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ABSTRACT. In this article, we introduce a new approach to show the existence and smoothing of simple
normal crossing varieties in a given projective space. Our approach relates the above to the existence of
nowhere reduced schemes called ribbons and their smoothings via deformation theory of morphisms. As
a consequence, we prove results on the existence and smoothing of snc subvarieties V c PV, with two irre-
ducible components, each of which are Fano varieties of dimension 7 > 2, embedded inside PV for effective
values of N, by the complete linear series of a line bundle H. The general fibers of the resulting one param-
eter families are either smooth Fano, Calabi-Yau or varieties of general type, depending on the positivity of
the canonical divisor of their intersections. An interesting consequence of projective smoothing is that it
automatically gives a smoothing of the semi-log-canonical (slc) pair (V,A), where A = ¢H, ¢ <1, is a rational
multiple of a general hyperplane section of H. For threefolds, we are able to give explicit descriptions of the
smoothable snc subvarieties due to the classification results of Iskovskih-Mori-Mukai. In particular, we show
the existence of unions V=Y;Up Y2 c PN, where Y;’s are smooth anticanonically (resp. bi-anticanonically)
embedded Fano threefolds, intersecting along D, where D is either a del-Pezzo surface or a K3 surface (resp.
a smooth surface with ample canonical bundle) and their smoothing in PV to smooth Fano or Calabi-Yau
threefolds (resp. to threefolds with ample canonical bundle) for various values of N between 10 and 163. In
cases when the general fiber is a smooth Fano or Calabi-Yau threefold, one can choose ¢ such that (V,A) isa
Calabi-Yau pair while in all cases ¢ can be chosen so that (V, A) is a stable pair.

1. INTRODUCTION

The topic of degenerations of algebraic varieties to varieties with simple normal crossings has been
a topic of much interest in algebraic geometry. The topic of abstract smoothing of normal crossing va-
rieties, particularly the ones having invariants that of either Fano or Calabi-Yau have been studied in
[Kul77], [Fri83], [KN94], [Tzi10], [Tzi15], [FFR21]. In this article we study projective degenerations of al-
gebraic varieties to varieties with simple normal crossings. In addition to Fano and Calabi-Yau type, a
large class of examples of smoothable simple normal crossings in this article are of general type. There
are multiple motivations and implications for pursuing the topic of projective degenerations apart from
the fact that it is an interesting question in its own right. For example, some of the motivations include
compactifications of moduli of polarized varieties since snc varieties have semi-log-canonical singular-
ities (see [Vie95], [KSB88], [KX20]), the study of Gaussian maps ([CLM93]), semistability of g—th Hilbert
points for low values of g (see [Fed18], [DFS16], [HHO09], [HH13]), syzygies of algebraic varieties (see
[BE95], [Deo18], [RS22]) among others.

An important class of varieties in the context of higher dimensional geometry is the class of Fano vari-
eties. A lot is known about their geometry, boundedness etc in any dimension (see [KMM92], [Bir21]) in-
cluding a complete classification in dimension three in the work of Iskovskih-Mori-Mukai [Isk77], [1sk78],
[MM82] and they are reasonably well-understood. Hence a motivating topic to pursue is the study of de-
generations of smooth varieties into snc varieties whose irreducible components are Fano varieties. So
we start by asking the following natural questions arising in this context, answers to which have impor-
tant consequences as clarified below.
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(1) Fix two positive integers N and d. Does there exist a simple normal crossing variety V which is a
union Y; Up Y2 < PV of smooth n— anticanonically embedded Fano varieties Y; of dimension d
that intersect along a smooth divisor D which is either

(a) aFano variety
(b) a Calabi-Yau variety or
(c) avariety with ample canonical bundle ?

Such a union gives a Gorenstein simple normal crossing variety in PV for effective values of N with
invariants that of a Fano variety, a Calabi-Yau variety and a variety with ample canonical bundle in cases
(a), (b) and (c) respectively. Further, pulling back a suitable rational multiple A = cH with c <1 of a
general hyperplane section H, the pair (Y; Up Y»,A) gives rise to slc Calabi-Yau pairs in cases (a) and (b)
and stable pairs in cases (a), (b), (c). Itis to be noted that the existence of such a union is not just about
constructing a very ample line bundle on Y; Up Y but is also about showing that after a projection to a
suitable linear subspace it remains an embedding. This is due to the fact that a very ample line bundle L
on an abstract union, embeds each component Y; degenerately inside P(H(L)) in general.

Once the existence of such an embedded simple normal crossing variety is established, the next im-
portant question is:

(2) Are these simple normal crossing varieties V = ¥; Up Y> smoothable inside PN 2

It is important to note here that an abstract smoothing of the simple normal crossing in general will
not be achieved inside the given projective space. The relevance of projective smoothing (apart from its
many other applications as we mentioned above) is in the fact that it provides a smoothing of not only
Y1 Up Y» but also of the log pair (Y, Up Y2, A).

We introduce an algorithmic process for a systematic construction and smoothing of simple normal
crossing varieties consisting of two irreducible components meeting along a smooth divisor inside a pro-
jective space and in particular answer the above questions in the next theorem and the corollaries that
follow:

Theorem 1.1. (see Theorem 3.2) Let Y be a smooth, projective Fano variety of dimension d = 3, let H be a
very ample line bundle on Y, let N = h°(H) — 1 and, abusing the notation, call Y the image in PV of the
embedding induced by the complete linear series |H|. Let L be a line bundle such that L' is ample and
there exist a smooth divisor D in|L™'| and a smooth divisor in |L™2|. Assume the following conditions hold:

(a) He® L is base point free.
(b) N=2d+1.
(c) One of the following conditions hold:
(i) wy' ® L isample; or
(i) L=wy and h"*(Y) =1 whend =3 or L= wy and h42(Y) =0 when d = 4;
(iii) L' ® wy isample, H'(H® L) =0 and Y satisfies Bott vanishing theorem.
Then

(1) There exist simple normal crossing varieties V = Y1 Up Y2, embedded inside PN with two irreducible
components Y;, such that Y; is the subvariety Y and Y- is a deformation of the subvariety Y inside
PN intersecting along the subvariety D.

(2) The snc subvarieties V are smoothable inside P into smooth Fano varieties or Calabi-Yau varieties
or varieties of general type in cases (c) (i), (¢) (ii) and (c) (iii) respectively.

(3) The locally trivial deformations of V inside P are unobstructed and the first order locally trivial
deformations form a subspace in the tangent space of the Hilbert scheme at [V] of codimension
KhO(L=2|p). Furthermore, this subspace is the tangent space at [V] of an irreducible locus of the
Hilbert scheme, which has codimension h°(L2|p) and is smooth at [V]. The singularities of the
subschemes parameterized by this locus are normal crossing singularities; in particular, they are
non-normal and semi-log-canonical. They are analytically isomorphic to (x% + xg =0cCM).
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(4) The general fiber of any one-parameter family of deformations of V- whose image under the Kodaira-
Spencer map is a first order locally trivial deformation of V, is once again a simple normal crossing
variety V' = Y/ U}, Y;, where both Y| and Y, are deformations of the subvariety Y and D' is a defor-
mation of the subvariety D.

To understand the algorithm mentioned before the Theorem above, we state the definition of nowhere
reduced scheme structures called ribbons.

Definition 1.2. (see [BE95]) A ribbon on a reduced connected scheme Y is a nowhere reduced scheme Y
with a closed embedding Y — Y such that the ideal sheaf .# of Y inside Y satisfies (i) .#2 = (0) (ii) .#/.#>
as a module over Oy is locally free of rank one. The line bundle L = .#/.#2 is called the conormal bundle
of the ribbon.

The algorithm presented here is based upon the following strategy (see Theorem 2.7, Theorem 2.10) :

(a) Start with an embedding of a smooth variety Y < PV and a smooth divisor D in Y.

(b) Show the existence of an embedded ribbon Y — PV on Y with conormal bundle @y (- D).
(c) Construct a flat family of simple normal crossings which degenerates to the ribbon Y.

(d) Show that Y has an embedded smoothing

(e) Y represents a smooth point of the corresponding Hilbert scheme.

Step (c) is one of the key steps in the process. It is shown in this article that blowing up the embedded
ribbon Y along the reduced Weil divisor D gives us a first order deformation of ¥ — PV fixing D (see
Remark 2.8). Extending that deformation to a one-parameter family T, and taking the union with the
trivial embedded deformation of Y — PY over T, is the sketch of proof of Step (c). Some of the technical
issues are to show that the central fibre of the family we get is indeed the ribbon Y and that the general
fibres are snc. Step (d) ensures that the snc’s are further smoothable. The methods employed in Step
(d) give us a good understanding of the general smooth fibre, for example their Picard groups and the
relation between the generator of the Picard group and the hyperplane section of the embedding. The
smoothable simple normal crossings that we construct are general in the locus of their locally-trivial
deformations.

Specializing to threefolds, we use the classification of smooth Fano threefolds by Iskovskih-Mori-
Mukai (see [Isk77], [Isk78], [MMB82]) to give a list of unions of anticanonically embedded Fano-threefolds
that intersect along del-Pezzo surfaces and K3 surfaces and a list of unions of bi-anticanonically embed-
ded Fano-threefolds that intersect along surfaces with ample canonical bundle all of which are projec-
tively smoothable to smooth Fano, Calabi-Yau and threefolds with ample canonical bundle respectively.
As mentioned earlier, this gives a larger list of smoothable polarized Calabi-Yau pairs and stable pairs.
We denote the various deformation types of Fano threefolds using the notation in the website [Bel24],
https://www.fanography.info/.

Corollary 1.3. (see Corollary 4.1, Corollary 5.3, Example 5.4): Smoothable union of anticanonically
embedded Fano-threefolds intersecting along del-Pezzo surfaces Applying Theorem 1.1, (c) (i), we show

that for each deformation type of Fano threefolds with index at least two and Iw;ll very ample, i.e, one of
families 1.12(b) — 1.16 and 2.32,2.35,3.27, there exists one parameter families & — [P’I}’ over T, such that
X = Y1Up Yo is a snc variety where Y; — PN, i=1,2 are anticanonically embedded Fano threefolds of
the same deformation type, and D = Y1 (Y2 is a smooth sub anti-canonical del-Pezzo surface, while the
general fibre X is a smooth Fano threefold embedded by a proper sublinear series of | — 2Kg,| in all cases

3
other than 1.15, | — 3Ky, | for family 1.15(a), | - EK% | for family 1.15(b). In each case we identify what the

smooth fibres are once again according to the classification. In each case, we list the possible choices of ¢
such that (YoUp Y2, A = cH), is a Calabi-Yau pair or a stable pair (which are hence smoothable).
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Corollary 1.4. (see Corollary 4.2): Smoothable union of anticanonically embedded Fano-threefolds
intersecting along K3 surfaces Applying Theorem 1.1, (c)(ii), we show that for each deformation type
1.5-1.10 and 1.12 - 1.17 (resp. 1.1 — 1.4 and 1.11), each of which has Picard rank one, there exists one
parameter families & — [F’Z}’ over T, such that Zy = Y1Up Y> is a snc variety where Y; — PN, i=1,2
are anticanonically (resp. bi-anticanonically) embedded Fano threefolds of the same deformation type,
and D = Y1 Y2 is a smooth anticanonical K3 surface, while the general fibre & is a smooth Calabi-Yau
threefold with Picard number 1 which is not always prime. For families 1.5 —1.10, the fibre over the point
(D — PN) of the flag Hilbert scheme parameterizing (D — Y — PN) with varying Y with the same Hilbert
polynomial as Y;'s is irreducible and consequently, any subvariety V of the form V = Y1Up Y> is smooth-
able.

