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A Yang-Mills theory linear in the scalar curvature for two-dimensional gravity with symmetry generated
by the semidirect product formed with the Lie derivative of the algebra of diffeomorphisms with the two-
dimensional Abelian algebra is formulated. As compared with dilaton models, the role of the dilaton is
played by the dual field strength of a U(1) gauge field. All vacuum solutions are found. They are either
black holes or have constant scalar curvature. Those with constant scalar curvature have constant dual field
strength. In particular, solutions with vanishing cosmological constant but nonzero scalar curvature exist.
In the conformal-Lorenz gauge, the model has a conformal field theory interpretation whose residual
symmetry combines holomorphic diffeomorphisms with a subclass of U(1) gauge transformations while
preserving two-dimensional de Sitter and anti-de Sitter boundary conditions. This is the same symmetry as
in Jackiw-Teitelboim-Maxwell gravity considered by Hartman and Strominger. It is argued that this is the
only nontrivial Yang-Mills model linear in the scalar curvature that exists for real Lie algebras of dimension

four.

DOI: 10.1103/PhysRevD.105.024054

I. INTRODUCTION

Two-dimensional (2D) dilaton gravity models provide
effective theories to study regimes of interest in higher-
dimensional gravity. Among them are Jackiw-Teitelboim
(JT) gravity [1,2], with a linear coupling ¢R between the
dilaton and the scalar curvature and which accounts for
near-horizon theories in higher-dimensional near-extremal
black holes; the Almheiri-Polchinski [3] models, with
quadratic coupling ¢’R, that consistently explain the
holographic flow to AdS, x X of many theories; and
the Callan-Giddings-Harvey-Strominger model [4], with
exponential coupling e~?R, that provides a 2D setting to
analytically understand the formation and subsequent
evaporation of a black hole.

Here, we propose a nondilaton model in which the
role of the dilaton is played by the dual field strength xF
of an Abelian gauge field A,. The model has classical
action

:_/Jlxw?< *F—MFZ ;2) (1.1)
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with «F = 1e*F,, and F,, = 0,A, — ,A,. The square F?
stands for F g IR f is a characteristic length, x and y are

dimensionless constants, and A, has dimensions of length.
The term R * F couples the scalar curvature to a U(1)
gauge field in an unusual fashion, with *F a gravity source
linear in the gauge field. This point of view can be turned
around to regard e**0,R as a gauge current.

The idea that motivated this investigation was to formulate
a 2D gravity model as a Yang-Mills theory whose classical
action is linear in the Ricci scalar. In two dimensions, for a
gauge symmetry generated by the 2D Poincaré algebra, the
resulting Yang-Mills action is quadratic in the scalar curva-
ture. However, as we discuss in Sec. I, for the centrally
extended Poincaré algebra p;, the Utiyama-Kibble-Sciama
approach [5-7], modified along the lines of Refs. [8—10],
leads to the action S above. The modification consists in no
longer considering plane gauge transformations but a
variant of them that can be understood as the semidirect
product formed by the Lie derivative of diffeomorphisms
with Abelian gauge transformations. This ensures that the
zweibein postulate that maps the torsion and Riemann
curvature to the gauge field strengths is valid for arbitrary
torsion.

Coming back to the dilaton picture, one may think of S in
the following terms. Consider models with Lagrangian
density £ = ¢R + V(¢p), JT gravity corresponding to
V(¢) = y¢p/¢>. The action S above is obtained by setting
¢ equal to *F and taking V(¢) = y/¢? + ¢*/2¢>. This
changes the field content, hence the model itself, but leads
to S. From this point of view, including in V(¢) a linear
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term ¢ = xF contributes to the action with a total derivative
that we ignore.

The occurrence of the term F? in the action (1.1) ensures
that the model has black hole solutions similar to those in 2D
dilaton gravities [11-13]. This is discussed in Sec. III, in
which all vacuum solutions to the model are found. Besides
black holes, we find spacetimes with constant scalar curva-
ture R = R,/¢? and constant dual field strength *F = F,,
with Ry and F|, satisfying F3 + 2FyR, — 2y = 0. Fora given
cosmological constant y, both dS, and AdS, are possible.
Having one or the other depends on the value of F. This
scenario occurs even for zero cosmological constant, y = 0,
in which case Ry = —F/2. If the term F? in the action S is
removed, the classical theory still makes sense, but then only
vacuum solutions with constant scalar curvature exist, Ry and
F, being related through RyFy = y.

We wish to study the model (1.1) in relation with other
2D gravity-Maxwell models in the literature. A particularly
interesting one has been considered by Hartman and
Strominger [14], who have added to the JT Lagrangian a
term —F? /4. This results in a JT-Maxwell model that has an
AdS, vacuum solution for constant *F = E. After fixing
the conformal gauge for the metric, the model has a
conformal field theory (CFT) interpretation, with a residual
symmetry that combines conformal diffeomorphisms and
gauge transformations and that is generated by a Witt
algebra. If matter is included so that the AdS, background
is preserved at the boundary and if, upon quantization, the
U(1) matter current becomes anomalous, the Witt algebra
becomes a Virasoro algebra with nonzero central charge.
The model (1.1) shares the same symmetry. Hence, we
expect it to also allow for a central charge. This is shown
in Sec. IV.

