiments of superconducting
networks [KMW™17, MSK™20, ISSK™23].

We choose to organize the chapter in the following four sections. Section presents
the primitive operation of fractional quantum state transfer. In Section[7.2) we explore how
to engineer the specific controls for emitting these fractional excitations. This exploration
follows the spirit of Chapter [3] in which different photon shapes are proposed in a variety
of physical scenarios. Also, highlighting the important difference in this context between
sending a fractional excitation in a 1-to-1, as depicted in Fig. manner, or a 1-to-
N, as in Fig. [7.Ie. After that, Section presents two different protocols for achieving
entanglement distribution through fractional quantum state transfer. Subsection [7.3.]
focuses on a sequential protocol implemented in a linear topology, while does so
with a parallel protocol in an extended configuration. Finally, Section revolves around
numerical verification of the entanglement distribution protocols in real-world-inspired
superconducting networks. We first present, in Subsection [7.4.1] results for the coherent
case, and afterward, in Subsection results considering decoherence and dephasing.
In both scenarios, we study and compare the performance of the linear and extended
networks.

7.1 Fractional quantum state transfer

The main goal of this chapter is to develop a protocol that spreads a single photon among
multiple nodes of an arbitrary network, thus creating W-like states. Such vision is de-
picted schematically in Fig. [7.Th. The idea we put forward to achieve such a goal is that
of fractional quantum state transfer, which consists of engineering a control g(t) such that
it does not inject a whole wavepacket into the waveguide, but only a fraction of it. The
hypothesis is that by designing such control and tailoring its corresponding absorption,
one can start with a network in a product state and drive it to a W-like state determinis-
tically and without measurements. Furthermore, we envisioned protocols for wavepacket
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generation that would apply to 1-D configurations—Fig. [T.Ipb—, and to extended 1-to-
N-types—Fig. [[.Ik. We believe that by combining these two methods, we can engineer
entangled states across arbitrary networks.

The incomplete quantum state transfer protocol among two spatially separated qubits,
denoted as T,, generalizes the original quantum state transfer proposal [CZKM96|. Ini-
tially, one qubit is prepared in a general state |¢)) = a|0) + 8]1), with |a|? + |8|> = 1.
The operation 7, can be split into two stages: First, the emission of a fraction 1/n of
the qubit excitation |1), with n > 1, mapping it onto a flying qubit through the quantum
communication channel that travels until it reaches the second qubit. The second stage
of 7, demands that the receiver qubit, initially in the state |0), absorbs the incoming
excitation. In this manner, the operation 7, can be written as (up to local phases)

(@]0) + A1) ® |0) ia|00>+m/";1|10>+jﬁ|01>. (7.1)

A standard quantum state transfer protocol is realized setting n = 1, where the ex-
citation of the first qubit is completely exhausted (see for example Refs. [KMWT17,
MSK™20] or the thorough analysis made in Chapter , resulting in the transfer of the
state (a|0) + 1)) to the second qubit.

Importantly, in contrast to standard quantum state transfer, 7,~1 directly enables a
deterministic preparation of entangled states between the two connected qubits [CZNT18,
ABPT18, [BSZ"19, LLCT19, [ZCB™21|. In particular, one obtains a maximal entangled
state when @ = 0 and n = 2 in Eq. . For n — oo no excitation is transferred, and the
initial state remains unchanged. The protocol 7, can be realized employing wavepacket
shaping techniques in different architectures, as we detail in the following. The techniques
used throughout this whole chapter are very similar to those outlined in Chapter [3| but
with the necessary changes to accommodate fractions of excitations.

One of the main ideas of this chapter is that emitting a fraction 1/n of a photon can
achieve incomplete quantum state transfer, as described by Eq. . The additional
requirement, besides the ones of speed and bandwidth utilization (cf. Sec. of Chap-
ter |3)), is that the norm of the emitted packet must be

o0
/ dt|e(t)]? =n~t, withn > 1, (7.2)
—0o0
which is to say that the photon was emitted with a probability of 1/n. This will be the
core ingredient of the entanglement distribution operation.

The challenge is to find the emission and absorption controls that will enable the
operation . For that, we need to engineer the couplings g(¢) such that the initial state

|1h(t = —00)) = [1)410),10) e
is brought to

n— e'?
[t — o0)) = \/7 11),10), 10} e + NG 1004100, 1) 4 -

The relative phase ¢ has two independent contributions, the accumulated phase during
the protocol and the constant phase that can be imprinted in the control ¢(¢;n). Here
1), [1), and [1),.. denote a single excitation state in the qubit, resonator, and quantum
communication channel or quantum link, respectively.

What we found when tackling this problem is that for the emission part, it suffices to
impose the condition on the proposed wavepacket and reverse engineer the equations
of motion to obtain g(t)emission- Much in the same way it was done in Chapter |3, However,
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Figure 7.2: The three different coupling situations considered originally in Chapter [3] when
studying wavepacket engineering and brought back here in the context of entanglement
distribution. Panel a) illustrates the case of a qubit directly coupled to a waveguide, in
which the decay rate itself has to be tuned. Panel b) shows the most explored scheme in
this thesis (and also in this chapter) in which a qubit is dynamically coupled to a cavity,
which leaks into the waveguide at a rate k. Panel c¢) shows the case in which a second
cavity, acting as a Purcell filter, is placed between the first one and the waveguide. It is
important to consider these filters when interested in performing measurements and the
dispersive regime in general.

for the absorption control, something quite different happens. For the fractional state
transfer protocol 7,~1 to succeed g(t)absorption has to be designed taking into account the
whole excitation, and not just a part of it as in Eq. . This is crucial for the correct
implementation of the protocol, and it means that the emission and absorption controls
are not time-reversed of each other, in fact, depending on the value of n they can be
dramatically different.

The two primitives—fractional emission and fractional absorption—and the fractional
transfer that results can be utilized in various ways. Their versatility enables control over
how much of a photon is transferred, allows for the selection of different network topologies,
and permits the application of the same operation either sequentially or in parallel, and
potentially multiple times. All of these possibilities will be discussed in detail in later
sections. The following section will demonstrate how different wavepacket shapes can be
emitted fractionally in various scenarios. We consider this important to cover in detail
here, as we believe one of the key strengths of this method lies in its versatility.

7.2 Controls for fractional quantum state transfer

The protocol of entanglement distribution by incomplete quantum state transfer is, in
principle, independent of the coupling scheme one chooses to use. Because of that, it
is illustrative to consider different physical situations as well as different photon shapes.
In the following subsections we will study the photon emission controls for the three
different situations depicted in Fig. first for a qubit directly coupled to a waveguide
(Panel[7.2h), then for qubit-cavity node (Panel[7.2p), and finally for a qubit-cavity-Purcell
filter configuration (Panel [7.2k).

