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Abstract

This communication analyzes the diffusive spatially heterogeneous predator-prey model introduced by the
authors in [16], which takes into account the saturation effects of the predator in the abundance of preys through
a saturation coefficient W<(G) 
 0 with ‖<‖∞ = 1. The main result establishes the existence of, at least, two
coexistence states for sufficiently large W > 0 in a region of the parameters where the Lotka–Volterra counterpart
cannot admit any coexistence state, regardless the size and shapes of the logistic and interactions coefficients of
the model.

1. Introduction
This communication analyzes the existence and multiplicity of coexistence states for the generalized spatially
heterogeneous predator-prey model




L1D = _D − 0(G)D2 − 1(G) DE

1 + W<(G)D in Ω,

L2E = `E + 2(G) DE

1 + W<(G)D − 3 (G)E
2 in Ω,

B1D = B2E = 0 on mΩ,

(1.1)

where Ω is a bounded domain of R# whose boundary, mΩ, is a # − 1 dimensional manifold of class �2, and L1
and L2 are second order uniformly elliptic operators in Ω of the form

L^ := −div (�^ (G)∇) +
#∑
9=1

1 9 ,^ (G)m 9 + 2^ (G), ^ = 1, 2,

where, for every : = 1, 2, �^ (G) :=
(
08 9 ,^ (G)

)
1≤8, 9≤# is a symmetric matrix of order # such that

08 9 ,^ = 0 98,^ ∈ ,1,∞ (Ω) and 1 9 ,^ , 2^ ∈ !∞ (Ω) for all 1 ≤ 8, 9 ≤ #.

In this model, B1 and B2 are general boundary operators of mixed type such that, for every ^ = 1, 2 and
b ∈ C(Ω̄) ∩ C1 (Ω ∪ Γ1,^ ),

B^b :=

{
b on Γ0,^ ,

ma^ b + V^ (G)b on Γ1,^ ,
(1.2)

where Γ0,^ and Γ1,^ are two closed and open disjoint subsets of mΩ such that

Γ0,^ ∪ Γ1,^ = mΩ.

In (1.2), V^ ∈ C(Γ1,^ ;R), and a^ ∈ C1 (Γ1,^ ;R# ) is an outward pointing nowhere tangent vector field. Moreover,
the functions coefficients 0(G), 1(G), 2(G), 3 (G) and <(G) are continuous in Ω̄ and satisfy 1 
 0, 2 
 0, < ≥ 0, and

0(G) > 0, 3 (G) > 0 for all G ∈ Ω̄,

while W > 0 and _, ` ∈ R are regarded as bifurcation parameters.
From an ecological point of view, (1.1) models the interaction between a prey with density D and a predator

with density E in the inhabiting territory Ω, where both species are assumed to have a logistic growth, or decay,
in the absence of each other. In the special case when < = 0, (1.1) provides us with a rather generalized diffusive
counterpart of the classical Lotka–Volterra predator-prey model, while if <(G) is a positive constant, it is a
generalized heterogeneous counterpart of the diffusive Holling–Tanner model introduced by Casal et al. [4]. The
kinetics in [4] took into account the saturation effects of the predator in the presence of a high population of preys;
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the constant < > 0 measuring the predator saturation level. In (1.1), the function W<(G) measures the level of
saturation of the predator at any particular location G ∈ Ω where <(G) > 0, while saturation effects do not play any
role if <(G) = 0. Throughout this note, we assume that

‖<‖∞ ≡ max
Ω̄
< = 1.

Thus, W can be viewed as the maximal amplitude of the saturation effects of the predator. Under these general
assumptions, (1.1) combines, within the same territory Ω, the classical interactions of Lotka–Volterra type in the
region <−1 (0) with the Holling-Tanner functional responses in {G ∈ Ω : <(G) > 0}. In its greatest generality, (1.1)
includes most of the existing models of this type in the literature. In applications, _ − 21 (G) and ` − 22 (G) stand for
the neat growth, or decay, rates of the prey and the predator in the absence of each other.

The main goal of this note is analyzing the dynamics of (1.1) when W grows to infinity. Thus, it is natural to
perform the change of variables

F := W D, Y =
1
W
.

