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Elliptic solutions in the Neumann—Rosochatius system with mixed flux
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Closed strings spinning in AdS; x % x T* with mixed Ramond-Ramond and Neveu-Schwarz-Neveu-
Schwarz three-form fluxes are described by a deformation of the one-dimensional Neumann—Rosochatius
integrable system. In this article we find general solutions to this system that can be expressed in terms of elliptic

functions. We consider closed strings rotating either in S> with two different angular momenta or in AdS; with
one spin. To find the solutions, we will need to extend the Uhlenbeck integrals of motion of the Neumann—
Rosochatius system to include the contribution from the flux. In the limit of pure Neveu-Schwarz-Neveu-
Schwarz flux, where the problem can be described by a supersymmetric Wess-Zumino-Witten model, we find
exact expressions for the classical energy in terms of the spin and the angular momenta of the spinning string.
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I. INTRODUCTION

The AdS;/CFT, correspondence relates string theory
backgrounds containing an AdS; factor and two-
dimensional conformal field theories with maximal
supersymmetry. As in other examples of the AdS/CFT
correspondence, an integrable structure is also present in
the case of AdS;/CFT,. The first explicit proof that
integrability is a symmetry of the AdS;/CFT, correspon-
dence came from the observation that the Green—Schwarz
action of type IIB string theory with Ramond-Ramond (R-R)
three-form flux compactified on AdS; x S* x M,, with M,
taken as either 7% or S° x S!, is a classically integrable
theory [1]. This discovery led immediately to an exhaustive
analysis of various aspects of the AdS;/CFT, correspon-
dence using techniques inherited from other integrable
systems [2—10] (see Ref. [11] for a comprehensive review).
It was later on proved that integrability also remains a
symmetry of more general string backgrounds including a
mixture of R-R and Neveu-Schwarz-Neveu-Schwarz (NS-
NS) three-form fluxes [12]. This result has been responsible
for all the recent insight in the understanding of type IIB
string theory on AdS; x §% x T* with mixed fluxes [13-23].

Whenever integrability is present in a system, it shows
up in many different facets. In the case of the AdSs/CFT,
correspondence, an appealing approach to the search for the
spectra of the theory came from the identification of the
Lagrangian describing closed strings rotating in AdSs x S°
with the Neumann—Rosochatius integrable system [24].
The Neumann—Rosochatius system is an integrable model
describing an oscillator on a sphere or a hyperboloid with a
centrifugal potential term. In Ref. [25] it was shown that the
presence of a nonvanishing NS-NS three-form flux intro-
duces a deformation in the Lagrangian of the Neumann—
Rosochatius system. Integrability of the deformed system
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provides a systematic method to construct general solutions
corresponding to closed string configurations rotating in
AdS; x §3 x T* with mixed R-R and NS-NS fluxes. The
most immediate class of solutions that can be obtained in
this way is the closed strings with constant radii found in
Ref. [25] (string solutions with mixed fluxes were studied
before using diverse approaches in Refs. [14—18]). The
purpose of this article is to exploit the flux-deformed
Neumann—Rosochatius system to construct more general
solutions.

The plan of the article is the following. In Sec. II we will
present the problem by considering an ansatz for a closed
string rotating with two different angular momenta in S°
with a NS-NS three-form flux. The resulting Lagrangian is
the Neumann—Rosochatius system with an additional con-
tribution coming from the nonvanishing flux term. We will
find the deformation introduced by the flux term in the
Uhlenbeck integrals of motion of the system. In Sec. III we
will construct a general class of solutions with nonconstant
radii that can be expressed in terms of Jacobian elliptic
functions. In the limit of pure NS-NS flux, the problem can
be described by a supersymmetric Wess-Zumino-Witten
(WZW) model. In this limit the elliptic solutions reduce to
trigonometric functions, and we can find compact expres-
sions for the classical energy of the rotating strings in terms
of the angular momenta. In Sec. IV we extend the analysis
to the case where the string is rotating in AdS;. We
conclude in Sec. V with several remarks and some
discussion on our results. We include an Appendix where,
in the limit of pure NS-NS flux, we solve the general case
where the string is allowed to rotate both in AdS; and S°.

II. NEUMANN-ROSOCHATIUS SYSTEM
WITH MIXED FLUX

In this article we will analyze the motion of closed strings
rotating in AdS; x $* x T* with nonvanishing NS-NS
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three-form flux. We will consider no dynamics along the
torus, and thus the background metric will be

ds* = —cosh’pdt* + dp? + sinh’pd¢y® + dO? + sin’0d¢?

