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Abstract

In terms of the so-called irradiance moments of a light field, the beam quality change, DQ, of radially and azimuthally polarized
beams caused by propagation through a quartic phase plate (as occurs, for example, in strongly pumped laser rods used in high-power
solid-state lasers) is studied. Analytical expressions for DQ are given, and a comparison between the scalar and vectorial regimes is also
shown. The results are applied to several cases of interest.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

As is well known [1–8], in high-power Nd:YAG lasers
the rod can be considered as a birefringent lens. In this kind
of laser materials, inhomogeneous thermal effects com-
bined with birefringent mechanical strains (also introduced
by the temperature gradient) can generate, in practice,
wavefront distortions with higher than quadratic depen-
dence on radial position, the first of which corresponds
to spherical aberration. As a consequence, both the power
range of the stable operation and the beam propagation
factor (also called beam quality) are negatively affected.

In the last years, radially polarized beams [9–17] in
solid-state lasers have been used to reduce such ther-
mally-induced effects. The aim of the present work is to
analytically determine the beam quality change of a radi-
ally (or azimuthally) polarized field, caused by quartic
phase distortions, in terms of the so-called irradiance
moments of the beam [18–23].

The paper is arranged as follows: In the next section, the
formalism and the key definitions are introduced. In Sec-
0030-4018/$ - see front matter � 2007 Elsevier B.V. All rights reserved.
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tion 3, the beam quality change of a radially (or azimuth-
ally) polarized field is analysed when the beam
propagates through a quartic phase plate. A comparison
between scalar and vectorial expressions is also given. In
Section 4, the above results are applied to some illustrative
cases of interest. Finally, Section 5 summarizes the main
conclusions of this work.
2. Formalism and key definitions

Let us consider a paraxial vectorial beam whose electric
field vector, transverse to the propagation direction z, is
written as follows:

Eðx; yÞ ¼ ðEsðx; yÞ;Epðx; yÞ; 0Þ; ð1Þ
where the subscripts s and p refer to the Cartesian compo-
nents orthogonal to z, and x and y denote the Cartesian
coordinates at a plane z = constant. To get a joint descrip-
tion of the focusing and collimation capabilities of a laser
beam, it is useful to evaluate the beam quality parameter,
Q, defined for the vectorial case in the form [2,24]
Q ¼ hr2ihg2i � hr � gi2; ð2Þ
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where

hr2i ¼ P s

P
hr2is þ

P p

P
hr2ip; ð3:aÞ

hg2i ¼ P s

P
hg2is þ

P p

P
hg2ip; ð3:bÞ

hr � gi ¼ P s

P
hr � gis þ

P p

P
hr � gip; ð3:cÞ

with kg = (ku,kv) = (kx,ky) giving the wavevector compo-
nents along the x- and y-axis (k being the wavenumber of
the light field and g = (u,v)). In Eqs. (3.a), (3.b), (3.c)

habii ¼
1

P i

k2

4p2

Z Z Z
abE�i ðrþ s=2; zÞEiðr� s=2; zÞ

� exp iks � gð Þdsdrdg; i¼ s;p;a;b¼ x;y;u;v; ð4Þ

represent the second-order moments associated to the
respective field components (the overbar symbolizes an

ensemble average), P i ¼
R
j EiðrÞj2dr; i ¼ s; p, denotes the

power of the i-component, and P = Ps + Pp. Note that
the presence of the factors Pi/P, i = s, p, in the right-hand
side of Eqs. (3.a), (3.b), (3.c) arises from the different nor-
malization constants, P and Pi, of the moments associated
to the global beam and to the field components, respec-
tively. In Eqs. (2) and (3), the moment hr2i represents the
overall beam width (squared) at a transverse plane z = con-
stant (i.e., the spatial size of the cross-section where the
irradiance takes significant values); hg2i is a measure of
the (squared) beam divergence at the far field; hr � gi gives
the position of the beam waist, i.e., the plane where the
beam width takes its minimum value (at this plane, hr � gi
vanishes). Taking these into account, small values of param-
eter Q mean high focusability (small beam width) along
with low beam divergence at the far field, which are the re-
quired conditions in a number of laser applications.

For convenience, we will use in the present work planar
polar coordinates, r and h. Accordingly, the transverse field
would read

Eðr; hÞ ¼ Esðr; hÞ;Epðr; hÞ; 0
� �

; ð5Þ
and, for a coherent laser beam, the second-order irradiance
moments that appear in Eq. (2) become
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1
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0
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r2jEiðr; hÞj2rdrdh; ð6:aÞ
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hr � gii ¼
1

2ikP i

Z 1
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� Ei

oE�i
or

� �
rdrdh: ð6:cÞ

We will next apply these general expressions to radially and
azimuthally polarized fields.

