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Abstract

We investigate the interpolation properties of compact multilinear operators by the real method
between quasi-Banach spaces. As an application we establish a reinforced version of a multilinear
Marcinkiewicz theorem.
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1. Introduction

The theory of interpolation of operators is a branch of functional analysis with important ap-
plications in approximation theory, partial differential equations, operator theory and harmonic
analysis. Details can be found in the books by Butzer and Berens [8], Bergh and Lofstrom [4],
Triebel [36,37], Konig [24], Bennett and Sharpley [2], Brudnyi and Kruglyak [7] and Amrein,
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Boutet de Monvel and Georgescu [1]. Inside this theory, interpolation of compact operators
is a classical problem that has attracted the attention of a number of authors. It was already
considered in the pioneering papers by Lions and Peetre [28] and Calderén [9].

As for compact linear operators and the real interpolation method, in 1992 solving a long
standing problem, Cwikel [18] and Cobos, Kiihn and Schonbek [15] proved that if (Ag, A1),
(Bo, By) are Banach couples and T is a linear operator such that T : A; —> B; is bounded
for i = 0,1 and one of these restrictions is compact, then the operator T : (Ao, Al)g’q —
(Bo, B1)g,q is also compact for 0 < 6 < 1 and 1 < g < oo. Previous contributions to
this question are due to Cobos, Edmunds and Potter [11] and Cobos and Peetre [16] among
other authors. A result of this generality for the complex interpolation method is still an open
problem. The extension of the compactness result for the real method to the case of couples
of quasi-Banach spaces and 0 < g < oo was done by Cobos and Persson [17]. Let us also
mention that Brudnyi [6] has studied the interpolation of compact linear operators by general
interpolation methods when the last couple is formed by Banach lattices.

Recently the corresponding problem for bilinear and, more generally, multilinear operators
has been extensively studied. We refer, for example, to the papers by Fernandez and Silva [19],
Fernandez-Cabrera and Martinez [20,21], Cobos, Fernandez-Cabrera and Martinez [12-14],
Mastyto and Silva [31,32], Besoy and Cobos [5] and Manzano, Rueda and Sanchez-Pérez [29,
30]. A motivation for these researches is the fact that compact bilinear operators occur
rather naturally in harmonic analysis. See the papers by Bényi and Torres [3], Torres, Xue
and Yan [35], Tao, Xue, Yang and Yuan [33] and Tao, Yang and Yang [34]. In particular,
commutators of Calderén—Zygmund bilinear operators acting on L,—spaces are compact
(see [3,12,35)).

Our aim in the present paper is to establish a compactness theorem for multilinear operators
interpolated by the real method between quasi-Banach spaces. Such a result cannot be derived
using the techniques of [32] because they require the use of duality. In particular, our results
apply to the case when the target of the multilineal operator is the couple (L,,, L,,) with
0<rg,r1 <o0.

As an application of our results we establish a multilinear version of the classical result of
Krasnosel’skii [26], as well as a reinforced version of a multilinear Marcinkiewicz theorem
established by Zafran [38].

2. Preliminaries

Let (A, | -]la) be a quasi-Banach space and let c4 > 1 be the constant in the quasi-triangle
inequality. Let 0 < p < 1 be such that 2/7~1 = ¢,. By the Aoki-Rolewicz theorem (see [25,
§ 15.10] or [24, Proposition 1.c.5]), there is another quasi-norm || - || on A which is equivalent
to || - |4 and such that || - [|? satisfies the triangle inequality. We say that || - || is a p—norm
and that (A, || - [|) is a p—normed quasi-Banach space. Clearly, if 0 < r < p then (A, || - [I)
is also an r—normed quasi-Banach space.

The usual spaces [, of g—summable scalar sequences are examples of quasi-Banach spaces.
They are Banach spaces if 1 < g < oo.

Let 0 < g < 00, let (Ay)mez be a sequence of positive numbers and let (W,,) be a sequence
of quasi-Banach spaces with the same constant in the quasi-triangle inequality. We write

Ly W) = {w = (i) : wn € Wy, and (A llwllw,) € Iy}
The quasi-norm in ,(A,, W,,) is defined by

1wl Gon i) = I ol i, -
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By a quasi-Banach couple A = (Ag, A1) we mean two quasi-Banach spaces Ag, A; which
are continuously embedded in the same Hausdorff topological vector space A. If Ay and A,
are p-normed, we refer to (Ao, A1) as a p-normed quasi-Banach couple, and if p = 1 then
we say that (Ao, A1) is a Banach couple.

A quasi-Banach space A is said to be an intermediate space with respect to the quasi-Banach
couple (Ag, A1) if AgN Ay < A < Ay + Ay, where — means continuous embedding.

Fort > 0 and a € Ay + Ay, Peetre’s K-functional is given by

K(t,a) = K(t,a; Ao, A1) = inf{llaollay + tllailla, :a =ap + a1, a; € Aj}.
Peetre’s J-functional is defined by
J(t,a) = J(t,a; Ao, A1) = max{|lallay. tllalla;}, a € Ag N A;x.

Note that K (z, -) is a quasi-norm in Ag + A; and J(z, -) is a quasi-norm in Ag N A;. Triangle
inequality for K (¢, -) and J(z, -) holds with the constant max{ca,, c4, }. The usual quasi-norms
of Ag+ Ay and Ag N A; coincide with the functionals K (1, -) and J(1, -) respectively.

Let 0 < p < 1. We are also going to use the functional

. 1
K,(t.a) = K,(1.a; Ao, A1) = inf{(llaoll, + t"larll},)"" 1 a = ag + a1, a; € A;)
which is equivalent to K (¢, .). Namely
K(t,a) < K,(t,a) <2V/P71K(1,a), a € Ag+ Ay, t > 0. Q2.1

Observe that if || - |4, is a p-norm for i = 0, 1, then J(z,-) and K,(, -) are also p-norms.
This observation will be useful for us later.