We close by arguing in Sec. V that the action § is
unique in the sense that it is the only Yang-Mills action
linear in the scalar curvature that can be written for
symmetries generated by semidirect products obtained
from four-dimensional (4D) real Lie algebras.

II. CLASSICAL ACTION AND ITS SYMMETRIES

A. Local symmetry

The starting point in our analysis is the central extension
p; of the Poincaré algebra in two spacetime dimensions,
spanned by the generators P, and P; of translations, the
generator J := M, of boosts, and a central element Q, with
Lie bracket

[P()’Pl]:Q’ [PO"]]:PI’
[Py,J] = Py, [0,P,)=[0,J]=0. (2.1)

Consider a Lie algebra valued one-form,
B,=e"P,+w,J+A,0, a=0,1, (2.2)

whose components are the zweibein e?,(x), the spin
connection ®,(x), and a one-form A,(x). If we assign
dimensions of (length)~! to P, and P, then J is dimen-
sionless, and Q has dimensions of (length)?. Taking e“, to
be dimensionless, @, and A, carry respectively dimensions
of (length)~! and length. The corresponding two-form field
strength

G,, = 0J,B,—0,B, + [B,,B,]

=T,P, +,J+7Z,0 (2.3)
has components
T, = 0., — e, — e“b(a)ﬂeby - a)yebﬂ), (2.4)
Q,, = 0,0, - 0,w,, (2.5)
Z, =0,A,—0,A, — €€, (2.6)
where we have used the conventions
1=€lo=1, € =1ac€p, Nap=diag(=1,+1). (2.7)

We next follow Refs. [8,9] and, instead of conventional
gauge transformations, consider local transformations of
the form

S¢x)B, = L:B, + 0, + [B,, Z]. (2.8)

Here, L; is the Lie derivative along an arbitrary vector field

&=E'0,, generating the diffeomorphism x* — x* 4-&*(x), and

X=60J+10 (2.9)

is a function that takes values in the Abelian subalgebra

spanned by J and Q, with 6(x) and 7(x) arbitrary functions

of dimensions 0 and (length)?. Altogether, there are four

independent local parameters, the two components of &

and the two functions € and z. Under Jyx), the field
strength G, transforms as

é(qu)GﬂD = LfGﬂl/ + [Gﬂyﬂ Z] (210)
The transformation ¢ 5 is the combination
Bex) = Le + 03 (2.11)

of an arbitrary change of coordinates implemented by the
Lie derivative £, and a conventional gauge transformation
generated by s.

The transformations 6 5 close an algebra, with closure
relation
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[‘Cfl + SE1"6‘52 + Szz} = ‘C[§1~§2] + S£522]—L5122' (2.12)

This Lie bracket can be described in mathematical terms as
follows. Consider the Lie algebra X" of vector fields on the
spacetime manifold M. and its representation provided by
the Lie derivative, so that every vector field £ is realized as a
Lie derivative L;. The vector space of all pairs (L, X) :=
L:+ b5 equipped with the bracket (2.12) is a Lie algebra. It
is, in fact, the semidirect product X X a, of X with the
Abelian algebra a, = Span{J, Q} formed with the Lie
derivative. The transformation laws of the zweibein, spin
connection, and central gauge field are

Sexye = Leef + e ye0, (2.13)
S(ex)wyu = Lew, + 0,0, (2.14)
5(E~Z>Aﬂ = E.fAM + 8,/[, (215)

whereas those of the field strength components take the
form

Sex) T = LT, + €T, (2.16)
O(ex)Qu = L, (2.17)
5(E-E)Z;w = ﬁézﬂy- (2.18)

We next map the spin connection @, to an affine

connection I'”,, through the zweibein postulate

a . a a a a b __
Dye’, =0 e, — 1%, e, — " w,e”, = 0.

y (2.19)

The derivative D,e“, defined by the left-hand side of this
equation transforms under (s 5 as

Sx)(Dye?y) = Le(Dyet,) + e“h(D/,e”,,)é', (2.20)
so that condition Dye’, =0 remains invariant. It is
precisely invariance under () that excludes terms in
Eg. (2.19) of the form ¢“,A,e”, with nonzero coefficients
¢“y. Using the solution to Eq. (2.19) for I'* ,,, in terms of w,,,
the Riemann R?,, and torsion §%,, tensors' are mapped to
Q,, and T, through
R, = —E“ae”be”ﬁQW, §%, = E*T7,. (2.21)
Here, E*, is the inverse zweibein, defined by E¥ ,e“, = &,
and €a”EMb = 5“},.

