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Abstract

In this article, we solve the problem of constructing moduli spaces of semistable principal bundles (and

singular versions of them) over smooth projective varieties over algebraically closed ground fields of posi-
tive characteristic.
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1. Introduction

In this article, we introduce a formalism for dealing with principal bundles on projective man-
ifolds defined over an algebraically closed ground field of arbitrary characteristic which enables
us to construct and compactify the moduli space of Ramanathan-stable principal bundles. As a
major application, we obtain, under some restrictions on the characteristic of the base field, the
solution of the long-standing problem of constructing the projective moduli space of semistable
principal bundles (with semisimple structure group) on a smooth projective variety.
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In general, we get different compactifications of the moduli space of Ramanathan-stable prin-
cipal G-bundles for different representations G — GL(V). In the curve case, all of them are
equal, whereas in higher dimensions we use torsion free sheaves to compactify the moduli space
of semistable principal G-bundles, so they naturally become different.

The theory of (semi)stable principal G-bundles starts for the structure group G = GL,(C)
as the theory of (semi)stable vector bundles. Based on his development of Geometric Invariant
Theory, David Mumford proposed the notion of a (semi)stable vector bundle on a Riemann sur-
face [38]. At about the same time, Narasimhan and Seshadri made the fundamental discovery
that stable vector bundles on the Riemann surface X are precisely those arising from irreducible
unitary representations of the fundamental group 71 (X) [40]. (Recall that the relationship be-
tween vector bundles and representations of the fundamental groups was first investigated by
A. Weil [58].) Finally, Seshadri gave the GIT construction of the moduli space of stable vec-
tor bundles on a Riemann surface together with its compactification by S-equivalence classes of
semistable vector bundles [52]. This construction easily generalizes to ground fields of arbitrary
characteristic.

Since its beginnings, the study of stable G-bundles has widely developed and interacted with
other fields. The scope of the theory has been progressively enlarged by eliminating limitations
on the “three parameters” of the theory, i.e., the structure group G, the base manifold X, and the
ground field k. First, in the work of Gieseker [13] and Maruyama [36], the theory of stable vector
bundles was enlarged to a theory of semistable torsion free sheaves on projective manifolds over
fields of characteristic zero. Later, Simpson brought this theory into its final form [55]. In the
work [31,32], the barriers of extending Simpson’s results to fields of positive characteristic were
finally removed. The arguments given there improve the formalism even in characteristic zero.

At the time when the results of Gieseker and Maruyama were published, Ramanathan had
also treated the theory of principal G-bundles on a compact Riemann surface X for an arbi-
trary connected reductive structure group G. In the paper [43], he introduced the notion of
(semi)stability for a principal G-bundle &7 on the Riemann surface X and generalized the re-
sults of the paper [40], i.e., linked the theory of semistable principal bundles on X to the study
of representations of the fundamental group in a compact real form K of G. More important to
us is the main result of his PhD thesis, finished at the Tata Institute in 1976. There, Ramanathan
provides an ingenious GIT construction for the moduli space of semistable principal G-bundles
on a compact Riemann surface X. Due to the untimely death of the author, this important result
appeared in the posthumous publication [44]. At that time, the subject had become of general
interest to mathematicians and physicists.

In the recent papers [16,17,45,47] two independent—although related—methods for gener-
alizing Ramanathan’s theory to the case of higher dimensional base manifolds defined over the
complex numbers were presented. More precisely, the moduli space of Ramanathan stable bun-
dles was constructed and compactified with certain “generalized” principal bundles, satisfying a
Gieseker type semistability condition.

It thus seemed natural to join the forces of the authors to cope with the problem of bring-
ing these recent developments to base fields of arbitrary characteristic. In the present paper, we
rewrite the theory of the paper [45] from scratch. We will see that the results of that paper are,
in fact, true in positive characteristic. Furthermore, some of the fundamental discoveries of the
papers [16,17,47] also remain valid over any algebraically closed field. In any case, we man-
age to construct our moduli spaces as open subschemes of the moduli spaces of “4-semistable
pseudo G-bundles.” In a separate publication [15], we will explain how the approach via the ad-
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joint representation of a connected reductive group G of [17,44], or more generally via faithless
representations with kernel in the center of G, may be generalized to positive characteristic.

The main change of philosophy which made the progress possible is the following: Classi-
cally, as suggested by the work of Ramanan and Ramanathan [42], one studied semistability of
principal bundles by relating it to the semistability of associated vector bundles. This works well
in characteristic zero but makes the assumption of sufficiently high characteristic of the base field
necessary while working over fields of positive characteristic. In the more recent work quoted
above, we linked the semistability of a principal bundle to the semistability of an associated
decorated vector bundle. Unfortunately, the theory of polynomial representations of the general
linear group is more complicated in positive characteristic (see the book [18]), so that the set-up
of [45,47] cannot be directly copied. Nevertheless, the basic idea of that work makes perfect
sense over fields of positive characteristic. Thanks to the results of [31,32], one may adapt the
fundamental arguments from characteristic zero.

Let us introduce a piece of notation, so that we may state our result in a precise form. In this
paper, we will deal with moduli functors of the form

M®*:Sch;, — Set

S {Isomorphy classes of families of (semi)stable objects}.

In each case, we define S-equivalence on the set of isomorphy classes of semistable objects (e.g.,
semistable sheaves or principal G-bundles with fixed numerical data) which, restricted to stable
objects, reduces to isomorphy. Assuming we have the moduli functor and S-equivalence, we
introduce the following convenient terminology: A coarse moduli scheme for the functors M)
consists of a scheme M%, an open subscheme M C M%, and natural transformations of functors

19(8)8 :M(S)S — hM(s)s
with the following properties:

1. The space M®* corepresents M®® with respect to 9 3. It does so uniformly, if Char(k) > 0,
and universally, if Char(k) = 0. (See [29, Definition 2.2.1]. Observe that “uniformly” refers
to the base change property for flat morphisms ¢ in that definition.)

2. The map 9°(k) : M®(k) — M5(k) is a bijection between the set of isomorphy classes of stable
objects and the closed points of MS.

3. The map v3%%(k):M* (k) — M (k) induces a bijection between the set of S-equivalence
classes of semistable objects and the closed points of M5S.

The difference between positive and zero characteristic in the above definition comes from our
use of Geometric Invariant Theory, as GIT quotients in positive characteristic are not necessar-
ily universal categorical. For G = GL(V), one can in fact show that, in positive characteristic,
the moduli space of stable sheaves universally corepresents the moduli functor (see [31, Theo-
rem 0.2]). This follows from the fact that stable sheaves are simple. However, even in charac-
teristic zero, the sheaves corresponding to stable principal G-bundles on a curve are no longer
simple (see [43, Remark 4.1]), so this proof fails in general. We now come to the more detailed
presentation of the contents of our work.
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1.1. Quasi-projective moduli spaces

Let G be a connected semisimple group. Fix a faithful representation o: G — GL(V) and
note that o(G) € SL(V). In characteristic zero, a theory for semistable singular principal G-
bundles based on such a representation was developed in [45,47]. However, some characteristic
zero gadgets such as the Reynolds operator, the instability flag, and normal forms for homoge-
neous polynomial representations were used. In this paper, we will rewrite the theory from the
beginning, such that it becomes independent of the characteristic of the base field and works
without decorated sheaves.

We will look at pairs (&7, t) with a torsion free &x-module .« which has rank dimg (V') and
trivial determinant and a homomorphism 7 : . ym* (& ® V)G — Oy of O -algebras which is
non-trivial in the sense that the induced section o : X — .Zpec(Lym*(/ ® V)©) is not the
zero section. Such a pair is called a pseudo G-bundle, and if, furthermore, oy (U) C Zsom(V ®
Oy, %5) /G, U := U being the maximal open subset where 7 is locally free, we speak of

a singular principal G-bundle." In the case of a singular principal G-bundle (<7, 7), we get a
principal G-bundle & (<7, ) over U, defined by means of base change:

P, 1) —— Isom(V ® Ouy, %))

l

Isom(V Q Oy, ’%5)/6

O"U

U

We now define the notion of semistability for a singular principal G-bundle (7, 7). For this,
let A :G,, (k) = G be a one parameter subgroup of G. This yields a parabolic subgroup Q¢ (1)
(see (4) below) and a weighted flag (V4(A), ®e(A)) in the vector space V (see Section 2.1).
A reduction of (&/,t) to X is a section B:U" — P (4, v)y'/Qc(X) over an open subset
U’ C U with codimy (X \ U’) > 2. This defines a weighted filtration (.7, (8), e (8)) of <7 . Here,
ae(B) = (s, ..., 1), if €e(A) = (1, ..., ), and the filtration 27, (8): 0 C o/ C--- C of C o
is obtained as follows: The section

B U L 2t 00110600 — Tsom(V & Oy, )] Qinn) ()
yields a filtration
0C o o C o] Sy,

of szlz,, by subbundles with rk(<7’) = dim(V;), i =1, ..., t. This is because Qgr(v)(}) is the

GL(V)-stabilizer of the flag V,(}) and, thus, .Zsom(V ® Oy, ﬂ]lv]/)/QGL(V)(?») — U’ is the
bundle of flags in the fibers of ,Qil 5, having the same dimensions as the members of the flag V4 (1).
We define o7 :=ker(#{yr — ﬂft/_:l_i), i=1,...,¢t,so that we obtain a filtration

0C ' C o C o Sy

' Here, we deviate from the original terminology in [45,47].
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of o7y by subbundles. Let 1:U’ — X be the inclusion and define <7 as the saturation of
o N, ("), i =1,...,t. This is the filtration we denote by .27 (8). It is worth noting that,
if ' =g -A-g~! for some g € G, then any reduction to A may also be interpreted as a reduc-
tion to A’. Now, we say that a singular principal G-bundle (<7, t) is (semi)stable,? if for every
non-trivial one parameter subgroup X:G,, (k) — G and every reduction 8 of (&7, t) to A, we
have

M, T; B) := M(He(B), @e(B)) () O,

where, for every weighted filtration (7, «e) of o7, we set

t
M(Ay,ct0) =Y ;- 1k - P(f) =1k - P()).

i=1

Finally, there is a notion of S-equivalence which will be explained in Section 5.2 and Re-
mark 5.4.3. We have the implications

P (o, 1) is Ramanathan-stable = (&7, 1) is stable
= (&, 1) is semistable

= H(,t) is Ramanathan-semistable.

More precisely, in our language, Ramanathan’s notion of (semi)stability becomes

t
L(A. 7 B) 1= L(a(B). () = Y 0t - (tk % - deg(/) — tk o/ - deg(e)) ()0 (1)
i=1

for every one parameter subgroup A : G, (k) — G and every reduction 8 of (<, 7) to A. Here,
deg stands for the degree with respect to the chosen polarization.

Remark. It is easy to check from the definition that the condition of semistability has to be veri-
fied only for the indivisible one parameter subgroups that define maximal parabolic subgroups.

For a fixed Hilbert polynomial P, we define the moduli functors

M} () : Schy — Set

s Isomorphy classes of families of (semi)stable singular principal
G-bundles (7, 1), such that P(2/) = P ’

Main theorem. The coarse moduli space for the functors Mg)s(g) exists as a quasi-projective
scheme M (o).

2 If the word (semi)stable is used together with the symbol “(<),” then there are two statements: One for “semistable”
with “<” and one for “stable” with “<.”
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This moduli space contains the moduli space for Ramanathan-stable principal bundles (whose
associated vector bundle has Hilbert polynomial P) as an open subscheme. In particular, we have
constructed the moduli spaces for Ramanathan-stable principal bundles in any characteristic.

The moduli space M5 (¢) will be constructed inside a larger projective moduli space M‘;;SS(Q)
of §-semistable pseudo G-bundles, so that it always comes with a natural compactification.

Example. For G = PGL, (k), principal G-bundles correspond to Azumaya algebras, so that our
construction yields in particular a moduli space for Azumaya algebras and a compactification
by “Azumaya algebra sheaves.” Such moduli spaces have become of interest recently (see [27],
especially Proposition 4.1, and [59]). More examples can be found in [15].

Remark (Non-emptiness of moduli spaces). The above theorem is a mere existence statement.
The next step is to investigate the geometry of the moduli spaces. If X is a curve of genus g > 2,
then one can use the moduli stack of principal G-bundles. It is a smooth algebraic stack of
dimension (g — 1) - dim(G) (see [6, Corollary 8.1.9]). Its connected components are labeled by
the elements of the fundamental group 71 (G) (see [10, Proposition 5] and [28, Proposition 3.15]).
Estimating the dimension of the locus of unstable principal G-bundles, one sees that there are
stable principal G-bundles for any given topological type ¢ € 71 (G) (see [28, Proposition 3.25]).
(The reader may consult [43] for the topological argument over kX = C and [24, Proposition 4.2.2],
for an existence result on stable principal G-bundles with a quasi-parabolic structure.) Our main
theorem shows that the moduli space M3 (¢) of Ramanathan-semistable principal G-bundles of
“topological type” ¥ € m(G) exists. Using the moduli stack, one checks that it is an irreducible
normal variety of dimension (g — 1) - dim(G).

On higher dimensional base varieties, the geometry of the moduli spaces is completely un-
known, even if the base field is C. Note that M;(¢) always contains the moduli space of slope
stable principal G-bundles (of the respective numerical invariants) as an open subscheme. To
prove non-emptiness of M5 (@), it hence suffices to construct slope stable principal G-bundles.
A natural approach is to use stable vector bundles and construct from them principal G-bundles
by extension of the structure group. On a surface over the field k = C, Balaji used this method
to prove interesting existence results for slope stable (and thus stable) principal G-bundles
[1, Theorem 7.10]. As he also announces [1, Remark 7.2], such existence results are likely to
hold in large positive characteristic as well. The details will appear in [3].

1.2. Projectivity and the semistable reduction theorem

The projectivity of the moduli spaces is not built into our new approach. The remaining ques-
tion is thus under which assumptions (on the representation or the characteristic of the base field),
the moduli space M3 (@) is projective. Since any connected semisimple group is over k isomor-
phic to one defined over the integers, one may assume that G is itself defined over the integers.
Then, there is also a faithful representation o : G — GL(V) which is defined over the integers.
Under this assumption, one may develop an elegant formalism which provides projective moduli
spaces in any dimension, provided that the characteristic of the base field is either zero or greater
than a constant which depends on ¢. These results will appear in [15]. As remarked before,
the moduli spaces will also be projective, if G is one of the classical groups and g its standard
representation.

Until very recently, the most general result in that direction was contained in the work of Balaji
and Parameswaran [2] where the existence of moduli spaces of semistable principal G-bundles
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on a smooth projective curve was established under the assumptions that G is semisimple and
the characteristic of the base field is sufficiently large. After the first version of this paper con-
taining an erroneous proof for semistable reduction appeared, Heinloth managed in [22] to adapt
Langton’s algorithm [34] to the setting of principal G-bundles. His new approach is to work with
the affine Gralmannian (see [12] for a discussion of this object in positive characteristic), so it
depends heavily on the variety being a curve. In our approach, we show a semistable reduction
theorem in all dimensions.

Theorem (Semistable reduction). Assume that either 0 : G — GL(V) is of low separable index
or G is an adjoint group, o is the adjoint representation and it is of low height. Then, given a
semistable singular principal G-bundle Zk over X x Spec(K), where K is the quotient field
of the complete discrete valuation ring R, there exists a finite extension R C R’ such that the
pullback P of Pk to X x Spec(K'), K’ being the fraction field of R’, extends to a semistable
singular principal G-bundle Pg over X x Spec(R’).

We also recover the following theorem of Heinloth from [22]:

Corollary (Heinloth). The assertions of the above theorem hold if X is a curve and one of the
following conditions is satisfied:

Char(k) =0.

The simple factors of G 3 are of type A and k is arbitrary.

The simple factors of G are of type A, B, C, D and Char(k) # 2.

The simple factors of G are of type A, B, C, D, G and Char(k) > 10.

The simple factors of G are of type A, B, C, D, G, F, Eg and Char(k) > 22.
The simple factors of G are of type A, B,C, D, G, F, Eg, E7 and Char(k) > 34.
The simple factors of G are of type A, B, C, D, G, F, E and Char(k) > 58.

’

’ ’ ’

Then, given a semistable principal G-bundle 9k over X x Spec(K) where K is the spectrum
of the complete discrete valuation ring R, there exists a finite extension R C R’, such that the
pullback Gy of 9k to X x Spec(K'), K' being the fraction field of R’, extends to a semistable
principal G-bundle Gy over X x Spec(R).

Proof. Note that semistability is preserved under extension of the structure group via a central
isogeny. So to prove the corollary we can restrict to a simple group of adjoint type.

In the case of classical groups, the statement can be obtained by familiar methods. We will
explain the idea when G = PSO,, (k). Then, we have a short exact sequence of groups

{0} > G — GO, (k) — PSO, (k) — {1},
where GO, (k) is the group of matrices, such that A’ A = cI, with ¢ € G,,,. Since H?*(X4,G,) =0
(H*(Xg,G,y) = H*(X, Ox) by Hilbert’s theorem 90, [37, Chapter III, Proposition 4.9]), every

principal PSO,, (k)-bundle reduces to GO, (k). Giving a principal GO, (k)-bundle is equivalent
to fixing a line bundle L and giving a pair (E, ¢), where E is a vector bundle of rank n and

3 More precisely, we mean the simple factors of the adjoint form of G.
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¢:E ® E — L is a symmetric non-degenerate bilinear form. By the theory of decorated vector
bundles on curves, developed in [46] over C and extended in this work to positive characteristic
(see Remark 4.5.11 and [49]), there is a moduli space for such objects when dropping the con-
dition on non-degeneracy. Here, the stability concept depends on a parameter §. The fact that
one gets the moduli space for principal GO, (k)-bundles for large § is exactly the same as for
SO, (k)-bundles. The latter explained is Example 5.4.5. In the case of other groups the theorem
follows directly from the theorem and the remark below. O

Note that the above proof works only, because in the curve case we need to check semistable
reduction only for a single representation. The above statements imply projectivity of the moduli
spaces.