Corollary 1.5. (see Corollary 4.5): Smoothable union of bi-anticanonically embedded Fano-threefolds
intersecting along surfaces with ample canonical bundle Applying Theorem 1.1, (c)(iii), we show that
for each deformation type of Fano threefolds that satisfy Bott vanishing theorem, which by [Tot23] are
families1.17,2.33-2.36, 3.25—-3.31,4.9-4.12, 5.2 5.3 (toric), 2.26, 2.30,3.15—-3.16, 3.18 —3.24, 4.3 - 4.8,
5.1, 6.1 (non-toric), there exists one parameter families & — [F"]}] over T, such that &y = Y1Up Y> is a snc
variety where Y; — PV, i = 1,2 are bi-anticanonically embedded Fano threefolds of the same deformation
type, and D = Y1 (Y2 is a smooth surface with ample canonical bundle, while the general fibre Zy is a
smooth threefold embedded by a sublinear series of the bicanonical system. The Picard number of X is
equal to the Picard number of Y;.

In [CLM93], the authors show (among other things) degeneration of K3 surfaces of degree 2g — 2 into
a union of two rational normal scrolls each of degree g — 1 inside P meeting along an elliptic curve, an-
ticanonical in each scroll. Our results on projective degenerations of Calabi-Yau varieties into a union of
anticanonically embedded Fano varieties meeting along a K3 surface are higher dimensional analogues
of the result in [CLM93]. But there is an interesting difference in the higher dimensional case. By the
result of Kulikov (see [Kul77]), in a type II degeneration of K3 surfaces with two irreducible components,
both components must be rational, while in Theorem 4.2, we see examples of degenerations of polarized
Calabi-Yau varieties into snc union of anticanonically embedded Fano varieties, neither of whose com-
ponents are rational (see Remark 4.4). In [BGM24a], [BGM24b], [BGM24c], we list some further work in
progress.

We want to draw some contrasts and parallels with earlier results. Most of the previous work on
smoothability of normal crossing varieties are about abstract smoothing of Fano or Calabi-Yau normal
crossings. More specifically, the smoothing of d— semistable Fano or Calabi-Yau normal crossings have
been studied in great detail in [Kul77], [Fri83], [KN94], [Tzi15], while in [Tzi10], [Tzi15] and [FFR21], more
general results that do not require d— semistability are proven. In contrast, the algorithmic process dis-
cussed above constructs projective smoothing of non d— semistable simple normal crossings of different
Kodaira dimension, for example, Fano, Calabi-Yau or general type by starting from the same embedding
Y — PY and by varying the positivity of D. We also refer to [Dré15] for a related construction involv-
ing ribbons in dimension one, [Fel23] for results on deformations of line bundles, [CLM19] for different
approaches to smoothing normal crossing varieties, [CR23] for general construction of log structures on
degenerate varieties and [FFP23] for computing T‘l, on semi-smooth varieties V.

Now we describe the structure of the paper. In Section 2 we develop the methods that are foundations
for the rest of the paper. The main results of this section are Theorem 2.7, Theorem 2.10 and Theorem
2.11. In Theorem 2.7, we show how the existence of a ribbon Y on Y embedded inside PV givesrise to the
existence of a one-parameter family of simple normal crossings that degenerate to the ribbon. Theorem
2.10 gives a sufficient condition for an embedded smoothing of the simple normal crossings constructed
in Theorem 2.7. Additionally in Theorem 2.10, we study the embedded locally-trivial deformations of
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the SNC subvarieties to understand the dimension of the locus inside the Hilbert scheme parameterizing
subvarieties with the same singularity type. Theorem 2.11 connects all the above with the flag Hilbert
schemes parameterizing (D — Y — PN) where D and Y varies with fixed Hilbert polynomials.
Acknowledgements. We thank Ciro Ciliberto, Patricio Gallardo, Angelo Lopez, Rick Miranda, Anand Patel
and Debaditya Raychaudhury for motivating discussions and for generously sharing time listening to the
results. The first author also thanks Rick Miranda and Jeanne Duflot for arranging his visit and hospitality
at Fort Collins. We also thank Rick Miranda and Helge Ruddat for pointing out some relevant references
and for their helpful comments that improved the exposition.

2. MAIN RESULTS

We assume throughout that we work over an algebraically closed field of characteristic zero. In this
section we develop the methods that are the foundations for the rest of the paper. We start with the
following lemma that relates the Hilbert polynomial of certain embedded simple normal crossings to the
Hilbert polynomial of an embedded ribbon.

Lemma 2.1. Let Y be a smooth projective scheme embedded (possibly degenerately) inside a projective
spaceP" and let D €| L' | be a smooth divisor in Y. Suppose there exist

(1) AschemeV inside PN which is the (scheme-theoretic) union YUY, of two smooth schemes inside
PN such that both Y, and Y» belong to the same Hilbert scheme as Y and Y,(\Y> = D (scheme-
theoretic intersection) as a subscheme of PN. Then,
x(Ov (1) = x([Oy, (1) + x (O, (1) — x([@p(1))
and, fort >>0,
X(Ov (1) =2x Oy (1) — x(Op(1)).
(2) AribbonY on'Y with conormal bundle L embedded insideP" . Then, for t >> 0,
(O3 (1) =2x(0y (1)) — x([@p(D)).
In particular, the Hilbert polynomials of V and Y are the same.
Proof. Let Oy (1), Oy, (1) and Op(1) be the line bundles obtained by pulling back &p~ (1) to the respective

varieties. Let S = k[xyp,..,xy] and I(Y;) denote the homogeneous ideal of Y;.It follows from the, well-
known exact sequence

0 S S @ S S
IYDNI(Y2) 1Y) I(Y,)  (I(Y1) +1(Y2))

we get

x(Ov (1) = x(Oy, (1) + x(Oy, (1)) — x(Op(1)).
Since both Y7 and Y, belong to the same Hilbert scheme as Y, Y3, ¥» and Y have the same Hilbert poly-
nomial, so, for ¢ >> 0, we have

XOy, () + x(Oy, (1) — x(@p (1) =2x(Oy (1)) — x([Op(1)).

This proves (1).
Now, from the exact sequence

0—L—0Oy—0Op—0.

we get ¥ (Oy (1)) — x(Op(1)) = x(L® Oy (1)). Then, it follows from (1) that, for t >>0
x(@v (1) =x Oy (1) + x(LR®OYy(1)).

Now we have the exact sequence
2.1) 0—-L—0y—0y—0
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which yields
xX©@5 (1) = xOy (1) + x(L®Oy(1)).
This proves (2) [ |

Remark 2.2. ([Har10], Proposition 2.3) Let Y — PN be an embedding of a smooth variety inside a pro-
jective space. Let .# denote the ideal sheaf of Y. Let YA denote an embedded first order deformation of
Y given by ¥ € Hom(#/.92,0y) = H°(Ny,pv). Then the ideal .#5 of Y, inside PIAV is given over an affine
open Spec(R) x A c [P’f (where Spec(R) c PN and A = kle]/€?) by

In={a+belacl,beR,w(a)=hb}cRxklel/e®
where I c R is the ideal of Y restricted to affine open Spec(R) and b is the image of b under the canonical

quotient R — R/I and  is the composition v : [ — I/I? Y RIL
In particular, if YA = Y x A is the trivial first order deformation of X correspondingto ¥ =0 € Hom(.¢/.# 2 0y),
then the ideal of Y, is given by

IA={a+be|aEI,b(—:I}cka[e]/€2

or
In=IED Ie < R x klel/€?

Remark 2.3. (see the proof of [GP97, Lemma 1.4]; see also [HV85]) Let Y — PN be an embedding of a
smooth variety inside a projective space. Let .# denote the ideal sheaf of Y. Let ¥ denote an embedded
ribbon on Y with conormal bundle L corresponding to a surjective homomorphism ¢ € Hom(.¢/.¢ 2 )=
H°(Ny,p~y ® L). Then the ideal sheaf Fy of Y inside PV is given by Kery where 1 is the composition of
VI —II*— L

Lemma2.4. Let D — Y — PV be the embedding of smooth subvariety D and variety Y inside a projective
space over an algebraically closed field k of characteristic zero. Let Arti denote the category of artinian
k-algebras. Let F : Arty. — Sets be the functor as follows: For an Artinian k—algebra A,

Fp,y(A) = {D x Spec(A) — Y4 — PY x Spec(A)}

where Y, — PN x Spec(A) is an embedded deformation of Y inside PN over Spec(A). Then

)] FD,y(k[e]/ez) = HO(Ny/D:DN ® Ip/v) where $p,y is the ideal sheaf of D inside Y .
(2) H'(Ny,pv ® Fp/y) is an obstruction space for the functor Fp,y .

Proof. The functor Fp,y parametrizing subschemes Y of PV that contain D, is a natural generalization
of the Hilbert scheme (see [Ser06, p. 230]). Then the result follows as a natural generalization of [EHO00,
Theorem VI-29] or the analogous result in [Ser06, Proposition 3.2.6] or [Har10]. [ |

Remark 2.5. Let i : Y — PV be an embedding of a smooth variety inside a projective space. Let D €
|[L~1| be a smooth divisor. Then there is an induced embedding of j : D — PN, Let p1 and p, denote
the Hilbert polynomials of Y — PY and D — P¥ respectively. Let #(p1,p2) denote the flag Hilbert
scheme representing the flag-Hilbert functor as defined in [Ser06], Section 4.5.1 or [Kle81]. Closed points
of #(p1, p») parameterize pairs (D' — Y’ — PY) where the subschemes Y’ — PV and D' — P have
Hilbert polynomials p; and p; respectively. Let 2 denote the Hilbert scheme parameterizing subschemes
(D' — PV) with Hilbert polynomial p,. There is a projection map p : #(p1, po) — 2 whose fibre % at
a subscheme (D — PY) consists of all those subschemes Y’ — P with Hilbert polynomial p; such that
D c Y'. It follows from the definition of flag-Hilbert functor #(p1, p2) given in [Ser06] or [Kle81], that
Fp,y defined in Lemma 2.4 is represented by the pointed scheme consisting of (%p, (D — Y — PM)). In
particular the dimension of the fibre at (D — Y — P") is H’(Ny pv ® L) and the fibre is smooth at the
point (D — Y — PN) if H'(Ny,pv ® L) = 0. Let &p y denote the unique irreducible component of %p
containing the point (D — Y — P"). Closed points parameterized by %p, y correspond to deformations
over an irreducible curve of the subvariety Y inside PV which keeps D fixed.
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We now prove the first of the two important theorems of this section. In this theorem, we use the exis-
tence of embedded ribbons to construct a one-parameter family of simple normal crossing varieties that
degenerate to the ribbon.

Let Y be a smooth projective variety embedded inside PV and let D € |[L™!| be a smooth divisor. Let p;
and p, denote the Hilbert polynomials Y and D inside P respectively. Let 2, p : #(p1, p2) — 2 and
Fp,y be as in Lemma 2.4 and Remark 2.5.

Definition 2.6. Let Y; and Y, be two smooth subvarieties of PV and let D be a smooth divisor on both ¥;
and Y. If D is the scheme-theoretic intersection of Y; and Y>, we denote the union Y; UY> as Y; Up Ya.

Theorem 2.7. Let Y be a smooth projective variety embedded in PY. Let L be a line bundle on Y and
D €| L™ | be a smooth divisor. Suppose there exists a nowhere vanishing section { in H(Ny pv ® L) which
corresponds to aribbon Y, embedded inPY, supported on'Y . Assume thatY is an unobstructed subscheme
of PN, and that the functor Fp,y is unobstructed or equivalently the fibre of the map p : #(p1, p2) — 9D over
the point (D — PN) is smooth at the point (D — Y — PN). Then there exists a flat family of subschemes
% —Tof [P]}’ over a smooth irreducible algebraic curve T such that

(1) %, is the subscheme Y.

2) ¥ = Y1:UYo;, where Yy, is the subscheme Y, Y, is a non trivial deformation in [P]}’ of the sub-
schemeY that fixes the subscheme D (i.e., foranyt€ T,t #0, Ya; and Y are different subschemes of
PY) and Y1;N Y2 = D.

