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CHAPTER
Summary

Since its origins, the field of information theory has had strong ties to statistical mechanics:
the terminology entropy of information was borrowed by Shannon from the thermodynamic
entropy, as suggested by Von Neumann [5, 67,|82]. Traditionally information theory studies
the storage of information (coding) and its transmission in noisy channels (communication
capacity). By interpreting the physical interactions as communications channels, it has
been possible to apply the same tools and ideas in order to understand how the collective
behavior of a mechanical system composed of many (or infinite) parties emerges from
the simple and limited interactions between its individual components. This has lead to
understand the mechanism by which macroscopic properties emerge as effective behavior
from microscopic interactions.

The same relationship has been developed recently between the corresponding quantum
generalizations of both theories: quantum information (which is interested in the storage
and manipulation of information in quantum mechanical systems) and many-body quan-
tum physics. The ever-growing number of connections between the two fields goes in both
directions, with tools and ideas from quantum information helping to solve long-standing
problems in condensed matter physics, and new many-body models being developed for
the storage and the transformation of quantum information. At the same time the spec-
tacular improvements we have seen in the implementation and experimental control of
small quantum systems is fueling the expectation that these experiments could be scaled up
in size. Larger experiments means being closer to have practical applications, which has
driven interest from top universities and research centers, national funding bodies such as
EPSRC and NSE to private companies with a strong focus on technological research as IBM,
Microsoft and Google.

It is therefore of great importance to sharpen and deepen our understanding of these
models, especially the ones that more likely resemble the physical world we live in. This
means taking into account the fact that no experiment can be completely shielded from
noise, nor it can be executed at zero temperature: we have then to consider open (as
opposed to isolated) quantum systems, governed by a dissipative evolution. To make the
problem tractable, a reasonable simplification is to assume a Markovian evolution, i.e. an
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1. SUMMARY

environment which holds no memory (or loses it fast enough that its effects on the system
are negligible), and for which the future evolution only depends on the present state of
the system and not the way in which it was obtained. These are evolutions controlled by a
Lindblad equation, for which evolution at a fixed time slice is represented by a completely
positive and trace preserving map, an object called quantum channel in the quantum
information terminology.

Only recently has the quantum information community started to be interested in such
models, and has started to consider these type of evolutions not only an issue to overcome
but a resource which we need to learn how to exploit. This fundamental shift of perspective
opened up a new area in the field, incorporating the idea of engineering artificial evolutions
in which the dissipation works in our favor instead than against us [7, 43} 44, |55, 83|, even by
protecting the system from the effect of other, uncontrolled, noisy evolutions. Therefore a
range of new interesting problems were faced: what is the computational power of these
models, what conditions can guarantee the resilience against external noise, how long we
have to wait for obtaining certain states, and so on.

This thesis is part of this effort to improve our knowledge of these models. We have
focused on studying properties of quantum dissipative evolutions of spin systems on lattices
in a particular regime that we denote rapid mixing. We consider dissipative evolutions with
a unique fixed point, and which compress the whole space of input states into increasingly
small neighborhoods of the fixed point. The time scale at which this compression takes
place, or in other words the time we have to wait for any input state to become almost
indistinguishable from the fixed point, is called the mixing time of the process. Rapid mixing
is a condition on the scaling of this mixing time with the system size: if it is logarithmic, then
we have rapid mixing.

The main contribution of this thesis is to show that rapid mixing has profound impli-
cations for the corresponding system: it is stable against external perturbations and its
fixed point satisfies an area law for mutual information. The precise definitions of these
properties will be given later.

It is somehow surprising that these properties can be derived just from an estimate on
the time-scale of the convergence. It is a bit less surprising when we consider the other
important ingredient in this setting, which are Lieb-Robinson bounds. Well known in the
case of closed systems, but proven to hold also in the case of open systems, Lieb-Robinson
bounds formalize the idea that information in a many-body model can only spread at a
finite velocity, since its propagation has to be mediated by local interaction terms. Therefore,
limiting the time-scale at which the evolution takes place implies limiting the scale of the
distance at which it can create correlations. This simple observation lays at the heart of the
technical part of this work.



CHAPTER

Resumen

Desde su origen, la teoria de la informacién ha tenido fuertes conexiones con la mecénica es-
tadistica: el mismo término entropia de la informacion fue elegido por Shannon a partir del
término usado en termodindmica, bajo sugerencia de Von Neumann [5, |67, 82]. Tradicional-
mente la teoria de la informacion estudia el almacenamiento (c6digos) y la transmision
a través de canales con ruido (capacidad de comunicacién). Al interpretar las interac-
ciones fisicas como canales de comunicacion, ha sido posible aplicar las mismas técnicas e
ideas para entender como un sistema mecénico compuesto de muchas (o infinitas) partes
desarrolla un comportamiento colectivo a partir de las interacciones simples y limitadas
entre sus componentes individuales. Esto ha permitido entender el mecanismo con el cual
propiedades macroscépicas aparecen como efectos de interacciones microscépicas.

La misma relacion se ha desarrollado recientemente entre las correspondientes gen-
eralizaciones cudnticas de ambas teorias: la informacién cuédntica (que estudia el almace-
namiento y la manipulacion de la informacion en sistemas cudnticos) y la fisica de muchos
cuerpos. Las conexiones entre los dos campos aumentan cada dia y van en las dos direc-
ciones: herramientas e ideas de la informacién cudntica ayudan a solucionar problemas
abiertos en teoria de la materia condensada, y nuevos modelos de muchos cuerpos se desar-
rollan para aplicaciones de la informacién cudntica. Al mismo tiempo la implementacion y
el control experimental de pequefios sistemas cudnticos ha mejorado de forma espectacular,
aumentando la posibilidad de que estos experimentos se puedan llevar a cabo a escala
mas grande. Experimentos mas grandes significa estar cada vez mas cerca de aplicaciones
précticas, lo cual ha orientado hacia el campo el interés de importantes universidades y
centros de investigacion, asi como agencias nacionales de financiacion como el EPSRCy la
NSE empresas privadas con fuerte inversion en la investigacion y el desarrollo como IBM,
Microsoft y Google.

Por lo tanto es muy importante afinar y mejorar nuestro conocimiento de estos modelos,
y en particular los que describen de manera mas fidedigna el mundo fisico donde vivimos.
Esto significa tener en cuenta que ningtin experimento puede ser perfectamente aislado del
ruido, ni puede ser efectuado a temperatura cero: tenemos que considerar sistemas cudnti-
cos abiertos en vez de aislados, sujetos a una evolucién disipativa. Para que el problema
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2. RESUMEN

sea abordable, una simplificacién razonable es asumir que la evolucién sea Markoviana, es
decir que el sistema ambiente no tenga memoria de la evolucién, o que la pierda lo sufi-
cientemente rapido para que su efecto en el sistema sea despreciable, y tal que la evolucion
futura sé6lo dependa del estado actual del sistema y no de su historia pasada. Este tipo de
sistema esta descrito por una ecuacion de Lindblad, donde para cada instante temporal la
evolucion estd dada por una aplicacion completamente positiva y que preserva la traza, un
objeto llamado canal cudntico en la terminologia de la informacién cuéntica.

Es reciente el interés de la comunidad de investigadores en informacion cuantica por
estos modelos, y se ha empezado a ver este tipo de evoluciones no solamente como un
problema que resolver, sino como un recurso que explotar. Este fundamental cambio de
perspectiva ha abierto una nueva linea de investigacién en el campo, incorporando ideas
sobre como construir evoluciones artificiales en las cuales la disipacion trabaja en nuestro
favor en vez de en nuestra contra [7, |43} 44} 55} 83|, incluso protegiendo el sistema de otros
ruidos incontrolados. De esta manera se han planteado nuevos problemas interesantes:
;cudl es el poder computacional de estos modelos? ;Qué condiciones pueden garantizar la
resistencia contra el ruido externo? ;Cudnto tiempo hay que esperar para obtener de esta
manera cierto tipo de estados?

Esta tesis es parte del esfuerzo para mejorar nuestro conocimiento de estos modelos.
Nos hemos centrado en el estudio de las propiedades de evoluciones disipativas de sistemas
cuénticos de espines en un reticulo, bajo una hipétesis que llamamos equilibracién rapida.
Consideramos evoluciones disipativas con un tinico punto fijo, y que comprimen todo el
espacios de estados iniciales en un entorno decreciente del punto fijo. La escala temporal
a la cudl se tiene esta compresion, es decir el tiempo que tenemos que esperar para que
cualquier estado inicial se encuentre arbitrariamente cercano al punto fijo, se llama tiempo
de equilibracién del proceso. La condicion de equilibracion rapida pide que este tiempo sea
logaritmico en el tamario del sistema.

La contribucién principal de esta tesis es demostrar que la equilibracién rdpida tiene
importantes consecuencias en las propiedades del sistema: este sera estable bajo perturba-
ciones externas y sus puntos fijos satisfardn una ley de drea para la informacién mutua. Las
definiciones exactas seran dadas mads adelante.

Es en cierta manera sorprendente que estas propiedades se puedan derivar de una
cota en el tiempo de convergencia. Es menos sorprendente una vez que se considere
el otro ingrediente fundamental en este contexto, las llamadas cotas de Lieb-Robinson.
Muy conocidas en el caso de sistemas cerrados, pero igualmente validas para sistemas
abiertos, las cotas de Lieb-Robinson formalizan la idea que la informacién en un sistema de
muchos cuerpos sé6lo puede moverse con una velocidad finita, dado que su propagaciéon
estd mediada por las interacciones locales. Por lo tanto, controlar la escala temporal con la
cudl la evolucién converge permite a su vez controlar la escala espacial a la cudl se pueden
crear correlaciones. Esta simple observacion estd en la base de la parte mds técnica de este
trabajo.
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CHAPTER

Introduction

This dissertation is organized as follows. In section[3.1we will define the main objects of
interest, which are dynamical semigroups of quantum channels. We will recall the properties
of their generators, which are denoted Lindblad generators. We will discuss why they are a
sensible definition for modeling noisy quantum evolutions, and present the mixing time, a
property which will be crucial in the main assumptions we make in order to prove our results.
We will present the connection between the mixing time and other important properties
of the semigroup, such as the spectral gap, log-Sobolev inequality, and hypercontractivity.
These connections will show ways to prove rapid mixing. We will also introduce the notion
of mutual information and we will discuss the area law property of states, together with its
connections with efficiency of simulation and tensor network states. We will also discuss
why stability is a crucial requirement for any mathematical model of a physical system. In
section 3.2 we define the main assumptions and present a summary of the results obtained,
together with a brief presentation of the technical tools that have been developed. Finally in
section [3.3|we discuss future lines of research which are being developed at the time being.
The rest of the dissertation is composed of published papers which collect the results of
the work done during the PhD. These chapters correspond to the following publications.

5. [S] T. S. Cubitt, A. Lucia, S. Michalakis, and D. Perez-Garcia. “Stability of Local Quantum
Dissipative Systems”. In: Commun. Math. Phys. 337.3 (Apr. 2015), pp. 1275-1315. DOI:
10.1007/s00220-015-2355-3

6. [R] A. Lucia, T. S. Cubitt, S. Michalakis, and D. Perez-Garcia. “Rapid mixing and stability
of quantum dissipative systems”. In: Phys. Rev. A (Rapid Comm.) 91.4 (Apr. 2015). DOTI:
10.1103/physreva.91.040302

7. [A] E G. S. L. Brandao, T. S. Cubitt, A. Lucia, S. Michalakis, and D. Perez-Garcia. “Area
law for fixed points of rapidly mixing dissipative quantum systems”. In: J. Math. Phys.
56.10 (Oct. 2015), p. 102202. DOTI: 10.1063/1.4932612

The impact of these publications is reflected in the number of citations they have re-
ceived, notwithstanding their young age: in particular [S] at the time of writing has already
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3. INTRODUCTION

been cited 18 times, while [R] received 3 and [A] received 1. Moreover, the results obtained
have been presented as contributed talks in the most prestigious and relevant workshops
of the field: the Quantum Information Processing and Communications 2013 (QIPC2013),
the 17th Conference on Quantum Information Processing (QIP2014), and the Theory of
Quantum Computation, Communication and Cryptography (TQC2015).

3.1 Background and current state of the topic

3.1.1 Notation

Let us fix the notation that we will use through this dissertation, although we will present in
more detail some of the following objects later on.

