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Abstract

In this work, we perform an asymptotic analysis of a coupled system of two Advection-Diffusion-
Reaction equations with Danckwerts boundary conditions, which models the interaction between a
microbial population (e.g., bacterias), called biomass, and a diluted organic contaminant (e.g., nitrates),
called substrate, in a continuous flow bioreactor. This system exhibits, under suitable conditions, two
stable equilibrium states: one steady state in which the biomass becomes extinct and no reaction is
produced, called washout, and another steady state, which corresponds to the partial elimination of the
substrate. We use the method of linearization to give sufficient conditions for the asymptotic stability
of the two stable equilibrium configurations. Finally, we compare our asymptotic analysis with the
usual asymptotic analysis associated to the continuous bioreactor when it is modeled with ordinary
differential equations.

1. Introduction

A bioreactor is a vessel in which a microorganism (e.g., bacteria), called biomass, is used to degrade
a considered diluted organic contaminant, called substrate. There exist various modes of operation in
chemical reactor execution [5, [10], among which continuous flow bioreactors are commonly used in the
bioremediation of water resources (see, for instance, [13| 16, 27]). These biological reactors are filled from
a polluted resource with a flow rate @ (m3/s), and their output returns the treated water with the same
flow rate @), producing a desired quality effluent for a reasonable operating and maintenance cost. A
simplified model for this process could be given by the equations [37]

8 = u(9)B + LE(Se(t) — 8), t>0,

(1)
b _ (5)B - W B, t>0,
where S (kg/m?) and B (kg/m?) are the concentrations of substrate and biomass, respectively; Se(t)
(kg/m?) is the concentration of substrate that enters the reactor at time ¢; V' (m?) is the reactor volume;
Q(t) (m3/s) is the volumetric flow rate at time ¢; and pu(-) (1/s) refers to the growth rate of the biomass in
function of the substrate concentration. From a general point of view, due to experimental observations,
we consider growth rate functions, that satisfy the following assumptions (see [9} 10} B34]):



Assumption. Function p : [0,4+00) — [0,400) fulfills x(0) = 0, p(z) > 0 for z > 0 and one of the
following properties:

e . is increasing and concave. (A1)

e There exists s > 0 such that p is increasing on (0, s) and decreasing on (s, +00). (A2)

The MODOd funCtiOH m, deﬁned by
H Hima KS + S’

satisfies ([Adl), and the Haldane function [I], described by

. s
wS) = n Ks+ S+ S2/K;’

satisfies ((A2)). Both functions are extensively used in the literature.
In the particular case when S, and @ are constant, system (II) can be non-dimensionalized by setting

A A ~r O SeS - . . N .
S = S%, B = S%, a(s) = m and t = ||p|| oo (r)t. For simplicity, we drop the ~ notation, and so S,
B, p and t denote the non-dimensional variables. System () in non-dimensional form is therefore given
by
45 = —j(S)B+d(1—S), t>0,
(2)
4B — 1(S)B — dB, t>0,

where d = Huﬂ% is the dimensionless dilution rate.

If p fulfills (AJ)), system (2) has two equilibrium configurations (S}, Bf) = (1,0), usually called
washout, and (S5, By) = (55,1 —55), where S5 is such that p(S5) = d (see [37]). In [14], [33] and [37] the
authors conclude that the steady state (1,0) is asymptotically stable if d > u(1), while the steady state
(S5,1—53) is asymptotically stable if d < p(1).

Similarly (see [I]), if p fulfills (A2]), system (Z) has three equilibrium configurations (S}, BY) = (1,0),
(S5,B3) = (55,1 —55) and (S5, B;) = (55,1 —S5), where pu(S5) = pu(S35) = d and S5 < S3. In [6], [9]
and [34], the authors show that the steady state (1,0) is asymptotically stable if d > u(1), the steady
state (55,1 —.53) is asymptotically stable if d < 1 and the steady state (55,1 — S3) is unstable. Thereby,
if u(1) < 1, there is bistability when p(1) < d < 1.

System (2]) describes the bioreactor dynamics under the assumption that both substrate and biomass
concentrations are spatially uniform through the tank. It is of interest to consider more realistic models, for
instance those based on partial differential equations, to study the influence of spatial inhomogeneities in
the bioreactor (see the comparison between Ordinary Differential Equation (ODE) and Partial Differential
Equation (PDE) bioreactor model approaches performed in [3] and [§]). Particularly, system () can be
improved by considering a coupled system of spatio-temporal parabolic equations of the form

% =Lg(S)—u(S)B z€Q, t>0,

(3)
4B — Lp(B) + u(S)B z€Q, t>0,

where € is the bioreactor domain and Lg, Lp are linear second order elliptic partial differential operators
on . The asymptotic analysis of system (B]) should provide more accurate results, compared with the
asymptotic ones detailed above for system (), about the behavior of the substances in the bioreactor.
The asymptotic behavior of parabolic equations has received a considerable attention in the liter-
ature [I5 B5, 20, 22, 241 25]. Most theoretical studies focusing on bioreactor processes consider the
assumption that both Lg and Ly are diffusion operators (see, e.g. [18, 20} 28] 29]). For instance, in Yosida
and Morita [28], the authors show the existence of two different steady states (one constant, and another



one spatially distributed) and develop bifurcation diagrams of the equilibrium solutions for specific model
parameters. Nevertheless, such diffusion-reaction systems describe the behavior of batch type bioreactors,
which are different to continuous flow type bioreactors, for which the addition of an advective term in
operators Lg and Ly is required. Indeed, during batch operation no substrate is added to the initial
charge and the product is not removed until the end of the process; whereas in continuous operation the
substrate is continually added and the product is continually removed.

The asymptotic behavior and stability analysis of Advection-Diffusion-Reaction systems is mainly
devoted to the one-dimensional case [11}, 12} 26] 31 [36] [40]. In [11l 12} 26] 40], the authors study system
@) together with Danckwerts boundary conditions (typically used for continuous flows bioreactors) under
the assumption that Lg = L. Presuming that the diffusion rates of both substrate and biomass are
the same, the authors discuss the asymptotic stability of the different steady states of the system. The
case Lg # Lp has been tackled in [31], B6], where the authors consider periodic boundary conditions and
analyze the influence of the model parameters on the stability of the different equilibrium configurations
of the system.

In this work, we carry out the asymptotic stability of a coupled system of two Advection-Diffusion-
Reaction equations completed with boundary conditions of mixed type, which models the interaction
between substrate and biomass in a continuous flow bioreactor. We use the method of linearization to
give sufficient conditions for the asymptotic stability of the two stable equilibrium configurations that the
system may exhibit. In contrast to the works presented in [11l 26, 31l [36, 40], we consider cylindrical
reactors with two spatial variables (height and radius), in order to study radial inhomogeneities of con-
centrations in the tank. We impose Danckwerts boundary conditions and allow the differential operators
Lg and Ly to have different substrate and biomass diffusion rates.

The paper is organized as follows: In Section 2] we introduce a PDE model describing the dynamics
of the bioreactor by using a coupled system of parabolic semilinear equations together with Danckwerts
boundary conditions. Additionally, we perform its dimensional analysis. In Section [3 we present the
steady states of the system and analyze the asymptotic stability using linearization methods. Then,
Section [ presents numerical experiments to analyze the validity and robustness of the stability results
obtained in Section Bl Finally, we perform a comparison with the asymptotic results related to system

@.

2. Mathematical Modeling

In this section, we introduce an Advection-Diffusion-Reaction system to model a continuous flow biore-
actor and perform a dimensional analysis of this model.