Proof. Step 1: Construction of the family: Let A be the sheaf inclusion
A:L—>0O Y

induced by D €| L1 Making an abuse of notation, we consider the exact sequence

A
0 — H°(Ny pv ® L) & H(Ny pn).

Now consider the subscheme A(Y) of [Pg corresponding to A({).

By Lemma 2.4, The subscheme A(Y) corresponds to an embedded first order deformation that con-
tains the trivial embedded first order deformation of D — PV
Since the functor Fp y is unobstructed or equivalently the fibre of the map p : #(p1, p2) — 2 over the
point (D — PY) is smooth at the point (D — Y — PV), A(Y) can be extended to a deformation %, — PY
(smooth and irreducible) over a smooth curve T containing the trivial deformation of D — PN ie.,

Dx T —% —PY.

Note that, since { is non zero, %, is non trivial in the sense of the statement.

Now consider the trivial deformation (smooth and irreducible) %, =Y x T — IPJ}] . Note that we have
once again
DxT—% —pY

Consider %, |U%, — T. We claim that this family satisfies the conditions of our theorem.

Step 2. Flatness of the family: Both irreducible components %, and %, of %1 |U%, dominate T. Since
both ¢ and %, are reduced, so is %, U%,. Thus %1 U%5 is flat over T.

Step 3. The central fibre of the family contains the ribbon Y Let us look at the first order deformation
induced by %1 U%, which is (2 U%5)a 2 YA U%oa = (Y xA)U A(Y). Now recall from Remark 2.2 (or Step
1) that

Iy ={a+belacl,beR,(Aoy)(a) = b} < R x kle]/e?
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Also
Iyxa=1{a+belacl,bel}cRxklel/e?
We have
Loy~ = D NI

Claim: J={a+be|acKer(Aoy),be I} = Iy NIy <a) € R x klel/€?.

Proof: Note that if a+ be € J, we have (Aoy)(a) =0and b =0 and hence J < I) 3. Again since both a, b€ [
(by definition), we have J < Iy«a. So J < 1% NIy xa). On the other hand, suppose a + be € Ly NIyxa)-
Thenael,beland (Aow)(a)=b.Butbe I,hence b=0and (Aow)(a) =0, so a € Ker(Alowy). Thisimplies
J2 1) Ny xa)-

Hence the central fibre of the family contains

AW Y x Ao

whose ideal is given inside Spec(R) by J/eJ = Ker(A o ) = Ker(y) (since A is injective). But Ker(y) is by
Remark 2.3 the ideal of Y.

Step 4. The central fibre is Y and the general fibre is a variety with normal crossing:
For a general ¢ € T, the fiber of the family is %) ;%5 ;, with 2 different from %5, and %, %5; contain-
ing the divisor D as a subscheme.
Suppose %, %, = D'. Then

0— ¢—-0p—0p—0
where ¢ is the ideal sheaf of D inside D'. Then
xX©@p (1) =x@p(1) + x(Z(1).
Then

(2.2) X Oz, ym,, (1) = X (O, (1)) + X (O, (D) = X Oy, N, (1) = X (O, (1)) + X Oy, (1)) — (O p (1))

and hence, for £ >> 0,
(2.3) XOw,,um, (1) =2y Oy (1)) — x(Op (1) — x(F (1)

Now recall that, by Step 3, the central fibre is a scheme X containing Y as a subscheme, with ideal sheaf
& . Then we have

0— & —0Ox — 0y —0

and hence, using Lemma 2.1, for t >> 0,
(2.4) XOx (1) =xO@3 (1) + x (A (1) =2 Oy (1) — x([Op(1) + x (K (1))

Now note that since X and %1%, are fibres of a flat family their Hilbert polynomials are the same and
hence by equations 2.3 and 2.4, both y (£ (¢)) and y(_# () are equal to 0 for £ >> 0 which implies that X =
Y and %, N%,; = D. Now since %, and %, are both smooth and they intersect along the smooth divisor
D for a general ¢, it follows that %, ;Up %, is simple normal crossing (by Tag 0CBN ,Lemma 41.21.2, (2)).
||

Remark 2.8. Let Y be a ribbon over Y with conormal bundle L. Let D € |L~}| denote a smooth divisor
on Y. Then D defines a Weil-divisor on Y. Choosing a section s corresponding to D, we have a map
H'(Ty ® L) — H'(Ty) obtained by multiplication by the section s. Note that Y represents an element of
H!'(Ty ® L) and under the above map the image of Y is the blow-up of Y along the Weil divisor D, which
is a ribbon with conormal bundle L ® D = Oy (see [BE95, Theorem 1.9]) . A ribbon with conormal bundle
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Oy is by the definition of a ribbon (see Definition 1.2) a first order deformation of Y, so indeed the image
lies H' (Ty). Now in the embedded setting, we have a commutative diagram

A
H'(Nypv ® L) —— H'(Ny,pn)

l l

HY(Ty®L) —— HY(Ty)

where the vertical maps are the forgetful maps. So for the embedded ribbon Y — PV, the image A(Y) is
abstractly the blow-up of Y along D and hence is itself an embedded (in Pf ) first order deformation of
Y.

Definition 2.9. Let Y be a smooth projective variety. A smooth projective variety Y’ is deformation equiv-
alent to Y if there exists an irreducible curve T and a flat family % such that %; = Y and %, = Y’ for two
different points ¢ and ¢'.

In the rest of the article, we will follow the conventions and notations set up in Lemma 2.4 and Remark
2.5. The following is the second main theorem of this section where we combine Theorem 2.7 with the
techniques on smoothing of ribbons developed in [Gon06] and [GGP13], to give an algorithm on how to
construct simple normal crossing varieties and carry out their smoothings inside a projective space. We
also compute the codimension of the locus of the equisingular deformations of such smoothable simple
normal crossings.

Theorem 2.10. Let Y be a smooth projective variety and D € |L™'| be a smooth divisor. Assume there exists
an embeddingi:Y — PN such that the following conditions hold:

(@) There exists a nowhere vanishing section v in H*(Ny px ® L).

(b) The variety Y is unobstructed in PN

(c) The functor Fp,y is unobstructed (note that this holds if H' (Ny pn ® L) = 0).
(d) The embedded ribbon Y corresponding to v is smoothable in PN,

(e) The Hilbert point 0fl7 inPN is smooth.

Then:

(1) If Yy is the subvariety Y of PN and Ys is a subvariety of PV that corresponds to a general element
of %p,y, then the scheme theoretic intersection of YyandY» is D and V = Y1Up Y» is smoothable
inside PN . Moreover, the Hilbert point of V inside PY is smooth.

Let N§/ \pn denote the equisingular normal sheaf of V' inside PN and assume that, in addition to condi-

tions (a), (b), (¢), (d) and (e), the cohomology group H 1 (N(/ /[FDN) vanishes. Then:

(2) The locally trivial deformations of V inside P are unobstructed and the first order locally trivial
deformations form a subspace in the tangent space of the Hilbert scheme at [V] of codimension
h%(L=2|p). Furthermore, this subspace is the tangent space of an irreducible locus of the Hilbert
scheme, which has codimension h°(L™2|p) and is smooth at [V]. The singularities of the sub-
schemes parameterized by this locus are normal crossing singularities; in particular, they are non-
normal and semi log canonical. They are analytically isomorphic to (xf + xg =0cCM).

Proof: First we prove the existence of a nontrivial deformation Y, of Y in PV satisfying the thesis of (1).
Since the conditions of Theorem 2.7 are fulfilled, we have a flat family of subschemes % — T of PZ}’ over
a smooth irreducible algebraic curve T such that

(1) 2 is the subscheme Y.
(ii) %, =Y;,UYs, foreach t # 0, where Y7, is the subscheme Y, and the varieties Y,; form a non trivial
deformation in PV of the subscheme Y and the intersection of Y;; and Y», is the subscheme D.
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Since T is irreducible, there exists an irreducible component of the Hilbert scheme of pN containing both
Y and %; = Y1, Y», for each t # 0. Now by condition (e), Y is contained in a unique component of the
Hilbert scheme and by (d), a general element of that component is a smooth subscheme of PN,

Now we prove that the subvariety Y, above can be chosen to be a general element of #p y. LetY) — Fp y
be the universal family over &p y. Consider

(Y xZpy)JD 2, Fp,y-

There is a non-empty open set U of &p, y over which @ is flat and the fibers over the closed points of U are
the form Y UY,, where Y, corresponds to a point of #p y. Maybe after shrinking, the family & — T in
the proof of (1) may be taken so that 7'\ {0} is contained in U (and the fiber over ¢ € T, ¢ # 0 is the same as
the fiber over ¢ of the family parameterized by U). Then the fibers of ® over the points of U have the same
Hilbert polynomial as the ribbon Y, so the fibers of ® are normal crossing varieties Y Up Y;, where the
varieties Y, are parameterized by U. Since %p y is irreducible, arguing as in the proof of (1) we conclude
that all the varieties Y Up Y., with YZ’ parameterized by U, can be smoothed. Since the Hilbert point of Y
is smooth, after shrinking U if necessary, we may conclude that the Hilbert point of such Y Up Y; is also
smooth.

Now we prove (2). Since H I(N(/ ,pn) is an obstruction space for the locally trivial deformations of V

in PN (see [Ser06, Proposition 1.1.9, Theorem 3.4.8, Corollary 3.4.9]), the locally trivial deformations of V/
are unobstructed. Now recall that HO(N"/ ,pn) 18 the tangent space to the locally trivial deformations of V/

in ﬂIN and that N(//[FDN fits into the exact sequence
1
0— ]V‘,,/Pm — JVV/UJ)N I 1‘7 —0

(see [Ser06, §4.7.1]), so we have
0— H(Ny, jpn) — H (Nypn) — HO(T) — 0.

This implies our claim about codimension inside the tangent to the Hilbert scheme, since T‘l, =L72%|p
(see [Fri83, Proposition 2.3]). Then the locus described in (2) is obtained from the algebraization of the
formal semiuniversal locally trivial deformation of V in PV (see [Ser06, Theorem 3.4.8]) and the codi-
mension of this locus and its smoothness at [V] follow from the above. Finally, at its singular points, V is
locally analytically isomorphic to the zero locus of xf + x% in C", and, by [17i10, Corollary 11.2], so are the
subvarieties corresponding to general points of the locus. Then, in particular, they are normal crossing,
non-normal and semi log canonical subvarieties. [

Theorem 2.11. Let Y and D satisfy all the hypotheses of Theorem 2.10. Assume furthermore that hypothe-
ses (a) and (d) hold for a general element of %p y (note this holds ile (Ny,py ® L) = 0, see Remark 2.12).
Then for a general pair (Y{,Y,) in Fpy x Fp,y, the union of Y| and Y, is a normal crossing subvariety
V=Y/UpY, of PN, which is smoothable. Such subvarieties V form an irreducible, flat family. In particu-
lar, if Zp is irreducible and hypotheses (a) and (d) are fulfilled by a general element of p, then the above
holds for a general pair (Y{,Y,) in Fp x Fp.

Proof. LetY) — Zy,p the restriction to Fy,p of the universal family parameterizing subschemes contain-
ing D. Consider the family
[ [(2) x P

5, UPS, | x ‘D)] (A x Fy,p x Fy,p) e

over Fy,p x Fy,p. Let % be an open set of Zy p x Fy,p on which the universal family is flat and reduced
and hence the scheme theoretic fiber over any closed point (s,t) € %,s # t, is 9;UY ;. By hypothesis,
there exists an open set of &y p where hypotheses (a) and (d) hold. We may assume that (b), (c) and (e)
also hold on that open set because smoothness is an open condition. Let %' be the intersection of the
open set of #y p where hypotheses (a) to (e) hold with p; (%), where p; is the projection from %y p x%y,p

onto its first factor. We want to show that the varieties 9 ;% ;, where (s, t) € pl_l% "M, s # t, are normal
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crossing varieties 9 ;Up 2 and are smoothable. To see this, fix (sg, fy) € pl_l% "N%, sy # tp and rename
%, as Y and let

U =py ' (M (iso} x F,p).
Arguing as in the proof of Theorem 2.10 (2), we conclude that the varieties %, | J%;, where t € U, t # 0 have
the same Hilbert polynomial as Y, and hence so do the varieties Y, U%;, where (s, 1) € pl_l%’ N%,s +
t, since pl‘l%’ % is irreducible. Thus such varieties are normal crossing varieties % Jp%; and are
smoothable. ]
Remark 2.12. Let &p be irreducible

(1) Asufficient condition for hypotheses (a) and (d) to hold for a general element of % is h° (Ng, /py ®
L) to be constant for general elements of Fp.