Given a tensor product of two finite dimensional Hilbert spaces /4 ® #p, the unique
linear map trg : B(Fp ® ) — B(Ap) such that try(a® b) = btr(a) for all a € B(H#4) and
all b € A(A#p) will be denoted the partial trace over A. A state over B(A) is given by a
linear positive functional p : 8(#) — R, normalized in such a way that p(1) = 1. We will
denote the trace of an operator X by tr X, and we will denote by |-||,, the Schatten p-norm,
i.e. (tr| X|P)YP. Where there is no risk of ambiguity, ||| will denote the usual operator norm
(i.e. the Schatten co-norm).

We will consider a cubic lattice T' = ZP, equipped with the graph distance metric, and
a finite subset A < I'. We will adhere to the physicists convention of calling any subset
of I a lattice, even if it is not a lattice in the graph theoretic sense. The ball centered at
x € A of radius r will be denoted by b, (r). At each site x of the lattice we will associate one
elementary quantum system with a finite dimensional Hilbert space .#’. We will use Dirac’s
notation for vectors: \(p} will denote a vector in A, ((p| its adjoint, and {In)}flif(l)‘]ﬂ‘_1 the
canonical basis for #. Scalar product in .7, will be denoted by (¢ |y ), and rank-one linear
maps by |<p><u/| For each finite subset A < T, we associate a Hilbert space given by

ejfj\ = ®¢7£x:

XEN

and an algebra of observables defined by

An = Q) B(Hy).

XEA

Since # is finite dimensional, 98(/;) is a matrix algebra, and we will sometimes denote it
by 4, with d = dim .

If A; © Ay, there is a natural inclusion of &/, in &/, by identifying it with <75, ® 1. The
support of an observable O € </, is the minimal set A’ such that O = O'®1, for some O’ € oy,
and will be denoted by supp O.

Alinear map J : /) — «/p will be called a superoperator to stress the distinction from
operators in <. The support of a superoperator J is the minimal set A’ € A such that
T =9 'e1,where ' € B(sf)). A superoperator is said to be Hermiticity preserving if it
maps Hermitian operators to Hermitian operators. It is said to be positive if it maps positive

12



3.1. Background and current state of the topic

operators (i.e. operators of the form O*O) to positive operators. J is called completely
positive it T ® 1 : o\ ® My, — I\ ® My, is positive for all n = 1. Finally, we say that I
is trace preserving if tr 9 (p) = trp for all p € «/5. The p-Schatten norms on &/, induce
a corresponding family of norms on 2(</5): we denote by |||, the operator norm of
a superoperator I : (<, lI-ll,) — (<, ll-ll4), i.e. when we equip its domain with the p-
Schatten norm and the codomain with the g-Schatten norm. We will sometimes need the
following norm for superoperators, called diamond norm in the literature:

1T e =sup T @Lpll;—1.
n

3.1.2 Dynamical semigroups of quantum channels
3.1.2.1 Unitary evolutions and quantum channels

Quantum mechanics prescribes that a physical system is represented by Hilbert space ..
The measurable properties of the systems are encoded into a a state p, which is a positive
operator having trace one. For simplicity, we will only consider the case in which .# is a
d-dimensional Hilbert space, and therefore 98(#) is a matrix algebra .#;. In the case of
an isolated system, the physical evolution of the system is described by a unitary evolution
of the state p, meaning that the state of the evolved system is given by UpU™, with U a
unitary operator over /. It is immediate to see that this type of evolution is inherently
reversible, meaning that its inverse p — U™ pU is also physically possible. Therefore, in order
to consider dissipative quantum systems, by which we mean quantum systems which have
a non-reversible evolution caused by the interaction of the system with an environment, we
have to replace this unitary evolution with something more general.

Let us try to be as general as possible, and let us pin down the minimal assumptions a
map T : B(H) — B(H) representing a physically realizable evolution should satisfy. Let p
be the initial state, and T'(p) the evolved state. For sure, T should send states to states, and
therefore it should be linearEl, positive and trace preserving. It is a surprising but important
fact that positivity is not sufficient for such a map to have a consistent physical interpretation.
In fact, imagine we extend our system with an auxiliary one, with its own Hilbert space £
and its state 7. Then the state of the joint system is p ® T € (A ® A'). Let us also assume
that the evolution of 7 is trivial. Is there a map 7 that extends T to %(# ® %), such that
T(p®T) = T(p) ® T for every possible pair of states p and 72 Such a map exists and it is given
by the tensor product T with the identity map, which is denoted by T ® 1.

If this were to be a physical evolution, it should again be positive. But surprisingly, T ® 1
does not need to be positive, if we only require positivity of T. We have to require the
stronger property of complete positivity: we recall that we defined amap T : 43 — Ay to
be completely positive if T ® 1, is a positive map for all n € IN, where 1, is the identity of
My, A completely positive and trace preserving map is called a quantum channel, and they
will be our main object of study.

The operational interpretation of an ensemble of states {(p;, |<p iX i |)} is that of a probability distribution
(p;) over a set of possible states {|(p i)}. Therefore it is reasonable to expect that after the evolution the ensemble
transformed to {(p;, T(|@; @i|)}, or in other words that T(X; p; |@i X¢i|) = X pi T(|@i X @i ).

13



3. INTRODUCTION

Let us try to justify why quantum channels indeed represent physically motivated evo-
lutions. Since we want to talk about non-isolated systems, let us assume we have an envi-
ronment which is allowed to interact with our system. Denote the state of the environment
by |(p> (which we can assume, without loss of generality, being pure). The pair system-
environment is a closed system, so it evolves under a unitary U. At the end of the evolution
we discard the environment and look only at the reduced density matrix of our original
system, which we denote by p’. The sequence of operations we have described takes this
form:

p—p®lpXp| = Ulpe|pXp)U" —trplU(p® [p)Xp)U1 = p’ 3.1)

where trg is the partial trace over the environment. Note that every step of the process is
a completely positive, trace preserving map: therefore the resulting evolution p — p’ is a
quantum channel.

Therefore, if we regard our system as being coupled to an environment, and that they
jointly evolve as a closed system, we are led to the conclusion that the effective evolution of
the system is described by a quantum channel. Interestingly, this is actually the only thing
that can happen: every quantum channel can be interpreted in this way, as the restricted
action of a unitary evolution acting on a larger system. This is the content of Stinespring’s
dilation theorem.

Stinespring’s dilation theorem. Let T : .4 ; — #; be a completely positive and trace pre-
serving map (a quantum channel). Then there exists a unitary U € . > and a normalized
vector ¢ € C% such that

T(p)=trpU(p® |p)Xe|)U"] 3.2)

Therefore, evolutions represented by quantum channels are physically motivated as the
restriction of a unitary evolution acting on a larger system: they are, in a sense, “effective”
dynamics induced by unitary evolutions on sub-systems.

3.1.2.2 Weak coupling limit

Until now we have only considered a single application of a quantum channel, regarding it
as a single time-step in a dynamical evolution, and we have seen that, due to Stinespring’s
theorem, that is equivalent to coupling the system with an environment and considering
a unitary evolution of the pair. The clear advantage is, of course, that it is often easier to
reason if we can ignore the internal evolution of the environment and only consider its effect
on the system we are actually interested in.

But a dynamical system is more than just the application of a single time-step evolution:
itis a composable sequence of such single steps, or a continuous-time description in which
every fixed time slice £ = 0 gives rise to a physically realizable evolution T;. Mathematically
we have then a problem: by tracing out the environment, we have destroyed any possible
correlation that the unitary U might have created between the system and the environment,
both in the form of quantum entanglement or in the form of classical correlations. We have
only kept a shadow of them in the mixed state obtained, but the loss is not reversible. The

14



3.1. Background and current state of the topic

process described in eq. is inherently not composable: the environment has changed
because of its coupled evolution with our system.

While technically true, we might question whether this mathematical description is
relevant for describing physical systems. It turns out that, in some cases, the effect of the
system onto the environment is so negligible, it can be safely approximated to be irrelevant,
and we can assume the environment to be not evolving. Imagine for example that the
environment is a thermal bath at some temperature: for sure the interaction with the system
will change the equilibrium and the temperature of the bath, but if the bath is much larger
than the system it is a good approximation to consider a constant temperature, irrespective
of what happens in the system.

Mathematically, this would mean that if U(p ® |(p)((p|) U* is not too distant from p’ ®
|(p>((p|, we can approximate the former with the latter: in the physics literature this is called
the weak coupling limit or Born approximation|1,(13,17,(70, 71]. At each “infinitesimal”
time step, the environment is ideally thrown away, and is replaced by a fresh, identical one,
which therefore does not hold any information about the previous evolution of the system.
For this reason, this type of evolution is also called Markovian.

This naturally leads to consider the following dynamical system: the evolution of the
system is described by a semigrou;ﬂ of quantum channels {T; : 4 ; — 4} >0, such that T
is the identity map. The semigroup property T;T; = T+, means that it is a homogeneous
evolution, and that it is Markovian. As in the classical theory of dynamical semigroups, if T;
is strongly continuous in ¢ (i.e. T; is a Cy-semigroup), then it has an infinitesimal generator
2, satistying the following relationships:

Z(x)= i T:(x) = liml(Tt —1)(x). (3.3)
dt t=0 t|0 t

Note that for finite dimensional systems, strong continuity implies uniform continuity,
and therefore we can write
d
— T =ZLT;, Ti=exp(tL).
dt
A generalization of this approximation is to consider an environment evolving with time,
but independently of the system itself (maybe because of its internal dynamics, or maybe
because we have approximated the effect of the system on the environment in this way).
This leads to consider dynamical cocycles instead of semigroups, i.e. families {7} s}o<s<; of
quantum channels that satisfy the property T; T = T for all k < s < t. We can define
(time-dependent) generators of cocycles in a similar way as we did for semigroups: we will
not be interested in this non-homogeneous dynamics here, but we mention it for the sake of
completeness.

3.1.2.3 Lindbladian generators

We have seen that the evolution of state p under a semigroup of quantum channels T; is
given by the solution of the differential equation p(f) = £p(t), where p(t) = T;(p). The

2Strictly speaking, a representation of the semigroup (R, +)
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(super-)operator £ is sometimes called Liouvillian, since this equation is a generalization
of the Liouville-von Neumann equation. It cannot be an arbitrary operator, since we have
imposed some restrictions on the semigroup it generates (it is a semigroup of quantum
channels). Lindblad [48], Kossakowski, Gorini, and Sudarshan [27] proved that this imposes
a particular form on the generator £, which is called the Lindlbad-Kossakowski form, and
% is usually called Lindbladian.

Theorem 1. Let £ : My — M. The following are equivalent
1. ¥ generates a dynamical semigroup of quantum channels;

2. there exists a completely positive map ¢ : My — My and a matrixx € My such that

L) =) —-xkp—px*; @ " (1)=x+x". (3.4)

.....

d?-1 1
L(p)=—i[Hp]+ ¥ Lij;—E{L;ij,p}; (3.5)
j=0

where{a, b} = ab+ ba is the anticommutator.

H is (for obvious reasons) called the Hamiltonian, while the matrices L; are called
Lindblad or jump operators.

By Russo-Dye theorem [74], if T : #; — #; is positive and trace preserving, then it
is a contraction under the trace norm: indeed we have that by duality with respect of the
Hilbert-Schmidt product

ITh—1 =T =|T* M), =1lew=1,

o0O—00

since the dual of a trace preserving map is a unital map. Therefore, its eigenvalues lie in
the unit disk of the complex plane. Functional calculus shows that this implies that the
spectrum of .Z is in the complex semiplane {z € C| Re z < 0}.

Eigenvalues of Z lying on the purely imaginary axis correspond to eigenvalues of T; lying
on the boundary of the unit complex disk, and in that context they are also called peripheral
spectrum. It can be shown that their associated Jordan blocks are one-dimensional, and they
correspond to periodic states, with stationary states corresponding to eigenvalue 1[85].

For every other eigenvalue A of £, which has a strictly negative real part, the action of
T; on the corresponding generalized eigenspace is the one of a contraction exponential in
time: the subspace is suppressed by a factor of exp(—fRe A). Therefore, it is the eigenvalue
with the largest non-zero real part that determines the slowest rate of convergence of T, to a
map T, that projects on the space of periodic points (and that acts unitarily on it). This is
the reason for the following definition:

Definition 1 (Spectral gap). We denote the spectral gap of a Lindbladian £ the quantity

gapZ = min |ReAl. (3.6)
AT (LI\(0}
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Let us assume for a moment that there are no periodic points, or in other words the
peripheral spectrum is trivial: it is composed only of the eigenvalue 1. In this case T is
actually a projection. Then from a simple Jordan decomposition, we can see that the spectral
gap controls the scaling in time of the convergence to the space of fixed points, and we have
that there exists a constant ¢ > 0 such that

| T:(p) — Too(p) ||, = cexp(—tgap £), (3.7)

for every initial state p.
We will go back to eq. (3.7) later on, when we talk about families of dynamical systems
defined on an increasing sequence of lattice structures.