For 0 < 6 < 1and 0 < g < oo, the real interpolation space (A, A1)e,q realized as a
K -space in the discrete form consists of all @ € Ag + A1 having a finite quasi-norm
(X2 27K (27, a)])? i 0 < g < oo,

m=—00

a = |la . =
lllcao.aneg = Nallogix = 0" tomk(om ) if ¢ = oo.

If (Ag, A1) is a Banach couple and 1 < ¢ < oo, then (Ag, A1) 4 is a Banach space. Otherwise,
(Ao, Al)eqq is a quasi-Banach space. We refer to the books [2,4,7,36] for properties of these
spaces.

The spaces (Ao, A1)s,4 can be also described through the J-functional as the collection
of all sums a = Y u, (convergence in Ag + A;), where (u,) € Ay N A; and

m=—0oQ
(279" J (2™, u,)) € £,. Moreover, the quasi-norm || - [|g 4. is equivalent to
oo
lallo.g:s = inf{ || (270'".](2'", a))”Z,, Ta = Z um}
m=—00

(see [4, Theorem 3.11.3]).
We have

Ao N A1 — (Ao, Al)g,q — Ao “+ Al.

Furthermore, if 0 < g < r < oo then (Ag, A1)s,q = (Ao, A1)a,r-
Another property of the space (Ao, A1)g,q is that there is a constant C > 0 such that

lallag.a1)6, < Cllally,’llall}, for any a € Ag N Ay. (2.2)

We write A for the closure of AgNA; in A;. Using the description of (Ao, Al)g’q by means
of the J-functional, it follows that (Ag, A)s,q = (Ao, A1)aq-

3
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3. Real interpolation of multilinear operators

Next let A',..., AV, E be quasi-Banach spaces and let T : A’ x --- x AN — E be an
N-linear operator. We say that T is bounded if there is M > 0 such that
1T (at,....,a")lg < Mlla*| 41 ---|la” | 4~ for any a’ € A/, j=1,...,N. (3.1
We put
ITI =Tl a1 x..xav g = inf{M > 0: M satisfies (3.1)}.
Note that

ITI =sup{IT(a",....,a")|g:a’ €Uy, j=1,....N}

where U,; is the closed unit ball of A/.

It is not hard to check that T is bounded if and only if T is continuous in A x --- x AN,
The product space ]_[;v=1 Aj = A' x --- x AV is quasi-normed, say, by ||(a’,...,a")| =
Sy llad 4

We designate by £(A! x --- x AN, E) the space of all bounded N-linear operators T from
Al x ... x AN to E.

Interpolation of multilinear operators by the real method between Banach couples was
studied by Zafran [38]. The case of bilinear operators was already considered by Lions and
Peetre [28]. Here we are interested in the case of quasi-Banach couples. The extension of the
bilinear interpolation theorem to quasi-Banach couples has been done by Karadzhov [22] (see
also [23]). In order to extend this result to multilinear operators with a handy estimate for the
norm of the interpolated operators we will use some ideas of [12] about bilinear operators.

Subsequently, given two sequences & = (§,), n = (1) of non-negative real numbers with
indices on Z, we define their convolution by the sequence

%_* n= ( Z sknmfk)meZ = ( Z Ekl nkg)meZ~

k=—o00 k1+ko=m

It is clear that & x n = n x &. Moreover, if u = (u,,) is another sequence of non-negative real
numbers, then we have

Exmrp=C0D (Y &)

ntkz=m ki+ka=n
=( Y EuMits) =Ex(nxp).
k1+ko+kz=m
So we can get rid of brackets and denote the sequence by & * n * u.
According to Young’s inequality, if 1 < ¢1,¢g2 < oo and 1/g =1/g1 +1/g2 —1 > 0 then
1§ s nlle, < NEle,, Inlle, -
Ifl1 <gqi,92,93 <ooandl/q =1/q1+1/g2+1/q3—2 > 0,then1/s = 1/g1+1/g2—1 > 0
and 1/g = 1/s + 1/g3 — 1. Using two times Young’s inequality, we obtain
1§ s m s pelle, < 1& *nlleglelleg, < NE ey, Nmlleg, lIelle,, -

By induction, we derive that if &, ..., &y are sequences of non-negative real numbers and
1<q1,...,qv <ocowithl/g=1/q1+---+1/gy — (N —1) >0 then

N
181 % &2 % -~ Enlle, < [ [ 151e,,- (32)

j=1
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Theorem 3.1. Let (A‘é, A1) be a quasi-Banach couple for j = 1,..., N and let (Ey, E1) be
an r-normed quasi-Banach couple. Assume that

T:(Ag+A]) x - x (AY + AY) — Eo + E4
is a bounded N-linear operator such that the restrictions
T:A x---xAY — E;, i=0,1,

are bounded with norms M.

Let 0 <6 <1,r <gq1,...,q9y <00 and suppose that
1 X1 N-1

Loyl Nty

a4 r

Then

T . (A(lJ, A%)qul X - X (A(IJV, Allv)quN —_— (Eo, El)qu

CM;? M¢ where C > 0 is a constant independent of T.