(2) Asufficient condition for h° (Ng, p~y ® L) to be constant for general elements of Fp is h! (N, jpy ®
L) to be 0.

In the following remark, we give sufficient conditions for condition (a) of Theorem 2.10 to hold.
Remark 2.13. (A criterion for the existence of nowhere vanishing global sections of Ny pv ® ). Let Y
be a smooth projective variety of dimension d and D € |L™!| be a smooth divisor in Y. Let H be a very

ample line bundle and consider an embedding Y S pN (possibly degenerate) such that i* (Op~ (1)) = H.
Suppose

(1) He® Lisbase point free
) h°(H)=2d+2

Then there exists nowhere vanishing sections in H(Ny py ® L).
Proof. Consider the Euler sequence of PV restricted to Y and twisted by L.
0—L—(HOLN" = Tonly® L—0

Since H ® L is base point free and since Tpn|y ® L is non zero (it has rank N) we conclude that Tpny|y ® L
is base point free. Now consider the exact sequence

0—Ty®L— Tpxly ® L— Nypv ® L— 0

Now Ny ,p~ ® L is non-zero and has rank N —d > d, it follows that Ny,py ® L is base point free and has a
nowhere vanishing section.

The following lemma addresses the condition (e) of Theorem 2.10. It deduces the condition of smooth-
ness of Hilbert point of the ribbons from a series of cohomology vanishing conditions on its reduced part.

Lemma 2.14. (A criterion for the smoothness of the Hilbert point of a ribbon) Let Y — PN bean embed-
ding where Y is smooth. Let L be a line bundle on' Y and let Y — PV be an embedding of a ribbon Y on' Y
with conormal bundle L extending the embedding Y — PN . Suppose the following conditions hold

(1) H'(L™2) = H (Ny,p~v) = H*(L*) =0
2) H'(L*) = H'(Ny,pv ® L) = H*(Oy) =0
Then H'(Ny ,pn) = 0 and consequently the Hilbert point of Y insideP" is smooth.

Proof. We have the following exact sequences

(2.5) 0—’N17/PN®L—’N?/IPN—’NY/PN®@)Y—’O
(2.6) 0 — Hom(Iy/I5,0y) — Ny py ® Oy — L% — 0

2.7) 0— L* — Ny,pv — Hom(I/I5,0y) — 0
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Tensoring 2.6 by L we have
(2.8) 0—»H0m(Il~,/I§,@’y)®L—>Ny,PNébL—»L* -0
Tensoring 2.7 by L we have
(2.9) 0—>€y—>Ny,pN®L—>Hom(I?/I§,@’y)®L—>O

Using exact sequence 2.6 and 2.7 and HYL72)=H! (Ny,p~) = H?(L*) = 0 we have that H! (Ny/pny ®Oy) =
0. Using exact sequence 2.8 and 2.9 and HYL*) = Hl(Ny/[pN ® L) = H?>(0y) = 0 we have that H'! (Ny/pn ®
L) = 0. Now using 2.5 we conclude that H' (Ny,pv) = 0. By [Ser06], Proposition 3.2.6, since Y is a local
complete intersection, we have that the Hilbert point of Y in PY is smooth. [

Remark 2.15. Let Y 5A PN be a possibly degenerate embedding of a smooth projective variety ¥ such
that i* (Op~n (1)) = Oy (1). Let L be aline bundle on Y.

(1) Assume H?(@y) = H' (Gy (1)) = H?(Ty) = 0. Then H!(Ny ;pv) = 0.
(2) Assume H?(L)= H'(©y(1)® L) = H*(Ty ® L) = 0. Then H!(Ny ;pv ® L) = 0.
Proof. Consider the restriction of the Euler sequence of PV to Y
0—0y —Oy)N™ = Tpnly — 0
Note that since H*(0y) = H>(Oy) = H (Oy (1)) = H*(©y (1)) = 0, H' (Tpnly) = H?(Tpn|y) = 0. Now part (1)
follows when we consider the exact sequence
0— Ty — Tpnly — Ny py — 0
Consider the restriction of the Euler sequence of PV to Y twisted by L.
0—L—Oy1)e )N - Tpn|ly® L—0
Note that since H*(L) = H3(L) = H' (©y(1) ® L) = H>(@y (1) ® L) = 0, H' (Tp~|y ® L) = H*(Tpn|y ® L) = 0.
Now part (2) follows when we consider the exact sequence
0—-Ty®L— Tpn|ly® L— Ny,pvn®L—0
Now we address the condition (d) of Theorem 2.10, by formulating Proposition 1.4 of [GGP13] in a

form which is convenient for us.

Proposition 2.16. (see [GGP13]) (A criterion for embedded smoothing of ribbons) Let Y — PN be an
embedding where Y is smooth. Let L be a line bundle on Y and letY — PN be an embedding of a ribbon Y

on Y with conormal bundle L extending the embedding Y — PN . Suppose the following conditions hold

(1) There exists a smooth divisor B € |L72|.

(2) H'(B|p) =0 (this happens e.g. if H'(B) = H*(Oy) = 0).

(3) H' (Ny,pn) = H' (Ny,pv®L) =0
Then Y is smoothable inside PV .
Proof. Since —2L has a smooth member B, we can consider the smooth double cover X - Y branched
along the smooth divisor B. Now consider the composition ¢ = i ot where i : Y — PV is the embedding.
Now consider the exact sequence

0— Ny — Ny — *(Ny pn) — 0
After taking the cohomology we have the exact sequence
H(Ny) — H°(Nypn) ® H*(Ny jpn ® L) — H' (Nyy)

Note that H'(N,) = H'(B|g) =0 by the conditions of the theorem. Hence the induced map HO (Nyp) —
H°(Ny,p~ ® L) surjects. Now once again we have an exact sequence

H'(Ny) — H'(N,) — H' (Ny;px) ® H' (Nypv ® L) — 0
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Again by the conditions of the theorem, H 1 (Nyp) = 0 and hence the morphism ¢ is unobstructed. There-
fore by [GGP13], Proposition 1.4, Y is smoothable. [

Theorem 2.10, gives us sufficient conditions to show existence and smoothing of simple normal cross-
ings inside a projective space. In the next proposition, we use Remark 2.13, Lemma 2.14, Proposition 2.16
to reduce those conditions into checking the vanishing of the cohomology and positivity of certain line
bundles on the components. In the proposition we use the notation introduced in Remark 2.3 for the flag
Hilbert Scheme.

Proposition 2.17. Let Y be a smooth projective variety. Let D € |L™'| be a smooth divisor. Assume the
following conditions are satisfied:
(D H'(L™®) = H*(L*) = H'(L*) = H*(@y) = H*(L) = H*(Ty) =0.
(2) The homomorphism H?(Ty ® L) — H?(Tpn|y ® L) arising from the long exact sequence of cohomol-
ogy of the normal exact sequence is injective.
(3) There exists a smooth divisor B € |L72|.

Suppose there exists a very ample line bundle H on Y inducing an embedding Y < PN, such that
(i) H® L is base point free

(i) °(H)=N+1=2d+2

(iii) H'(H®L)=0

(iv) H'(H) =0

If Yy is the subvariety Y of PN and Y, is a subvariety of PV that corresponds to a general element of
Zp,y, then the scheme theoretic intersection of YiandY» is D and V = Y1 Up Y» is smoothable inside PN,
Moreover, the Hilbert point of V insideP" is smooth.

Proof. We check the conditions of Theorem 2.10. By Remark 2.13, if we consider the embedding ¥ — PV
by the complete linear series of the very ample line bundle H, then condition (1) of Theorem 2.10 is
satisfied and there exist embedded ribbons Y inside P which extends the embedding Y — PV. Now
since HY(H® L) = H?(L) = 0 and by condition (2), we conclude that H! (Ny,py ® L) = 0. To see that Y is
smoothable we check the conditions of Theorem 2.16. First of all, note that there exists a smooth divi-
sor B € | - 2L|. Under the assumptions, we have that H'(B) = H!(-2L) = H?>(@y) = 0. We have already
shown that H!'(Ny,pv ® L) = 0. Again under the assumptions, H>(@y) = H'(H) = H?(Ty) = 0. Hence
by Remark 2.15, (1), we have that H'(Ny,p~v) = 0. Hence by Theorem 2.16, Y is smoothable. Now we
check the smoothness of the Hilbert point Y inside PV using Lemma 2.14. Note that under the assump-
tions, H'(L™2) = H?>(L*) = 0 and we just showed that H!(Ny pv ® L) = 0. Similarly under the conditions,
HY(L*) = H?(@y) = 0 and we also showed that H' (Ny,pv ® L) = 0. Hence by Lemma 2.14, the Hilbert
point of Y inside PV is smooth. Therefore the result follows from Theorem 2.10. [

3. PROJECTIVE SMOOTHING OF UNION OF FANO VARIETIES

In this section we apply the general theory and methods developed in Section 2 to show the existence
of simple normal crossing subvarieties V of PN which are the union of two irreducible Fano varieties
Y; and Y,. We show that these subvarieties V can be smoothed inside P"V. We start with the following
definition:

Definition 3.1. (1) Avariety X is Fano if it is semi-log canonical, X is projective and — Ky is an ample
Q- divisor.
(2) Avariety X is called Calabi-Yau, if it is semi-log canonical, X is proper, Kx is Q— linearly equiva-
lent to 0 and H!(@x) = 0 for 0 < i < dim(X).
(3) Avariety X is stable if it is semi-log canonical, X is projective and Kx is an ample Q- divisor.

Theorem 3.2. Let Y be a smooth, projective Fano variety of dimension d = 3, let H be a very ample line
bundleonY, let N = h°(H)-1 and, abusing the notation, call Y theimagein pN of the embedding induced
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by the complete linear series |H|. Let L be a line bundle such that L' is ample and there exist a smooth
divisor D in|L™Y| and a smooth divisor in |L™2|. Assume the following conditions hold:

(a) H® L is base point free.
(b) N=2d+1.
(c) One of the following conditions hold:
(i) w}l ® L is ample; or
(ii) L=wy and h"'(Y) =1 whend =3 or L = wy and hba=2(y) =0 when d = 4;
(iii) L' @ wy isample, H'(H® L) = 0 and Y satisfies Bott vanishing.
Then:

(1) There exist simple normal crossing subvarieties V = Y, Up Y» inP"N as in Theorem 2.10 (1); in par-
ticular, V can be smoothed inside PV .

(2) More precisely, the subvarieties V are Fano varieties, Calabi-Yau varieties or stable varieties and
can be deformed inside P" to smooth Fano varieties, Calabi-Yau varieties or varieties with ample
canonical bundle in cases (i), (ii), (iii) respectively.

(3) The locally trivial deformations of V inside PN are as in Theorem 2.10 (2).

(4) The general fiber of any one-parameter family of deformations of V. whose image under the Kodaira-
Spencer map is a first order locally trivial deformation of V, is once again a simple normal crossing
variety V' = Y/ U}, Y;, where both Y| and Y, are deformations of the subvariety Y and D' is a defor-
mation of the subvariety D.