Corollary. Under the assumption of the above theorem or corollary, the moduli space M (o) is
projective. In particular, in the curve case, the moduli space M* (G, t) of semistable principal
G-bundles (as defined by Ramanathan) of “topological type” t € w1(G) exists as a projective
scheme over k.

Remark. (i) The low height assumption for the adjoint representation amounts to the following
restrictions on the characteristic of the base field:

Char(k) > 2n, if G contains a simple factor of type A,,.

Char(k) > 4n — 2, if G contains a simple factor of type B, or C,.
Char(k) > 4n — 6, if G contains a simple factor of type Dj,.
Char(k) > 10, if G contains a simple factor of type G».

Char(k) > 22, if G contains a simple factor of type F4 or Eg.
Char(k) > 34, if G contains a simple factor of type E7.

Char(k) > 58, if G contains a simple factor of type Eg.

(ii) Heinloth significantly improved the bounds on the characteristic in his theorem in a recent
paper [23].

(iii) In a joint project [24], Heinloth and the third author have applied the techniques of the
current paper to construct moduli spaces for parabolic principal G-bundles which are projective
under the same hypotheses as stated in the above corollary. In the set-up of parabolic bundles,
Heinloth’s semistable reduction algorithm could be generalized only to structure groups with
classical root systems. For exceptional groups, one had to recur to the approach to semistable
reduction which we introduce in the current paper. The work [24] contains an application of
moduli spaces of parabolic principal bundles to the cohomology of the moduli stack of principal
bundles and may serve as a motivation to study the techniques of the present paper.

(iv) By the fundamental Theorem 5.5.1 of Seshadri’s (which we are going to discuss in Ap-
pendix A), the existence of M (0) as a projective scheme implies the semistable reduction
theorem for semistable singular principal G-bundles. Over higher dimensional base varieties,
one may also consider the problem of semistable reduction for slope semistable singular prin-
cipal G-bundles. If k = C, this variant of the semistable reduction theorem is established in
[1, Theorem 1.1]. Generalizations of that theorem to positive characteristic are announced in
[1, Remark 7.2]. Note however that, over base varieties of dimension at least two, slope semista-
bility is not equivalent to semistability (which we are using), so that Balaji’s semistable reduction
theorem has no implications on the projectivity of M (0).
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1.3. Notation

We work over the algebraically closed field k£ of characteristic p > 0. A scheme will be
a scheme of finite type over k. For a vector bundle & over a scheme X, we set P(&) :=
Proj(Zym*(&)), i.e., P(&) is the projective bundle of hyperplanes in the fibers of &. An open
subset U C X is said to be big, if codimy (X \ U) > 2. The degree deg(&) and the Hilbert
polynomial P (&) of a torsion free coherent &x-module & are taken with respect to the fixed
polarization Oy (1). We set [x]4 := max{0, x}, x € R.

2. Preliminaries

In this section, we collect different results which will be needed throughout the construction
of the moduli space for singular principal G-bundles for a semisimple group G via a faithful
representation G — GL(V).
2.1. GIT

We recall some notation and results from Geometric Invariant Theory. Let G be a reductive

group over the field £ and x : G — GL(W) a representation on the finite dimensional k-vector
space W. This yields the action

a:GxW-—->WwW

(& w) = Kk (g)(w).
Recall that a one parameter subgroup is a homomorphism
A:Gp (k) — G.

Such a one parameter subgroup defines a decomposition

W:@WV

yeL
with
W’ ={weW |k(A@)w)=z" w, VzeG,k)}, yel

Let y1 < --- < y44+1 be the integers with WY # {0} and y,(A) := (y1, ..., Vr+1). We define the
flag

We(A): {O}CW  =WNCW,:=WNeWwW"?C...CW,=W"eg...eW"CWwW
and the tuple a6 (1) := (a1, ..., ;) of positive rational numbers with

L Yi+1 Vi

[ e ——— i=1,...,1.
dimg (W)
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If X is a one parameter subgroup of the special linear group SL(W), we will refer to
(We (L), e (1)) as the weighted flag of 1. For a point w € W \ {0}, we define

Wi (A, w) = max{yi | w has a non-trivial component in WY, i =1,..., ¢t + 1}.
Note that, for G =SL(V) and X : G, (k) — G, j =1,2,

e A1, w) = e (Ao, w)  if (Vo()tl)v 050()”1)) = (Vo()h2), ao()LZ))~ 2

(See [39, Chapter 2, Proposition 2.7]. Note that we take the weighted flags in V and notin W.)

Suppose we are given a projective scheme X, a G-action 6 : G X X — X, and a linearization
0:G x £ — £ of this action in the line bundle .. For a point x € X and a one parameter
subgroup A, we get the point

Xoo(A) := Zl_i)noloﬁ()»(z),x).

This point is fixed under the action G, (k) x X — X, (z, x) — 0 (A(2), x). Therefore, G, (k) acts
on the fiber .2 (x50 (1)). This action is of the form [ +— z¥ -1, z € G, (k), | € L {x00(X)), and we
set

Uo (A, x) 1= —y.
For a representation « of G as above, we obtain the action

:GxP(WY)—>P(WY)
(8. [w]) = [« (&) (w)]

together with an induced linearization ¢ in Opwv)(1). One checks that

e e, w) = g (A, [w]),  Ywe W\{0}, 1:G (k) —> G. 3)

Finally, we recall that a one parameter subgroup A : G,, (k) — G gives the parabolic subgroup
06(.) = {g €G | lim A(z) - g A(z)"" exists in G}. @)
7—>00
The unipotent radical of Q¢ (%) is the subgroup
Z(Q6()={g€ G| lim () g-2() 7" =e}.
Remark 2.1.1. In the book [56], one defines the parabolic subgroup
P (M) := {g eG | lir%k(z) - g - A(z)" " exists in G},
—>

ie.,
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Pg(A) = QG (—A).

Therefore, every parabolic subgroup of Q is of the shape Q (1) for an appropriate one parameter
subgroup A of G. We have chosen a different convention, because it is compatible with our GIT
notation.

2.1.1. Actions on homogeneous spaces
Let H be a reductive algebraic group, G a closed reductive subgroup, and X := H/G the
associated affine homogeneous space. Then, the following holds true.

Proposition 2.1.2. Suppose that x € X is a point and A : G, (k) — H is a one parameter sub-
group, such that xo := lim;_, oo A(2) - x exists in X. Then, x € Z,(Q g (X)) - x0.

Proof. We may assume xo = [e], so that A is a one parameter subgroup of G. Define
Y= {y e X | lim A(z)~y=x0}.
—> 00

This set is closed and invariant under the action of %, (Q g (1)). Note that viewing X as a variety
with G, (k)-action, xg is the unique point in Y with a closed G, (k)-orbit, and by the first lemma
in Section IIT of [35] (or Lemma 8.3 in [5], or 3.1 in [26]), there is a G, (k)-equivariant morphism
f:X — Ty, (X) which maps xq to 0 and is étale in xy. Obviously, f maps Y to

[ver x| lim 2@ v=0} =unG/u() Cb/a. 5)

Here, ugy (1) and ug (L) are the Lie algebras of %, (Qy (1)) and Z,(Q¢c (X)), respectively, and
h and g are the Lie algebras of H and G, respectively. Note that fj and g receive their G-module
structures through the adjoint representation of G, and, moreover, by definition,

ug(A) = {v €h | Zl_i)rgo)»(z) . v:O}.

This yields the asserted equality in (5).

On the other hand, the dimension of 1z (1)/ug(A) equals the one of the Z,(Q g (A))-orbit
of xp at X. By [26, Theorem 3.4], f maps Y isomorphically onto ug (1) /ug(1). Therefore, since
Zy(QH(A)) - xg C Y, the subset Y must agree with the closed orbit Z,,(Q g (1)) - xg, and we are
done. O

The proof of the above result was communicated to us by Kraft and Kuttler (cf. [47]). Its
purpose is to characterize one parameter subgroups of G among the one parameter subgroups
of SL(V), given a faithful representation ¢ : G — GL(V).

2.1.2. Some specific quotient problems

A key of understanding classification problems for vector bundles together with a section in
an associated vector bundle is to study the representation defining the associated vector bundle.
In our case, we have to study a certain GIT problem which we will now describe.

As before, we fix a representation o : G — GL(V) on the finite dimensional k-vector space V.
We look at the representation
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R:GL.(k) x G — GL(K" ® V)
2.8V~ (wWvek @V i (g-w) ®oa(g)(v)).
The representation R provides an action of G x GL, (k) on
(v ®k’)v =Hom(k", V") and P(Hom(k", VV)V)
and induces a GL, (k)-action on the categorical quotients
H :=Hom(k", V")/G and H:= P(Hom(k", VV)V)//G = (H\ {0}) /G (k).

The coordinate algebra of H is Sym* (k" ®j V)G, For s > 0, we set
S )
W, :=@U;. U= (Sym' (kK" @ V)°)". i >0.
i=1

If s is so large that @;_, Sym’ (k" ® V)¢ contains a set of generators for the algebra
Sym* (k" ®; V)?, then we have a GL, (k)-equivariant surjection of algebras

Sym* (W) — Sym* (k" ®x V)G,
and, thus, a GL, (k)-equivariant embedding
iy H — Wq.

SetI:=1Isom(k", VV)/G (= GL,(k)/G). This is a dense open subset of H. The semistability
of points s (1), h € H, with respect to the action of the special linear group SL, (k) is described
by the following result.

Lemma 2.1.3.

(1) Every point 15(i), i €1, is SL, (k)-polystable.
(i1) A point t5(h), h € H\ 1, is not SL, (k)-semistable.

Proof. (Compare Lemma 4.1.1 in [47].) Ad (i). We choose a basis for V. This provides us
with the (SL, (k) x G)-invariant function d : Hom(k", V) — k, f — det(f), which descends to
a (non-constant) function on H, called again ?. For any i € I, we clearly have 2(¢5(i)) # 0, so
that ¢, (i) is SL, (k)-semistable. Furthermore, for any f € Isom(k", V'), the (SL, (k) x G)-orbit
of f is just a level set 97! (z) for an appropriate z € G,, (k). In particular, it is closed. The image
of this orbit is the SL, (k)-orbit of i := [ ] in H which is, therefore, closed. Since ¢, is a closed,
SL, (k)-equivariant embedding, the orbit of s (i) is closed, too.

Ad (ii). It is obvious from the construction that the ring of SL, (k)-invariant functions on H is
generated by 0. This makes the asserted property evident. O

A key result is now the following:
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Proposition 2.1.4. Fix a basis for V in order to obtain a faithful representation o : G — GL,; (k)
and a GL, (k)-equivariant isomorphism

¢:GL,(k)/G — Isom(k", V¥)/G.

Suppose that x = 15(i) for some i = ¢(g) € 1. Then, for a one parameter subgroup A : G, (k) —
SL, (k), the following conditions are equivalent:

(1) i, (A, x) =0, kg being the representation of SL, (k) on W;.
(ii) There is a one parameter subgroup A’ :G,, (k) — g - G - g~ ! with

(Va(W), e (M) = (Vo (W), ata (1)).
Proof. We may clearly assume g = E,. We first show “(ii))=(i).” Since G is the GL, (k)-
stabilizer of x, we have (1A', x) = 0 for any one parameter subgroup 1" : G, (k) - G. Now,
formula (2) implies the claim.

We turn to the implication “(i)=>(ii).” By Lemma 2.1.3(i), there exists an element g’ € SL; (k),
such that

x' == lim A(2)-x =@(g).
7—>00
By Proposition 2.1.2, we may choose g’ € %, (QsL, (k) (A)). In particular, the element g’ fixes the
flag Vo(1). Since A fixes x’, it liesin g’ - G - g’ . Setting A’ := g’ - A - g, we obviously have
(VeL), e (1) = (Vo (1), e (1)), and A is a one parameter subgroup of G. 0O
Next, we look at the categorical quotient
H = Proj(Sym* (K" @ V)).
For any positive integer d, we define
g .
Sym@ (K" ®x V)G = @Sym’d(kr ®k V)G.
i=0
Then, by the Veronese embedding,
Proj(Sym* (k" ®x V)G) = Proj(Sym (k" ® V)G).
‘We can choose s, such that
(a) Sym* (k" ® V)G is generated by elements in degree < s.

(b) Sym®) (k" @4 V)G is generated by elements in degree 1, i.e., by the elements in the vector
space Sym*' (k" ®; V).
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Set

Vo=Vi(k) = @ (Sym? (K @ V)) @ @ Sym® (Sym’ (K @ V))).  (6)
di 2(‘3,'5?5,) L

Obviously, there is a natural surjection V; — Sym*' (k" ®; V)¢ and, thus, a surjection
Sym* (V) — Sym®" (k" @ V)G.
This defines a closed and GL, (k)-equivariant embedding
iy H > P(Vy).
We also define
Og(s!) == (Opv,)(1)).

Note that

Oz((s + D) = Og(sH®TD. (7
Lemma 2.1.5. Let s be a positive integer, such that (a) and (b) as above are satisfied, and

f € Hom(k", V) a G-semistable point. Set h := 1,([f]) and h := is([f]). Then, for any one
parameter subgroup A : Gy, (k) — SL,(k), we have

e, ) > (=/<)0 & e h)> (=/<)0.

Here, ks is the representation of SL, (k) on Wy, and oy is the linearization of the SL, (k)-action
on W in Og(s"). In particular, h is SL, (k)-semistable if and only if f € Isom(k", VY.

Proof. Note that we have the following commutative diagram:

Hom(k", V) /G "= W, \ {0}
Gy (k)- i quotient i o

P(Hom(k", V¥)¥) | G = B(V,).

The morphism « factorizes naturally over the quotient with respect to the G, (k)-action on Wy
which is given on U; by scalar multiplication with z7', i =1,...,s, z € G, (k). The explicit
description of « is as follows: An element (/1, ..., [5) € Wy with

li:Symi(kr ®x V)G—>k, i=1,...,s,

is mapped to the class



1192 T.L. Gomez et al. / Advances in Mathematics 219 (2008) 1177-1245

[ &y li]:Vs—Hc

d=(dy,....ds):
d,' 20, Zid,‘:&!

on Sym? (W @ C"V)%) ® --- ® Sym® (Sym* (W ® C")%). With this description, one easily
sees

e, O ) > (= /<00 & pg(ha()> (=/<)0

for all A:G,, (k) — SL, (k) and all h € W; \ {0}. Together with the above diagram, this implies
the claim. O

Let us conclude this section with a formula for the p-function. Note that Vy is a GL, (k)-
submodule of

Sy i= EB (Sym? (k" @ V) ® - -- ® Sym® (Sym* (k" @ V))).
di %ﬂfz’déi) o

Since G, (k) is a linearly reductive group, the weight spaces inside V; with respect to any one
parameter subgroup A : G, (k) — SL, (k) are the intersection of the weight spaces for A inside S
with the subspace V;.

The module Sy is a quotient module of (W®")®N W := k”. Therefore, the weight spaces
inside Sy with respect to a one parameter subgroup A : G, (k) — SL, (k) are the projections of
the corresponding weight spaces in (W®")®N  The latter may be easily described. Given a one
parameter subgroup A : G, (k) — SL, (k), we obtain the decomposition

t+1

W:@Wi
i=1

into eigenspaces and the corresponding weights y; < - < y41. Set I :={1,...,1 +1}**', and
for (i1, ...,i5) € I define

Wi|,...,isg = Wil ® st ® Wis.

Then, all the weight spaces inside (WosheN may be written as direct sums of some subspaces
of the form (W;, . ,S,) N,

If we let Wl‘ iy be the image of (W;, . m)@N in S; and W* i the intersection of W' iy
with Vg, (i1,...,i Sn) € I, we understand that all the weight spaces ‘inside V; are direct sums of
subspaces of the form Wl]’wm, (i1y... i) €.

This enables us to compute the weights in V; in terms of the weighted flag (We (1), ae(1)).

Indeed, we define

Wi - w;



T.L. Gomez et al. / Advances in Mathematics 219 (2008) 1177-1245 1193
i . . \VON sacti ®s!\®N
as the image of (W;; ® --- ® W; )®" under the projection map (W®*)®" — §; and

Wi xooox Wi =Wy oo - Wi )NV, (g, ..., i) €1

Altogether, we compute for [[] € P(Vy) and A:G,, (k) — SL, (k) with weighted flag (W, (%),
e (1)) as before

toy (s 1) = —min{y;, 4+~ 4+ yiy | (1o is) € I lw weawy, # 0] (8)
2.1.3. Good quotients

Suppose the algebraic group G acts on the scheme X. In the framework of his GIT, Mumford
defined the notion of a good quotient [39]. Moreover, a universal (uniform) categorical quotient
is a categorical quotient (Y, ¢) for X with respect to the action of G, such that, for every (every
flat) base change Y’ — Y, Y’ is the categorical quotient for Y’ xy X with respect to the induced
G-action. In particular, ¥ x Z is the categorical quotient for X x Z with respect to the given
G-action on the first factor.

Example 2.1.6. (i) Mumford’s GIT produces good, uniform (universal, if Char(k) = 0) categor-
ical quotients (see [39, Theorem 1.10, p. 38]).

(ii) If G and H are algebraic groups and we are given an action of G x H on the scheme X,
such that the good, universal, or uniform categorical quotients X /G and (X /G)/ H exist, then

X)(GxH)y=(X/)G)/H.

This follows from playing around with the universal property of a categorical quotient. For good
quotients, one might also use the argument from [41].

The following lemma is well known (see [13, Lemma 4.6] and [44, Lemma 5.1] (both in
characteristic zero), [54, Theorem 2(ii)]). We recall the proof for the convenience of the reader.

Lemma 2.1.7. Let G be a reductive linear algebraic group acting on the schemes X1 and X»,
and let Vr: X1 — Xp be an affine G-equivariant morphism. Suppose that there exists a good
quotient Xo» — X»// G. Then, there also exists a good quotient X1 — X1// G, and the induced
morphism ¥ : X1//G — X»// G is affine. Moreover; the following holds:

1. If ¥ is finite, then r is also finite.
2. If ¥ is finite and X, /) G is a geometric quotient, then X1/ G is also a geometric quotient.