+ cos?0d¢3, (2.1)
and the NS-NS B-field will be
b, = gsinh?p, by, = —qcos*0, (2.2)

where 0 < g < 1. The limit g = 0 corresponds to the case
of pure R-R flux, while setting ¢ = 1 we are left with pure
NS-NS flux. In the case of pure R-R flux, the sigma model
for closed strings rotating in AdS; x S can be reduced to
the Neumann—Rosochatius integrable system [24]. The
presence of NS-NS flux introduces an additional term in
the Lagrangian of the Neumann—Rosochatius system [25].
To exhibit this it is convenient to use the embedding
coordinates of AdS; and S3, which are related to the global
angles by

Y, +iY, = sinh pe',

Y3 +iY, = coshpe’”,  (2.3)

X, + iX, = sin Qe X3+ iXy = cos@ei?2.  (2.4)
For simplicity in this section and Sec. III, we will restrict
the motion of the strings to rotation on S3. The extension to
strings spinning in AdS; will be considered in Sec. IV. We
will thus take Y5 + i¥y = ¢™" and Y| = Y, = 0, together
with an ansatz for a closed string rotating with two different
angular momenta along $°,

X, +iX, = ri(0)e1(=7),

X5+ iXy = ry(c)e2(70), (2.5)
The angles are chosen as
¢i(1.0) = 01+ a;(0), (2.6)

and the condition that the solutions lie on a three-sphere
implies that

ri+rj=1 (2.7)
When we enter this ansatz in the world sheet action in the
conformal gauge, we find

Ly = \2/3 [Zl[(”/)z + rH(d))? = rrw?]

A
——(r+r=1)+gr3(wad,— o) |, (2.8)

2
where the prime stands for derivatives with respect to ¢ and
A is a Lagrange multiplier. The equations of motion for the
radial coordinates following from (2.8) are
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(2.9)

r] = —rlw% + rla’12 — Ary,

/!

ry = —ry@) + 1as — Ary + 2qry(0,d) — myay).  (2.10)

The equations for the angles can be easily integrated once,

2
V; + qriy€;m; .
a,:72 d ]’ l:1,2,
i 2
T

(2.11)

where v; are some integration constants and we have
chosen €, = +1. These equations must be accompanied
by the Virasoro constraints, which read

(2.12)

(2.13)

Furthermore, dealing with closed string solutions requires

ri(c 4+ 2x) = ri(o),

a;(o + 2x) = a;(0) + 2zm;, (2.14)
where m; are integer numbers that behave as winding
numbers. The energy and the two angular momenta of the
string are given by

E = \Vw,, (2.15)
2r dg

n=Vi [T e - and). (210
27

J, = ﬂ/o 2—Z(r§w2 + grid)). (2.17)

Before concluding our presentation of the flux-deformed
Neumann—Rosochatius Lagrangian, we must note that
there is a gauge freedom in the choice of the NS-NS
two-form (2.2). As a consequence of this ambiguity, the
flux term in (2.8) could have been written in the form
q[(2 = ¢)r3 — cr?]/2, where ¢ is an arbitrary parameter.
This parameter does not affect the equations of motion, but
it contributes as a total derivative to the angular momenta,
and thus it could show up if nontrivial boundary conditions
were imposed.' However, for the spinning string solutions
that we will consider in this article, the c-term plays no role
because it can be absorbed in a redefinition of the v,
integration constants and a shift of the angular momenta.

ISee Ref. [14] for a detailed discussion on this point con-
cerning the dyonic giant magnon solutions.
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A. Integrals of motion

The integrability of the Neumann—Rosochatius system
follows from the existence of a set of integrals of motion in
involution, the Uhlenbeck constants. The Uhlenbeck con-
stants were first found in Ref. [26] for the case a; =
constant and were extended to general values of ¢; in
Ref. [24]. In the case of a closed string rotating in S°, there
are two integrals /; and /,, but as they must satisfy the
constraint /; + I, = 1, we are left with a single indepen-
dent constant,

I =2 1 / RY) ”? 2 ”5 2
]—rl+m (rlrz—rlrz) +r—%r2+r_%r1 .
(2.18)
Furthermore, the Hamiltonian of the Neumann—
Rosochatius system,
12
H= EZHZ + r}a? + r?o?, (2.19)

i=1
can be written in terms of the Uhlenbeck constants and the

integrals of motion v;,

2

1 2 2
H :Ez[wili+vi]'

i=1

(2.20)

