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Partially coherent scalar sources with cylindrical symmetry
radiating outwards are introduced. Homogeneous cross-
spectral densities are shown to possess angularly modulated
Hankel modes, whose amplitudes are subject to a filtering
process during propagation. Simple criteria for treating such
sources are given. For the case of an incoherent cylinder, the
number of effective modes is found and spatial coherence is
shown to appear in the radiated light. The radial coherence
of the radiated field is then examined. Non-homogeneous
cylindrical sources are also introduced. © 2022 Optica Pub-
lishing Group

https://doi.org/10.1364/0OL.471516

The vast majority of studies on classical coherence deal with
radiation from planar sources [1-3]. A notable exception are
spherical Schell sources [4-6] being important for the modeling
of sunlight coherence [7,8]. Among other curved source models
[9], cylindrical structures can be treated with simple mathe-
matical tools. In this connection, we note that the scattering
problem of stationary light from a cylinder was solved in Ref.
[10], in which it was clearly illustrated that the scattered spectral
density’s angular distribution cannot be controlled at will and
generally assumes a highly oscillatory profile.

In this Letter, we analyze a scalar cylindrical source endowed
with partial coherence. To this aim, denoting by a the cylin-
der radius and using cylindrical coordinates z, r, and ¢, we
assume the cylinder to be of infinite extent along z, radiating at
wavenumber k. The emitted field is assumed to be independent
from z. The electric field in the space external to the cylinder
can then be expressed as a function of r and ¢ only, say E(r, ¢).
According to [11], the outgoing radiated field can be expanded
into series:

E(r,¢) = Z b, H,(kr) €"¢; (r = a), 1)
n=—oo

with a suitable set of b, coefficients, where H, denotes an outgo-
ing Hankel function [12], generally written as H. to distinguish
it from the inward going function Hf,z), which we will not use. We
stress that, although we consider here scalar cylindrical sources,
the same formalism could be used to study vectorial sources
when the electric field vector is parallel to the axis.
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It will be useful to write the coefficients b, in the form
¢,/H,(ka). Equation (1) then becomes

o0

H,(kr) .
E(r,p) = Z Cy H,,Ekg e, (r = a), 2)

n=—co

so that across the source surface (r = a), the field reduces to

o0

E(a, p) = Z c, ™. 3)

n=—co

The ¢, coefficients can be evaluated by the usual Fourier series
rule if the values of E across the source surface are given.

Let us now pass to the partially coherent case where we shall
make use of the cross-spectral density (CSD) [3], which in the
space external to the source can be written as

kr)H,,(kr,
W(ry, @131, ¢2) = Z Z< €1Cm) H*((kra;H Ek;)) @)

n=—00 M=—co

x ei(nlwzﬂltpl); (}»1’}"2 > a), (5)

where the coeflicients ¢, become random variables. Here, the
asterisk stands for complex conjugate and the angle brackets
denote an ensemble average. The CSD in the form of Eq. (5) is
well known in optics as the coherent mode decomposition, since
[13] (see also [2]). Let us consider, in particular, the CSD across
the source surface, which is given by expression:

W(a, ¢1;a, ¢,) = Z Z (e €, (6)

N=—00 M=—00

Before examining a specific example, let us discuss the effects
of propagation upon the Hankel functions [12,14]. First we recall
that the moduli of such functions decrease upon propagation,
roughly speaking, as cylindrical waves of the form 1/Vkr. We
shall call the curve of the decrease of this type the reference
curve. This is shown in Fig. 1(a), where the moduli of some
Hankel functions at a radius p times a (with p > 1) divided by
the same function at radius a are shown for a few values of n as
functions of p, assuming ka = 100. This figure permits to see the
decrease of |H,(pka)/H,(ka)| for increasing p and to compare
the decrease rate to the reference curve (black solid curve). All
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(a) =---n=50

H,(pka)/H,(ka)|
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Fig. 1. (a) Ratio |H,(pka)/H,(ka)| versus p for ka = 100 and

several values of n. The black curve is the plot of 1/+/p. (b) Same

as in panel (a) but on a log—log scale.

the curves tend to become lines with slope —1/2 on a log—log
scale, as can be seen in Fig. 1(b).

The key parameter is given by ka. In fact, when n is small
enough, as compared to ka, the decrease of |H,| follows the
reference curve (in Fig. 1, where for ka = 100, the curves per-
taining to n<30 are indistinguishable from the reference curve).
In contrast, when n is comparable to or greater than ka, a sharp
decrease is observed for small values of p, while it presents the
same slope as that of the reference curve for longer distances.