Proof. If X,/ G is affine, then X; and X, are also affine, and the existence of X/ G is well
known (see [39, Theorem A.1.1]). In general, the existence of X/ G affine over X/ G is an
easy exercise on gluing affine quotients (see [44, proof of Lemma 5.1]). The only non-trivial
statement in the lemma is 1. It follows from the last part of [39, Theorem A.1.1]. The point is that,
if ¢ is finite, then X is the spectrum of the sheaf v, (O%,) of Ox,-algebras which is coherent
as an Oy,-module. Hence, by the theorem cited above, (Y. Oy, )G is a coherent O, yG-module,
which is also an O, ;;-algebra whose spectrum is X1/ G. Hence, ¥ is a finite morphism. O
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2.2. Destabilizing one parameter subgroups

We have seen in Lemma 2.1.3 that a point (s (h) € W is not semistable for the SL, (k)-action,
if h =[f] € Hom(k", VY)//G is the image of a homomorphism f:k" — V"V which is not an
isomorphism. This conclusion still holds, if we replace k by a non-algebraically closed ground
field K. What is, unfortunately, not automatic in positive characteristic is the fact that there
exists a one parameter subgroup A: G, (K) — SL,(K) with pu,, (A, h) < 0 in this case. This
property is, however, needed in our approach to the semistable reduction theorem for semistable
singular principal G-bundles. Therefore, we will now explain under which assumptions on the
characteristic of the ground field we will be able to verify the existence of a one parameter
subgroup A with w, (A, h) <O0.

2.2.1. Preliminaries
Let us collect two basic results. The first one is a generalization of Kempf’s results on the
instability flag.

Theorem 2.2.1 (Hesselink). Let K be a not necessarily algebraically closed field. Suppose we
are given a representation k :SL,(K) — GL(W) on the finite dimensional K -vector space W,
a point h € W, a separable extension K/K and a one parameter subgroup *: G (K) — SL, (K)
with

,LL(X, h) <O.
Then, there also exists a one parameter subgroup A : Gy, (K) — SL,(K) with (A, h) < 0.
Proof. This follows from Theorem 5.5 in [25]. O

Proposition 2.2.2. Let G be a reductive linear algebraic group and ¢ : G — GL(W) a rational
representation. If W' is a G-invariant subspace which possesses a direct complement as G-
module, then the categorical quotient W' | G embeds into W/ G.

Proof. We have to show that the surjection
*:Sym*(WY) = k[W] — k[W'] = Sym* (W)

of locally finite G-modules also induces a surjection on the algebras of invariant elements. Our
assumption says that W = W’ @& W” splits as a G-module. This shows that Sym*(W'") embeds
as a G-submodule into Sym*(W"), such that the restriction of ¢ onto it is simply the identity.
This easily yields the claim. O

2.2.2. Digression on low height representations

The general references for the following assertions are [2,51]. Let o: G — GL(V) be a rep-
resentation of the reductive linear algebraic group G. Then one attaches to o its height htg (o)
([51, p. 20], [2, Definition 1]) and its separable index g (o) [2, Definition 6].
Remark 2.2.3. By [2, Remark 10], one has the estimate

V6 (0) < rank(G)! - htg (0)™™ (@),
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We say that o is a representation of low height (low separable index), if htg(0) < p
(Y¥G(0) < p). (Of course, p is the characteristic of the base field k.) Here is a list of proper-
ties that representations of low height and low separable index do enjoy.

Facts 2.2.4. Assume that o is a representation of low height.

(i) The representation @ is semisimple.
(ii) The stabilizer of any point v € V is a saturated subgroup of G. (See [51, p. 22], for the
definition of a saturated subgroup.)
(iii) Suppose that o is also non-degenerate, i.e., the connected component of the kernel is a torus.
Let v € V be a polystable point. Then, o is also semisimple as a G-module.
@iv) If o is of low separable index, then the action of G on V that is induced by o is separable.

Proof. Ad (i). This is Theorem 6 in [51].

Ad (ii). The asserted property is evident from the definition of a saturated subgroup given
in [51].

Ad (iii). This property results from (ii) and Theorems 8 and 9 in [51]. (Note that htg(0) < p
also implies that the Coxeter number i of G is at most p, by [51, p. 20].)

Ad (iv). This is Theorem 7 in [2]. O

2.2.3. Digression on the slice theorem

The references for this section are the papers [5,9]. We assume that o : G — GL(V) is such
that ¢ is of low separable index and non-degenerate and look at the resulting action of G
on Hom(k", VV), r := dim(V). (Note that the height and separable index of Hom(k", V) =
(VV)®" agrees with the one of VV.) The results collected in Facts 2.2.4 imply that the slice
theorem of Bardsley and Richardson [5] may always be applied. Let us review the formalism.
Suppose that f € Hom(k", V) is a polystable point. Then, its stabilizer G ; is a reduced, reduc-
tive, and saturated closed subgroup of G, by Facts 2.2.4. The tangent space T (G - f) to the orbit
of f at f is a G y-submodule of Hom(k", V). By 2.2.4(iii), we may find a G s-submodule N
of Hom(k", VV), such that

Hom(k", VY)=T¢(G- f)®N

as G p-module. Then, Proposition 7.4 of [5] asserts that there is a function & € k[N 197, such that
S := Nj, is an étale slice at f,i.e., we have the cartesian diagram

¥
G xGr § — Hom(k", V)

| e

S)Gy ——— Hom(k",VV))G

in which ¢ and ¥/ G are étale morphisms.

Next, we discuss the stratification given in [9, §2]. To this end, let .7 be the set of conjugacy
classes of stabilizers of closed points in Hom(k", V). We say that a point f € Hom(k", V")
is of type T € .7, if the stabilizer Gy of a point f € G - f with closed orbit belongs to 7. If
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@ € Hom(k", VV) /G, then the type of ¢ is the type of a point f with closed orbit that maps to ¢
under the quotient morphism. For T € .7, we set

Hom(k", VV)_:={f € Hom(k", V") | f is of type T}
and
(Hom(k", V) G), :={¢ e Hom(k", V") /G | ¢ is of type T}.
Similarly, we define S; and (§/ G )<, if S is an étale slice as above. Finally, for v, 7 € T, we
write v < 7, if there are points f and / in Hom(k", V) of type v and 7, respectively, such that

G 2 Gy. By [9, Propositions 2.4 and 2.5], we have the following result.

Proposition 2.2.5. For any t € 7, the set (Hom(k", VY) /) G). is an irreducible locally closed
subset of Hom(k", VV) | G with

(Hom(k", vV)/G), = | (Hom(k". V¥)/G),.

vt
The last statement which we are going to need is the following:
Proposition 2.2.6. Let f € Hom(k", VV) be a point with closed orbit of type T € 7.
(i) The morphism /| G induces an étale morphism
($/Gp)r = (X)G)r.
(ii) The natural map
n:897 = ()G ).
is an isomorphism.

Proof. Part (i) is Proposition 2.6(i) of [9]. Moreover, that proposition also shows that n is a
bijection. Now, N GrisaG f-submodule of N. Since Hom(k", VV) and hence N is a semisimple
G-module, Proposition 2.2.2 proves that the natural map

N9 =NC%)G;— NJGy

is a closed embedding. Finally, by construction of the étale slice, we have the cartesian diagram

S=Ny>>——— N

| |

S)Gr=(N}JGp)p— NJGy

in which the horizontal maps are open embeddings. Using this diagram, one easily infers our
claim. O
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2.2.4. Finding the destabilizing one parameter subgroup
Let Y be any (irreducible) quasi-projective variety, and E a vector bundle of rank » on Y. We
define as usual

m: A = Hom(E,V'® Oy) —>Y
and let
m:H=H)G—Y
be its good whence categorical quotient. Set 7 : . — J to be the quotient map.

Theorem 2.2.7. Let

oY > éfom(E, VY ® ﬁy)//G

be a section. Then, there are a finite separable extension K of the function field k(Y) of Y and a
K -valued point 1] € 5, such that

7() =0(n), n being the generic point of Y.
Proof. By shrinking Y, we may assume that the vector bundle E is trivial, so that we define
oYL A= (Hom(kr, Vv)//G) xY — Hom(kr, Vv)//G.
Let T € .7 be minimal with respect to “<,” such that

o’(n) € (Hom(k", V) / G)

z°

Then, we may choose a point f € Hom(k", V) with closed orbit, such that 7(f) € ¢’(¥Y) N
Hom(k", VV).. Let S be an étale slice at f. Then, by Proposition 2.2.6(i), we have the étale map

et:(S/Gy)r — (Hom(k", V¥)/G) 7 the type of f.

7’

By construction, o/(Y) meets et((S/ G r).), so that, in particular, o’(n) lies in the image of et.
Hence, we find a finite separable extension K of k(Y) and a K-valued point of (S/G ), that
maps to ¢’(n) under et. We now conclude with Proposition 2.2.6(i1). O

Corollary 2.2.8. In the above situation, look at the embedding

ts :Hom(k(Y)", VY @ k(Y)) /(G Xspec(r) Spec(k(Y))) < W @ k(Y).

If o (n) is not an element of Tsom(k(Y)", VY @i k(Y)) /(G X spec(k) Spec(k(Y))), then there is a
one parameter subgroup which defined over k(Y) and which destabilizes (15 o 6)(n).
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Proof. The point 7 (7]) gives a homomorphism
h:K"— VY QK

whose kernel B is non-trivial. There is a one parameter subgroup X:Gm(K ) — SL,(K) with
weighted flag (0 C B C K", (1)). It satisfies ,u(%, h) < dim(B) —r < 0. One easily sees that also

e, (%, (15 0 0) (1)) < 0.
The result therefore follows from Theorem 2.2.1. O
2.2.5. An improvement for adjoint groups
Here, we assume that G is an adjoint simple group of exceptional type. Let p be such that the
adjoint representation of G is of low height. This implies that p is also a good prime for G (i.e.,
p # 2,3 for type Eg, E7, F4, and G, and p # 2, 3,5 for type Eg).
By our previous discussion, it suffices to show that the action of G on Hom(k", gV) is separa-

ble, g the Lie algebra of G. We recall

Theorem 2.2.9. Under the assumption that the characteristic of k is a good prime for G, the
Killing form on g is non-degenerate.

Proof. This follows from the computation of the determinant of the Killing form in [50]. O

Thus, we may split the G-module End(g) as m & g and derive the Ad-equivariant map
Ad
¥ :G —> GL(g) CEnd(g) > g
with (d). = idg. Note that ad is a left inverse to the last map.
Now, let Y € g be an element. Then, the Lie algebra of the (scheme theoretic) stabilizer Gy
of Y under the adjoint representation is

gy :={Xeg|[X Y]=0}.

On the other hand, we have the commutative diagram

Ad
G — GL(g)

1.

g —- End(g).
We know
ad(Ad(g)(Y)) =Ad(g) -ad(Y) -Ad(g)_l, g€G, Yeg.

Thus, g € Gy if and only if
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[Ad(g), ad(Y)] =0.

By diagram (9), this is equivalent to

[v(g).Y]=0.

Therefore, under the étale morphism ¥ : G — g, the stabilizer Gy is the preimage of the Lie
algebra gy. In particular, Gy is a reduced group scheme. The same argument shows that the
action of G on g¢" is separable. By Theorem 2.2.9, we see

Corollary 2.2.10. If the characteristic of the field k is a good prime for G, then the action of G
on Hom(k", g¥) = Hom(k", g) is separable.

Remark 2.2.11. (i) Under the hypothesis that the characteristic is good, the isogeny G — Ad(G)
is separable for all simple exceptional groups (see [30, Chapter VI, Remark 1.7]). Thus, over
curves we may use this result to deal with arbitrary simple groups.

(i1) For simple groups of type A, B, C, and D and k of very good characteristic (i.e., # 2 for
B, C,and D, and n % —1 mod p for A,), there also exist invariant scalar products on End(g)
which induce non-degenerate forms on g. These come from the trace form for the standard rep-
resentation of the respective classical group. Since an adjoint group is the product of its simple
factors, we get the result for all adjoint groups.

2.3. Some G-linearized sheaves

Assume that 9: G — GL(V) is any representation. Let B be a scheme and ./ a coher-
ent Op-module. Equip B with the trivial G-action. We obtain the G-linearized sheaf o/ @ V.
It follows easily from the universal property of the symmetric algebra [21, Section (9.4.1)] that
Sym*(o/ ® V) inherits a G-linearization. Note that the algebra .”ym*(</ ® V) is naturally
graded and that the G-linearization preserves this grading. Let .”ym*(«/ ® V)¢ be the sub-

algebra of G-invariant elements in .’ym* (%7 ® V). The G-linearization provides a m-invariant
action of G on

Jfom(.szf, VY e® ﬁg) = ypec(ﬂym*(.szf ® V)),

7. Lym*(«/ ® V) — B being the natural projection. Then, the categorical quotient of the
scheme .Zpec(Lym*(</ ® V)) by the G-action is given through

ypec(yym*(ﬂ ® V))//G = ypec(yym*(,gf ® V)G) i) B.

In characteristic zero, the construction commutes with base change. In positive characteristic, we
have to be more careful. Let f: A — B be a morphism of schemes. The natural isomorphism

f*(Sym (o @ V)) — Lym*(f* (/)@ V)
of G-linearized sheaves gives rise to the homomorphism

be(f): f*(Lym* (o @ V)O) = FLym* (f* (1) @ V).
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Lemma 2.3.1. If of is locally free, then be(f) is an isomorphism.

Proof. If o7 is locally free of rank r, then . ym* (<7 ® V) is the algebra that is associated to .o/
and the GL, (k)-module Sym* (k" ® V)¢, and the assertion is clear. O

We also note the following property.

Lemma 2.3.2. Let v : /' — < be a surjective map of O'g-modules. Assume that &/’ and </ are
locally free. Then, the induced homomorphism

Lym* (' Q@ V)¢ — Lym* (o @ V)©
of Og-algebras is surjective as well.
Proof. This follows like Lemma 2.3.1, taking into account Proposition 2.2.2. O
2.4. Polynomial representations

A representation « : GL, (k) — GL(U) is called a polynomial representation, if it extends to a
(multiplicative) map i : M, (k) — End(U). We say that « is homogeneous of degree u € 7., it

k(z-E)=z"idy, VzeGu(k).

Let P(r,u) be the abelian category of homogeneous polynomial representations of GL, (k) of
degree u. It comes with the duality functor

*2P(r,u) — P(r,u)
k> (ko id(v}Lr(k))v.

Here, .V stands for the corresponding dual representation. An example for a representation in

P (r,u) is the uth divided power (Sym" (idgr, x)))*, i.e., the representation of GL, (k) on
D“(W):= (Sym"(WY))", W:=k".
More generally, we look, for u, v > 0, at the GL, (k)-module

D W)= P (DTN @@ DW)). (10)
(uy,...,uyp):

ui 20,31 ui=u

Lemma 2.4.1. Let « :GL, (k) — GL(U) be a homogeneous polynomial representation of de-
gree u. Then, there exists an integer v > 0, such that U is a quotient of the GL(U)-module
DY (W).

Proof. For the proof, we refer to [24]. O
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2.5. Extension of the structure group
We will need Theorem 8.4 of [33]:

Theorem 2.5.1. Let G be a connected reductive group and o: G — GL(V) a representation
which maps the radical of G to the center of GL(V). Then, there are the following cases:

(1) Assume either Char(k) = 0 or umax(2x) < 0. If (U, &) is a Ramanathan semistable ratio-
nal principal G-bundle on X and (U, &) is the rational vector bundle with fiber V associated
to (U, P), then (U, &) is (strongly) slope semistable.

@ii) If Char(k) = p > 0 and umax(82x) > 0, there is a constant C (o), depending only on o,
such that for any Ramanathan semistable rational principal G-bundle (U, &) on X with
associated rational vector bundle (U, &), one finds

Lmax Q
0 < tmar (&) — imin(®) < Linax () — Lin(&) < C(g) - Lmex(201+

Corollary 2.5.2. Let G be a connected reductive group and o:G — GL(V) a representation
which maps the radical of G to the center of GL(V). There is a constant D(o) which depends
only on g, such that

n(&) — D(0) < Hmin(&)

for any semistable rational principal G-bundle (U, &?) on X with associated rational vector
bundle (U, &).

Proof. One has
(&) < pmax () = (Hmax () = tmin(&)) + Hmin (&)
The assertion follows directly from this and the previous theorem. 0O
2.6. An extension property
Proposition 2.6.1. Let S be a scheme and Fg a vector bundle on S x X. Let Z C S x X be a

closed subset, such that codimy (Z N ({s} x X)) = 2 for every point s € S. Denote by 1. U :=
(S x X)\ Z C S x X the inclusion. Then, the natural map

Fs = L(Fsv)
is an isomorphism.
Proof. (After Maruyama [36, p. 112].) Since this is a local question, we may clearly assume
Fs = Usxx. Note that Z is “stable under specialization” in the sense of [19, (5.9.1), p. 109].

By [19, Theorem (5.10.5), p. 115], one has to show that infycz depth(Osx x ) > 2. Since X is
smooth, the morphism 75 :S x X — X is smooth. Thus, by [20, Proposition (17.5.8), p. 70],
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dim(ﬁSxX,x) - depth(ﬁSxX,x) = dim(ﬁS,s) - depth(ﬁS,s)
for every point x € S x X and s := wg(x). This implies

depth(Osxx,x) 2 dim(Tsx x,x) — dim(Ts,s) = dim(& )- (11)

5 o).