3. Beam quality changes

To begin with, let us write the electric field amplitude of
a coherent radially and azimuthally polarized field:
ERðr; hÞ ¼ f ðrÞðcos h; sin h; 0Þ; ð7:aÞ
Ehðr; hÞ ¼ f ðrÞð� sin h; cos h; 0Þ; ð7:bÞ

where the subscripts R and h stand for radial and azi-
muthal polarization, respectively. For both types of beams
we have

P s ¼ P p: ð8Þ
Furthermore, the global second-order moments (see Eqs.
(3.a), (3.b), (3.c)) are now given by

hr2i ¼ 1

P 0

Z 1

0

r2jf ðrÞj2rdr ð9:aÞ

hg2i ¼ 1

k2P 0

Z 1
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df
dr
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jf ðrÞj2

 !
rdr ð9:bÞ
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� f
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rdr; ð9:cÞ

where

P 0 ¼ P
2p
¼
Z 1

0

jf ðrÞj2rdr: ð10Þ

Note that the above expressions do not depend on the
coordinate h.

It is interesting to compare these formulae (calculated by
using Eq. (2) along with the definitions of the vectorial

fields given by Eq. (7)) with the corresponding expressions
for scalar field rotationally-symmetric around the z-axis. It
should be noted that, in the scalar case, we would have to
apply the scalar definition of the beam quality parameter
(see, for example, Refs. [18–23]). After some calculations,
we get that the only but important difference between both
cases arises from the term jfj2/r2 in Eq. (9.b): In other
words, it can formally be written

Qvectorial ¼ Qscalar þ hr2ig; ð11Þ
where

g ¼ 1

k2P 0

Z 1

0

jf ðrÞj2

r2
rdr: ð12Þ

The second term on the right-hand side of Eq. (11) does not
appear in the scalar regime. Since this term is positive, it
then follows that the value of the vectorial beam quality
parameter is always greater than the corresponding value
of the scalar parameter.

Let us now consider that the radially (or azimuthally)
polarized beam propagates through a strongly pumped
laser rod. For simplicity, it will be assumed in the calcu-
lations that the beam diameter does not change, in a sig-
nificant way, along the rod. This approach will be
accurate for small values of the ratio L/zR, where L

denotes the length of the rod and zR the Rayleigh length
of the beam.

As was pointed out in Section 1, at high pump power,
combined thermal lensing and birefringence results in a
spherically aberrated lens, or, equivalently, in an induced
phase plate, exp[i kD(r)], where



1

10

100

1000

104

ΔQ
 / 

(�
2 
ω

08 )

0 1 2 4 7 9 10 11

n
3 5 6 8

Fig. 1. Plot of the dimensionless ratio ðDQ=b2x8
0Þ for the set of radially (or

azimuthally) polarized beams whose amplitude is defined by Eq. (19). The
abscisses give the order n of the generalized Laguerre polynomials L1.
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DðrÞ ¼ a
r2

2
þ b

r4

4
; ð13Þ

where a and b are, respectively, the quadratic and quartic
coefficients containing the physical characteristics of the
overall process [7] (thermal conductivity, heat load, shape
of pumping distribution, etc.). The values of a and b also
depend on the polarization of the incident beam (radial
or azimuthal). The possibility of vanishing the low-order
spherical aberration (SA) by using a non-homogeneous
pumping distribution is described in detail in Ref. [7].
However, it is interesting to remark [25] that when low-or-
der SA vanishes high-order spherical aberration could
rapidly increase. Consequently, in terms of beam quality
preservation, a compromise should be established between
low- and high-order SA.

Here we are interested on the beam quality changes gen-
erated by the quartic term of Eq. (13). After the application
of Eqs. (2) and (9), together with the field definitions (7.a)
and (7.b), it is not difficult to show that the beam quality
change, DQ, induced by spherical aberration, is given by

DQ ¼ Qout � Qinp

¼ 2bðAhr2i � hr4ihr � giÞ þ b2ðhr2ihr6i � hr4i2Þ; ð14Þ

where the subscripts ‘‘inp” and ‘‘out” refer to the input and
output values of Q before and after crossing the rod, and

hrni ¼ 1

P 0

Z 1

0

rnjf ðrÞj2rdr; n ¼ 2; 4; 6 ð15Þ

A ¼ i
2kP 0

Z 1

0

r3 f
df �

dr
� f �

df
dr

� �
rdr: ð16Þ

A general consequence can be inferred from Eq. (14): the
sign of DQ (in other words, degradation or improvement
of the beam quality) depends on the spatial shape of the
irradiance profile of the propagating beam. In this sense,
it should be remarked that the second term of the right-
hand side of Eq. (14) is positive for every f(r), whereas
the sign of the first term on depends on both the transverse
irradiance and the phase distribution of the output field.