To better account for the role of the parameter ka, note that
it expresses the ratio between the length 27a of the circle limit-
ing the cylinder and the wavelength A. Since the typical Hankel
function H, is accompanied by the angular Fourier component
exp(ing), when n exceeds ka, the involved phase spatial details
are smaller than the wavelength. In a similar problem treated
with plane waves, this would involve evanescent waves, which
are known to suffer a drastic decrease of amplitude with prop-
agation distance [3]. The same type of behavior is exhibited by
Hankel functions. As we shall now see, this qualitative hint is
supported by numerical data.

In Fig. 2, the curves p|H,(p ka)/H,(ka)|* are drawn as func-
tions of n for a few values of the normalized radial coordinate
p. Although n takes integer values, continuous curves have been
represented to make their visibility easier. Note that since we
deal with functions that are even with respect to n, the plots
could be drawn on the negative semiaxis too, making all the
curves symmetric with respect to the vertical axis. The lowest
curve is the circle arc to be seen in Eq. (7). In Fig. 2(a), a value
of 100 is assumed for the parameter ka. It is seen that the main
transition from high to low values occurs in a certain interval
around n = ka. The drop to small values when n exceeds ka
becomes increasingly faster on increasing ka. This can be seen
in Fig. 2(b), where ka has been raised to 1000. This behavior
is accounted for by an asymptotic formula obeyed by Hankel
functions, which reads [see Eq. (11) of [15] with M = 1]

P (k) _
1A, (ka)*

1- (%)2 step(ka — |n|), (7)

el
1— (n/ka)?

50 100 150 200 0 500 1000 1500 2000
n n

Fig. 2. (a) Ratio p|H,(p ka)/H,(ka)|* versus n (treated as a con-

tinuous variable) for ka = 100 and several values of p. The arc of

circle 4/1 — (n/ka)? is the limiting curve for large ka and for p of

the order of a few units. The drawing interval is from O to 2 ka. (b)

Same as in panel (a) but with ka = 1000.
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for p>1 and ka > 1, where step denotes the Heaviside unit
function [14]. For high enough p and ka, Eq. (7) provides a very
good approximation. This is an important point. It shows that
no matter how fine details are present on the source surface,
only details greater than the wavelength contribute significantly
to the propagated field when ka is large enough. Accordingly,
the number of effective modes can be taken as 2ka + 1, and the
series of Hankel functions can be well approximated by finite
sums.

We shall now examine the main features of CSDs pertaining
to fields emitted by cylindrical sources. The simplest category
of such CSDs is specified by the following hypothesis:

(cicn) = 6ullcal®) Vn, (8)

where 6,,,, denotes the Kronecker symbol (1 ifn = m,Qif n # m).
In this case, Eq. (6) of the CSD across the cylinder surface
becomes shift-invariant, i.e., it only depends on the angular
distance between the considered points A¢ = ¢, — ¢,. More
precisely, it reduces to a single Fourier series:

Wi(Ag) = Wa.gisa.e) = D (al’) €5 (9)

n=—co

whose structure as a function of A¢ depends on the {|c,|*)
parameters. In particular, the spectral density W(a, ¢;a, ¢) =
W,(0) is seen to be uniform.

Conversely, a given shift-invariant CSD across the surface
will determine the Fourier coeflicients as

1 T )
es) = 5= / W@e ™ dy Vn.  (10)

As is well known, the Bochner theorem [17] requires that
for a bona fide shift-invariant, periodic CSD, all the Fourier
coeflicients are nonnegative. Indeed, this is also requested by the
derivation we used, where such coefficients equal the expected
values of the random quantities |c, |*.

According to Eq. (5), the CSD corresponding to the hypothesis
of Eq. (8) in the space region external to the source becomes

H;(krl)Hn(er) ei"A"’ (1 1)

Wi girss ) = D (el )= o ,

n=—co

with 7,7, > a. Notice that Eq. (11) has the meaning of a modal
expansion [3] whose modes are the Hankel functions multiplied
by the Fourier exponentials. The right-hand side of such an
equation provides the series to be used to evaluate the CSD for
any pair of points whose coordinates appear on the left-hand
side as arguments. For brevity, the ratios containing the Hankel
functions in Eq. (11) will be called Hankel factors.