When the NS-NS three-form is turned on, the Uhlenbeck
constants should be deformed in some way. To find this
deformation, we will assume that the extended constant can
be written as

7= 2 1 / /N2 v 2 v 249
1 = 1+w%_w% (7"1}"2—7’11"2) +7%1"2+7%7‘1+ f,
(2.21)

where f = f(ry,rp,g), with no dependence on r| or r.
This function can be determined if we impose that I{ = 0.
After some immediate algebra, we find that

an (q*w3 + 23qw2”1)’J1 n
r

(0}~ 0})rirf =0,

(2.22)

where we have used the constraint (2.7) together with

riry +rrh =0,

nrl 4+ (R + i+ ()P =0 (2.23)
and the equations of motion (2.9), (2.10), and (2.11). As all
three terms in relation (2.22) are total derivatives, integra-
tion is immediate, and we readily conclude that the
deformation of the Uhlenbeck constant is given by
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- 1
L=r(l-¢)+ o {Wz i)

W — Wy

vy + qw,)? v2
+(‘ 32) §+—§r%} (2.24)

r )

As in the absence of flux, the deformed constants satisfy the
condition I, +1, = 1.> The Hamiltonian including the
contribution from the NS-NS flux can also be written
now using the deformed Uhlenbeck constants and the
integrals of motion v;,

1<, - 1
H :EZ[CU%II' + 7] +§q2(w% — w3) = qw, ;.
i1

(2.25)

III. SPINNING STRINGS IN §3

In this section we will construct general solutions of the
Neumann—Rosochatius system in the presence on NS-NS
flux corresponding to closed strings spinning in S* with
two different angular momenta. A convenient way to
analyze this problem is to introduce an ellipsoidal coor-
dinate [27]. The ellipsoidal coordinate ¢ is defined as the
root of the equation

2 2
] m

b2
(-] (-

=0. (3.1)

If we choose the angular frequencies such that w; < w,, the
range of the ellipsoidal coordinate is @? < ¢ < @3. Now we
could enter { directly into the equations of motion to find
the second-order differential equation for this coordinate.
Instead we will follow Ref. [24] and use the Uhlenbeck
constants to reduce the problem to a first-order differential
equation. To do this we just need to write the Uhlenbeck
integral in terms of the ellipsoidal coordinate. This is
immediate once we note that

C/Z
2 = .
47 = )(¢ ~ @3)

(riry = rart) (3.2)

When we solve for {2 in the deformed Uhlenbeck constant
(2.24), we conclude that

% = —4P5(0). (3.3)

where P3(() is the third-order polynomial

*Note that if we had included the parameter ¢ in the
Lagrangian the Uhlenbeck integrals of motion would have
satisfied also this constraint because ¢ can be absorbed in the
v; integrals of motion.

126006-3



RAFAEL HERNANDEZ AND JUAN MIGUEL NIETO
PA() = (1= )¢ = (¢ - )
+ (= o})(C - wB) (@} - )],
+ (¢ = 0203 + (€ - 0B)(0) + qon)?
3
— - ]JC-c

i=1

(3.4)

This polynomial defines an elliptic curve s> + P5(¢) = 0.
In fact if we change variables to
(=04 (G =0 (3.5)

Eq. (3.3) becomes the differential equation for the Jacobian
elliptic cosine,

" =0-¢)G-4) =) (1 —k+xn*), (3.6

where the elliptic modulus is given by k=
(3 —¢5)/(&53 = ¢1). The solution is thus

(o) =en(oy/(1= )& = &) +p.x). (3)

with o, an integration constant that can be set to zero by
performing a rotation. Therefore, we conclude that

_53—60% =03
- 2

2 2 2

ri(o)
w; —wp  W; — W]

st (o (1= )¢5 = &) ).
(3.8)

We must stress that we need to order the roots in such a way
that | < {5 to make sure that the argument of the elliptic
sine is real. We also need {, < {3 to have ¥ > 0, together
with {; <, to keep x < 1. Furthermore, imposing that
(3.8) must have codomain between O and 1 demands
w? < {53 < w3. Note that this restriction does not apply
to ;. This is a solution of circular type.3 The periodicity
condition on the radial coordinates implies that®

n /(=) ~) =nK@).  (39)

*In the absence of R-R flux and setting the v; integrals to zero,
this choice of parameters corresponds to solutions of circular type
when /; is taken as negative, or solutions of folded type when I,
is Bositive [24].