IA

is bounded with norm ||T ||

Proof. Take o; > M;, i = 0, 17 and pick n € Z such that 2" < o,/09 < 2"*!. Let
ae (A}, Al)oq and vj € AJ N A7 for j =2,...,N.If a =ag + a; is any representation of
a with ag € A} and a; € A7, for any m € Z we have

K(2",T(a,vs,...,vy))
< |IT(ag, va, ..., vn)llgy + 2" T (a1, v, ..., vn)lE,
- —ko ok
= oollaollaglivallaz - - - llvwllzy +2 "0 2"r22 2+"||611||A%||U2||A§ - llowlly

- —k
< max{oo, 27" o1}(llaoll 43 + 2" llarll41)
N-1

N
ki—k; k
xcmas| [T sl ([T 2754 01,2+ ol |
j=2 j=2
N-1
< 200(llaoll 43 +2" 2 llarll ;) ([ ] 7257951, 0))J (29, vy).
j=2

Taking the infimum over all possible representations a = ag + a; with a; € A}, we get that

N-1

K(2", T(a,va,...,vy)) < 200K (2" %2, a)(l_[ J(2k7Rixt v)) (25 o).
j=2
Next we consider the spaces (Aj , A{)g’qj realized by the J-functional for j = 2, ..., N. Take

any u; € (A, A{)g,qj and let u; = > " v; be any J-representation of u;. Then we also
have that

- J — N
uj = E ik and uy = E ey -
k;eZ kN€EZ
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Using the K,-functional, which is an r-norm in Eg + E1, and using (2.1) we obtain that
IT (a,uz, ... un)llceo, qu <IQR™™K2". T(a,uz,...,un)))le,

< 21/10,0 || Z Z 2 (m—ko)r 2m ko a)

ko€Z kn€Z
N-1

x (l_[ 2—0(kj—kj+1)fj(2kj—kj+1’ vlij—ijrl )r)
j=2
XQ_QkNr](QkAH_n, U]i\jv_'_n)r ]1/’ ||Eq
— 21/;’00 ” (270mrK(2m )r) * (279mr‘](2m’ v’i)r) (2 GmrJ(2 Nfl)r)
—0m m-+n 1/r
(2 ‘](2 ’ m+n )”(Zq/,‘
Since r/q = Z?’zl r/q;i — (N — 1) > 0, we can use Young’s inequality (3.2) deriving that

IT(a,uz, ..., un)ll(Eo.E1)0,

<2 oq[1(27"K (2", @)) e, H|| 272" vl ) ey, )27 1277 (2", o)) ey, -

By the choice of n, we have 020" < 001*901. Hence, taking the infimum over all possible

J-representations of uo, ..., uy and the infimum on the values o; > M;, we conclude that
IT(a,uz, ..., un)ll(Eg.E1)a,
< 2Y"MyT MY Nall (a1 a1y, N2l (a2 42y, - il an am
— 0 1 (AO 9‘11 2 A VA )g N (AO ’Al )B’qN .

The proof is complete. [

Next we give two results which cover the other possible positions of the g; with respect to
r.

Corollary 3.2. Let (Aé, A{) be quasi-Banach couples for j = 1,..., N and let (Eq, E1) be
an r-normed quasi-Banach couple. Assume that

T:(Ay+A]) x---x (A} + AY) — Eo + Ey
is a bounded N-linear operator such that the restrictions
T:A'x---xAY — E;, i=0,1,

are bounded with norms M.
Let 0 <6 <1and0 < qq,...,qy < 00 such that
@ 0<gq1,....,qn <r, or
(b) only one q; is greater than r.
Put

q = max{qi, ..., qn}-
Then
T : (Ag, Aoy X - X (AY, AY )o.gy — (Eo, E1)oyg
is bounded with norm ||T|| < CMé_GMf where C > 0 is a constant independent of T.

6
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Proof. If (a) holds, then
N-1

Se (-

=4 q

and the couple (Ey, E;) is g-normed because ¢ < r. Applying Theorem 3.1 we obtain that
T:(Ap, Aoy % -+ x (AY, AY)o.y — (Eo, E1)4 boundedly.
Besides, since ¢; < ¢ for j =1,..., N, we have that (A), A{)g’qj — (A}, A{)g,q. So
T : (Ag, Aoy X -+ X (AY, AY )o.gy — (Eo, E1)og
is bounded and it satisfies the required estimate for the norm.
Assume now that (b) holds. For simplicity of notation, we suppose that ¢; > r. Then

q = max{qi,...,qn} = q1. Since

Nl1

r

applying Theorem 3.1 we derive that
T : (A Aoy % (A, AD)or x -+ x (AY, AY)o, —> (Eo. E1)oq

is bounded. Moreover, (A}, A{)aqj (A}, A])s., because g;j <rforj=2,..., N. Whence
T: (A AD)oq % -+ x (A, AY)o.qy —> (Eo, E1)o,q boundedly

and its norm satisfies the required estimate. [J

Corollary 3.3. Let (Aé, A{) be quasi-Banach couples for j = 1,..., N and let (Ey, E1) be
an r-normed quasi-Banach couple. Assume that

T:(Aj+A]) x---x (A} + AY) — Eo + E;
is a bounded N-linear operator such that the restrictions
T:Ai1><~-~><AlN—>E,-, i=0,1,

are bounded with norms M;.

Let 0 <6 <1,0<gq1,...,q9ny <00 with min{qy, ..., qn} < r and suppose that
Vo1 N-1
I e S
— q; min{qi,...qn}
j=
Then

T : (A At)ogy X - X (Ag AV )o.qy — (Eo. E1)og
is bounded with norm |T| < CMy~"M? where C > 0 is a constant independent of T.
Proof. Since min{gi,...,qny} < r, the couple (Eo, E1) is min{q, ..., gy}-normed. There-
fore, Theorem 3.1 yields that

T:(Ag, Aoy % - x (AN, AY)g 4y —> (Eo, E1)g, boundedly

with the desired estimate for the norm. [J
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Remark 3.4. For some choices of ¢1, ..., gy we can apply any of Corollaries 3.2 and 3.3. In
such case, the result given by Corollary 3.2 is better than the one produced by Corollary 3.3
because if ¢ = max{gi,...,qy} and 1/s = ley:l 1/q; — (N — 1)/ min{q1, ...qn} > 0, then
q=<s and so (Eo, El)g,q > (E(), El)e,x. .

