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In this paper we consider singularly perturbed wave equations, with both interior and boundary
damping, of the form

eufy + uj — Auf + s = fe(z,t) in Q2 x(0,7)

(P.) u§ % = ¢°(z,1t) on T'1 x(0,T) (0.1)
uf =0 on Tgx(0,T)

where Q C IRYN is a regular open connected set, A > 0,I' = I'g UT'; is a partition of the boundary of
and 0 < ¢ < gq is a small parameter. Our interest is understanding how the solutions of (0.1) behave as
€ — 0 and, in particular we want to determine under which conditions on f¢, ¢° and the initial data the
solution converge to the formal limit parabolic problem obtained setting € = 0, i.e.

ug — Au+ du= f(z,t) in Qx(0,T)

(P) up + a% = g(x,t) on T'1 x(0,T) . (0.2)
u=0 on Ty x(0,T)

A similar problem, without the interior damping term u$ in (0.1) was recently studied in [12]. Here
using similar techniques we will show how the presence of the interior damping helps in obtaining better
convergence results. In order words the interior damping makes (0.1) ”more parabolic” which helps the
convergence process.

Note that in (0.2) the presence of the term wu; changes the nature of limiting problem considered in
[12]. There the limit problem reduces to a parabolic problem on the boundary coupled with an elliptic
equation in . Here (0.2) is a parabolic heat equation with so called dynamical boundary conditions
which have been studied in [3, 5, 7, 9, 14] among other references.

Related singular perturbation problems for wave equations have been studied in [13] and references
therein, see also [12]. In all cases the limit problem is a parabolic problem in the support of the damping
mechanism of the original wave equation.

Therefore in this paper, see Section 1, we first analyze the parabolic limit problem and using general
semigroup techniques we will give suitable existence and regularity results of solutions. Then in Section
2, we give optimal existence results for (0.1) in terms of nonhomogenous data f¢ and ¢°. In these two
sections we make constant use of well known results in the literature for semigroups and the variational
of constants formula, that were coupled and used in [12]. Once this is done we show in Section 3 how
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energy estimates give necessary conditions for solutions of the wave equation to converge to the solution
of parabolic limit equation. In the case of the homogenous equation these conditions are analyzed and
explained in terms of Fourier analysis showing how eigenvalues and eigenfunctions behave as ¢ — 0.
Finally we give conditions on the data that imply the solutions converge uniformly in time. Here we will
find out that these conditions are in fact much less demanding that the ones obtained in [12] or [13] due
to the presence of the interior damping in (0.1).

1 The parabolic limiting problem

In this section we analyze the solvability of the problem

u—Au+iu=f in Qx(0,7T)
(P) ut + % =g on T'1 x(0,7T) (1.1)
u=0 on Ty x(0,T)

which is obtained by formaly setting € = 0 in (0.1).

As we show below there are two reasonable settings for (1.1). On one hand one can write (1.1) using
an operator technique approach in which one looks for the evolution of a function in €2 and a function
on I'. Therefore the initial data must be prescribed both in €2 and on I'" and one hopes that, at least for
t > 0, they satisfy the compatibility conditions that the function on I' is the trace of the unknown in (2.
Using this setting the main tool are the semigroup theory and the variation of constants formula. This
setting is quite adequate for obtaining good regularity results on the solution. More precisely we can
write (1.1) as an evolution equation for unknowns wu(z,t) in Q and v(z,t) on I which reads

() gt o) () =) 0

7
with the compatibility condition v(¢) = ~(u(t)) for ¢ > 0, where for a function ¢ defined on I', R(p)
denotes the restriction of ¢ to I';.

On the other hand, one can use a variational approach for (1.1) in which, assuming the solution lives
in the space H%O(Q) for all ¢ > 0, where the subscript 'y means that the traces are 0 on I'g, multiplying
(1.1) by a smooth test function up to the boundary, ¢, one finds

/Qut¢+/rut¢+/ﬂvuv¢“/ﬂu¢:/Qfm/nga. (1.3)

Since we assume A > 0 we can define the isomorphism L between H %O(Q) and its dual space, hereafter
denoted Hlfol(Q), defined by the bilinear form

a(u,v) = (L(u),v)_11 :/ VuVu + )\/ wv for all u,v € H%O(Q) (1.4)
Q Q
and then (1.3) can be rewritten as an equation in H fol(Q)

{ (u+y@): + Llw) = b fo+gr  in He () (1.5)
u(t) € Hf, (Q) forallt>0

where (h, ¢) def / fo+ / g for every ¢ € H%O(Q) In this setting an initial condition must be prescribed
Q T
in H%O (Q).
We will show that under the natural assumptions, the solution constructed in the first formulation

satisfies the second one, that is, the latter is a particular case of the former. However we must point out
that the formulation (1.5) is the right one to compare solutions of (0.1) with solutions of (0.2).



In order to handle (1.2) we define the space
1/2
F = {(u,v) € H, () x HP (D) [ y(u) = v}

and we extend the operator L in (1.4) to £: F — F" and L is defined by the bilinear form

(LG A @A) e = [ 55642 [ 1o (16)
We also consider the spaces
E=L*Q) x L, (T)
1/2
G = HE,(Q) x HY)(D)
which satisfy
GCE=Fcd
and G C FE is a continuous and dense inclusion. Also F' is a closed subspace of G. For these spaces we

have

Proposition 1.1 i) F is dense in E.
ii) Under the above hypothesis the dual space F' can be identified with the quotient space [G'/F*] and
for any f = (f1, fo) € G’ where F+ = {p € G' | {p,u) =0, for any u € F}, we get

fl={9e@|f-geFt}= {(91.9) € G| [o(fi —91)¢ =0, for all 6 € H}(),
Jolfi = g0+ fo(fo = g2)$ =0 for all v € H{A(T)}.

Proof i) Given (f,g) € E which is orthogonal to F, we get

[ 1o+ [a(6) =0

for any (¢,7(¢)) € F. Taking first ¢ € H{(R), we obtain [, f¢ = 0 and from there f = 0 and then
Jr97(¢) =0 for any ¢ € H%f(l‘) But the inclusion H%éQ(I’) — L%O () is~dense, 50 we get g = 0.
ii) Given f € F' from the Hahn-Banach theorem, f can be extended to f € G’ such that fjr = f. But

this extension is not unique so if we denote by [f] = {g € G’ | (f — g)r = 0} we get f —g € F* and
[f] € [G'/F*]. Conversely, if [f] € [G'/F*] then f € G’ so fir : F — IR belongs to F'. In order to

characterize F' we take [f] € [G'/F*] where [f] = {g cG | (f-9)r EO}. Given g = (g1,92) € [f]

then f—g = (fi — g1,fa — g2) € Hp,'(Q) x HEOI/Q(F) and ((f1 — g1, f2 — 92), (¢,7(#))) e, = 0 for all
(RS H%O (€2), which is equivalent to

(fi—g1,0) 11+ (f2 = 92,7(¢))—1/2,12 = 0.
Taking now ¢ € H}(2) we have
[ i=gne=o

and using this for an arbitrary ¢ € H 1110 (Q) we get

[ =@+ [ (f2=g27(6) =0
r r

so the result follows.
Now we analyze the operator appearing in (1.2). For this we will make use of the following well-known
consequence of Lax-Milgram theorem.



Lemma 1.2 i) Let V and H be real separable spaces such that V. C H with continuous dense inclusion
and a(-,-) : VXV — IR a symmetric continuous and coercive bilinear form. Then the operator A:V — V'

defined by
a’(“? U) = <A(u)’ U)V’,V

s an isomorphism.
i) If we define Ao : D(Ao) C H — H where D(Ag) ={veV |Ave H} CV and

Ao = Ajp(ay)

then Ay is densely defined, self-adjoint, positive, closed and 0 € p(Ag). Moreover if V. — H is compact
the operator Ag has compact resolvent.

Now denote the bilinear form defined in (1.6) on F

for any w = (u,v) and w = (@,0) € F. Then we have

Proposition 1.3 The bilinear form defined in (1.6) is symmetric, continuous and coercive on F. There-
fore the Lemma 1.2 applies to L.

Proof For w,w € F we get

1
IN

|a(w, W) < [|Vull L2 IVl 2) + Allull 2o 18]l 2 () +

< max{l, A} lullm @il @ < Mllwlrlle
so a(+,-) is continuous. On the other hand

aw,w) > [IVull o + Mul3ay > Mallul g > Malwl}
0

so a(-,-) is coercive.