The bioreactor in consideration is a cylinder denoted by Q* (see Figure [[}(a)). Since this device’s
geometry is a solid of revolution, it can be simplified, in cylindrical coordinates, by a rectangular 2D
domain, denoted by Q and represented in Figure [I}H(b).

At the beginning of the process, there is an initial concentration of biomass in {2 that is reacting with
the polluted water entering the device through the inlet I'j, (i.e., the upper boundary of the rectangle
Q). Treated water leaves the reactor through the outlet Iyt (i.e., the lower boundary of the rectangle
). Moreover, I'syr, = {0} x (0, H) is the axis of symmetry and Iy = 02\ (I'in U Tyt U lgym) is the
bioreactor wall for which no flux passes through. By using cylindrical coordinates (r, z), where r is the
distance to the symmetrical cylinder axis, we consider the following system describing the behavior of the
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(a) 3D reactor (b) 2D simplification
Figure 1: Typical representation of the domain geometry.
continuous bioreactor [7]:
98 =19 (rDs%8) + L(Ds¥2) +u2 — u(S)B in Q x (0,7),
95 =10 (rDp%8) + 2(Dp%E) + ull + 1(S)B in Q x (0,7),
Ds‘g—f + uS = uSe in 'y, x (0,7),
D% +uB =0 in I'y, x (0,7),
Dg% =0 in (Dyan UTgym) x (0,7, "
D28 =0 in (Dywat U lsym) x (0,7),
Dg% =0 in Tou x (0,7),
D% =0 in Toue x (0,7,
S(r,2,0) = So(r,z) V(r,z) € Q,

where T > 0 (s) is the length of the time interval for which we want to model the process; S (kg/m?)
and B (kg/m?) are the substrate and biomass concentrations inside the bioreactor, which diffuse through-
out the water in the vessel with diffusion coefficients Dg (m?/s) and Dg (m?/s), respectively; the fluid
velocity is taken as u = (0,0, —u), where u (m/s) is the flow speed; S, (kg/m?) is the concentration of
substrate that enters into the bioreactor; Sy (kg/m3) and By (kg/m?) are the initial concentrations of
substrate and biomass inside the bioreactor, respectively. Furthermore, as in system (), we consider a
term corresponding to the reaction between biomass and substrate, governed by the growth rate function
p (s71). According to [7], if p € L*°(R) is continuous and Lipschitz, u € L>(Q x (0,T)), Se € L>(0,T),
Se>01n (0,7), Sy € L>®(2), Sop > 01in Q, By € L>(Q2) and By > 0 in €2, there exists a unique solution
(S,B) € L*(0, T, H(Q))2NC(0, T, L*(9))2 N L>=(2 x (0,T))? of system (@).



System (@) is non-dimensionalized by setting:

.t . R S
B Y WG] R A P

B= S =
T ol e v Z R’

B
b ?

“ |

where b, s, 7, v, e, v, Z and R are suitable scales. Thus, for 0 < ¢ < T = d (7,%2) € Q (the
nondimensional domain obtained from € with the change of variables (7,2) = (g, %)) the first and
second equations in system ([]) become

0S tDg 9, 0S8  tDgd*S 47 98 brv.

> _7Ds D555 | ar 05 b aoB 5
oi " miarl o)t e Y e 5 M) 5)
and A . ) .
0B 1D 0, 0B 7D 0°B  ~1 0B Al
— = ———(r— — 1+ — S)B. 6
o~ mr ol o) T g Tzt TTVAS) ©)
The dimensionless groups of parameters in equations (B) and (@) are
7Dg 7Dg TDp T7Dp T J Tvb
Al =——, 9= —, Q3= —r, QUU=—5-, 5=—, ag=7Vand a7 = —.
1 R2 ; 2 Z2 ) 3 R2 ; 4 Z2 ) 5 7 ’ 6 7 s

The radius and the height scales proposed here come from the dimensions of the bioreactor, giving R = L
and Z = H. Weset v = ||uf|poo(r) and v = |u[| Lo (2 (0,7 for the reaction and velocity scales, respectively.
Finally, for the entering substrate scale we set e = ||Se|| < (o,7) and, for the sake of simplicity, we choose
s = b = |[SellLo(0,r)- The time scale 7 is chosen from equations (@) and (@) depending on the process
(diffusion, advection or reaction) we want to focus on. In particular, we can choose

N 1

Ds’ Dg’ Ds’ Dy’ |[ull e ax o)) N1l (w)
where 7 = ILTZ (resp., T = g—:) corresponds to the case focusing on the substrate diffusion rate on the
horizontal (resp., vertical) axis; 7 = l% (resp., T = g—;) focuses on the biomass diffusion rate on the hor-
izontal (resp., vertical) axis; 7 = m focuses on the advection transport rate; and 7 = m

focuses on the reaction rate.

Since in next sections we perform a comparison with system (2]), we center our study on the reaction

process and take 7 = Two well-known dimensionless numbers (see [23]) appear now in the

1
lellLoe ()
non-dimensional form of system (@]):

.. 3 _ reaction rate — Ta

» Damkholer Number: Da = _——=% transport Tate — 7

= Thicle Modulus: Th = teactionrate _ _ 74
diffusive transport rate Fe]

where 74, 7, and 7, are diffusion, advection and reaction times scales, respectively. For ease of notation,
we drop the ~ symbol, and so B, S, t, u, Se, i, z, ¥ and T denote now the non-dimensional variables.



Particularly, if S, and u are constants, system () in its non-dimensional form is given by

85 = o (Ths) ™' 1 8.(r5%) + (Ths) ™' 55 + (Da) ™' 93 — u(5)B in Q> (0,7),
9 = o*(Thg) ' 1 2.(r92) + (Thy) ' + (Da) 158 + u(S) B n 2 (0,7),
(Ths)*l% + (Da)~'S = (Da)~! in Ty, x (0,7),
(Thg) 192 + (Da)"'B =0 in 'y, x (0,7),
(7)
2s in (Fyan U Lgym) x (0,7),
%f -0 in (Dyan U lgym) % (0,7),
25 _ in Doy x (0,7),
% -0 in Loy x (0,77,

completed by the following initial conditions
S(r,2z,0) = Sinit  and  B(r, z,0) = Binit Y(r,z) € Q, (8)

where 2 = (0,1) x (0,1) is the nondimensional domain, Ty, = (0,1) x {1}, Tout = (0,1) x {0}, Tyan =
{1} x (0,1) and I'syy, = {0} x (0,1) are the non-dimensional boundary edges. The final dimensionless
parameters are

2
Da = Hllnllzee @) ThS:M Thg D—S(Ths) and o =

u ’ Dg L
So(r, 2 By(r, z
oge ) and B — oée )

Remark 2.1. Since the bioreactor into consideration is a cylinder of height H and radius L, the reactor
volume is THL? and the volumetric flow rate in system (d) can be written as Q = wL?u, where u
(m/s) is the vertical inflow. Thus, the nondimensional dilution rate d in system ([2) corresponds to the
nondimensional flow rate i in system ([).

and the dimensionless initial conditions are Siyit (7, 2) = V(r, z) € Q.

3. Steady states and stability analysis

In this section, we study the asymptotic behavior of system ()-(8]). Firstly, we study the particular
case for which diffusion terms in system (7)) are neglected. Then, we perform the stability analysis of
system ([7]) for the general case.

The asymptotic stability of an equilibrium solution of system () is defined as follows (see [30]).

Definition 3.1 (Asymptotically Stable Equilibrium). An equilibrium solution (S*, B*) of system (@) is
said to be asymptotically stable if there exists 6 > 0 such that

if [[(Sinit, Binie) = (57, BY)|[(z2@)2 < 9, then lim [|(S(t), B(t)) — (57, B))ll(£2(0)2 = 0, (9)

where (S, B) is the solution of system (0)-(&l).