Since for any point x € 7151 (s), one has dim(ﬁn—l(s) x) = codimﬂfl(s)({x_}), we derive the de-
S ’ S
sired estimate depth(Osxx x) = 2 for every point x € Z from the fact that COdil’nn—l (s)(Z N
S

mgl(s)) =2and (11). O

Corollary 2.6.2. Suppose S is a scheme, &s is a coherent Osy x-module, and Fy is a locally free
sheafon S x X. Let U C S x X be an open subset whose complement Z satisfies codimy (Z N
({s} x X)) =2 for every point s € S. Then, for any homomorphism @s : Esjy — Fs|u, there is a
unique extension

(pg!éas—>y5

to S x X. In particular, for a base change morphism f:T — S, we have

or = (f xidx)"(ps)-
Here, @7 is the extension of (f X idX)|(fxidx)—1(U)*(5S)-
Proof. An extension is given by

Propositi:on 2.6.1 Z

1+ (Ps)
9585 = L(Esju) = 1(Fs) s-

Since & can be written as the quotient of a locally free sheaf, the uniqueness also follows from
Proposition 2.6.1. The final statement is clearly a consequence of the uniqueness property. O

3. Fundamental results on semistable singular principal bundles

After reviewing several elementary properties, we show that a singular principal G-bundle
(7, 1) is slope semistable in the sense which has been defined in the introduction if and only
if the associated rational principal G-bundle (U, (<7, t)) is semistable in the sense of Ra-
manathan.

3.1. The basic formalism of singular principal bundles

Since G is a semisimple group, the basic formalism of pseudo G-bundles in positive charac-
teristic is exactly the same as in characteristic zero. Therefore, we may refer the reader to [45,
Section 3.1], for more details (be aware that in this reference the term “singular principal G-
bundle” is used for our “pseudo G-bundle”). We fix a faithful representation o: G — GL(V).
Then, a pseudo G-bundle (<, t) consists of a torsion free coherent &x-module <7 of rank
dimy (V) with trivial determinant and a homomorphism 7 :.ym*(&/ ® V)¢ — Ox which is
non-trivial in the sense that it is not just the projection onto the degree zero component. Let
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U C X be the maximal open subset where 7 is locally free. Since o(G) € SL(V), we have the
open immersion

Isom(Hy, VY ® Oy)/G C Hom(, V' ® Ox)/G.
Recall the following alternatives.

Lemma 3.1.1. Let (<7, T) be a pseudo G-bundle and

G:X—>J‘f0m(b<27, Vv®ﬁ’x)//G

the section defined by t. Then, either

o(U) C Isom(Hy, V' ® Oy)/G

or

o(U) C (Hom(Hy, V' ® Oy))G) \ (Fsom(Hy, V' ® Oy)/G).
Proof. See [45, Corollary 3.4]. O

In the former case, we call (<7, T) a singular principal G-bundle. We may form the base
change diagram

P, 1) — Hom(Hy, V" Q Oy)

|

U——— Hom(Hy, V'Y Q Oy)/G.

If (7, T) is a singular principal G-bundle, then & (<7, T) is a principal G-bundle over U in the
usual sense, i.e., a rational principal G-bundle on X in the sense of Ramanathan (see Section 3.2).

A family of pseudo G-bundles parameterized by the scheme S is a pair (s, Ts) which
consists of an S-flat family /5 of torsion free sheaves on § x X and a homomorphism
15 Lym* (s @ V)6 — Ogyx. We say that the family (7 1,r§) is isomorphic to the fam-
ily (72, t3), if there is an isomorphism yrg: /) — 2, such that the induced isomorphism
Fym*(d @ V)¢ — Sym* (/2 ® V) carries 77 into 7{.

We also need a more general looking concept. A pre-family of pseudo G-bundles parame-
terized by the scheme S is a pair (<75, Tg) which is composed of an S-flat family <75 of torsion
free sheaves on S x X and a homomorphism rngym*(,ﬁzfsw ® V)Y - Oy.Here, UC S x X
is the maximal open subset where o7 is locally free. The pre-family (,cf/sl, 7/ ;) is isomorphic
to the pre-family (<7 2 ¢! é), if there is an isomorphism g :dsl — @%52, such that the induced
isomorphism me*(,szfslw V)¢ > me*(,szfszw ® V)€ transforms t’§ into t’SI.
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Lemma 3.1.2. Let S be a scheme of finite type over k. Then, the assignment

Isomorphy classes of families N Isomorphy classes of pre-families
of pseudo G-bundles parameterized by S of pseudo G-bundles parameterized by S

(s, ts) = (s, Ts|v)
is a bijection.

Proof. If (<5, 75) is a pre-family, denote by U the maximal open subset where %75 is locally
free and by ¢: U — § x X the inclusion. Set

L,(Té)

t5: Lym* (s @ V)C — L (Lym* sy @ V)O) % 1(00) "L Osex.

Then, (47, ts) is a real family of pseudo G-bundles which maps to (<7, tg) under the above
map.

It remains to verify injectivity. Let 75 be a flat family of torsion free coherent &'x-modules
on S x X. Over every affine open subset W C S x X, the algebra #ym* (<Zsjw ® V)G is finitely
generated. Since S x X is according to our assumption quasi-compact, we may find an s > 0,
such that .ym* (<75 ® V) is generated by the coherent @g, y-module

W() =P Sym! (s @ V)°.
i=1

Since 7y is determined by 7§ := 75w, (), it remains to show that g is determined by its restric-
tion to U. But this is an immediate consequence of Corollary 2.6.2. O

By Lemma 2.3.1, we have a pullback operation on pre-families of pseudo G-bundles with
respect to base change morphisms 7 — S. Using the above arguments, we also obtain a pullback
operation for families of pseudo G-bundles.

3.2. Semistable rational principal G-bundles

We now review the formalism introduced by Ramanathan and compare it with our setup.
A rational principal G-bundle on X is a pair (U, &?) which consists of a big open subset U € X
and a principal G-bundle & on U. Such a rational principal G-bundle is said to be (semi)stable,
if for every open subset U’ C U which is big in X, every parabolic subgroup P of G, every
reduction B: U’ — £/ P of the structure group of &7 to P over U’, and every antidominant
character (see below) x on P, we have

deg(Z(B. x)) () 0.

Note that the antidominant character y and the principal P-bundle &y — &|yr/P define a
line bundle on &7/ P. Its pullback to U’ via g is the line bundle .Z (B, x). Since U’ is big
in X, it makes sense to speak about the degree of -Z (8, x).
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We fix a pair (B, T') which consists of a Borel subgroup B C G and a maximal torus 7 C B.
If P and P’ are conjugate in G, a reduction B of a principal G-bundle to P may equally be inter-
preted as a reduction to P’. Thus, it suffices to consider parabolic subgroups of the type Pg (1),
A: Gy, (k) = T a one parameter subgroup, which contain B. Here, we use the convention (com-
pare Remark 2.1.1)

Po(A) = 0 (=) = {g €G | lima@) - g-(2)" exists in G}.

Let X,(T) and X*(T) be the free Z-modules of one parameter subgroups and characters
of T, respectively. We have the canonical pairing (.,.): X, (T) x X*(T) — Z. Set X, x(T) :=
X.(T) ®z K and X (T) := X*(T) ®z K, and let {(.,.)x : Xy, kK(T) x X (T) — K be the K-
bilinear extension of {.,.), K= @, R. Finally, suppose (.,.)*: Xx(T) x X (T) — R is a scalar
product which is invariant under the Weyl group W(T') = .4 (T)/ T . This also yields the product
() Xur(T) x X, g(T) — R. We assume that (.,.)* is defined over Q.

The datum (B, T) defines the set of positive roots R and the set RY of coroots (see [56]).
Let 4 C X, r(T) be the cone spanned by the elements of RY and 2 C X (T) the dual cone
of € with respect to (.,.)g. Equivalently, the cone 2 may be characterized as being the dual
cone of the cone spanned by the elements in R with respect to (.,.)*. Indeed, one has (-, «¥)g =
2(-,)*/(a, )", @ € R. Now, a character x € X*(T) is called dominant, if it lies in &, and
antidominant, if —x lies in &. A character x of a parabolic subgroup containing B is called
(anti)dominant, if its restriction to T is (anti)dominant.

In the definition of semistability, we may clearly assume that (x,«)* > O for every @ € R
with (A, @) > 0, if P = Pg()). Otherwise, we may choose A, such that (x, @)* > 0 if and only
if (A, @) > 0. Then, Pg(L’) is a parabolic subgroup which contains Pg (1), x is induced by a
character x" on Pg(1'), the reduction B defines the reduction g’ : 2/ PG (L) = P/ Pc (M),
and .Z (B, x) =-Z (B, x). Every one parameter subgroup A of T defines a character y; of T,
such that (A, x) = (xx, x)* forall x € X*(T). Finally, observe that the cone %’ of one parameter
subgroups A of T, such that B C Pg (1), is dual to the cone spanned by the roots. Thus,

Vaie X, (T): BCZPg(M) <& xr€9.

If one of those conditions is verified, then (Pg (L), x,) consists of a parabolic subgroup contain-
ing B and a dominant character on it. Similarly, if Qs (1) contains B, then yx, is an antidominant
character on Qg ()). Our discussion shows:

Lemma 3.2.1. A rational principal G-bundle (U, &) is (semi)stable if and only if for every open
subset U' C U which is big in X, every one parameter subgroup ) € €', and every reduction
B:U" — Py /Qc () of the structure group of & to QG (L) over U', we have

deg(Z (B, x1)) () 0.

For any one parameter subgroup A of G, we may find a pair (B’, T’) consisting of a Borel
subgroup B’ of G and a maximal torus 7" C B’, such that A € X, (T’) and B’ € Q¢ ()). Then,
there exists an element g € G, such that (¢- B-g~ ', g-T - g~ ") = (B, T'), and we obtain
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(O XB(T) x XH(T) — R
GoxD e (x(g7' ) x'(g7 - 9)™

Since (.,.)* is invariant under W (T), the product (.,.)*" does not depend on g. In particular, we
obtain a character x; on Q¢ (A). This character does not depend on (B’, T') (see [47, (2.31)]).
We conclude

Lemma 3.2.2. A rational principal G-bundle (U, 22) is (semi)stable if and only if for every
open subset U' C U which is big in X, every one parameter subgroup A : G, (k) — G, and every
reduction B:U" — P/ Qc (L) of the structure group of & to QG () over U’, we have

deg(-Z (B, x1)) ()0

Suppose that ¢ : G — GL(V) is a faithful representation. We may assume that 7' maps to the
maximal torus T C GL(V), consisting of the diagonal matrices. The character group X *(T) is
freely generated by the characters e; : diag(A1, ..., Ay) = A;, i =1, ..., n. We define

(.,.)*T:X@(T) x Xp(T) > R
n n n
(zxi @ ) ~Y
i=1 i=I i=1

The scalar product (., .)’ff is clearly defined over QQ and invariant under the Weyl group W (T). The
product (., ')*T therefore restricts to a scalar product (.,.)* on X (T) with the properties we have
asked for. We find a nice formula for deg(.Z (B, x,)). Indeed, if (U, &?) is a rational principal
G-bundle, and if & is the vector bundle on U associated to &2 by means of o, then we have, for
every one parameter subgroup A : G, (k) — G, the embedding

1:2/0Qc ) — Isom(V & Ox, &)/ QcrLv)(A).

As usual, we obtain a weighted filtration (V4 (1), ae (1)) of V, and, for every reduction 8: U’ —
W\U’ / Q¢ (1) over a big open subset U’ C U, the reduction ¢ o 8 corresponds to a filtration

Se(B): 0CEC--C & Sy

by subbundles with tk(&;) = dimg (V;), i =1, ..., t. With the weighted filtration (&, (8), e (1))
of &jy, we find

t

deg(L (B, 1)) = L(Eu(B), aa (1)) =Z (rk(&) - deg(&) — k(&) - deg(&7)).

To see this, observe that the character x, is, by construction, the restriction of a character x of T,
sothat Z (B, x») = Z(toB, x). The degree of the latter line bundle is computed in Example 2.15
of [48] and gives the result stated above. Thus, we conclude
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Lemma 3.2.3. A rational principal G-bundle (U, &) is (semi)stable if and only if, for every
open subset U' C U which is big in X, every one parameter subgroup A : G, (k) — G, and every
reduction B:U" — P/ Qc (L) of the structure group of & to Qg (L) over U', we have

L(&u(B). aa(V)) () 0.

Remark 3.2.4. If (U, &) is given as a singular principal G-bundle (<7, ), then, in the notation
of the introduction, we have

Ay =8, Ay :ker(cg’v — tj_l_l-) and opg=api—i, i=1,...,1
Then, one readily verifies
L(,1: B) = L(6(B). aa(M).

This proves that the definition of slope semistability (1) given in the introduction is the original
definition of Ramanathan. We have arrived at our notion of semistability, by replacing degrees
by Hilbert polynomials. Thus, our semistability concept is a “Gieseker version” of Ramanathan
semistability.

4. Dispo sheaves

In the papers [45,47], the theory of decorated sheaves was used to construct projective moduli
spaces for singular principal G-bundles in characteristic zero. Due to the more difficult represen-
tation theory of general linear groups in positive characteristic, this approach is not available in
(low) positive characteristic. Nevertheless, one may still associate to any singular principal bun-
dle a more specific object than a decorated sheaf, namely a so-called “dispo sheaf.” The moduli
theory of these dispo sheaves may be developed along the lines of the theory of decorated sheaves
in [16,46], making several non-trivial modifications.

4.1. The basic definitions

For this section, we fix the representation o : G — SL(V) € GL(V) and a positive integer s
as in Section 2.1.2.

Suppose that o7 is a coherent &y -module of rank r := dimg (V). Then, the sheaf of invariants
in the symmetric powers of </ is defined as

V)= @ (L (A & V)) @ ® Lym (Sym* (o @ V)Y)).
d; é‘é‘,’fflg}f Lo

A dispo® sheaf (of type (0, 5)) is a pair (27, ¢) which consists of a torsion free sheaf .27 of rank r
with det(e/) = Ox on X and a non-trivial homomorphism

0. V() - Ox.

4 Decorated with invariants in symmetric powers.
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Two dispo sheaves (<], ¢1) and (%, ¢2) are said to be isomorphic, if there exists an isomor-
phism v : @/} — o, such that, with the induced isomorphism V(¢): V(o)) — Vs(2%), one
obtains

o1 =@ 0 V().
A weighted filtration (o2, ote) 0f the torsion free sheaf of consists of a filtration
0CAGC GG hyr =

of &/ by saturated subsheaves and a tuple oy = (@1, . .., &) of positive rational numbers. Given
such a weighted filtration (7, o, ), we introduce the quantities

1
M( o ) =) aj- (tk()) - P() — k() - P())),
j=I1

t
L(e.ag) =Y ;- (tk(s7)) - deg(/) — 1k() - deg(«7))).
j=1

Next, let (<7, @) be a dispo sheaf and (7, ae) a weighted filtration of <7 Fix a flag
We: OCWI C---CW,CW:=k" with dimg(W;)=rk(&), i=1,...,1.
We may find a small open subset U, such that

e ¢y is a surjection onto Oy ;
e there is a trivialization ¢ : Ay — W ® Oy with Yy (Fjy) =W, Q@ Oy,i=1,...,t.

In presence of the trivialization v, the homomorphism ¢y provides us with the morphism

U — P(Vy(a)) 2N P(V,) x U — P(V,).

(Consult Section 2.1 for the notation “V,.”) Finally, let A : G, (k) — SL(W) be a one parameter
subgroup with (W,, a,) as its weighted flag. With these choices made, we set

1( S, 2a; @) := max{ o, (1, B(x)) | x € U}.

(The linearization oy has been introduced in Lemma 2.1.5.) As in [46, p. 176], one checks that
the quantity (<, oe; @) depends only on the data (7, ae) and ¢.

Remark 4.1.1. (i) Let us outline another, intrinsic definition of the number w (<7, o; ¢). First,
observe that V(%) is a submodule of

Ss@) = P (LymT( T V)@@ FSym® (Lym' (f & V)))

(di,....ds):
dl' 20, Zid,‘:S!
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and that S;(«7) is a quotient of (7/®")®N . Let (o, a,) be a weighted filtration of 7. Set
I:={1,....t 4+ 1} and o1 := /. For (i1, ..., is) € I, define

'Q{i e M“
as the image of the subsheaf (¢, ® - -- ® o, )®N of (#®")®V in S and
Sy kk = (A i) NV ().
The standard weight vectors are

v O ===, 0), i=1 =1
—_—

ix (r—i)x

Given a weighted filtration (<7, e ) of the torsion free sheaf .o/, we obtain the associated weight
vector

t
(rk ;)
(Vlw--,]/l, V2,---,V2 w-~,]/z+],-~,)/t+l):=Zaj'Vr ]‘
—_— — —_— 1
(ke)x  (tkoth—rk o)) x (tk of —1k o7,) x 1=

(Werecovera; = (yj+1—v;)/r,j=1,...,t.) Foradispo sheaf (<7, ) and a weighted filtration
(e, ) Of o7, we finally find with (8)

(e, 0ta; 9) = —min{yi, + -+ vy | (1, sis) € 1 Qo wemar, 70} (12)

(i) We need a variant of the former definition. Let (<7, ¢) be a dispo sheaf. We look at
the representation k¥ of GL, (k) on V(k"). Let U be the maximal open subset on which o7 is
locally free. Then, V,(2/) )y = Vs(/y) is the vector bundle that is associated to the vector
bundle #y via the representation k. Since « is clearly a polynomial representation, we can
write V (k") as a quotient of D’ (k™) for an appropriate integer v > 0. We let D* "“(MU) be the
vector bundle with fiber D*"? (k") that is associated to |y . By construction, we have a surjection
D () — Vs (Ap), so that gy induces a homomorphism

7:DM () — Oy.