Proof. We will use Proposition 2.17 to prove (1), so we check that the hypotheses of Proposition 2.17 hold.
The existence of smooth divisors in |L~!| and |L™?|, the fact that H ® L is base point free and the bound
N = 2d +1 are satisfied by hypothesis. For the remaining conditions of Proposition 2.17, recall that d = 3
and w}', L™! and H are ample. Then the vanishings of H'(L™"), H*(L™"), H'(L™?), H*(©y), H*(L) and
H!(H) follow from the Kodaira vanishing theorem, and the vanishing of H 2(Ty) follows from the Nakano
vanishing theorem. The vanishing of H'(H ® L) follows from Kodaira vanishing taking into account the
assumptions in (i), (ii) and (iii).

We now check the only hypothesis of Proposition 2.17 left, namely, condition (2). Assume first that d =3
and L = wy does not occur. Then H?(Ty ® L) vanishes, by the Nakano vanishing theorem in case (i),
by Serre duality in case (ii) and from Bott vanishing in case (iii), so Condition (2) of Proposition 2.17 is
satisfied.

Now assume d = 3 and L = wy. Note that, in this case, H*(Ty ® L) # 0, because h"!(Y) # 0, so we cannot
argue as above. We then look more closely at the homomorphism of Proposition 2.17 (2), which in our
situation is

H*(Ty ® wy) 1 H*(Tpnly ® wy).

The homomorphism f can be identified, via Serre duality, with the dual of the homomorphism

(3.1) H' Qpnly) -5 H' (@Qy).

Composing g with the natural map H!(Qp~) — H' (Qpn|y), we get a homomorphism

H' (Qpn) £ H'@Qy).

which induces, by restriction, a homomorphism between the Neron-Severi groups of PN and Y, which,
in our situation, is a homomorphism # between the Picard groups of PN and Y, because Y, being Fano,
is a regular variety. The homomorphism % sends a line bundle on PV to its restriction on Y, so it is
nonzero. Then, so is & and, consequently, so is g. Therefore, f is also nonzero. Since, by Serre duality,
W (Ty ® wy) = h' (Qy) and, by assumption, hll(Y) =1, the homomorphism f is injective as desired (in
fact, it is an isomorphism). Then Condition (2) of Proposition 2.17 is satisfied in all cases, so Proposition
2.17 implies Theorem 3.2 (1).
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Now we prove (2). It is enough to prove that V is Fano, Calabi-Yau or stable in cases (i), (ii) and (iii)
respectively. Note that wy|y, = wy, (D) and wy is negative ample or trivial or ample if and only if so is
wyly,. Now wy, (D) is negative ample under condition (i), trivial under condition (ii) and ample under
condition (iii). The fact that under condition (ii) all intermediate cohomologies of Oy vanish, follow from
the exact sequence since Y is Fano and L™! is ample

0— L— 0y — 0Oy, —0

In order to prove (3), notice that, by Theorem 2.10, it suffices to show that H' (N"/ ,pn) = 0. Recall the
exact sequence

0— Ty — Tpnly — Ny, jpy — 0
(see [Ser06, Proposition 1.1.9]), that yields the exact sequence
(3.2) H (Tpn v) — HY (N ) — H2(Ty) 2 B2 (Tpn ).

First we see that H! (Tp~|y) vanishes. Since V = Y; U Y, and D is the scheme theoretic intersection on Y;
and Y, we have the following exact sequence of G -modules:

(3.3) 0—L—0y—0y,—0

In the proof of (1) we have already seen that H' (H® L) = H?(L). We have also seen that H' (H) = H?(@y) =
0. Since Y» is a general member of a flat, one parameter family of deformations of Y, this implies that
H!(Gy,(1)) and H?(Gy,) vanish. Then twisting and taking cohomology on (3.3) we get H! (Oy (1)) = H?(Gy)
0. Then taking cohomology on the Euler sequence of PV restricted to V yields H' (Tpy|y) = 0.

Now we look at the homomorphism fy of (3.2). Exceptifd =3 and L = wy, H 2(Ty) vanishes by Lemma 3.3

below. Now assume d = 3 and L = wy. By [1zil5, Corollary 4.2] (see also [Fri83, Lemma 2.9]), we have
HX(Ty) = H' Qv/tv @ wy)",

where 1y is the torsion subsheaf of Q. By Serre duality, the homomorphism fy of 3.2 is the dual of the
map

(3.4) H' (Qpnly ® wy) — HY(Qv/Ty) ® wy).

Since, by Theorem 2.10, V is a general member of a flat, one parameter family of deformations of a ribbon
Y supported on Y, with conormal bundle L '=wy. Then wy is trivial (see the proof of [BGG23, Corollary
4.4]), so wy is also trivial. Then the map in (3.4) is

H' Qpvlv) 25 H @Qu /7).
From the exact sequence [1zi15, (4.1)], we focus on the map
(3.5 Qv/ty — (m0)« (Q2¢),

where 7y : V — V is the normalization of V, so V is the disjoint union of ¥; and Y,. Taking cohomology
on (3.5), we get the map

/ 2
g
H'(Qu/ty) =5 H' (710)+ Q) = P H' (Qy,).
j=1
Composing gy with the natural map H'(Qpv) — H' (Qpn~|y) on the left and the map g, on the right we

obtain a map
2

H'(Qpv) — P H' Qy)),
j=1

which induces a map

2
NSPM)— P NS(Y)),
j=1
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which, since Y; and Y, are regular varieties, is in fact a map
Ny hv Z
Pic(P") — @) Pic(Y)).
j=1
The homomorphism /iy sends a line bundle £ on PN to 7y (Zv), so hy is nonzero. Therefore gy is
nonzero and so is fy. Since by Lemma 3.3, h?(Ty) =1, then hy is injective (in fact, it is an isomorphism).
This, together with the vanishing of H!(Tp~|y), which we have already proved, implies H' (N(/ /py) Van-

ishes, so (3) is proved.

To prove (4), note that given a simple normal crossing variety V = Y1 Up Y» as in part (1) (recall that,
in particular, Y; = Y), there is a sublocus of embedded deformations of V, whose Kodaira-Spencer map
lands in the subspace of locally trivial deformations, which consists of simple normal crossing varieties
V' =Y/U} Y,, where both Y] and Y; are deformations of the subscheme Y and D’ is a deformation of the
subscheme D. We calculate the dimension of this sublocus and show that it is the same as the dimension
of the locally trivial locus. One can calculate the dimension by the following steps:

(a) Choose a general Y] from the irreducible component of the Hilbert scheme containing Y = ;.
(b) For each such Y/ choose a smooth divisor D’ from the linear system of L', which is the unique
deformation of Lon Y to Y1/ since H?(0Oy) = H' (Oy) = 0.
(c) Now one can apply Theorem 2.10 (1) to the pair (Y], D’) to conclude that a general Yz’ in & DY
intersects Y] at exactly D'.
This gives a smooth irreducible family of simple normal crossing varieties V' = Y/ U}, Y, containing V =
Y Up Yz, where both Y] and Y, are deformations of the subscheme Y and D' is a deformation of the
subscheme D of dimension of h° (V. v/pN)+ RO H—1+h° (Ny,pv®L). On the other hand the dimension of
the ambient Hilbert component, which is the Hilbert component containing the ribbon Y is h° (Ny,pn),
which by Lemma 2.14, can be shown to be hO(Ny/UJ)N) + hO(Ny/ﬂJ)N ® L)+ h9(L™2) — 1. So the codimension
is given by h(L=2) — h%(L™Y) = h°(L~2|p) which is the codimension of the locally trivial locus as shown
before in Theorem 2.10 (2). [ |

In the following Lemma we compute H?(Ty) of the normal crossing varieties V that we construct in
Theorem 3.2. This was required for the proof of Theorem 3.2, part (3).

Lemma 3.3. In the situation of Theorem 3.2,
(1) ifd=3 and L = wy, then h*(Ty) = 1;
(2) otherwise, h*(Ty) = 0.

Proof. In Case (i) of Theorem 3.2, the result follows from Theorem 3.2 (2) and [Tzil5, Theorem 4.8],
Theorem 4.8. For the other cases, first note that from [1zi15, Corollary 4.2] (see also [Fri83, Lemma 2.9]),
we have

H*(Ty) = H 2 (Qy ity @ wy)*.
Recall that Y is a smooth Fano variety of dimension d = 3 and D is a smooth, ample subvariety of Y. By
[Deb01, Corollary 4.18] and [KMM92, Theorem 0.1], Y is simply connected, so, by the Lefschetz theorem
for homotopy groups, so is D. Then D does not have any torsion line bundles other than &p. Therefore,
after tensoring with wy, the exact sequence [1zi15, (4.4.1)] becomes

(3.6) 0—>Qv/‘l’v®wv—>(JT())*(QV)®(UV_>QD®Q)V_>O,

where 77y : V — V is the normalization of V. Since D is the scheme-theoretic intersection of ¥; and Y,
we have

3.7 wyly, = wy, (D)
and hence

(3.8) wylp =wyD)|p = wp.
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On the other hand by projection formula and because 7 is finite and V is isomorphic to the disjoint
union of Y; and Y», we have forany / =0

2
3.9  H'((m):(Qp)@wy) = H (10).(Qp @ mywy)) = H' (Qp e niov) = @ H (Qy, e wy, (D)).
j=1
By (3.7), (3.8) and (3.9), after taking cohomology on (3.6) we get

2
@D H2(Qy, 0wy, (D) — H 3 Qpewp) — H Qv /Ty 9 wy)
Jj=1

- éHd_?‘(Qyj ®wy, (D)) — H* *(Qpewp).
j=1
First we show that

H7((Qy, ® @y, (D)) = H* ™ (Qp @ wp)
is surjective. It is enough to show that the map

H*3((Qy & (wy(D)) — H**Qp ® wp)
is surjective. We have the conormal exact sequence

0—-Dlp—Qylp—Qp—0
Tensoring with wy (D) we get
0—wylp—Qylp®(wy(D) - Qpewp —0
Now consider the exact sequence
0—--D—0Oy—0p—0
Tensoring the sequence by Qy ® (wy (D)) we have
0—Qyewy —Qyewy(D)— Qylp®wy (D) —0

Since the map Qy®wy (D) — Qp®wp factors through Qy|p®wy (D) we have from the above two exact se-
quence that the map Qy ® (wy (D)) — Qp®wp is surjective. Letting £ being the kernel of Qy ® (wy (D)) —
Qp ® wp we have a commutative diagram

0

!

Qy®wy

!

0 > A > Qyewy(D) —— Qp®wp —— 0

b I I

0 > wylp > Qylp®wy(D) — Qp®wp —— 0

! !

0 0

Applying snake lemma, we have that Ker(f) = Qy ® wy and Coker(f) = 0. Hence we have an exact se-
quence

0—-QyQwy - A —wy|lp—0

Now note that show the surjection of Hd’s((Qy ® (wy (D)) — Hd’?’(QD ® wp) we need to show that
HY2(%) =0. Considering the last exact sequence it is enough to show Ha-2 Qyowy) = HI-2 (wylp) =0.
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Since Y is Fano, the first vanishing follows by Nakano vanishing theorem. For the second one, consider
the exact sequence

0—wy(-D)—wy —wy|lp—0

Note that again since Y is Fano, H42 (wy) = 0. In case (ii) and (iii), we have wy(—D) = wy ® L which
is negative ample and hence H 4-1(wy(=D)) = 0. This shows the surjection of H A=3((Qy ® (wy (D)) —
H3(Qp e wp).

Now let us finish the proof for (2). In the case (iii) of Theorem 3.2, wy; (D) is ample and Y satisfies Bott-
vanishing theorem, we have H d_z(Qyj ® (a)yj (D)) = 0. In the case (ii) and d = 4, we have that D € Iw}ll
and hence H92 (Qyj ® (wyj (D)) = H92 (Qyj) = hl'd_z(Yj) = 0. This proves part (2) of the lemma.