In deriving the controls for entanglement distribution, it became clear that they could
be adapted to different coupling schemes. The following subsections outline the methods
and functional forms of these controls for three distinct coupling regimes. This approach
closely mirrors the procedure discussed in Chapter (3| but here it is applied to fractional
excitations rather than complete ones.
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7.2.1 Qubit directly coupled to the waveguide

We start by considering the simplest case, where a qubit is directly coupled to the bosonic
media through which an engineered boson propagates, as depicted in Fig. [7.2h. This was
considered and experimentally realized in Ref. [BSZ719]. We will consider two different
situations, one in which a fraction of excitation is shared through a single channel and in
which it is distributed in a 1-to-N manner.

7.2.1.1 1-to-1 channel

In this simplified model in which there is no filtering element between the emitter and the
waveguide, the equation for the qubit takes the form

q(t) = —r(t)q(t)/2, (7.3)

where now photon shaping requires a time-dependent decaying rate (t). Making now
use, as in Chapter [3| of the input-output relation for the wavepacket £(t) = /k(t)q(t), we
obtain

£(t;n)
E(t;n)

It is quite straightforward to propose a photon with a hyperbolic secant shape that fulfills
the fractional condition (7.2]). Because we already know the normalization constant, it
suffices to divide it by /n, which amounts to

|€(t;n)| = \/Zsech(ﬁt/Q). (7.5)

For this specific wavepacket shape, the time-dependent decay rate adopts the form

f(t) = K2(t) + 26(t) (7.4)

L rpsech? (kyt/2)
Altin) = 4n —;tanh(/th/Q) -2 (7.6)

upon imposing that lim,_o |¢(t)]> = 1 and limy—e0 |¢(t)]*> = (n — 1)/n, and where &,
refers to the frequency width of the injected photon.
If we allow for a frequency chirp, £(t) = f(t)e~*, then the frequency of the qubit must

be varied accordingly, namely, we find A(t) = —dt, and k(t) still obeys Eq. (7.4).

7.2.1.2 1-to-N channel

In this case, the topology of the network resembles that of a star, cf. Fig. [T.1c, and the
equation of motion for the qubit changes. In this case, the emitter decays into N quantum
communication channels and this has to be captured in the equations. Assuming a decay
rate ke j(t) for each of the j channels, the equation in the rotating frame corresponds to

N
ip(t) = — Z K i (1) qm(t) /2. (7.7)

Employing the same sech-like wavepacket £;(¢) with bandwidth x;, and making use of
the input-output relation |£;(t)| = \/ke,;(t)|¢e(t)], one can manipulate the equations of
motion to find a close expression for £, 1(t) in terms of f;(t) = /& (t)/&1(t),

&i(t)
&i(t)’

N
Freat) = [Z f;?(t)] R21(8) + 26 (1) (7.8)
k=1
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while k. ;(t) = ff(t)mcyl(t). For simplicity, we just provide here the expression when all
bandwidths are equal, x; = x Vj, which becomes

rsech?(kt/2)

Ke,j t) = -1y
() 2n;(2 — (1 — tanh(xt/2)) ij:l N Y

(7.9)

For nj — 00, Kk j(t) = 0 and no excitation is injected into the jth quantum communication
channel. Again, if an excitation fraction is emitted only through a unique channel, then
the star topology becomes a 1-D network, and Eq. (7.9) reduces to Eq. (7.6).

7.2.2 Qubit-resonator node

This setup is the one described by the Hamiltonian . It is the most used throughout
the thesis, and it is also the one in which we will implement the numerical simulations.
For this reason, we will devote more space to it and will study how to create more photon
shapes, as this can give rise to interesting applications.

7.2.2.1 1-to-1 channel

As in the previous Subsection [7.2.1] we will first write down the equations for nodes in 1-D
configuration cf. Fig.[7.Ip, and after that, consider the case with the emitter connected to
N quantum communication channels. In the 1-to-1 topology, the equations are the same
as the ones considered in Chapter [3] Section [3.2.2] For that reason, we will take that part
of the derivation for granted and explore different wavepacket shapes.

Hyperbolic secant-shaped photon

Considering as a first example the fractional sech photon [{(t)| = |/ 4-sech(kt/2), we
take this wavepacket shape and use the standard procedure outlined in Chapter [3| that
is, relating the outcoming field using input-output relations, and the integration of the
equations we arrive at the following control

emf/Z/€

(T4emt)y/(n—1)(1+et)2+1

’gsech(t;nﬂ = (7.10)

Under the previous control gsech(t; 1) the qubit remains excited with a probability |q(t —
>)|? = (n — 1)/n. For n = 1, we recover the standard form geecn(t;1) = k/2sech(xt/2),
as expected, and the qubit excitation is exhausted. Note that for any n > 1, the control
is modified in a non-trivial fashion compared to g(¢;1): For t > 1, gsech(t;n > 1) decays
faster than geeen(t;n = 1), while the maximum scales as maxy gecn(t; ) ~ k/v/9n for
n>>1 (see Fig. for an illustration of gsech(t;n)).

Lorentzian-shaped photon

The previous procedure can be applied to other photon shapes, as long as they obey
the speed condition . We now propose a Lorentzian-shaped photon with an adjusted
normalization constant such that it fulfills Eq.

. 1/2
(t:m)| = (M) . (7.11)

This photon shape leads to the control,

Kk(kt —1)2
(1 + x2t2)y/(4n — 2)7m(1 + K2t2) — 4(1 + K2t2)atan(kt) — 4

’gLorentz(t§ n)’ = , (712)
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Figure 7.3: Time-dependent control g(¢;n) for different targeted photon shapes, sech-like
photon |£(¢;n)| = \/k/(4n)sech(kt/2) (a), Lorentzian |£(t;n) = (k/(nw(1 + k2t2)))/2 (b)
and Gaussian |£(t;n)| = /k/7/2ne=""*/2 (c), and for different values of the transferred

fraction n. Note that a Gaussian photon can only be emitted with a probability smaller
than 1/npyi =~ 0.83.

which leads to non-negative values of |g(¢)|? for all x and n > 1. See Fig. for an
illustration of this derived pulse grorentz(t;1).

Gaussian-shaped photon

A very interesting and somewhat surprising consequence of emitting fractions of ex-
citations is the possibility of engineering Gaussian profiles. Recall, from Chapter [3] that
emitting a photon o e~ violated the condition imposed on the logarithmic derivative.
As we will show now, this is not the case anymore when n is big enough. The fraction of
a Gaussian-shaped photon that we are proposing is

K k242
€(tm)| =/ e (7.13)

Following the same steps we arrive to

@2 = = <2n L2 erf(m:)> (7.14)

o

where erf(x) = 7r12T fom dt e~ is the error function. The previous equation is non-physical
for n = 1 since |q(t)]> < 0 for some t. The minimum value of |g(t)|> takes place at
2kt = 1, and therefore it is easy to find that the condition in Eq. (7.14)) is fulfilled as long

as n > Npin, With

1 2

For n > nmin the control pulse reads as

—R2t2/2(2 t— 1)

KreE K

Qauss(t; 1) = . 7.16
g (t:m) V21 2(2n — 1 — erf(kt)) — de—=°F° (7.16)