3.1.2.4 Local generators

Until now, we have only considered finite systems, which can be considered as one single
big physical body subject to some dynamics. Most applications require instead a description
of a many-body model: a system composed of many individual parts, which interact with
each other in a defined and somehow regular way. If we only consider one single instance of
a many-body model, then mathematically speaking there is no difference in considering the
whole system as a single big body, with some internal degree of freedom evolving according
to the mentioned interactions.

This point of view changes dramatically if we consider instead increasing sequences of
many-body models defined on a graph or lattice structure. Let us recall the notation we have
given for many-body systems on a lattice. Consider an infinite graph I' (for example, Z? for
some integer D) equipped with the graph metric. Associate to every vertex x in the graph a
finite Hilbert space ./, and let us assume for simplicity that they are all isomorphic (i.e.,
they have the same dimension d). Then for every finite A ¢ I' we denote by /& = ® xep Ay,
and dA = @(%A)

In this case, there is a well defined notion of locality: for every pair of finite subgraphs
A1 © A T, there is a natural embedding of &/, into «/p,, by identifying X € o, with
X ®1p,\a, € An,. This allowed us to define the notion of support: given an operator X € o,
we define the support of X, denoted by supp X, as the minimal A’ ¢ A such that there
exists a X’ € ofys that satisfy X = X' ® 1. In a sense, the support of X is independent of A,
since supp X = supp X ® 1: therefore considering X to be acting on a larger system does not
increase its support.

This is the first appearance of a simple but powerful idea that is behind most of this work:
there exist some properties of the objects we are studying that do not depend on the size
of the system, as long as this is large enough to contain them. If we take an increasing and
absorbing sequence of finite A, ' T', then we can discuss about properties that are uniform
in n.

Physical interactions usually become weaker when the distance between interacting
bodies becomes larger. Therefore, if we can decompose the generator of the evolution £ as
a sum of local terms Y > 5 £, each of which is still of the Lindblad-Kossakowski form but
itis only acting on the subsystem Z , it is reasonable to assume that their norm becomes
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smaller as the diameter of their support Z becomes larger. In this case, we will say that £ is
a local Lindbladian.

If we do not specify at which rate | Zz||, decays with diam Z, this definition can be
trivially satisfied by any Lindbladian. We will postpone for the moment to clarify this point,
and we will do it in section[3.2.1.3

3.1.2.,5 Mixing time and spectral gap

Equation (3.7) captures the long-time properties of the dynamical system described by T;: if
t is larger than log(e/c)/ gap £ for some positive €, then the set of possible input states will
have been compressed inside a e-neighborhood of the space of fixed points. The minimum
time required for this to happen (which might be smaller than the time given by eq. (3.7))
is called the mixing time of the dynamical system. We give the formal definition only for
systems without periodic points.

Definition 2 (mixing time). We denote the mixing time of a dynamical system with no
periodic points T; : #; — 4, the function

7(€) = min{t > 0:sup || T:(p) — Too(p) ||1 <e},
P

where the supremum is taken over all states p.
Therefore, we can restate what we know about the spectral gap as follows:

r(e) < 08Cloge (3.8)
gap <

For any single finite-dimensional system, this analysis is usually satisfactory: more care
should be taken if we consider families of dynamical systems defined on an increasing
sequence of lattices A,. In this case we want to control the scaling in 7 of 7(¢). First of all,
the quantity A, = gap £, can become smaller, as n increases, and therefore the bound on
the mixing time will diverge. If instead the quantity A =infA, is bounded away from zero,
we informally say that the system is gapped (meaning that it is gapped in the limit).

Nonetheless, there is another and deeper reason for which the bound eq. will, in
general, diverge with n, even with a strictly positive A: the constant ¢ will (in general) also
depend on n. In fact, if we obtain this bound via the Jordan decomposition (which is not the
optimal way to do it), it can grow faster than exponential in 7. Some more careful analysis
can be done to improve this dependence: in [85] it was shown that if £ satisfies a condition
called detailed balance, which will be presented in more detail in section|3.1.3.1} with respect
to a full-rank state o, then we can take c to be equal to ||o~! HCIX/)Z, which is equal to 07, }/?, the
minimal eigenvalue of o. This gives the following result, for which we will also present a
different proof later:

Theorem 2. If A is the spectral gap of £, and it satisfies detailed balance with respect to a
full-rank state o, then
log(o1/2) - loge

1(e) < mi; (3.9)
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Note that ar‘nlir/lz has to scale at least exponentially in the system size, or worse - therefore,
we obtain from eq. a polynomial time mixing. If we assume that we know the whole
spectrum of £ but nothing else, we cannot improve too much on Theorem 2} as shown in
(78], if we only know the spectrum of £ and not some other property of it, the dependence
of ¢ in the system size cannot be improved to be slower than exponential.

For some applications, having a polynomial-time mixing is sufficient. In this work, we
require a stronger condition, which because of [78] cannot be guaranteed only by some
condition on the spectrum of Z: that 7 (¢) scales logarithmically in n (and in some cases we
can have a relaxation to sub-linear scaling). It is the main contribution of this thesis to show
that under this stronger assumption, some very interesting properties of the evolution and
of its fixed point can be derived.

We will present such results in section before that, let us present one important
connection with logarithmic Sobolev inequalities.

3.1.3 Logarithmic Sobolev inequalities

The tools of hypercontractivity and logarithmic Sobolev inequalities (log-Sobolev for short)
have been developed as part of Segal’s program of giving mathematical rigor to Quantum
Field Theory [75]. Log-Sobolev inequalities have been first introduced by Feissner (at the
time a student of Leonard Gross, who had been in turn student of Segal) in his PhD thesis
[24, 25] in order to generalize the classical Sobolev inequality to Gaussian measures in
infinite dimensions. Then [29] used them to study ergodicity of Markov process in infinite
dimensional spaces and were recognized afterwards to be an effective tool in analyzing
finite dimensional systems too [21]. The application to classical spin systems has been
introduced first by Holley, Stroock and Zegarlinski [35,76,(77, 87, (88] and thereafter became a
standard tool in statistical mechanics. They are intimately connected to hypercontractivity of
semigroups, and have made an appearance in a wide range of different areas of mathematics.

For a modern review of the classical (commutative) theory of logarithmic Sobolev in-
equalities and its connections to Markov semigroups and concentration of measure, we
refer the reader to [30]. Its quantum generalization has been developed in a series of papers
[49-51,|66], and the connection between rapid mixing and log-Sobolev inequalities in the
quantum setting is due to [39].

Hypercontractivity predates slightly the appearance of log-Sobolev inequality: the first
examples can be traced back to a work of Nelson (also a student of Segal) [62, 63], when it
was still not called in such a way. For a review of the subject we will refer to [18, [28]. It is
finding its way into the quantum information community as a tool on its own [16, 40, |58, 81].

We will present in the rest of the section a simplified version of the quantum log-Sobolev
theory, and its connection with hypercontractivity and rapid mixing.

In this dissertation we consider semigroups of trace preserving maps T, therefore
describing the evolution of states, but an equivalent description could be done of the dual
(under the Hilbert-Schmidt scalar product) evolution T, where observables are evolving,
and the limit state p, is invariant in the sense that tr(p T, (A)) = tr(pA) for all operators
A. In this case the semigroup is unital instead of trace preserving. This is the approach
usually followed in the literature on logarithmic Sobolev inequalities. We will stick to our
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notation, therefore denoting the evolution of observables as T}, but the reader should be
aware of this fact.

3.1.3.1 Spectral gap and detailed balance

Before presenting the definition of logarithmic Sobolev inequalities, or log-Sobolev inequali-
ties for short, let us reformulate eq. in a different but equivalent way, when we assume
to have a full rank state o > 0. For such state we can define a weighted scalar product on
B(A) via

(AIB)y = tr[0"2 Ag'/2B] = <01/4A0”4|0”4Ba”4>HS,

and the corresponding induced norm |||, = :|-)&/%. It is easy to see that o1/2 [| Al < [|All; <
| All, where o iy, is the minimal eigenvalue of 0. Moreover, we can define a generalization of
the classical variance, as

Var, (A) = |A— (A1), |2 = tr[o'/? Ac'/? A] — tr[o AJ°.

Indeed, Var, (A) is positive and invariant under translations by multiples of the identity. In a
similar way, given a Lindbladian £, we can define a non-commutative generalization of the
Dirichlet form:

E(A,B) =(A|l-£*(B)), = —tr[c'? Ac>£*(B)];

where £* is the dual of £ under the Hilbert-Schmidt scalar product, i.e. &(A,B) =
—tr[£L(01? Ac'/?)B]. We will write &(A) = (A, A). We say that & satisfies detailed balance
with respect to o if £(0"'? Ac''?) = 02 £*(A)o''? for all operators A, and therefore

trfo!? Ac'? £* (B)] = tr[ £ (0'/? AcYH) B] = tr[ 02 £* (A)0'?B].

If so, & is a symmetric bilinear form, £* is self-adjoint under (:|-),, and thus k% () =
ot L* (074074 g4 is self-adjoint under the Hilbert-Schmidt scalar product. Since £*
and & are related by a similarity transformation, £* has real spectrum, and contractivity
of the generated semigroup implies that it is negative. Note that it also implies that o is a
steady state for £, since for all A it holds

tr[L (o)Al =tr[o* 10" 2 2* (A)] =tr[c 2 L* (1)a'? A] = 0,

and thus £ (o) =0.

If the peripheral spectrum of T is trivial, then kernel of £ is one dimensional, and by
the Courant-Fischer-Weyl min-max principle, the second smaller eigenvalue of £, which
we have previously called the spectral gap, is given by:

. —(ZL* (AN A) g . &E(A)
min —————— = min .
A(A1) ;=0 (AlA), A:Vars (A)#0 Varg (A)

gap ¥ =
We have therefore re-expressed eq. (3.6) as a variational problem: gap £ is the maximal
value that can take a constant ¢ such that the quadratic functional ¢ Var;(A) lower bounds

the quadratic functional & (A).
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cVary(A) = &E(A) (3.10)

Consider now A(?) the evolution on an observable A under £*, i.e. A(r) = T/ (A).
Since o is invariant under T, it holds that (A(#)|1), = (A|1),, and therefore lim,_., A(f) =
(Al1)s 1. Therefore Var,(A(t)) is equal to || A(t) — A(oco) II§. We can consider the function
t — Var, (A(1)): its derivative is given by —2&[A(#)]. Therefore eq. is really bounding
the derivative of Var, () with respect to the functional itself. This leads to the following
bound:

Varg (A(1)) < Varg (A)e 2¢".

Therefore, the spectral gap controls convergence when measured with Var, (-). In turn, this
implies that:
IA(8) - A(co) | < o, 2N A(L) — Ale0)lly < o i 2l A= Aloo) e ".

min min

By duality this implies the following bound of the form eq. (3.7):

sup || T¢(p) — o||, =20, }/2e 182 <,
o
or equivalently
Theorem 3. If A is the spectral gap of £, then
log(20-1/2) ~loge
T(6) < g( L ) g (3.11)

A

Notice that al_nlin scales at least exponentially in the system size (since it has to be at least
smaller that 1/ dim ) - but in principle it could be even worse.
We could also have obtained the same bound, but without the multiplicative constant 2,

by using the fact[39, 80]

||p _0”1 SVaI‘Cl,/Z(O'_”ZpO'_UZ),

and the fact that suppVara (0‘1/2p0_1/2) is equal to ||(7_1 ||oo = 1/0min (Where the sup is
taken over states).

We have seen therefore that the detailed balance condition allows us to clearly express
the relationship between the spectral gap and the mixing time, obtaining a pretty good
prefactor for our bound (definitely better than what we could have obtained via the Jordan
decomposition). The downside is that we need to assume that the fixed point is unique and
full rank (a condition called primitivity of £), and that o i, can be controlled.