'We follow the convention R, = 0,15 + 1,175 —
(0 < v) and §%,, = 2"},

B. Comparison with conventional gauge
transformations

Under standard p; gauge transformations, the 1-form
B, transforms as 6, B, = 9,A + [B,,, A], with A = p“P, +-
{J + 0Q an arbitrary gauge parameter function. This gives
for the components of B, the transformation laws

SAe“” = 0,p" — € p(w,p” — e, 0), (2.22)
Saw, = 0,8, (2.23)
SAA” = 0,0 — eabe“ﬂp”. (2.24)

It is straightforward to check that there is not any zweibein
postulate linear in both @, and A, that remains invariant
under &,. Furthermore, standard arguments [15] show
that Eq. (2.19) remains 8, invariant, modulo a change of
coordinates, only if the torsion vanishes. This suggests that,
to study scenarios with nonzero torsion, it is convenient to
use the symmetry & ) rather than 5. Transformations of
type (¢ x) have been used in studies of Horava-Lifshitz [8]

and Carrollian [9] gravities. The two transformations are
related through [10]

Oex)B, = SABM +¢&G,,, with A=&B,+X. (2.25)
For 6 5) and 5, to agree, the torsion, and also w,, and Z,,
must vanish.

C. Invariant Lagrangian

We are interested in Lagrangians that are invariant under
Oex)s linear in the Riemann curvature, and at most
quadratic in first derivatives of the fields. Because of
Eq. (2.21), linearity in the Riemann tensor is equivalent
to linearity in €, . In accordance with Egs. (2.4)—(2.6), the
most general Lagrangian of this type is

L= \/|g|[c1 *Q+%*Z+c3nab*T“*T”

+epxQxZ+ % (*Z)Z} , (2.26)
where ¢y, ..., c5 are arbitrary constants and
1.
*D = 7€ D, (2.27)

is the dual of the two-form ®,,, with ¢ the antisymmetric
pseudotensor.

In what follows, we restrict ourselves to Levi-Civita
connections, for which the torsion vanishes,

(2.28)
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and the metric is given in terms of the zweibein by

9w = nabeaﬂebw (229)

In this case, using Eq. (2.21) to write *Q in terms of the
Ricci scalar R, and introducing

F=0,A,—0,A, (2.30)
we have
1 v
*Q=—2R= V,(e"w,),
*Z=%F+1=V,(e"A,) + 1. (2.31)

Substituting these equations in £ above and discarding total
derivatives, we are left with

L= \/7{0”65—1? F+f2( )2]. (2.32)

Making the change A, — —(c4/4cs5)A,, and setting
k = 4cs/cX and y/2x = ¢, + c5, we arrive at the classical
action

1 Y
:_/dzx |g[ P F)2+E}

+5,. (2.33)

This is the action in Eq. (1.1), for in two dimensions with
Lorentzian signature, one has

e aff __

=g7g" - gg”. (2.34)

In Eq. (2.33), we have included a matter contribution S,
that couples g, and A, to other fields but does not contain
derivatives of g,, and A,.

III. VACUUM SOLUTIONS

Varying the action with respect to g, and using that in
two dimensions 26,(+F) = *Fé¢*g,, and 2R,, = g,,R,
one has

1 / N
+§/d2x\/@59ﬂV(T,€y+T;;).

v””*F

— 20"V (xF)]
(3.1)

The first term is a boundary term, with »** given by

o = =5 + FOG Gup; (32)

T9, has the form

1 (xF)? y
5 9w R+ F+ 57 +2V2*F—7

—v,,vy*F;

KTy, =
(3.3)
and Ty, is the matter energy-momentum tensor,

2 6
m =2 %5 (3.4)

124 \/mb‘g;w

Variation of S with respect to A, yields in turn

5AS—/d2X /|gv €”D “[’) (CﬁﬁA,,)_C[}vaéAU])
/dzx /|g 5A |:€m/a <R+flj> +Jm/4:|, (35)

where C u reads

A,

Cu= =0t 315 (3.6)
and J™* is the U(1) matter current
1 aS,

Jm — 3.7

Vgl 4% &7

We assume suitable boundary conditions, so that the
boundary terms in Egs. (3.1) and (3.5) vanish. The field
equations are then

i+ T =0 (3.8)

and

1 *F
Ty o= e V,,(R ﬂ) FJm=0.  (3.9)

Acting on Eq. (3.9) with V,
we have

and using Vue’“’ =0,

V,Jm = 0. (3.10)
Hence, the matter contribution to the U(1) gauge current
must be conserved.

We wish to solve the field equations in vacuum. This is
most conveniently done in the conformal gauge with light-
cone coordinates

ds? = —e2?dxtdx,

t=r+x, (3.11)

in which the equations take the form
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0.0, x F=20,90. xF =0, (3.12)
28+8_*F—%ew[R*F—Q—(ZQZ_%] =0, (3.13)
8i<R+%*F> =0, (3.14)

and the Ricci scalar is given by
R =28e220,0_¢. (3.15)

Equation (3.14) can be regarded as an integrability con-
dition, for it is reproduced by acting with . on Eq. (3.12)
and using Eq. (3.13). It ensures that the boundary term in
Eq. (3.5) vanishes, since the latter can also be written as

Lo (k)] Gae

To solve Egs. (3.12)—(3.14), we distinguish between con-
stant and nonconstant scalar curvature.