Note that this control is negative in the range t € [—o00, 1/2k) (see Fig.[7.3c). A Gaussian-
shaped photon can be emitted with a probability smaller than 1/nm,i, ~ 0.83. Yet, the
traveling excitation cannot be fully absorbed at the other end since it requires n = 1,
which makes Gaussian protocols not suitable for this task.
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Reduced bandwidth sech-shaped photons

In certain circumstances, it may be more convenient to inject photons with a narrower
bandwidth. This can reduce potential distortion effects introduced by the propagation
medium, as was explored in Chapter [d For that, we introduce the following photon shape

£t min)] = || sech (;;) , (7.17)

so that [*_dt|¢(¢,m;n)]? = n~!, and whose bandwidth /7 is reduced by a factor n > 1
for the usual sech-photon at the expense of a longer protocol duration. Following the
previous steps, we find

gt )| = (rs/1m)* *nsech(xt /(2n)) (n — tanh(xt/(21))) (7.18)
o 2\/277(2n—1—tanh(nt/(2n)))—sech2(Ht/(?n) ' '
nn

The derivation of these controls relies on the utilization of the simplified Markovian
model with a qubit and a cavity, such as that defined by Eq. (3.20).

7.2.2.2 1-to-N channel

Let us now consider the 1-to-N scenario in the case of nodes made of qubit plus transfer
resonators. In this network configuration, the emitter consists of a qubit plus N transfer
resonators, each decaying with rate x; into the jth quantum communication channel, while
the receiver nodes are as depicted in Fig. [7.2b. The equations of motion in the rotating
frame (assuming again resonant elements) read as

N
p(t) = —i Z 95(t)r;(t) (7.19)

75 (t) = —ig; (t)qr(t) — k7 (t)/2, (7.20)

where gg(t) and r;j(t) denote the amplitude of having an excitation in the emitter and the
jth resonator, respectively. Considering again a sech-like wavepacket, but now transferring
a 1/n; excitation through each of the N QCCs, we have ;(t) = /k;/(4n;)sech(k;t/2).

Since ] N N
Sa@ P+ 1 F) = = wilrs (0
j=1 J=1

solving the equations of motion backward, one gets to

e”jt/2/€‘
gj(t;n) = - 7 (7.21)
(1+ enit)2 [m(1 = S0 Ku(1))]
with
KCr(t) = [2 + sech?(kgt/2) + 2 tanh(kxt/2)]/ (4ny),
and n = (n1,ng,...,ny), such that Z,ivzl ngl < 1. If no excitation is transferred through

the jth QCC, n; — oo, which implies KCj(t) = 0 as well as g;(¢;n) = 0, as expected.
Moreover, if only an excitation fraction is transferred through the jth QCC (ngx; — oo,
so Ki+;(t) = 0), one falls back to the scenario discussed in Section and accordingly

gj(t;m) in Eq. (7.21) simply reduces to Eq. (7.10).
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7.2.3 Qubit-resonator-Purcell filter node

For the sake of generality, we are also going to explore what control would one use for
producing fractions of excitations in the presence of a Purcell filter. For that, we will
proceed as done in Chapter and will propose a sech-shaped photon and apply Eqgs. .
The fractional hyperbolic secant photon is the same as before, £(¢t;n) = \/k/(4n)sech(kt/2),
but the control now has an extra parameter g, that accounts for the coupling between the
transfer and filter resonators. Besides this extra parameter, and analogous to Chapter
there are new restrictions on how fast the photon can be transmitted, which have to do
with the fact that all populations |g(¢)|? (qubit), |c(t)|? (transfer resonator), |d(t)|? (Pur-
cell filter) must be positive at all times. From the fact that 0 < c¢?(¢) < 1 we arrive at the
inequality that sets a constraint between &, g, and n

. < 169V

: (7.22)

On the other hand, the condition for the qubit population, 0 < ¢%(t) < 1, leads to a
somewhat intricate relation between x, g, and n

Kt 1+nt22+nt 2+2
A )2+ Mgy AT (7.23)

2 _
0< q (t) =1- (1 + ent)llg]%n —

The first thing to observe is that by setting n = 1 we arrive at the same condition already
found in Chapter

Kk < 2gp. (7.24)

For n > 1, the physical constraint leads to a quite complicated expression relating x and
9p, yet, it can be shown that Eq. is more restrictive than the one resulting for n > 1
and the condition in Eq. . For example, for n = 2, we find x < 3.8g,. What this
means in practice is that once g, is set, and the fraction n is chosen, then the maximum
value of k is given by Eq. . Keep in mind that this restriction in x ultimately sets a
constraint on the maximum bandwidth of the photon, and therefore in the speed at which
it can be emitted.

Finally, we can obtain the control from g(t) = —¢(t)/d(t) (up to phase factors), so that

et (2(1 + e’“)QgI% + (1 — 3e)k?) cosh(kt/2)

(1+ e“t)‘*gp\/ p — CHOFe)? (2 4er)gi+n?)

g(t;n) = (7.25)

(T3

where again, the factor n appears in a non-trivial manner in the control.

After having laid out the different fractions of excitations that can be engineered in
a variety of physical setups, the following section is devoted to the design of entangle-
ment distribution protocols. Section [7.3] explores two distinct approaches for distributing
genuinely multipartite entanglement. Both make use of fractional state transfer, but one
does it sequentially (cf. Subsection while the other does it in parallel (cf. Subsec-

tion [7.3.2]).

7.3 Generation of W states via fractional quantum state
transfer composition

Let us show how the fractional state transfer primitive can be used to produce multipartite
entangled states in various network topologies. In particular, we focus our attention on
linear sequential networks, and extended parallel networks.
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Fractional quantum state transfer, as defined by Eq. allows for a direct and
deterministic generation of Bell pairs among emitter and receiver qubits. Yet, we aim
to extend this notion to a general quantum network comprising N nodes and distribute
genuine multipartite entangled states in a deterministic fashion. In particular, we focus
on the genuine multipartite entangled W state, which for NV qubits can be written as

1 N
W) = \/N; 1), (7.26)

where |1;) denotes a single excitation in the jth qubit, and |0) in the rest, i.e. [1;) =
&;’ |vac), where |vac) is the vacuum state for all the system, and 67 = |1) (0| the raising
operator. In the following, we detail how the state |IWx) can be obtained in two distinct
quantum network topologies, namely, linear and star networks (cf. Fig.|5.4). Depending
on the connectivity, multipartite entanglement can be distributed either by a sequential or
simultaneous protocol. To derive the protocols, it is assumed that the underlying Hamilto-
nian H of the full system (nodes and QCCs) conserves the total number of excitations. This
is indeed a good description in most parameter regimes of the mentioned realizations of
quantum networks (see, for example, [KMW ™17, BSZ ™19, MSK™20, ISSK™23| |IGYC™24]).