There are four cases in which we have to alter this periodicity
condition. When either v; 4+ gw, = 0 or v, = 0, the condition
becomes % /(1 — ¢*)(¢3 — 1) = nK(k) because of changes of
branch when we take the square root of (3.8). The two remaining
cases correspond to the limit {3 — {5, which is the constant radii
case, and to the limit x — 1, where the periodicity of the elliptic
sine becomes infinite. In both cases there is no periodicity
condition. We will discuss these two limits below in this section.
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where we have used that 2K(k) is the period of the square
of the Jacobi sine, with K(k) the complete elliptic integral
of the first kind and » an integer number. We can use now
Eq. (3.8) to write the winding numbers 77; in terms of the
integration constants v; and the angular frequencies w;.
From the periodicity condition on a;,

2r 2r V) I"%
2ﬂﬁ11—/ a’ldo—/ <—2+qa)2—2>do, (3.10)
0 0 ry ry

we can write

%+W%:/h“1 (3.11)
0

vl+qw2 2ﬂ7%

Inserting (3.8) in this expression and performing the
integration, we find

my + qw,

(01 + gun) (w3 — 7) H(§3 -8
(&3 = @7)K(x) G—wp’

K>, (3.12)

where T1(a, b) is the complete elliptic integral of the third
kind. In a similar way, from the periodicity condition for a,,

2n 2n vy
27, = / ahdo = / (2 - qa)l>d0, (3.13)
0 0 3

we find that

Patam_ [ndo (3.14)
0

vy 2212
which we can integrate to get

_ - Uz(w% - aﬁ)
A0 = o K () “<

LG

60%—53’

Q.(aw)

We can perform an identical computation to obtain the
angular momenta. From Eq. (2.16) we get

27 do ’

J
Ty gor = oy = (1 —q2>/ 2. (3.16)

VA 0o 2n
and therefore

%:% {Cs (% —‘:1)<1 _IF;E?)H

- quy + goy, (3.17)

with E(k) the complete elliptic integral of the second kind.
As before, Eq. (2.17) implies
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J2 _ 2r
—+qv; — gy = w,(1 —6]2>/

ﬂ 0
and thus after integration we conclude that

_%_%%i%%@—@+%—ﬁm“§%ﬂ

—qvy + qm.

— 2, 3.18
””2 ( )

(3.19)

These expressions for the angular momenta can be used to
rewrite the first Virasoro constrain (2.13) as
0)2.]] +a)].]2 = \/Z(GJIQJQ‘an)]ﬁ/l]). (320)
In principle we could now employ these relations to write
the energy in terms of the winding numbers 77;, the angular
momenta J;, and the Uhlenbeck constants. The first step to
achieve this is to express the energy in terms of the
frequencies w; and the constants »;. Then we need to write
the v; in terms of the angular momenta using relations
(3.17) and (3.19). However, solving these equations for
arbitrary values of ¢ is a very involved problem, and we will
not present a discussion on it here. Instead in the following
subsection, we will focus on the only case where a simple
analysis is possible, which is that of pure NS-NS flux.
But before exploring our solutions in the regime of pure
NS-NS flux, we will discuss an important limit where they
can be reduced to simpler ones. It corresponds to the
choices of parameters that make the discriminant of P;({)
equal to zero. Our hierarchy of roots implies that there
are only three cases able to fulfill this condition. The first
corresponds to solutions with constant radii, where
¢, = 3. These solutions were first constructed in
Ref. [14] and later on recovered by deriving the corre-
sponding finite-gap equations in Ref. [18] or by solving the
equations of motion for the flux-deformed Neumann—
Rosochatius system in Ref. [25]. The second case corre-
sponds to the limit x = 1, which is obtained when {; = {,.
These are the giant magnons analyzed in Ref. [17] for the
v, = 0 case and in Ref. [15] for general values of v, (giant
magnon solutions were also constructed in Refs. [14,18]).
We must stress that in this case the periodicity condition
cannot be imposed because the elliptic sine has an infinite
period and the string does not close. Also factors

V(1 =¢*)(& = ¢&;)/nK(k) which had been canceled in
the expressions for the angular momenta and windings do
not cancel anymore. The third case corresponds to setting
{1 = ¢, = {5 and cannot be obtained unless we have equal
angular frequencies, ®| = ;.