A. Solutions with constant scalar curvature

If R is constant, Eq. (3.14) implies that so is xF. We thus
write

Ry

xF = F, (3.18)
with Ry and F, dimensionless constants satisfying the
constraint provided by Eq. (3.13),
F3+2FyRy—2y =0. (3.19)
Vacuum spacetime is locally isomorphic to Minkowski,
dS,, or AdS,. Equation (3.18) can be recast as
_ Fy .
F._= —7%24', (3.20)
with @ a solution to the Liouville equation (3.15) for
R = Ry/¢*. An expression for the gauge potential solution

(A,,A_) can be found by choosing a gauge and solving
Eq. (3.18). Here, we will work in the Lorenz gauge

0,A_+0_A, =0, (3.21)

in which A, and F,_ become [14]
AL =F 0.a, (3.22)
F._=20,0_a, (3.23)

with @ = a(x™,x7) an arbitrary function of its arguments
with dimensions of (length)?. Upon substitution in
Eq. (3.18), we obtain
4729, 0_a = —F,. (3.24)
We note that a plays a role similar to that of ¢. In fact,
solving the vanishing torsion equations 7¢_ = 0 for the
spin connection, we have
WL =F 8ig0, (325)
which has the same form as Eq. (3.22).

For zero scalar curvature, Ry = 0, the vacuum space-
time is locally isomorphic to Minkowski space, metric
dsg,—o = —dx~dx*. In this case, ¢ =0, and Eq. (3.24)
becomes 0,0_a = -Fy/4, with Fy= £+/2y, which
requires y > 0. The solution for a is then

n0 =~ L (" P fl) +fL00). (3.26)

where fr(x") and f;(x™) are arbitrary functions of their
arguments with dimensions of length?. The arbitrariness in
fr and f; is reminiscent of the fact that the Lorenz
condition (3.21) does not completely eliminate gauge
invariance but leaves a residual gauge symmetry.

If Ry # 0, the general solution to Eq. (3.24) is given in
terms of the solution @ to Liouville’s equation (3.15) by

_ 2F %
ARy#0 = — ROO @+ fr(x®) + frL(x7),

(3.27)

where Fy/R, on the right-hand side is the solution to
Eq. (3.19),

2y
1 +=2. 3.28
o (3.28)

These solutions are different from those of JT gravity. In
our case, the Ricci scalar Ry/#? is no longer equal to
—y/¢?. For a given value of y such that R% + 2y > 0, the
scalar curvature may be positive or negative, depending on
F. We remark that if the term (xF)? is removed from the
classical action the vacuum solutions are the same, the only
difference being that now FyR, = y. Furthermore, for
vanishing cosmological constant, y =0, and provided
the term (*F)? is kept, vacuum spacetime will be nonflat
with constant scalar curvature R = —F /2. In particular,
a gauge field with Fy =F 4 will generate a dS,/AdS, with
scalar curvature Ry = +2.

Coming back to the case of arbitrary y, for Ry > 0,
vacuum spacetime is locally isomorphic to dS,, whose
metric in Poincaré coordinates {7 > 0,x} is

024054-5
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2 2 2 2 a2 +dx—
deS = t_2 (—dt + dx ) = —mdx dx . (329)
In these coordinates, Ry, = 2, and ¢ becomes
2¢
Pas =1 . 3.30
s = (1) (3.30)

The expression of a,g is obtained upon substitution in
Eq. (3.27). To eliminate the arbitrariness in f and f;, we
impose that the component C, of C,, in Eq. (3.6) vanishes at
the boundary ¢ = 0,

1
0=Clg=—(0p +o_) + -5 (AL +A_)|.

57 (3.31)

This fixes fz and f; and gives

2F,¢? |

dgs =
Ry

T
n <x ;ﬂx > +lay(xT+x7)+2ay,  (3.32)
with ay and a; arbitrary dimensionless constants. The spin
connection and the gauge field are found upon substitution
in Egs. (3.25) and (3.22). Condition (3.31) and the fact that
+F ;¢ is constant ensure that the boundary terms in 6,8 and
645 vanish on shell.

For Ry < 0, vacuum spacetime is locally isomorphic to
AdS,, with metric

5 2 5 5 42 g
dSAdS = ?(—dt +dx ) = —md)&' dx (333)
in Poincaré coordinates {z,x > 0}. Now, Ry = -2, and
_ i 2¢
= 1n N
PAds o
2F¢?
dpdgs = — 00 Pags + oy (xT —x7) + oy (3.34)
for a boundary condition
0= Culemp = ~(@4 —0-) + 55 (A4 = A )|z (3.35)

B. Solutions with nonconstant scalar
curvature: Black holes

To find the vacuum solutions with nonconstant scalar
curvature, we employ similar methods to those used in the
proof of Birkhoff’s theorem in 2D dilaton gravity in
Refs. [11,12]. Combine Egs. (3.12) and (3.14) to write
0. (e72?9,R) = 0. This implies that

O.R=e*h;(x7),

O_R = e*?hg(xt),  (3.36)

with 47 (x~) and hg(x™) arbitrary functions of their argu-
ments. After having fixed the conformal gauge, the model
is still invariant under diffeomorphisms x* — x*(x") and
X~ — X7 (x7), under which h; and hy transform as

o Cdv - dit
() = ()T () = k() B (3.37)
Use this residual symmetry to choose coordinates {X*, X}

defined as the solutions to the equations

ax™ 1 dx~ 1
dxt lhp(x)|Tda ()]
For nonconstant curvature, h; and hy are different from
zero, so this change is locally well defined. In the new
coordinates, Egs. (3.36) become

(3.38)

sign(h; )0, R = sign(hg)0_R = ¢*?.  (3.39)
It follows that either (i) @(X) is a function of X =
(xT —x7)/2 or (ii) it is a function @(7) of 7 = (X" + x7)/2.