7.3.1 Sequential protocol for 1-D networks

Let us consider a 1-D quantum network, where all the N nodes are connected via a unique
path, as depicted in Fig. [7.Tp. In this setting, we require the nodes between two different
quantum communication channels to have the freedom to emit/absorb from the right or
left channel. That is, for nodes made of a qubit interacting via controllable coupling g(t)
with transfer resonators (cf. Fig. ), there is a transfer resonator at either end, and the
coupling between them and the qubit is defined as g, 1.(t) and g; r(t), where the subscript
j denotes the jth qubit in the network. Similarly, for nodes where wavepacket shaping is
done via a controllable qubit decay rate, we distinguish k¢ r(t) and k¢j r(t), depending
on the side.

For simplicity, we assume that the quantum network is initially prepared (at time ¢) in
a state containing a single excitation in the qubit at one of the ends, namely, |1 (t9)) = |11).
Ideally, for perfect emission and absorption protocols across the network, one can write
the state at time ¢ as

N
[¥(t) = ZQj(t>‘1j>’ (7.27)

since the number of excitations is conserved, and with a normalization }; lg;j(H)]? = 1.
Note that ¢; (to) =1 and qﬁgl(to) =0.

Starting with the initial condition it is possible to arrive at a W-state by com-
posing of N — 1 sequential fractional state transfer operations. We define the composition
of these operations as

T(nl,...,nj,...,nN_l) = 7;11 X 7;1 X ...7;”\,71 (728)

J

with ny = (N+1—k)/(N —k) and k =1,...,N — 1. The idea, schematically depicted
in Fig. [7.4h consists of taking the excitation housed initially in the first qubit and start
sharing it among the other nodes, one after another. The further a given qubit is from
the initial one, the smaller fraction of excitation will be shared with it, as n; becomes
bigger. However, as we will now show, and verify with numerical simulations in the
following section, this mechanism of decrease sharing can make the final state a uniform
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Figure 7.4: Sequential protocol to generate a |Ws3) state starting from [100) (cf. Fig.[7.1b),
assuming k123 = ~ and equal propagation time between nodes. The initial excitation is
transferred first to the second qubit (solid lines) through 7,_3/, taking a time 71 so that
lg1,r(t)| = |g(t,n = 3/2)| performs the emission (blue) and g2 1(t) = g(—t + t,;1) the
absorption (red). The second incomplete state transfer between qubit 2 and 3 is done by
Tn=2 (dashed lines) and takes a time 7, and similarly g2 r(¢)| = |g(¢t,n = 2)| (emission)
and |g3.1.(t)| = |g(—t + tp; 1) (absorption)

superposition. Note that, by construction, ng+1 > ng > 1 with ny_; = 2, meaning that
as we move along the quantum network, the fraction of the transferred excitation gets
smaller. This designed protocol leaves the quantum network deterministically in a N-
qubit W state, |Wx) (cf. Eq. ) Since it requires NV — 1 incomplete quantum state
transfers, 2(IN — 1) processes of emission and absorption are needed.

Now, for qubit-transfer resonator nodes (cf. Fig.[7.2b), one chooses g1 r(t) = g(t;n1)
and go 1,(—t +tq1;1) with tq1 = Li1/vg1 the propagation time of the wavepacket through
the first QCC of length L; and group velocity v 1.

Upon this first emission-absorption protocol that implements 7,,, among qubits 1 and
2, of duration 7 one finds the state [1)(m + to)) with coefficients

ny—1

qi(m1 +to) = : (7.29)
ni
67’¢2
Q2(7'1 + tO) = \/7717 (730)
q]'>2(7'1 + to) =0. (7.31)

Here ¢o denotes the relative phase accumulated during the evolution.

Repeating the previous operation sequentially between neighboring nodes, i.e., per-
forming 7,, between node 2 and 3, and so on (cf. Fig. ), with T' = Z;\;l 7j + to the
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final time upon the protocol, one arrives at a state [)(T)) with coefficients

gi<n(T) =€ \/n; —1]] i, (7.32)

an(T) = [ —=. (7.33)

Distinct choices of nj and the phases determine different families of multipartite entangled
states.

First, one can verify that for n; = 2 and nj~1 = 1, one prepares a Bell state among the
first and last qubit in the linear quantum network, |¢1 v| = 1/v/2 and gj#1,8 = 0. This
consists in transferring half excitation of the first qubit through the intermediate ones up
to the last qubit so that the final state reads [¢(T)) = (|10...0) + €™~ [0...01)) /v/2.

Second, a balanced superposition |g;| = 1/v/N for j = 1,..., N can be achieved by
N — 1 incomplete quantum state transfers, namely,

ToyseoosTngs -+ Ty, with ng=(N+1—Fk)/(N —k)

Under ideal conditions and for the specific case of N = 3 qubits, an initial state [¢(0)) =
|100) is brought to a three-qubit W state

(T)) = (1100> + €192 (010) 4 ¢i®3 |001>) V3

using ny = (N +1—k)/(N —k) for k = 1,2, i.e. n; = 3/2 and ng = 2. Such state
contains genuine tripartite entanglement, characterized by an entanglement of formation
Esp ~ 0.92 where Esp = min {51, S2, S3} for pure states, and S; = —Tr[p; log, p;] the von
Neumann entropy for the reduced state of the jth qubit [STET20].

Finally, not all nodes need to be involved in the final quantum state. For example N/2-
qubit W state for qubits placed at even sites, [¢(T)) = \/2/N Zjvz/f e'?2i|14;), follows by
alternating the transferred excitation fractions njy at even and odd sites.

In Fig. [7.4b we show the example controls for a 3-node linear network. The excitation
is first transferred from node one to node two, and then sequentially from node two to
node three. The blue-colored controls correspond with the emission for n = 3/2, and
n = 2, whereas the reception controls (red color) are perfect hyperbolic secant with n = 1.
As previously discussed, the emission and absorption controls are not the time reverse of
each other when the objective is to distribute entanglement.

7.3.2 Parallel protocol for 1-to-N networks

The previous sequential protocol is directly based on the fractional quantum state transfer
among two spatially separated qubits. Although a sequential protocol suffices to distribute
entanglement, other network architectures may grant larger connectivity, which can be
harnessed to accelerate entanglement distribution across the network. As an example, we
consider a star quantum network, as depicted in Fig. [7.Ik, which consists of a central node
linked to N different nodes via N quantum communication channels. In this situation,
we require that the central node, denoted here as emitter (E), can address each of the
N channels individually. Furthermore, it is assumed that distinct wavepackets can be
injected through these waveguides simultaneously.

As anticipated, the simultaneous emission through independent quantum links leads
to a non-trivial modification of the controls, given in Egs. and (7.9). Although
they have been derived considering strictly simultaneous emission of wavepackets that
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Figure 7.5: (b) Simultaneous emission from qubit E to N = 3 nodes (cf. Fig. [7.1k),
preparing them in a |[W3) state. The pulses gg ;(t) denote the coupling between qubit E
and the jth resonator (emission, solid lines) which then is routed towards the jth node,
where g;(t) is tuned to absorb the incoming photon, i.e. g;(t) = g(—t+1tp ;,n = 1) (dashed
lines). Here gg ;(t) follows from Eq. with ny = ng = n3 = 3 and k; = £/j, and we
have assumed different propagation times between E and the jth node t, ; = L;/v,.

propagate through the quantum links, it is certainly possible to allow for arbitrary time
delays among them.

