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Abstract. In this note we show that there exist a 2c-generated free algebra S ⊂ RR of Riemann
integrable functions and a free algebra C ⊂ R[0,1] of continuous functions, having c-generators, such that
r ◦ c is not Riemann integrable for any r ∈ S and c ∈ C. This result is the best possible one in terms
of lineability within these families of functions and, at the same time, an improvement of a precious
result ([3, Theorem 2.7]). In order to achieve our results we shall employ set theoretical tools such as the
Fichtenholz-Kantorovich-Hausdorff theorem, Cantor-Smith-Volterra–type sets, and classical real analysis
techniques.

1. Introduction and Preliminaries

The search for linear structures of mathematical objects enjoying certain special property has, for the
past decade, become a sort of a trend in many different areas of Mathematics and, as a consequence
of this, a vast literature on this topic has recently been built, from Linear Chaos to Real and Complex
Analysis, passing through Set Theory and Linear and Multilinear Algebra, Operator Theory, Topology
and Measure Theory, Functional Analysis, or Abstract Algebra [1, 3, 6, 7].

Let us recall some terminology we shall need throughout this work (which can be found in, for instance,
[1,6]). Assume that X is a vector space and α is a cardinal number. Then a subset A ⊂ X is said to be:

• lineable if there is an infinite dimensional vector space M such that M \ {0} ⊂ A;
• α-lineable if there exists a vector space M with dim(M) = α and M \ {0} ⊂ A.

And, provided that X is a vector space contained in some (linear) algebra, then A is called:

• algebrable if there is an algebra M so that M \ {0} ⊂ A and M is infinitely generated, that is,
the cardinality of any system of generators of M is infinite;

• strongly α-algebrable if there exists an α-generated free algebra M with M \ {0} ⊂ A. Recall that
if X is contained in a commutative algebra, then a set B ⊂ X is a generating set of some free
algebra contained in A if and only if for any N ∈ N, any nonzero polynomial P in N variables
without constant term and any distinct f1, . . . , fN ∈ B, we have P (f1, . . . , fN) ∈ A \ {0}.

Of course, any form of (infinite) algebrability implies lineability. We shall denote by B the subset of
R[0,1] of bounded functions. This paper focuses on a very particular class of real valued functions: the
bounded ones. Of course, the set B defined above is, in itself, a vector space and, simultaneously, an
algebra as well. However, the question that arises is: How large (in terms of dimension) can this vector
space get? And regarding seeing it as an algebra... How large (in terms of cardinality) can the set of free
generators be for this algebra? Of course, and due to cardinality issues, the dimension of this vector space
(and the cardinality of the set of generators for the potential free algebra) cannot exceed 2c.

When dealing with lineability, one can encounter many different situations. Just to cite some illustrative
(and now classical) examples, for instance:

Example 1.1. A function f ∈ RR is said to be everywhere surjective (ES, for short) if f(I) = R for
every non-void open interval I of R. In [2] the authors showed that ES is, indeed, 2c-lineable.

Example 1.2. Let us denote by Ĉ(R) the subset of C(R) of continuous real-valued functions attaining

their absolute maximum exactly once. In [5] it was proved that Ĉ(R) is 2−lineable but not 3−lineable.
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Example 1.3. In 1923, Sierpiński and Zygmund [12] proved the existence of a function f : R → R such
that, for any set Z ⊂ R of cardinality c, the restriction f |Z is not a Borel map (and, in particular,
not continuous). A function f : R → R is a Sierpiński-Zygmund function if it satisfies the condition
in Sierpiński-Zygmund’s Theorem. In 2012 [9], the authors showed that the 2c-lineability of the set of
Sierpiński-Zygmund functions is, actually, undecidable.

These previous examples illustrate that anything can actually occur and that intuition does not really
help here.

Our goal in this note is to improve [3, Theorem 2.7] by showing that there exist a 2c-generated free
algebra S ⊂ RR of Riemann integrable functions and a free algebra C ⊂ R[0,1] of continuous functions,
having c-generators, such that r ◦ c is not Riemann integrable for any r ∈ S and c ∈ C. In order to achieve
this we shall need to make a smart use of several set theoretical techniques (such as the Fichtenholz-
Kantorovich-Hausdorff theorem) and classical real analysis tools as well. The notation shall be rather
usual.

2. The main result

With the goal of being a self-contained paper, let just provide some necessary definitions and tools in
order to provide a straight proof of Lemma 2.3 below (that originally appeared proved in [4, Theorem 2.2]
as a consequence of a more intricate result).