Let us finally compare Eq. (14) with the beam quality
change in the scalar case [22,23]. It can be seen that DQ

is the same for both rotationally-symmetric scalar beams
and radially (or azimuthally) polarized fields. It should,
however, be noted that the ratio DQ/Q differs: In fact,

DQ
Q

� �
vectorial

<
DQ
Q

� �
scalar

; ð17Þ

so that, for the fields we are comparing, the relative beam
quality change is lower in the vectorial case.

4. Application to particular cases

As an illustrative example of interest, let us consider a
radially or azimuthally polarized beam whose input ampli-
tude f(r) is written in the form

f ðrÞ ¼ f0ðrÞ expðikbr2Þ; ð18Þ
where b and f0 are real quantities. In particular, beams
whose amplitude reads [26,27]

f0nðrÞ ¼ rL1
n

2r2

x2
0

� �
exp � r2

x2
0

� �
; n ¼ 1; 2; . . . ; ð19Þ

belong to this family (L1
n denoting generalized Laguerre

polynomials [28]). For such fields we get

hr � gi ¼ 2bhr2i; ð20:aÞ
A ¼ 2bhr4i; ð20:bÞ

so that

DQ ¼ b2ðhr2ihr6i � hr4i2Þ: ð21Þ
Then DQ > 0, and we conclude that, in this case, the
beam quality is always degradated after passing through
highly pumped laser rods. Note also that, for this kind
of radially (or azimuthally) polarized fields, the beam
quality degradation only depends on the shape of the
irradiance profile. Moreover, DQ is independent of the
position of the waist plane of the incident beam. Fig. 1
shows DQ (a proportionality factor apart) for the set
of beams whose amplitudes are given by Eq. (19). We
see that the beam quality degradation strongly increases
for high values of the order n.

Note that DQ, given by Eq. (21), can also be written in
the form

DQ ¼ 16

k2

kbhr2i2

4

 !2
hr6i
hr2i3

� hr4i
hr2i2

 !2
2
4

3
5: ð22Þ

After comparation with Eq. (13), we see that the factor
(kbhr2i2/4) closely resembles the quartic phase term. Thus
this factor explicitly exhibits the influence of the spherical
aberration on the beam quality degradation.
n
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Let us finally consider a radially (or azimuthally) polar-
ized beam whose incident amplitude f(r) (see Eq. (7)) takes
the form

f ðrÞ ¼ ½IðrÞ�1=2 exp½ikuðrÞ�; ð23Þ
where

uðrÞ ¼ ar4

4
þ br2

2
; ð24Þ

and I(r) represents the irradiance. Thus Eq. (16) now reads

A ¼ 1

P 0

Z 1

0

r3 duðrÞ
dr

IðrÞrdr; ð25Þ

along with

hr � gi ¼ 1

P 0

Z 1

0

r
duðrÞ

dr
IðrÞrdr: ð26Þ

After simple calculations, Eq. (14) becomes

DQ ¼ ðhr6ihr2i � hr4i2Þð2baþ b2Þ: ð27Þ
Two special cases deserve attention:

– a = 0 (as occurs in the above Laguerre–Gauss example).
In this case we have DQ > 0, for any b and I(r).

– a = �b. From Eq. (27) we then get DQ < 0, for any b

and I(r). In other words, for this kind of polarized fields,
a quartic phase plate could improve the beam quality.

5. Conclusions

The effect of a quartic phase plate (or, equivalently, a
spherically aberrated lens) on the overall spatial structure
of a radially (or azimuthally) polarized laser beam has been
evaluated by using the (measurable) beam quality parame-
ter Q. The analytical expressions obtained in the present
work are valid for both radial and azimuthal polarization
and can be of use to know how the beam is altered when
passing through a strongly pumped rod in high-power
Nd:YAG lasers. It has been shown that the ratio DQ/Q
takes lower values in the vectorial case compared with
the scalar regime. In the particular but interesting case of
the family of generalized Laguerre–Gaussian beams, a sim-
ple formula for DQ has been provided which reveals that
the position of the beam waist has no influence on DQ. It
can also be concluded that the beam quality drastically
degradates for high-order modes of this family. Finally,
an analytical example has been provided in which the beam
quality improves after propagation through a quarter
phase plate.
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