Now we prove part (1). We show that h?(Ty) = 1. We have an exact sequence

2
0— H" 2 Qylty 9 wy) — @ H 2(Qy, ® (wy, (D)) — H 2 (Qpewp)
j=1
We show that the kernel is one-dimensional. In this case D = w;l and d = 3. So the above exact sequence
simplifies to
2
(3.10) 0—H'(Quityewy) —~ P H Qy,) - H (Qp)
j=1

Since we have by assumption Kl (Y;) =1,if Y1 = Y is chosen to be general, then by result of Mukai, (see
[Muk88] or [Bea02], Theorem (page 1) and Corollary 4.1) the anticanonical K3 surface D has h"!(D) = 1.
Hence the above map cannot be injective and since it is not the zero map we have a one dimensional
kernel. u

4. PROJECTIVE SMOOTHING OF UNION OF FANO THREEFOLDS

In this section we specialize to the case of Fano-threefolds. Due to the classification results of smooth
Fano threefolds by Iskovskih-Mori-Mukai, we are able to prove much more precise results and identify all
the concrete cases of projective degeneration of smooth varieties into union of smooth Fano-threefolds
that we obtain by our general theorems of the previous section. In each case we crucially use that the
smoothing comes as the image of a 2 : 1 morphism deforming to an embedding to find out the Picard
group of the general fibre. To denote the deformation types, we use the notation according to https:
//www . fanography.info/. Further we use the additive notation to denote line bundles and divisors in
this section.

In the following Corollary we give a list of cases where a union of anticanonically embedded Fano
threefolds intersect along a del-Pezzo surface and are smoothable into smooth Fano threefolds which are
themselves embedded by a sublinear series of the bi-anticanonical bundle. We also find out what the
general smoothing fibres are.

Corollary 4.1. LetY — PV be a anticanonically embedded smooth projective Fano threefold with index at

least two. By Iskovskih-Mori-Mukai’s classification and notation accordingtohttps: //www. fanography.
1

info/, these are the families 1.12,1.13,1.14,1.15,1.16,1.17, 2.32, 2.35,3.27. Let D € | - 5Ky| if index is 2

1 2
andD € |- 5Ky| orDe|— gKy| if index is 3, be a smooth divisor, which is a del-Pezzo surface. Then if Y

is the subvariety Y of PN and Y is a subvariety of P that corresponds to a general element of Fp y, then
the scheme theoretic intersection of YyandY, is D and V = Y1Up Y» is smoothable inside PN into smooth
varieties X; with ample anticanonical bundle or smooth Fano varieties. The Y;,D,N and the general
smooth fibres are listed below.
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1
(1) IfY; belongs to type1.12, D€ | — ZKY" |, the smoothing fibres X; belongs to type 1.2 (because — K, is
base point free and —ngt = 4) and are embedded inP° by a sublinear series of —2Kx, of codimen-
sion4.
1
(2) IfY; belongs to type1.13, D€ | - EKYi |, the smoothing fibres X; belongs to type 1.3 (because — Ky, is
very ample and in fact projectively normal and — K ?{, = 6) and are embedded in P'® by a sublinear
series of —2Kx, of codimension 6.
1
(3) IfY; belongs to type1.14, D e | - EKYi |, the smoothing fibres X, belongs to type 1.4 (because —Kx, is

very ample and in fact projectively normal and —K 3%([ = 8) and are embedded in P'® by a sublinear
series of —2Kx, of codimension 6.
1
(4) IfY; belongs to typel.15,D € |- zKyi |, the smoothing fibres X; belongs to type 1.5(b) (by the explicit
description of 1.5(b)) with —K;”’([ = 10 and are embedded in P?* by a sublinear series of —2Kx, of
codimension 7 )
(5) (a) IfY; belongs to type 1.16, D € | - gKyiL the smoothing fibres X, belongs to type 1.14 (since

hi Qx,) = hl (Qy,) =D with —K;’([ = 32 and are embedded inP*? by a sublinear series of—ngt
of codimension 14.

(b) If Y; belongs to type 1.16, D € | — gKyi |, the smoothing fibres X; belongs to type 1.2(b) (by the
explicit description of 1.2(b)) with —K3, = 4 and are embedded in P** by a sublinear series of
—3Kx, of codimension 5

(6) IfY; belongs to type2.32, D € |- %Kyi |, the smoothing fibres X; belongs to type2.6(b) (by the explicit
description of 2.6(b)) with —K;‘{[ = 12 and are embedded in P?* by a sublinear series of —2Kx, of
codimension 8 )

(7) If'Y; belongs to type2.35, D € | — EKYi |, the smoothing fibres X; belongs to type 2.8 (by the explicit
description of2.8) with—K5, = 14 and are embedded in P*° by a sublinear series of —2Kx, of codi-
mension 9. )

(8) IfY; belongs to type3.27, D e | — EKYi |, the smoothing fibres X; belongs to type 3.1 (by the explicit
description of 3.1) with —K}D’(I = 12 and are embedded in P*® by a sublinear series of —2KY, of codi-
mension 7.

In all cases the simple normal crossing Fano varieties lie in the boundary of Hilbert scheme of non-
prime smooth Fano threefolds. In cases (1) — (5) the Picard rank of the general smoothing is one but the
hyperplane section does not generate the Picard group. If P denote the generator of the Picard group and

3
A, the hyperplane section then in cases (1) — (4), A= 2P, in case5(a), A= _EP and in case 5(b), A = 3P.

In cases (6) — (7) the Picard rank of the general smoothing is two while in case (8), the Picard rank of the
general smoothing is 3.

Proof. The proof follows from Theorem 3.2, (¢)(i). Let Y — P be a anticanonically embedded Fano
threefold with index 2 or 3. By Iskovskih-Mori-Mukai’s classification and notation according to https:
//www . fanography.info/, these are 1.12,1.13,1.14,1.15,1.16,1.17,2.32,2.35,3.27. If the index is 2, we
can take L such that 2L = Ky, H = —Ky while if index is 3, we can take L such that 3L = Ky, H = —Ky

1 1 2
or L such that 3L = 2Ky, H = —Ky in Theorem 3.2, part (c)(i). The line bundle _EKY or —gKY or —gKy
is ample and base point free and contains a smooth divisor D. Note that in all the cases listed, either

1 2 1
H+L= _EKY or H+L = _EKY or H+L = —gKy which are base point free. Moreover in each of the cases,
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h%(—Ky) = 8. These will give us the existence of union of anticanonically embedded Fano-threefolds
intersecting along del-Pezzo surfaces which are smoothable into smooth Fano threefolds. To see what
the general smoothing fibers X; are, we consider the Fano double cover n : X — Y branched along a
smooth curve B in the linear system [2D| = | — 2L|. The smoothing fibers X; are deformations of X along
some one parameter family. Then in case (1), we note that —Ky is base point free and —K)S( =4 and in
cases (2) and (3) we note that — Ky is projectively normal and hence in particular very ample and —K}3{ =6
and —K}3( = 8 respectively. Hence the same is true for —Kx,. Now we can conclude the deformation type
of X; since there is only one deformation type of Fano-threefolds with the above property of —Ky, and
the given value of —K3, . In case (5)(a), we first note that —K3 = 32. Then we calculate k"' (X) = h'(Qx)

as follows: H'(Q}) = H'(n.Q}) = H'(Qy) @ H' (Qy (log(B)) ® L). Now using the exact sequence
0—Qy®L—Qy(logB)®L— Lz —0
we have
H'(QyeL) — H' (Qy(log(B) ® L) — H' (L|p)
The leftmost term is zero due to Nakano vanishing theorem. We have
0—-3L—-L—-L|lg—0

Since — L is ample and Y is Fano, we have that H' (L) = H?(3L) = 0 and hence we see that H' (L|) = 0. This
implies H'(Qy (log(B))® L) = 0 and consequently ' (Qx) = h!(Qy) = 1 since Y is of type 1.16. This implies
h'(Qyx,) = 1 since Hodge numbers are constant along a smooth family. Now once again we conclude by
noting there is only deformation type of Fano threefold with K3 =32 and h!'(Qy,) = 1. In the rest of the
cases, once again the smoothing fibers X; are deformations of the Fano double cover 7: X — Y, butin all
these cases, a general deformation of a such a double cover is once again a double cover which we can
conclude from the listinhttps://www. fanography.info/. We now show that the smoothing fibers are
embedded by a sublinear series of | - m Ky, | with m and codimension as stated in the Theorem. Note that
Kx = n*(Ky — L) and consider the composition

X

y@ pN

Xy &% pN is obtained as the image of an embedding ¢, which is a deformation of ¢ along a one param-
eter family T. Let A = ¢*(Op~ (1)) = 1" (—Ky). Plugging in the value of L in each case in Kx = n* (Ky — L),

we see that A= —-2Kx in cases (1) — (4) and (6) — (8) while A = _EKX in case (5)(a) and A = —3Kx in case

(5)(b). The one parameter family of smooth fibres X; that smoothes the normal crossing Y1 Up Y> are
embedded inside PV by some sublinear series of a line bundle A, which is a deformation of A. But X is
regular since Y is regular and H!(L) = 0. This implies A; = —mKy, with m as mentioned in the Theorem.
Now note that h°(A) = h°(n* (-Ky)) = h®(=Ky) + h°(=Ky + L) = N+ 1 + h®(=Ky + L). Also for i = 1,2,3,
hi(A) = 0. This implies that h%(A;) = h°(A) = N+ 1+ h°(—Ky + L). Hence X; is embedded by a sublin-
ear series of —mKy, of codimension h°(—Ky + L). Now that we have identified the hyperplane section
of the smoothing fibre and we also know the generators of its Picard groups from the classification in
https://www.fanography.info/, the rest of the statement follows. [ ]

In the following Corollary we give a list of cases where a union of anticanonically or bi-anticanonically
embedded Fano threefolds intersect along a K3 surface and are smoothable into smooth Calabi-Yau
threefolds.

Corollary 4.2. Let Y — PN be an embedding of a smooth projective Fano threefold with h'(Y) = 1. Let
D €| - Kyl be a smooth divisor, which is a K3 surface.
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a) If ho(—Ky) = 8, then assume that the embedding Y — PN is induced by | — Ky|. These are the
families1.5-1.10 and 1.12-1.17.

(ii) If h°(—=Ky) < 7, then assume that the embedding Y — PN is induced by | -2Ky|. These are the
families1.1-1.4 and 1.11.

Then

(1) (a) IfY, is the subvariety Y of PN and Y, is a subvariety of PV that corresponds to a general el-
ement of Fp,y, then the scheme theoretic intersection of YyandY» is D and V = Y1Up Yo is
smoothable inside PV into smooth Calabi-Yau threefolds embedded by a sublinear series of
codimension one of a very ample line bundle in case (i) and of codimension h°(—-Ky) in case
(ii). Moreover, the Hilbert point of V inside PN is smooth.