Let us consider scenario i. In this case, ¢, R, and *F are
also functions of x, where, to ease the writing, we have
removed the tildes from the notation. Upon making the
change x — r(x), with dr = ¢??¥)dx, the metric takes the
form

ds? = —f(r)ds® Lo (3.40)

f(r)
The function f(r) is given in terms of ¢ by f(r) = €2¢#(")),
The scalar curvature becomes R = —f”(r), and the field
equations (3.8)—(3.9) read

(+F)" =0, (3.41)

2
FI+F) = f" % F + (;2 -5=0. (342
—f" + g =0, (3.43)

where the prime denotes differentiation with respect to r.
The solution to Eq. (3.41) is *xF = a,(r/¢) + ag, with a,
and ag integration constants. We are interested in a; # 0,
since a; = 0 corresponds to constant scalar curvature.
As in 2D dilaton gravity [13], we use the invariance of
the metric under (¢, 7, f) — (t/by, byr — bo?, fb?) to set
ap =0 and a; = 1. This gives

r

F=-. 3.44
F =2 (3:44)

Equations (3.42) and (3.43) then yield
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7'3 r2 r

f(r) :@‘F%ﬁ‘ﬂ’;‘fﬁ’h

(3.45)
with ¢ and ¢, dimensionless integration constants. Being a
cubic polynomial with real coefficients, f(r) has at least
one real root. Call ry to its largest real root. Since f(r) is
positive for r > ry and changes its sign at r = ry, the
solution (3.40), with f in Eq. (3.45), can be understood as a
black hole with horizon at ry. Note that 0, is a timelike
Killing vector for f(r) > 0. Note also that the term (*F)? in
the classical action is necessary to have solutions of this
type; otherwise, the contribution (xF)? in Eq. (3.42) is
absent, and Eq. (3.43) reduces to f” =0, equivalently
constant scalar curvature.

The other solution to Egs. (3.39), ¢(#) only depends on z,
is analyzed similarly. After reparametrizing ¢, and setting
r = x, the dual field strength is now *xF = —¢t/¢, and the
metric takes the form

2 dt2 2
with
A 1 t

and d, and d; dimensionless constants of integration. For
dy = ¢p, d; = ¢y, this metric describes the interior of the
black hole (3.40), since when going across the horizon ry
of Eq. (3.40) the coordinate r becomes timelike and the
metric can be cast as in Egs. (3.46) and (3.47).

IV. BOUNDARY CFT DESCRIPTION
OF THE MODEL

In this section, we present a CFT interpretation of
the vacuum solutions with constant scalar curvature.
The classical action (2.33) in the conformal-Lorenz gauge
takes the form

Scrr = i/ dx*dx~ {—86—2'”((9+8_a)8+8_§0

2
+ﬁfW&&W+éwﬂ+%- (4.1)

This action contains second derivatives with respect to time
of ¢ and a. It is invariant under conformal diffeomorphisms

xE o xF 4 ()

generated by arbitrary vector fields £t (x™)0, and £~ (x7)0_,
provided e? transforms as a conformal field of weights
(1/2,1/2) and a as a scalar. S is also invariant under residual
gauge transformations a — a + 7x(x") + 7. (x7), with

7r(x") and 7, (x7) arbitrary functions of their arguments
with dimensions of (length)?. Let us see that the combination
of these two symmetries is a residual symmetry 6, of &)
specified by £ and &

A. Residual symmetry

In the conformal gauge, the zweibein is given by

0 1 e’
ei:3, ei::t?. (42)
To find 6,¢ = (¢ x)¢ for a local parameter
& =80, +¢&0., (4.3)

we substitute the expressions (4.2) in Eq (2.13) and use that
oe? = e?d¢. This yields a system of two equations for §,¢
and 6,, whose only solution is

1
Sp = (70, +670 )9 +5(0,67 +0-87). (44)

0, = (0.6 - 0.&). (4.5)

N[ =

In Eq. (4.4), one recognizes the variation under conformal
diffeomorphisms of a field e” with conformal weights
(1/2,1/2). Substituting the result (4.5) for 6, in the
variation (2.14) of the spin connection, we have

1
érwi = E};rwi F E@ifi (46)
The Lie derivative
Lew, = (ET0, +E0 oy + (0.6 )0y (4.7)

on the right-hand side accounts for the variation under
conformal diffeomorphisms of the one-form (w_,®_),
while F 103& adds a U(1) contribution generated by
boosts. The transformation law (4.6) can also be obtained
by using Eq. (4.4) in the solution wy =F J,¢ to the
vanishing torsion condition.

To find 6,a, set £ = £, and A, =F 0.« in the variations
0A . in Eq. (2.15). This provides two equations for d,a and
7,, whose solutions are

Sra=(£70, +&0 )a+rp(x’) +7.(x7),  (4.8)

T, =7 (x7) —7r(xT), (4.9)
with 7x(x") and 7,(x7) arbitrary functions of their
arguments.