Note that D"V (k") is a subrepresentation of (k" ®H®N for a suitable integer N > 0. Hence,
D" (4y) is a subbundle of (gf@“)ﬂw )

Let (<, ats) be a weighted filtration of 7. As before, I = {1,...,t + 1}**" and @ 1| = o7
This time, we set

iy kew iy =y ® -+ @ Fy)®N NDH (), (G, i) €L

Then,

(Ao, a3 @) = —min{yi; + -+ Vig | (1,1 i5) € 11 @logy wewary, # 0} (13)
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Fix a positive polynomial § € Q[x] of degree at most dim(X) — 1. Now, we say that a dispo sheaf
(o, ) is 8-(semi)stable, if the inequality

M (s, cte) + 8 - 1 (A, ote; @) () O
holds for every weighted filtration (<, te) of 7.

Let § be a non-negative rational number. We call a dispo sheaf (<7, ) §-slope (semi)stable, if
the inequality

L(Ae, 0e) + 8 - 1(Ha, 0ta; 9) (=) 0

hqlds for every weighted filtration (<7, «,) of /. Note that, for § = S/ (dim(X) — 1! -
xdm=1 4 . (where n = dim X), we have

(o, @) is 8-semistable = (&7, @) is §-slope semistable. (14)
4.2. Global boundedness
Theorem 4.2.1. Fix a Hilbert polynomial P, a representation o, and an integer s as above. Then,
the set of isomorphy classes of torsion free sheaves </ on X with Hilbert polynomial P for which
there do exist a positive rational number § and a §-slope semistable dispo sheaf (<7, @) of type
(0, s) is bounded.
Proof. This is a slight modification of the proof of the corresponding result in [15]. We will use
the notation in Remark 4.1.1(ii).

Suppose (47, @) is a dispo sheaf which is §-slope semistable for some § > 0. Assume < is
not slope semistable as a sheaf and consider its slope Harder—Narasimhan filtration

Ao 0=y QAN ChC-- Sy Sy =
We use the notation &' = o /ofi_1, ri = rk(<%), r' = tk(a/?), and p' = u(?), i =
1,...,t+ 1. Define
t+1 .
C(ﬁf.)={y=(y1,...,yz+1)eR’“(yl<y2<-~-<yz+1,2yi~r’=0}.
i=1

We equip R'*! with the maximum norm ||.||. For all y € C(<%) \ {0}, we have

t
3 VLT (- deg(e#) — ri - deg(er)) <O,
r

i=1

so that the §-semistability of (<7, ¢) implies

F) = (e aa(0); 9) > 0, aa(y) = (” 1, B ”).

r
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Consider the set

K:=C)n{y eR* [yl =1},

Obviously K is a compact set and f is piecewise linear whence continuous, so that f attains its
infimum on K. It is easy to see that there are only finitely many possibilities for the function f,
so that we may bound this infimum from below by a constant Cy > 0 which depends only on the
input data.

As usual, we let U be the maximal open subset where .27 is locally free. We have the induced
homomorphism (Z:DS!*“(MU) — Oy. Take a tuple (i, ..., iz) with @ﬂil*m*myl # 0 which is
minimal with respect to the lexicographic ordering of the index set /. Define

o

ST Y

as the quotient of &7, » - - - x o7, by the subbundle that is generated by the ﬁf,-i * - - % oy for the
s! s!

index tuples (ii, e, i;!) which are strictly smaller than (i1, ..., i) in the lexicographic ordering.

By construction, ¢ factorizes over a non-zero homomorphism

g i, — Ou,
whence
/Lmin(&_/h,...,ixg) < 0

In order to compute umin(,sz_f i ), we observe that «7; 1,...is; 18 @ subbundle of

77777 is!
i1 is\®ON
(g @ @)
In fact, & i1,....iy 18 the vector bundle that is associated to the vector bundle
i ir
JM‘ U PD---D 'Q(I U

by means of a representation g;, ... ;, of GL,1(k) x --- x GL,:(k) which is a subrepresentation
of the representation on

('@ @k™)®.
This already shows
M(Eil,...,l‘ﬂ) = uil 4+ 4 Mi“.

Now, we can apply Corollary 2.5.2 to see that

/’Lil +"'+Mi$! g“(fg_{il,..‘,iﬂ)—i_D(gil ..... l'sg)~



1212 T.L. Gomez et al. / Advances in Mathematics 219 (2008) 1177-1245

There are only finitely many possibilities for the representation g;, .. ; ,, so that we may replace
the constant D(g;,,....;,,) in the above inequality by a constant C which depends only on ¢ and s.
Altogether, we have demonstrated

Wt u < C (15)
Take the point
y = (n() — wh () — ,uH'l) = (—,ul, —M’H) e R
By construction, y € C(<,) \ {0} and
F) = (e, aa(y); 9) <C.
But f is linear on each ray, so

o =lyl ~f<L) >Co- Iyl
T

Now, this shows that either u! = ||y || < €' :=C/Co or —p/ T = ||y || < C', i.e.,

either fimax () < () +C" or  pmin() > p()—C'.
The theorem finally follows from the boundedness theorem of Maruyama—-Langer [31]. O
Corollary 4.2.2. Fix the background data as in the theorem. There is a polynomial §~0, such that

for every polynomial § > 8~ and every dispo sheaf (<, ¢) of type (9, s) in which < has Hilbert
polynomial P, the following conditions are equivalent:

(1) (A, @) is §-(semi)stable.
(ii) For every weighted filtration (o, ae) of <7, one has

p( Ao, dte; ) 20
and
M (e, ate) () 0,
for every weighted filtration (s, ate) With (e, tte; @) = 0.
Proof. Let us call a dispo sheaf (&7, ¢) which satisfies (i) asymprotically (semi)stable. Us-
ing [15], one can find a polynomial 8¢, such that for every dispo sheaf (<7, ¢) of type (o, s)
in which 7 has Hilbert polynomial P, the following holds true:
e If (&, ¢) is asymptotically (semi)stable, then it is §-(semi)stable for every polynomial

S > 8.
e Assume 8§y < 81 < 8. If (&7, @) is §2-(semi)stable, it is also §;-(semi)stable.
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Note also: If (o7, @) is not asymptotically (semi)stable, then it will not be §-(semi)stable for any
polynomial § > 0.

What remains to show is that we can find 8, such that, for every dispo sheaf (<7, ¢) of type
(0, s) in which 2/ has Hilbert polynomial P and for every two polynomials §, < 81 < 87, the
implication

(o, @) is 81-semistable = (<, @) §>-semistable

is also correct. In [15], we referred to the instability flag for this. This is only adequate, if the
characteristic of the base field is very large. We cannot assume this here. Therefore, we will give
a different argument which relies only on general properties of semistability.

As before, we will use the finite set .7 which depends only on ¢ and s, such that the condition
of semistability of a dispo sheaf (7, ¢) has to be tested only for weighted filtrations (7, o)
of o with (tk., ..., 1k o), a,) € T .If §y < §1 < 8, and (, ) is a dispo sheaf of type (g, s)
and Hilbert polynomial P which is §;-semistable but not §,-semistable, there are a weighted
filtration (<, ate) of &7 with ((tk. @, ..., 1k .o%), ae) € 7 and a polynomial §; < 8, < 82, such
that

o M(He,te) + 31 (Fo, tte; ) = 0, M( Ao, te) + 82 - (Hs, cte; ) <0, and M (s, ate) +
8s - (s, ae; ) = 0. (Note that this implies M (o7, atg) > 0 and u(, a; @) < 0.)
o (A, ) is 8,-semistable.

There is the admissible deformation df o, o,)(, ¢) = (g, @gr). It is performed with respect
to the stability parameter §,, and (.;z%gr, @gr) is still 8,-semistable. We have

t+1
,gz/grz@,;zfi with &' = o J i1, i=1,...,1+1.

i=1

If we define ;o Via . ; := @3:1 i =1,...,1,itis clear that M (gr,e, e) = M (s, t)
and (L (Dyr,e, Ole; Par) = (Ao, e @). Since (g, Pgr) is S.-semistable, 7, belongs to a
bounded family of torsion free sheaves with Hilbert polynomial P, by Theorem 4.2.1. More-
over, .7 is finite, so that there are only finitely many possibilities for the polynomial M (7, «,).
There are evidently only finitely many choices for w (., ote; @gr). The equation

M (s, ) + 8y - 1( A, e} Pgr) =0

leaves therefore only finitely many options for §,. If we choose §o, larger than the maximal
possible value for 4., the assertion of the corollary will hold. O

4.3. S-equivalence
An important issue is the correct definition of S-equivalence of properly semistable dispo
sheaves. For this, suppose we are given a §-semistable dispo sheaf (<7, ¢) and a weighted filtra-

tion (7, ae) Of o7 with

My, cte) + 6 - 1(He, tte; ) =0.
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We want to define the associated admissible deformation df(gy, o,\(, @) = (s, @ar). Of
course, we set gf = @?:0 i y1/4;. Let U be the maximal (big!) open subset where o7 is
locally free. We may choose a one parameter subgroup A :G,, (k) — SL, (k) whose weighted
flag (We (L), ae (X)) in k" satisfies:

o dimg(W;) =1k, i=1,....6,in Wg(L): 0C W C---C W, CKk";
o we(A) =,.

Then, the given filtration <7, corresponds to a reduction of the structure group of .Zsom(G&",
Ay) to Q(1). On the other hand, A defines a decomposition

V‘Y:Uyl@...@Uylﬁrl’ y1<...<yu+1.

Now, observe that Q (1) fixes the flag
0CU :=U" ClUy:=U" @U")C--CU,=U"&--®U"™)CV,. (16)

Thus, we obtain a Q(1)-module structure on

u

D Uis1/ Ui 2V, (17)

i=0
Next, we write Q(A) = Z,(Q (1)) x L(X) where L(1) = GL(W/Wy) x --- x GL(k" / W;) is the
centralizer of A. Note that (17) is an isomorphism of L(X)-modules. The process of passing
from o7 to 73 corresponds to first reducing the structure group to Q(A), then extending it
to L(A) via Q(A) = Q(A)/Z,(Q (X)) = L()), and then extending it to GL, (k) via the inclusion
L(») C GL, (k). By (16), Vy(/y) has a filtration

OcCuUhCuw < - CU CVy(Au),
and, by (17), we have a canonical isomorphism

u+1
V(o) = D %/ %1

i=1

Now, for ig with y;, = —1(He, e} @), the restriction ¢;, of |y to %, is non-trivial, and thus we
may define @qgr as the map induced by ¢;, on %,/%;,—1 and as zero on the other components.
Then, we finally obtain

gt Vs () = 0 (Vi) 2 1,(00) = O,

t:U — X being the inclusion. A dispo sheaf (<7, ¢) is said to be §-polystable, if it is §-semistable
and isomorphic to every admissible deformation df(, o,)(, ¢) = (ar, @ar) associated to a
filtration (27,, are) Of &7 with

M (S, 0tq) + 8 - (e, te; ) = 0.
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By the GIT construction of the moduli space which will be given in Section 4.5, one has the
following:

Lemma 4.3.1. Let (<7, @) be a §-semistable dispo sheaf. Then, there is a §-polystable admissible
deformation gr(<f , ¢) of (<7, ¢). The dispo sheaf gr(<f , ¢) is unique up to isomorphy.

In general, not every admissible deformation will immediately lead to a polystable dispo
sheaf, but any iteration of admissible deformations (leading to non-isomorphic dispo sheaves)
will do so after finitely many steps. We call two §-semistable dispo sheaves (<7, @) and (&, ¢')
S-equivalent, if gr(<7, ¢) and gr(</’, ¢’) are isomorphic.

Remark 4.3.2. Another way of looking at S-equivalence is the following: With the notation as
above, we may choose an open subset U € X (no longer big), such that ¢ is surjective over U

and we have an isomorphism v : o7y = k" ® Oy with (o) =W; ® Oy fori =1,...,t. For
such a trivialization, we obtain, from ¢y, the morphism

Vi (¥)
B:U—P(Vy(Ay)) = P(Vy) xU—P(Vy).

For the morphism B4r: U — P(V;) associated to gy, we discover the relationship

Bar(x) = lim A(z) - B(x), xeU. (18)
7— 00
4.4. The main theorem on dispo sheaves

With the definitions which we have encountered so far, we may introduce the moduli functors

M} (g, 5): Schy — Sets

Isomorphy classes of families of
3-(semi)stable dispo sheaves o7 of
type (o, s) with Hilbert polynomial P
parameterized by the scheme S

S+

for §-(semi)stable dispo sheaves (<7, ¢) of type (o, s) on X with Hilbert polynomial P (<) = P.

Theorem 4.4.1. Given the input data P, o, s, and § as above, then the moduli space M‘;;SS(Q, s)
for §-semistable dispo sheaves (<f, 1) of type (o0,s) with P(</) = P exists as a projective
scheme.

4.5. The proof of the main theorem on dispo sheaves

In this section, we will outline how a GIT construction may be used for proving the main aux-
iliary result Theorem 4.4.1. Once one has the correct set-up, the details become mere applications
of the techniques of the papers [46] or [16] and [32].
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4.5.1. Construction of the parameter space

As we have seen in Theorem 4.2.1, there is a constant C, such that pyax (27) < C for every §-
semistable dispo sheaf (<7, ¢) with P(&/) = P, i.e., &/ lives in a bounded family. Thus, we may
choose an ng > 0 with the following properties: For every sheaf .oz with Hilbert polynomial P
and pmax (&) < C and every n > ng, one has

o Hi(o/(n))={0} fori > 0;
e o/ (n) is globally generated.

We also fix a k-vector space U of dimension P (n). Let Q be the quasi-projective scheme which
parameterizes quotients g :U ® Ox(—n) — </ where </ is a torsion free sheaf with Hilbert
polynomial P and H%(g(n)) an isomorphism. Let

a9:U @y (Ox(—n)) > g

be the universal quotient. Setting

Vi):= P  (Sym" (U V)°) @ ®Sym® (Sym' (U & V))),
d,....ds):
di >0, idi=s!
there is a homomorphism
Vs(U) ® 1y (Gaxx(=s!-n)) = Vi(q),
which is surjective over the open subset where 7 is locally free (see Lemma 2.3.2). For a

point [¢: U ® Ox(—n) — 2/] € Q, any homomorphism ¢ : Vs(27) — Oy is determined by the
induced homomorphism

Vs (U) — H(Ox(s!-n))
of vector spaces. Hence, our parameter space should be a subscheme of

D" := 9 x P(Hom(V,(U), H(Ox(s! - m)))").

=P

Note that, over D° x X, there is the universal homomorphism

¢V (U) ® Ogoyx — H(Ox(s!-n)) @ mp(0p(1)).

" "

Let ¢” = evog” be the composition of ¢ with the evaluation map

ev: HO(Ox(s! 1)) ® Ogoyx — w5 (Ox(s! - n)).
We twist ¢ by id,,)«((ﬁx(_sl_n)) in order to obtain

@'V (U) @t (Ox (—s! - n)) — mp(Op(1)).
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Set Ao = JT)SXX(JZfQ). We have the homomorphism §:V(U) ® n%(Ox(—s! - n)) —
Vs (4Z50). Therefore, we may define a closed subscheme ® of D0 by the condition that ¢’
vanishes on ker(S). Declaring 7 := (#g0) D xx, there is thus the homomorphism

9o V(op) — mp(Op(1))

with o xx = @ o S. (To be precise, we first get ¢p on the maximal open subset V C D x X
where @75 is locally free and then extend it to ® x X, using Corollary 2.6.2. By the same token,
@oxx =¢o o S is true, because it holds over V.) The family (&5, o) is the universal family
of dispo sheaves parameterized by ®. By its construction, it has the features listed below.

Proposition 4.5.1 (Local universal property). Let S be a scheme and (s, s) a family of §-
semistable dispo sheaves with Hilbert polynomial P parameterized by S. Then, there exist a
covering of S by open subschemes S;, i € I, and morphisms B;:S; — ®, i € I, such that the
Sfamily (<s;s;, ¢ss;) is isomorphic to the pullback of the universal family on ® x X by p; x idx
foralliel.

4.5.2. The group action
There is a natural action of GL(U) on the quot scheme £ and on 0. This action leaves the
closed subscheme ® invariant, and therefore yields an action

I':GLU)x2—>2.

Proposition 4.5.2 (Gluing property). Let S be a scheme and B; : S — ®, i = 1, 2, two morphisms,
such that the pullback of the universal family via By x idy is isomorphic to its pullback via
B> x idx. Then, there is a morphism E : S — GL(U), such that By equals the morphism

E X P

s 2R GLW) x D 5 ®.

4.5.3. Good quotients of the parameter space

For a point z € ®, we let (%, ¢;) be the dispo sheaf obtained from the universal family
by restriction to {z} x X. It will be our task to show that the set ©% () parameterizing those
points z € ® for which (&7, ¢.) is 5-(semi)stable are open subsets of @ which possess a good
or geometric quotient. This can be most conveniently done by applying GIT. To this end, we
first have to exhibit suitable linearizations of the group action. We will use here the approach by
Gieseker in order to facilitate the computations. The experienced reader should have no problem
in rewriting the proof in Simpson’s language.

There is a projective subscheme 2l < Pic(X), such that the morphism det: £ — Pic(X),
l[q:U ® Ox(—n) — ]+ [det(a/)] factorizes over 2. We choose a Poincaré sheaf Pg on
2 x X. Then, there is an integer n1, such that for every integer n > n; and every line bundle .Z
on X with [.Z] € 2, the bundle .Z(rn) is globally generated and satisfies h’ (£ (rn)) = 0 for all
i > 0. For such an n, the sheaf

9 = TEQ(,,(@Q( ® n;‘((ﬁx(rn)))

is locally free. We then form the projective bundle
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Gy :=P<ffom(/r\ U® . g)v>

over the scheme 2. For our purposes, we may always replace the Poincaré sheaf & by its tensor
product with the pullback of the dual of a sufficiently ample line bundle on %, so that we can
achieve that 0g, (1) is ample. The homomorphism

r r

/\@a ®idzs (oym): [\ U ® Oaux — det(fn) @ 75 (Ox (rn))
defines a GL(U)-equivariant and injective morphism

Q —> G].

We declare

Gy :=P(Hom(V,(U), Ho(ﬁx(s! ~n)))v) and G:=G; x Gy.
Then, we obtain the injective and SL(U)-equivariant morphism

Gies: D — G.