According to it, the model (1.1) can be expressed as




L1F = _F − Y0(G)F2 − 1(G) FE

1 + <(G)F in Ω,

L2E = `E − 3 (G)E2 + Y2(G) FE

1 + <(G)F in Ω,

B1F = B2E = 0 on mΩ.

(1.3)

Hence, the problem of analyzing the dynamics of (1.1) for sufficiently large W > 0 is equivalent to analyze the
dynamics of (1.3) for sufficiently small Y > 0. Throughout this paper we will focus attention into (1.3) as a sort of
shadow system perturbing from




L1F = _F − 1(G) FE

1 + <(G)F in Ω,

L2E = `E − 3 (G)E2 in Ω,

B1F = B2E = 0 on mΩ,

(1.4)

which is an uncoupled problem.
The plan of this note is the following. Section 2 collects some preliminaries. Section 3 gives some necessary

and sufficient conditions for the existence of coexistence states of (1.1), as well as a local bifurcation result valid for
all Y ≥ 0. Section 4 ascertains the fine structure of the component of coexistence states of (1.4) bifurcating from
the semitrivial positive solution of the form (F, E) = (0, E) with E > 0. Finally, based on these results, in Section 5
we deliver our main multiplicity result for (1.3), with sufficiently small Y > 0. Essentially, as Y moves away from
0, a metasolution of (1.4) perturbs into a second coexistence state of (1.3) (see [13], if necessary, for the concept
of metasolution).

2. Preliminaries
As a direct consequence of the elliptic ! ?-theory, it is apparent that any non-negative weak solution of (1.3), (F, E),
satisfies

D ∈�1 :=
∞⋂
?=#

,2, ?
B1
(Ω), E ∈�2 :=

∞⋂
?=#

,2, ?
B2
(Ω),

where, for every ^ = 1, 2 and ? > # , ,2, ?
B^
(Ω) stands for the Sobolev space of the functions F ∈ ,2, ? (Ω) such

that B^F = 0 on mΩ. According to the Sobolev imbeddings, there is enough regularity on mΩ as to consider B^
in the classical sense, and (D, E) must be a strong solution of (1.1) (see, e.g., [12, Th. 5.11]).

For any given + ∈ !∞ (Ω) and ^ = 1, 2, we will denote by

f0 [L^ ++,B^ ,Ω]

the principal eigenvalue of the linear eigenvalue problem{ (L^ ++)i = gi in Ω,
B^i = 0 on mΩ,
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whose existence and uniqueness in our general setting was established in [12, Ch. 7]. The associated principal
eigenfunction, unique up to a multiplicative positive constant, can be taken strongly positive in Ω, i �^ 0, in the
sense that

i(G) > 0 for all G ∈ Ω ∪ Γ1,^ and
mi

m=
(G) < 0 for all G ∈ Γ0,^ ,

where = stands for the outward unit normal vector field to Ω. The following result, going back to Cano-Casanova
and López-Gómez [3] in its present generality, establishes the monotonicity of the principal eigenvalue with respect
to the potential.

Theorem 2.1 Let +1, +2 ∈ !∞ (Ω) be such that +1 � +2. Then, for every ^ = 1, 2,

f0 [L^ ++1,B^ ,Ω] < f0 [L^ ++2,B^ ,Ω] .

Thus, the map + ↦→ f0 [L^ ++,B^ ,Ω] is continuous in !∞ (Ω) and increasing.
The next characterization is pivotal for analyzing elliptic equations or systems, as it is a key ingredient to infer

most of our results. It goes back to López-Gómez and Molina-Meyer [14] for cooperative systems under Dirichlet
boundary conditions, and to Amann and López-Gómez [2] and [11] for general boundary conditions of mixed type
(see also [12, Th. 7.10] for further details).

Theorem 2.2 For every + ∈ !∞ (Ω) and ^ = 1, 2, the next conditions are equivalent:

(a) f0 [L^ ++,B^ ,Ω] > 0.

(b) The tern (L^ ++,B^ ,Ω) admits a positive strict supersolution, ℎ ∈ �̂ , i.e., for some ℎ ∈ �: such that
ℎ 
 0, the next estimates hold { (L^ ++)ℎ ≥ 0 in Ω,

B^ℎ ≥ 0 on mΩ,

with some of these inequalities strict.