We will show next how in this setting it is natural to define other conditions on Z that
allow a better control on the mixing time than the one obtained via the spectral gap, which
in turn will prove to be sufficient to prove our rapid mixing assumption.
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3.1.3.2 Entropy and log-Sobolev inequalities

The idea of logarithmic Sobolev inequalities and other entropic inequalities is to generalize

what has been done in the previous section with Var, (-): find a positive functional D(:) that

bounds the convergence of the semigroup T}, then bound the derivative %D(T[(p) —0)in

terms of the function itself, via a comparison with another functional defined in terms of Z.
Let us consider the following functional, denoted relative entropy

1
DX|Y) = U—Xtr[X(logX—log V).

D(plio) is positive if p and o are normalized states, and it is finite if the support of p is
contained in the support of . It is also monotonically decreasing under the action of
quantum channels [65]. Pinsker inequality [64] implies that |p — o ||f <2D(pllo). Let us now
differentiate and obtain

d
aD(p(t)lla) =tr[ZL(p(0)(logp(t) —logo)].

We can therefore denote by £ (p) = —ﬁtr[f(p) (logp —logo)]. Compare this with the
definition of &. We can then define the following log-Sobolev type of inequality:
c[D(pllo) —logtrp] < & (p) (3.12)

where the optimal ¢ > 0 will be called log-Sobolev constant of £, and denoted by a. As in
the case of the spectral gap inequality, we can then conclude that

sup ||p(1) —a |, =supy/2D(pllo)e "
p p

We then observe that D(pl|o) is upper bounded by |[logo ™" || = —108(0'min). Therefore, the
convergence bound obtained via the log-Sobolev inequality is exponentially better than the
one obtained through the spectral gap inequality (see eq. (3.11)):

Theorem 4. Let a be the log-Sobolev constant of £. Then

min

2a

log(log(o-1/2)) - 2loge
< g(log(oi)) 8¢

(3.13)

If ‘7;11111 is only exponential in the system size, then a system-size uniform log-Sobolev
constant implies rapid mixing. Therefore, log-Sobolev bounds are a way of proving such an
assumption for reversible, detailed balance generators.

This is the approach taken in [59,60]. In [66] and [39] a bound equivalent to eq.
was denoted 1-log-Sobolev inequality, and is obtained by composing eq. with the map
p — o 2pa712 If we denote by A= 0c"'2pc~1/2 and by A(¢) the evolution of A under £*,
i.e. A(t) =T/ (A), then detailed balance implies that

AW =T; (0 2007V2) = g V2T, ()02 = 02 p(1) 0 V12,

22



3.1. Background and current state of the topic

Thus eq. can be restated as follows’}
cEnt;(A) < &1 (A),

where Ent; (A) = D(pllo) —logtrp and &) (A) = . (p). This version of the bound is clearly
equivalent to eq. if &£ satisfies detailed balance. The authors of [39] denote the optimal
constant by a;.

Unfortunately this is not what is denoted as log-Sobolev inequality in the classical litera-
ture (i.e. when we define all the above for a generator of a Markov chain over a probability
space, which is the commutative equivalent of Lindbladian generators over quantum states).
Instead, the classical log-Sobolev inequality is more similar to the following generalization:

cEnty(A) = E(A);

where & is the Dirichlet form defined earlier, Ent, (A) = Ent; (I 2(A)),

and therefore Ent,(A) = D((o‘”‘ﬂoa‘”“)2 ||0').

This bound is denoted 2-log-Sobolev inequality in [39, 59, |66] and the optimal constant
a,. Unfortunately we do not know if it is equivalent to eq. (3.12): under the additional
hypothesis that &, (I 2(A)) = £(A) (denoted L, -regularity in [66]), then one can at least show
that a, < a;, therefore recovering the classical result. Whether there exist Lindbladians
which satisfy detailed balance but not L ,-regularity is still an open problem.

3.1.3.3 Hypercontractivity

As we have already seen, as a consequence of the Russo-Dye theorem we have that a positive
and trace preserving map T is contractive with respect to the 1-norm, since || T|;_; =1 -
equivalently, a positive and unital map T* satisfies || T*[loo—oo = 1, i.€. is contractive with
the co-norm. This applies in particular to quantum channels. Let us now introduce a non-
commutative generalization of the L,-norms[31,/49-51]: given a full rank state o, for each
p € [1,00) denote by

”X”;’;,a — tr|01/2pX01/2p|P — ||0_1/2PX0.1/2p ”Z'

It can be checked that ||| p,o is indeed a norm, and the usual properties that can be expected
from L, norms can be recovered, such as H"older inequality, duality, and interpolation
theorems. In particular, they are increasing in p, thusforall1 < p < g <ooitholds |||} <
Il po < Ilg0 < lIllco. Moreover, limy_.qo | Xl s = | Xlloo (the usual Schatten co-norm).
Note that the norm defined in the previous section, which we denoted by ||-||,, corresponds
to the p = 2 case. The space %(#) equipped with the ||, norm will be denoted by L, (o),
and the operator norm of T': L, (0) — Lg4(0) will be denoted || T'll(p,0)— (g,0)-

3we have removed a unimportant factor of 1/2 from the original definitions
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Let us consider then a quantum channel T having o as a fixed point, and consider its
dual T* w.r.t. the Hilbert-Schmidt scalar product. Let us assume again that 7T satisfies
detailed balance w.r.t. o. Then we know that T* is unital, and thus || T*| o, -, = 1. Moreover,
we have that for every operator A

7l o=l W], = | T2 0 D) = V2 A0, = 1AL

where we have used detailed balance and the fact that | T|;—; = 1. This shows that
IT*Iq,0)—a,0) = 1, and therefore by interpolation it holds that | T*ll(y,0)—(p,0) = 1 for all
pE[l,00].

This leads to define a new property of alinear map T : B(A) — B(A): we will say that T
is hypercontractive if there exist some p < g such that | Tl ,5)—(¢,0) < 1. This in particular
implies that T is contractive with respect to |-l o).

If we have a dynamical semigroup of quantum channels T;, then we can consider
| T; ||(p, 0)—(q,0) fOI SOmMe p < g as a measure of convergence of the semigroup: indeed
for £ = 0 we have that Tp = 1 and ||11l(y,0)—(4,0) = 1 if and only if p > g. On the other hand, if
o is the unique fixed point of T}, then T} (X) = tr(0 X)1 and therefore || T3 (A) || = tr(c X) <
IXll 1,09, and || T2 1.

” (1,0)—o0 —

Let 1 < p <00, and g its H"older conjugate, i.e. % + % = 1. Because T} is self-adjoint in
L,(0), then it holds that
” Ty ” (p,o)—(2,0) — ” Ty ”(2,0)—»((],0)’
and therefore if 1 < p <2 then
2
172l 00100 = N TE Nl p oy~ | T 01000 = 1 77 00—

In the light of the previous observation, let us focus (as done usually in the literature),
on the behavior of || T; || 2,0)—(q,0)" The relationship between log-Sobolev inequality and
hypercontractivity is contained in the following theorem

Theorem 5 ([66]). Let £ satisfy detailed balance and L,-regularity. Then the following
conditions are equivalent

1. Forq(t) =1+ e,
|77 ||(2,U)—»(q(t),a) =1

2. T} satisfies a 2-log-Sobolev inequality with constant a.

Note that point 1. of the previous theorem implies that, if g(f) = 1+ %!, then

| T; t — oo we recover that || T2

| pe,00—(a0,00 = 1- For |00 000 = 1-

3.1.4 Arealaw

Another interesting problem in the study of dissipative semigroups is the description of
the fixed point, or steady state, of the evolution. For some models of noise, the fixed point
is the maximally mixed state, which is the state proportional to the identity. Such a state
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represents the situation in which the noise has destroyed all the information on the physical
system, and every measurement will give uniformly distributed random results. In other
cases the noise model is different, and the steady state will be a thermal state corresponding
to some Hamiltonian, meaning that it will be proportional to e #¥ for some Hermitian H
and some positive (f representing the inverse temperature. Davies maps [19] are such an
example. In other cases the evolution is engineered (or defined) to have a particular state as
a steady state: one starts with a given state, which is interested in preparing, and from that
derives a Lindbladian generator that produces that state as a fixed point. This is a common
approach of classical Glauber dynamics and Metropolis sampling[53] and of Dissipative
State Preparation [43} 83].

One would expect that, if the state satisfies some “good properties”, then the resulting
evolution would also have nice properties, as for example would converge quickly. This was
proven rigorously in the case of classical spin systems and Glauber dynamics[53} 54|, where
the “good property” of the state w is of this type: given two observables A and B, supported
on separated regions that are d distant apart, then the value of w(A® B) becomes increasingly
close to w(A)w(B) as d increases. More specifically, it is required that the difference between
the two goes to zero exponentially fast in d. This property is called exponential decay of
correlations, since the quantity w(A® B) —w(A)w(B) measures how correlated the two region
are. Under this assumption, for classical spin systems one can prove that the corresponding
Glauber dynamics is rapid mixing (via proving a log-Sobolev inequality).

In this thesis we will be interested in the reserve problem: given a “well behaved” Lindbla-
dian, what “good properties” of the fixed point can be assumed? We will start by presenting
rigorous notions of correlations in many-body quantum systems.

3.1.4.1 Correlation measures

Consider a bipartite state pap € B(A4p). If pap is of the form x ® y for some states x
in B(A#44) and y in B(Ap), we say it is a product state. In this case measurement over
the subsystem A are independent from measurements over the subsystem B, and vice
versa: therefore the resulting statistics will be independent and there will be no correlations
between the two subsystems. If p 45 is not product, then there are a number of different
measures that quantify “how far” it is from being product.

The following notation is borrowed from [37]. We will denote by p 4 (resp. pp) the state

trp p A (r€Sp. tra paB).

Definition 3 (Correlation measures).

e Covariance correlation:

C(A:B) = M & Ny — (M) (N)| = tr[M & N(pag—pa® pp)ll;
(A:B)= max | ) — (M) (N)| Me;{}/}f}vxedBIr[ (0AB—PA® PB)]
IMI<TINI<1 IMI<TIN] <1

where (O) = tr(Op 4p) is the expectation value of the observable O acting on p 45.
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¢ Trace distance correlation:

T(A:B)= max |tr[F(pap—pa®pp)l| = |pas—pa®p5l;-
(e

* Mutual information correlation:

I(A:B)=S8(pa) +S(pB) — S(paB);
where S(p) = —tr(plog, p) is the von Neumann entropy of the state p.

C(A: B) is how correlations are usually measured in the condensed matter literature. It
follows immediately from the definition that C(A: B) is upper bounded by T'(A: B) (since
C(A: B) only depends on what can be measured with product observables, while T'(A: B)
allows for general ones).

The relationship between trace distance and mutual information is given, in one di-
rection by Pinsker’s inequality [64], and in the other by an application of Alicki-Fannes-
Audenaert inequalities [2, 4,|23]. We summarize it as follows:

Theorem 6. .
A_LT(A :B)?><I(A:B)<6T(A:B) log, ds+4hy(T(A: B)); (3.14)

where hy(x) = —xlog, x — (1 — x)log, (1 — x) denotes the binary entropy function, and d, =
dim %A-

3.1.4.2 Correlations in many-body systems

In our many-body scenario, we can consider the fixed point po, of £ over A, and for any
region A c A or any pair of regions A, B € A we can consider the reduced density matrices
PA=1tra\APoo @and pap = tra\AuB Poo- We can then ask two types of questions (which we
formulate for I(A: B) but would be equally interesting for any other measure of correlations):

e Given A, B c A, how does I(A: B) scale with dist(A: B)?

e Given Ac A, how does I(A: A°) scales with the size of A?

While of similar flavor, in the first case we are only considering finite regions, while in the
second we are considering A¢, which is growing as A gets bigger. Therefore it should not be
surprising that the conditions needed to give an answer to the first are less restrictive than
the ones needed for the second. In the first case, we speak about decay of correlations: we
expect that, if A and B are far apart in the lattice, they become more and more independent.

The second question is interesting for the following reason. For Haar random states,
I(A: A°) is proportional to | A|. Instead, many physically motivated states show a different
behavior, with I(A: A°) scaling as |0 Al, where 0 A is defined as the subset of A of sites which
directly interact with the complement of A. If the interactions are finite range and A is a ball,
then | Al is a polynomial of degree D while |0 A| has degree D — 1. This situation is usually
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called area law (the terminology originated in the study of black hole entropy, where the
boundary is indeed a surface).

In the following we will be working with T(A: B) and I(A: B), with the reminder that
because of Theorem 6|exponential decay in one of them implies exponential decay in the
other.