Then from Lemma 1.2 and Proposition 1.3 we have that £ is an isomorphism between F and F’.
Now we are interested in characterizing the operator Ag in Lemma 1.2, that is, we want to characterize
D(Ao) = {U} eF | Lw € E} where Ag = ﬁ\D(Ao)'

Theorem 1.4 The operator Ag is an isomorphism between

o

D(4y) = {(u,v) € F | ~Au€ 13(0), R € L%O(r)}

and E. Moreover the operator Ag is given by
-A+X 0
om

and is sectorial in E=L*(Q) x L (T') with 0 € p(Ag) and has compact resolvent if Q is bounded. In

addition, (—Ag, D(Ag)) generates an analytic semigroup e~ on E and some of the fractional power
spaces are given by X0 = E, X'/2 = F, X! = D(4Aq), X" Y/?2 = F'.

Proof Let h = (f,g) € E. Then we have Lw = h with w = (u,v),v = y(u) iff

[ vuvor [wo= [ o+ [ 9r10) (1.7)



for every (¢,7v(¢)) in F. Given ¢ € C2°(f2) we obtain

/QVuV<z5+/\/Qu¢:/Qf¢

so —Au+ Au = f in D'(Q) and from here —Au € L?(9). Now integrating (1.7) by parts for an arbitrary
¢ e H%O(Q), using —Au + Au = f, we get

[ Rn(6) = [o(0)

and as a consequence R% =g¢€ L%O (T"). So Lw = h is equivalent to

A u _ —A +A 0 u
N w )™ Ra% 0 v
the rest follows easily.

After this theorem we can use the semigroup techniques and results in [8, 11] to give existence and
regularity results for the solutions of (1.2). For this it is first convenient to determine some of the
fractional power spaces associated to Ay which play an essential role in the results. Then we have

{ —~Au+u=f in L*Q)

At the same time we also obtain

Proposition 1.5 i) If 0 < o < 1/4 then
X = H{(Q) x HE (D).
it) If 1/2 > a > 1/4 then

Xo = {(f,g) € HEX(Q) x HE (T) [ y(f) = 9}

Proof We know that E = L?(Q) x L (T') and F — H} (Q)x HI%Q(I’) so by interpolation for a € (0,1/2)
we get that X C H%‘()"(Q) x Hp (') is a closed subspace.
i) If 0 < o < 1/4 we prove now that X is dense in H*(Q) x H{ (T'). Given (f,g) in this space

we can find a sequence g, — g in Hf (') with g, € H%éQ(I’) So using the lifting operator B defined
in Proposition 1.1 in [12] we get Bg, — Bg in Hl?grlﬂ(Q) C H%g‘(ﬂ) For f — Bg € H%‘()"(Q) we find
fn € HY(Q) with f,, — f — Bg. Now if we take (un, gn) = (fn + Bgn, gn) we have (up, gn) — (f,g) in the
norm of H2%() x Hp (T') and from here we get i).
ii) If 1/2 > a > 1/4 and we take

(f,9) € HE* () x HE (T) with v(f) = g, then there exists f, € Hf, (Q) with f,, — f in H*(Q) as n
goes to infinity. But then ~v(f,) — v(f) = g, so F is dense in {(f,g) € HE*(Q) x HE (T) | y(f) = g} in

the norm of H?*(Q) x HE (I'). We also know that F is dense in X® with the same norm and from here
we get ii).

We should observe that fractional power spaces for v > 1/2, which will not be needed for the existence
of solution, are difficult to compute, since like for example D(Ay) is not a product space. For a description
of other fractional power spaces see [5]. Anyway, an important remark is that for any o > 1/4 each
(u,v) € X satisfies y(u) = v, a necessary condition in order to solve the problem (1.1).



In the case 2 bounded, we also proved in Theorem 1.4 that Ay has a compact resolvent and its spec-
trum, denoted by o(A4g) = {pn}n C IRT, forms an increasing sequence converging to infinity. Moreover
there exists an orthonormal basis in L2(£2) x L%O (T), {tn }r, which are solutions of the eigenvalue problem

—Au+Au=pu in Q

o
ﬁ = lnl on Iy
u=0 on Ty

Thus for any given u € L*(2) and v € L{ (T') there exist a,, € IR with >p%; Jou|* < oo such that
u=> 0" apuy, and v = > 0% any(uy), where a,, = [ uuy, + [ vuy,. Even more for (u,v) € D(Ap) the
Fourier coefficients satisfy S°°0 ; |a,pn|? < oo and we have

w(2)-Zem ()

Concerning the semigroup e 4%, in the case Q is bounded, given (ug,vy) € L?(Q) x L3 (T) with the
representation ug = .00 | apuy, and vg = 300 1 a7y (u,) With oy, € IR and 3520 |, |2 < oo the problem

(2] (2)= ()

with initial data (ug,v9) admits an unique solution (u,v) which satisfies

u@) ) = i )
(w%w>‘Z;"” (ww@»>
and v(t) = y(u(t)), for t > 0.

Hereafter we will denote L*(Qr) = L*(0,T, L*(Q)) and L*(X7) = L*(0,T, L (T')). With respect to
the existence of the solution, in the nonhomogenous case, from general results for sectorial operators
[8, 11, 12] we get

Theorem 1.6 i) The problem
(o) (g™ 0) (2)=(26)
v/, R= 0 v ]\ g
u(z,0) = up(x) ’ in Q (1.8)
v(x,0) = vo(x) onT

where (ug,vg) € X* and (f,g) € L'(0,T, X%), has an unique “mild solution” (u,v) € C([0,T]; X%), given
by the Variation of Constants Formula

u(l) \ _ —agt [ uo " o—ao—s) [ F() )
(wn>‘ <m>+[; (m@)d (19)

((u07 UO)? (f7 g)) - (u7 U)

is Lipschitz from X% x LY(0,T, X%) into C([0,T]; X%).
i) In the case of o > —1/4 for (ug,vo) € X2 and (f,g) € L*(0,T, X?), u given by (1.9) satisfies
(u,v(w)) € (C([0,T]; X*+1/2) and the mapping

((UO’ UO)? (f? g)) - ((u”}/(u))v (ut’ry(u)t))

Moreover the mapping



is Lipschitz between XH1/2 x L2(0,T,X%) and (C([0,T); X*t1/2) N L2(0, T, X**t1)) xL?*(0,T,X%). In
fact (u,v(w)) is a solution of (1.8) in X <.

In particular given ug € Hf (),v0 = y(uo), f € L*(Qr) and g € L*(Sr) then, u given by (1.9)
satisfies the variational formulation

(ut+vu)e+Lu=fo+gr inH;'(Q) a e te(0,T) (1.10)
with w € C([0,T); Hf, () and the mapping
(uo, fo, gr) — (u, ug, ()
is Lipschitz from Hp () x L*(Qr) x L*(Xr) into (C([0,T]; Hf (Q)) N L*(0,T,Y1)) xL*(Qr) x L*(X7)
where Y1 = {u € Ht (Q) | —Au € L*(9), R% e L{, (F)} . Moreover (u,v(u)) is solution for

u—Au+du=f in Qx(0,T)

y(u)e + a% =g on T1x(0,7)

u=0 on T x(0,7) (1.11)
u(0) = up on
7Y (uo) = vo in I

in L*(Q) x L ().
iii) Moreover, if f € C'([0,T],L*(2)),g € C*([0,T], L, () and the initial data ug € Y1 then u given by
(1.9) satisfies

u, U € C([07 T], HII‘O (Q))

wi € L2(Qr) (1.12)

Proof i) From general results, see e.g. [11], we get that problem (1.8) has a unique solution (u,v)
given by (1.9) and (u,v) € C([0,T]; X“).

ii) As a consequence of Theorem 5.5 in [12] the unique solution (u,v) of problem (1.8) satisfies
(u,v) € (C([0,T); X*+1/2). Since a > —1/4 we get a+1/2 > 1/4 and so as a consequence of Proposition
1.5 we obtain v = y(u). Moreover also from Theorem 5.5 in [12], the mapping

((UO? UO)’ (f7 g)) - ((u”}/(u))v (ut’r)/(u)t))

is Lipschitz between Xt1/2 x L2(0,T, X) and (C([0, T]; X*+Y/2) 0 L2(0, T, X)) x L*(0,T, X*). We
also have (1.8) in X .