(c) The tern (L^ + +,B^ ,Ω) satisfies the strong maximum principle, i.e., F �^ 0 for every function F ∈ �̂

such that { (L^ ++)F ≥ 0 in Ω,
B^F ≥ 0 on mΩ,

with some of these inequalities strict.

The next result is invoked when analyzing the logistic equation in our abstract setting here. For a detailed proof
of Theorem 2.3 in the classical case when V^ ≥ 0 the reader is sent to Fraile et al. [8, Th. 3.5]. The general
case when V: changes of sign can be reduced to the classical case through the exponential change of variable of
Fernández-Rincón and López-Gómez [7, Sect. 3]. Alternatively, see Theorem 1.1 of Daners and López-Gómez [6],
though this change of variable goes back to [12, Ch. 2] in a linear context.

Theorem 2.3 Suppose d ∈ R and b ∈ � (Ω̄; (0,∞)). Then, for every ^ = 1, 2 and + ∈ !∞ (Ω), the semilinear
boundary value problem {

(L^ ++)F = dF − b (G)F2 in Ω,

B^F = 0 on mΩ,
(2.1)

admits a positive solution if, and only if,

d > f0 [L^ ++,B^ ,Ω] ,

which is unique if it exists. Moreover, if we denote it by

Fd,^ ≡ \ [L^++ ,d, b ] ∈ �̂ ,

then Fd,: �^ 0, the map d → Fd,^ is point-wise increasing if

d > f0 [L^ ++,B^ ,Ω] ,

and Fd,^ bifurcates from F = 0 at d = f0 [L^ ++,B^ ,Ω]. Furthermore, if D̄ is a positive strict supersolution of
(2.1), then D̄ �^ Fd,^ . Similarly, if D is a positive strict subsolution of (2.1), then D �^ Fd,^ .
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More precisely, through this note, we denote by \ [L^++ ,d, b ] the maximal non-negative solution of (2.1). Hence,
by Theorem 2.3,

\ [L^++ ,d, b ] :=
{

0 if d ≤ f0 [L^ ++,B^ ,Ω] ,
�^ 0 if d > f0 [L^ ++,B^ ,Ω] .

Moreover, as a byproduct of Theorem 2.3, (1.1) has a semitrivial positive solution of the form (D, 0) if, and only if,
_ > f0,1 ≡ f0 [L1,B1,Ω]

and, in such case, (D, 0) = (
\ [L1 ,_,0] , 0

)
. Similarly, (1.1) has a semitrivial positive solution of the form (0, E) if,

and only if,
` > f0,2 ≡ f0 [L2,B2,Ω]

and, in such case, (0, E) = (
0, \ [L2 ,`,3 ]

)
.

3. Coexistence regions and bifurcation of coexistence states from (0, \ [L2 ,`,3 ])
In this section we are going to estimate the regions of the (_, `)–plane where the problem (1.1), or, equivalently,
(1.3) has some coexistence state. Then, regardless the values of Y > 0 and ` > f0,2, it is established the existence
of a component of coexistence states bifurcating from the semitrivial curve (0, \ [L2 ,`,3 ]) at a certain (unique) value
of _.

Next result collects some (optimal) necessary and sufficient conditions for the existence of coexistence states
and, hence, it determines the coexistence regions of (1.3). It is a direct consequence of [16, Th. 4.1 & 5.1].

Theorem 3.1 Suppose that, for some Y > 0, (1.3) has a coexistence state, (F, E). Then,
_ > iY (`) ≡ f0

[
L1 + 1 \[L2 ,`,3]

1+<\[L1 ,_,Y0]
,B1,Ω

]
and ` > ΨY (_) ≡ f0

[
L2 − Y2 \[L1 ,_,Y0]

1+<\[L1 ,_,Y0]
,B2,Ω

]
. (3.1)

Conversely, under the following condition

_ > Φ(`) ≡ f0
[
L1 + 1\ [L2 ,`,3 ] ,B1,Ω

]
and ` > ΨY (_), (3.2)

the problem (1.3) has, at least, a coexistence state.