3.1.4.3 Ground states of Hamiltonian

The problem of studying correlation decay, area laws and their relationship with dynamics
has been extensively treated (although not completely solved) in the context of groundstates
of Hamiltonians. A Hamiltonian is a Hermitian operator H acting on the Hilbert space /4
which represents the physical system. The action £ (p) = —i[H, p] generates a group of
automorphisms instead of simply a contraction semigroup, and it can be seen thatitis a
special case of eq. (3.5). Since any eigenvector of H is invariant under the action of £, the
evolution will have more than one fixed point: for physical reasons the one corresponding
to the lowest eigenvalue of H plays a special role, and it is called the groundstate of H. Itis a
pure state. Given such a state |¢) , , it holds that I(A: B) = 2S(¢4), where 9 4 = trg |9 X¢| 45
is the reduced density matrix of | )(¢| , ; over A. Therefore, the mutual information reduces
to (two times) the von Neumann entropy.

The crucial property in this setting is the so-called spectral gap of H: the difference
between the two smallest eigenvalues of H. Using the standard convention, we will say that
a family of Hamiltonians defined on an increasing and absorbing sequence A,, /I is gapped
if the gap is uniformly bounded away from zero - in other words, if the gap does not vanishes
in the limit. Otherwise the Hamiltonians will be called gapless and one can be interested in
specifying the speed at which the gap closes (whether polynomially or exponentially fast in
n.

In the seminal work [34], Hastings and Koma proved that if a family of local Hamiltonians
is gapped, then the ground state satisfies exponential decay of correlations uniformly in 7.
This result is interesting because it connects to the condensed matter theory of quantum
phases: a quantum phase is an equivalence class of Hamiltonian systems, such that two
Hamiltonians H; and H, are in the same equivalence class if they can be connected by
a smooth path H(¢) of gapped Hamiltonians. Quantum phase transitions are therefore
identified with points in the path where the gap closes. In that situation it is common for the
correlation length to diverge, where by correlation length we mean a distance ¢ such that
C(A: B) < e~ distAB)/¢,

Another property that is expected by condensed matter theorists is that groundstates of
gapped local Hamiltonian satisfy an area law for the entanglement entropy. The intuitive
argument (which unfortunately is not a formal proof) goes as follow: if we consider a finite
region A, because of exponential decay of correlations, spins which are inside A and far
away from its boundary are almost independent from the system outside A. Therefore,
correlations and entropy can only come from spins which are closer to the boundary. Since
any given d-dimensional spin can only contribute at most by logd to the total entropy; it
follows that the total entropy is only scaling as the size of the boundary.
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Whether this argument can be made rigorous is the content of the area law conjecture
(that ground states of local gapped Hamiltonians satisfy an area law). It is considered a major
open problem in condensed matter physics and has seen active development in recent years
[22]. A solution in 1D was obtained by Hastings [32], and subsequently a different proof
appeared in [10,11], where they proved that in 1D exponential decay of correlations does
actually imply an area law. This together with the result of [34] shows that a spectral gap, by
implying exponential decay of correlations, also implies an area law in 1D.

In higher dimensions the problem is still open. Some advances have come from the
computer science community [3], with a new proof of Hastings’ and Koma'’s result, which
allowed to greatly improve the dependence of the correlation length with respect to the
spectral gap, making it fit better with the concrete cases in which we are able to estimate
both, either analytically or numerically. The tools developed allowed for the construction
of the first provable polynomial algorithm for approximating the groundstate of gapped
Hamiltonians in 1D [46], as well as other combinatorial tools to study the structure of ground
states. These advances, while very promising, have not led yet to a proof of an area law for
groundstates in dimension larger or equal than 2.

3.1.4.4 Gibbs states and tensor network states

Gibbs states or thermal states are states proportional to exp(—H), for some Hamiltonian H
and a parameter f that represents the inverse temperature. They are of interest because they
describe a system in equilibrium at finite temperature 1/, and therefore are naturally suited
to fit in the open dynamics scenario: lots of the dissipative models we have mentioned are
attempted descriptions of a thermalisation process that leads to a Gibbs state. So, even if they
are not the only possible fixed point of dissipative maps, they are definitely an important
class of them. Interestingly, they all satisfy an area law for the mutual information [86].

Another important class of states (this time pure states) which often satisfy an area
law, are the so called tensor network states [14] - states whose amplitudes are given by the
contraction of a given network of tensors. To be more specific, in the large family of tensor
network states, the one dimensional Matrix Product States (MPS) and the two and higher
dimensional Projected Entangled Pair States (PEPS) satisfy an area law by construction. The
interest in these types of states is that they only require a polynomial (in the number of
particles) number of parameters to be described, as opposed to the exponential dimension
of the Hilbert space they live in. For this reason, they are used extensively in numerics, and
they are believed to give good approximations of groundstates of local gapped Hamiltonian.
While there are examples of states in 2D that satisfy an area law but are not approximable
by a PEPS [26], it has been proved that under certain assumptions groundstates of 2D local
Hamiltonians are well approximated by PEPS [33,57].

In 1D, the situation is more clear: groundstates of local gapped Hamiltonian can be
efficiently approximated by MPS. This is not only a theoretical result, but has also been
important in understanding and developing algorithms that approximate 1D groundstates.
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3.1.4.5 Arealaw and correlation length

We have mentioned an intuitive -but incomplete- argument that would connect a finite
correlation length with an area law. Let us mention now an interesting formal connection
presented in [86]. There the authors give a different definition of correlation length for the
mutual information: given a finite region A c A, let Bg = {x € A|dist(x, A) > R}, define ¢ 5 as
the minimal length R such that

I(A:BR)<M,

VAcCA. (3.15)

(Observe that By = A\ A.) With this definition, then they can prove that I(A: A6 <
4|0 A|&,, i.e. an area law.

While the result is sound, one should be careful in considering the relationship between
eq. and the usual decay of correlations, i.e. I(A: B) < cexp(—dist(A,B)/k). Itis
tempting to argue that, if one has such decay of correlations, then because dist(A, Bgr) = R
one has that I(A: B) < cexp(—R/ k), then it is sufficient to take ¢ 5 proportional to k to satisfy
equation eq. (3.15). This argument breaks if the constant ¢ in the decay of correlations
bound is not independent of the size of the regions A and B, which is often the case as we
will see later. If A is fixed as we change A, then the size of Bg is proportional to the total size
of the lattice A, and therefore ¢ 5 has to grow with A. The resulting bound on I(A: AS) would
still grow as a polynomial of lower degree than the geometrical dimension of the lattice, but
now multiplied by a constant which is system-size dependent. This constant will in most
cases make the bound trivial, since it will be larger than the general worst case bound, which
islogdim /24 = | Allogd, where d is the dimension of the Hilbert space of a single site.

A similar problem was faced in [37], where they obtained under the assumption of a
log-Sobolev inequality a bound of the form

I(A: A%) < cloglog||a™" |10 Al

where o is the fixed point of the evolution. Again, the right hand side of the bound would
scale with the correct exponent to talk about an area law, but the multiplicative constant
makes the bound trivial in most cases.

One of the main results of this thesis is to prove for the first time a fully satisfactory area
law for fixed points of rapidly mixing evolutions (see section[3.2.3.4).

3.1.5 Stability of quantum systems

One of the properties of open quantum systems studied in this dissertation is stability. Before
presenting the results obtained, it is worth explaining why it is so crucial. The mathematical
structure we are considering is an attempt of describing a physical system composed of
many particles. This might be either a naturally occurring system (for example, the original
motivation of the Ising model was to study magnetization), or an artificially engineered
system created to fulfill a task (computation, communication, memory, state preparation,
etc.).
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In the first case, the mathematical model will be of course an approximation to the
real physics: it would be unreasonable to require that the quantities involved (coupling
constants, energy levels, masses/charges/densities, etc.) can be measured with perfect
precision. The only realistic hope is that they can be known with some level of precision.
Once we plug this information in our mathematical model, we would like to have a tool
that is capable of predicting the results of future experiments. If they change abruptly for
even the smallest change in the parameters considered, the resulting predictions will rarely
match reality and the model will be deemed to be useless, since it requires an impossible
level of fine-tuning to work.

The situation is very similar in the case of artificial and engineered systems. In this
case, the unreasonable assumption is that we have perfect control over the implementation
of the artificial model, meaning that we can configure its parameters to arbitrary level of
precision. No real system (not even macroscopic and classical) can be perfectly controlled
in this way: the real implementation will be always at best a very good approximation of the
mathematical model. If the resulting evolution depends heavily on these tiny differences,
then we will end up implementing a different evolution than the one we thought of preparing,
and the result will be different. The only practical models are the ones for which small errors
in the implementation will give rise to small changes in the resulting system.

In both cases, the theoretical justification of a mathematical model relies on its stability
against perturbations: we can of course talk about non-stable models, but one should
be extremely careful in considering their physical implications and predictions, since in
practice we will never be able to actually see them in reality. This argument is only made
more stringent when we start considering, apart from experimental errors, physical sources
of noises: no experiment will be ever completely isolated, no noise will ever be perfectly
shielded.

We thus need tools that allow us to justify the soundness of physical models by proving
that they are stable. In the case of local Hamiltonian, effort has focused in proving stability of
the spectral gap, a parameter which has important consequences on the physical properties
of the resulting models. Starting from the work of [12}[41] it culminated in [56] where it was
proven that the spectral gap is stable (it does not close) under some physically reasonable
conditions.

It should be stressed here that we are considering a special case of perturbations here:
since we are considering many-body models, where every particle interacts only with its
neighbors, it is natural to consider a perturbation/error that involves every single interacting
term. Therefore, small perturbations will be microscopically or locally small, but since
they will add up as we consider larger and larger systems, they are actually unbounded
perturbations (but with a local structure). This is why we cannot simply apply standard
perturbation theory but we need to develop specific tools for this type of perturbations.

Another main result of this thesis is to show that rapidly mixing systems are indeed stable
against perturbations (see section|3.2.3.3).
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3.2 Summary of the results

3.2.1 Assumptions

In this section, we present and discuss the main assumptions made in this work. The most
characterizing one is for sure rapid mixing, a condition on the convergence time of the
system to its unique fixed point.

We will be talking about families {£}, of Lindbladian generators, where A runs over
an infinite sequence of finite subsets of I'. For each of them, we will denote by T the
corresponding evolution, i.e. TA = exp(t£™).

Definition 4 (Unique fixed point). Let {Z”"}, be a family of Lindblad generators. We say it
has a unique fixed point if, for every A, £” has a unique fixed point and no periodic point
(i.e. it has a trivial peripheral spectrum).

We will denote by T2 the trace-preserving projector onto the fixed point of T} =
exp(r£™), given by lim,_., T2.

3.2.1.1 Rapid mixing

We have already argued why the spectral gap gives only partial information about the mixing
time of a dissipative evolution, while log-Sobolev inequalities allow for a stronger control
(but require some strong property of the fixed point). Our approach is more direct, and we
will simply require that the mixing time scales logarithmically with the system size, leaving
aside the question of how to prove such condition.

Definition 5 (Rapid mixing). Let {TIA} A be a family of dissipative maps, where A runs over
an infinite sequence of finite subsets of I'. We say it satisfies rapid mixing if there exist ¢,y >0
and 6 = 1 such that
sup | T ) - T2 ()|, < clAIP e, (3.16)
o=

trp=1

As we already mentioned, in some cases it is possible to relax the rapid mixing assump-
tion: this is covered partially by [S, sec. 4.5].

Just like proving the existence of a spectral gap for a Hamiltonian system, proving rapid
mixing for a dissipative model is a hard task. Apart from “easy” examples, such as non-
interacting models and dissipative state preparation for graph states [38], the other impor-
tant class of models satisfying such assumption are the reversible Lindbladians satisfying a
Log-Sobolev inequality [39], which includes classical models such as Glauber dynamics for
the Ising model in the appropriate range of parameters [53].

3.2.1.2 Uniform families.

As we have explained in the previous sections, we are interested in studying the scaling of
some properties of a family of Lindbladian generators %, defined on an increasing and
absorbing sequence of finite lattices A, converging to an infinite graph I" (in our case, I
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will be ZP, but the same reasoning goes through if we consider any other graph in which
balls grow polynomially in the diameter). But at the same time, since we are interested in
describing physical models, we would like that different .Z,, represent the “same” physical
system on a different scale, in such a way that the scaling actually tells us something about
the physics we are trying to understand.

What does it mean for operators defined on different lattices to represent the “same
physical system”? Of course the question is ill-defined, so no definitive answer can be given,
but we can try to make some assumptions about a rule or recipe to obtain, from the same
ingredients, all the £, at different scales.