For given fo € L*(Qr),gr € L*(Xr) we identify fo + gr with (f,g) € L*(0,T,L*(Q) x L} (T')) and

1
consider vg = y(ug) € Hp, (I'). From the results above, in the particular case of a = 0, we obtain a
solution of (1.8) which satisfies u € C([0,T]; Hf, (2)). Using the Lipschitzness results above, we get that
the mapping
(UO, angF) - (u7 ut’r)/(u)t)
is Lipschitz from H} (Q) x L*(Qr) x L*(X7) into (C([0,T]; Hf, () N L*(0,T,Y1)) XL*(Qr) x L*(X1)
w . 1/2

where Y7 = {u € Ht (Q) | —Au € L*(9), Ra% e L{, (I’)} . Now, given (¢,7(¢)) € Hf () X Hré (T) we

have from (1.8)
[wo+ [v@en@)+ [ Vuvos [uo= [ o+ [ 5110) (1.13)

so (1.10) holds true. Moreover, since u; € L?(Qr),v(u); € L*(X7) and v € L?(0,T,Y1) we get Au €
L?(Qr) and R% € L?(Z7) then (1.13) is equivalent to

[ =susxwo+ [ (s + 52 )0) = [ fo+ [ 9200) (1.14)



for all (¢,~(¢)) € Hp, () x H%f(l’) so (u,y(u)) is a solution for (1.11).
iii) We apply Theorem 5.1 in [12] for (f,g) and (uo,y(up)) then the solution (u,~y(u)) of (1.10) satisfies

(u,v(w)), (uey(ur) € C([0, T, Hp, () x HY (1))

(uge, y(w)) € L*(0,T, L*(Q) x L%O(F)) (1.15)

and (1.12) is proved.

Remark 1.7 Observe that there is only one function u € L*(0, T, Hf, () with uy € L*(Qr) and v(u); €
L?%(S7) which satisfies (1.10) where f € L*(Qr) and g € L*(X7) and initial data ug € H%O(Q) In
fact, under the above hypotheses, the mapping t — (u(t),y(u(t))) is continuous and differentiable in
L2() x L, (D). Moreover, since u satisfies (1.10) and uy € L*(Qr),~(u); € L*(X7) a.e. t € (0,T) then
(1.13) holds for any ¢ € H}, (Q), and therefore (u,y(u)) satisfies (u,v(u)) € X' and

u u | f@) .
( (a0 >t+A0 < () ) = < o) ) in XY, (1.16)

Hence (u(t),y(u(t))) must be given by (1.9).

In order to obtain solution for (1.1) we state

Remark 1.8 Under the hypothesis of Theorem 1.6 ii), in the case of a > 1/4 we get u; € H?**(2) C
HY?19(Q) so its trace y(ug) is well defined and v(u) = v(u);. In this case, since o > 0 then (1.11) holds
then w = (u,y(u)) is solution for

uy—Au+du=f in Qx(0,7T)

up + % =g on Ty x(0,7) (1.17)
U= on Ty x(0,T)

In the case of more regular initial data we get from general results in [12]

Theorem 1.9 Given a > 1/4

i) Let 1 <p<oo,f e LP(0,T, H%g‘(ﬂ)),g € LP(0,T, H (T)) and ug € H%g‘(Q) then the mild solution
of problem (1.1) given by (1.9) is in C(0,T, H?Z(Q) x HY, (T)) for any 1/4 <~ < a—|—1% where %—{—I% =1
(or v < aif p=1). Moreover if ug € HI%Z(Q) then u € C([0,T], H*) and the mapping

HE(Q) x LP(0, T, HE () x LP(0,T, HE (T)) > (ug, f, ) — u € C([0,T], HE ()

1s Lipschitz.
it) If v is such that a« <y < a+1 and p € [1,00] then the mapping

Hpl(Q) x LP(0, 00, HE] () x LP(0,00, HE, (T)) 3 (uo, f,9) = u € LP(0, 00, Hy (%))

1s Lipschitz.
ii) If 1 < p < oo, f € LP(0, T, H*(Q)),g € LP(0, T, HR (T)) and ug € HE*(2) then the mild solution
is Holder continuous of exponent 0 < a+ I% — on (0,00) with values in HI%;’(Q) forany1/4 <~y <1+ I%
) If ug € HEX(Q) and f € L'(0,T,Hf*()),g9 € L*(0,T, HE (T)) such that f : (0,T] — HE(2)
and g : (0,T] — Hf (') are locally Hélder continuous of exponent 0 < 6 < 1 then the mild solution is a
strong solution with u € C((O,T],HI%(()QJFI)(Q)) and u; € C((O,T},HI%;’(Q)) forany 1/4 < v < a+6 and
in particular Remark 1.8 applies.



Next, we state some energy estimates that will be used later to prove the uniform convergence in time
of the solutions of the damped wave equation to the solution of limit parabolic problem.

Proposition 1.10 Assume T < oo, f € L?>(Qr) and g € L*(X7) then for any ug € H%O(Q) and vy =
v(ug), the corresponding solutions of (P) satisfies

2 2 2 2 2 2
t:(gg) HU’HHILO(Q) + w72, + IV (Wl z2s,) < HUOHHILO(Q) 9l + 1F 12200 (1.18)

Proof Let f3 € C'([0,T],L*(Q)), gt € C'([0,T],LE, (T)), uf € Y1 such that f* — f in L*(Qr) and
g" — g in L*(X7) and uf — ug in Hf, () and so y(uf) — v(ug) = vo in H%éQ(F) From Theorem 1.6 ii)
and iii) we get a solution of

(" + (")) + L") = f§ + g in Hp [(Q) (1.19)

and u", u" € C([0,T], H} (). Taking uf as a test function, integrating by parts in Q and then in (0,¢),
we get

2 [C [ [y O o= 6 o2 [ [ e [ . 120
Using Young’s inequality we obtain
I L+ [ [+ 1@y o< Wl o+ [ 1B+ [ 16
0 Jo 0o Jr To To 0 0
and taking the supremum on [0, 7] we get

14 2r) + DD acepy + s 1701 0 < Wbl o+ 17"y + 19"y (120
S )

Using the Lipschitzness of (ug, f, g) — (u,us, y(ur)) between Hy (Q)x L*(Qr)x L*(X7) and C([0, T, Hf (£2))
L?*(Qr) x L*(X7) established in Theorem 1.6 ii) we can pass to the limit, as n — oo, in the variation of
constants formula (1.9) and simultaneously in (1.21) and we get (1.18) for ug € Hp (), f € L*(Qr),g €
L*(Z7).

2 The damped hyperbolic problem

In this section we analyze the solvability of

cuy +ur — Au+ du = f(z,t) in Qx(0,7)

up + % = g(z,t) on Ty x(0,7)

u=20 on Ty x(0,T) (2.1)
u(z,0) = ug in

u(z,0) = v in Q

where f takes values in L?(2) and g in L (T).

Observe that (2.1) was studied in [12] without the interior damping term, wu;, obtaining optimal
assumptions on f and g for obtaining finite energy solutions, to be defined below. Here we will show how
the interior damping helps in obtaining somehow better results. On the other hand observe that the case
g = 0 is rather well known and can be treated using standard semigroup techniques, see Theorem 2.1
below. However the case g # 0 can not be treated as a perturbation of the former case since it affects
the boundary conditions. Therefore we will show how to adapt the techniques in [12] to solve this case.



Let H = H{ (€2) x L*(Q2) and consider in this space the operator

0 -1
c ( S(FA+N) 2T
with domain D(A.) = {(u,v) € H%O(Q) X H%O(Q) | Au € L2(Q),v + R% =0 on Fl}. If we assume
first that f = 0 and g = 0 denoting by U = (u,u)”, (2.1) is equivalent to
U +AU =0 (2.3)

which can be treated using semigroup techniques. The following result can be directly obtained by the
results of [11, 12]

Theorem 2.1 Assume f : [0,T] — L%(Q), and consider for fized e > 0

cuy +up — Au+ Au= f(t) in Qx(0,7)

up + % = on T'1x(0,T) (2.4)
u = on Ty x(0,7T)

Then
i) If f =0 the operator —A. in (2.2) generates a Cy semigroup in H = Hf, (Q) x L*(Q), denoted Sc(t),
which is a semigroup of contractions for the norm

E.(u,v) = eHvHig(Q) + IIVUH%%Q) + >\||U||%2(Q)-

If moreover Uy € D(Ag), then U(t) = Sc(t)Up is in D(Ae), is differentiable in H and satisfies (2.3)
pointwise.
i) If f € LY(0,T,L?*(Q)) and Uy € H = H%O () x L3(Q) there exist a unique “mild solution” for (2.4)
satisfying U(0) = Uy, which is given by the variation of constants formula

U(t) = S.(6)Ug + /0 "S.(t— 5)P(s)ds

where F(t) = (0, f(t))T which moreover satisfies u € C([0,T)], H).
ii) If f € C1([0,T],L*()) or f € C([0,T], H,(Q)) and Uy € D(A.) then the unique solution is a “strict
solution”, that is, it is differentiable in H, remains in D(A.) and satisfies (2.4) pointwise.