Let us now refer to points on the source surface. For what
we are going to show, it is convenient to give an approximated
expression for the CSD across the surface [Eq. (9)], which can
be used whenever the latter is significantly different from zero
only for Ap < 2x. In such a case, the number of significant
terms in the sum is very high and the sum can be approximated
by an integral, after considering n as a continuous variable.
Therefore,

W,(Ag) ~ / (eaP) & dn | (12)

and the CSD reduces to the (inverse) Fourier transform of the
function {|c,|*) evaluated at Ap/(2r).
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Fig. 3. Spectral density S(r) = S(pa) versus p plotted from
Eq. (15) for A =1, ka = 100, and several N on a (a) linear and
(b) log—log scale.

One of the easiest cases to be considered is when all expansion
coeflicients are equal to one and the same constant, say A, if |n|
does not exceed a given value N and vanishes otherwise, i.e.,

(lealy=A (In <N);  (le,ly =0 (In[>N).  (13)

If N> 1, Eq. (12) can be used by letting {|c,|*) =
rect[n/(2N)], so that the CSD turns out to be

W.(Ag) = 2NA sinc (NAp/7) (14)

with sinc(¢) = sin(nt)/(xt). It becomes increasingly narrower
on increasing N and in the limit N — oo, becomes proportional
to the Dirac delta function §(A¢), which specifies a spatially
incoherent source in the azimuthal coordinate.

Let us now consider the effects of propagation. To this aim,
we use Egs. (11) and (13), and firstset ry = r, =7, ¢; = ¢, = .
Then the spectral density becomes

|H, (kr)[?

Akap )

S = W(rgsr.9) =AY

which is apparently angle-independent. The effect of changing
the value of N is shown in Fig. 3(a), where S(r) is plotted as a
function of p for ka = 100 and different values of N. The spectral
density across the cylinder surface (p = 1) increases linearly on
increasing N. The propagated spectral density increases with N
too, but only up to N = ka. After this value, it does not increase
any longer, except at very short distances from the surface (p <
1.05). Such a behavior denotes that modes with N>ka do not
propagate and remain confined near the cylinder surface. The
same quantity is shown in Fig. 3(b), but on a log-log plot: a
sharp decrease is observed near the cylinder for N>ka, followed
by alinear decrease. The negative slope of these lines reflects the
cylindrical-like decrease of the spectral density for large enough
values of r.

Let us now consider a spatially incoherent source and explore
the angular dependence by fixing r; = r, = r. With N — oo, the
CSD in Eq. (11), say W,, takes on the expression

|H, (kr)[?

inAg
aGap ¢ 18)

WAp) = W(r giir @) =A )

For r =a, an infinite number of modes contribute with
equal powers. Upon propagation, the Hankel factors become
smaller and even negligible for |n|>ka. The resulting CSD
is affected by a sort of low-pass filtering process illustrated
by Fig. 2, which shows how Fourier coefficients (Hankel fac-
tors) of the series in Eq. (16) are altered by propagation.
Consider Fig. 2(a), let us pass from the highest curve, cor-
responding to p = 1.01, to the lowest one, p = 2. This means
moving away from the source surface passing from a distance

Vol. 47, No. 20/ 15 October 2022/ Optics Letters 3

0.8r

0.6 -

0.4

(D)

021

sinc (kaAg/m)

-0.4

0 0.02 0.04 0.06 0.08 0.1
Ay
Fig. 4. Degree of coherence u versus Ap = ¢, — ¢ (in radians),
corresponding to the CSD of Eq. (16) for ka = 100 and several
values of p, together with the plots of besinc(ka Ag/n) of Eq. (17)
and sinc(ka Ap/ ).

of 0.01a to an a value. Concurrently, the curves of the Han-
kel factors change from a roughly rectangular shape with base
2ka to a nearly circular shape with the same base, as predicted
by Eq. (7).

Recalling Eq. (12), we deduce that when r increases and the
curves of Figs. 2(a) and 2(b) pass from a rectangular to a circular
shape, the corresponding CSD passes from a sinc to a besinc
shape [16], the latter being

(17)

W.(Ap) ~ 4 besinc (ka A<p) - 2A Ji(ka Ap)
r g

r o kalAp

which represents the asymptotic form of the CSD pertaining
to the far zone. According to general results [21], the far-zone
condition is much less severe than in the coherent case. In fact,
it is reached already when r is greater than a few times a.