4. Interpolation of compact N-linear operators

Let Al,..., AN, E be quasi-Banach spaces and let T € L(A! x --- x AN, E). We say that
T is compact if the set T(Us, X --- x Uy, ) is relatively compact in E. Here

Usy - xUpy ={(a",....,a") : la’|l,; <1, 1<j <N}

It is not hard to check that compactness of T is equivalent to any of the three following
conditions:

(a) For all bounded sequences ((ar},af, s aly )) C ]_[;V=1 A/, the sequence
(T(ai, a?,....aV )) has a convergent subsequence in E.

(b) For all bounded sets B C ]_[j.v=1 A/, T(B) is relatively compact in E.

(¢) For any & > 0 there is a finite set {z1,..., 2.} C E such that

T(Uay % -+ x Uay) < [ Jlze + ¢Us)
k=1

(that is to say, T(Ua, X -+ X Ua,) is precompact in E).

Using (a) it is not difficult to show that if (7,) € L(A! x --- AN, E) is a sequence of
compact N-linear operators such that (7,,) converge to 7 in £(A' x --- x AN, E), then T is
compact (see [3, Proposition 3] for the case of bilinear operators).

As for compositions, note that if B, ...BN,F are quasi-Banach spaces, and we have
operators Q; € L(B/,A/) for j = 1,...,N, P € L(E,F), T € L(A* x --- x AN, E)
with T being compact, then the operator

PT(Q1,....0n):B*x---xBY — F
defined by
PT(Q1,...,Qn)(b',....0Y) = P[T(Q1b, ..., Qnb™)]

is also compact.
The next two propositions extend results of [20] to N-linear operators among quasi-Banach
spaces.

Proposition 4.1. Let A', ..., AN be quasi-Banach spaces and let (Eo, E1) be a quasi-Banach
couple. If T : A' x --- x AN — Ey N E; is a bounded N-linear operator such that
T:A'x---x AN — E; is compact fori = 0 or 1, then for any 0 <6 <1 and 0 < g < o0,
we have that T : A* x -+ x AN — (Eg, E1)e,4 is compact.

Proof. Assume that T : A! x --- x AN — Eq is compact. Take any bounded sequence (z,)
in ]_[;Yzl AJ. Then (Tz,) € Eo N E; and there is M > 0 such that ||Tz,[lz, < M for any

8
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n € N. By compactness of T : Al x --- x AN — E|, there exists a subsequence (T'z,/) of
(Tzn) such that (T'z,) is a Cauchy sequence in Ej. Using (2.2), we obtain

1-0 0
ITzw = Tzw Nl (Eo.E1)sy < CNT 2w = Tz gy 1T 2w — T2 |l g,

< C(cp,2M)° || Tz — sz/ll}gge —0asn',m — 0.

So, (Tzy) is a Cauchy sequence in the complete space (Eq, E1)s, and compactness of
T:A' x - x AN — (Ey, E1)g,4 follows.
The case when T : A x --- x A¥Y — E; is compact can be treated analogously. [

Proposition 4.2. Let (Aé, A{) be quasi-Banach couples for j = 1,..., N and let E be a
quasi-Banach space. If T : (A} + A}) x -+ x (A} + AY) —> E is a bounded N-linear
operator such that the restriction T : Ai1 X ooee X AIN —> E is compact for i = 0 or 1, then
forany 0 < 0; <1and 0 < gq; < 0o we have that

T: (A(l)v A%)fh,ql X X (Ag)vv A]1V)9N~q1v — E

is compact.

Proof. Since (Ao, A1)s;,q; <> (Ao, A1)p;,c0, it is enough to establish the result with all g,
equal to co. We work with the equivalent quasi-norm in (Ag, A1)s;, given by [lallg; o =
sup,.o{t % K(t,a)}. Suppose that T : A} x --- x AY —> E is compact. The case when
T :Alx---xAY — E is compact can be carried out in the same way. Take any bounded set
W in (A}, Al)ay .00 X - x (AL, AY)gy .o, then there is M > 0 such that for any a = (a/) € W
we have Zj.vzl ||a/'||9j,Oo < M. We may assume that M > 1.

Take any v = (vy, ..., vy) € {0, 1}" and put

(Ag, Aoy 00 if v =0,

DVi =
Al ifv; =1.

The assumption on 7 yields that 7 : D" x --- x D'"N — E is bounded. Let L, = ||T :
DV x --- x D'N — E|| and write L = max{L, : v € {0, 1}"}.

In order to check that T (W) is precompact, take any ¢ > 0 and let us find an &-net for
T(W). We can pick ¢ big enough so that
e

Mt~ < minf ————,
2NLMN-1c2

1}, j=1,...,N. 4.1
Given any a = (a’) € W, we can find decompositions a/ = aé + a{ with aij € A{,i =01,
and

j 0;—1 j 0
lafll; < M adll, < Me7. “2)

Let V. C A} x --- x A} be the set of all (v/) where v/ is any of the elements of A}, which
have appeared in the decompositions (4.2) for a € W. Then V is bounded because, by (4.2),
we have
N
) g3 wxaly < D M1 for any (v/) € V.
j=1
9
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Compactness of T : A} x -+ x A —> E yields that there is a finite set Z = {z1,...,2,} C E
such that for any (v/) € V there exists z, € Z such that

IT(v7) — zll <

. 4.3
2NCE ( )