We show, in Fig. [T.5b, the controls for a parallel protocol in which the excitation is
transferred through three different channels, with different lengths and different decay
rates of the resonators. In all three cases n = 3 for emission, while the absorption is done
with n = 1, and therefore, all the absorption control are again hyperbolic secants.

The simultaneous emission from the emitter towards the N receiver nodes acceler-
ates the protocol to distribute genuine multipartite entanglement, as will be shown with
numerical simulations in the next section. Again, the absorption in the receiver nodes
must be done according to the time-reversed controls as detailed in Sec. namely,
g(—t+tg;;n = 1) and ke(—t+1tq;;n = 1) where tg4 ; refers to the propagation time through
the jth QCC. The total protocol time is only limited by a single emission-absorption for
the slowest QCC, and thus faster than the sequential scheme at the expense of requiring
the synchronization among all nodes and careful simultaneous control on the emitter.

In particular, an initial state with ¢g(to) = 1 and ¢;2g(to) = 0, is mapped to

N

gp(T)=(1-> n;HY? and g¢(T) =€ /\/n;. (7.34)

J=1
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The emission with Y, n,' = 1 completely exhausts the emitter excitation, gr(T) = 0.
Moreover, setting n; = N Vj € {1, N}, i.e. for each of the N emitted wavepackets, the
final state upon absorption corresponds to a |Wy) among the N receiver nodes. For
nj =N +1Vj e {1, N}, the emitter also participates in the entangled state, leading to a
|Wn+1) state. Both options are interesting, but we will focus on the first in the numerical
implementation, i.e., that which completely depletes the emitter qubit.

In the following, we focus on a particular setup to test the performance of the sequential
and simultaneous protocols to prepare a genuine multipartite entangled state |W3) for three
qubits taking into account the dynamics of realistic waveguides. In addition, we detail the
impact of the main pressing decoherence effects in these systems, namely, qubit decay and
dephasing.

7.4 Numerical verification of W states creation

We will first, in Subsection [7.4.1] present explicitly the concrete models with their respective
Hamiltonians for the linear and extended quantum networks. In this context, a proof
of concept simulation is performed with a sequential protocol in the linear case and a
parallel protocol in the extended one. These simulations show that the controls obtained
in Section [7.3] applied to the Hamiltonians of the full problem, indeed transfer fractions
of excitations and distribute genuine entanglement deterministically.

The second part of the section, i.e., Subsection [7.4.2] studies how much decoherence
and dephasing ruin the protocols and offers quantitative measures for the quality of the
obtained entanglement.

7.4.1 Coherent model

To illustrate the performance of the general framework put forward in the previous sub-
sections, we consider two distinct quantum networks made of qubits coupled to transfer
resonators operating in the microwave regime, close to the experimental setups reported
in [KMW™17, MSK™20, [SSK™23|. In this case, the quantum communication channels are
embodied by waveguides at cryogenic temperatures that allow for the exchange of itinerant
single microwave photons with minimal losses.

7.4.1.1 Linear quantum network

We first consider a linear quantum network comprising three nodes, similar to the illus-
tration in Fig. [5.4h. The Hamiltonian H;, where the subscript [ stands for linear quantum
network, can be written as

3
H = ZHn,z + Z Hqcc,i + Z anqcc,ia (735)
=1

i=1,2 i=1,2

being H,, ; the local Hamiltonian for each node, Hy..; the Hamiltonian for each QCC and
H,,_gcc,i the interaction between nodes and QCCs. The Hamiltonian for the nodes 1 and
3,ie. Hy,1and Hy,3, read as

H, ;= (51‘0';~_O'l-_ + wia;rai + gi(t)(ajai +He) 1=1,3 (7.36)
where ¢ and ¢~ are the usual raising and lowering spin operators, while a' and a the

bosonic creation and annihilation operators, such that [a,a] = 1, and g;() is the tunable
coupling between the ith qubit an its transfer resonator. Recall that the couplings are
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Figure 7.6: Proof-of-concept simulation of a sequential protocol for creating a |W3) state
implemented in a linear three nodes network. All components have been kept equal for the
sake of simplicity. lwg1 = lwge = bm. The decay rates of all four cavities are kK = 27 x 10
MHz. The resonant frequencies of all qubits and cavities §; = w; = 27 x 8.407 GHz.
Panel a) shows the occupations of the different elements of the network. The target state
of this protocol is |W3), and whereas the fidelity can not be assessed directly from the
occupations, we see that the necessary condition that |g;(T)[? = |g2(T)|? = |q3(T)|*> = 1/3
is fulfilled. Precise measures of the fidelity and entanglement of the target state will be
given when presenting the realistic simulations with noise. Panel b) shows the controls
employed for the protocol, as the name states, they are applied sequentially.

assumed to be real. The central node containing qubit 2, is coupled to left and right
transfer resonators, namely,

Hyo = 690505 + Z (wgﬁagsag,s + g2.5(t) (05 azs + Hc)) . (7.37)
s=L,R

The QCCs connecting qubit 1 with 2, and qubit 2 with 3, are represented by a collection
of N bosonic modes,

Hyces =Y Qub) b, (7.38)
k

fulfilling also [by, bz/] = 0k 1, while the interaction is given by

Hacgee = > G (b 101 + (=)0 az,p + Hee) (7.39)
k

Ho gz = 3 Gy (bL’QaQ,R + (—1)*b] a5 + H.c.> . (7.40)
k
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For the couplings G, and the dispersion relation (), we once again use the models
discussed in Chapter[2] For simplicity, we assume resonant elements and equal decay rates
of the resonators, §; = w; = w, kK = k; for s = 1,2 and 3. In this manner, the couplings
read Gy = /K048 /(2wL) as customary in the Ohmic regime [Rip22], where v, is the
group velocity and L is the length of the waveguide.

The numerical simulations take advantage of the conservation of the total excitation
of H;. Considering an initial state containing a single excitation in the qubit 1, one can
exactly simulate the coherent dynamics relying on the Wigner-Weisskopf ansatz.

This ansatz leads to the set of coupled differential equations in terms of the coefficients,
% |W;(t)) = —iH;|¥;(t)), where the initial condition is ¢i(¢9) = 1, and the rest of the
coefficients set to zero.

A fully coherent, proof-of-concept simulation of a three-node linear network in which
a sequential protocol is shown in Fig. [7.6| Panel a) depicts the different populations of
all the elements of the network throughout the protocol. It can be seen that at the end
the populations of all three qubits is |q1(7)|?> = |q2(T)|? = |g3(T)|?> = 1/3. Although this
alone is not proof of having obtained the W-state, it is a necessary condition. In the next
section, we will provide precise measures of the fidelity and entanglement of formation,
including the effects of dephasing and decoherence. In Fig. [7.6p we show the controls
applied at each node, as mentioned before, the emitting controls significantly differ from
the absorption ones. It is required to always set n = 1 for absorption since the success of
the protocol depends on the node absorbing all the field that it receives.