Figure 1 sketches the construction of the wedges (3.1) and (3.2) given by Theorem 3.1. By Theorem 2.1,

iY (`) ≡ f0

[
L1 + 1 \[L2 ,`,3]

1+<\[L1 ,_,Y0]
,B1,Ω

]
< f0

[
L1 + 1\ [L2 ,`,3 ] ,B1,Ω

] ≡ Φ(`), for all ` > f0,2.

According to Theorem 3.1, (1.3) has a coexistence state in the solid area of Figure 1, whereas outside the union
of the solid and dashed wedges of Figure 1, it cannot admit any coexistence state. Thus, the dashed wedge must
contain the edge of the coexistence region. By the analysis already done in [16, Sec. 3], the global structure of the
curve ` = ΨY (_) can change according to the nature of <(G), as illustrated in Figure 1 and explained in its caption.

Since \ [L1 ,_,Y0] = Y
−1\ [L1 ,_,0] , it is apparent that

lim
Y↓0

iY (`) = lim
Y↓0

f0

[
L1 + 1 \[L2 ,`,3]

1+<Y \[L1 ,_,0]
,B1,Ω

]
= f0

[
L1 +

(
1 − jint supp<

)
1(G)\ [L2 ,`,3 ] ,B1,Ω

]
,

where, for any subset � ⊂ R# , j� stands for the characteristic function of the set �, i.e., j� (G) = 1 if G ∈ �, and
j� (G) = 0 if G ∈ R# \ �. In the next section, it will become apparent that the function

i0 (`) := f0

[
L1 +

(
1 − jint supp<

)
1(G)\ [L2 ,`,3 ] ,B1,Ω

]
, ` > f0,2, (3.3)

provides us with the left limiting curve to the region where the uncoupled model (1.4) possesses a coexistence state.
The curve _ = i0 (`) has been also plotted in Figure 1 and, again by Theorem 2.1, i0 (`) < iY (`) if 1< 
 0.

According to Theorem 2.2, for every real number 4 > max{−f0,1,−f0,2} and ^ = 1, 2, (L^ + 4,B^ ,Ω) is an
invertible operator with strongly positive inverse. Thus, the solutions of the problem (1.3) are the zeroes of the
operator

F : R × R × R × C1
B1
(Ω̄) × C1

B2
(Ω̄) →�1 ×�2,

defined, for every _, `, Y ∈ R, F ∈ C1
B1
(Ω̄) and E ∈ C1

B2
(Ω̄), by

F(_, `, Y, F, E) :=

(
F − (L1 + 4)−1 [(_ + 4)F − Y0F2 − 1 FE

1+<F
]

E − (L2 + 4)−1 [(` + 4)E − 3E2 + Y2 FE
1+<F

]
)
.

The next result shows the bifurcation to coexistence states from the semitrivial positive solution (0, \ [L2 ,`,3 ]) along
the curve _ = Φ(`). It is a direct consequence of the theorem of bifurcation from simple eigenvalues of Crandall
and Rabinowitz [5]. It provides us with the local structure of the set of bifurcating coexistence states.
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Fig. 1 The coexistence regions of (1.3) according to Theorem 3.1 if <(G) > 0 for all G ∈ Ω̄ (left picture) or int<−1 (0) ≠ ∅
(right picture). When <(G) > 0 for all G ∈ Ω̄ the curve ` = ΨY (_) , _ > f0,1, inherits the same asymptotic behavior as in
the classical Holling–Tanner case when <(G) ≡ < > 0, whereas in case int<−1 (0) ≠ ∅ it possesses the same asymptotic
features as in the classical Lotka–Volterra model with < ≡ 0.

Theorem 3.2 For every ` > f0,2 and Y ∈ R, there exist X = X(`, Y) > 0 and an analytic map (_, F, E) : (−X, X) →
R ×�1 ×�2 such that:

(i) (_(0), F(0), E(0)) = (
Φ(`), 0, \ [L2 ,`,3 ]

)
.

(ii) F(_(B), `, Y, F(B), E(B)) = 0 for all B ∈ (−X, X).
(iii) E(B) �2 0 if B ∈ (−X, X), F(B) �1 0 if B ∈ (0, X) and F(B) �1 0 if B ∈ (−X, 0).
(iv) The set of solutions of (1.3) in a neighborhood of (_, F, E) = (

Φ(`), 0, \ [L2 ,`,3 ]
)
consists of the curves(

_, 0, \ [L2 ,`,3 ]
)
, _ ∼ Φ(`), and (_(B), F(B), E(B)), B ∈ (−X, X).