1 1 fo o?
3.1. Case The® Thg® The® Thg < 1-

We consider the particular case where the nondimensional diffusion coefficients are negligible with
respect to the advection and reaction coefficients in system ([l). For each fixed value of r € (0,1), the
solution S(r,-), B(r,-) can be approximated by the solution of the following 1-dimensional advection

reaction system:

93 = (Da)~1%2 — u(S)B, in (0,1) x (0,T),
95 — (Da)~1%E + u(S)B in (0,1) x (0,7),
S(r,1,t) =1 vt € (0,7),
B(r,1,t) =0 vt € (0,7),
S(r,2,0) = Sinit(r, 2) Vz € (0,1),
B(r,z,0) = Binit(r, 2) vz € (0,1).

(10)

Let us prove that (1,0) (which is called the washout state), is an asymptotically stable equilibrium. The

following theorem shows, in fact, a property for (1,0) stronger than asymptotic stability.

Theorem 3.2. For any arbitrary initial condition (Siit, Bimit) € (L°°(R))2, the solution of ([[0) satisfies

that S(r,z,t)= 1 and B(r, z,t) =0, for all (r,z) € Q and t > Da.

Proof. For any fixed value of r € (0,1), we apply the Euler-Lagrange transformation from (r,z,t) to
(r,2(t,2),t), where 2(t,z) = z — Diat, so that for every fixed value of (r,z) € 2, the second equation of

system (I0) is rewritten as

dB 0B 1 0B

E(r,é(t, z),t) = E(r,é(t, z),t) — ag(

Thus, for any (7, z) € 2, one has that

t
B(r,2(t,2),t) = B(r, 2(0, 2),0) +/0 w(S(r,z(r, 2),7))B(Z(, 2), 7)dT.

Particularly, for z = 1, we obtain

Br, 5(t,1),1) = /0 W(S(r, 5(,1), 7)) B(r, (7, 1), 7)dr

and, by applying the Gronwall’s inequality, we have that B(r, Z(¢,1),t) = 0 for all ¢ > 0.
Using the same reasoning for the first equation of system (I0), it follows that for z = 1

S(r 3 (1)) = 1 + /0 W(S(r, 2(r,1), 7)) B(r, (7, 1), 7)dr-

Since B(r, z(t,1),t) = 0 for all ¢ > 0, we deduce that S(r, 2(¢,1),t) =1 for all ¢ > 0.
Coming back to Eulerian coordinates, one has that

1
Et’t) =1 for all t > 0.

Consequently, if ¢ > Da, B(r,z,t) = 0 and S(r, z,t) =1 for all (r, z) € Q.

1
—t,t) =0and S(r,1 —

B(r,1 -
(rl=o.

r,Z(t, 2),t) = p(S(r, 2(t, 2),t))B(r, 2(t, 2), t).



3.2. General Case

In order to obtain a parallelism with the asymptotic analysis of system (), shown in Section [I we
assume that g fulfills properties (Adl) or (A2). In both cases, the constant (washout) solution (S}, Bf) =
(1,0) is a steady state of system ([7]). By analogy with system (2]), we conjecture, supported by numerical
experiments, that system (7l) has, under suitable conditions, another asymptotically stable steady state
(different from the washout) denoted by (S5, B;). First, we use the method of linearization to give a
sufficient condition for the asymptotic stability of the washout equilibrium. Then, we use this result to
infer a sufficient condition for the asymptotic stability of the other equilibrium solution.

Remark 3.3. We did not find any work studying the multiplicity of steady state solutions of a two
dimensional coupled system of Advection-Diffusion-Reaction equations together with boundary conditions
of mized type in a domain with Lipschitz boundary, comparable to (7). Similar problems, but with other
hypothesis, have been tackled for instance in [2, [22, [206].

We first define the following functions, which will be used through the rest of the manuscript.
Definition 3.4.

» In terms of the dimensionless variables appearing in system (), we define B1(Da,Thg) as the

Thp3 ,
Thg +# 7Da.
Da(32 — (The)?) Jthe 7 b

smallest positive solution of the transcendental equation tan(/) =

If Thy = nDa, we define p1(Da, Thg) = 7/2.

» In terms of the variables with dimensions appearing in system (@), we define Bl(H,u, Dg) as the

H
smallest positive solution of the transcendental equation tan(f) = 4 if Hu # mDg.

Dp (ﬂ2 - (211{)1;)2)

If Hu = n Dy we define 31(H,u, Dg) = /2.

Theorem 3.5. A sufficient condition for (ST, BY) = (1,0) to be an asymptotically stable steady state of
system () is that
Thg  (B1(Da, Thg))?
1) < . 11

Remark 3.6. In terms of the variables with dimensions appearing in system (@), the steady state is
(Se,0) and inequality ([dl) is reformulated as

u2 DB ~
—— + —(B1(H,u, Dp))*.

:U‘(Se) < 4Dy + 2 (61( y Uy B))

Proof of Theorem[3A. In order to check the stability of the equilibrium solution (S}, Bj) = (1,0) we
choose initial conditions close to it given by S(r,z,0) = 1 + dSinit > 0, B(r,2,0) = 0By > 0, with
16.Sinit || L2() < 1 and [|0 Binit||2(q) < 1. Linearizing around (1,0), we obtain

(oain )= ()= (300) )



with

48 = o2(Ths) L (r9E) + (Ths) 145 + (Da) 45 — (1) B in € (0,7),
4B — 52(Thp) 114 (4B 4 (Thp) '8 4 (Da) 148 4 4(1)B in Q x (0,T),
(Ths)~'45 4 (Da)~15§ =0 in Ty x (0,7),
(Thp) 198 + (Da)"'B = in Iy, x (0,7),
45 _ g in (Cyan UTsym) x (0,7), 3)
b _ in (Cyan UTsym) x (0,7),
%S -0 in Loy x (0,7),
g —0 in Loyt x (0,7),
S(r,2,0) = 6Smit(r, 2) V(r,z) € Q,
B(r,z,0) = 6 Bt (7, 2) v(r, z) € Q.

We are going to prove that the steady state (57, Bj) = (1,0) is asymptotically stable by showing that
(see Definition B.1) B B
1Sz — 0 and  [|B(#)||r2) — 0 as t — oo.

Step 1. Let us prove that ||B(t)HL2(Q) — 0 as t — oo:
Notice that the equations involving the biomass in system ([3]) are decoupled from those involving the
substrate, and may be solved by separation of variables by imposing

B(r,z,t) = R(r)Z(2)T(t).

Step 1.1. Separation of variables.
From the second equation in system (I3)) one has that

T'(t)  o* (R'(r) 1R(r) 1 Z"z) 1 Z'(2)
( ) + p(1).

T()  Thg\R(r) r R/ Thg Z(z) ' Da Z(2)
If we equate this expression to a constant A, it follows that

T'(t) — NT(t) = 0 and

2 RN(T) 1R/(T) N 1 Z”(z) 1 Z/(Z)
TJTB( R T R(r)) =~y 2() ~ bazis T A )
Equating this expression to an arbitrary constant 7, one obtains

R'(r) + %R’( ) — ThB nR(r) =0 and

T Z(2) + R 2(2) — (A (1) — ) Z(z) = 0.
Proceeding as in the proof of Theorem 3 in [7], it is easy to see that

B(r,z,t) = |B(r, z,t)| < [|0Binit| oo (e V(r,z,t) € Qx (0,T).