A. Solutions with pure NS-NS flux

The cubic term in the polynomial P3({) is dressed with a
factor 1 — g°. Therefore, in the case of pure NS-NS three-
form flux, the degree of the polynomial reduces to 2, and
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the solution can be written using trigonometric functions.
In this limit
% = —4P,(0), (3.21)

with P,({) the second-order polynomial

Py(¢) = ({ = 0])({ = 03) (0} — @3)1; + (§ — 07)*v3
+ (¢ = w3)*(v) + @)?

= (-8 -G), (3.22)
where o” is
0* = (0} — )1} + (v; + @y)? + 03 (3.23)
The solution to Eq. (3.21) is given by
(o) =& + (&1 = &y)sin?(wo), (3.24)

where we have set to zero an integration constant by
performing a rotation. Therefore,

_g’z—w% 51—52
2

r(c) = P S B sin?(wo).  (3.25)
2~ @) 2~ @)

Periodicity of the radial coordinates implies that @ must be
a half-integer number.® The relation between the winding
numbers /71; and the constants v; and the frequencies ; is
now rather simple. The periodicity condition for the angles
implies

(v) + @) (@] — w3)

V@ =2} -&)
_ (v + ) (@] — @3)
Pz(w%)

=w X sgn(v; + @,),

ﬁ11+w2:

(3.26)

>We can also take the limit directly in Eq. (3.7) if we take into
account that {; goes to minus infinity when we set ¢ = 1. In this
limit the elliptic modulus vanishes, but the factor (1 — ¢*)¢; in
the argument of the elliptic sine remains finite, and we just need
to recall that sn(x, 0) = sinx.

An important exception to this condition happens when
@ = J + m,, which is a solution even if it is not a half-integer.
This value corresponds to the case of constant radii, where [25]

- 2(1)1+HJ2)02 m2J
Il__ﬁ9 J]_fv
w5 — W7 my — my
ml./ _
.]2—_ —, E:J—ml
my —my
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7)2(0’% - w%)

V@ - Z)(@} - )
_ @0y (0] — w3)
Py(w3)

= w X sgn(v,).

ﬁ12+(1)1:

(3.27)
From the definition of the angular momenta, we find

R
\/I 1 25 \/Z

We can now write the energy as a function of the winding
numbers and the angular momenta. A convenient way to do
this is recalling the relation between the energy and the
Uhlenbeck constant. If we assume that both v; + @, and v,
are positive (the extension to the other possible signs of
v1 + @, and v, is immediate) and we combine Eqgs. (2.25)
and (3.23), we can write

ﬁ’l] — V. (328)

(3.29)

E? = )a? + @0} — @3 — 20,0, — 20,0,
and thus using relations (3.26)—(3.28), we conclude that

24 2V, = Mw = m)) (@ — i)

E? = am?
+ 2V (0 — imy). (3.30)

Now we can use the Virasoro constraint (2.13) to write

Jy = U= Vi =)
gy~ m o) tVIe@ =) g
mn, — i,

where J=J;+J, is the total angular momentum.
Replacing these expressions in (3.30), we obtain the energy
as a function of the winding numbers and the total
momentum,

E? = (i} — m3 + 4om, — 30?)

(3.32)

IV. SPINNING STRINGS IN AdS;

In this section we will analyze the case where the strings
are spinning in AdS;. We will include no dynamics along
$% so that the conserved charges of the solutions in this
section will be the energy and spin. We will therefore
choose the ansatz

Y3 +iYy = zo(0)e o),

Y, +iY, = z,(c)e1 (), (4.1)

— 2V (i + iy — 2w).
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where the angles are chosen as

ba(7.0) = w,t+ fu(0). (4.2)
with a = 0, 1. In this case periodicity requires
2,(0 4+ 27) = z,(0),
B0 +2x) = B.(0) + 2nk,. (4.3)

When we enter this ansatz in the world sheet action in the
conformal gauge, we find

7
Lags, = 5|9 9 (22 + 2a2aBE — ZaZaWi)
A
) (9" zq2p + 1) — 2q23 (wof; — wify)|. (4.4)

where we have taken ¢ = diag(—1,1) and A is the
Lagrange multiplier needed to impose that the solutions
lie on AdS;,

2 2 __ 1

71— z5=—L (4.5)

The equations of motion for the radial coordinates are

2§ = zoP§ — 2oW§ — Az, (4.6)
4 = upP — 2wt = Azy = 2q2 (o) —wify),  (4.7)
and the equations for the angles are
U, + qzzg w
p = e L (43)
9" 2a

with u, some integrals of motion and &5 = +1. The
Virasoro constraints now read

o +2B5 +wg) =2+ (BT +wi).  (49)
2w By — Zwoby = ugwo + uywy = 0. (4.10)
The energy and the spin are given by
E=Vi [T E@m-adp). @
S= \/—/ (ziw1 = qzifp)- (4.12)

As in the previous section, in order to construct general
solutions for strings rotating in AdS;, it will be convenient
to introduce an analytical continuation of the ellipsoidal
coordinates. The definition of this coordinate u can be
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directly borrowed from the definition for the sphere with a
change of sign,

2 2
2 2
H=—wr H—=W

=0.