The ample line bundles g (v, v2), vi, V2 € Z~, are naturally SL(U)-linearized, and we choose
v1 and v, in such a way that

Vi _ p—s!-8(n) (19)
v r-8(m)

Theorem 4.5.3. There exists n7 € Z~, such that for all n > n7 the following property is verified:
For a point z € D, the Gieseker point Gies(z) € G is (semi)stable with respect to the above
linearization if and only if (o, ;) is a §-(semi)stable dispo sheaf of type (o, s).

In the following, we will prove the theorem in several stages. As the first step, we establish
the following result.

Proposition 4.5.4. There is an ny > 0, such that the following holds true: The set G of isomorphy
classes of torsion free sheaves o7 with Hilbert polynomial P for which there exist an n > ny and
apoint 7= ([q:U ® Ox(—n) > 1], p) €D, such that Gies(z) is semistable with respect to the
above linearization, is bounded.

Proof. We would like to find a lower bound for pmi, (<) for a sheaf <7 as in the proposition.

Then, we may conclude with Theorem 4.2 of [31].
Let 2 = o/ /% be a torsion free quotient sheaf of 7. We have the exact sequence

0— H(%(n)) - H°(o/ (n)) > H(2(n)).

Let A : Gy, (k) — SL(U) be a one parameter subgroup with weighted flag
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(Ue): 0C Uy = H(q(m) ™ (HO(B(m)) C U, aua() = (1)).
Define ' :=q(U; @ Ox(—n)). If Gies(z) = ([M], [L]), then
w(r, [M1) = P(n) - tk(B) — h°(Z(n)) - r < P(n) - tk(B) — h°(B 1)) - .
Similarly to the proof of Theorem 4.2.1, one finds
w(x, [L]) < st- (P(n) — h°(Bm))).

The assumption that Gies(z) is semistable thus gives

0< =L (3 [M]) + (. [L))

2
%S(’n'f(”) (P(n) - 1k(B) — B(B(n)) - r) + 51 (P(n) — h°(B(n)))
_ P02 K@) Pe) KB st P0 A
r-8(n) 3(n) r

We multiply this by » - §(rn)/ P (n) and find

P(n)tk(B) — rh®(Z(n)) + 8(n)s!(r — 1) > P(n)1k(B) — rh®(B(n)) + 8(n)s!(r — tk(B))
0.

AR\

The first exact sequence implies N7 (n)) = P(n)— h%(2(n)). This enables us to transform the
above inequality into

h(20)) S P(n) 6m)-s'-(r—1) S Pn) 6m)-s!'-(r—1)
r ~ k(2) -r ~ r '

(20)
For a semistable sheaf & with u(&) > 0, [32] provides the estimate

h(&)
k(&)

&) _
< deg(X) - <d/:—g(X) + f(”) + d1m(X)>
dim(X)

deg(X) ( (&) . dim0
< . dim(X . 21
aim0)! \degxy T/ () Fdim(X) @
If 1(&) < 0, we have of course 1%(&) = 0. The right-hand side R (n) of (20) is a positive polyno-
mial of degree dim(X) with leading coefficient deg(X)/dim(X)!. We can bound it from below
by a polynomial of the form

dim(X)
+ f(r) +dim(X) + n> .

deg(X) ( C
dim(X)! \deg(X)



1220 T.L. Gomez et al. / Advances in Mathematics 219 (2008) 1177-1245

Assume that n; is so large that the value of this polynomial is positive and smaller than R(n) for
all n > ny. Then, (20), applied to the minimal destabilizing quotient 2 of .27, together with (21)
yields

Mmin(2) > C,
and we are done. O

Theorem 4.5.5. There is an n3, such that for every n > n3 and every point 7 € © with
(semi)stable Gieseker point Gies(z) € G, the dispo sheaf (o7;, @;) is 5-(semi)stable.

Proof. As in [48, Proposition 2.14], one may show that there is a finite set

9:{(” af)|r{=(r{,...,r4): 0<r! <--~<r,]j <r;
(x{:(a{,_,,,atj}): Oéij €Q>0, i=1,...,tj, j:l,...,t},
depending only on the GL, (k)-module Vj, such that the condition of §-(semi)stability of a dispo
sheaf (<7, ¢) of type (0,s) with P(&/) = P has to be verified only for weighted filtrations
(’Q{.v Ol.) Wlth
((tk(), ... 1k(4)), 000) € T .
We may prescribe a constant C’. Then, there exists a constant C”, such that for every dispo sheaf

(o, ) of type (o, s) with P(«7) = P and [«/] € & and every weighted filtration (<7, &, ), such
that ((ck(=)), ..., 1k(#)), ae) € 7 and

w(et) < C”, foroneindexie{l,...,t}, (22)
one has
L(y,ae) > C'.
It is easy to determine a constant C”” which depends only on V with
(e, a3 ) = —C"
for every weighted filtration (o, 0a) Of a sheaf &/ as above with ((tk(2),...,rk(%)),
ae) € 7. We choose C' > § - C". Then, for a dispo sheaf (<7, ¢) of type (o, s) with [«/] € &

and a weighted filtration (7, o), such that ((rk(<), ..., k(<4)), &) € 7 and (22) holds, one
has

L(Aa,0te) + 8- 1A, 0te;9) > C' —5-C" >0,
so that also

M(’Q{Ovao) +8 : /L(,Q{., ao; 90) > O'
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Thus, the condition of §-(semi)stability has to be verified only for weighted filtrations (<7, o)
with ((0k (7)), ..., 1k(%)), ae) € 7 for which (22) fails. But these live in bounded families. We
conclude

Corollary 4.5.6. There is a positive integer ng > n3, such that any n > na has the following
property: For every dispo sheaf (<, ¢) of type (9, s) for which [</] belongs to the bounded
Sfamily G, the conditions stated below are equivalent.

1. (&, ) is 5-(semi)stable.
2. For every weighted filtration (e, atg) With ((k(), ..., 1k(2%)), 0te) € T, such that o; (n)
is globally generated and h' (JZ/]' (n))=0foralli >0, j=1,...,t, one has

t
Y aj (B () - k() — B (j () - k() +8(n) - (o, e @) (2) 0,
j=1
We assume that n > nq. Now, let z = ([q: U ® Ox(—n) — /], 9) € D be a point with
(semi)stable Gieseker point Gies(z). Then, [.«7] belongs to the bounded family &. Therefore, it
suffices to check Criterion 2. in Corollary 4.5.6 for establishing the §-(semi)stability of (<7, ¢).
Let, more generally, (<, o) be a weighted filtration of <7, such that

° ;a_fj(n) is globally generated, j =1, ...,1;
o hW(ei(n)=0,i>0,j=1,...,t.

Since H 0(q (n)) is an isomorphism, we define the subspaces
-1 .
Uj ::Ho(q(n)) (Ho(mfj(n)))gU, j=1,...,¢t

Define the standard weight vectors

y\i=(i—p.....i—p.i,....i), i=1..p-1,
—_—
ix (p—i)x
and choose a basis u = (u1, ..., up) of U, such that

Ui ...ouy)=U;, 1 =dmeU)) =h’ (), j=1,....1.

These data yield the weight vector

t
()
Y= vp)i=) aj-yp’

j=1
and the one parameter subgroup A :=A(u, y) : G (k) — SL(U) with

p

p
)\(Z)'Zci - Uj =ZZM ciui,  2€Gpk).
i=1

i=1
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Similarly, we define the one parameter subgroups A/ := A(u, y,ﬁ’f )), j=1,...,t. Let
L:Vy(U) — H(Ox(s!-n))

be a linear map that represents the second component of Gies(z). We wish to compute (A, [L]).
First, we note that the choice of the basis u provides an identification

1+1
gW)=PUui=u. U/ =U;/Uj. j=1.....t+1,
j=1
which we will use without further mentioning in the following. Define 7 := {1,...,t 4+ 1}**". In

analogy to the considerations at the very end of Section 2.1.2, we introduce the subspaces

U* 'S!CVS(U)’ (il,...,i_g!)el.

I]yeuny 1

As before, we check that all weight spaces with respect to the one parameter subgroup A in-
side V(U) are direct sums of some of these subspaces. In addition, the subspaces Ui"l iy are

eigenspaces for the one parameter subgroups A, ..., A’. More precisely, A/ acts on Ul."1 iyt with
the weight h

S!-lj-l)j(il,...,isy)-p, (i1,...,ig) €l j=1,...,t
In that formula, we have used
Vi(iy, ..., i) =#i <jlk=1,...,s.

Thus, we find

t

()\ [L = —min {Z S' lj —l)j(ll,...,isg)~p) ‘ Uij,---,isz ler(L), (i1,...,is!)el}.

(23)

Fix an index tuple (i ?, cees i?!) € I for which the minimum is achieved.
Let

M: \U — H°(det(/)(rn))
represent the first component of Gies(z). It is well known that
t
(. IM1) = "oy (hO(f () - 1k (7)) — h°(j (n)) - k()
j=1

t
=2 e (p-1k(@)) = h((m) -1).

j=1
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Since we assume Gies(z) to be (semi)stable, we have

0(<) 5—; (e IMT) + (1, [L])

t

V1 -0

= — k(a}) — d 'l - ey
v & IO‘J(Pr () (”) 2 :O‘J Sy ”J ’ s')P)
p —s!é(n) !

t
= s oo (pk(@) —h(Am)r) = ) ey (st = vi (il i) p)
. <

t

2 0 !
p ik(«;)  pslik(;)  ph’ (4 (n)) : .
- jz_;“"( T R T )+;“m(l?~-~,lﬂ)1’-

For the last equation, we have used /; = ho(,;zfj (n)). We multiply this inequality by r - §(n)/p.
This leads to the inequality

t
Z (p - tk(<zj) — KO (< (n)) - )

+8(n)~< Z(x] (s!-rk(ety) —v; (i), . ..,i?!)-r)) (>)O0.

j=1

To conclude, we have to verify

t
(L, 0tg; @) > —Zaj < (s!-rk(et)) — vj(i?,...,i‘?,) 7). (24)
=1

If )4 is the weight vector with the distinct weights y| < --- < y,41 which is associated to (27, ®s)
as in Remark 4.1.1, then one easily checks that

t
Vo ety = Yo aj (shork(@) = v (i i0) 7).
j:1

In view of (12), it remains to show that
Ot gw-naty Z 0. 25)
' Is!
To this end, note that, up to a scalar, L is given as

HO(p®id gy (s1.n))
e

(t:Vy(U) = HY(Vs()(s! - n))) HO(Ox(s!-n)).

The image of U* o lies in the subspace HO((%O *k ;zfl.q)(s! -n)) and that shows (25). O

.....

Lst
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We now turn to the converse direction in the proof of Theorem 4.5.3. Again, we need a
preparatory result.

Proposition 4.5.7. There is a positive integer ns, such that any §-(semi)stable dispo sheaf (<, @)
of type (o, s) with P(a/) = P satisfies

t
> e (Pn)-1k(e)) — hO(Zj(n)) 1) + 8(n) - j1(Fa, e 9) (=) 0
j=1

for every weighted filtration (<, ae) of </ and every n > ns.

Proof. By Theorem 4.2.1, we know that there is a bounded family &’ of torsion free sheaves
with Hilbert polynomial P, such that [«/] € &' for any §-semistable dispo sheaf (<7, ¢) of type
(0, s) with P(&/) = P. We choose a constant C, such that pmax(2/) < C for every torsion free
sheaf &7 on X with [«/] € &’. Given an additional positive constant C’, we subdivide the class
of torsion free sheaves % which might occur as saturated subsheaves of &’x-modules <7 with
[2/] € & into two classes:

A (B> —C.
B. u(%) <-C'.

By a lemma of Grothendieck’s [29, Lemma 1.7.9], the sheaves Z falling into class A live again
in bounded families, so that we may always assume that our »n is large enough, such that any such
sheaf 4 satisfies h' (#(n)) =0, i > 0.

If & is a torsion free sheaf on X with Harder—Narasimhan filtration 0 =: 6y C &1 C --- C & €
&i4+1 := &, then

t+1
hO&) <D h(& /&),

i=1

so that (21) gives, with F(r) :=max{f (i) |i=1,...,r}and k(&) < r,

0 — . :
h2(&) < (tk(&) — 1) dim(X)! deg(X)

deg(X) < w(&)
dim(X)! \deg(X)

dim(X)
deg(X) <Mmax(éa) +F(r)—|—dim(X))

dim(X)
+ F(r) + dim(X)) .

For any sheaf o/ with [«/] € & and any saturated subsheaf % of ./ which belongs to class B,
we thus find

deo(X C dim(X)
h(Bn)) < (tk(B) - 1) - dierf((x))! : (deg(x) + F(r —1) +dim(X) —|—n>
deg(X) _C/ ) dlm(X)
dim(X)! . <deg(X) + F(r—1) +dim(X) +n>

=: R(tk(%), C")(n). (26)
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We choose C’ so large that

P -1k(B) —h*(Zn)) -r > P -1k(B) — R(tk(%B),C’) -r = K - x0T ..
=8-s!-(r—1). (27)

For all n > 0, (27) remains true when evaluated at 7.

Now, let (<, a,) be any weighted filtration of .«7. Write {1,...,1} = Ip L Ig with i € Ip/B

if and only if . belongs to class A/B. Let 1 < A/B <. < z,/:ff

A/B A/B

t be the indices in /o, and

define the weighted filtrations (<7, ) Wlth

J%,A/B: OC(QfA/B JZVA/BC C,Q(A/B.—(QfA/B C o,

fa/B fA/B
A/B A/B
(X.A/Bz(al/ s afAiB) (O( A/B,.. 0{&//1;)
It is easy to see that
(A te1 9) = n(F2 el p) — st (r = 1) - Za : (28)

Now, we compute

t
> ey (Pn)-1tk(a)) — hO(Zj(n)) 1) + 8(n) - jt(Ha, ta: )
j=1
A

28
(2)201?‘-(P(n)-rk(%]A)—hO(.Q%]A(n)) r)+8(mn) - w(Zl 0l )
j=1

B B
+ Za? (P -rk(;z{jB) - hO(JijB(n)) r)=8n)-s!-(r—1)- Za}?
j=1

j=1

"Z0 M (P, @) )+ 8n) - (P, ol )
B
+> B ((P() - 1k(ZP) —hO(/P(n) -r) = 8(n) - s1- (r — 1)
j=1

Q27 &n>0 >0
>>> M (L, al) () +8(n) - (L, ol )(>>>)0

The last estimate results from the condition of §-(semi)stability, applied to the weighted fil-
tration (&7, a2). We still have to justify that, in this last estimate, n can be uniformly cho-
sen for all polynomials of the form M (4, a,) + & - (s, 0te; ¢) where all the members
of the filtration 7, belong to class A. We use again the set .7 which has been introduced
in the proof of Theorem 4.5.5. Then, any polynomial of the above form can be written as
a positive rational linear combination of polynomials M (%, al) + & - u(!, al; ¢) where
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((rk(;zfli), ey rk(ﬁftf)), al) € 7 and all the members of the filtration <7/ belong to class A,
i =1,...,u. By the boundedness of the set of isomorphy classes of sheaves in class A, it now
follows that there are only finitely many polynomials of the form M (,, ate) + 8 - (1 (e, Ute; @)
where all the members of <7, belong to class A and ((tk()), ..., 1k(<%)), &) € 7. This proves
our last claim and the proposition. O

Theorem 4.5.8. There exists a positive integer ne, enjoying the following property: If n > ne and
(o, ) is a 5-(semi)stable dispo sheaf of type (0, s) with P(</) = P, then, for a point 7 € D of
the form 7z = ([q : U ® Ox(—n) — 1], ), the associated Gieseker point Gies(z) is (semi)stable
for the given linearization.

Proof. Let 1:G,, (k) — SL(U) be a one parameter subgroup and suppose Gies(z) = ([M], [L]).
Then, we have to verify that

(e IM) + (L) )0

The one parameter subgroup A provides the weighted flag (Uq (1), 8o (1)) With
UeR): 0=UoCUI G- QU CQUrt1:=U;  Be) = (B1, ..., Br).
For each h € {1, ..., 7}, we let JZZ; be the saturated subsheaf that is generically generated by

q(Up ® Ox(—n)). There may be improper inclusions among the .27,’s. After clearing these, we
obtain the filtration

Ao 0=l C A G- Ch C Ay =4
For j=1,...,t, we define
T(G)i={hell,....,t} | o =)

and

aj = Z Bh.

heT (j)

This gives the weighted filtration (<, ote) of 7. By Proposition 4.5.7,

t
S aj - (P@) - tk(et)) — Ot (m) - 1) +8(n) - (. tai 9) (2) 0. (29)
j=1

Recall from (12) that

(Ao, 0ta; @) = —minfy;, + -+ vy, | (1, ... 00) €1 Pty xonsth, 0}. (30)

Let (i?, ey ig!) el ={1,...,t 4 1}** be an index tuple which computes the minimum. With
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vi(in, ... i) =#ix <jlk=1,...,5},
one calculates
t
V0 +. 4 Vi?, = Zaj . (s! -1k(}) — vj(i?, ...,ig!) -r).
Bl
Thus, (29) transforms into

t
e (P - tk(ep) = h°(5 ) - 1)

j=1

t
+8(n) - (—Za,» (st k() — v, (i), ..., i) ~r)) (>)0.