9



Particularly, the function R : [0,1] — R must be bounded in (0,1) (this fact will be used in the step 1.2
of this proof).

Step 1.2. Calculation of R(r).
Using the boundary conditions of system ([I3) on I'yay and Igyy, it is clear that R(r) is a solution of
system
R'(r) + ;R/(r) = P0R(r) =0 7€ (0,1),
(14)
R'(0)=R(1)=0

Taking the change of variables s = ar, with a = 4/ |n|%, the differential equation for R can be rewritten
in one of the following forms

1. sR"(s) + sR/(s) + s*R(s) = 0 if n < 0,
2. s2R"(s) + sR'(s) — s®R(s) = 0 if n > 0,
3. sR"(s)+ R'(s)=01ifn=0.

e Case 1: 1 < 0.
In this case the equation for R(s) is known as the Bessel equation of order zero, with general solution

R(S) = ClJO(S) + 02}/0(8),

where C1, Cy € R and J,, and Y, are, respectively, the Bessel functions of first and second kind of order
n. Since Yj has a singularity at s = 0, to ensure that function R(s) is bounded, Co must be zero, and
consequently, R(s) = C1Jy(s). It is well known that Jj(s) = —Ji(s) and 0 € {s € [0,4+00): Ji(s) = 0},
which is a countable set {7}, },en with an infinite number of elements (see, e.g., [4]). Therefore, R'(0) =

is always satisfied and from the boundary condition at s = a (r = 1), one has that the eigenvalues 1 are

such that J{(4/ 7"ThB) = 0. Consequently, 7 € {n, }nen, with

oT,)?
B

(15)

and the solution R(r) is given by

ZC JO \/ Tthn

nelN

T).

e Case 2: 1> 0.
In this case the equation for R(s) is known as the modified Bessel equation of order zero, with general
solution

R(r) = Cilo(s) + CaKo(s),

where C1, Cy € R and I,, and K,, are, respectively, the modified Bessel functions of first and second kind
of order n. Again, since K, has a singularity at s = 0, we have that R(s) = C1Iy(s). It is well known
that Ij(s) = I1(s) and the boundary condition at s = a implies that that the eigenvalues n satisfy that

/nTh
Ol-[[]( ,’70_713) O

Nevertheless, 1(s) = I1(s) > 0, so that C; must be zero and the corresponding solution R(s) is the trivial
one.

10



e Case 3: n=0.
Denoting Q(s) = R/(s), the second order differential equation in R can be rewritten as sQ’(s) +Q(s) = 0.
Easy calculations lead to
R(S) = —-Cie ® + O,

where C and Cy are constants to be determined with the boundary conditions. Thus, since R'(0) = 0, it
follows that C; = 0 and one concludes that

R(S) = CQ.
Consequently, one has that the countable set of admissible eigenvalues 7 is

(0T},)?
ThB }nE]N7

E={0}u{- (16)
where T, is such that Ji(7,,) = 0, J; being the Bessel function of first kind and order one. The general
solution for the second order differential equation for R is

V _Tthn r
g

R(r)=Co+ Y Cnlol ).

nelN

Step 1.3. Calculation of Z(z).
Using the boundary conditions of system ([[3]) on I'y, and gy, it is clear that function Z(z) is solution of

system
(Thg)~'2"(2) + (Da) ' Z'(z) — (A — u(1) —n)Z(2) =0, =€ (0,1),

(Thg)~1Z'(1) + (Da)~1Z(1) = 0, (17)

7'(0) =0,

which corresponds to a regular Sturm-Liouville eigenvalue problem (see, e.g., Theorem 1.3 in [19]). The
corresponding characteristic equation is

TlthQJrI;p—(/\—u(l)—n) =0,
with roots
o EENETEN
Now, depending on the value of A = (i)2 + 40\}#7}5]13)—77)’ three possible solutions appear.
e Case 1: A=0< A=n+ pu(l) — The(-)%
In this case, the solution of system (I7)) is
Z(z) = D1e%* + Dyze*,
where a = 72%};‘3 and Di, Do are constants which are determined by the boundary conditions of the

system. Since
Z'(2) = ae®*(Dy + 2D3) + Doe™?,

then Z'(0) = aDy + Dy = 0 if and only if Dy = —aD;. Thus, the solution and its derivative can be
rewritten as
Z(z) = D1e**(1 — az) and 7'(2) = —Dja?ze%%,

11



From the boundary condition at z = 1 it follows that

Die® (- (1 —a)— ) _ o, (18)
Da ThB
By replacing « by its value into equation (I8]), we conclude that this equation is true either if % =—4

or if Dy = 0. The first option is not possible since constants Da and Thp are assumed strictly positive.
Thus, the only solution in this case is Z(z) = 0.

e Case 2: A <0< A<n+pu(l) — The(z-)%
In this case, we have two complex conjugate roots p = a % i3, where a@ € (—00,0) and 8 € (0,+00).
Then, the solution of system ([I7]) is of the form

Z(z) = e (D1 cos(Bz) + Dy sin(Bz)),

where D; and Dy are constants which will be determined by the boundary conditions.
Since
Z'(z) = aZ(z) + Be**( — Dy sin(Bz) + D2 cos(Bz)),

then Z'(0) = aD;1 4+ 8Dy = 0 if and only if Dy = —5D1.
Thus, the solution and its derivative can be rewritten as

a o2
Z(z) = D1e™*(cos(Bz) — 3 sin(z)) and Z'(2) = —D1e™? sin(ﬁz)(ﬁ + B).

From the boundary condition at z = 1 it follows that:

1 1« 1 a2
Dt ()~ ) <o
16 (5 cos(8) = sin(3) (525 + = (5 + )
which solutions are D; = 0 or
1
Da B p 2ap
tan(B) = Da =5 = 5 = 5 5 (19)
et (S +8 e me+s (-Z4a) —BHa
208 . . . .
As F(B) = e is a decreasing function and has an asymptote at 5 = —a«, there exists a countable
a2 —
set {Bn tnen with 8, € ((n — 1)7, nw) satisfying F(5,) = tan(5,).
Consequently,

Z(z) = Z DnefghTEZ(cos(ﬁnz) + 2£};Z Sin(ﬂnz)),
nelN "

where 3, € (0,400) fulfills equation (I9]).

e Case 3: A >0 A>n+ p(l) — The(gh:)%

In this case, we have two different real roots p1 2 = a £ 3, with a = _2%};‘3, = LSB\/(&V +

4A—p(1)—n)
Thg ’

and the solution of equation () is of the form
Z(z) = Dyel@tP)z 4 Dyela=b)z,

where D; and Dy are constants which will be determined by the boundary conditions.
Since Z'(2) = (o + B) D1l + (o — B)Dael®P? o < 0 and > 0, then Z/(0) = (a+ B)D; + (a —

B)D2 = 0 if and only if Dy = _nggng-

12



Thus, the solution and its derivative can be rewritten as

Z(z) = Dy (G(Mﬂ)z — EZ i_ gie(aﬁ)‘z) and Z’(z) = Di(a+p) (e(a+ﬁ)z _ e(a—ﬁ)z)'

From the boundary condition at z = 1, it follows that:

Dleo‘

(a+53) (eﬁ _

1
-8 a_ = (o8B _
Thp, ) + Dqe a(e

which implies D; = 0 or

26 _ Tha Daa—p) _ (@+f) (( ﬁ)DaJrThB) (06+5)( (5+06)Da)
(%41:5) + L (a — B) *(a+ pB)Da+ Thp (= pB)" (B —a)Da
(@0 (20)

Again, as 8 > 0 and a < 0, then (8 + a)? < (o — 3)? and thus (z+ﬁ 2

fﬁ) < 1. This implies that Dy =0 is
the unique admissible solution and Z(z) = 0.