7.4.1.2 Star-like quantum network

The second model we consider is a star-like quantum network, cf. Fig.[5.4p, consisting of
four nodes, i.e. a central emitter plus three nodes. The Hamiltonian of this star network,
H, can be written as

3
Hs = HE + Z (Hmz + Hqcc,i + Hn—qcc,i) . (741)
i=1
The Hamiltonian of the emitter Hg reads as

3 3
Hp = (SEo'Eagw + ZwEviaEiaE,i + ZgE,i(t)(JEaEﬂ- + H.C), (7.42)
=1 =1

while the receiver nodes are described by H,, ; as given in Eq. (7.36) for ¢ = 1,2 and 3,
and similarly for Hye.; (cf. Eq. (7.38)). The interaction between the QCCs, emitter, and
receiver nodes is given by

Hogeei = 3 Gy (b;iaE,i + (—1)b] 0 + H.c.) . (7.43)
k

As in the previous case, we assume resonant elements so that the frequency of qubits and
resonators is set to w, as well as an equal decay rate x. The dispersion relation of the
QCCs and the corresponding couplings is taken as for H; given above.

Note that in both cases, the counter-rotating terms in the interaction Hamiltonians
have been neglected under the rotating-wave approximation. This is a good approximation
in this setup as the frequencies (w and ) are typically two orders of magnitude larger
than the coupling strength (G and g(t)).
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Figure 7.7: Proof-of-concept simulation of a parallel protocol for creating a |W3) state
implemented in a four nodes star-like network. All components have been kept equal for
the sake of simplicity. lwa1 = lwa2 = lwas = dm. The decay rates of all four cavities are
k = 2w x 10 MHz. The resonant frequencies of all qubits and cavities §; = w; = 27 x 8.407
GHz. Panel a) shows the occupations of the different elements at the emission point, where
it can be seen that the emitting qubit (solid blue line) gets completely depleted. Panel
b) shows the occupations at the different reception points. As in the sequential protocol,
the target state is |W3), and the condition that |q1(T)* = |q2(T)|*> = |q3(T)|* = 1/3 is
fulfilled. Panel b) shows the controls employed for the protocol. There are six controls in
total, three employed for emission in parallel at the same node, and three for reception at
each of the three nodes also in a simultaneous fashion.
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In this case of the star quantum network, the single excitation wave function at all
times is

3 3

(1)) = [qE@)ag Y atod + 3 emi(taly,; + ci(t)al)

i=1 =1

3
+2.> ¢kvi(t)b2,i:| [vac) . (7.44)
k

=1

This ansatz leads to the set of coupled differential equations in terms of the coefficients,
% |Ws(t)) = —iHs |¥s(t)), where the initial condition is qg(t9) = 1, and the rest of the
coefficients set to zero.

We show, in Fig. a full coherent, proof of concept simulation of a four-node ex-
tended network in which the parallel protocol is applied. Panels a) and b) depict the
different populations of all the elements of the network throughout the protocol. Analo-
gously to the linear case of the previous subsection, the final populations of all receiving
qubits are |g2(T)|? = |g3(T)|> = |qa(T)|> = 1/3. In Fig. [7.7c we show the controls ap-
plied at each node. In this case, contrary to the previous proposal, all emitting controls
g12(t), g13(t), g14(t) are applied simultaneously to the qubit 1, and also the receiving con-
trols are applied synchronously to each receiving qubit. Note, finally, that the whole pro-
tocol is much faster in this case than in the sequential one, ranging from ¢ € (—14k, +14k)
instead of the sequential time of ¢ € (—35k, +35k).

7.4.2 Effects of decoherence and dephasing

We benchmark the generation of a genuine multipartite entangled state W employing an
incomplete quantum state transfer, performing numerical simulations in the two quantum
networks discussed above. In particular, we perform a sequential protocol for the linear
quantum network, while the star network allows for simultaneous control. In both cases,
we aim at preparing a three-qubit W state, i.e., |W3).

We incorporate the impact of decoherence effects taking into account the most relevant
sources in this setup, namely, qubit dephasing and spontaneous decay. We model qubit
dephasing as a random uncertainty in each of the qubit frequencies obeying a Gaussian
distribution. For a single realization, the frequency of the ith qubit is shifted according to

p(dw) = L6_6‘”2/(2"2). (7.45)
2ro

The dephasing time is related to the standard deviation of the Gaussian distribution as
o = \/2/T». Assuming an equal T for all the qubits, this results in an independent and
identically distributed fluctuation dw; for all qubits in the network.

The impact of spontaneous decay is included by integrating the population of each
of the qubits during the time of the protocol, 7; = [ dt|q;(t)|?, and then reducing the
amplitude of the corresponding qubit. That is, the population of the ith qubit decreases
by a factor e "/Tt which is brought to the vacuum state. Again, we consider equal T}
times for all the qubits across the network. However, we anticipate that dephasing and
spontaneous decay will have a different impact depending on the network configuration,
i.e. depending on a sequential or simultaneous protocol. This is a direct consequence of
both protocols having very different durations.

Averaging over many stochastic realizations for the dephasing noise, one obtains an
ensemble pp. Since we are interested in the resulting state for the three qubits participating
in the entangled state, all the other elements in the system are traced out, i.e. p = Tr,.[py],
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Figure 7.8: Performance of the generated genuine multipartite entangled state |Ws3). Panel
(a) shows the infidelity log;q(1 — F') concerning the targeted state |W3) for sequential
(linear) and simultaneous (star) protocols as a function of Ty and T3, setting 17 = 275,
and for two different decay rates k. Panel (b) shows the entanglement of formation E3¢
of the resulting state, in particular, the difference with the ideal value Es;(|W3)) ~ 0.918,
i.e. logg(E3¢(|W3)) — Esf(p)). In both panels, k = 27 x 50 MHz (green color) provides
better results, as the protocol is faster than x = 27 x 10 MHz (violet color). Each of
the points corresponds to 103 stochastic realization to correctly include dephasing noise.
Error bars correspond to the standard deviation for each case performing bootstrapping.
See the main text for details of the parameters.

so that p is the reduced state for three qubits. Note that, due to the nature of the process,
only the states [100), |010), |001) and |000) will be relevant.