Before showing how the results of [12] can be adapted to solve (2.1) for the case g # 0, we present
some formal energy estimates on the solutions of (2.1). These estimates will be made rigorous later on,
see Theorem 2.6.

Proposition 2.2 Assume T < oo, f € L2(Qr) and g € L?(37) the initial data (ug,vo) is in the “energy
space” H = H%O () x L3(Q)). Then the solution of (2.1) satisfies uy € L*(Q7),v(u); € L*(X7) and for
any t € (0,T)

B +2 [ [ad+2 [ [q@i=Beow 2 [ [fur2[ [ow @)

2 2 2 2 2
S (ellueliZa gy + IVullZaq) + MullZaio ) + luallZg,y + 17 @122y 26

< Ec(ug,vo) + ||9||%2(2T) + ||f||%2(QT)-
Hence ((ug,vo), f,g) — ((u,us),us, y(w)t) is Lipschitz from H x L?>(Qr) x L*(Xr) into C([0,T], H) x
L*(Qr) x L*(3r).

and
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Proof The proof is obvious but is given for completeness. Multiplying the equation by u; and integrating
in Q, and then integrating in time on (0,t) we get (2.5). Moreover, since

t 1 2 1 2
| [ortn < 3lalacen + 5l

and

¢ 1 2 1 2
| [ rue < 510 an + 5 lilean)

from (2.5) we obtain

t t
el oy + Ve + Mooy +2 [ [ w42 [ [ 20 <
< Ex(uo, vo) + HfH%Q(QT) + Hut”%Q(QT) + HQH%Q(ET) + H’Y(U)tH%%ET)

and taking the supremum for ¢ € (0,7") we obtain (2.6). The Lipschitzness of the mapping ((ug,vo), f,g) —
((u,ut), ut,v(u)y) follows easily.

In order to construct solutions for (2.1), we first outline a formal variational formulation of it. Taking
a test function ¢ € H%O(Q) in (2.1) and integrating by parts in Q we get

| ot o+ [1@in@) + [ Vuvorr [uo= [ so+ [ 9r10)

so the solution satisfies
(eur +u~+vy(u)) + L(u) = fa+ gr in HEOI(Q). (2.7)

Now we show how to adapt the results of [12] to obtain solution of (2.1) that satisfies energy estimates
in Proposition 2.2 and (2.7). Such solutions are called ”finite energy solutions”. As in [12] the main tools
will be the dual semigroup of S.(¢) in the dual space of H denoted H' and a suitable change of variables
to embed the elements of H into H’. We notice here that the presence of the interior damping term
affects the definition of this change of variables, see (2.15) below.

Consider H' = L?(Q) x H I?Ol(Q), the dual space of H and we denote A%, the dual operator of A., which
generates in H' a C( semigroup S*(t), the transposed semigroup of Sc(t), see Corollary 10.6 in [11] or
Proposition 5.1 in [12]. The next result asserts that under suitable and natural regularity assumptions,
the variation of constants formula for the dual semigroup SZ(¢), in the dual energy space H', gives a
function with values in H %O(Q) that satisfies the formal variational formulation for (2.1) and (2.7).

Proposition 2.3 i) Assume h € L'(0,T, Hliol () and U = (ug,wo) € H', and consider U* = (u,w)”
be the function given by the variation of constants formula for the dual semigroup in H'

t
U () = S* (1)UL + / SE(t — $)K (s)ds (2.8)
0
with K = (0, 1h). Then U* is characterized by the following conditions: U* € C([0,T], H') and for any
(¢,9) € D(A.), (eu,¥) + (ew, d)_1,1 is absolutely continuous and
d
a(<6’u,, ’(/}> + <€’U), ¢>*1,1) - <€U), ¢>71,1 + <U, _A¢ + >‘¢ + ¢> = <h7 ¢>71,1- (29)

Moreover if we assume u(t) € Hp () a.e. t € (0,T) and it is weakly differentiable in Hr_ol(ﬂ), then (2.9)
s equivalent to

w=u + é(’y(u) +u) (2.10)

and

%@W Fu+y(w),d) 11+ (Vu, Vo) + Mu, ) = (h,¢) 1.1
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a.e. t € (0,T) for any ¢ € H} (), i.e.

(eus +u+y(u))e + L(u) =h in H{OI(Q) ae te(0,7T). (2.11)

ii) Assume h € L1(0,T, Hfol(ﬂ)) and U = (ug,wo) € H' is such that the dual equation
1
U + AU* = (0, gh)T (2.12)

is verified for each t € (0,T). Then, u is differentiable in L*(), u(t) € H} () for any t € (0,T), w(t)
given by w = u; + 1(y(u) + u) is continuous and differentiable in Hr_ol (Q) and (2.11) is satisfied.

Proof i) Applying to the dual operator (—A¥, D(A¥)) general existence theorem, see Proposition 5.1 in
[12] see also [1], we have that U* given by (2.8) satisfies U* € C([0,T], H'") with U*(0) = U and for any
o= (¢,¢) € D(A:) we have that (U*(t),0) is absolutely continuous on [0, 7] and

d ., . "
(U (1),0) + (U* (1), AZo) = (K. 0).

So if U* = (u,w)? then

%((Wﬁ) + <w7 ¢>—1,1) + ((u,w), (_57/}7 _A¢ + /\¢ + 1/})>—1,1 = <(07 éh)v (¢7¢>>H,H’

and from here we obtain (2.9). If, in addition, u € H} () and it is weakly differentiable in H I?OI(Q) then

) = 911 = o)1
so we have from (2.9)
G, )+ () 11 (1, BG4 AG) + () — (e w) oy = Gw) e (213)

Taking ¢ =0 and ¢ € Y5 = {z € Hf (Q) | Az € L*(Q), 6‘9—%; =0 on Fl} we obtain

%m, 9) + {u, —Ad +Ad) = (h,#)-1.1

and from definition of L(u) we obtain

d

E<w’ ®) + (L(u), ) —11 = (h,d)—1,1

©w,0) + (T, V) + Mo, ) = (h,0) 1 (2.14)

and by density we have (2.14) for any ¢ € Hf, (©2). Now from (2.12) and (2.14) we obtain
(eup +u+y(u) —ew,¢) 11 =0

for any 1 € H} () so w = L (u+~(u)) + ue.

ii) If U* = (u,w) satisfies (2.12) then U*(t) € D(A?) for any ¢ € (0,7") and from Lemma 2.4, to be proved
below, we get u(t) € Hp, (), and u(t), w(t) are weakly differentiable in H' = L*(Q) x Hr_ol (©). Moreover,
since (—A%, D(A})) generates a Cj semigroup, from (2.12) we have

t
Ut = SH(0)U; + / SE(t — 8)K (s)ds
0
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and as a consequence of (2.14) we obtain (2.10) and (2.11).

Proposition 2.3 suggests that a good candidate for a solution of (2.1) would be a function constructed
as in (2.8) for h = fo+gr and with (2.10), provided the first component of U* is in Hf, (€2). Therefore we
are faced to construct solutions of the dual variation of constants formula (2.8) which are strict solutions,
that is (2.12) is satisfied. It also suggest the following identification of an element U in H with an element
U* in H'. For U = (u,v) an element of H we define U* = (u,w) an element of H' = L?(Q) x H{(}(Q),
the dual space of H, by the linear injective change of variables

U—U*

where
w=nv+ é(u +y(u) € Hi (). (2.15)

The following lemma states that the above identification is very well suited for our purposes

Lemma 2.4 i) With the above notations we get
% _ 1
DAZ) = {(1:h) € B} () x HE} (@) | 2(1) - h e 2@}

and for (f,h) € D(A%), A*(f,h) = (%(’y(f) + f)—h, %L(f)) ;.. in matriz form

1
: L 0
i) U = (u,v)T is in Hiff U* given in (2.15) satisfies U* € D(A?Y) and moreover
k77|12 2 1 2 2 1
[AZU |7 = HUHH;O(Q) + - lullzz) = U5 = ZEe(u,v)

where E.(u,v) was defined in Theorem 2.1.
i) U = (u,v) is in D(A.), iff U* € D(AZ?).