(4.13)

If we order the frequencies such that w; > wj, the range of
the ellipsoidal coordinate will be w} < u. Now we can
again make use of the Uhlenbeck constants to obtain a first-
order differential equation for this coordinate. In the case of
the Neumann—Rosochatius system in AdS;, the Uhlenbeck
integrals satisfy the constraint F; — Fy = —1, and thus we
are again left with a single independent constant. To obtain
the deformation of, say, F; by the NS-NS flux, we can
proceed in the same way as in Sec. II. After some
immediate algebra, we conclude that

_ 1
_ 2 2 2
Fy —Zl(l —q )+W%—W(2) |:(ZIZ6_Z/1Z0)

+M 2+u1 2] (4.14)

23 z
The Hamiltonian can also be written now using the
deformed Uhlenbeck constants and the integrals of

motion u,,

1

—

EZ GaaWAF oy — u2] + quywy. (4.15)
a=0
Now we need to note that
/"/2
(z12h — 202))* = (4.16)

4(u—wi)(u—wp)

When we solve for i/ in the deformed integral, we find that

2 = —405(n), (4.17)
where Qs (u) is the third-order polynomial,
Qs(m) = (1= ¢*)(u = wi)*(u — wg)
+ (= wi) (= wg) (wg = wi)F,
+ (= wi)?(ug + qwy)* + (u—wp) ui
3
= (=) [ [ —p)- (4.18)

i=1

This equation is an analytic continuation of the spherical
one, SO we can write
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Hy— WG | o — U
(o) = 5——5+3 325n2<5\/(1—f12)(/43—/41)’1/>’
Wi—Wp Wi—Wg
(4.19)
where the elliptic modulus is v = (u3 — po)/ (13 — p1). As

in the case of strings rotating in S°, we must perform now
an analysis of the roots of the polynomial. We need to
choose u3 > p; to make sure that the argument of the
elliptic sine is real, and 3 > u, to have v > 0, together
with p, > p; to keep v < 1. Furthermore, the AdS;
condition (4.5) implies that z% > 1, which constrains u,
and 3 to be greater than or equal to wi. This restriction
does not apply to p;. Note that this hierarchy of roots
implies that not all possible combinations of the parameters
u;, w;, and F', are allowed. The periodicity condition on the
radial coordinates now implies that’

m /(=) s — ) = K@), (420

with 7’ an integer number. From the periodicity condition
on ﬂ 1»

_ 2r 2r u;
27k, = / pido = / (—2 + qw0> do,
0 0 27

we can write

(4.21)

oo ol
u 0 27ZZ%'

Performing the integration we find

(4.22)

7 U (W% - W%) (ﬂ3 —H2 >
ki —qwg = I v, (4.23)
1 ’ (3 = wiK(@)  \ps —wi

The periodicity condition for f, implies that

_ 2r 2r
2ky = / Bhdo = / ( 204 gw, 2>da (4.24)
0 0 20 20

Now we must recall that we are working in AdS; instead of
its universal covering. The time coordinate should therefore
be single valued, and thus we have to exclude windings
along the time direction. When we set k, = 0, Eq. (4.24)
becomes

7Again there are four different cases where this condition must
be modified. When either uy + gw; = 0 or u; = 0, the perio-
dicity condition becomes Z+/(1 —g?)(u3 —p;) = n'K(v) be-
cause of changes of branch when we take the square root of
(4.19). The other two cases are the degenerate limits where there
is no periodicity.
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2z do 1
_M :/ @’ (4.25)
uo+gwr  Jo 2mzg
which we can integrate to get
2 _ 2 _
gw, = (g + QW1)2(W1 wo)H<#3 t J/). (4.26)
(13 — w)K(v) H3 =W

In the same way, we can perform an identical computation
to obtain the energy and the spin. From Eq. (4.11) we get