Step 1.4. General expression of B(r, z,t).
Given 1, € E (see equation ([I6)), there exists a countable set of admissible eigenvalues A

2

A= Do = {0(0) + 1 = G5z Thi = e (1)

where 3, fulfills system ([I9]).
Consequently,

(r,z,t) Z ZAnme/\"’"tJ Tthn r)e — b *(cos(Bmz) + Ths sin(Bmz)),

ne{0}UN meN 2Dafm

where 7, € E, 3, fulfills @), A\un € A, and the constants A, are chosen such that B(r,z,0) =
dBinit(r, z). Notice that the constants A, are well defined since the two systems (I4]) and (7)) are
regular Sturm-Liouville eigenvalue problems (see, e.g., Theorem 1.3 in [19]).

Using Parseval’s equation (see, for instance, [39]) one has that

||B(t)||%2(m: Z ZAime%"mt-

n€NU{0} meN

Furthermore, it is straightforward to see that

1
Mo < o1 = (1) = 5 The = TﬂﬁB ¥ (n,m) € ({0} UN) x IN.
Therefore, if
1 2
Aor = p(1) = (55 )*Thy Tiﬁg <0, (22)

13



(which is the same condition as (1)) it follows that
= = t
IB)[|72q) < €™ > > A%, =P B(0)]720) — 0.
nelNU{0} meN
Notice that, if A\g; < 0, one can also deduce inequality (that will be used at the end of this proof)
IBOI720) < 1BO)I72(0) < K2 10Bimitl 7o (0 (23)

where K is a constant relating the norms || - [|2(q) and || - || e (q)-
Step 2. Let us prove that ||5’(t)||L2(Q) — 0 as t — oo:

Regarding S, the main equation involving the substrate in system (I3]) is an Advection-Diffusion equation
with non-homogeneous term —u(1)B(r, z,t), which makes complex the use of separation of variables.

Here, we prove that || S(-,-,t) ”LQ(Q) LNy by using variational techniques. To this aim, we multiply the
first equation in system (I3]) by 7S and integrate as follows

fot fﬂrﬁ—fgdrdzdr = f'—hzsfg fQ 3 )Sdrdzdr—i— Ths fo Jor 3 S Sdrdzdr
+Dia fg’ fﬂr‘é—fgdrdzdr—u(l) fg Jo rBSdrdzdr
= %fg stymuf‘waHTdT Sdzdr — Th fo fQ dj *drdzdr
4‘](;t frm T(ﬁg + ﬁg)gdrdT fo Jr out (%Tg DLS)SdeT
— = Jy Jor(82)2drdedr — & [ [ rd8 Sdrdzdr (24)
1)f0t JorBSdrdzdr
= Ths fo Jar( dj 2drdzdr — Th fo Jar( CTS *drdzdr

—iftf TS2drdsz—1/t/rdSSdrdzd7‘
Da JO Jlout Da J, Jo dz

()

(1 fg fQ rSBdrdzdr.
The integral denoted by (I) in equation (24]) can be rewritten as

52 a2 a2
2Da/ / drdsz = _M/ /m rSedrdr + 2'%%/ /Fout rSedrdr.

Thus, equation ([24)) leads to

LI Jor® S drdadr + B fi foy r(98)2drdedr + g fi fiy r(45)2drdadr

(25)
+ﬁ fg fl“m rS2drdr + ﬁ fot frout rS2drdr = —u(1) fg fﬂ rSBdrdzdr.

By multiplying equation (23] by 27 and applying Young’s inequality (with € > 0 to be chosen after-
ward), we obtain

3 Jy - (IS Ba(gey)dr + 25522 [ IVS(T) 2y + bz Jy ISy, I

(26)

< ep(1) Jy 1S 2oy dr + 42 fo 1 B(7)[22 gy dT-
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2

Considering A = min{ Ths® Thy’ 352}, it follows that

3 Jo & (ISOI2n))dr + A fUVS(DI2e) + IS F2(rs, AT
(27)
< en(1) fo ISR 200)d7 + 42 1BIR2 0 4y x0ey-

Now, applying Friedrich’s inequality (see. e.g., Theorem 6.1 in [2I]) to inequality (27) with E =T}
there exits a constant C' depending on 2* and I'}; such that

out»

2o = (IS(r MF20ey)d7 < (en(1) = &) Jo 1S(r (@)d7 + ] x(0,0))" (28)
Next, applying the Gronwall’s inequality in its integral form, it follows that
2Aeu(1) ~ 5)r
ISz < (19Sinitl72(0r) + M2(i)||B|L2(Q*><(O,t))) e =
(:=m(1))
Since || B(t)||3. ) < K2H5BmltHLw(Q> for all ¢ > 0 (see equation (23])), taking e < o, ) it follows that

a < 0. Thus,
a :u(l) at t—o0
ISOI720ey < (10SmitlF2 (e + o K16 Binit [ F oo () ) € Ny ()
O

Taking into account Theorem [B.5 we conjecture (supported by the numerical experiments presented
in Section M) that the following result holds:

Proposition 3.7. If p fulfills (Ad)) (respectively, (A2))), a sufficient condition for (S5, B3) to be an
asymptotically stable steady state of system () is that

Thp (1(Da, Thg))?

H1) > s L (29)
(respectively,
Thg  (B1(Da, Thg))?
1> (2Da)? + Thy, ) (30)

Remark 3.8. In terms of the variables with dimensions appearing in system ), conditions 29) and
@BQl) are reformulated, respectively, as

u2 DB

p(Se) > 1Dy Hg(

Bi(H,u, Dg))?,
and ) b
u B, 2
oo —_— 4 = H uw, D .
HMHL (R) > 4DB + H2 <ﬂ1( , U, B))

Remark 3.9. From Theorem[3:3 and Proposition[37, it follows that if v fulfills (A2) and (1) < 1, there
is bistability in system () when

ThB (51 (Da, ThB))2
S@DaZ T Thg

15



3.2.1. Bounds for the flow rate assuring asymptotic stability of the steady states

Conditions ([II) and (BQ) include in their analytical expression the model parameters Da, Thp and
p(1), among which the flow rate Da can be seen as a bioreactor control parameter. In this section, we
present bounds for the parameter Da assuring the asymptotic stability of the steady states (1,0) and
(S5, B3). To do so, we first define the following function.

Definition 3.10. For a fized value Thg, one can define the function
fThB : [0,+OO) — [O,+OO>

ThB (ﬂl (Da, ThB))2 .

D
© 7 @Da2 T Thp

In Figure@we plot the value of functions 41 (Da, Thg) and frp, (Da) for Thg € {£,1,5} and Da € [0, 2].
For a fixed value Thg, function g (-, Thg) is decreasing, bounded by 7 (see the proof of Theorem for

a detailed explanation of this feature) and S;(Da, Thp) Da420, ). One can also conclude that, for a

fixed value Thg, function fry, is decreasing, frng,(Da) Da=0, +o0o and fry,(Da) Dazeo, o), Taking into

account these properties of fry,, we define the following variables.

% 02 04 06 08 1 12 14 16 18 % 02 04 06 08 1 12 14 16 18
Da Da
(a) B1(Da, Thg) (b) frng(Da)

Figure 2: Graphical plots of functions f;(Da, Thg) and frn, (Da) (described in Definitions 4] and B0,
respectively) for Thg € {£,1,5} and Da € [0,2].
Definition 3.11. We define

= Dagy (Thy, u(1)) = (frng) " (1(1)).