Proof i) If U = (u,v) € D(A.) and F = (f,h) € H' then
1
(AU, Fypw = g<—AU +Au+v, f) = (h,v)-11

and for this to be continuous in U for the topology of H, we need f € H%O (). In this case

(AU, F) g = £ (Y, V) + 2 1) + 20, f) = b= Fe) a0 =
= CL w11+ QU+ )= ho)o1a

and now this is continuous in U iff 1(v(f) + f) —h € L*(Q) so 1~(f) — h € L*(Q), the rest follows easily.
ii) Applying the definitions, we have

1 1 1
*77% (12 2 2
420 B = (s 220 (0, 220} = ol + I s oy

From the definition of L(u) we get
1
1420 |7 = B (u,v).
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iii) We have U* € D(A#?) iff A:U* € D(AZ) which holds iff (L (v(u) +u) — w, 1L(u)) € D(A?). Using
the expression for w the above reduces to (—v, 1L(u)) € Hi () X HI:OI(Q) and from here u € Hf ()
and v € Hf (Q) and —Ly(v) — 1L(u) € L*(). As a consequence of the regularity of v we obtain
f==1(y(v)+ v+ L(uw) € L*(2) and so L(u) = f — (y(v) 4+ v). From the properties of L we get, taking
¢ € C()

/VquZH—)\/ ugb:/(f—v)qb (2.16)
Q Q Q

so —Au+ M = f—wv in D'(Q) and from here —Au € L%(Q). Now integrating (2.16) by parts for an
arbitrary ¢ € H%O(Q) we get, using —Au+ \u = f — v,

(R () 1/20/2 = {=1(0) A D) -1j2.172

so y(v) + Raaj;fb = 0 and we get (u,v) € D(A.).
Observe that from Proposition 2.3 and Lemma 2.4 we are bound to find strong solutions of (2.8)
which enter in D(A?). Therefore using general results for semigroups we get

Corollary 2.5 i) Assume U = (ug,wo) € D(AY) and either h € C([0,T], L*(Q)) orh € Cl([O,T],Hr_Ol(Q))
then U* = (u,w) given by (2.8) satisfies
U™ € C(0,T), D(AZ)) n ([0, T], H)

and (2.12). Therefore U = (u,v), which corresponds to U* by the ”change of variables” in (2.15), satisfies
that u is differentiable in L*(Q),v = u; and

ue C([0,T), H, (Q))  w e C((0,T], Hy ' ()

Ut € C([O,TLLQ(Q)) wy € C([OaT],HITOl(Q)) (2.17)

and
(u +u+7y(w) + Lw) =h in Hp'(Q). (2.18)

ii) Moreover assume h € C’2([0,T],H1?01(Q)) and U = (ug,wp) is such that Uy = (ug,vo) € Hp () x
Hi () with wo = vo + L(u+y(uw) and h satisfies
v(vo) + L(ug) — h(0) € L*(Q). (2.19)
Then the function U* constructed in i) satisfies
we C([0,7], HE, (Q))  w e C([0,T], Hy,' (2))

u; € C([0,T], HE, () wy € C([0,T], Hy, ' (€2)) (2.20)
uy € C([0,T],L*(Q))  wy € C([0,T], H 1 ()

while U satisfies
euy +up +y(ug) + L(u) = h (2.21)

and
(ctg + ug + (ug))e + L(u)e = he in Hp ' (Q). (2.22)

iii) If h has the special form h(t) = fa+ gr € Hliol (Q) with f(t) € L*(Q) and g(t) € L (L), for each
t€(0,T), and f and g are continuous in time, then under the assumption of ii), we get u € C([0,T],Yp)
where Yy = {z € H%O(Q) | Az € LQ(Q)} and

ug +ug — Au+du= f(t) in  L*Q)
Y+ B2 =g(t)  in HpA(D)

i.e. w is a solution of (2.1). Even more the energy estimates (2.6) in Proposition 2.2 hold true.
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Proof i) From Proposition 5.1 in [12], we get
U* = (u,w) € C((0,T], D(AZ)) n C*([0,T], H')
and (2.17) hold. Moreover from
1
Uf + AXU* = (0, gh)T in H'

using (2.15) and Lemma 2.4 we get u; = v and (2.18).
ii) In this case we apply Proposition 5.1 from [12] and we get

Ut* = (ut7wt) S C([O,T],D(A:)) N Cl([ovT]ﬂHl)

and the regularity results on u,w in (2.20) hold. We also obtain that W* = U} satisfies
* * * 1
Wi+ AZW™ = (0, ght)

which gives that equation (2.22) holds.
ili) Given h(t) = fo(t) +gr(t) € HI?OI(Q). Then from ii) we get
eur + ur +y(ug) + L(u) = fo + gr so we obtain

L(u) = (f —euy — ur)o + (9 — v(ue))r

and in particular f — cuy — uy € L?(92) so u € Yy. Due to this regularity the energy estimates (2.6) in
Proposition 2.2 hold true.

Using the regularity results of Corollary 2.5, we will now construct the solution of the original non-
homogenous hyperbolic problem (2.1).

Theorem 2.6 Let f € L*(Qr) and g € L*(X7), Uy = (ug,vo) € HE (Q) x LA(Q) and U* = (u,w)” be
defined by the variation of constant formula of the dual semigroup

U*(t) = S* (1)U + /0 "t — 8K (s)ds (2.23)

where U = (ug, wp) with wo = vy + %(W(UO) +up) € HI?OI(Q) and K(t) = (0, %h(t))T, % fa+gr. Then
U* e C([0,T],H), w=v+ (v(u) +u) and U = (u,v) from (2.15) satisfies

i) U € C([0,T], H) with v =u, € C([0,T], L*(2)) and ~(u) € C([0,T], H/*(T)) 0 H'(0,T, L% (T)) and
uy € L2(0,7, H ' ().

i1) The energy equality

B ) +2 [ t ([t + [2?) =Bty +2 | t ([ rus [ ) (2.24)

holds true. Moreover the energy estimates from Proposition 2.2 hold true.
iii) Even more u(t) satisfies (2.1) in the sense that

(eur +u+y(uw) + L(u) = h = fo + gr.

Proof Given Uy, f, and g as in the statement we take U} = (u?,vf}) € D(A.) C H, f* € C%(0,T, L*(Q2))
and ¢g" € C?(0,T, L%O(F)) such that U} — Uy in H, f* — f in L?(Qr) and g" — g in L*(37) and
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denote h" = f& + g — h = fq + gr in L*(0,T, H{(}(Q)) so K" — K in L*(0,T, H'). Since U} € D(A,)
then we get have Ui™ € D(A*?) — Ui € D(A?) and

U*(£) = SE(OUL" + /O 'St — 5 K (s)ds. (2.25)

Moreover since h™(0) = 0 the compatibility conditions (2.19) of Corollary 2.5 which now read

—Auf + Mg € L*(Q)
vy + RS—%— =0only

hold true and Corollary 2.5 applies.
From Corollary 2.5 ii) we have u”,up € C([0,T], H{ (€2)) and uf, € C([0,T], L*(€2))

(eup +u"™ +y(u™)) + L(u™) =h™ in Hlfol(ﬂ) (2.26)

and the energy estimates (2.6) in Proposition 2.2 hold true. Therefore, the mapping ((ug,vg), f™, ¢") —
((u™, u), u, y(ult)) is Lipschitz from H x L?(Qr) x L?(Z7) into C([0,T], H) x L*(Qr) x L*(31). We
also have the energy equality (2.5) in Proposition 2.2

a2 [ ([ wd+ [henr) = maga e [ ([ e+ [oon).  em

Now, we pass to the limit in (2.25) obtaining (2.23) and the corresponding function U (t) satisfies U =
(u,uz) and (u,us) € C([0,T), H) and ~y(u); € L?>(X7). Simultaneously, passing to the limit in (2.27) we
obtain (2.24). We also have w™ = u} 4+ 1 (v(u™) + u") and if we pass to the limit in HEOI(Q) we get w =
u;+ 2 (y(u) +u). Then passing to the limit in (2.26) we obtain that u satisfies (cu; +u+v(u))+L(u) = h
in HITOI(Q).
The above results suggest the following definition

Definition 2.7 For given f € L*(Qr),g € L*(X1) and ug € Hp (Q),v0 € L*(Q) the function U =
(u,v) € C([0,T], H) is the solution of (2.1) if and only if the corresponding U* given in (2.15) is given
by (2.8) with K = (0, 1h) and h = fo + gr.