To determine 7z and 7;, one may proceed as follows.
Regard any of the vacuum solutions dS, or AdS, of Sec. II
as the boundary of a model with matter. Demanding the
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residual symmetry to be consistent with the boundary, and
recalling that at the boundary @ and ¢ are related through
Eq. (3.27), it is straightforward that

Fot?
TR<X+) == a+§+,
Ry
Fot?
1 () =———0_¢, (4.10)
Ry
and
- Fot? _
bra= (0, +&0)a-—— (0,8 +0.8).  (411)
0
The variations 6,A, then read
Fyt? 5 ot
6,Ai — EfrAﬂZ i R aif . (412)
0

Residual transformations o, are thus determined by the
vector field &, = (7,&7). We remark that (R,/2F¢?)a
and (Ry/2Fy¢*)A, transform under &, as ¢ and ..

B. Witt algebra

Denote by & and §; the generators of the residual
symmetries associated to &0, and £70_. Assume that
E(x™) and £ (x7) can be expanded in power series of x*
and x~ with coefficients ¢, and ¢, _, so that

§:|: 8j: = ch,:t ('xi >n+18:|: .

n

(4.13)

In accordance with Egs. (4.5) and (4.10), the variation 9,
can be written as

8, =585 +8; =Y (CosBf +Cuby),  (4.14)
with §F the O(¢x) transformation with parameters
n+1
‘fn.:l: = (xi)nJr]aj:’ en,i =+ 2 (xi)n’
Fot?
Tpe = £——(n+ 1)(x*)". (4.15)
5 RO
The closure relation (2.12) then implies
(67, 8] = (n = m)&7,. (4.16)

The residual symmetry is hence generated by a Witt
algebra.

The variation &, coincides with the combination of
conformal and gauge transformations introduced in
JT-Maxwell gravity [14].

C. Check of invariance of dS, and AdS, boundaries

Invariance of the dS, and AdS, boundaries under 6, can
also be checked using the same arguments as in Ref. [14].
Let us briefly see this.

Consider first the case of dS,. The boundary is located in
Poincaré coordinates at ¢ = 0, equivalently x* + x~ = 0.
Since the boundary must remain unchanged under con-
formal diffeomorphisms x* — x* + £5(x*), the vector
fields £*(¢, x) must satisfy
mET(0,x) = (=1)"19mE(0,x), n=0,1,2,... (4.17)

One allows for field configurations of ¢ and a that behave
near t = 0 as the dS, vacuum solution of Sec. III,

Roa 4
- =1 o(1), 4.18
¢ 2F n(x+ —|—x‘> +0o(1) ( )
which satisfy the dS, boundary condition (3.31),
0=—(0o- + o)+ ! (A_+A,)
=—(o_+ow — (A_
ot iz
a
=0 -— . 4.19
x<fp 5 52) » (4.19)

We must check that Eq. (4.19) is invariant under 6,. To do
this, compute first §,(w, + w_)|,_,. Equation (4.6) gives
for 6,(w, +w_) two contributions, one from the Lie
derivative L, (o, + w_) and one from the boost generated
terms — 5 (03 & — 02£7). Expanding in powers of 7, noting
that near t = 0

IME (1 £ x)
= JLEH(0,x) + 0T ER(0,x) + O(2),  (4.20)

and recalling Eq. (4.17), it is very easy to see that the Lie
derivative takes at the boundary the value

£ (. + 0 )y = 3[R (0.0) ~ 260, (421)

This cancels the contribution from boosts and gives

1 1
Mm+m%ﬂ=%@ymm—f%ﬂ5%€0
=

—0. (4.22)

Analogous arguments show that §,(A, + A_)|,_, = 0, thus
completing the proof of invariance of condition (4.19)
under §,.

The proof for an AdS, boundary goes along the same
lines. The only differences are that now that the boundary is
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at x = 0, equivalently x* —x~ = 0, Eq. (4.17) is replaced
with Ref. [14]

OMEN(1,0) =0"¢(1,0), n=0,1,2,..., (4.23)
and the boundary condition takes the form Eq. (3.35). Taking
into account these changes and proceeding as for dS,, one has
5,((0_ - er)’x:O =0 and 5r(A— - A+)|x:0 =0.
D. Conserved currents, charges

and Hamiltonian formalism

The field equations that result upon taking variations
with respect to ¢ and a in the action (4.1) are

(xF)? == | +kT"_ =0,

52

1
0,0_ *F—Zez‘/’[R*F—i—zfz

1
0.0 (R +

Equation (4.25) can be written in terms of the total U(1)
current

(4.24)

F
;—2) Lo -9 I =0.  (4.25)

*F
JE =F 5 ai (R + bﬂz) +J7 (4.26)

given by Eq. (3.9) as 0_J. = 9,_JT. This and the con-
servation equation (3.10), which in the conformal gauge
reads 0, J" + 0_J% = 0, imply

0_Jt =0JL =0. (4.27)

Consider the case of no additional matter. Standard
methods show that the Noether currents preserved by 5 are

~ 1
Tgii = —— {(‘ﬂ@i *F—28i(p8i x F

_F? «F «F
RO 6iai (R + f2> + (9iaai <R + ?>:| .