We are going to show that Z is an ¢-net for T'(W).
Take any a = (a’) € W and let a/ = aj + a{ be the decomposition given by (4.2). Let
zs € Z satisfying (4.3) for (v/) = (a}). Given v = (v, ..., vy) € {0, 1}V, v # 0, put

av’j: a/: ifl)jZO,
aj ifv;=1.
Using [32, Proposition 4.1], we derive

ITa — zsllg = ||T(a(/)) + Z (—1)U1+"'+VN+1T(LZV’1, s au,N) — e

ve{0,1}V ,v#£0
) N
<ce(IT(@) —zlle+ci 2 > W@ ....a"V)lle).
ve{0, 1}V 150

Moreover, for any v € {0, 1}V, v # 0, if r is the number of 1 in v, so 1 <r < N, we obtain

N
7@, ... a"")le < Ly [ [lla™ 1 py < LoM™N™
j=1

& &

<
N — N’
INLMN-1c¢2" = 2Nc2

where we have used (4.1) and (4.2) in the estimates. Consequently,

i & 9N _g &
”Ta_Zx”ESCE(M +ck Z NCQN)SE' U

ve{0,1}V ,v£0 E
In order to establish a general result where we have quasi-Banach couples both in the domain

and in the target of the N-linear operator, we shall also need the following auxiliary results.

Lemma 4.3. Let A/ for j =1,..., N, E,Y be quasi-Banach spaces and let D/ be a dense
subspace of AJ. Assume that T : A' x --- x AN — E is a compact N-linear operator
and let (S,) € L(E,Y) with sup,cy ISulley = M < oo. If lim,_ o [|S, Tully = 0 for all
ue D x - x DV, then lim,_, o ||S,,T||H§_v LAy = 0.

Proof. Take any ¢ > 0. Since ]_[jyzl U,; is a bounded set in A x --- x AN, by compactness

of T, there exists {z1,...,2,} C I—[;\Iz1 D/ with z; = (z]{), ||z]{ l4; <2 and
N r s
T U,i) C T Urt.
(Jll A./)_](L_Jl{ Zk+2MCy E}

Using the assumption on (S,), we can find Ny € N such that for any n > Ny we have

&
1S:Tzilly < 5—, k=1,...,rn
2CY

Whence, for any n > Ng and any a = (a’) € ]_[?’:1 Uyi, if |Ta — Tzi|lg < €/2Mcy, then
ISiTaly < cy(IISa(Ta — Tze)lly + 1S:Tzlly)
<eyM|Ta—Tzlg+5 <6 O

10
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Lemma 4.4. Let (A}, A}),...,(AY,AY), (Eo, E1) be quasi-Banach couples and let
AL, ... AN E be intermediate spaces with respect to (A(l), Ab, ..., (Af)v, Allv), (Eo, Eq)

respectively. Assume that T : (Aj+A) x---x (AY +AY) — Eo+ E; is a bounded N-linear
operator and that T : A" x - x AN — E is compact. Let X/, j = 1,...N, be quasi-
Banach spaces and let (Rj)neN C L(X/, A)) such that supneN{HR,,HX, AJ} = M < oo and
iy oo IT(Ry - oo RV xtsesx g, = 0. Thenlim, oo [IT (R}, ..., R) )||X1><___XxNyE =
0.
Proof. We proceed by contradiction. If this were not the case, there would exist ¢ > 0 such
that for any Ny € N there would be n > Ny satisfying that |T (R, ..., RY)llx1...xn g > €.
Since

N

SUp [T (R o ROt = W atccan.e [T M3
j=1

/) e ]_[?/:1 Uy, such that

n

there exist a subsequence (n') and vectors x,; = (x

hm IT(R ,x I . RY X ,)||E > &,

n — 00
The sequence ((R ,x Voo R )) is bounded in A! x --- x AN, Using the compactness of
T:A'x .- x AN — E and passing to another subsequence (n") if needed, we get that
there is w € E such that

(T(Rl//.x Ny oo R //.x //)) — win E.
Hence ||w||g > ¢ > 0. However, since

lim IT(Ry. - RY X1 sesxN g s, =0
and

lim (T(Rl//.x My o R //.x //)) = w in EO + El?

n'— o0

we derive that w = 0, which contradicts that w # 0. 0

Next we establish the main result of the paper.

Theorem 4.5. Let (A}, A]) be quasi-Banach couples for j = 1,..., N and let (Eq, Ey) be
an r-normed quasi-Banach couple. Let T : (A} + A}) x - x (A + AY) — Eq + Eq be a
bounded N-linear operator such that the restrictions T : Ai1 X oee X AIN —> E; are bounded
for i =0, 1 and one of them is compact.

Let 0 <6 <1,r <gq1,...,qy <00 and suppose that
1 &K1 N-1
—=> —- > 0.
. ‘Ha

Then

T :(Ag A)ogy % -+ x (AY, AY )o.qy —> (Eo. E1)og

is compact.

11
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Proof. We can find 0 < p < 1 such that (A{), A’) is a p-normed quasi-Banach couple
for j = 1,...,N. Then ((A {)) (A1)°) is also a p-normed quasi-Banach couple. We have
((Ap)°, (A1)° )e,q, (A}, A])o.q,» with

T ((Ap)° + (A7)°) x == x ((A5)° + (AY)°) — Eo + E:
and

T:(A)° x---x (AN — E;, i=0,1

l

bounded, and the last restriction being compact provided that 7 : Al x --- x AY — E; is
compact for i = 0 or i = 1. So, without loss of generality we may assume in the following
that (A}, A7) is a p-normed quasi-Banach couple with A} N A] dense in A} and A{ for
j=1...,N.

We assume that 7 : A} x---x AY —> Ej is compact. The case when T : A} x---x A —
Ey is compact can be treated similarly.