Moreover, there are two functions F1, F
∗
1 �1 0 such that

_′(0)=
∫
Ω

(
Y0−1\ [L2 ,`,3 ]

)
F2

1F
∗
1+
∫
Ω
1

(
L2+23\ [L2 ,`,3 ]−`

)−1(
Y2\ [L2 ,`,3 ]F1

)
F1F

∗
1. (3.4)

Remark 3.3 As the dependence of F on Y ∈ R is also analytic, by the implicit function theorem used in the proof
of the theorem of Crandall and Rabinowitz [5], it becomes apparent that the bifurcated curve

(_(B), F(B), E(B)) ≡ (_(B, Y), F(B, Y), E(B, Y))

also is analytic with respect to the parameter Y.

4. The coexistence states of the uncoupled problem (1.4)
This section determines the set of coexistence states of the limiting shadow problem (1.4). As E satisfies{

L2E = `E − 3 (G)E2 in Ω,

B2E = 0 on mΩ,

the condition ` > f0,2 ≡ f0 [L2,B2,Ω] is imperative so that (1.4) can have a coexistence state. Otherwise, E = 0
for any component-wise nonnegative solution, (F, E), of (1.4). Thus, throughout this section, we assume that
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` > f0,2. In such case, by Theorem 2.3, for every coexistence state (F, E) of (1.4), necessarily E = \ [L2 ,`,3 ] �2 0,
and F �1 0 is a positive solution of the associated problem



L1F = _F − 1(G)\ [L2 ,`,3 ]

F

1 + <(G)F in Ω,

B1F = 0 on mΩ.
(4.1)

The next result ascertains the range of _’s where (4.1) has a coexistence state.

Lemma 4.1 Suppose 1< 
 0 and F ≠ 0 is a positive solution of (4.1). Then, F �1 0 and

f0,1 ≤ i0 (`) < _ = f0

[
L1 + 1 (G) \[L2 ,`,3]

1+<(G)F ,B1,Ω
]
< Φ(`), (4.2)

where i0 (`) and Φ(`) are the functions defined in (3.3) and (3.2), respectively.

According to Theorem 3.2, there is a bifurcation to positive solutions of (4.1) from (F, E) = (0, \ [L2 ,`,3 ]) at
_ = Φ(`), which is subcritical, because

_′(0) = −
∫
Ω
1\ [L2 ,`,3 ]F

2
1F
∗
1 < 0. (4.3)

Set F0 (_, `, F, E) ≡ F(_, `, 0, F, E), and let denote by �0 the set of nontrivial solutions of (4.1) defined by

�0 := {(_, `, F, \ [L2 ,`,3 ]) ∈ F−1
0 (0) : F ≠ 0} ∪ {(_, `, 0, \ [L2 ,`,3 ]) : _ ∈ Σ(ℒ(_))},

where Σ(ℒ(_)) stands for the generalized spectrum of the Fredholm curve

ℒ(_) := � (F,E)F0 (_, `, 0, \ [L2 ,`,3 ]).
The next result establishes that the component �+0 of positive solutions of �0 with (Φ(`), `, 0, \ [L2 ,`,3 ]) ∈ �̄+0
satisfies

P_ (�+0 ) = (i0 (`),Φ(`)), (4.4)

where P_ stands for the _-projection operator, P_ (_, `, F, \ [L2 ,`,3 ]) ≡ _. Moreover, it shows that�+0 is unbounded
at _ = i0 (`) and it provides us with its fine structure nearby _ = Φ(`) and _ = i0 (`). This is a crucial information
to obtain the main multiplicity result of this note for (1.3) with sufficiently small Y > 0.

Fig. 2 An admissible component �+0 in case 1< 
 0.