In fact, using Eqs. (4.24) and (4.25), it is straightforward to
see that

0T, =0,TI_=0. (4.29)
The currents 79, can also be cast as
- 2F¢
79, =T, +—2 8iJJ +2J90,a, (4.30)

where T, are obtained from Eq. (3.3), and

B =F ai <R n ;F> (4.31)

are the gravity contributions to the U(1) current. The
corresponding conserved charges are

0* — / AT, (rH)E (). (4.32)

Let us check that Q* generate through Poisson brackets
residual transformations,

s =1{0"¢}. d=9.a (4.33)
The action Scpr can be regarded as describing a

dynamical system with Lagrangian

SCFT:/dtL,

where Lcpr is the integrand in Eq. (4.1). Since the
Lagrangian L contains second derivatives with respect to
time of ¢ and a, the Hamiltonian formulation is a bit more
involved than for dynamical systems with only first-order
time derivatives; see, e.g., Refs. [16,17] for reviews. The
phase space is now formed by the generalized coordinates

:Z/dX£CFT, (434)

q5 = (1, x), qé = a(t,x),
qf = a(t, x), q7 = ¢(t,x) (4.35)
and their conjugate momenta,
OL OL
ﬂg(l‘, x) = = -0, 7
0gl(t,x) gl (1,x)
L
T (tx) = —o (4.36)
947 (t,x)

where we have introduced the index ¢ = ¢, a. The Poisson
brackets are the usual ones,

{qf (x.1). 7y (v, 1)} = 6815(x =), (4.37)

{a! (x.0).q7 (v.1)} = {7 (x.1),

with ¢, ¢/ =¢@,a and |,
Hamiltonian reads

0.0} =0, (438)

j=0, 1. And finally, the

H= /dx(ngqg + 15q8 + nhql + 7hqf) — L, (4.39)

and Hamilton’s equations take the form

024054-9



SARA ABENTIN and FERNANDO RUIZ RUIZ

PHYS. REV. D 105, 024054 (2022)

OH , OH
.i :_i’ 7.7,'1 = ——", ¢:¢,a, l:(),l 440
! omy" "1 og! (440
Some simple calculations give
0 1 1
ﬂ(/,:—;a,*F, ﬂ(/,:;*F, (4.41)
1 * [ 1 *F
0_— _ 9 (R+—), l—__ [R4+— 4.42
e =0k ’( +£2> Ta 2K‘< +f2> (4-42)
for the momenta and
H= / dx |:ﬂ2,6]({) + 15q§ + n,0%qf + mh2q
1
2 Ty Yoo
— ke <7z}l + @> Ty — 52 ¢ ”] (4.43)

for the Hamiltonian. It is straightforward to check that the
Hamilton equations reproduce the same field equations (4.24)
and (4.25) as the variational approach. The Poisson brackets
in turn imply that

{o(t,x), 04 x F(1,y)} = —{020(1, %), *F(1,y)}

= —Z6(x =),

{a(t, x), 0, (R + ;—f) (1, y)}

- {Bia(t, x), <R + f) (1, y)} = k6(x—y). (4.45)

(4.44)

I/ﬂ2

Using these, one easily verifies that Eqs. (4.33) hold.
Furthermore, the currents 7', ; satisfy the equal-time bracket

(T (). T () =L =y )0, T ()
P27 ()00t ") (4.46)

and a similar expression for 7__. This is analogous to
JT-Maxwell gravity [14].

E. Matter and central charge in the quantum theory

The argument for the occurrence of a central charge in
JT-Maxwell gravity [14] also holds for our model. Let us
briefly go through it. If matter is included, instead of 79_ in
Eq. (4.30), one has

2F, L2

T =T, +T7, £ TN
0

For reasonable choices of matter, one expects the
following:

() Tiy =T9, +T7%, will be holomorphically con-
served. Equation (4.27) and the constraint (3.9) then
imply -7+, =0.

(i) §,, will have a contribution \/|—gT J™A. This produces
a term F 2J0,a in T'}, that cancels the contri-
bution +2J%0,a hidden in the fourth term in
Eq. (4.47).

All things together, the conserved matter current” 9_J" =
0,.J™ =0 enters T,, through +0,J " with coefficient
2F£?/R,. Assume now, as in Ref. [14], that the current is
anomalous so that in the quantum theory

) JEOT)] = —k0,.6(xT —yT).  (4.48)

The current algebra (4.46) will then have a central term
F34k038(xt —yT), (4.49)

where we have used that R} =4 for our choice of
Poincaré coordinates. The result is formally the same for
dS, and AdS, backgrounds, but it remains to find explicit
realizations.