We numerically simulate the dynamics of the protocol to generate a |W3) in these two
networks, considering w = 27 x 8.407 GHz for qubits and transfer resonators, N = 100
modes for each of the waveguides centered around the central frequency w and a total
length of L. = 5 m. In addition, we introduce a correction on the qubit frequencies to
account for the Lamb shift that stems from the interaction of the transfer resonators with
the QCCs. Once again, as already done in previous chapters, we optimize the depletion of
the qubit excitation and find dr,g = 0.0065% for each of the nodes so that § — ¢ + dr,5. To
generate the |W3) the time-dependent controls presented in Section and Section
are used. In particular, for the linear network g;(t) follows g(t;n) given in Eq. with
n =3/2, go,1.(t) corresponds to g(—t+tg; 1), while go r(t) again g(t+ts;n) with n = 2 and
finally g3(t) = g(—t + tq + ts; 1). Here t5 denotes the delay time of the emission protocol
from qubit 2 to avoid an overlap with the absorption from qubit 1. For the star network,
the emitter coupling gg ;(t) follows Eq. with n = (3,3, 3), while the receivers a set
to g(—t+tg;1). We investigate the interplay of the decay rates, which also fixes the photon
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bandwidth, namely x = 27 x 10 MHz and 27 x 50 MHz, with the coherence times 77 and
T5 in the range of ~ 1us to 100us. The total duration of the sequential protocol is set to
35/k, while the simultaneous allows for a faster generation, 14/x.

We quantify the performance of the protocol in terms of the fidelity F' for the target
|W3) and entanglement of formation Es; [Wo098) [Szal5]. The fidelity F' is computed as
F = maxgy, ¢, F(p2, ¢3) where F (g2, ¢p3) = (W3|p|W3) with |[Wy) = %(\100) + €2 |010) +
€'#3]001)), i.e. allowing for local phases. The entanglement of formation Esf for a three-
qubit pure state [¢) is defined as E3¢([¢)) = min{S, S2, S3} where S; is the von Neumann
entropy for the reduced state of the jth qubit, i.e. S; = —Tr[p;log, p;]. For the |W3), it
follows Es¢(|WW3)) = logy(3)—2/3 ~ 0.918. For a mixed state p, however, the entanglement
of formation is computed as the minimum over all possible ensemble decomposition of p,
i.e. Esf(p) =min) ,; p;iEs¢(|1hi)) where p =Y. pi |vs) (i] [Woo98|, [Szals].

In Fig. mwe show the numerical results for the infidelity (a) and the entanglement of
formation (b) as a function of coherence times T» = T7/2, and for the two networks with
k =27 x 10 MHz and 27 x 50 MHz. The results have obtained averaging 1000 stochastic
realizations for the dephasing, while the error bars correspond to a standard deviation
performing bootstrapping. As can be seen, the simultaneous protocol performed in the
star network is more robust to decoherence than its linear counterpart. This is expected
since the star network allows for a faster protocol to generate the genuine multipartite
entangled state |W3). In particular, we find good results for state-of-the-art coherence
times, as evidenced by the entanglement of formation or the fidelity, 1 — F < 1072 for
Ty > 40us or even below 1072 for the star network already for Tb > 20us. In addition, it
is worth mentioning that a fidelity F' > 2/3 witnesses multipartite entanglement in the W
class [WGEL6]. This is achieved for very short coherence times (12,77 ~ 5us).

7.5 Summary

In this chapter, we have introduced a fractional quantum state transfer protocol designed
to generate entangled states across a quantum network. The protocol leverages wavepacket
shaping to inject a traveling single photon through a quantum communication channel. We
have first presented the mechanism between two quantum nodes, enabling the distribution
of maximally-entangled states. We considered two key cases: (i) a node consisting of a
qubit coupled to a transfer resonator with tunable control, and (ii) a qubit with a tunable,
time-dependent decay rate into the quantum communication channel.

The protocol was then extended to N nodes, where a sequential application of incom-
plete quantum state transfers can generate a W multipartite entangled state. Addition-
ally, we explored a scenario where the control allows for simultaneous emission, which
accelerates the generation of W states. The general framework proposed in this chapter
was tested numerically, considering both linear and extended network configurations. We
included the primary sources of decoherence in these systems, namely, qubit dephasing
and spontaneous decay. The numerical results demonstrated that multipartite entangle-
ment can be successfully achieved in state-of-the-art setups, with fidelities in the range of
1 — F ~ 1072 or better.

This work paves the way for exciting future developments in quantum networks, partic-
ularly for achieving deterministic and rapid operations between distant nodes without the
need for measurements or the exchange of information through classical channels. Making
use of multiple photonic excitations along with multiplexed quantum links could lead to
new opportunities in quantum computation and communication.



Conclusions and Outlook

This thesis has addressed the challenge of building a comprehensive quantum optical mod-
elization of a superconducting quantum state transfer network based on microwave links.
The reason that drove us to face this task is the promise of a fully operational and scalable
quantum computing architecture. With that goal in mind, we have proposed solutions to
resolve some of the most pressing current limitations, such as cross-talk between emitters
and size of the quantum computing chips [AAB™19, MMM.J20], and designed novel pro-
tocols to help increase the fidelity, speed, and computational capacity of quantum links
that connect separated quantum processors.

In the last decade, mainly motivated by the high degree of control and astonishing
gate fidelities that were being achieved with superconducting circuits, some experimental
groups around the world started distributing the computations in a deterministic manner,
by mapping the qubit states from the solid state transmons to flying microwave photons,
first within the same refrigerators [KKT™18, IABP™ 18|, and more recently, among differ-
ent ones [MSK™20, ISSK™23]. And thus the paradigm of state transfer networks began.
Although this is a term that we have coined, the idea is by no means ours. It traces back
to the original quantum state transfer proposal [CZKM96], and it refers to the general
concept of mapping stationary qubits to flying ones in a way that enables their emission
and retrieval. This protocol allows for entanglement distribution and enables multiqubit,
non-local operations. It is within this context that this thesis falls.

The first original result of the present thesis is introduced in Chapter It consists
of the systematic use of input-output theory to obtain the specific functional form of the
control g(t) from the desired target wavepacket, which could be designed for emission or
absorption. Through these quantum optics techniques, we discovered that the controls g(t)
vary significantly depending on specific hardware components, such as Purcell filters, which
are commonly used to enhance qubit coherence. We integrated these previously overlooked
details into our analysis, paving the way for employing time-dependent controls to tackle
various challenges in the following chapters. Indeed, given the flexibility of the possible
g(t) controls and the generality of the paradigm, we believe their range of application
extends far beyond what we explored in this thesis.

Once we established in detail the theory of wavepacket engineering, we studied, in
Chapter |4l the most pressing sources of errors in superconducting quantum links to design
two families of distributed and fully deterministic quantum gates. Within this exploration,
we found an interesting side result, namely, that input-output theory describes the pro-
cesses of scattering and wavepacket shaping faithfully even in limits in which the photon
only interacts with very few waveguide modes. Building on this finding, we were able to
show that wavepacket shaping, due to its speed, could outperform adiabatic protocols and
overall increase the velocity of distributed protocols across quantum links. The results
from this segment point towards the feasibility of quantum information processing based
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on quantum links, and show that universal distributed gates based on wavepacket shaping
and state transfer are ready for implementation with promising fidelity values.

As the technology advances towards faster protocols and better overall fidelities, two
issues are becoming more relevant in the realm of microwave quantum links, these are
wavepacket distortion by propagation and non-Markovian effects. We proposed in Chap-
ter [5| a method for mitigating distortion by designing and engineering a wavepacket with
a phase profile opposed to the one acquired by propagation. This proposal is very flexible
and it could be used essentially for any distortion method that changes the wavepacket
profile, such as scattering or change of physical medium. On top of this, we refined the
theory for wavepacket shaping proposed in Chapter [3| including second-order corrections
to the Markov approximation. As we identified, this is essential for a precise chirping of
the controls and also for engineering faster pulses.