3 Convergence of solutions

In this section we shall prove that the formal limiting problem we presented in Section 1 is actually the
limit problem for the family of problems (0.1) as £ goes to 0. In fact we shall prove that under reasonable
conditions on the initial data and the homogenous terms solution of (0.1) converge in suitable norms to
solutions of (1.1).

First we state some convergence results using the spectral representation of the solution in the case
of f=0,9g =0 and ) bounded.

As we observed in the Section 1 a solution of homogenous limiting problem for initial data (ug,vg) €
L?(Q) x Lg (') can be written as

uet) 2 e[ )
(mmm)‘gﬁn”<w%mﬂ
where u(z,0) = ug(x) = n§1 aptn(z),v(r,0) = vo(z) = ijl anY(un (7)) with 3°°°, |a,|? < co and

n=
o(Ao) = {pn}n> {tn}n is an orthonormal basis in L*(Q) x L (). In the same way, the solution of (0.1)
with the initial data (u§(x),v§(z)) € HE, () x L*(Q2) admits a representation as

C(ot) | _ S [ 6i)
(@@ﬂ)‘%k’"(%@)
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(e8] o0
where u(r) = Y afui(r) and v§(z) = — 3 afinfui(z) with 372 |ag|? < oo. Here ) is an eigenvalue
n=1 n=1

of A; and (uj,v;) is the associated eigenfunction.

In what follows we will study the behavior of the eigenvalues 7. and the associated eigenfunctions
when € goes to 0. Our goal is to show that some part of the spectrum is convergent to the spectrum
of the limiting problem, while the rest vanishes as ¢ — 0. Note that the eigenvalues for the operator A,
defined in Section 2 are given by

0 -1 (A uf
L-at+n i v | T e

with (u®,v%) € D(A). Hence the eigenvalue problem reads

—v® = neut n

—Auf + uf +0v° =en0v® in Q)
v+ g% =0 on I'y

u® =0 on Iy

which is equivalent to
—Auf + M = (e —enZ)ut in Q
on I'y (3.1)
u® =0 on Ty
with u® € Y] = {u € Ht (Q) | —Au € L*(9), R% €L}, (F)} . If we multiply by @®, the conjugate of u®,
and integrate in ) we get

[t en [ = [ e - en? [+ [ el
Q Q Q Q r

which can be written as
HUEH?{%O(Q) = 77€||u€||%2(ﬂ)xL1%0(1“) - 577?Hu6||%2(ﬂ)-

Normalizing the eigenfunction u® such that ||u®|| . (9) = 1, the relation above becomes
0

I= 77€||u€\|%2(me%0(F) - 57752”“8”%2(9)- (3.2)

From the boundedness of the eigenfunctions in H %O(Q) and by taking subsequences if necessary we
can always assume that there exists u € Y1 C H%O (£2) such that u® converges to u strongly in L?(Q2) and
weakly in H%O(Q) and y(u®) converges to y(u) in L%O (I") as € goes to 0.

There are two different cases to be analyzed, one is when 7. has nonzero imaginary part the other is
when 7. is real. In the first case we state the following

Proposition 3.1 If Im (n.) # 0 then |n.| goes to infinity as € goes to 0 and u® converges to 0 in L?(£2)
and ~(u®) converge to 0 in L{ (T') as e — 0.

Proof We denote by a = Re 7. and b = Im 7. If we consider the imaginary part of (3.2) we get
2 2 2
HU’EHLQ(Q)XL%O([‘) = 2a€Hu€HL2(Q) < 2a5HU6HL2(Q)XL%O(r) (3.3)
so a > % and |n.|? > 4%2 which goes to infinity as € goes to 0. Now if we take the real part of (3.2) using
(3.3) we get
1= e(a® + b)) |[uf||22 () = elnel*[u® 1220

and then [[u®||2(q) — 0. Hence the convergence u® — 0 in L§ (I) also follows.

For real 7. equation (3.2) gives only one relation between eigenfunctions and eigenvectors so we need

some discussions in order to analyze the behavior of the eigenfunction as € — 0 based on the relative size
between € and 7.. From the equation (3.2) an easy case is en? — 0 and with this restriction we get
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Proposition 3.2 Assume en? — 0 as ¢ — 0 then
i) if ne — p then p € o(Ag) and u® — u in H%O (Q) where u is an eigenfunction of .
it) if ne — oo then u® — 0 in L*(Q) and L§ ().

Proof i) Multiplying (3.1) by ¢ € H%O (©) and integrating in Q we get

[ vuvon [ wo = —ep) [ wo+n [ (3.4)

and passing to the limit, since u* — w in L*(Q) and L3, (T'), we get

[ vuvos [ uo—p [ wotu [ Anio). (3.5)

Hence w is a solution of
—Au+du =pu in
8% =puu on I'y .
u =0 on Ty

Since we have Vu® — Vu weakly in L?(Q), it only remains to prove that VU 2@y — Vull2(q)- From
(3.2) we get
1= |V |[Zaq) + Ml 729) = (7 — end) [0 72(q) — %HV(UE)H%;O(F)

and passing to the limit we get
lim V|72 + Allull7zi) = mllulZzq) + MHUH%gO(F)-
Now if we take by ¢ = u in (3.5) we get
HVUH%Q(Q) + )‘HUH%Q(Q) = H||UH%2(Q) + M||U||%§O(r)

S0 lin% HVUFH%Q(Q) = HVuH%Q(Q) and the result follows.
E—>

ii) Passing to the limit in (3.2) we get
. 2
1= ;I_)Héna”u8|’L2(Q)XL%O(F)'

But 7. — oo so u® — 0 in L?(Q2) and L%O(F) as € — 0.

In case en? does not converge to 0 there are two additional cases. The first is when en? remains
bounded and the second when en? — oo. First observe that in both cases exists m > 0 such that
5n§2m2 sonez%ﬁooasagoestOO.

Proposition 3.3 In the hypotheses above
i) If there exists M such that en? < M then u® — 0 in L*(Q) and L3 (T).
ii) If en? — oo
1) If en. — oo then u® — 0 in L*(Q) and L (T).
2) If ene bounded then by taking subsequence if necessary we can assume lin% en. = 1.
E—

a) If 1 # 1 then u® — 0 in L*(Q) and L3 (T).
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b) If l=1 and lin%(n5 —en?) = a < oo then u — u in H} () where u satisfies
E—

{—Au—i—/\u =qu in (3.6)

u =0 on T

so =X+ a is an eigenvalue of the Laplacian with Dirichlet boundary condition and u is an
eigenfunction .
¢) Ifl=1 and iii)%(ng —en?) = oo then uf — 0 in L*() and L¢ (T).

Proof i) Observe that (3.2) can be written as
1t er? o) = el B, o

but the left hand side is bounded and 7. — oo so we must have u¢ — 0 in L*(Q) and Lg (T).
ii) In this case equality (3.2) can be written as

1 2 2
e + 5776HUEHL2(Q) = ||U€\|L2(Q)xL§0(r)- (3.7)

1) In the case en. — oo since the right side of (3.7) remains bounded, then [[u®|[z2(q) goes to 0. As we
proved before we also get u® — 0 in L%O (T).
2) Passing now to the limit in (3.7) we get

l”“”%?(sz) = ||u||%2(Q)XL12,O(F)' (3.8)

Taking ¢ € C°(Q2) in (3.4) we get

| vuvon [ wo = —end) [ o (3.9)

Next, we multiply this equation by € and pass to the limit to obtain

0:(1—12)/Qu¢.

Hence that we have three cases | =0,/ =1 and [ ¢ {0, 1}.
a) For [ # 0,1 then we get [qu¢p = 0 for any ¢ € C°(Q) C L*(Q) and from density arguments we
get u = 0 in © and using (3.8) we prove u® — 0 in L%*(Q) and L%O(F). If | = 0 from (3.8) we get
lull L2 ()x 22 (ry = 0 so u® converges to 0 in L?(Q) and Lg (T).
0
In the case [ = 1 from the same equation (3.8) we get HuHL% (ry = 0 so u =0 on the boundary.
0

b) In the case the limit 1111(1)(775 —en?) = a < oo then, passing to the limit in (3.9) we obtain
e—

/QVqub%—)\/ngb:a/ﬂuqb (3.10)

and we get a solution of the problem (3.6).
c¢) In the case that liH(l)(Ue — en?) = oo again passing to the limit in (3.9) we get
e—

L1vu x| Jul? = timn. - en?) [ v
Q Q e—0 Q

but we know that [, u®¢ — [, u¢ as ¢ — 0 and then we must have [, u¢p = 0 for every ¢ € C°(2) so
u = 0.