J=1

A computation as in the proof of Theorem 4.5.5, but performed backwards, shows that this im-
plies

n (Za/’ - (P(n) - k(7)) = h(eF; () -r))

V2 =l
t
= aj (st k() — v (if. ... i) - p) () 0. 31)
j=1
First, we see that

p(a, IM1) =" Bu- (P(n) - k() — dimg (Up) - 7)
h=1

t
> ;- (P(n) k() — h(j(n)) - 7). (32)
j=1

We need a little more notation. For j =0, ..., + 1, we introduce

h(j)=minfh=1,....71| =<} U, = Uy,

h(j):=max{h=1,...,7| o) = ;}; Uj=Ug
as well as
Up=U;/Uj_1, j=1.....t+L
For an index tuple (i1, ..., i51) € I, we find the vector space

ﬁil,...,l‘x! = (ﬁil K- Q ﬁisy)@]v'
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Using a basis u of U which consists of eigenvectors for the one parameter subgroup A, we identify
these spaces with subspaces of (U®"YON Then, U‘ st stands for the image of Uz,,..., , in

@ (Sym™ (U & V) ® - -- ® Sym® (Sym* (U & V)))

(dy,....ds):
d,' 20, Zid,‘:S!
and U * it for the intersection of U * g with Vi (U). A similar construction, generalizing
the one ‘at the end of Section 2.1, assc>01ates to a collection of subspaces Y1, ..., Yy of U the

subspace Y| - - - Yy of (U®)®N  Note that

A=Ai(u,y) withy = Z,Bh y(dlmA(Uh))

h=1
We define A" := Mu, y,ﬁdimk‘u"”), h=1,..., 7. The effect of our definition is that the spaces
Ul"l i (i1,...,i5) € I, are weight spaces for A as well as for AL ... AT. We associate to an

index & € {1, ..., t} the index j(h) € {1, ...,t}jvith 42{71 = ;. Then, h(j) < h holds if and
only if j < j(h), and one verifies that A acts on U, 0 with the weight

ll """ ]

—Zﬂh S‘ dlmk(Uh)—v](h)(zl,..., ?,)-p)

h=1
t
= ey (st () — v (iY. ... 10) - p). (33)
j=1

In view of the estimates (31), (32), and (33), it is now sufficient to ascertain that the restriction
of L to Ui’{) o is non-trivial. If it were trivial, then there would have to be an index tuple
1reobs)

(iys ...,y with i) < ilo, [=1,...,s!, at least one inequality being strict, such that
Lig, wests, #0. (34)
st

This is because L restricts to a non-zero map on Qi? * ek Qio.’ aS Pl gxxt is non-trivial.
S 1 S!

Now, if (34) holds true, then we must also have
‘pWi;*“*dﬂ, #£0. (35)

(Compare the arguments at the end of the proof of Theorem 4.5.5.) But, then the tuple (i ?, ey ig!)
would not give the minimum in (30), a contradiction. O

By Theorem 4.5.3, the subsets D% S of §-(semi)stable dispo sheaves are the preimages of
the sets of GIT-(semi)stable points in G under the Gieseker morphism. Therefore, they are open
subsets.
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Proposition 4.5.9. The restricted Gieseker morphism
Gies| g (DO s G
is proper. Since it is also injective, it is finite.

Proof. This is pretty standard, so we can be a bit sketchy. We apply the valuative criterion of
properness. Let Q be the closure of £ in the quot scheme of U ® @x (—n). Then, the parameter
space © may also be compactified to ® — Q. Given a discrete valuation ring R, a morphism
n:C := Spec(R) — G** which lifts over C* := Spec(Quot(R)) to a morphism n* : C* — D55,
we may first extend 7* to a morphism 7 : C — ©. This morphism is associated to a family

(gc:U @ mx(Ox(—n)) — e, pc:Vi(de) > Ocxx)

on C x X where the restriction of 7 to the special fiber {0} x X may have torsion. (As
usual, one gets ¢c¢ first on the open subset where <7 is locally free and then extends it
to X.) Let Z be the support of that torsion. Then, the family gc may be altered to a fam-
11y gc:U @ nx(Ox(—n)) — ,Q{c where szc is now a C-flat family of torsion free sheaves,
gc agrees with gc on (C x X) \ Z, but gc|j0yxx may fail to be surjective in points of Z. Let
t:(C x X)\ Z — C x X be the inclusion. Define g¢ as the composition

7 7 L X )
VS (MC) = L (VS (JZ{CI(CXX)\Z)) = lx (VS (JZ{CKCX)Q\Z)) C&X)\Z

L(Ocxxnz) = Ocxx.
The family (g¢,@c) _also defines a morphism to G which coincides with 7. Let
(q:U ® Ox(—n) — &, ) be the restriction of the new family to {0} x X. One checks the
following results:

e H%(G(n)) must be injective;

e Since (¢, ) defines a semistable point, o belongs to a bounded family (this is an easy
adaptation of the proof of Proposition 4.5.4);

e The techniques of the proof of Theorem 4.5.5 may also be used to show that (,;z% @) must be
8-semistable. In particular, the higher cohomology groups of o (n) vanish, so that H(§ (n))
is indeed an isomorphism.

The family (¢, ¢) is thus induced by a morphism 7 which lifts n and extends n*. This finishes
the argument. O

Since G* possesses a projective quotient, Proposition 4.5.9 and Lemma 2.1.7 show that the
good quotient

M%%() := %% SL(U)
exists as a projective scheme. Likewise, the geometric quotient

M3 (o) :=D/SL(U)
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exists as an open subscheme of M(;;SS(Q). By Propositions 4.5.1 and 4.5.2, and the universal
property of a categorical quotient, the space M‘;;SS(Q) is indeed a coarse moduli space. O

Remark 4.5.10 (S-equivalence). Recall that two points in D% are mapped to the same point in
the quotient if and only if the closures of their orbits intersect in D55, Given a point y € D%,
let y/ € D% be the point whose orbit is the unique closed orbit in SL(U) - y (S ©%). Then,
there is a one parameter subgroup A : Gy, (k) — SL(U) with lim,_, 5 A(z) - y € SL(U) - y'. For
this one parameter subgroup, one has of course (A, y) = 0. Thus, the equivalence relation that
we have to consider on the closed points of D% is generated by y ~ lim, o, A(z) - y for all one
parameter subgroups A : G, (k) — SL(U) with u(A, y) =

If one looks carefully at the arguments given in the proofs of Theorems 4.5.5 and 4.5.8, one
sees that, for a point y = ([¢: U ® Ox(—n) — <71, ¢) € D%, the following observations hold
true:

e If A:G,, (k) — SL(U) verifies u(A, y) =0, its weighted flag (U, (1), e (1)) has the property
that the weighted filtration (7, oe (1)) With &7 :=q(U; @ Ox(—n)), j =1, ..., 1, satisfies

M (A, ta(V)) +8 - 11 (Ao, (V) ) =

e Given a weighted filtration (<, ae) of &7 with
M(Ay, te) + 8 - (Ao, 0te; ) =0,

one can assume hi(ﬂf}- (n)) =0, i > 0, and that .2/; (n) is globally generated, j =1,...,¢
Hence, there is a unique flag U, in U, such that Ho(q(U.,-)) maps U; onto HO(@Z/ n)),
j =1,...,t. Then, any one parameter subgroup A:G,, (k) — SL(U) with weighted flag
(U,, o) satisfies w(x, y) =0.

e For a one parameter subgroup A with w(i,y) =0, y := lim;— o A(z) - ¥, and in-
duced weighted filtration (<, a,) on 7, the dispo sheaf (=, ¢,/) is isomorphic to
df (o7, 00) (A, @).

This shows that the equivalence relation induced by the GIT process on the closed points of D%
is just S-equivalence of dispo sheaves as introduced in Section 4.3.

Remark 4.5.11 (Decorated vector bundles on curves). In [46], given a homogeneous repre-
sentation k : GL,(k) — GL(V) and a smooth projective curve X over the complex numbers,
the moduli problem of classifying triples (E, L, ¢) consisting of a vector bundle of rank r
on X, a line bundle L on X, and a non-trivial homomorphism ¢: E, — L, E, being asso-
ciated to E via «, was solved by a GIT procedure similar to the one presented above. Write
V=V @det(V)®* where V is a homogeneous polynomial GL, (k)-module, say, of degree u.
The only characteristic zero issue that is necessary for the construction in [46] is the fact that 1%
can be written as the quotient of (V®“)®V for an appropriate positive integer v. In characteristic
p > 0, this is only true when p > u. However, we may use the results of Section 2.4. They imply
that V is a quotient of D*-? (V) for an appropriate integer v > 0. Now, D*'?(V) is a subrepresen-
tation of (V®*)®N  This shows that the arguments given in the present paper may be used to deal
with decorated vector bundles on smooth projective curves in any characteristic (see [24] for the
analogous case of decorated parabolic vector bundles).
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5. The proof of the main theorem

This section is devoted to the proof of the main theorem. In fact, we will prove a slightly
stronger theorem which is the exact analog to the main result of [45] in arbitrary characteristic.
To do so, we recall the necessary notions of §-semistable pseudo G-bundles and so on.
5.1. Associated dispo sheaves

The notion of a “pseudo G-bundle” has been recalled in Section 3.1. Now, we relate pseudo
G-bundles to dispo sheaves.

Let S be a scheme, and (o7, ts) a family of pseudo G-bundles parameterized by S. Let

1:U € § x X be the maximal open subset where /s is locally free. The locally free sheaf .75/
and the GL, (k)-module V give rise to the vector bundle V, (2Z5i/), and there is a surjection

Sym* (Vs (sjp)) — Lym) (s @ V)©.

Define T as the restriction of zg)y to the subalgebra ./ ym®Y) (Asiu ® V)¢ . Then, T, is deter-
mined by a homomorphism

o' Vs(dsiy) — Ou.

Thus, Ty gives rise to the homomorphism
95 : Vs (ds) = 1(Vs(s10)) = 1(Oy) = Osxx,
by Corollary 2.6.2. Therefore, we can associate to the family (<7g, t5) of pseudo G-bundles the
family (75, @s) of dispo sheaves of type (o, ).
The map which associates to a pseudo G-bundle a dispo sheaf is injective on isomorphy

classes. More precisely, we find
Lemma 5.1.1. Suppose that (<7, t) and (<7, 1") are two pseudo G-bundles, such that the asso-
ciated dispo sheaves are equal. Then, there is a root of unity ¢ € k, such that ¢ - id g yields an
isomorphism between (<, t) and (<, t').
Proof. Ford > 0, let

/. d G

74, Ty Sym(A Q V)Y — Ox

be the degree d component of 7 and 7/, respectively. Note that 7 is determined by €B)_, 74. Let

T @ (yymdl (7 ® V)G) Q- Q. Lym® (S ym* (o @ V)G)) — Ox

(dy,....ds):
d,’ 20, Zid,‘:j‘!

be the map induced by 7y, ..., 7y, and define T, in a similar way. By definition, Ty = 7. Our
assumption thus grants that (7, 7,) and (<7, 7)) are equal. This implies that, for 1 <d <,
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me% (tg) = me% (r"i).

Restricting this equality to the generic point, it follows that there is an (s!/d)th root of unity ¢4
with

‘L’[;=§d~‘[d, d=1,...,s.

It remains to show that there is an s'th root of unity ¢, such that ¢; = ¢¢. To see this, let A be the
restriction of .27 to the generic point. Then, Ty and T}, restricted to the generic point, define the
same point

xeP:= IE”( P sym™(AeV)9) @ ®Sym®(Sym'(A® V)G)).
d,..., dg);
di >0, idj=s!

On the other hand, @P;_, 74 and @;_, 7, define points

s \4
v,y €B:= (@Symd(A(X) V)G> .

d=1

By our assumption, y and y’ map both to x under the quotient map followed by the Veronese
embedding

B\ {0} — (B\{O})//Gm(l() — P.

Putting all the information we have gathered so far together, we find the claim about the ¢; and
from that the one of the lemma. 0O

Let5 € Q[x] bea positive polynomial of degree at most dim(X) — 1. We choose an s as before
and define § := 3/ s!. A pseudo G-bundle is said to be 5—( semi)stable, if the associated dispo sheaf
(o, @) of type (g, s) is 8-(semi)stable. Similarly, given a non-negative rational number §*, we
define the pseudo G-bundle (27, T) to be §*-slope (semi)stable, if the associated dispo sheaf
(o, ¢) is (8*/s!)-slope (semi)stable.

Remark 5.1.2. (i) The definition of g—(semi)stability is the same as the one given in [45, p. 1192].
(ii) Using (7), it follows that the notion of §-(semi)stability does not depend on the choice
of 5. This is why we threw in the factor 1/s!.

5.2. S-equivalence

We fix a stability parameter :S:L i.e., a positive rational polynomial of degree at most
dim(X) — 1. Suppose (<7, 7) is a §-semistable pseudo G-bundle with associated dispo sheaf

(o, p) and (,, o) is a weighted filtration with

s
M (Ao, ata) + . - (A, e ) = 0.
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The construction used for defining an associated admissible deformation of a dispo sheaf
can be easily extended to give the construction of the associated admissible deformation

df(oz, 0 (&, T). As before, we let S-equivalence be the equivalence relation “~g” on 5-
semistable pseudo G-bundles (27, 7) generated by

(’dv T) NS df(le.,O(o)('Q{s T)'

The injectivity of the map which assigns to the isomorphy class of a pseudo G-bundle the iso-
morphy class of the associated dispo sheaf (Lemma 5.1.1) and the definitions of semistability
for the respective objects easily imply that for two pseudo G-bundles (<, 7) and (&', t’) with
associated dispo sheaves (&, ¢) and (&', ¢’) one has:

(@, D)~ (7)) & (F,9)~s (9. (36)

In Remark 5.4.3 below, we will give a nice description of S-equivalence on semistable singular
principal G-bundles.

5.3. Moduli spaces for §-semistable pseudo G-bundles

An immediate consequence of the definition of semistability of pseudo G-bundles and Theo-
rem 4.2.1 is that, for a given Hilbert polynomial P, the set of torsion free sheaves <7 with Hilbert
polynomial P for which there exists a 5—(semi)stable pseudo G-bundle (&7, ) is bounded. Fi-
nally, the construction carried out in Section 5.1 and Corollary 2.6.2 give a natural transformation

5 5-
AD: M5 (0) - M5%(g, )

of the functor M‘i;(s)s(g) which assigns to a scheme S the set of isomorphy classes of families
of g—(semi)stable pseudo G-bundles with Hilbert polynomial P parameterized by S into the
functor M‘;(S)S(g, s) which assigns to a scheme S the set of isomorphy classes of families of -
(semi)stable dispo sheaves of type (o, s) with Hilbert polynomial P parameterized by S.

Theorem 5.3.1. Fix the stability parameter § and the Hilbert polynomial P. Then, there is a
projective scheme M‘j[;SS (o) which is a coarse moduli space for the functors M‘;;SS(Q).

Remark 5.3.2. This theorem generalizes the main theorem of [45] to arbitrary characteristic.

5.3.1. Construction of the parameter space

There is a constant C, such that pum., (&) < C for every §-semistable pseudo G-bundle
(o, t) with P(&/) = P, i.e., o lives in a bounded family. Thus, we may choose the integer s in
such a way that . ym*(«/ ® V)© is generated by elements in degree at most s for all such .. We
choose an n¢ 3> 0 with the following properties: For every sheaf .<# with Hilbert polynomial P
and pmax (&) < C and every n > ng, one has

e Hi(4/(n))={0} fori > 0;
e o/ (n) is globally generated;
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e The construction of the moduli space of (E/s!)—semistable dispo sheaves of type (o, s) can
be performed with respect to n.

We choose a k-vector space U of dimension P (n). Let 2 be the quasi-projective scheme which
parameterizes quotients ¢ :U ® Ox(—n) — «/ where &/ is a torsion free sheaf with Hilbert

polynomial P and jimax(7) < C (so that .Zym*(«/ ® V) is generated by elements of degree
at most s) and H O(q (n)) is an isomorphism. Let

49 :U @y (Ox(—n)) — g
be the universal quotient. By Lemma 2.3.2, there is a homomorphism
fym*(U ® n;‘((ﬁx(—n)) ® V)G — Sym* (g ® V)6
which is surjective where @7y is locally free. For a point [¢q:U ® Ox(—n) — /] € 1, any

homomorphism 7 :.7ym* (&7 ® V)¢ — Ox of Ox-algebras is determined by the composite ho-
momorphism

N
@mei(U ® n}}(ﬁx(—n)) ® V)G — Oy
i=1
of Ox-modules. Noting that
Fym' (U @ 7wy (0x (=) ® V) = Sym (U ® V)C @ 7§ (Ox (—in)),
7 is determined by a collection of homomorphisms
@i :Sym' (U @ V)¢ ® Ox — Ox(in), i=1,...,s.

Since ¢; is determined by the induced linear map on global sections, we will construct the pa-
rameter space inside

N
2%:=Q x @ Hom(Sym' (U & V)¢, H(0x(in))).
i=1
Note that, over @0 x X, there are universal homomorphisms
¢ :Sym' (U ® V)¥ ® Ogpo, x > H(Ox(in)) ® Ogpox. i=1,....s.
Let ¢’ =evo@' be the composition of &’ with the evaluation map ev: H(Ox (in)) ® Ogyo, x —

mx(Ox(in)), i =1,...,s. We twist @' by idzs (0 (—iny) and put the resulting maps together to
the homomorphism

N
@: Voo = @mei(U Q% (Ox(—n)) ® V)G — Oy x-

i=1
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Next, ¢ yields a homomorphism of ﬁ@o « x -algebras
?930 : yym*(df/gyo) — ﬁQ_)OXX'
On the other hand, there is a surjective homomorphism
B: me*(“/mo) — me*(n*(;zi/g) ® V)G

of graded algebras where the left-hand algebra is graded by assigning the weight i to the elements
in Sym (U @ ny(Ox(—n)) ® V)O. Here, 7 :9° x X — Q x X is the natural projection. The
parameter space ) is defined by the condition that ?@o factorizes over B, i.e., setting .y =
(m*(29)) 19 x x » there is a homomorphism

19 1 Lym* (Hy ® V)¢ — Oyxx

with ?@o@ xx = Ty o B. Formally, 9) is defined as the scheme theoretic intersection of the closed
subschemes

Va:={ye 9)° ’ ?%Om}xx :ker(ﬁﬁy}xx) — Oy istrivial}, d>0.

The family (), g)) is the universal family of pseudo G-bundles parameterized by ). (In all
these constructions, one needs to use Lemma 3.1.2.)