One possible way would be to assume that the local terms of each £, are just the
translation of a single local generator [y: that is, there exists some finite r > 0 and a [ acting
on </, such that for every n we have

ZLn = Z Ly
xX:by(r)cAy

where [, is the translated of [y by the vector x. This situation is usually referred to as
translational invariant, since in the limit the interactions are invariant under translations
of I' (of course, it does not makes sense to talk about invariance under translation for finite
lattices).

It should be noted that this is an excessively restrictive assumption: not only because we
might want to study systems in which the interactions depend of the position in the lattice,
but also because near the boundary of A, the system becomes “under-determined”: since
there is no room to fit the support of [ there, there are fewer and fewer interactions involving
sites near the boundary. Sometimes this case is denoted open boundary conditions. Since
we are interested in systems with a unique fixed point, this assumption can be especially
problematic, given that under-determination around the boundary might cause multiple
fixed points to appear - therefore, we would be requiring two incompatible conditions on
Zn.

To overcome this limitations, we have proposed a definition of what we called uniform
families, which we believe is a general enough way of describing “meaningful” sequences of
Lindbladian generators. Let us denote by

0qgA ={xeAldist(x,I'\ A) <d}. (3.17)

By convention, we will write A for 9; A.

Definition 6. Let A c T, a boundary condition for A is given by a Lindbladian %%} =
Yis1 BZA, where supp BZA cO4A.

The definition of boundary condition involves a different notion of locality than the one
we used for defining local generators: the decay in norm is only required as interactions get
inside the bulk of the system, but they are allowed to be strong between spins that are as
distant as we want, as long as they have the same distance from the boundary. For example,
if A is a square, this definition allows to couple opposite spins in the boundary: this situation
is denoted periodic boundary condition, since one can imagine of wrapping up A on a torus,
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and therefore making opposite spins in the boundary become nearest neighbors. This and
other exotic ways of coupling spins in the boundary can be all described by the definition
given above.

Definition 7. A uniform family of Lindbladians is given by the following:
(i) bulk interaction: a Lindbladian .4 for every finite set Z c VA
(ii) boundary conditions: a family of boundary conditions {9°M} », for every finite A c ZP.

Given a uniform family of Lindbladians as we have just defined, for each finite A c T we
can define two Lindbladian generators acting on it:

Ph = Z Mz openboundary evolution; (3.18)
ZcA
PN = PP B Closed boundary evolution. (3.19)

When speaking about #£”, we will refer to the terms .4 as “bulk” interactions and to
QBZA as “boundary” interactions.

Some comments on this definition are needed: the definition of a uniform does not
involve a particular sequence of increasing lattice A, but instead allows to define one
(actually two) Lindbladian for every finite A for which a boundary condition is given. If we
take two finite Ay € A, c T, and we look at the interactions involving the particles in the
“bulk” of A}, meaning the sites that are far away from I' \ Aj, then it is easy to see that Ph
and £’ have the same short-range interactions, and they only differ over the long-range
ones: either because of the effect of the terms .47 with Z extending outside A1, or because
of the difference between %8°* and %8%%2. Speaking informally, the microscopic details of
the interactions are the same apart from some long-range terms. In the following section
we will assume that the strength of the interactions, i.e. the norm of the corresponding
operators, decays in their range: therefore, for uniform families, we have that the difference

between the bulk interactions of £* and £ will be small. This is the fundamental
property and defining characteristic of uniform families of Lindbladian: up to small errors,
the microscopic details of the interactions in the bulk do no depend on how large the system
is taken (as long as it is large enough).

3.2.1.3 Lieb-Robinson Assumptions

Up to now, our notion of local Lindbladian is incomplete: if we do not specify at what rate
the norms of the interactions decay, then we can always trivially decompose a Lindbladian
as a sum of local terms that are all zero but the one with support on the full space. If instead
we impose that the norms decay as a function of the diameter of the support we obtain a
highly non trivial condition. Since the decay rate is related to a property we will define later
called Lieb-Robinson velocity, we denote these conditions Lieb-Robinson assumptions,
and we give them only for the uniform families defined earlier.
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Definition 8 (Lieb-Robinson Assumptions). There exists an increasing function v(r) satisfy-
ing v(x+y) < v(x)v(y), and positive constants v, b, and c, such that the following conditions
hold:

sup Y ll4z,|Z|v(diam Z) < v < oo, (A-1)
xel' 75x
N woba(N
supsupv(r) ) “Bd x{ )H <cNP. (A-2)
xel 1 d=r ©

Note thatif ||.#zI|, decays exponentially in diam Z (or is zero for all Z with a large enough
diameter, a situation denoted finite range interactions), then we can take v(r) = exp (ur)
for some positive u. If instead it decays polynomially, we are forced to consider slower
functions, such as v(r) = (1 + r)*. In particular, if [|.#z|l, ~ (diam Z)~¢, then eq. is
satisfied for u < a — (2D + 1), where D is the geometrical dimension of I' (which means that
a has to be larger than 2D + 1 for the condition to hold).

The motivation for such assumptions is that systems which satisfy them exhibit a finite
speed of propagation: the support of a local observable spreads in time, usually linearly, up
to an exponentially small tail. This implies that regions which are spatially separated, if they
are uncorrelated at time zero, remain almost uncorrelated for a finite time, which depends
(most of the time linearly) on their distance. More details will be given in section

3.2.1.4 Frustration freeness

Another condition we will need to impose in some cases is frustration freeness, inspired by a
similar condition for Hamiltonians. It is worth noticing that in this case we do not require
any specific behavior from the boundary terms, but only from the bulk ones.

Definition 9. We say that a uniform family £ = {_.#, 9} satisfies frustration freeness (or is
frustration free) if for all A and all fixed points po, of £

Mz(pos) =0 YZCA. (3.20)

Many interesting and natural examples of Lindbladians have this property: Davies
generators and other types of Gibbs samplers for commuting Hamiltonians [36], as well as
dissipative state engineering maps of PEPS.

3.2.2 Technical tools

Before presenting the main results, let us present some of the technical tools used to obtain
them. They have been developed specifically in order to prove such results, but might
have interest and applications in other contexts. We will start by presenting Lieb-Robinson
bounds, a key tool in almost every many-body work, and then continue with some derived
or inspired results.

In this section, we will assume that the generator £ satisfies assumptions and
(A-2).

34



3.2. Summary of the results

3.2.2.1 Lieb-Robinson bounds

In many-body systems interactions are assumed to be local or quasi-local: the spin present at
each site of the lattice can only interact directly with its neighbors (finite range interactions),
or if it can interact with distant spins the strength of the interactions has to decay quickly
with the distance. Therefore, the interaction between distant spins is not direct, but it is
mediated by the intermediate spins which have to “relay” between them. It is natural to
expect then that interaction between distant spins is not instantaneous, but it will show
a delay, which will get larger as more and more spins have to be involved in the relaying
process, or in other words as the distance increases. This is not at all a relativistic effect,
since there is no finite speed of light in our models: a better metaphor would be the speed of
sound, since it is given by the medium in which the “information” propagates.

This intuitive argument is formalized by Lieb-Robinson bounds, and the resulting ve-
locity of propagation is called Lieb-Robinson velocity. The first formal proof was obtained
in the setting of Hamiltonian systems and groups of automorphisms [47,72], and for this
reason the propagation speed is also called group velocity. It was later on generalized to
dissipative evolutions [61,69].

A consequence of Lieb-Robinson bounds and the existence of such a finite velocity is
that, if we consider a finite region A and we modify the generator of the evolution on sites
that are distant from A, the resulting modified evolution will be almost indistinguishable
from the original one on A, at least for short times: for times shorter than the one needed
for information to propagate from the modified sites to A, spins in A have no way to “know”
about the modification, and therefore will evolve in the same way as if the change had
not been made. Since the velocity is given by assumption (A-I)), it will be uniform for all
system sizes. This fact allowed in [61] to prove existence of the thermodynamic limit of the
finite-systems evolutions.

The effect of perturbing the dynamics in a distant region is given by the following lemma,
which is derived from the usual Lieb-Robinson bounds.

Lemma 7 ([S, Lemma 5.4]). Let £ and %£» be two local Lindbladians, and suppose £,
satisfies assumption with parameters v and v(r). Consider an operator Ox supported on
X c A, and denote by O;(t) its evolution underfi*, i =1,2. Suppose that £, — %> =) ;0 My,
where M, is a superoperator supported on Y, which vanishes on 1, and dist(X, Y;) = r. Then
the following holds:

— t_ oo
104(6) = 020 = 1 Ox 1 X V=L 3 1My, (3.21)

3.2.2.2 Open and closed evolution

The definition of uniform family allowed us to define two evolution families, one with
boundary condition and one without. The definition of boundary condition we have given
is justified by the following result: if assumptions eq. and eq. are satisfied, then
the effect of the boundary conditions spreads from the boundary towards the bulk of the
system with the same finite speed of propagation that characterizes Lieb-Robinson bounds.
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Therefore, for short times and observables far away from the boundary, the two evolutions
will be indistinguishable. This is proven by applying lemma[7]

Lemma 8 ([S, Lemma 5.6]). Let O be an observable supported on A < A, and let O (1)
(resp. O (1)) its evolution under £™* (rep., £™*). Let r = dist(A,T'\ A). There exist positive
constants c, v, and f such that:

1

- eV —1-vt _p
||OA(t)—oA(t)||sc||oA|||A|fv (r). (3.22)

3.2.2.3 Frustration-free localization

All the bounds presented in this section are valid for any observable localized in a certain
region. The dual statement involving the evolution of states would then say something
about the evolution of any state which at time zero decomposes as a product with respect
to that given region. While working on the problem of determining an area law for the
mutual information, we were faced with a similar but different problem: what happens for
some specific states, which are not product but satisfy some other good property? More
specifically, imagine that we prepare our system on A, = by(n) in the state p9° which is the
fixed point of the (closed boundary) evolution on A, but then we extend the system with an
arbitrary state 7 in A,+1 \ A, and look at the evolution of the state p$° ® T under the generator
defined on A,41.

What can we say in this case? Standard Lieb-Robinson bounds will not give any useful
insight, since the regions we are considering (A, and A,+1 \ A,) are at zero distance, and
we cannot assume that p%° is product (or close to product) in any other bipartition of the
system. On the other hand, if we assume frustration freeness, then since most of the terms
in the generator of the evolution will be zero, the only non-zero ones corresponding to terms
near the boundary of A,. We will therefore expect that the evolution will be approximately
trivial in the bulk of A, and it will begin invading it from the boundary at the Lieb-Robinson
speed.

This intuitive idea is made formal in the following lemma. It should be noted that, as far
as we know, it is not a direct consequence of the standard Lieb-Robinson bounds. Instead,
in order to prove it, we replicated the ideas and techniques that are present in the proof of
the Lieb-Robinson bound and have adapted them to this specific situation.

Lemma 9 (|A, Lemma 12]). Let £ = (,9B) be an uniform family of Lindbladians, satisfying
frustration freeness. Let AcT be a finite region, and fix a positive natural number m. Let
B=A(m+1),R=A(m+1)\ A(m) and p[ a fixed point ofT;q(m) and T an arbitrary state on
R.

H (TtB - Tf\A) (P2 ®T) Hl < poly(m)v~1(m) [e’'—1+1]; (3.23)

where T[B \A denotes the evolution generated by

LB N g+ Y BP
ZcB\A d=sm+1
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3.2.3 Main results

Let us now present the main results obtained in [A} S, RI].

3.2.3.1 Local rapid mixing

Definition 10 (Local rapid mixing). Take A c A, and define the contraction of T, relative to

A as
n(Tp) := sup ||trac [Te(p) — Too ()] ||, = sup |77 (04) — T2(0A)]. (3.24)
0=0 Op€sly
trp=1 10All=1

We say that £ satisfies local rapid mixing if, for each A c A, we have that
n(Ty < k(lAhe™", (3.25)

where k(r) grows polynomially in r, y > 0 and all the constants appearing above are inde-
pendent of the system size.

We can also define a local mixing time as the inverse of n*:
7(€) = min{t > 0: sup || trac[T;(p) — Too ()] || < €} (3.26)
p

Then local rapid mixing implies that 7# depends on | A| and €, but not on A: this implies
that (up to small errors) local observables converge to their limit in a time scale which
depends only on the observable support and not on the system size. Together with Lieb-
Robinson bounds, it implies also that local observables are able to interact only with a finite
region around them independent of the system size.

It seems surprising that just based on an estimate on the mixing time of a uniform family
we could derive such stronger property, but this is what it is proved in [S, Proposition 6.6].