Now we return to the nonhomogenous problem. As a consequence of energy estimates from Proposi-
tion 2.2 and the regularity results in Corollary 2.5 we can state at once
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Proposition 3.4 i) Assume (u§,v§) € HE () x L*(2) are given such that E.(uj,v§) remains bounded
as € — 0 and f¢,g° are bounded in L*(Qr), L*(X1), respectively. Then

uf, |Vue|,eu; € C([0,T], L3(Q)) (3.11)

y(uf)y € L2(Sr) and u € L?(Qr) with bounds independent of e.
i) If E-(u§,v§) — 0 as € — 0 and f¢ — 0 in L2(Qr),g° — 0 in L*(X7) then u®, |Vus|, /eus converge
to 0 in L*(Q) uniformly in [0,T],u; — 0 in L?(Qr) and v(u®); — 0 in L?(Z7).

Under the hypotheses above, we have

Proposition 3.5 Assume f§ € L*(Qr),g9f € L*(X1) and (u§,v) € HE (Q) x L*(Q) are given as in
Proposition 3.4 1). By taking subsequences if necessary, we can assume that ug converges weakly in H%O(Q)
to ug, f¢ — f weak in L*(Qr), and g¢ — g weak in L*(Xr). Then the solutions u® of (0.1) converge w
-*in L®(0,T, Ht (Q)) and (uf,~(u®)) converge to (u,y(u)) weakly in H'(0,T,L*(2) x L (T)) to a
function u, which is the unique solution of

{ (u+7(u): + L(u) = fo + gr in Hp' ()
u(0) = ug :

Proof Since (3.11) holds true, then u®, |Vu®|, veui € C([0,T], L*(Q)), u§ € L*(Qr) and v(u®); € L*(Xr)
are bounded with bounds independent of €. By compactness, we can assume, by taking subsequences if
necessary, that there exists u € L>(0,T, Hf, (€2)) such that y(u); € L*(X7),u; € L*(Qr) and

ut —u w —x in L0, T, H (2))
(W) = A(u)  w—*in L0, T, Hp! (1))
uj — Ut w in L2(Q7)
Y(uf)y — y(u) w in L?(X7)

L(uf) — L(u) w—*in L>(0,T, H ()

Moreover from u; € L*(Qr) we get u € C([0,T],L?(Q)) so for ¢ € L?(Q) we have

t

(W (0. 0) = (w5.9) = [ (ui(s). 0)ds

and passing to the limit as € — 0 we obtain

(0(0),6) = {u0,) = [ (ua(s), )

and so u(0) = uo.
We also have from (2.18) that (euf + u® + y(u®)): + L(u®) = h® = f§ + ¢gf and this is equivalent to
saying that for any ¢ € Hf (), (eug, ¢) + (y(u®) 4+ u, ¢)_1,1 is absolutely continuous and

% ({eug, @) + (v(u®) +us,¢) —11) + (L(u®),¢) 11 = (h°,¢) 11 (3.12)

a.e. t € (0,T). Now, take ¢ € C*°[0, T such that ¢(T") = 0, then from (3.12) we get

Td 3 3 3 r 3
| S + o+ o) aweds + [ (L), 6)-aw(s)ds =

. (3.13)
= /0 (P, ) 1,19 (s)ds.

20



If we denote h® = f§ + ¢% and h = fq + gr, from the assumptions on f¢, ¢¢, we get
QT Ir g g g

T T
|05 0 aab()ds = [ ho)-1a0(s)ds
0 0

Now we manipulate the term

T d
| gtteus £ A, ) 1)(s)ds. (3.14)
0

From the absolute continuity, and integrating by parts, we get that (3.14) is equal to

[(euf +u® +5(u), 0)-119(s)13=§ — /OT (euf +u” + (1), @) 119 (s)ds (3.15)

Using (3.15) in (3.13) and passing to the limit, we get

T
— I 0 + 0,614 (s — (3 (u0) + 0, 6)-00(0) + [ (LGl = 5
= Jy (b ¢)-11%(s)ds
and, integrating by parts, this is equal to
T q

T T
[ S0+ ) s+ [ (L0.0)av(s)ds = [ o) aii(sds (37)

ie. (y(u)+u)+ L(u) = hin HI?OI(Q) and the theorem is proved. The uniqueness is a consequence of
Remark 1.7.

Now we will further show that if f and g° converge strongly to f in L?(Qr) and g in L?(X7)
respectively, then we have strong convergence in LP(0,T, Ht (Q2)) N H'(0,T,L*(Q2)),2 < p < c0. So we
get

Proposition 3.6 Under the hypotheses of Proposition 3.5, assume moreover that
ff—f in L*)Qr) and ¢ —g in L*(Z7) .

If moreover
ug — ug in Hp (Q) and ev§ — 0 in L*(Q)

then
u® — u in H'(0,T, L*(Q)) N LP(0,T, HE (2)), for 2 <p < oo

Y(W)e — () in L*(Sr)
euf, — 0 in L2(0,T, Hl?ol(Q))

Proof Since w — * convergence in L>°(0,T, H%O(Q)) implies weak convergence in L?(0, T, H%O (), then
it is sufficient to have the convergence of norms in the latter space, i.e. to prove

T T
HUEH%2(O,T,H%‘O(Q)) — /0 <L(u6)’u5>_1,1 _>/0 <L(U/),u>—1,1 - HUH%Q(O,T,H%O(Q))

Also, from the weak convergence and lower semicontinuity we have

/OT (L(u),u)-11 < liminf /OT (L), u)_11
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and also [} Jr, r(u)ef? < liminf, I Jr, (uf)e* and I3 fo lwel? < liminf. 3 [, [u§|?. Therefore, integrat-
ing (2.24) on [ ,T] we get

/aHu H2+/ ) “+2/ //h ’2+2/ //‘uﬂzz (3.18)
= TE(uf,v§) +2/ / |

and from (1.20), the energy equality for the limiting problem (1.1), reads
T T rt 9 T rt 9
[ a2 [ [z [ ][l =
0 o Jo Jr o 70 JoJa (3.19)
= L), u)-1a+2 [ [ (hu)-sa.

Note that the liminf, of the left side of (3.18) is greater or equal than the left side of (3.19) then, if
we show that the right hand side of (3.18) converges to the right hand side of (3.19) we would get that

W — uin I2(0,T, H}, (9 ///]uﬂ2—>///]ut\Qand///\’y FH///W o2

and from lower semicontinuity we would conclude uf — wu; in L (Qr) and ~v(u®); — y(u); in L? (X7).

For this, observe that
¢ t ¢
Lot = [ i+ [ e

t
Then since f¢ — f in L?(Qr) and u§ — u; weakly in L?(Qr) the first term goes to / (f,u). In the same
0
t t t t
way /O <g€77(u€)t> - /0 <g77(u)t> S0 /0 <h77(u€)t>—1,1 - /0 <h77(u)t>—1,1 fOI‘ any [AS (OaT)7 where

[t )] ana | [

(0,T), and from the Lebesgue’s dominated convergence theorem we get the result for p = 2.
Moreover, for any 2 < p < co by interpolation we have

h = fo + gr. Finally from Proposition 3.4 are uniformly bounded in

1-2/p

2/p
I = w0z < W =l oy e 1 = @l oy

L2(0,T,H]

Using the convergence in L?(0, T, H%O (©)) and the boundedness on u® — u in L>(0,T, H%O(Q)), we get
the result.

It only remains to prove the convergence of eu§, — 0in L(0, T, H 501 (©2)), which is an easy consequence
of the convergence above. In fact if we denote w® = u® — u then w® € H%O(Q) satisfies

(w® + y(w))e + L(w®) + e(uf)e = (f° = fla+ (9° — 9)r in H(Q)

and since w® — 0 in L2(0,T, H%O(Q)),wf — 0 in L?(Qr) and y(w®); — 0 in L3(Z7), f€ — f — 0 in
L*(Qr) and ¢g° — g — 0 in L?(Z7) we get the result.