V. FURTHER REMARKS AND CONCLUSIONS

A. Euclidean case

The same model can be formulated with Euclidean
signature. The starting point for the Utiyama-Kibble-
Sciama procedure is now the central extension e; =
Span{P,, P,,J, Q} of the Euclidean algebra in two dimen-
sions, or Nappi-Witten algebra [18], whose Lie bracket is

[Pl’PZ] :Q7
[J’Pz] = —Py,

[‘LPI] :PZ’

0P =[0.J]=0. (5.1)
The classical action is the same as in Eq. (1.1), except for the
sign in front of F2, which is now positive since the right-
hand side of Eq. (2.34) changes its sign for Euclidean
signature. Vacuum solutions are either black hole type or
have constant scalar curvature and constant *F and are now
locally isomorphic to 2D Euclidean space, the sphere, or the
hyperbolic plane.

B. No-go results for other 2D Yang-Mills
gravity models

Powers of R and/or *F can be included in the action S in
Eq. (2.33) without changing the symmetry of the model.
The question arises as to whether there are models invariant
under 5 5) = Ly + ds, with X taking values in the 2D non-
Abelian algebra na2.3 In this case, the closure relation
would no longer be (2.12) but rather

’As implied by Eqs. (4.27) and (3.10).
Up to isomorphisms, there is only one 2D non-Abelian real
Lie algebra, namely, [X,Y] =Y.
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[£§1 + SE1 ’ £§2 + 322] = ‘C[Cl & T 8[21 Do+ Ley XL Tp (5.2)

In the sequel, we provide an answer to this question in the
negative. We show in particular that there is no real 4D Lie
algebra whose gauging as described in Sec. II leads to an
invariant action linear in the Riemann curvature.

The proof is by inspection. We are interested in inde-
composable 4D real Lie algebras that have a non-Abelian
2D algebra mna, as a subalgebra. All such algebras are
solvable and are listed in the literature; see, e.g., Ref [19].
Some care must be taken though, since some of them have
more than one na, subalgebra and different choices for na,
lead to different semidirect products X X na,. Let us
illustrate this with an example. Consider the Lie algebra
Span{to, tl! tz, t3}, with

P [to, 1] = Ay, [to, 1] = (1 = )1y, [to, 13] = 13,
1
[t 1] = 13, /125. (5.3)

Note that for A=1 and ty=J, t; =Py, t, = Q and
t; = P, the central extension of the 2D Poincaré algebra
in Egs. (2.1) is recovered. Substituting

B, = b0 tg+ b' 1y + b2 ,10 + b7 13, (5.4)
G =G uto+ Gyt + G*uts + Gty (5.5)
in G,, = 9d,B, - 0,B, + [B,.B,], we have

G, = 0,b° — 9,0, (5.6)
Gl =0,b',—0,b, + AB°,b, —bOb1,).  (5.7)
Gzlw = 8”172,, — 8yb2” =(1- ﬂ)(boﬂbz,/ - bobbzﬂ), (5.8)

G =0,A,—0,A, + (V°,0°, - bO,b%))
+ (b1, b2, — b, b2,). (5.9)

There are three possible choices for the 2D non-Abelian
subalgebra na,,

(b) [to.t1] =411, () [to, 2] = (1 =A)1s.

(5.10)

(a) [to.13] =13,

Making A - 1 — 4, t; - —t, and t, — t;, the commutator

(5.10c) reduces to (5.10b) while keeping all other commu-

tators in Eq. (5.3) unchanged. Hence, it is enough to

consider cases (5.10a) and (5.10b):

(a) Case ma, = Span{tg,#3}. Under §y), with =
0ty + 713, the gauge fields transform as

b0, = L:b°, + 0,6, (5.11)

Sb', = Leb', — b0, (5.12)
8b%, = Leb?, — (1=2)b2,0,  (5.13)
8b%, = Leb, + 9,0 = b3,0 + 0,7, (5.14)

whereas the variations of the field strengths read

8G°,, = L:G°,,. (5.15)

8G',, = L:G',, — G0, (5.16)

8G?,, = LG*,, — (1 -1)G2,0, (5.17)
§G*,, = LG, —G*,0+G°,,1. (5.18)

For A # 1, the only invariants up to order 2 in the
field strengths are *G° and (*G°)2. The first one is a
total derivative that we ignore, while the second one
gives a free theory for b°,. A zweibein postulate that
linearly maps b°, to an affine connection, G°,,,, to the
Riemann tensor and (G',,,G?,,) to the torsion does
exist. However, since there is no nonfree invariant
action, it will not lead to a 2D gravity model.

(b) Case na, = Span{¢,, t3}. Taking now X = 01, + =1,
the transformation laws are

8b°, = L%, + 0,0, (5.19)
8b', = Leb', 4+ 0,7+ A(B°,t—b',7),  (5.20)
8%, = L:b*, — (1= A)b*,0, (5.21)
8b%, = LebP, = 13,0 — D21, (5.22)

and
8G°,, = L:G°,,. (5.23)
5G',, = LG, + (Gt -G yr),  (5.24)
8G?,, = LG*,, — (1 -1)G?,,0, (5.25)
6G3,, = LG*,, — G*,0 —G*,r.  (5.26)

It is clear from this last set of equation that the same
conclusion as in case a holds.

Going through the list of solvable 4D real Lie algebras
[19], we have found that the only invariants that occur are
either a total derivative or provide a free theory for a B,
component. All this speaks in favor of the uniqueness of the
model in Sec. II within the class of Yang-Mills type models
for 2D gravity.
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