For m € 7Z, consider the p-normed spaces

= (A nAl, J@", 5 A)AY), j=1,...,N
and the r-normed spaces

W,, = (Eo + E1, K, (2", +; Eo, E1)).

[e ]
m=—0Q

Realizing (A}, A‘)gq by means of the J-functional, the map n(um) = > U, (con-
vergence in A} + A}) is surjective from £,(27"F}) into (A}, A) 1)6.q; and it induces the

quasi-norm of (AO, AJ)(; 4, We also have that 77 : £,,(27 imply — Alj is bounded for i = 0, 1.

On the other hand, the map tw = (..., w, w, w, ) is a metric injection from (Ey, E1)g 4 into

£,(279"W,,) provided that we realize (EO, E 1)9,4 as a K-space but replacing the K -functional

by the equivalent K,-functional. Moreover, 7 : E; —> Eoo(2”"” W,,) is bounded for i =0, 1.
Put 7 = tT(x,..., 7). Then

T:(Ep(F)+ L2 FL)) x - (6 (FY) 42,27 FN)) —> Loo(W) +Loc (27" W)
is bounded, with the restrictions

T:0,27MFL) 5 - x £,(27™FN) — 0,027 W,,)
being also bounded and compact if i = 1. Note that the quasi-Banach couples
(€,(Fp), €,(27™Fy)) are p-normed for j = 1,...,N and (loo(Wp), €ec(27"W,,)) is r-
normed. According to [17, p. 155], the following interpolation formulae hold with equivalence
of quasi-norms

(€ (Fa) 627" FR))y = ;27 E). j =1 N, 44)

(Loo(Win), €oo(27" W), = e, (27 W,,). 4.5)
By the properties of w and t, we have that
T:(Ag, Aogy % - % (AY, AYV)aqy —> (Eo, E1)p,q is compact
if and only if
T: Cr (27N X o x 0y (277 FN) — £,(27%"W,,) is compact. (4.6)
12
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Since the vector valued spaces will allow us a more easy splitting of the operator, in what
follows we focus our attention in proving the compactness of T in (4.6). The following families
of projections on (£oo(Wi), £oo(27"W,,)) will be useful. For n € N, we put

Py(wy)=(...0,0,w_p,...,w,,0,0,...),

Pl (wm) = (..0,0, Wyi1, Wyi2, Wpis, - - - ),

P (wm) = (.., w_p_3, W_py_2,W_p_1,0,0,...).
Note that

Py loo(Wh) +£oo (27" W) —> Loo(Wy) N Leo(27"W,,) is bounded. 4.7
Moreover

1B e W), oo 2y = 27D = 1P N2 Win), oo (92 4.8)
and for any n € N, we have ] = P, + Pt + P, where I is the identity operator on

Coo(W) + €oo(27"W,,). The corresponding projections on (£,(Fy), £,(27" F)) are denoted
by Q,, OF, Q). They have analogous properties. In particular, we have

10 e iy epamry =2 = NNy om0 (4.9)

Using these projections we are going to split the operator T in (4.6) into several pieces.
Then we will show that some of them are compact and the others have norms tending to zero,
which will yield the compactness of T.

We have T = P,f + Pj?—i— P T. Consider the operator P, T. Using (4.7), we obtain the
following diagram

T

Loo(Wy)

[T3s €0 (Fi)

\\Pn
/ gq (270'11 vvm ) .
Py

=)

I—[;V:l EP(Q_m F’{l)

Since T : ]_[j\/:1 E,,(Q""F,{;) —> £x(27"W,,) is compact, applying Proposition 4.2 and
having in mind (4.4), we derive that

Loo(27"Wy,)

N

P.T: HK‘I/ (27" F]) — ¢,(27%"W,,) is compact.
Next we égrllsider PT = P*eT(x, ..., 7). We know that

tT 1 Al x -+ x AY — €so(27"W,,) is compact.

In addition, by (4.8), for any a = (a’) € (AJ N A}) x --- x (A) N AY) we get
IPf e Talle, 2-mw,y < 27" tTall(w,) — 0asn — oo.

Hence, using Lemma 4.3, we derive that
nlin;o | Pt 0.

_ ; +7 .
=0 and so nli)ngo P, T||l'[§’=1€p(2””ﬂi

T j —
”]‘[§5’=1 Al oo (27 Wiy) )+Loo (27 Wiy

13
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Since

IIPﬁIIm PRI L e

applying Theorem 3.1 and having in mind (4.4) and (4.5), we conclude that
P T”l‘[?’:ﬂqj (2-m ] 0 (2-myw,yy — 0 88— 00,
As for P, T, we start by splitting it with the help of projections Q. Since I = 0,+ 0,7+ 0},
we have

BT =P T(Ques Q)+ Py T(Q s Q)+ ) B T(Q0 .., OF)

where Q; is any of the operators Q,, O}, O, but with Q7 appearing at least once in

Q',T, ..., O,). The last term means the finite sum of all operators of this type composed with
P yP p
P T.
For the operator P~ T(Q,,, ..., 0yn), according to the corresponding property to (4.7), we
have the diagram
N j PnifT\
o [Tj=1 €5 (Fin) Coo (W)
1) b, (2 ) /
En\\ N P T ~
[1=:¢p(27 M For ) Loo(27"W,)
where 0, = (Q,, ..., Q). Since
N
P T(Qn, ..., ]_[ (279 FT) — £ (27" W)

is compact, according to Proposmon 4.1 and (4.5), we obtain that

N
PrT(Qnr-oos Q) [ [ g, @7"F)) — £,(27" W)

is compact.
Consider now the operator PT(0Q;, Q) =P T (xQ,,...,mQ, ). The norm of
T(zQ,,...,mQ,) from ]_[j= »(27™F}) into Eq + E; can be estimated with the help of
(4.9) as follows
||T(7T Q;v ) nQ;)"nyzl lp(2_mF7{z)aEO+El
N