Proposition 5.3.3 (Local universal property). Let S be a scheme and (s, ts) a family of 5-
semistable pseudo G-bundles with Hilbert polynomial P parameterized by S. Then, there exist
a covering of S by open subschemes S;, i € I, and morphisms B; :S; — ), i € I, such that the
Sfamily (55, Ts|s;) is isomorphic to the pullback of the universal family on ) x X by B; x idx
foralliel.

5.3.2. The group action
There is a natural action of GL(U) on the quot scheme £ and on 9)°. This action leaves the
closed subscheme %) invariant, and therefore yields an action

I':GL(U) x99 —9.

Proposition 5.3.4 (Gluing property). Let S be a scheme and ;- S — %), i = 1,2, two morphisms,
such that the pullback of the universal family via By x idy is isomorphic to its pullback via
B2 x idy. Then, there is a morphism = : S — GL(U), such that By equals the morphism

Expy

s B GLw) x 9 L 9.

Remark 5.3.5. The universal family is equipped with a GL(U)-linearization. If one fixes, in
the above proposition, an isomorphism between its pullbacks via 81 x idy and B> x idy, then
there is a unique morphism = : § — GL(U) which satisfies the stated properties and, in addition,
that the given isomorphism is induced by pullback via (& x 1 x idy) from the linearization
of (@fy, Ty). This fact simply expresses that the moduli stack for 5-(semi)stable pseudo G-
bundles will be the quotient stack of an appropriate open subscheme of the parameter space 2).
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5.3.3. Conclusion of the proof
Suppose we knew that the points ([¢:U ® Ox(—n) — /], ) in the parameter space )
for which (&7, 7) is §-semistable form an open subscheme 25, Then, it suffices to show

that )% possesses a (good, uniform) categorical quotient by the action of GL(U). Indeed,
Propositions 5.3.3 and 5.3.4 and the universal property of the categorical quotient then im-

ply that M(;;SS(Q) := %% ) GL(U) has the desired properties. We have the natural surjection
G (k) x SL(U) — GL(U), (z, m) — z - m, and obviously

Y75 GLWU) = 9™ (G (k) x SLV)).

By Example 2.1.6(ii), we may first form

2)8-58 — 2)3—55//(@’” (k)
and then
P SLU).

We can easily form the quotient Q) := 2) /G, (k). Since G,, (k) is linearly reductive, ) is a closed
subscheme of

9 x (@Hom(symi(U ® V)Y, Ho(ﬁx(in)))//Gm(k))

i=1
In particular, 9) is projective over Q. Let ® — £ be the parameter space for dispo sheaves of type

(0, 5) constructed above. If we apply the construction described in Section 5.1 to the universal
family (%), Ty), we get an SL(U)-equivariant and G, (k)-invariant morphism

1; -2
and, thus, a proper SL(U)-equivariant morphism
Vi) —D.
By Lemma 5.1.1, v is injective, so that it is even finite. Now, there are open subsets D% ®S,

8= S’/ s!, which parameterize the §-(semi)stable dispo sheaves of type (g, s), such that the good,
uniform categorical quotient

M5%(g, 5) =D SL(U)
exists as a projective scheme and the geometric, uniform categorical quotient
M55 (0, s) = D°5/SL(U)

as an open subscheme of M‘};SS(Q, s). By definition of semistability,
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J—l (Qé—ss) — @'g-ss
whence
w*l (@5—55) — SDE_SS//Gm (k)
Now, Lemma 2.1.7 implies that the quotient
M3 (0) :=9"% ) GL(U) = ¢~ (D**) / SL(U)
exists as a projective scheme. Likewise, the open subscheme
M55 (0) := %%/ GL(WU) = ¥~ (D%*)/SL(U)
is a uniform (universal) geometric quotient and an open subscheme of M‘fz‘ss(g).
5.4. Semistable singular principal bundles
Theorem 5.4.1. Fix a Hilbert polynomial P, and let $oc be as in Corollary 4.2.2. For every
polynomial § = s! - 80 and every singular principal G-bundle (<7, t) with P(</) = P, the
following properties are equivalent:

1) (,7)is (semi)stable.
(i) (7, 1) is 5-(semi)stable.

Taking into account Corollary 4.2.2, the theorem reduces to:

Lemma 5.4.2. Let (<7, t) be a singular principal G-bundle with associated dispo sheaf (<, ¢).
Then, for a weighted filtration (<, ) of <, the condition

w( Ay, te; 9) =0

is satisfied if and only if

(Ao, e) = (Aa(B), ata(B))
for some reduction B of (<, T) to a one parameter subgroup A of G.

Proof. We show that the first condition implies the second one, the converse being an easy exer-
cise. Let 1/ : Gy, (k) — SL,(V) be a one parameter subgroup, such that the associated weighted
flag

(Va): 0C VI S-S Vy CV, (1))

satisfies +' = ¢, dim(V;) = 1k, o =ker(&" — Y, ), i =1,...,t, and a,()) =
(af,...,a1), if @y = (a1, ..., ar). Then, the weighted filtration (<, a,) is associated to a re-

duction B’ of the principal GL(V)-bundle .#som(V ® Oy, 427‘{/,) to A’ with U’ the maximal
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open suBset where ¢/ is locally free and all the .<7/" are subbundles. We may choose an open
subset U C X, such that there is a trivialization v dlé — V® Oy with () =V; ® Of,
i =1,...,t. By definition of the number u (<, a; ¢), (8), and Proposition 2.1.4, we see that
there is a one parameter subgroup A : G, (k) — G, such that

(Vo (A, O[.()\.)) = (Vu ()"/)s 0% ()"/))

To the principal bundles (<7, 1) and . som(V ® Oy, ;zf/m) we may associate group schemes
G C YL (V) over U. Now, ¥.Z(V) acts on .Zsom(V ® OU,«%Y/)/«QGL(V)()»), and the sta-
bilizer of the section 8’ : U’ — Fsom(V ® Oy, «quv,/)/QGL(V) (A) is a parabolic subgroup
2cC 9L (V) such that

GL V) /2= Isom(V & Oy, )/ QcLv)(A).

The intersection Qy := 2 N %y is a parabolic subgroup. This follows if one applies the
above reasoning on weighted flags to the geometric fibers of ¥ C ¥.Z(V) over U’. Fur-
thermore, Yy / 24 = P (4, T)jy/Qc(A). This can be seen as follows: Let C be the set of
conjugacy classes of parabolic subgroups of G. There is a scheme Par,(¥y//U’) over U’,
such that giving a parabolic subgroup 2 of %y the fibers of which belong to p € C
is the same as giving a section U — Par,(¥y/U’) [8, p. 443ff]. It is easy to see that
Par,(Gu |U) = P (A, 1) /Qp, Qp being a representative for p (compare [42, p. 281]).
Finally, 4y / 24 = Par,(%y:/U’) [8, Corollaire 3.6, p. 445]. Therefore, we have the commu-
tative diagram

Qy—— 2

|

Gy GL V).

Taking 2« -quotients in the left-hand column and 2-quotients in the right-hand column yields
the commutative diagram

U U

B lﬁ’

P (A, O/ Q6 (M) = Isom(V ® Oy, 7,)/ Q6Lv)(A)

and settles the claim. O

Remark 5.4.3 (S-equivalence for semistable singular principal G-bundles). Let (<, 1) be a
semistable singular principal G-bundle. By Lemma 5.4.2, an admissible deformation is asso-
ciated to a reduction g:U" — (4, 7)y’/Qc(X) to a one parameter subgroup, such that
M(As(B), aa(B)) = 0. The structure of the rational principal G-bundle P (df (., ) (%, 7))
may be described in the following way: The reduction 8 defines a principal Qg (A)-bundle 2
over U’, such that Z(«7, 7)|y is obtained from 2 by means of extending the structure group
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via QG (1) C G. Extending the structure group of 2 via Qg (A) = Lg (1) C G yields the princi-
pal bundle & (df ., o.)(47, T))|p’- Thus, our notion of S-equivalence naturally extends the one
considered by Ramanathan (see, e.g., [44]).

Fix a Hilbert polynomial P and a stability parameter 8. The most important basic fact which
has to be kept in mind is that a §-semistable pseudo G-bundle (<7, ) with P(«/) = P which is
S-equivalent to a semistable singular principal G-bundle (&’, t’) is itself a semistable singular
principal G-bundle. In other words, the class of semistable singular principal G-bundles with
Hilbert polynomial P is closed under S-equivalence inside the class of S-semistable pseudo G-
bundles with Hilbert polynomial P.

We now come to the statement which grants semistable reduction theorem and, in particular,
projectivity of the moduli spaces of semistable singular principal G-bundles.

Theorem 5.4.4. Assume that either o0 : G — GL(V) is of low separable index or G is an adjoint
group, o is the adjoint representation and it is of low height. Then, for every polynomial S with
§ > 5!+ 8, a S-semistable pseudo G-bundle (o, t) with P(</) = P is a singular principal
G-bundle.

Proof. Let (<7, ) be a pseudo G-bundle with associated dispo sheaf (7, ¢). Write A for the
restriction of o7 to the generic point of X. As in Section 2.1.2, we set

Vid):= P (Sym? (A V)9) ®: - @ Sym® (Sym* (A @ V)Y)).

(dy,....ds):
dl' 20, Zidizs!

W, (A) == D (Sym’ (A & V)9)".
i=l1

The restriction of ¢ to the generic point yields an element v € P(V(A)) and the restriction of t
to the generic point an element w € W, (A). Note that there is the surjection

Wy (A)\ {0} — P(Vs(A)),

such that the point w maps to v.

Let 1:G,,(K) — SL(A) be the one parameter subgroup from Corollary 2.2.8 with
w(x, w) < 0. According to Lemma 2.1.5, we also have (A, v) < 0. Let (A,, «e) be the weighted
flag of A in A. We may find a weighted filtration (<, ote) of &7 Whose restriction to the generic
point yields (A,, o, ). For this weighted filtration, we find

1
(Ao, a3 T) = — - (A, v) < 0.
S

By Corollary 4.2.2, the weighted filtration (7, ote) contradicts 3—semistability. O

Example 5.4.5. The above proof can also be used for classical groups with their standard rep-
resentations. Assume, for example, that G = Sp,, (k) C SLy, (k). If o is a torsion free sheaf,
then giving 7 is the same as giving 1)y, U being the maximal open subset where & is locally
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free. Now, giving 1)y is equivalent to giving a non-trivial anti-symmetric form ¢y : Ay — ;zfl 5
Since <7V is reflexive, the datum of ¢y is the same as the datum of an anti-symmetric form
@:9 — V. Assume that (&, @) is a singular principal Sp,, (k)-bundle. Then, % := ker(yp)
is a proper saturated subsheaf. If it is non-trivial, then the restriction of the weighted fil-
tration (0 C & C o7, (1)) to the generic point will come from a one parameter subgroup
A:Gp(K) — SL(A) with u(X, v) < 0. Therefore, the theorem holds for Sp, (k) with its stan-
dard representation in any characteristic.

A similar reasoning can be applied to SO, (k), if the characteristic of k is not two. It works
also for GO, (k) and GSp,, (k), if one uses the moduli construction suggested in the introduction.

5.5. Proof of the semistable reduction theorem

Before going into the proof, we need to recall the following result of Seshadri® which can be
thought of as the semistable reduction theorem for GIT quotients.

Theorem 5.5.1. (See Seshadri [53, Theorem 4.1].) Let (X, L) be a polarized projective scheme
over the field k on which the reductive group G acts. Then, given a K -valued point x of X*5(L),
where K is the quotient field of the complete discrete valuation ring R, there exist a finite exten-
sion R C R and g € G(K), K' being the fraction field of R’, such that g - x is an R'-valued
point of X*5(L).

So, to prove the semistable reduction theorem it is sufficient to show that the constructed
moduli space is a GIT quotient of a projective scheme.

We fix a stability parameter 5 - 50 (see Theorem 5.4.1) and use the notation of Section 5.3.
By elimination theory, the points in the parameter space 2) corresponding to singular principal
G-bundles form an open subset ). By Theorem 5.4.1, H®% := 9% N § is the open subset
corresponding to (semi)stable singular principal G-bundles. It suffices to show that the quotients

M (0) == 5 ) GLW)
exist as open subschemes of M(;;(S)S(Q). This will follow immediately, if we show that $% is a
GL(U)-saturated open subset of 235, This means that for every point x € $% the closure of
the GL(U)-orbit in 2)9-55 is entirely contained in $%. Since the points with closed GL(U)-orbit

in )% are mapped to the points with closed SL(U)-orbit in 2 (see [41, proof of Proposi-
tion 1.3.2]), it suffices to show that

9= 9% )Gy (k)

is an SL(U)-saturated open subset of 9%, Let y,y’ € 9%, such that y’ lies in the closure
of the SL(U)-orbit of y. Then, ¥ (y’) lies in the closure of the SL(U)-orbit of 1/ (y). We may
assume that the orbit of y” and hence of ¥ (y’) is closed. By the Hilbert~-Mumford criterion, one
knows that there exists a one parameter subgroup A : G, (k) — SL(U) with limy_, oo A(z)- ¥ (y) €
SL(U) -y (y"). Note that the injectivity of ¥ thus implies lim,_, 5, A(z) - y € SL(U) - y’. Suppose

S A proof will be given in Appendix A.
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that y and ¥ (y) represent (<7, t) and (7, ¢), respectively. Now, from the GIT constructions
in Section 4.5, in particular Remark 4.5.10, and Section 5.3, one infers that A corresponds to a
filtration (27, ate) With

~

)
M(m,a.)+;-u(m,a.;<ﬂ)50

and that a point in the orbit of v/ (y’) represents df .y, «,) (<7, ¢), so that a point in the orbit of y’
represents df .z, «,) (<7, T), by Section 5.2. Together with Remark 5.4.3, this shows

ye Ess = y/ e 555’
and this is what we wanted to prove. O
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Appendix A. Semistable reduction for good quotients
In this appendix, we provide a short proof of Seshadri’s theorem 5.5.1 (following his ideas)

used in the proof of the semistable reduction theorem for singular principal G-bundles. As is
well known to the experts (e.g., [4]), Seshadri’s theorem together with the GIT construction
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of the moduli spaces gives the respective semistable reduction theorem. As an illustration, we
show how we can recover the semistable reduction theorem of Langton for semistable sheaves
and the semistable reduction theorem for curves. Even if one has constructed the moduli space
as a projective scheme, the semistable reduction theorem remains of interest, because it has
implications on the moduli stack or related stacks (see, e.g., [24,57]).

Let X be a scheme over some scheme S and let G be a smooth affine S-group scheme acting
on X. As usual, for an S-scheme T, we set X7 := X xg T. In the whole section, K denotes the
quotient field of a discrete valuation ring R. Let us recall that an S-morphism 7 : X — Y is called
a good quotient, if  is an affine G-invariant morphism, such that n,,(ﬁx)G ~ Oy.

Lemma A.0.1. Assume that there exists a good quotient w : X — Y, that Y is proper over S, and
that there is a commutative diagram

Spec(K) o x

]

Spec(R) —— §.

Then, there exist a finite extension R C R' and g € G(K'), K' being the fraction field of R’, such
that g - x is an R'-valued point of X.

Proof. Let Zx be the closure in Xk of the G g-orbit of the graph of x : Spec(K) — X. Then,
there exists a uniquely determined closed subscheme Zg of Xg, such that Zr — Spec(R) is
flat and the generic fiber is isomorphic to Zg. It is the closure of the G r-orbit of the graph
of Spec(K) — X in Xp. Let us remark that Zr — Spec(R) is faithfully flat, i.e., that the fiber T
over the closed point of Spec(R) is non-empty. This follows from the fact that Xz — Yr is a
closed surjective map and the K-point 7 (x) of ¥ can be extended to an R-point of Y. Now, the
lemma follows from the existence of quasi-sections of faithfully flat morphisms. 0O

The above lemma is a slight strengthening of a reformulation of [7, Lemma 2.9]. It implies a
generalization of Theorem 5.5.1 by the following remark: By Seshadri’s generalization of Mum-
ford’s GIT (see [54, Theorem 4]), the assumptions of the lemma are satisfied, if S is of finite type
over a universally Japanese ring, G /S is a reductive group scheme, acting on a projective scheme
with a linearization in an ample line bundle on it, and X is the open subset of G-semistable points.

Theorem A.0.2 (Stable reduction for curves). The Deligne—Mumford stack of stable curves is
proper over Z.. More precisely, if X — Spec(K) is a stable curve, then there exist a finite exten-
sion K C K’ and a (unique) stable family X' — Spec(R’), where R’ is the normalization of R
in K', such that the restriction of X' to Spec(K') is isomorphicto X xg K'.

For the history and references concerning this theorem, we refer to [11].

Proof. The moduli scheme of stable curves is constructed as a GIT quotient of the scheme H g
that parameterizes stable curves of genus g together with their n-canonical embeddings into
some PV by an action of PGL(N + 1) (see [14]). Since the GIT quotient is projective, we can
use the above lemma. A curve X — Spec(K), after choosing an embedding into PV, gives rise
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to a map Spec(K) — H ¢- Then, after possibly changing the map with a group action, we can
extend it to a map Spec(R') — H ¢- This gives the required family, because there is a universal
family over H ¢ O

Theorem A.0.3 (Langton’s theorem). (See [29, Theorem 2.B.1].) Let X be a projective Z,-scheme
with geometrically connected fibers and let Ox (1) be an ample line bundle on X. Let Fk be a
Gieseker semistable sheaf on X x Spec(K). Then, there exist a finite extension K C K’ and a
family F/,, of Gieseker semistable sheaves on X parameterized by Spec(R'), where R' is the
normalization of R in K', such that ., ~ Fx @k K'.

In fact, Langton proved the slightly stronger assertion that in the above theorem one can
always take K’ = K, but we need to start with an R-flat family of sheaves on X. Langton’s
algorithm works also for slope semistable sheaves for which there is no moduli space in general.

Proof. The theorem follows from the above lemma and the GIT construction of the moduli space
of Gieseker semistable sheaves (see [32]). O
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