Theorem 10. For uniform families satisfying Lieb-Robinson assumptions, rapid mixing
implies local rapid mixing.

3.2.3.2 Local indistinguishability

The implication of local rapid mixing for observables can be in a sense “dualized” to a
corresponding property of the family of fixed points. The reasoning goes as follows: the limit
O(o0) = lim;_.o, O(?) of the evolution of an observable is its expectation value against the
limit state, i.e. O(co) = tr(p.,0)1, since:

trpO(o0) = }nglotrp T/ (0) = L}i_gl()tt T:(p)O = tr poo O.

We have that on the one hand, Lieb-Robinson bounds imply that if O is a local observable,
then for short times O(#) does not depend on the interactions that are far away from its
support; on the other hand, O(¢) converges to O(co) independently of the system size.
Therefore, O(co) can in a sense only depend on interactions that are close to its support
at time zero, and not on the ones that are too far away. Since O(c0) is equal to tr p» O, this
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means that the observable O cannot distinguish between different fixed point of evolutions
with increasing system size, as the only change between them is in the interactions far away
from the support of O. This is formalized in the following lemma [S, Lemma 6.2]

Lemma 11. Let £ = {4, 9B} be a uniform family of dissipative evolutions that satisfies rapid
mixing, and suppose each T tA has a unique fixed point and no other periodic points. Fix a
A and let po, be the unique fixed point othA. Given Ac A, for each s = 0 denote by p the
unique fixed point of T,
Then we have:
[trac(poo = 3|, < 1AI°Ao(s), (3.27)

where Ay (s) = c(JAS) /| ANV WV y=PYIW+Y)  and ¢ isa positive constant while f and v are
given in lemmal§ and & andy in definition[5,

This property is coherent with the idea that uniform families represent some model in
which the microscopic dynamic is well defined and independent of the system size.

3.2.3.3 Stability against perturbations

We have presented, in section the importance of stability against perturbation for
theoretically justifying the models we consider. Let us give a formal definition of stability.
Since there are definitely different notions that might be useful in different context, we
will take a very conservative approach, and impose as few assumptions as possible on the
perturbations, while requiring the strongest possible notion of stability. There are of course
a number of possible relaxations of this result.

Given a uniform family of Lindbladians Z, defined by its bulk terms .4z and its bound-
ary conditions 98, we will consider a perturbation of both the bulk terms .# ’Z =M7;+Ey
and of the boundary conditions 98/, = B, + E4. The perturbation should be small compared
to the norm of the original Lindbladians, so we will assume that for all £z and E,; it holds
that |[Ez|l, <ellMzIl, and | E4ll, <€llB4ll,, where € > 0.

Notice that such perturbation are small microscopically, but since they act on every local
term, their sum E* =Y, Ez + ¥ s E; has norm which diverges with the system size, so
that it is an unbounded perturbation once we forget about its local structure. This implies
that we cannot simply apply standard perturbation theory results.

We still need some condition on the perturbation for it to be “physically realistic”. Re-
quiring 4 é and ,%;l to be Lindbladians would suffice, but we can relax this restriction and
only impose the following conditions (which are always satisfied if the perturbed generators
are Lindbladians):

e E;()=E;(1)=0;
e S;=exp 1L+ E]‘)] is a contraction for each ¢ = 0.

With this perturbation model, under the rapid mixing assumption, we are able to prove
the following stability result [S, Theorem 6.7].
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Theorem 12. Let £ be a uniform family of local Lindbladians with a unique fixed point,
satisfying rapid mixing. Let S; be defined as above. For an observable O 4 supported on Ac A,
we have for all t = 0:

[T/ (04) = S; (0| = cUAD 104l (e + IAIV T (d ), (3.28)

where d = dist(A, A°); n is positive and independent of A; c(|Al) is independent of A and t,
and is bounded by a polynomial in | A|.

Let us discuss the r.h.s. of eq. (3.28). The multiplicative term [|O4ll is an expected
normalization constant, that takes into account the fact that the l.h.s. is 1-homogeneous.
The constant c¢(] Al) only depends on the support of A and not on A: therefore, if A is fixed
once for all and does not scale with A, this is simply a constant prefactor. We will discuss
later on what happens if this is not the case.

The local norm of the perturbation is €, so it is expected that it would appear on the r.h.s.
of the bound. More surprisingly it only appears as a linear factor. Let us stress again that if
the perturbation is a sum of local terms acting on single sites, then € is the (diamond) norm
of one single term, not of the whole perturbation, and in particular is independent of the
system size.

The other term |A|v~"(d,) is a boundary correction term, which takes into account
the effect of the perturbed boundary on the observable. As it is expected, it is decaying
with the distance of A to the boundary, and it vanishes as A goes to the infinite lattice I'.
Therefore, for large enough A, is will be smaller than € and can be considered negligible. In
some intermediate cases it might not be optimal: for example, one would not expect such
a term to appear in the case of translational invariant interactions and periodic boundary
conditions, even if the observable is localized near the boundary. After all, in this setting,
the location of the boundary is only a mathematical necessity, and it does not correspond
to any difference in the physical interactions between the spins. In fact, we can “shift” the
system to put the boundary as distant as possible from A, and therefore in such cases one
should always consider d4 to be the half-diameter of the complement of A in A. With this
observation, the decaying term v~"1(d 4) will quickly cancel the contribution of the term |A|
and become negligible compared to €.

It is worth noting that if we consider non-local observables (i.e. observables whose
support grows with A), then the factor c¢(| Al) cannot be assumed to be smaller than linear,
and in particular this means that the bound cannot be improved to be non-divergent in A.
In fact, it is easy to construct simple examples of non-interacting spins such that there are
observables supported on the full lattice for which the Lh.s. of eq. grows linearly with
the system size. This means in particular that the factor c(| A|) has to be at least linear. See
[S, Example 4.8] for such a construction.

3.2.3.4 Arealaw with logarithmic correction

Regarding the problem of correlations decay for the fixed point of the evolution, we have the
following result [A, Theorem 14]:
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Theorem 13. Let £ be a uniform family of local Lindbladians with a unique fixed point,
satisfying rapid mixing. Then the fixed point of every £* satisfies:

T(A:B) <3(Al+|B)°Ag (%), (3.29)

where A is the fast-decaying function given in lemmall I

Because of Theorem@, I(A: B) will show a similar decay.

Let us now consider the question of whether p, satisfies an area law or not. We have
not been able to give a definite answer, but we have obtained a relaxed version: a scaling
of I(A: A°) as |0A|log| Al, which in terms of the radius of A goes as rP-1 logr. In order to
obtain such a result, we will need some extra assumptions A, Proposition 16,Theorem 17].

Theorem 14. Let £ be a uniform family of local Lindbladians with a unique fixed point,
satisfying rapid mixing. Moreover, let us assume that £ satisfies either of the following
conditions:

* Do IS pure for every A;
» £ satisfy frustration-freeness;

Then the following holds for fixed point of every L2 for some constant c independent of A:
I(A: A°) < c|l0Allog]| Al (3.30)

Interestingly, the two alternative conditions required in Theorem [I4]are independent
from each other. Therefore, we suspect that their need is an artifact of the proof, and that
the result holds without either assumption.

3.3 Outlook and future work

We have seen that a condition on the scaling of the mixing time of a quantum dynamical
system can have deep impact on the properties it exhibits: both dynamical (like the stability
property) and static (as the area law and the indistinguishability of its fixed points).

This brings us to reconsider the mixing time as a fundamental and characterizing prop-
erty of these models, in the same spirit that the spectral gap plays in the context of Hamil-
tonian systems, as it was already proposed in [42]. In this dissertation we have identified
a class of systems which, because of the mentioned properties, clearly plays a special role
in a possible classification of dissipative evolutions. Whether this class is to be considered
the “good” case or the “trivial” case is still to be determined: it will be important to see
which properties can be recovered and which cannot hold when we lift the rapid mixing
condition for something less restrictive, and how large and diverse is the class of rapid
mixing models. This is an interesting line of future research, and the following observations
can be considered as the first steps in its development.
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3.3.1 Polynomial mixing time

If we consider Lindbladians as “dissipative machines” or preparation procedures to obtain
useful quantum states, then from an algorithmic point of view polynomial time mixing is
perfectly acceptable, and constitutes a more natural assumption than rapid mixing. In the
same spirit, for computing purposes, it is sometimes useful to consider gapless Hamiltonians
whose spectral gap only closes polynomially in the system size. In both cases, we have a
situation that is clearly unfavorable in the thermodynamic limit, but that for finite systems
can still be somehow treated in a reasonable amount of time and with a reasonable amount
of resources.

In this situation, the connection with condensed matter theory (both formal results as
wells as the “philosophy”) becomes less useful: it would be akin to study the efficiency of
different sorting algorithms by looking at how they perform on a infinite set of elements.
Instead, a different set of tools would be needed

Describing what is the computational power and the properties of such class is an
extremely interesting property and would be a way of clarifying whether dissipative state
preparation can be scaled up in realistic experiments. In this setting stability, not necessarily
in the same form as we have proven here, should be a crucial characteristic to consider.

3.3.2 Preparation of topological models

The area law result could be interpreted as a negative property of rapid mixing models:
they are not able to generate states which violate area laws. On the other hand is it also
known that some topological states cannot be obtained in sub-linear time [42], at least with
realistic assumptions about the Lindbladian generators, even if they satisfy an area law.
Since topological states are regarded as the key ingredient for a robust quantum memory; it
would be interesting to study whether:

i. they can be prepared dissipatively in a stable way;
ii. there exist “good” dissipative processes that preserve the state, once the system has
been prepared by other means.

The difference between the two lies in the fact that in the second case we are not asking
for the process to robustly or rapidly prepare the topological model when started in any
arbitrary state, but the only requirement is that these good properties hold when the process
is started exactly in the state we want to preserve. If the system is robust, then any state which
is close enough to the desired state would converge back to it, and any small perturbation of
the generators will only slightly move this special fixed point. In principle, we would not be
requiring any good properties outside these: there might be other fixed point, either stable
or unstable.

In this line of research, we should mention the following works: the proposal of an
“encoder” [20], which not only prepares a state in the 2D Toric Code groundstate, but it also
allows to encode logical information, in the sense that a specific pair of qubits in the system
will get mapped into the virtual qubits of the Toric Code. The process requires linear time,
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and is highly not translation invariant. What is the effect of noise on this encoding procedure
is still an open problem.

In [36], they study two different families of Lindbladian models arising from a commut-
ing quantum Hamiltonian, both of which prepare the Gibbs state of the corresponding
Hamiltonian. They show that for high enough temperature, both processes are gapped and
therefore they have polynomial time mixing. In the corresponding classical case it is possible
to show the stronger property of a log-Sobolev inequality and rapid mixing, so one could
hope of strengthening the result. Notice that this would not contradict the result on the
preparation of topological models: since here we are preparing the Gibbs state at some finite
temperature, and we know that for the 2D Toric Code this shows no topological properties,
there is in principle nothing forbidding a rapid mixing process to generate the Gibbs state of
the 2D Toric Code.

It is known that if we take the temperature to zero, the Gibbs state converges to the
ground state - under some assumption on the density of states at different energy levels,
to get a good approximation it is sufficient that the temperature scales as the inverse of
the logarithm of the number of particles [33]. Therefore, it would be interesting to study
the behavior of the models considered in [36] as the temperature goes to zero, for specific
commuting Hamiltonian such as the Toric Code. It is not clear whether the resulting map
will have fixed points outside of the groundstate space or not, and whether the gap will
close or stay open. In [84] it was considered a similar problem of preparing a Gibbs state
for a Hamiltonian with a critical temperature, and it was shown that in the regime of phase
coexistence there cannot be a unique fixed point. This does not solve the case of the Toric
Code, since there is no critical temperature, but it can be an interesting comparison.

3.3.3 Proving rapid mixing

In this dissertation we have shown how rapid mixing implies properties of the fixed point
of the evolution, and we have discussed log-Sobolev inequalities as a way of proving such
condition in the case of detailed balance Lindbladians. It would be extremely useful to
have tools and conditions that might allow to prove the rapid mixing hypothesis, either via
log-Sobolev inequality or not. The work done in [36] can be considered as going in this
direction: describing properties of the fixed point that imply conditions on the mixing time.
This is inspired by the results obtained for classical models (see [53, 54] for a review), for
which it was shown that a condition on the correlation decay of the fixed point of Glauber
dynamics implies a log-Sobolev inequality and in turn rapid mixing. Moreover, this type of
correlation decay is usually present for Gibbs states at high temperature.