= Dag}) @ (The, 1(1)) := Dagy (Thg, u(1)).

u Da%7m(ThB) = (fThB)il(l).
Remark 3.12. Following Theorem [33 and Proposition[3.7, it follows that:

s I[fDa< Da?é/[)(ThB, w(1)), then the equilibrium state (1,0) of system () is asymptotically stable.
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» If p fulfills (A1) and Da > Dal(\l%vj%m(ThB,u(l)), then the equilibrium state (S5, B3) of system ()
1s asymptotically stable.

« If p fulfills (A2) and Da > Dal(]\%vb’m(ThB), then the equilibrium state (S5, B3) of system () is
asymptotically stable.

4. Numerical Experiments

In this section, we describe the results of the numerical experiments performed to analyze the validity
and robustness of the stability analysis done in Section In Section Il we study the sensitivity of
variables Dav(é) (Thg, (1)) and Dal(\l%vmm(ThB), defined in Section B.2] regarding the model parameters.
Then, In Section 2] we carry out the numerical implementation of system ([7)-(®) in order to check the
interest of these functions. Finally, in Section E3] we compare the results of the stability analysis of

systems (2)) and ([7).
Through this section, the value of functions Dav(é)(ThB, wu(1)) and Dal(\l%vb @(The) is approximated

numerically using a self-implemented Dichotomy method (see, e.g. [L7]). Moreover, for each pair (Thg, Da),
the value of 31 (Thgp, Da) (see Definition [3.4]) was computed by using the MATLAB function vpasolve
(see www.mathworks.com/help/symbolic/vpasolve.html).

4.1. Sensitivity to model parameters

In this section, we perform the sensitivity analysis of Dav(t%) (Thg, (1)) with respect to the nondimen-

sional parameters Thy and (1) (the sensitivity analysis of Daﬁ%’b @ (Thg) can be obtained with a similar
methodology).

4.1.1. Sensitivity with respect to u(1)

Taking into account that Dagb(ThB, (1)) = (frng) t(p(1)) and frp, is decreasing, one concludes

that, for any fixed value Thpg, the function Dagb (Thg, (1)) decreases as p(1) increases. This is physically

reasonable since, as parameter u(1) increases, the range of flow rates — suitable to avoid washout also

Da
increases (see, e.g, [8, 12 [38]).

4.1.2. Sensitivity with respect to Thp

In order to easily analyze the sensitivity of Dav(t\é)(ThB, (1)) with respect to Thp, we aim to approxi-
mate Da\&)(ThB, 1(1)) by using the following variables:

. m\&)(ThB,u(l)) = %,/%. This should be a good approximation of Dav(l%)(ThB,u(l)) assuming
that the second term of the right hand side of condition (I is negligible.

= Dagy(Th, #(1)) i= (grs) " (1u(1)), where
gThg : [0,+00) —> [0, +00)

(51(Ths, Da))*

D
& Thg

This should be a good approximation of Dav(é)(ThB, w(1)) assuming that the first term of the right
hand side of condition (1) is negligible. Since 51(Thp,Da) < 7 (see the proof of Theorem

~ W
for a detailed explanation of this fact), if Thgu(1) > 72, then the function Dag)(Thg, (1)) is not
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—~W
defined. We approximate numerically Dag) (Thg, (1)) applying the same methodology that the
one used to approximate numerically Da& (Thp, p(1)), described above.

Figure Bl illustrates the difference between the functions Da\&fb(ThB, (1)), ﬁav(%) (Thp, p(1)) and
—~W —~W
Dag (Thg, (1)) when p(1) = 0.5 and Thg € [5-107,5-10%. We observe that Dag)(Thg, 0.5) ap-
proximates Davé) (Thp, 0.5) for values smaller than log(Thp) = —2 (Thp ~ 0.1) while m\&fb(ThB,Ob)
approximates Dav(é)(ThB, 0.5) for values larger than log(Thp) = 6 (Thp ~ 400).

4 T T T
log(Dagy (Thg, 0.5))

------ log(m\&) (Thg, 0.5))

2[ = = = log(Dag (Thg, 0.5))

-----

1 ) 0 2 n 6 s
log(Thg)
- ~W
Figure 3: Comparison between the functions Da&)(ThB,OB), Dav(&,b (Thp, 0.5) and Dag)(Thg,0.5) (de-
picted with solid, dotted and dashed lines, respectively), when Thg € [5-1073,5-103].

— W
The comparison between the functions Dav(é) (Thg, p(1)), Dagb (Thg, u(1)) gnd Dag)(Thg, (1)), shown
in Figure B for (1) = 0.5, has been reproduced for reaction values p(1) € {55}7, and the results seems

to indicate that in general: if Thy > 10%, the function ﬁav(é)(ThB, 1(1)) can be used as an approximation

~W
of Da?&/l)(ThB,u(l)); and if Thg < 107!, the function Dagg(44(1)) can be used as an approximation of

Taking into account the approximations of Da\&fb(ThB, 1(1)) presented above and Figure 3] the sensi-
tivity of Da\&fb (Thp, u(1)) with respect to Thy reads as follows:

s If Thg < 0.1, the variable Dav(é)(ThB, 1(1)) is not sensible to parameter Thp. Indeed, small values
of Thg correspond, for instance, to high diffusion coefficients implying almost spatial homogeneous
biomass concentration. In this case, there would be no differences when considering even higher
diffusion coefficients. As we will see in Section 3] if Thy < 0.1, the dynamics of the bioreactor can
be modeled with ordinary differential equations.

» If Thg > 0.1, the variable DaVé(ThB, 1(1)) seems to increase with parameter Thy. This outcome
is physically reasonable, since as parameter Thp increases (equivalently, the diffusion coefficient
decreases) the flow rate ﬁ should be chosen smaller to favor the reaction between the substrate
and the biomass (see []]).

» If Thy > 10%, the variable DaYé)(ThB, 1(1)) is quadratically proportional to Thg.
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4.2. Numerical validation of the results

In this section, we check the properties given in Remark [3.12] for the threshold values Davé) (Thp, p(1))

and Da%ym(ThB, (1)) by using the numerical solution of system ({)-([8). To do that computation,
we use the software COMSOL Multiphysics 5.0 (www.comsol.com), based on the Finite Element Method
(see [32]). The numerical experiments were carried out in a 2.8Ghz Intel i7-930 64bits computer with
12Gb of RAM. We used a triangular mesh with around 1000 elements and final nondimensional time

T = 300.
In order to validate the properties of the threshold values Da&)(ThB, w(1)) and Dal(\&vb’m(ThB, w(l)),

we define the following variables:

—~ W

= Dagy(Thg, (1)) := sup{Da: the numerical solution of system (7)-(8) (with parameters Thg, Da,
Thg = Thp, ¢ = 1, u the nondimensional Monod function with Kg = 1;{‘1()1), Sinit = 0.1 and
Binit = 0.9) approaches asymptotically the steady state (1,0)}.

~— NW

= Dagm) @(The) = inf{Da: the numerical solution of system (7)-(8) (with parameters Thg, Da,
Thg = Thp, 0 = 1, u the nondimensional Haldane function with HHTW =1.7071, Kg = 0.3536 and
K1 = 2.8284) approaches asymptotically a steady state different from (1,0)}.