Now we show that the hypotheses in Proposition 3.6 are in fact sufficient to prove the strong conver-
gence u® — u in L>(0,T, Hf, (€2)). For this we consider u® the solution of

TR e
(euy +u” +7(u))e + L(u") = h° = f& + gp in Hp () (3-20)
with initial data u®(0) = uf, uf(0) = v§ and the solution u of

(u+7(w) + L(w) = h = fo +gr in Hp /() (3.21)
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with initial data ug and vy = 7(up). The technique for the proof will be based in the following re-
marks. Observe that we can always choose zy smooth enough and sufficiently close to ug and fy €
CH([0,T], L*(2)), 90 € C([0,T], L, (I)) close to fq and gr respectively such that if z is the solution of

(2 +7(2))¢ + L(2) = ho = (fo)a + (go)r in Hp,' ()
then ||u — zHH% (o is sufficiently small, uniformly on [0, T7.
0
Now consider z¢ and v® solutions of the following problems
(62 + 2 + (%))t + L(2%) = ho = (fo)a + (g0)r in ) ()
25(0) = 2o
7 (0) = 2(0)

and
(E’Uf + ’UE =+ ’y(UE))t + L(’UE) = —E&Z4 in HE(}(Q)
v5(0) =0
v5(0) =0

then we have that 25 = z+v° and from the estimates in Proposition 2.2 we will have sup |[|v®(¢) ||H% @ —
t€[0,T] 0
0 as € — 0. Therefore it remains to prove that «° is uniformly close to z° to have the result proved.

Theorem 3.7 Under the hypotheses of Proposition 3.6, the family of solutions u® converges to u in the
norm of L*(0,T, H, ().

Proof For any n > 0 we try to find ¢(n) such that € < g¢(n) then ||u® — uHH% (@) <mn foralltel0,T]
0
We choose § < ¢ and z € Y1 and fo € C*([0,T], L*(2)), go € C*([0,T], L, (T')) such that

[uo — ZOH?’{%‘O(Q) <6 and | fo— f||%2(QT) + llgo — 9||%2(2T) <.
Let z be a solution for the problem
(2 +7(2))e + L(2) = ho = (fo)o + (go)r in Hp'(2) (3.22)
with initial data zg € Y;. From the energy estimates in Proposition 1.10 we have

sup |lu — z|)? < 30,
t€[0,T H%O )

while from Theorem 1.6 and the regularity hypotheses on fy, go and zy we get that
2,2 € C([O,T],H%O(Q)) and zy € L2(QT).
For this § we find an £(d) such that for any £ < £(J) we get
g — uOH?{%O(Q) <d¢ and |f°— fH%2(QT) + llg° — QH%2(2T) <9
We consider now the problems

(€25 + 2 +7(z%))t + L(z°) = fo+ g0 in Hp (D)
25(0) = 2o (3.23)
2 (0) = 2(0)

and
(evf +v& 4+ y(v®))y + L(v°) = —ezy  in H{OI(Q)
ve(0) =0 (3.24)
v;(0) =0
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Therefore, from Theorem 2.6 we get that equation (3.24) has a unique solution v¢ € C([0,T7, H%O (Q)),v; €
C1([0,7],L?(2)) and from the energy estimates (2.6) we have

sup [|v°]|? < E.(v5(0),v5(0)) + 2|z = 2|z <
2 171 ) < B 007 0) + sy = llanlion

for € sufficiently small. On the other hand we have that 2 = z 4+ v® and if ¢ is such that

(05172 () + 126(0) 1 72(qy) <
then as a consequence of the energy estimates (2.6) we have

e _ LE||2
sup ||u z HHILO(Q)

t€[0,T]

IN

EE(U’(E] - ZO?US - Zt(O)) + er - fO”%Q(QT) + ng - gOH%Q(ZT)

IN

20 + 5(””8“%2(9) + Hzt(o)H%Q(Q)) + 26 < 56.
So we have for ¢t € [0,

e _ E _ L€ & —
[|w U||H;O(Q) [u® — = HHILO(Q) + v HHILO(Q) + ||z u||H1£O(Q)

<
< 354+6+55<7

for any € < (n). So we have the uniform convergence in time.
Concerning the convergence of the time derivatives we have the following result

Corollary 3.8 Assume
fEofoin L0, HR Q)N LAQr) and ¢ —g in L0, T, HYX (D) N L2(Sr)

and
ug — ug in Hf, (Q) and evg — 0 in L*().

Then
(euf + u® +v(u®))y — ur + y(u)y in L(0,T, Hr_ol(Q)).

Proof Given u°® and w solutions of
(et +uf +v(u%)); + L(u%) = f§+ gf in Hp'(Q) (3.25)

and
(u+7(w)e + L(u) = fo + gr in Hp'() (3.26)

respectively, from the theorem above we have L(u®) — L(u) in HEOI(Q) uniformly in time on [0,7] and
using the hypotheses on the convergence of f¢ and g we get the result.
Moreover for the homogeneous problem we have

Corollary 3.9 In the case f¢ =0, ¢° = 0 if we assume that ug — ug in H%O(Q),uo € Y1, (uf, v5) € D(A)
with v§ bounded in Hf, (Q) and ﬁ(Aug — du§ — v§) bounded in L*(Q) then

uj — uyg in C([O,T],LQ(Q))

y(ug) — y(ug) in C([0,T), LE (1))
eus, — 0 in L*°(0,T, L*()).
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Proof From Corollary 2.5 we get u® € C'([0,T], Hf (Q)),uf; € C([0,T], L*(2)) and

s (<l By + 1By ) + 15 By + 1) oy < e Oy + 1OV,
€10,

Moreover u$(0) = v§ and /eu§(0) = %(Aug — Auf — v§), which are bounded in Hf (Q) and L*(Q)
respectively from the hypotheses. So there exists a constant M independent of € such that

sup (EHU‘;H%?(Q) + Huﬂﬁ{l (Q)) < 5”“2&(0)”%2(9) + Huf(O)Hzl @ = M2, (3.27)
t€[0,7) To To

then \/zu§, is bounded in L?(£2) uniform in time. In particular eu§, — 0 in L?(£2) uniformly in time on
[0, 7.

For the limit equation, from the regularity results in Theorem 1.6, we get u € C'([0,T1], Hf, (),
ug € L2(Qr),v(ug) € L2(Xr) and u(0) = Aug — Aug. Moreover the energy estimate (1.18) holds for u,
S0

2 2 2 2
tes[lé%] HutHHllO(Q) + uellz2 g + (Wil 225, < ||Ut(0)||H110(Q)- (3.28)

Now, we denote w® = u® — u and w® satisfies

w; — Aw® + Aw® = —eug in Qx(0,7)
wf—i—% =0 on T'1 x(0,T)
w® =0 on Ty x(0,T) (3.29)

we(z,0) =uf(zr) —up(z) in
wi(x,0) =vj—Aug+Aug in Q

so multiplying by w§ € H%O(Q) and integrating in ) we get

2 2
32y + I7@)IZ ) —i—/ﬂVuFwa—i—)\/Qwewf _ —g/ﬂuftwf
which gives

[wF 720 + ||’Y(w§)||i%o(r) < llwllay @ lwillm @ + eluglliz @ lwlie) <

2 .
<l (onllug = wll sy, o + 5 16320y + 310130

Hence

1 £2
Sl 220y + IV@IZ () < 0l @) (\|u§\|H;0(m - ||utuH;0(m) + Sl (3:30)

Since from the Theorem 3.7, w® goes to 0 in H%O(Q) uniformly in time, and by (3.27) and (3.28) we
have that HuiHH%O @+ HutHH%O(Q) remains bounded in [0, 7] and 82”7‘%“%2(9) goes to 0 uniformly in [0,T]
then the corollary is proved.

It should be observed that the hypotheses on initial data in particular imply that v — Aug + Aug — 0
in L2(Q2) and v(v§) — —% in L{ (T). To see this note that as seen in the proof of the Corollary the
conditions on u§, v§ imply that eus,(0) = —v§ + Auf — Mu§ — 0 in L?(Q2) and we have

eug (0) +vg — Aug+ Aug =0 in

v+ 24 = 0 on T . (3.31)
ug =0 on I
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Multiplying (3.31) by ¢ € H%O(Q) and integrating by parts we get

[eu @6+ [ o+ [1@51@)+ [ Vuevo+a [ uio=o.
Q Q T Q Q
Since ug — up in H%O(Q), passing to the limit, we get

Ouo

ti ([ 50+ [1i0200)) == [ TuoT6 -2 [ uos = [ (duo—rug) o+ [ F09(6)

where we have used that ug € Y7. Taking ¢ € H{(Q) we get that v§ — Aug — Aug weakly in L2(2). Then
taking ¢ € Hp, (Q) we get v(v§) — —% weakly in Lf, (I'). Now using that v§ is bounded in H} () we
get that the convergences above are strong.
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