E 2z do
— 4 qu,; — ¢*wy = (1 - 2w/ — 72 4.27
ﬂ qu q 0 ( Q) 0 0 2” 0 ( )
and thus
E 2
— = g°wy— qu
ﬂ q 0 qu,
(1=¢*)wo 2 E(v)
— - — - 1- .
+ W%—W(z) H3 wWo (M3 /'41) K(l/)
(4.28)

Repeating the same steps with (4.12), we obtain an
expression for the spin,

S B ) do
71 quo=(1-¢q )WIA ZﬂZI’ (4.29)
and thus
S (1-g*)w 2 E()
— = — —wy — - 1-——=].
it (13 — 1) K(v)
(4.30)

These expressions for the energy and the spin can be used
to rewrite the first Virasoro constrain (4.10) as

Wi E — woS = Vawewy, (4.31)
which is already a very closed expression. But what we
want is a relation involving only E, S, and k,. As in the case
of strings spinning in S3, obtaining this relation for arbitrary
values of ¢ is again a lengthy and complicated problem, and
we will not discuss it here. We will consider instead in the
following subsection the case where a simple treatment is
possible which is the limit of pure NS-NS flux of the above
solutions.

To conclude our discussion, we are going to briefly
discuss the choices of parameters that make the discrimi-
nant of Qz(u) equal to zero. As in the previous section,
there are only three possible cases where the discriminant
vanishes. The first is the constant radii case, where y, = 5.
However, this limit is not always well defined. The second
case corresponds to the limit k = 1, and it is obtained when
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Uy = . In this case there is no periodicity condition
because the elliptic sine has infinite period, and thus
the string does not close. Also the factors
V(1 =¢*)(us —py)/nK(v) do not cancel anymore in
the expressions for the energy, the spin, and the winding
number. The third case corresponds to u; = yu, = u3 and
requires setting wy = wy.

A. Solutions with pure NS-NS flux

As in the case of strings rotating in 3, in the limit of pure
NS-NS three-form flux, the above solutions can be written
in terms of trigonometric functions. Now (4.17) reduces to

H* = =405 (n), (4.32)

with Q,(u) the second-order polynomial

Qs (u) = (u—wh)(u — wg)(W§ —wh)Fy + (u — w)?u?
+ (u = wi)*(ug 4+ wy)?

= (1 — jiy) (4 — i), (4.33)
where ©'? is
@ = (w5 —wi)Fy + (uo +wi)* + ui. (4.34)
Thus, we conclude that
~ _ 2 ~ _ ~
Blo) =270 L FLTI Gn2(wlp).  (435)

Wi —wj Wi —wj
The periodicity condition on the radial coordinates implies
now that @’ should be a half-integer number. The frequen-
cies w, and the integration constants u, are related to the
energy, the spin, and the winding number k; by

wy = o'sgn(ug + wy),

@' = (ky = wo)sgn(u), (4.36)
S = \/ZM(),
E=\Vi(wy—uy) = %s Vo, (4.37)

Recalling now the Virasoro condition (4.9), the spin can be
written as

T — /)2,
S:\//‘I(kl o')w

= —, 4.38
2k1 (2(1), - kl) ( )
while the energy is given by
]‘63 _ 3/_62 ! /_C 72 /3
E=Ga=2he the Yo7 g 59

27(] (I_CI - 260/)
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We must note that we still have to impose a restriction on
the parameters. This restriction comes from imposing that
the discriminant of Q,(u) must be positive and taking the
region in the parameter space with the correct hierarchy of
roots. This condition can be written as

12(ug + wy)uy| < |Fy(wi —wp)l

= |0? = (g + w2 —12].  (4.40)

The inequality is saturated in the cases of constant radii.

V. CONCLUDING REMARKS

In this article we have found a general class of solutions
of the flux-deformed Neumann—Rosochatius system. The
solutions that we have constructed correspond to closed
strings with nonconstant radii rotating in AdS; x §* x T*
with mixed R-R and NS-NS three-form fluxes. We have
considered the cases where the string is rotating either in S°
with two different angular momenta or in AdS; with one
spin. The corresponding solutions can be expressed in
terms of Jacobian elliptic functions. In the limit of pure
NS-NS flux, the elliptic functions reduce to trigonometric
functions. This reduction of the problem allows us to write
rather compact expressions for the classical energy of the
spinning string as a function of the corresponding con-
served quantities.