(b) For families1.5—1.10, the fibre %p isirreducible, i.e, Fp = Fp,y and hence all normal crossing
varieties V = Y, Up Y2, embedded insideP" where Y, is a deformation of Y1 = Y, that intersect
along the subscheme D form an irreducible family and a general such V is smoothable inside
PN,

(2) The Picard group of a general Calabi-Yau threefold of the component of the Hilbert scheme found
in part (1) is Z. In the case (i), if the index of Y is one, i.e, if Y belongs to families 1.5 —1.10, the
general embedded smoothing is a prime Calabi Yau threefold while if the index of Y is atleast two,
i.e, if Y belongs to families 1.12 — 1.17, the general embedded smoothing is a non-prime Calabi
Yau threefold and the hyperplane section is a multiple (which equals the index of the Fano) of the
generator of the Picard group. In case (ii) (and hence the index of Y is one), the general embedded
smoothing is a non-prime Calabi Yau threefold and the hyperplane section is twice of the generator
of the Picard group

Proof. Part (1)(a) follows from Theorem 3.2, (c)(ii). If Y — PV be an embedded Fano threefold with Picard
rank p = 1 and as listed in the Theorem, then we can choose L = Ky, D € | — Ky| smooth and H = —Ky in
case (i) and L = Ky, D € | - Ky| smooth and H = —2Ky in case (ii) and apply Theorem 3.2, (c) (ii) to get
the existence and smoothing of the union of the embedded Fano-threefolds into Calabi-Yau threefolds.
We now prove the statement on the codimension of the sublinear series with which the general fibers
are embedded. Consider a Calabi-Yau double cover of 7 : X — Y branched along —2L = —2Ky. Let A =
¥ (@y (1)) and consider the composition

S

N
(H

Xy L% pN is obtained as the image of an embedding ¢, which is a deformation of ¢ along a one pa-
rameter family T. Now note that ¢* (Op~ (1)) = 1*Oy(1). Then in case (i), A = n*(—Ky) and in case (ii),
A =mn*(-2Ky). Note that the one parameter family of smooth fibers X; that smoothes the normal cross-
ing Y1Up Y> are embedded inside pN by some sublinear series of a line bundle A; which is a deforma-
tion of A. Since X, is Calabi-Yau, we have that for i = 1,2,3, Hi(At) =0 and hence h°(A;) = h°(4). In
case (i), h°(A;) = h°(A) = K°(r* (-Ky)) = h°(—=Ky) + h°(@y) = N+ 1 + 1. So in this case, the codimension
of the sublinear series that gives the embedding is one. In case (ii), h°(Ap) = h°(A) = hP(T* (-2Ky)) =
h°(=2Ky) + h°(=Ky) = N+ 1+ h°(=Ky). So in this case, the codimension of the sublinear series that gives
the embedding is h°(=Ky). (1)(b) follows from the penultimate statement of Theorem 7, [CLM93] and
Theorem 2.10, (2).

Proof (2). Consider the Calabi-Yau double cover 7 : X — Y branched along B € |-2Ky|. By [Par91], Lemma
4.2, we have H'(Q}) = H' (1.Q}) = H' (Qy) @ H' (Qy (log(B)) ® Ky). Now using the exact sequence

”:DN

h<

0—Qy®Ky — Qy(log(B)) ® Ky — Ky|p— 0
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we have
H'(Qy ® Ky) — H'(Qy (log(B)) ® Ky) — H' (Ky|p)
The leftmost term is zero due to Nakano vanishing theorem. We have
0—3Ky - Ky —Kylp—0

and hence we see that H' (Ky|g) = 0. This implies H! (Qy (log(B))®Ky) = 0. Now since H'(©y)=H (@x) =
0, the pullback map between 7* : Pic(Y) — Pic(X) is induced by the map

H'(Qy) — H' (Qy) P H' (Qy (log(B)) & Ky)

Therefore H'(Qy (log(B)) ® Ky) = 0 implies #* is an isomorphism and hi1(X) = 1. Since the general
smoothing X; of V is a deformation of X, we have that h'!(X;) = 1. On the other hand, by [Deb01, Corol-
lary 4.18] and [KMM92, Theorem 0.1], Y is simply connected, so, by the Lefschetz theorem for homotopy
groups (see [Laz04, Theorem 3.1.21]), so is B, where B is the ample branch divisor of the double cover X.
Now if R ¢ X denotes the ramification divisor, R = B and hence R is simply connected. Since R is ample,
once again by the Lefschetz theorem for homotopy groups, so is X. Therefore X is simply connected and
hence so is X;. Therefore, Pic(X;) = Z. We prove the rest of the statement for case (i). The proof for case
(ii) is similar to proof for families 1.12—1.17. Now suppose that index of Y is one or — Ky generates Pic(Y).
We want to show that the hyperplane section generates the Picard group of X;. Consider the composition

X

y% PN

Xy &4 pN s obtained as the image of an embedding ¢; which is a deformation of ¢ along a one parameter
family T. Now note that ¢*(Op~(1)) = % (—Ky) and since n* is an isomorphism and —Ky generates
Pic(Y), we have that n* (— Ky) maps to the generator of H 1(Qx). Hence we have that the map

H' (Qpv) — H' (Qx)

is an isomorphism. Since this map globalizes along the one parameter family T, and both H!(Qp~) and
HY(Q x,) remains constant for ¢t € T, for a general t € T,

H'(Qp~) — H' (Qx,)

is an isomorphism. Hence X; is a prime Calabi-Yau threefold. Now if the index m of Y is at least 2, then
—Ky = mW where W generates the Picard group of Y. Consider the Calabi-Yau double cover n: X — Y
and the line bundle A = 7*(—Ky). Then A = mA’ where A’ = 7*(W). The hyperplane section A; of a
general smoothing is a deformation of A. Now note that H?(@x) = H*(Oy)® H?*(Ky) = 0. Hence A’
deforms to a line bundle A/z on X;. Since X is regular, this implies that A; = mA’[. [ |

Remark 4.3. Using Corollary 4.1 and Corollary 4.2 we exhibit two different types of unions of anticanon-
ically embedded smooth Fano varieties with Picard rank 1 and index p = 2. There are five such families
1.12-1.16. So for each such family we construct a union of anticanonically embedded Fano varieties
intersecting along a del-Pezzo surface (respectively a K3 surface) which are smoothable into a smooth
Fano (respectively a Calabi-Yau threefold) inside the projective space P""-K)=1 For 1.16 we have in fact
3 different types of unions

Remark 4.4. We point out an interesting difference in the higher dimensional case. By the result of Ku-
likov (see [Kul77]), in a type II degeneration of K3 surfaces with two irreducible components, both com-
ponents must be rational, while in Theorem 4.2, for families 1.5,1.7,1.12,1.13 (respectively for familes
1.1,1.2,1.3,1.4,1.11) we get examples of degenerations of polarized Calabi-Yau varieties into snc union of
anticanonically (respectively bi-anticanonically) embedded Fano varieties, neither of whose components
are rational.
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In the following Corollary we give a list of cases where a union of bi-anticanonically embedded Fano
threefolds intersect along canonically embedded surfaces and are smoothable into smooth threefolds
with ample canonical bundle. Note that by Theorem 3.2, we require the Fano threefolds to satisfy Bott
vanishing Theorem. In [Tot23], the author has classified all smooth Fano threefolds satisfying Bott van-
ishing theorem.

Corollary 4.5. Let Y — PV be a bi-anticanonically embedded smooth projective Fano threefold satisfying
Bott vanishing theorem. According to [Tot23], and by Iskovskih-Mori-Mukai’s classification and notation
according to https://www. fanography.info/, these are the families 1.17,2.33 —2.36, 3.25-3.31, 4.9 —
4.12,5.2-5.3 (toric), 2.26, 2.30, 3.15—-3.16, 3.18 — 3.24, 4.3 - 4.8, 5.1, 6.1 (non-toric). Let D € | —2Ky| be a
smooth divisor, which is a surface of general type. Then

(1) If Yy is the subvariety Y of PN and Y is a subvariety of PV that corresponds to a general element
of ¥p,y, then the scheme theoretic intersection of YyandY> is D and V = Y1Up Y» is smoothable
inside PN into smooth threefolds of general type embedded by a sublinear series of codimension
1 of their bicanonical linear system. Moreover, the Hilbert point of V inside P is smooth.

(2) The Picard group of a general threefold of general type of the component of the Hilbert scheme
found in part (1) is isomorphic to the Picard group of Y. If Pic(Y) = Z then the hyperplane section
is a multiple (which equals the index of Y ) of the generator of the Picard group.

Proof (1). Part (1) follows from Theorem 3.2, part (c)(iii), by taking L = 2Ky, D € | - 2Ky| smooth and
H = —2Ky. We show that the general smoothing fibres of V are embedded by a sublinear series of codi-
mension 1 of their bicanonical linear series. Consider a double cover of 7 : X — Y branched along
—2L = —4Ky. Then Kx = n*(—Ky) and is hence ample and base point free. Let A = 7% (-2Ky) = 2KY.
Note that the one parameter family of smooth fibres X; that smoothes the normal crossing Y; Up Y> are
embedded inside PV by some sublinear series of a line bundle A, which is a deformation of A = 2Ky.
But X is regular since Y is regular and H'(2Ky) = 0. This implies A; = 2Kx,. Now note that h°(A) =
hO(* (—2Ky)) = h®(=2Ky) + h°(@y) = h°(-2Ky) + 1. Also for i = 1,2,3, hi (n*(—2Ky)) = 0. This implies
that h°(A;) = h°(A) = (N + 1) + 1. Hence X, is embedded by a sublinear series of 2Ky, of codimension 1.
Proof (2). The proofis very similar to part (2) of Corollary 4.2. Once again we have an exact sequence

H'(Qy ®2Ky) — H'(Qy (log(B)) ® 2Ky) — H' (2Ky|p)

where B € | - 4Ky|. By Nakano vanishing theorem we have the vanishing of H!(Qy ® 2Ky) and the van-
ishing of the right hand side follows from the defining exact sequence of B. This shows that

HYQy) = H'(Qx)

is an isomorphism. But now we know from the classification that the Pic(Y) ® C = H' (Qy). Combining
with the facts that 7* is an injective map, both H' (Gy) = H' (@) = 0, we have that

Pic(Y) = Pic(X)

under 7*. Now since h!(Qy) = h!(Qyx) we have that the general smoothing X; has Picard number less
than or equal to the Picard number of Y. Also, arguing similarly as in the proof of Corollary 4.2, (2), we
find that Pic(X;) is torsion free. Now we show that X; has Picard number exactly equal to the Picard
number of Y. Let the generators of Pic(Y) be denoted by L; and the generators of Pic(X) be denoted by
L; = n* L;. Since L; generates Pic(Y) freely, we have that L; generates Pic(X) freely. Now since H?(@x) =0
all the L;’s deform to line bundles L;; on the general fibre X;. Now suppose that L;; = > jziajLj; for
some a;. Then consider the line bundle L;— Zjiiajfj on X. This is the limit of L;; —Zjz;a;Lj; as t — 0.
Since numerical chern classes are constant along a smooth family, ¢; (Li-= jzia ,-Z j) = 0. But now since
H'(Gx) = 0, we have Z,- —2Zjzia ,-z j = 0 which contradicts the fact that Zi’s freely generate Pic(X). The
proof of the assertion when Pic(Y) = Z is exactly same as the corresponding proof in Corollary 4.2. [
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5. CONSTRUCTION OF SMOOTHABLE POLARIZED CALABI-YAU AND STABLE PAIRS

As we already mentioned, one of the consequences of an embedded smoothingof V=Y, Up Y> c pN
is that it automatically gives us a smoothing of the pair (V,A = ¢ H) where H is any hyperplane section of
the embedding. In particular choosing H to be general and c to be a suitable rational value, we obtain
smoothable slc polarized Calabi-Yau pairs from Corollary 4.1 and stable pairs from Corollaries 4.1, 4.2
and 4.5. We state the precise results in this section and list some of the examples explicitly in Examples
5.4 and 5.6. First we recall some definitions from [KX20] (see also [AE23a], [AE23b], [AAB24]):

Definition 5.1. (1) A pair (X, A) consists of a reduced equidimensional variety X and an effective Q—
divisor A none of whose irreducible components are contained in singular locus of X.

(2) Apair (X, A) is stable if it is semi-log canonical, X is projective and Kx + A is an ample Q— divisor.
A morphism f: (X,A) — S with S normal, is called stable if every fibre over closed points of S is
stable, Kx/s + A is Q— Cartier and f— ample.

(3) Apair (X,A) is a Calabi-Yau pair, if it is semi-log canonical, X is proper and Kx + A is Q— linearly
equivalent to 0. We write A = ¢cD where D is a Z— divisor and consider c to be fixed in our moduli
problem.

(4) A polarized Calabi-Yau pair (X, A) is a Calabi-Yau pair, plus an ample Q— Cartier divisor H such
that (X, A + eH) is semi-log-canonical and consequently a stable pair for 0 < € << 1. The latter
holds iff H does not contain any of the slc centers of (X, A).