Another very important issue to address in the quest for distributed quantum comput-
ing via deterministic quantum links is that of information multiplexing. It is necessary to
be able to send multiqubit states through the quantum link to allow for real and practical
scalability. In Chapter [6] we turned our attention to this problem and proposed two com-
plementary ways to increase the information capabilities of the waveguide. First, through
spatio-temporal wavepacket multiplexing, we designed a family of mutually orthogonal
wavepackets that can be selectively emitted and absorbed. Secondly, we performed a
thorough study of the bandwidth capabilities of the waveguide and determined that, with
enough qubits at the end of the quantum link, hundreds of quantum states could be sent
simultaneously with very good fidelities. The requirement is that the carrier frequencies
of the photons are sufficiently far apart, but this restriction is easy to circumvent as the
overlap infidelity decreases exponentially, and the available bandwidths are large.

Finally, in Chapter [7| we shifted our attention towards another critical issue for dis-
tributed quantum computing, namely, the generation of entanglement. We envisioned a
protocol, based on the emission of fractions of excitations, that deterministically generates
entanglement across an arbitrary number of nodes. More specifically, our fractional state
transfer method transforms an initial product state into a many-node W-state without
needing measurements. We showed that the method is flexible and can be adapted to
many experimental configurations—qubits directly coupled to the waveguide, cavities and
frequency filters, one-to-one fractional states, one-to-N, etc. Each particular instance needs
a different control g(¢), but the underlying mechanism is equivalent in any configuration.

Overall, this thesis advocates for a distributed architecture based on superconducting
microwave quantum links as a viable alternative for scaling up quantum computing sys-
tems. Building on the very well-established theory of quantum optics [SZ97, Nav22| Rip22],
and motivated by several ground-breaking experiments [KKT™18, IABPT18, IMSK™20),
SSK™23], we argue in favor of the all-microwave fully cryogenic distributed quantum com-
puter.

Throughout the whole work, we have proposed solutions for some of the most acute
sources of errors in these systems. We have also designed protocols that advance quantum
information science by leveraging the best attributes of superconducting circuits, namely,
their fast execution times and strong light-matter couplings. The general results of the
exploration are positive. We believe that the full flexibility of the controls g(t) has not yet
been exhausted and that there is plenty of room for improvement. Some issues within this
paradigm remain unaddressed in the present thesis, such as achieving longer coherence
times for qubits—an ongoing engineering challenge—and improving measurement times
and fidelities, which is an active area of research. However, substantial progress is being
made in both of these areas, as well as with the limitations we did explore in detail.

Our analytical and numerical explorations showed that the full bandwidth of the avail-
able quantum links is far from being used. This makes it an appealing road for scaling
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quantum processors. Furthermore, the fractional state transfer protocol that we proposed
enables the creation of fast deterministic genuine multipartite entanglement with very lit-
tle resource overhead, and with current technology. For all these reasons, this thesis adds
another brick of evidence to the already quite robust building of superconducting circuits
for quantum information processing. It points towards the convenience of supporting this
architecture as a viable candidate for a fully scalable distributed quantum computer.

Although the vision of an extensive superconducting quantum network operating en-
tirely with microwaves at cryogenic temperatures might seem distant, it is important to
remember that connecting different cryostats via microwave waveguides seemed unthink-
able just some years ago. Today, however, there are experiments already working based
on this concept [MSK™T20, ISSK*23]. A complementary approach to the one explored
in this thesis, and one to which many of our techniques could be applied is microwave-
to-optical transduction [LSBT20]. In this scenario, a small-scale local superconducting
state transfer network would first be used to leverage the strong light-matter couplings
available in circuit QED for mapping stationary qubits to propagating ones. Once the
qubit state is mapped to a propagating microwave photon, it would then be transduced
into an optical photon [LRSS20} [SHR™22|, which could travel through an optical fiber.
The appeal of this approach lies in the fact that photons in the THz regime experience
minimal distortions and thermal fluctuations, as the density of thermal photons at such
high energies is negligible. After traveling a considerable distance, the optical photon
can be transduced back to a microwave photon and reabsorbed by a solid-state qubit at
another local superconducting network. This concept could potentially enable the long-
sought goal of an inter-city quantum internet [Kim08, MRR" 14, WEHTS|. The main chal-
lenge facing this paradigm today is the transduction process, which is inherently noisy.
Preserving quantum coherence during transduction is both crucial and extremely chal-
lenging [MSKP20, BKU™22, [SHR™22, [KSS™23, WDB™24|. Nonetheless, this remains an
exciting and rapidly advancing area of research.

On top of all this, it is important to state that there remain big challenges and unre-
solved problems in the field, many of which were only partially addressed in the current
work. The main issue that this thesis leaves open is the construction of a complete quan-
tum optical theory of state transfer. We have made several incremental contributions and
addressed the problem in different situations. However, we believe it should be possible to
construct a general framework in which to relate the quantum states of the emitters, the
controls ¢(t), and the state of general bosonic media. A formalism that works backward
and forward, for emission and absorption, and that is exempt from all artificial restrictions
such as that of temporal inversion.

Besides this big challenge, many other, less ambitious research lines depart from this
work. For instance, the convergence of the Lamb shift as defined in Chapter [3| when
applied to the model constructed in Chapter [2] is far from obvious. The study of this
problem already gave rise to a master thesis, and a publication on the issue is in progress.
On a more applied front, the correction strategies conceived in Chapter [5| only work up
to second-order on the dispersion relation. This limits their applicability, and there is no
reason to think why phase profiles that encompass the full complexity of an arbitrary w(k)
can not be designed. Along the same lines, our correction to the Markovian approximation
also admits generalization. It would be desirable, and in principle doable, to incorporate
into the model more details and advance beyond the first-order correction. Ultimately, this
objective overlaps with the more ambitious one of a general quantum optical framework
for quantum state transfer.

Another quite direct continuation of this work is to explore the potential of the orthog-
onal wavepackets proposed in Chapter [6] to construct complex highly entangled photonic
states [FKB™24]. Moreover, the combination of the two multiplexing strategies proposed
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could lead to an even larger exploitation of the available bandwidth. Finally, Chapter [7]
opens up the way for many potential applications, we focused almost exclusively on the
design and numerical benchmarking of the method, but transmission of fractional excita-
tions can lead to other interesting applications. This intuition builds, for instance, on the
fact that one can design fractions with shapes that are not allowed for whole excitations,
such as Gaussian ones. Also, the possibility of combining fractional quantum state trans-
fer with other known methods such as entangling two qubit gates at specific nodes seems
exciting.

In summary, this thesis leads to optimistic conclusions and positive results regarding
the utilization of superconducting quantum links for quantum computing tasks, while
opening several interesting research paths that hopefully someone will walk.
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