The same behavior pertains to the angular DOC, defined as

1(Ap) = W (Ap)/W,(0), (18)

which is shown in Fig. 4. Note that, due to symmetry of weights,
the DOC is even and real-valued.

For completeness, we add that if the distance r — a becomes
smaller than the lowest value (0.01a) used in Fig. 2, the DOC
curve keeps getting increasingly thinner.

Let us now hint at radial coherence, i.e., to the CSD for two
points located at r; and r, along a given radius (¢, = ¢,) as
expressed by [see Eq. (16)]

Sy H: (kry)H, (kr)
W(r, gir,¢) = W

n=—o0o

(19)

which is indeed independent from ¢. This function plays a role
similar to the z-coherence for planar sources [6,19,20]. In Fig. 5,
the modulus of the DOC between two points aligned along a
radius is drawn for several values of r, as a function of r,. It is
seen that when r; grows, the asymptotic value of the DOC for
kr, — oo gets increasingly higher.

As an example of a partially coherent source, we consider
a cylindrical source consisting in only four modes (n =1, 5,
10, and 50, with coeflicients 1, 0.5, 0.5, and 0.1, respectively)
and show in Fig. 6 the angular DOC of the radiated field at
three propagation distances. It is apparent that as light moves
away from the source, the lowest modes are preserved while the
highest are partially suppressed or even completely filtered.

To consider a non-homogeneous source, we note that if we add
to Eq. (8) the hypothesis that ¢, and c_, are perfectly correlated,
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Fig.5. Modulus of the DOC corresponding to the CSD of Eq. (19)
between two points aligned along a radius, at ka = 100. Curves are
for fixed p; = ri/a versus p, = ry/a.

Arg {u(Ap)}

0 02 04 06 08 1 "o 02 04 06 08 1
Ag/m Ap/m

Fig. 6. (a) Modulus and (b) phase of the DOC y versus Ay (radi-
ans) of the field radiated by a source with ka = 10 and only four
modes (n =1, 5, 10, and 50, with coefficients 1, 0.5, 0.5, and 0.1,
respectively).

have equal mean squared values, and set (|c,|*) = 0, we arrive
at the following family of CSDs:

N H, (kr)H, (kry)
W(r, @151, 2) = C?) 20
(pirag) = 3 a2 @0)
X COS 11| COS N, (21)

which is in the form of a new modal expansion, which is seen
to be even with respect to both ¢, and ¢,. In addition, the above
CSD is immediately divisible into the sum of a function of
@1 — ¢, and of one of ¢; + ¢, as follows:

W(ry, @131, 02) = W_(ry, 01512, 02) + Wi (11, 01512, 02), (22)

1 ¢ H; (kr\)H,(kr,)
Wa(ri, oim, 92) = 5 ) ey~ (23)
2 Z |H, (ka)]
X cosn(p, F ¢,). (24)

While the first series in Eq. (24) (W_) depends on ¢; — ¢,, the
second (W,) depends on ¢; + ¢, so that the CSD is no longer
angularly shift-invariant. It is also to be noted that the second
series alone is not a valid CSD. (For example, a hypothetical
CSD W(g;, ;) o cos(¢; + ¢,) would predict both positive and
negative intensity values.) While not impairing the validity of
the overall CSD specified by Eq. (20), these remarks put caveats,
once again, on the management of CSDs [22]. As an example, we
consider the particular case of a CSD made up of two subsequent
modes, say the first two, taken at the same angle. The CSD reads

H;(krl )H,(kr») 2

Hkayp e (29

2
Walri, @310 = > dleal)
n=1
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Letting ¢ = 0, we obtain a partially coherent field, while
for ¢ = /4, /2, we have two completely coherent fields with
different radial dependence.

In summary, we saw that cylindrical partially coherent homo-
geneous sources can be treated with the help of outgoing Hankel
functions. This was also derived for some non-homogeneous
sources. These cases are added to the few known examples
of modal analysis for curved sources. Several examples were
developed for which the closed form expressions of the CSDs
are obtainable in the far zone.

A possible way to realize the sources under study can be
through the use of the radiation coming from a line source
lying on the cylinder axis, and nematic crystal light modu-
lators realized on a cylindrical surface, following analogous
procedures as those adopted for planar sources. With the new
type of sources, an important problem of stationary light fully
controllable in 360° is solved which is required for illumi-
nation/sensing/communication technologies in biomedical and
environmental optics.
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