As it is common in certain grounds, if X stands for any nonempty set, for any set A ⊆ X we denote
A0 = X \A and A1 = A. Let us recall the following definition (see, e.g., [11]).

Definition 2.1. Let X be a nonempty set. A family A of subsets of X is independent provided that for any
finitely many distinct elements A1, . . . , An of A we have that Aε1

1 ∩· · ·∩Aεn
n 6= ∅ for any ε1, . . . , εn ∈ {0, 1}.

A classical set theoretical result, known as the Fichtenholz-Kantorovich-Hausdorff theorem ([8,10,11])
is also needed to achieve our goal.

Theorem 2.2 (Fichtenholz-Kantorovich-Hausdorff). For any set X of infinite cardinality there exists an
independent family A ⊆ P(X) of cardinality 2card(X).

Recall that P(X) denotes the power set of X .
From Theorem 2.2, we have that given any set X of cardinality κ ≥ ℵ0, there is an independent family

A of 2κ-many subsets of X . Moreover, we have that Aε1
1 ∩ · · · ∩ Aεn

n is infinite for every A1, . . . , An ∈ A,
ε1, . . . , εn ∈ {0, 1} and n ∈ N. Indeed, by way of contradiction assume that

card(Aε1
1 ∩ · · · ∩ Aεn

n ) = k ∈ N \ {0},

i.e.,
Aε1

1 ∩ · · · ∩Aεn
n = {x1, . . . , xk}.

For every i ∈ {1, . . . , k}, take Axi
∈ A and εxi

∈ {0, 1} such that xi /∈ A
εxi

xi
(with Axi

not belonging to
{A1, . . . , An}), then

Aε1
1 ∩ · · · ∩Aεn

n ∩ A
εx1

x1
∩ · · · ∩ A

εx
k

xk
= ∅.

Let us recall that, if H is a Hamel basis of R as a Q−vector space,
h1, . . . , hn, hn+1 ∈ H and c1, . . . , cn ∈ Q, the set of points x ∈ R of the form

c1h1 + . . .+ cnhn + chn+1

with c ∈ Q, is dense in R. Also, given H a Hamel basis as before, and if A is a subset of H, we shall
denote by fA the Q−linear function in RR such that, if h ∈ H it is

fA(h) =

{
1 if h ∈ A,
0 otherwise,

and gA is the function given by

(2.1) gA(x) :=
fA(x)

1 + |fA(x)|
.

Guest
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Now, with the previous tools and notations at hand, we are able to state and prove the following tool
we need that, as we mentioned above, it was already shown in [4]. However, the technique in our proof is
new and more direct.

Lemma 2.3. The subset B of R[0,1] of bounded functions is strongly 2c−algebrable.

Proof. Let us take H a Hamel basis such that 1 ∈ H. If A is a family of independent sets in H\{1}, we
shall see that the functions gA (defined as above, (2.1)) are algebraically independent.

If gA1
, . . . , gAn

were algebraically dependent, there would exists a polynomial (in n variables) P 6= 0
(and without constant term) in such a way that P (gA1

(r), . . . , gAn
(r)) = 0, ∀r ∈ [0, 1]. Since P 6= 0 there

exist x1, . . . , xn ∈ [0, 1], such that P (x1, . . . , xn) 6= 0. Next, take A1, . . . , An ∈ A and let

h1 ∈ A1
1 ∩A0

2 ∩ . . . ∩ A0
n

h2 ∈ A0
1 ∩A1

2 ∩ A0
3 ∩ . . . ∩ A0

n

· · · · · · · · · · · ·

hn ∈ A0
1 ∩ . . . ∩ A0

n−1 ∩ A1
n

hn+1 ∈ A0
1 ∩ . . . ∩ A0

n−1 ∩ A0
n.

If r = c1h1 + . . .+ cnhn + chn+1,we have that fAi
(r) = ci ∈ Q for every i ∈ {1, 2, . . . , n}. Once we fix

δ > 0, we can find appropriate ci’s in such a way that∣∣∣∣xi −
ci

1 + ci

∣∣∣∣ < δ.