(5) Astable family of polarized Calabi-Yau pairs over a normal base scheme S consists of a flat proper
morphism f: X — S, a Q— divisor A and a Q- Cartier divisor H on X such that Kx;s+ A is Q—
Cartier and all fibers (X, A, H) are polarized Calabi-Yau pairs.

It is known that in characteristic 0, there is a coarse moduli space of stable pairs SP which is separated
and satisfies the valuative criterion of properness and whose connected components are projective. It is
known that polarized Calabi-Yau pairs have a coarse moduli space PCY whose irreducible components
are projective.

Theorem 5.2. In the situation of Theorem 2.10, further assume that Y is regular. If d, m and n are integers
with d = n such that
d(Ky + D) + mnH = 0(respectively d(Ky + D) + mnHis ample)
where H is the hyperplane section of the embedding i : Y — PV, then for each smoothable V < PN con-
structed in Theorem 2.10 part (1), and a general hyperplane section B,, € Oy (m) there exists a Gorenstein
n
one parameter family (V, E@m) — T of pairs such that

(a) Both Ky, and %8, are Cartier.

b) W, g%mo) =(V, gBm) is a Calabi-Yau pair (respectively a stable pair) where By, = Hyy Uc Hip €
|Ov(m)| is a simple normal crossing Cartier divisor in V, such that H,,; € |Oy,(m)| are smooth
divisorsin'Y; and C = Hy;;; D = Hyp (D is smooth.

(c) Fort+0, (7%, Z%t) =V, gBmt) is a Calabi-Yau pair (respectively a stable pair) where V; is smooth
and B,,,; < V; is a smooth Cartier divisor.

Proof. LetV c IPI}I — T be an embedded one parameter family over T, such that 75 = V and 7; is smooth.
This in particular implies that &y (1) is a relatively very ample line bundle and hence so is &y (m) for
any m. Now consider a general hyperplane section %, € |Gy (m)| obtained from an embedding given
by Oy (m). We have that 8,0 = B, € |Gy (m)| is a simple normal crossing divisor B = Hy;1 Uc Hm2
such that Hy,; € |Oy,(m)| are smooth divisors in ¥; and C = H;;1ND = Hy2D is smooth. Also for

n
t # 0, Bmr = Bt € |0y,(m)] is smooth. Now consider the pair (7, E%m)' Since %, is a Cartier divi-

n
SOfr, E@m is Q— Cartier. Since V is Gorenstein, V; is Gorenstein for a general ¢, and hence after possibly
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shrinking T, the map 7 — T is Gorenstein and hence Ky, is Cartier (see Tag 0C14). Now consider the

n
central fibre (V, EBm)' The normalization v : V¥ — V is the disjoint union of ¥; and Y, and the pair
n
(v, Ev_le + DY) where D" is the inverse image of the double locus D of V is actually is the disjoint
n
union of pairs (Y3, EHmi + D) for i = 1,2, both of which are log canonical since d = n and H;,; and D
are smooth and do not contain any common components. Also the pairs (V, EBmt) are lc since By, is

n n

smooth and d = n. So all that is left to show is that Ky + EBm and Ky, + — By are Q— linearly equivalent

to 0 ( resp. ample Q— Cartier divisors). Note that since Q— linear equivalence to the trivial divisor (resp.
n

ampleness) is an open condition, it is enough to prove the statement for Ky + EBm' Since V = Y1Up Yo,

n
we need to show that Ky + EBle" is trivial (resp. ample) for each i. Note that Ky |y, = Ky, + D and hence

n n
Ky + EBmlyi = Ky, + D+ — Hpy,;. Since Y; = Y, by assumptions, this is Q— Cartier and trivial (resp. ample

). Now since Y; is a general deformation of Y; fixing D and Q- linear equivalence to the trivial divisor
(resp. ampleness) is an open condition, the same conclusion holds for Y>. [

In the following Corollary we give a list of polarized Calabi-Yau pairs (V,A,e H) and stable pairs (V,A)
where V = Y, Up Y2 is a union of two Fano threefolds intersecting along a del-Pezzo surface D, H is
anticanonical when restricted to each Y; and the pair is smoothable into polarized Calabi-Yau pairs
(Vs, A¢, e Hy) or stable pairs (V;, As) where V; is smooth.

Corollary 5.3. The following smoothable Calabi-Yau pairs (resp. stable pairs) are obtained from Corollary
4.1 using Theorem 5.2 : Let d,m and n, d = n, be integers that satisfy d = 2mn (resp. d < 2mn) in cases
(1)—(4),6) —(8), 2d =3mn (resp. 2d < 3mn) in case (5)(a) and d = 3mn (resp. d < 3mn) in case (5)(D)
of Corollary 4.1. Then for each smoothable V = Y, Up Y> c PN, (where Y; are anticanonically embedded
Fano threefolds both of the same deformation type corresponding to each case and D is a subanticanonical
del Pezzo surface) and a general hyperplane section By, € Oy (m), there exists a Gorenstein one parameter

family (V, g%m) — T of pairs such that

(a) Both Ky ;1 and 4, are Cartier.
(b) (%’E@Wm) = (V,gBm) is a Calabi-Yau pair (resp. a stable pair) where B, = HpyUc Hnp s a

simple normal crossing Cartier divisor in V, such that Hy,; € |Oy,(m)| are smooth divisors in Y;
and C = Hy,,; D = Hy2 (D is smooth.

(c) Fort+0, (73, Z%t) = (V%, gBmz) is a lc Calabi-Yau pair (resp. stable Ic pair) where V; is a smooth
Fano threefold and B,,; < V; is a smooth Cartier divisor.

Example 5.4. By taking another general hyperplane section 6, € |0y (m)|, we get smoothable polarized
Calabi-Yau pairs from Corollary 5.3. We describe explicitly some of the smoothable polarized CY obtained
from Corollary 5.3.

(1) Form=1,n=1,d =2in cases (1) — (4), (6) — (8),
(a) in the central fibre we have a polarized Calabi-Yau pair

1
(1 Up Yo, E(HH | Hi2) + e(Hj; | Hip)) for € < 1, where Y; are Fano threefolds with index
C c

two, both of same deformation type i.e, of both are of type either 1.12 or 1.13 or 1.14 or 1.15
1
or 2.32 or 2.35 or 3.27 respectively, D € | - EKY" | is a del Pezzo surface of degree 2,3,4,5,6,7,6

respectively, H;; are K3 surfaces anticanonical in Y;, C = D[ H;; is a smooth curve of genus
3,4,5,6,7,8,7 respectively and the ample polarization H: {1 Ucr H{z consists of K3 surfaces H{i
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anticanonical in Y; with Hj; # H{j and a smooth curve C' = DN H{l. of genus 3,4,5,6,7,8,7
respectively with C # C'.
1
(b) In the general fibre, we have a pair (V, EBt + eB't) where V; is Fano of type 1.2,1.3,1.4, 1.5(b),

2.6(b), 2.8 or 3.1 respectively as mentioned in Corollary 4.1 while B; and the polarization B}
both € | - 2Ky, | are smooth surfaces with B; # B].
(2) Form=2,n=1,d =4, in cases (1) — (4), (6) — (8)

1
(a) inthe central fibre we have a polarized Calabi-Yau pair (Y; Up Y2, 2 (Hy1 | Hi2)+e(Hy U Hpp))
c c
for e < 1, where Y;, D, H}; and C' are same as in part (1)(a), Hi; € | - 2Ky;| are canonically
embedded surfaces in Y;, C = D[ H;; is a curve of genus 13,19, 25,31,37,43, 37 respectively
1
(b) In the general fibre, we have a pair (Vy, ZBt +€B)) < PY where V; and B} are as in part (1)(b)

while B, € | - 4Ky,| is a smooth surfaces
(3) Form=1,n=2,d =3, in case (5)(a)

2
(a) in the central fibre we have a polarized Calabi-Yau pair (Y; Up Y», 3 (Hy1 | Hi2)+e(Hy U Hpp))
C c

1
for € < 1, where Y; are Fano threefolds of type 1.16, D € _gKY is a del-Pezzo surface of de-

gree 8, H,; are K3 surfaces anticanonical in Y; and C = D[ Hy; is a smooth curve of genus 4
and the ample polarization Hj, Uc' H}, consists of K3 surfaces H;, anticanonical in Y; with
Hy; + H{j and C' = D[N Hj, is a smooth curve of genus 4 with C # C'.

2
(b) Inthe general fibre, we have a pair (V, §B [+€B;) where V; is Fano of type 1.5(b) as mentioned

3
in Corollary 4.1 while B; and the polarization B} both € | — EKVJ are smooth surfaces with
B; # Bj.
(4) Form=1,n=1,d =3, in case (5)(b) )
(a) in the central fibre we have a polarized Calabi-Yau pair (Y; Up Y», 3 (Hy1 | Hi2)+e(Hy U Hpp)
C c

2
for € < 1, where Y; are Fano threefolds of type 1.16, D € —§Ky is a del-Pezzo surface of de-
gree 4, H); are K3 surfaces anticanonical in Y; and C = D[ H;; is a smooth curve of genus 13

and the ample polarization Hj, Uc' H}, consists of K3 surfaces H;, anticanonical in Y; with
Hy; # H{j and C' = DN H}, is a smooth curve of genus 13 with C # C'.

1
(b) Inthe general fibre, we have a pair (V, §B [+€B;) where V; is Fano of type 1.2(b) as mentioned

in Corollary 4.1 while B; and the polarization B; both € | - 3Ky,| are smooth surfaces with
B; # Bj.

In the following Corollary we give a list of stable pairs (V,A) where V = Y; Up Y- is a union of two Fano
threefolds intersecting along a K3 surface D and the pair is smoothable into stable pairs (V;, A;) where V;
is smooth.

Corollary 5.5. The following smoothable stable pairs are obtained from Corollary 4.2 and Corollary 4.5
using Theorem 5.2 : Let d,m and n, be integers that satisfy d = n. Then for each smoothable V < PV,
in Corollary 4.2 (resp. Corollary 4.5), and a general hyperplane section B,, € Gy (m) and there exists a

Gorenstein one parameter family (V, Z%m) — T of pairs such that

(a) Both Ky ;1 and 9, are Cartier.
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n n
b)) N, E%’mo) = (V, =By, isastable pair, where By, = Hyyy Uc Hinp is a simple normal crossing Cartier

divisor in 'V, such that Hy,; € |Oy,(m)| are smooth divisors in Y; and C = Hy1 (D = Hyp D is
smooth. . "
(c) Fort+0, (7%, E%t) =(Vy, EBW) is a stable Ic pair with, where V; is a smooth Calabi-Yau threefold

(resp. a threefold of general type) and B, < V; is a smooth Cartier divisor.

Example 5.6. We describe explicitly some of the smoothable stable pairs obtained from Corollary 5.3.

(1) Form=1,n=1,d =1 in Corollary 4.2,

(a) inthe central fibre we have a a stable pair (Y, Up Y2, H11 Uc Hi2) where Y; are Fano threefolds
both of same deformation type from one of families 1.5—-1.10 and 1.12—1.17, D is a polarized
K3 surface anticanonical in Y;, Hy; # D are polarized K3 surfaces anticanonical in Y; and
C = D[ Hy; is a canonically embedded smooth curve of appropriate genus.

(b) In the general fibre, we have a pair (V;, B;) where V; is a smooth Calabi-Yau threefold and B;
is a canonically embedded surface.

(2) Form=1,n=1,d =1 in Corollary 4.5,

(@) in the central fibre we have a stable pair (Y; Up Y2, H11 Uc Hi2), where Y;’s are Fano three-
folds satisfying Bott vanishing theorem, both of same deformation type, D € | - 2Ky,| is a
smooth surface, Hj; € | — 2Ky, | are smooth surfaces in Y; and C = D Hy; is a smooth curve
of appropriate genus.

(b) In the general fibre, we have a pair (V;, B;) where V; is a threefold with ample canonical bun-
dle and B; € |2Ky,| is a smooth surface.
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