Theorem 4.2 The component �+0 satisfies (4.4). Moreover, for every sequence of positive solutions, in �+0 ,
{(_=, `, F=, \ [L2 ,`,3 ])}=≥1, such that lim=→∞ _= = i0 (`), necessarily

lim
=→∞ ‖F=‖∞ = +∞. (4.5)
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On the other hand, in a neighborhood of (_, `, F, \ [L2 ,`,3 ]) = (Φ(`), `, 0, \ [L2 ,`,3 ]) in R × R ×�1 × {\ [L2 ,`,3 ]},
�+0 consists of the analytic curve (_(B), `, F(B), \ [L2 ,`,3 ]) given by Theorem 3.2. Actually, there exists A > 0 such
that, for every _ ∈ [Φ(`) − A,Φ(`)), (4.1) has a unique positive solution. Moreover, for sufficiently small A > 0,
this positive solution is linearly unstable with one-dimensional unstable manifold.

Furthermore, there exists A > 0 such that, for every _ ∈ (i0 (`), i0 (`) + A], (4.1) has a unique positive solution,
(_, `, F_, \ [L2 ,`,3 ]), which is non-degenerate. Thus, for these values of _, �+0 consists of an analytic curve of
positive solutions bifurcating from +∞ at _ = i0 (`).

Figure 2 shows an admissible component �+0 of positive solutions of (4.1) adjusted to the patterns of Theorem
4.2. Although (4.1) has a unique positive solution for_ sufficiently close to eitherΦ(`), or i0 (`), the problemmight
possess an arbitrarily large number of positive solutions for some intermediate range of values of the parameter _,
as illustrated in Figure 2.

5. An optimal multiplicity result for the original model
The next multiplicity result is the main theorem of this communication. Recall that, owing to Theorem 3.1, for
every ` > f0,2, (1.3) has a coexistence state if _ > Φ(`). Moreover, in such case, _ > iY (`).

Theorem 5.1 Fix _∗ ∈ (i0 (`),Φ(`)). Then, there exists Y0 ≡ Y0 (_∗) > 0 such that, for every Y ∈ (0, Y0), (1.3)
possesses a component �+Y of coexistence states satisfying the following properties:

(a) P_
(
�+Y

)
= [_) , +∞) for some _) ≡ _) (Y) ∈ (iY (`), _∗].

(b) For every _ ∈ [_∗,Φ(`)), (1.3) has, at least, two different coexistence states.
(c) �+Y is an analytic curve, with respect to the parameter _, in a neighborhood of

(_, `, F, E) = (Φ(`), `, 0, \ [L2 ,`,3 ]).

Fig. 3 The components �+0 (dashed line) and �+Y (solid line) for small Y > 0

Naturally, �+Y is the perturbation of the component �+0 constructed in Section 4 as Y > 0 leaves Y = 0. Figure
3 shows an admissible component �+Y (solid line) perturbing from �+0 (dashed line) and satisfying Theorem 5.1.
Roughly spoken, the proof of Theorem 5.1 relies on the following features:

• The existence of a priori bounds for the coexistence states of the problem (1.4). These bounds can be derived
as an application of Theorems 2.2 and 2.3. The existence of a priori bounds together with [10, Th. 7.2.2]
guarantee that the component �+Y is unbounded in _, i.e., P_

(
�+Y

)
should contain an interval of the form

[_̂, +∞) for some _̂ > i0 (`).
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• The use of the implicit function to make sure that �+Y consists of two arcs of analytic _-curve for _ ∼ i0 (`)
and _ ∼ Φ(`) and sufficiently small Y > 0, and the construction of an open isolating neighborhood, O, for a
certain subcomponent of �+0 joining these two arcs.

• Showing that, for sufficiently small Y > 0, the isolating neighborhood also packages the components �+Y .

• Using the fixed point index in cones, as axiomatized by Amann [1], to infer the multiplicity result as in [9].
According to it, the existence of a second coexistence state for all _ ≥ _∗ holds.

Remark 5.2 According to Theorem 3.2 and [10, Th. 7.2.2], the existence of a _∗ ∈ (iY (`),Φ(`)) such that,
for every _ ∈ [_∗,Φ(`)), (1.3) has, at least, two coexistence states is guaranteed if _′(0) < 0. This occurs for
sufficiently small Y, which might be larger than the Y0 given by Theorem 5.1; at least, for Y ∈ (0, Y∗), where Y∗
satisfies _′(0, Y∗) = 0.
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