< IT il gores LT iy atcai 190 omhy o
j=1

< 2~ (DN —s 0 as n — o0.

|T”1‘[N (A} +A]).Eo+E1

Having in mind that 7 : l—[j:1 A{ — E; is compact and applying Lemma 4.4, we get that
S 1T m Qg ooy ey = O

14
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This yields that

nli)n;.lo ”Pn_tT(T[ Q;» ceey ﬂQ;)”H;V:l ep(2—mE£)ygw(2—vam) = 0
On the other hand,
||Pn7T( ;7 cees Q;)”Hflﬂ ZP(FI’{L)*‘{OO(W’") = ”T”]_[j\’:1 Aé,Eo'

Consequently, by Theorem 3.1, (4.4) and (4.5), we conclude that

nli)HC}O ||P,:T( ;7 ey Q;)“nly\lzl qu (279m1;"{;)’2q(2—9mwm) = 0
Finally, consider any of the operators in the sum Y P T(Q, ..., QZ). To fix ideas, we
assume that Q;F appears in the first position. So the operator is P, T(Qf, Q4. ..., O).

Factorization

(O Q- Q)

H?lzl Zp(Fr{;) £p(27" Fy) X Hj'\,=2 E,,(F,f,)

Coo (W) " loo(Wi) + Lo (27" W)

yields that

-T(O0T O .
” Pn T( no Qn, ey Q;) ||H§l:15p(Fy{1)7Zoo(Wm)

—(n+1) )T . .
= 2 NTNE (e Ryt (o B oo (Wi o (27 W0

Therefore, using Theorem 3.1, we derive that
-T(O+ O~ .
”Pn T( no an ceey Q;)”Hy:1 [q/_ (270mFi;,1)»Zq(279me) —> 0 as n — oo.

Collecting all these estimates, we obtain that the operator T in (4.6) is the limit of the
sequence of compact operators (P,T + P, T(Qp, ..., Qy)). Therefore T is compact and so

T : (Ag, At)og X - % (A, AV )o.qy — (Eo, E1)og
is also compact. This finishes the proof. [J
Proceeding as in Corollaries 3.2 and 3.3, we can complement Theorem 4.5 with the
following results.
Corollary 4.6. Let (Aé, A{) be quasi-Banach couples for j = 1,..., N and let (Ey, E1) be
an r-normed quasi-Banach couple. Assume that
T:(A)+A) x - x (A + AY) — Eg+ E;
15
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is a bounded N-linear operator such that the restrictions T : Ai1 X oo X AIN —> E; are
bounded for i =0, 1 and one of them is compact.
Let 0 <6 <1,0<gq1,...,qn < 00 such that

@ 0<gq1,....,9qn <r, or
(b) only one q; is greater than r.
Put

g =max{qy, ..., qn}.
Then

T:(Ag, Aoy % - x (AN, AYV)aqy —> (Eo, E1)a,q is compact.
Corollary 4.7. Let (A}, A]) be quasi-Banach couples for j = 1,..., N and let (Eo, E1) be
an r-normed quasi-Banach couple. Assume that

T:(A)+AD) x - x (A + AY) — Eg+ E;

is a bounded N-linear operator such that the restrictions T : A} x -+ x A[N —> E; are
bounded for i =0, 1 and one of them is compact.
Let 0 <6 <1,0<gq1,...,q9nv <00 with min{qy, ..., qn} < r and suppose that
1 K1 N-—1
Loyl V=l oy
q ‘= a; min{q,...qv}
Then

T:(Ag Aoy % - x (AN, AV)aqy —> (Eo, E1)a,q is compact.

5. Applications to compact multilinear operators between L, spaces

Given a o —finite measure space ({2, ), we write 9t(u) for the collection of all (equivalence
classes of) measurable functions f on {2 which are finite almost everywhere. The space 9%(u)
is endowed with the topology of convergence in measure on each set of finite measure. We
write yp for the characteristic function of a measurable set D.

For 0 < p < oo, we denote by L, = L,(2) the usual Lebesgue space. For 0 < p < oo
and 0 < g < oo, weput L,, = L, ,(£2) for the Lorentz space formed by all (equivalence
classes of) measurable functions f on {2 which have a finite quasi-norm

) ar\"’
1flle,., @) = ( /O (r”"f*(r))q—t)

t

(the integral should be replaced by the supremum if ¢ = c0). Here f* is the non-increasing
rearrangement of f. If p = ¢, then L,(£2) = L, ,(2). Spaces L,({2) and L, ,({2) are
continuously embedded in 9(w).

Ifl1<p<ooandl <g <oothen L,,({2) is a Banach space (with an equivalent norm)
(see [8, Theorem 3.3.8], [36, Theorem 1.18.6/1] or [2, Theorem 1V.4.6]).

According to [4, Theorem 5.3.1] or [36, 1.18.6], we have

(Lpo.ro (£2), Lp1.,r1(9))g,q = L, ,(£2) (equivalent quasi-norms) (5.1)

provided that 0 < 6 < 1,0 < rg,r1,q < 00,0 < pg # p1 <ooand 1/p = (1-6)/po+6/p1.
Next we establish an interpolation theorem for compact N —linear operators between L,
spaces.