Thus, we can also find values of ci’s and c in such a way that:

|P (x1, . . . , xn)− P (gA1
(r), . . . , gAn

(r))| <
|P (x1, . . . , xn)|

2

and r ∈ [0, 1]. This is a contradiction, since we assumed that P (gA1
(r), . . . , gAn

(r)) = 0, ∀r ∈ [0, 1]. That
is, we have algebraic independence. We let G stands for this free algebra (the algebra generated by the
functions gA with A ∈ A). �

The following remark is also an important tool, although it is, by itself, of independent interest.

Remark 2.4. Notice that, if r′ = c1h1 + . . . + cnhn then, in every interval ]α, β[⊂ [0, 1], by choosing c
appropriately, there exists r ∈]α, β[ such that

P (gA1
(r), . . . , gAn

(r)) = P (gA1
(r′), . . . , gAn

(r′)) .

Now, let us show the main result in this short note. Namely, the following theorem improves a result
from [3]. More precisely, [3, Theorem 2.7], regarding the algebraic genericity of the set of real functions that
are not Riemann integrable (the result from [3] is an immediate consequence of the following one). More
particularly, in [3, Theorem 2.7] the authors constructed a 2c-dimensional space V and a c-dimensional
space W of, respectively, Riemann integrable functions and continuous functions such that, for every
f ∈ V \ {0} and g ∈ W \ {0}, f ◦ g is not Riemann integrable. Here we improve this previous result in the
best possible way (in terms of lineability), by showing that the previous V and W can be chosen to be
free algebras both of the maximal possible dimension and size of the sets of generators. Let us show it.

Theorem 2.5. There exist

(i.) a 2c-generated free algebra S ⊂ RR such that the restriction of any of its elements to any interval
[α, β] is Riemann integrable and

(ii.) a free algebra C ⊂ R[0,1] of continuous functions, having c-generators,

such that r ◦ c is not Riemann integrable for any r ∈ S and c ∈ C.

Proof. Take a weighted Cantor set T ⊂ [0, 1] (also known as Cantor-Smith-Volterra set), symmetric with
respect to 1/2. The set [0, 1]\T is formed by the disjoint intervals ]as, bs[. Define the (continuous) function

g(x) :=

{
min{x− as, bs − x}/s if x ∈]as, bs[ for some s ∈ N,

0 otherwise.
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Denote by C the algebra generated by the powers gh with h ∈ H ⊂ [1, 2]. It is a free algebra of
continuous functions with c generators. Next, consider t : C → [0, 1] the restriction of the Cantor function
to the classical Cantor set C. Also, hn : [0, 1[→ [ 1

n+1 ,
1
n
[ is the increasing linear bijection and denote

Cn = hn(C\{1}) with n ≥ 1.
Now, for every m belonging to the free algebra G constructed in the proof of Lemma 2.3, let us define

r∗m : [0, 1] → R as

r∗m(x) =

{
m

(
t
(
h−1
n (x)

))
if x ∈ Cn for some n ≥ 1,

0 otherwise,

which is well defined. Now, we let rm be the periodic extension of r∗m. These functions are zero almost
everywhere and, thus, they are locally R-integrable. With all the previous elements at hand, denote by S
the set of functions rm with (as we said earlier) m belonging to the free algebra G previously constructed
(see the proof of Lemma 2.3). The set S is a free algebra with 2c generators and the restriction to any
interval [α, β] of any of its elements is Riemann integrable. If c ∈ C and r ∈ S, we have that r ◦ c is not
Riemann integrable.

Take x′ ∈ T , then any neighborhood U of x′ contains infinitely many intervals of the form ]as, bs[ of
]0, 1[\T and with as, bs ∈ T.

If c is not the identically 0 function, we have that c ([as, bs]) is a non-degenerated interval containing
0. Therefore, from some n0 on, we have c ([as, bs]) contains one of the following sets:

⋃

n>n0

Cn or
⋃

n>n0

−Cn.

Recall that the reason why, previously, we introduced the functions hn’s was to, actually, guarantee this
previous fact. Without loss of generality, and for simplicity, suppose that it is actually the set ∪n>n0

Cn.
We have that t

(
h−1
n (Cn)

)
= [0, 1[. For m ∈ G\{0}, there exists γm ∈ [0, 1[ such that m (γm) 6= 0. That is,

once we fix m, for every neighborhood U of x′ there exists xU such that

rm (c(xU )) = m (γm) 6= 0.

Since rm (c(x′)) = rm(0) = 0, we have that rm◦c is not continuous at x′, that is, rm◦c is not continuous
in T and, thus, it is not Riemann integrable, since λ(T ) > 0 (Lebesgue’s theorem). �
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