~W —~— NW
We approximate numerically the value of Dag(Thg,u(1)) and Dagm m(Thp) by using again a self-
implemented Dichotomy method. Figure dl(a) illustrates the difference between Dav(l%) (Thp, p(1)) and

—~W

Dag)(Thg, u(1)) when Thg € [5-107%,1.5-10°] and p(1) = 0.5. Similarly, Figure B(b) shows the
—~NW

difference between Dal(\&vbvm(ThB) and Dagz) @ (The) when Thg € [5- 1073,1.5-10%]. We point out that

~ W ~ NW
these comparisons were also performed with Dag (Thp, 44(1)) and Dagz) @ (Thp) defined using other
model parameters o, Thg and p and similar results were obtained.

2.5 T T T T T 2 T T
log(Dagy (Thg, 0.5)) log(Da(zy ) (Ths))
~W —~NW
of == = log(Dag(Thg,0.5)) N B log(Dagy) m(Ths))
= 15F (55, B3) Asymptotically Stable =
a a
ED (1,0) Unstable ‘EJ
1 (S5, B3)
05+  Asymptotically Stable .
——————e (S;, B3) Unstable (53, Bs)
05k 1 Unstable
(1,0) Asymptotically Stable .
y 3 0 > i 1 2 0 > 1
log(Thg) log(Thg)
a) Comparison between log(Dayy (Thg, 0.5)) (depicted b) Comparison between log(Dajny Thg) (depicted
@ (A2, @
with solid line) and log(]/jz;?}é) (Thg,0.5)) (depicted with with solid line) and log(]/jéld\%)ym(ThB)) (depicted with
dashed lines). dashed lines).

Figure 4: Numerical validation of the results.
In Figure Bl we plot the steady-state solution (S5, Bj) of system (), computed numerically when

Thy = Thg = e*, Da=¢€%, 0 =1, Sinit = 0.1, Biniz = 0.9 and 1 being the nondimensional Monod function
with Kg =1 (so that (1) = 0.5). With these parameters, e.g. when log(Thg) = 4 and log(Da) = 2, the

19


www.comsol.com

equilibrium solution (S5, B;) is asymptotically stable (see Figure @(a)). Notice that the same steady-
state solution can be obtained with nonhomogeneous initial conditions (for instance, Sinit(r, 2) = 72z and
Binit(r,2) = (1 — 2)).

0.8
1r 1r
0.7 0.9
0.8r 0.6 0.8r 0.8
0.7
0.6 08 0.6
N 0.4 N 0.6
0.4+ - 0.4 0.5
0.2 0.2 0.2+ 0.4
0.1 0.3
0r 0
L L L L L L s L 1 L L L 02
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T T
(a) S3(r,2) (b) Bs(r,2)

Figure 5: Representation of the steady-state solution (S5, B3) of system ([7l) computed numerically when
Thg = Thg = e*, Da = €2, 0 = 1, Sinit = 0.1, Binit = 0.9 and 1 being the nondimensional Monod
Function with Kg =1 (so that p(1) = 0.5).

The bistability of system (), stated in Remark B3] is perceivable when numerically solving system
([@. For instance, if Thy = 0.01, Da = 1.5 and p(1) = 0.5, we observe that the solution of system
(@ (computed with parameters o = 1, Thg = 0.01 and g the nondimensional Haldane function with
m = 1.7071, Kg = 0.0529 and Kj = 0.4235) approaches (1,0) if we choose Si,ix = 0.9 and

Binit = 0.1, while it approaches a different equilibrium (similar to the one represented in Figure [
solution if we set Syt = 0.1 and Bipie = 0.9.
4.3. Comparison with the stability analysis of system (2I)

In this section, we compare the stability analysis conditions associated to the ODE and PDE systems
@) and (), respectively. As done in Section B2.1] for system (), we define the following variables:

Definition 4.1.
= Dal (u(1) = .
. Daﬁ%vl@)(li(l)) = Da\&/[)(ﬂ(l))-
= Daggh) g = 1.

Remark 4.2. According to Remark[21] and Definition [[-1], the stability analysis of system @) (shown in
Section[1l) can be rewritten as

» IfDa< Da?éfl) (11(1)), then the equilibrium solution (1,0) of system @) is asymptotically stable.

» If u fulfills (AJ) and Da > Dal(\%’@)(u(l)), then the equilibrium solution (S5, B3) of system ([2) is
asymptotically stable.
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» If p fulfills (A2) and Da > Dam (IZD( ), then the equilibrium solution (S5, B3%) of system [2) is

asymptotically stable.

Figure[@illustrates the difference between the variable Dam) @ (Thp) and the constant Dam) @ =
(and the difference, when p(1) = 0.5, between the variable Da(m) (Thp, p(1)) and the constant Da@)( p(l )) =
2). In both cases Thg € [5-1073,1.5-102]. Notice that the area limited between the curves Da @ (Ths)
and Da?é]l)(ThB, 0.5) is the region of bistability of system (7)) (see Remark B.9]).

2.5
2 L .
1.5F
=
\Q_/ 1r W
E: log(Dag)(Thg, 0.5))
0.5} (05)) -
log(Dafzy) @ (Ths))
0 ———————————————————
NW
log(Dagry) @)
-0.5 :
4 2 0 2 4

Figure 6: Comparison between log(Dan%) (Thp,0.5)), log(Dam) @(Ths)) (depicted with solid lines) and
constant values log(Da\&/D (0.5)) = log(2), log(Dam @) = 0 (depicted with dashed lines) when Thp €
[5-1073,1.5 - 102].

We observe that log(Dam) @(Thg)) ~ 0 for values smaller than log(Thg) ~ —2 (Thg ~ 0.1).

Similarly, for the particular case when p(1) = 0.5, we observe that log(DagD (Thpg,0.5)) ~ log(2) also for
values smaller than log(Thp) ~ —2 (Thp ~ 0.1). This comparison, performed with other reaction values
p(l) € {20 721, lead to the same conclusion, and consequently, we can deduce that if Thg < 0.1, the
stability results obtained for the ODE and PDE systems (2]) and (7)) are similar. This result is consistent
with the physics of the problem. Indeed, small values of Thpy correspond, for instance, to high diffusion
coefficients implying almost spatial homogeneous biomass concentration. In this case, the dynamics in the
reactor can be modeled with an ordinary differential equation cheaper to implement numerically (see [8]).

5. Conclusions

In this work, we have performed an asymptotic analysis of a coupled system of two Advection-Diffusion-
Reaction equations with Danckwerts boundary conditions, which models the interaction between a mi-
crobial population and a diluted substrate in a continuous flow bioreactor.

First, we have showed that for the particular case where the diffusion coefficients are negligible, after
some finite time, the biomass becomes extinct and no reaction is produced (this state is usually called
washout).

Next, we have studied the case when the diffusion coefficients are not negligible, and in this case the
system exhibits, under suitable conditions, two stable equilibrium states: the washout state and another
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steady state, which corresponds to the partial elimination of substrate. We have also taken into account
that, depending on the reaction function, the system may exhibit either single stability or bistability. We
have used the method of linearization to give a sufficient condition for the asymptotic stability of the
washout equilibrium, and used this result, together with numerical experiments, to conjecture a sufficient
condition for the asymptotic stability of the other stable equilibrium solution. These conditions were
written in terms of nondimensional parameters Da (Damkholer Number, relating reaction and advective
rates), Thp (Thiéle Modulus, relating reaction and biomass diffusion rates) and p(1) (nondimensional
reaction rate).

Finally, our asymptotic stability results have been validated numerically and compared to the stability
analysis results associated to the continuous bioreactor when it is modeled with ordinary differential
equations. Results seem to indicate that the stability analysis results for the ODE are also valid for
values of Thiéle Modulus (Thg) lower than 0.1, but not valid for values of Thiéle Modulus above this
value.