The simplification in the limit of pure NS-NS flux is an
appealing result already present in the case of the constant
radii solutions studied in Ref. [25]. For the solutions that
we have constructed in this article, the reduction implied by
the presence of pure NS-NS flux appears as a consequence
of the degeneration of the elliptic curve governing the
dynamics of the problem. Furthermore, in this limit the
theory can be described by a WZW model. It would be
quite interesting to explore this limit in more detail and the
relation of our approach to the solution of the WZW model.
An important issue in this direction concerns the fate of the
scattering matrix of the problem in the case of pure NS-NS
flux. A complementary question for a better understanding
of the quantum corrections to the spinning strings should
come from the analysis of the spectrum of small quadratic
fluctuations around the circular solutions.

Another interesting question is the extension of our
analysis to other possible deformations of the backgrounds
of type IIB string theory. An engaging case is that of the
n-deformation of the AdSs x S° background [28]. This is a
much more complicated problem than the deformation by
flux that we have studied in here because the deformation

|
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comes from the breaking of the isometries of the metric
down to the Cartan algebra. However, closed strings
rotating in #n-deformed AdSs x $°> have been shown
recently to lead to an integrable extension of the
Neumann—Rosochatius system [29]. It would be interesting
to continue our analysis in this article to find general
solutions of this #-deformed Neumann—Rosochatius
system.
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APPENDIX: SPINNING STRINGS IN AdS; x S3
WITH PURE NS-NS FLUX

In this Appendix we will consider the case where the
string is allowed to rotate both in AdS; and S3. We will
restrict the analysis to the limit of pure NS-NS flux. As the
pieces in the Lagrangian describing motion in AdS; and $°
are decoupled, the equations for the corresponding coor-
dinates are directly given by (2.9)—(2.11) and (4.6)—(4.8).
The coupling between the AdS; and S* factors comes from
the Virasoro constraints,

¢ + (B3 +wg) = 2 + A (B7 +wi)

2
+D (4R b)), (A1)

i=1

2w f + Z rwd: = z3wf). (A2)
i=1
The second Virasoro constrain can be rewritten as
a)2]1 + CO].]2 + WlE - W0S
= V(w0 + wow; + qay i, ). (A3)

With these relations at hand, together with Egs. (3.26),
(3.27), (4.36), and (4.37), it is immediate to write the
angular momenta and the energy as functions of w, @'; the
winding numbers m;, ,, and l_cl; the spin S; and the total
angular momentum J. In the case where wy + k; = —w; =
—w', we conclude that

Jy = [ (V2w + 28) + 2k (VI + 20'S + (it — ) (VA — J))

+ o (VAR = m3 = @ + ?) = 2(my = iy)J)])/ (20 = i) (k = 2a)),

(A4)
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J, = (Vi +28)

— 2k, (VA0 + 20/ S — iy J + o(V Ay —

PHYSICAL REVIEW D 91, 126006 (2015)

Viw +J))

— o (VA(m} = 3 — o + ?) + 2(iy — mp)J)|/ (2(my — i) (ky = 200')), (AS)
E = VA2 + m? — (i, = 3w) (i, — ©)) — 2k 2V + S)
+ o (3VAw +4S) = 2J (i + iy — 2w)]/(2(k; — 20")). (A6)
If we choose wy + k; = w, = @/, we find

Ji = IR (VA +28) + 2k (—VIa? = 2a/S + (s — ) (Viw = J))
+ w’(ﬂ(ﬁﬁ — 3 — @ + iy — 30%) = 2(my + iy = 20)J)]/ 2k, (my = my)), (A7)

= (Vi +28) + 2k; (VI +20'S + iy J — (it — @ + J))
— &' (VA2 = i — & + diyw — 30%) = 2y + iy — 20)J)]/ (2k (1, — im5)), (A8)
E = [VA(I3 + 2 = (i, = 30) (i, — ) — @'%) = 2k; S = 2J (it + iy — 20)]/ (2ky). (A9)
When we take the limit k; — 0, S — 0 and VAo’ — E, we Ez—S:I:(J—ﬂﬁ'l,). (A11)

recover the expressions from Sec. III in both cases. In a
similar way, when we set to zero the angular momenta, the
winding numbers, and @, we recover the analysis in Sec. I'V.
We can also reproduce the solutions of constant radii
analyzed in Ref. [25]. In this case, when wy + k; = —w,
the angular momenta are given by

kyS + fiyJ kS J
lel_—i_in_h’ Jy = ﬂ’ (A10)
my — niy mp; —ni

and the energy reduces to

In the case where w, + k; = w/, the angular momenta are
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