16
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Theorem 5.1. Let (2, u) and (£2;, u;) be o —finite measure spaces for 1 < j < N. Suppose
1<pl,pi <occand 0 <ro,ry <oo. Let 0 <6 <1 and put 1/p; = (1 — )/po +6/p] and
1/r =(1—6)/ro+0/r1. Suppose that p; # oo for 1 < j < N.
Let T be a bounded N —linear operator
T 1 (Lyp(920) 4 Loy (2) 5 x (Lo (O0) + Loy (90)) — Lig(2) + Ly, ()
such that for i = 0, 1 the restrictions
T: Lpl;((}l) X e X Lpizv(_QN) — L, ()
are bounded. Moreover, we assume that ro # oo and that
T: Lp(l)(ﬂl) X e X LPSJ(QN) —> L,,(£2) is compact
Then
T:Lp (1) x---x Ly (2v) — L, (£2) is compact.
Proof. We have that r < 0o because ro < co. By [27, Lemma 1.1.1] or [2, page 31], in order
to check that T(]_[;v=1 UL, ( Qj)) is relatively compact in L, (2) is sufficient to show that the
following two conditions hold:
(a) hm,u(D)»O ”PDT”l_[jV:1 Lp;(2)).Lr(R2) =0, where Ppf = xpf.
(b) T(]_[j.v=1 Uij(gj)) is relatively compact in 9t(u).
Given any pu—measurable set D C {2, since ||PDTf||Lri(_QI.) < ”Tf”Lri(_Qi), we have that
PpT : (Lpé(Ql) +LP%((21)) X oo X (Lpg((z,v) + Lp;lv(QN)) —> L,y (2)+ L, (2)
is a bounded N —linear operator such that for i =0, 1
PpT : L(f1) x -+ x L n(£2y) —> L, (£2)
is bounded. Moreover, compactness of 7T : ]_[?/:1 L, (£2;) = L,,(2) yields that
. 0 . .
M(ILIJI)ILO ||PDT||1-[;_v:1 Lpé(Qj)ero(Q) = (. Therefore, applying [10, Theorem B;] we obtain
that

VPTG o, (o) o) < IPOT I |PoT I

ﬂj,vlL/(Q)LO(Q) Hf’lLJ(Q)L,l(Q)

< IPpTI, I’

-0

H’,VIL 1(42)):Lrg () ML, (2L (2)

as (D) — 0. Hence, condition (a) holds.
As for (b), since L,, (£2) < L,,(£2) + L., (§2) we have the following diagram

[T Lo (2) ——— Lrom>\
17
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Therefore, applying Proposition 4.2 with 8; =6, g; = p;, j =1, ..., N, and having in mind
(5.1), we get that

T: LPl(‘Ql) XX LPN(‘QN) - LFO(Q)+Lr1<~Q)

is compact. Since L, (£2) + L, (2) < MM(£2), we conclude that T ([T, Uij(_()j)) is
relatively compact in 9%({2). This completes the proof. [

Writing down Theorem 5.1 for linear operators and 1 < rg, r; < oo we recover a classical
result of Krasnosel’skil [26].

We close the paper with a reinforced version of a multilinear Marcinkiewicz theorem due
to Zafran [38, Theorem 2.9].

Theorem 5.2. Let (2;, ), 1 < j <N, and (12, n) be o —finite measure spaces. Suppose that
1< pl#pl <00 1<qo#q <ooand0 <8 <1 Define 1/p; = (1—6)/p}+6/pl,
1/q = (1 —06)/q0 + 6/q1 and suppose that 1/q < ZI]-V:l 1/pj—N+1

Let T be a bounded N —linear operator

T: (Lp(l),1(91)+Lp},1(Ql))X' : 'X(Lpév,l(‘QN)—'—Lpllv,l(‘QN)) - qu,OO(Q)+Lq1,00(~Q)
such that the restrictions

T: Lpl;’l(Ql) X e X Lpl.N,l(‘QN) — L, (£2), i=0,1, (5.2)

are bounded and one of them is compact. Then

T:Ly ()% xLpy(2v) — Ly(£2) is compact.

Proof. Assume that 1 < ¢; < go < oo. The case gy < g1 can be treated similarly. We have
that g1 < g < ¢qo. Pick rg,r1 such that g1 < r1 < g < rg < go and pick 6, 61 such that
0<6p<6 <6 <land1l/r; =(1-6;)/q0+6;i/q1,i =0,1.For j=1,...,Nandi =0,]1,
put 1/s{ = (1 —6;)/p} + 6:/p]. Take also 0 < n < 1 so that & = (1 — n)6p + n6;. Then we
have that

1 1-— 1

.1 + ua and — =

Pj Sé S{ q ro r
By (5.1), we know that

(Lpéyl((zj), Lp{yl((z‘,.))ei.1 = Lsij.l((zj) and (Lgq 00(£2), qu,oo((z))al_,1 =1L, 1(92).

1—
’7+77

Moreover, the couple (Lgq o0 (£2), Lq;.00(£2)) is formed by Banach spaces and so it is 1-normed.
Applying Theorem 4.5 to restrictions (5.2) with parameters 6; and 1 = 21]{\1:1 1—(N-1), we
derive that restrictions

T : Ls.l,l(“Ql) X -+ X Ls.N,1<‘QN) e Lri,l(Q)’ i = O, ].,

are compact. Applying again Theorem 4.5 to these two restrictions now with parameters n and
1/u=Y",1/p;— (N — 1), and using that

(L 1 (2)). Ly 1 (2)))
and that, since u < ¢,

(Lro.1(£2), Lry 1(92)

n,pj :LPJ(‘Q])7 j:]~"--7N»

> (L1 (2), Lry 1 (), = Ly(£2),

nu n.q

18



F. Cobos, L.M. Ferndndez-Cabrera and T. Kiihn Journal of Approximation Theory 314 (2026) 106222

we conclude that

T :Lp (1) x -+ x Ly (£2y) —> Lqg(£2)

is compact. [
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