Acknowledgments

This work was carried out thanks to the financial support of the Spanish “Ministry of Economy and
Competitiveness” under projects MTM2011-22658 and MTM2015-64865-P; the research group MOMAT
(Ref. 910480) supported by “Banco Santander” and “Universidad Complutense de Madrid”; and the
“Junta de Andalucia” and the European Regional Development Fund through project P12-TIC301.

References

[1] J.F. Andrews. A mathematical model for the continuous culture of microorganisms utilizing in-
hibitory substrates. Biotechnology and Bioengineering, 10(6):707-723, 1968.

[2] R. Aris. Phenomena of multiplicity, stability and symmetry. Annals of the New York Academy of
Sciences, 231(1):86-98, 1974.

[3] R. Aris. The Mathematical Theory of Diffusion and Reaction in Permeable Catalysts: Vol. 1: The
theory of the steady state. Oxford University Press, USA, 1975.

[4] N.H. Asmar. Partial Differential Equations with Fourier Series and Boundary Value Problems.
Pearson Prentice Hall, 2005.

[5] J.E. Bailey and D.F. Ollis. Biochemical Engineering Fundamentals. Chemical engineering. McGraw-
Hill, 1986.

[6] A.W. Bush and A.E. Cool. The effect of time delay and growth rate inhibition in the bacterial
treatment of wastewater. Journal of Theoretical Biology, 63(2):385 — 395, 1976.

[7] M. Crespo, B. Ivorra, and A.M. Ramos. Existence and uniqueness of solution of a continuous flow
bioreactor model with two species. RACSAM, Serie A:1-21, 2015.

[8] M. Crespo, A.M. Ramos, B. Ivorra, and A. Rapaport. Modeling and optimization of activated
sludge bioreactors for wastewater treatment taking into account spatial inhomogeneities. Submitted.
Preprint: https://hal.archives-ouvertes.fr/hal-01171033| 2016.

[9] D. Dochain. Automatic Control of Bioprocesses. ISTE. Wiley, 2010.

[10] D. Dochain and P. Vanrolleghem. Dynamical Modelling and Estimation in Wastewater Treatment
Processes. IWA Publishing, 2001.

22


https://hal.archives-ouvertes.fr/hal-01171033

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]
[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

A.K. Dramé. A semilinear parabolic boundary-value problem in bioreactors theory. Electronic Journal
of Differential Equations, 2004.

A.K. Dramé, C. Lobry, J. Harmand, A. Rapaport, and F. Mazenc. Multiple stable equilibrium
profiles in tubular bioreactors. Mathematical and Computer Modelling, 48(1112):1840-1853, 2008.

P. Gajardo, J. Harmand, H.C. Ramirez, and A. Rapaport. Minimal time bioremediation of natural
water resources. Automatica, 47(8):1764-1769, 2011.

J.P. Grivet. Nonlinear population dynamics in the chemostat. Computing in Science Engineering,
3, 2001.

J.K. Hale. Asymptotic Behavior of Dissipative Systems. Mathematical Surveys and Monographs.
American Mathematical Society, 2010.

D. Herbert, R. Elsworth, and R.C. Telling. The continuous culture of bacteria; a theoretical and
experimental study. Journal of general microbiology, 1956.

J.A. Infante and J.M. Rey. Métodos Numéricos. Teoria, problemas y practicas con MATLAB. Edi-
ciones Pirdmide. Grupo Anaya, 2015.

S. Ishihara, M. Otsuji, and A. Mochizuki. Transient and steady state of mass-conserved reaction-
diffusion systems. Phys. Rev. F, 75:015203, 2007.

A.W. Knapp. Advanced Real Analysis. Cornerstones. Birkhduser Boston, 2005.

H.J. Kuiper. Invariant sets for nonlinear elliptic and parabolic systems. Journal on Mathematical
Analysis, 11(6):1075-1103, 1980.

L. Lanzani and Z.W. Shen. On the Robin boundary condition for Laplace’s equation in Lipschitz
domains. Communications in Partial Differential Equations, 29(1 & 2):91-109, 2004.

W. Liu. Elementary Feedback Stabilization of the Linear Reaction-Convection-Diffusion Equation
and the Wave Equation. Mathématiques et Applications. Springer Berlin Heidelberg, 2009.

G.B. Marin. Advances in Chemical Engineering: Multiscale analysis. Advances in Chemical Engi-
neering, 2005.

H. Matano. Convergence of solutions of one-dimensional semilinear parabolic equations. J. Math.
Kyoto Univ., 18(2):221-227, 1978.

H. Matano. Asymptotic behavior and stability of solutions of semilinear diffusion equations. Publ.
Res. Inst. Math. Sci., 15:401-454, 1979.

C.R. McGowin and D.D. Perlmutter. Tubular reactor steady state and stability characteristics. 1.
Effect of axial mixing. AIChE Journal, 17(4):831-837, 1971.

J. Moreno. Optimal time control of bioreactors for the wastewater treatment. Optimal Control
Applications and Methods, 20(3):145-164, 1999.

Y. Morita and T. Ogawa. Stability and bifurcation of nonconstant solutions to a reaction diffusion
system with conservation of mass. Nonlinearity, 23(6):1387, 2010.

C.V. Pao. Asymptotic stability of reaction-diffusion systems in chemical reactor and combustion
theory. Journal of Mathematical Analysis and Applications, 82(2):503-526, 1981.

C.V. Pao. Nonlinear Parabolic and Elliptic Equations. Fems Symposium. Springer US, 1992.

23



[31]

[32]

33]

[34]

[35]

[36]

A.J. Perumpanani, J.A. Sherratt, and P.K. Maini. Phase differences in reaction-diffusion-advection
systems and applications to morphogenesis. IMA Journal of Applied Mathematics, 55:19-33, 1995.

A M. Ramos. Introduccion al Andlisis Matemdtico del Método de Elementos Finitos. Editorial
Complutense, 2012.

V.S.H. Rao and P. Raja Sekhara Rao. Basic chemostat model revisited. Differential Equations and
Dynamical Systems, 17(1):3-16, 2009.

A. Rapaport, I. Haidar, and J. Harmand. Global dynamics of the buffered chemostat for a general
class of response functions. Journal of Mathematical Biology, 71(1):69-98, 2015.

Jr. R.H. Martin. Asymptotic behavior for semilinear differential equations in banach spaces. SIAM
Journal on Mathematical Analysis, 9(6):1105-1119, 1978.

J. Siebert, S. Alonso, M. Béar, and E. Scholl. Dynamics of reaction-diffusion patterns controlled by
asymmetric nonlocal coupling as a limiting case of differential advection. Phys. Rev. E, 89:052909,
2014.

H. Smith and P. Waltman. The theory of the Chemostat. In Cambridge studies in Mathematical
biology, volume 13. Cambridge: Cambridge University Press, 1995.

S.A. Vejtasa and R.A. Schmitz. An experimental study of steady state multiplicity and stability in
an adiabatic stirred reactor. AIChE Journal, 16(3):410-419, 1970.

H. F. Weinberger. A First Course in Partial Differential Equations with Complex Variables and
Transform Methods. Dover Publications, 1995.

J.J. Winkin, D. Dochain, and P. Ligarius. Dynamical analysis of distributed parameter tubular
reactors. Automatica, 36(3):349-361, 2000.

24



	Introduction
	Mathematical Modeling
	Steady states and stability analysis
	Case Lg.
	General Case
	Bounds for the flow rate assuring asymptotic stability of the steady states


	Numerical Experiments
	Sensitivity to model parameters
	Sensitivity with respect to Lg
	Sensitivity with respect to Lg

	Numerical validation of the results
	Comparison with the stability analysis of system Lg

	Conclusions