In [36] a similar approach was taken, and a specific definition of correlation decay has
been used to show that the corresponding dynamics has a spectral gap. It is also proven that
this condition holds for high temperature, but also in the 1D case. It would be interesting
to see if one could strengthen the result and prove a log-Sobolev inequality instead, which
would be expected given the classical result.

The results presented in section[3.1.3.3|show that when we generalize log-Sobolev in-
equalities from the classical to the quantum setting, we do not obtain a single inequality but
a family (indexed by p € [1,00)) of inequalities. Classically they are all equivalent, but in the
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quantum case this is not known, and therefore different authors have resorted to assume
L,-regularity: the assumption that the L, constant lower bounds all the others. To recover
the connection with hypercontractivity one indeed needs the whole family of log-Sobolev
inequalities to hold, but as we showed in section one only needs the case L; in order
to prove rapid mixing.

It is not known how generic the L, -regularity condition is: the only general result being
that some important class, such as Davies generators [39] and unital processes [66], satisfy
it. In [39)] it is conjectured that every detailed balanced Lindbladian satisfies L,-regularity,
and every primitive Lindbladian satisfies a weak version of it. It this conjecture fails to hold,
then one might want to only look at strategies to prove the L; inequality, since that is the
one which provides the rapid mixing bound. Showing which conditions have to be imposed
on the fixed point in order to prove the log-Sobolev inequalities will help us understand
whether the class of rapid mixing systems is “small” or “large”.

3.3.4 Other work in different research lines

Another line of research which was developed during the PhD, other than the study of open
dissipative dynamics, is the study of whether properties of the thermodynamic limit of
a sequence of Hamiltonians can be inferred from the study of an increasing sequence of
finite systems. More specifically, we were interested in the possible pitfalls of the common
approach taken to study the large-system limit of Hamiltonian models, which consists in
analyzing a sequence of finite cases, either experimentally or numerically, to then extrapolate
some properties of the limit. In a number of important cases [6,45,[52,|68, 79| this approach
has been successful and has led to important insight on the properties of the physical models
in the large-system limit. On the other hand, there is a general negative result: the problem
of deciding whether a sequence of translation invariant local Hamiltonians is gapped or
gapless in the limit is an undecidable problem [15]. This result shows that unpredictable
behavior can be shown by this type of models, which lead us to be interested in exploring
the possibilities of constructing such exotic examples.

The resulting work has been presented in a (yet to be published) paper [8], in which we
present two families of models that show a surprising property: for any finite region smaller
than a fixed threshold, the ground state and low-excited states are classical states (product
states in the computational basis); above the threshold they show instead topological prop-
erties, which are characteristic of quantum models. By increasing the local dimension of the
spins, the threshold can be made arbitrarily large, and already for local dimension d = 10
becomes bigger than the estimated number of particles in the universe. We denoted this
phenomenon size-driven phase transition, as it can be seen as an abrupt change from a
classical model to a quantum model driven by the change of the system size parameter.

The two constructions are based on different ideas, and have different thresholds scaling.
They are both based on tilings models: a tiling is a covering of a region of the plane with
unit squares with colored edges, such that colors on neighboring squares matches. It
has been shown that the problem of deciding, given a finite set of tiles, whether they can
tile the whole plane or not is undecidable [9} 73]. This result was a building block of the
undecidability result of [15]. We modified their construction by using plaquette and star
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interactions (instead of just having plaquettes), and with this we produced two families
of models. The first one is based on the idea of constructing periodic patterns with very
large periods (compared to the number of colors used in the tiling), in such a way that a
specific pattern only appears once every period. By penalizing that pattern, we can induce a
energy frustration for every lattice size larger than the period: this allows us to implement
the transition between the classical and quantum models.

The other construction is based on the idea, already present in the results of undecidabil-
ity, of encoding the history of a Turing Machine into the groundstate of the Hamiltonian. In
this way, by giving an energy penalty if the machine halts, we have the same phenomenon as
before of an energy frustration when the system size becomes large enough for the machine
to halt. Since determining whether (and when) a Turing machine will halt is an undecidable
problem, this was one of the key ingredient into showing undecidability of the spectral gap.
We were able to highly optimize the cost of the encoding, in the sense of the minimal local
Hilbert space dimension needed to write the history state of the Turing machine into the
spin model. With this optimized encoding, we considered the so called Busy Beavers Turing
machines: a machine with a very small dimension, but whose halting time is surprising large
- it actually grows faster than any computable function. This gives us models which have a
relatively small local dimension, but for which there is a frustration only for extremely large
system sizes. Again, this frustration allows us to implement the phase transition.
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CAPITULO

Introduccion

Esta tesis estd organizada como sigue. En el apartado4.1|definimos los principales objetos
de interés, que son los semigrupos dindmicos de canales cuanticos. Recordaremos las
propiedades de sus generadores, llamados Lindbladianos. Se explicarad por qué son un buen
modelo para evoluciones cuénticas con ruido, y se definird el tiempo de equilibracién, una
propiedad central en las hipoétesis necesarias para probar los resultados principales. Se
presentard la relacion entre tiempo de equilibracion y otras importantes propiedades del
semigrupo, como el gap espectral, la desigualdad de log-Sobolev e hipercontractividad. Estas
conexiones nos permitirdn encontrar técnicas para probar la condicién de equilibracion
répida. Introduciremos también la nocién de informacién mutuay se discutird la ley de 4rea
para estados, asi como sus conexiones con la dificultad de simulacién y los estados de redes
tensoriales. Finalmente, se discutird por qué la estabilidad es una condicién fundamental
para cualquier modelo matematico de un sistema fisico. En el apartado se definirdn
las hipotesis principales y una sintesis de los resultados obtenidos, junto con una breve
presentacion de las herramientas técnicas desarrolladas para probarlos. En el apartado[4.3]se
discutiran las lineas futuras de investigacion en las cuales estamos trabajando actualmente.

El resto de la tesis estd compuesta por las publicaciones que recogen los resultados
obtenidos a lo largo del Doctorado. Los capitulos corresponden a las publicaciones sigu-
ientes.
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4. INTRODUCCION

El impacto de estas publicaciones esté reflejado en el nimero de citas recibidas, a pesar
de su reciente publicacién: en particular, [S] en el momento de la publicacion de esta tesis
ha recibido ya 18 citas, mientras que [R] ha recibido 3 y [A] una. Adema4s, los resultados
obtenidos han sido presentados como ponencia oral en las conferencias mads prestigiosas
del 4rea: en Quantum Information Processing and Communications 2013 (QIPC2013), en el
17th Conference on Quantum Information Processing (QIP2014), y en Theory of Quantum
Computation, Communication and Cryptography (TQC2015).

4.1 Objetos de estudio y resultados previos

4.1.1 Notacion

Fijemos primero la notacién que usaremos a lo largo de toda la tesis, aunque se presentaran
estos objetos con mds detalle més adelante.

Dado un producto tensorial de dos espacios de Hilbert de dimensién finita 4 ® /5,
la Ginica funcién lineal tr4 : B(A4 ® #p) — PB(Ap) tal que try(a® b) = btr(a) para todo
a € B(A4) y todo b € B(Ap) se llamarad la traza parcial sobre A. Un estado sobre B(A4)
estd dado por un funcional lineal positivo p : 8(#) — R, normalizado de manera que
p(1) = 1. Indicaremos la traza de un operador X con tr X, y la norma p de Schatten como
Il , es decir (tr| X IPYYP_ Sino hay riesgo de ambigiiedad, ||-|| denotaré la norma de operador
usual (la norma de Schatten co).

Consideraremos un reticulo ctibico I' = ZP, con la distancia de grafo, y un subconjunto
finito A cT'. Como es comun en fisica, llamaremos a todo subconjunto de I" un reticulo,
aunque no lo sea en el sentido de teoria de grafos. La bola centrada en x € A de radio r se
denotara con by (r). A cada vértice x del reticulo le vamos a asociar un sistema cuantico
elemental con un espacio de Hilbert de dimension finita . Usaremos la notacion de Dirac
para vectores: |(p> seri un vector en ./, ((p| su adjunto, y { n)}flf(l)”x_l la base canodnica de
#€x. El producto escalar en ./, se denotard como ((p|1,l/>, y las funciones de rango uno como
|(p><1//|. A cada subconjunto finito A € I' le asociamos un espacio de Hilbert dado por

'jf/\ = ®¢7£x:

XEN

y un dlgebra de observables definida por

Ap = Q) B(Hy).

XEA

Dado que .# tiene dimension finita, 98 (/) es una dlgebra de matrices, y la indicaremos
aveces como .#,;, donde d = dim A;.

Si Aj © Ay, hay una inclusion natural de <75, en «/,,, identificindola con <5, ® 1. El
soporte de un observable O € </, es el minimo conjunto A’ tal que O = O’ ® 1, para algin
O' € o)1, y serd indicado por supp O.

Una funcién lineal 9 : o/ — </5 se llamara superoperador para subrayar la distincién
con los operadores en </, . El soporte de un superoperador I es el conjunto minimo A’ € A
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talque I =9 '®1, donde ' € %B(sf)/). Diremos que un superoperador preserva la hermiti-
cidad si manda operadores hermiticos a operadores hermiticos. Diremos que es positivo si
manda operadores positivos (es decir, operadores de la forma O* O) a positivos. Diremos
que 9 es completamente positivo si T ® 1 : A\ ® M, — ) ® M), es positivo para todo
n=1. Diremos que 9 preserva la traza si trJ (p) = trp para todo p € o/5. Las normas p de
Schatten en &/, inducen una familia correspondiente de normas sobre %8 (</5): denotamos
con |||l ,—.4 lanorma de operador de un superoperador I~ : (&, [l p) — (<, II-ll4), €s decir,
cuando el dominio estd equipado con la norma p y la imagen con la norma q. A veces nos
haré falta la siguiente norma, llamada norma diamante:

1T o =supllT ®1,l;-;.
n

4.1.2 Semigrupos dindmicos de canales cuanticos
4.1.2.1 Evolucién unitariay canales cuénticos

La mecdnica cudntica nos dice que un sistema fisico viene representado por un espacio de
Hilbert .#°. Las propiedades medibles del sistema se codifican en un estado p, que es un
operador positivo con traza uno. Para simplificar s6lo consideraremos espacios de Hilbert
de dimension finita d. Por lo tanto 2(#°) es una algebra de matrices .#,;. En el caso de
sistemas aislados, la evolucion fisica del sistema se describe con una evolucién unitaria del
estado p, donde el estado del sistema después de la evolucion estd dado por UpU*, con U
un operador unitario de /. Es inmediato ver que este tipo de evolucion es necesariamente
reversible, dado que su inversa p — U* pU es también fisicamente posible. Por lo tanto, para
incluir a sistemas disipativos, donde la evolucion no es reversible a causa de una interaccién
con un espacio ambiente, tenemos que reemplazar la evolucién unitaria por algo mas
general.

Vamos a intentar fijar unos requisitos lo més generales posibles que una aplicaciéon T :
B(H) — B(A) tiene que satisfacer para representar a una evolucion fisicamente realizable.
Sea p el estado inicial, y T'(p) el estado evolucionado. T debe mandar estados a estados, y
por lo tanto tiene que ser linealE], positivo y que preserve la traza. Es un hecho sorprendente
pero muy importante que la positividad no sea suficiente para dar a T una interpretacion
fisica consistente. Imaginemos extender nuestro sistema con uno auxiliar, con su propio
espacio de Hilbert £ y estado 7. Entonces el estado del conjunto de los dos sistemas
es p®T1T € B(A ® ). Asumimos también que la evoluciéon de 7 sea trivial. ;Existe una
aplicacién T que extienda T en %(# ® %), de manera que T(p ® 7) = T(p) ® T para todos
los estados p y 72 Esa funcion existe y estd dada por el producto tensorial de T con la funcién
identidad, y se denota por T ® 1.

Si esta fuese una evolucion fisica, deberia ser otra vez positiva. Pero sorprendentemente
hay aplicaciones T positivas tales que T ® 1 no es positiva. Por esta razén necesitamos

!La interpretacién de un ensamble de estados {(p;, |<p iX @i |)} es la de una distribucién de probabilidad
(p;) sobre un conjunto de estados posibles {|¢ i)}. Por lo tanto es razonable esperar que después de la evolu-
ci6n el ensamble se haya transformado en {(p;, T(|¢; X¢:|))}, 0 que en otras palabras T(¥; p; |¢: X¢i|) =

YipiT(iXoi).

47



4. INTRODUCCION

pedir la condiciéon mds fuerte de que T sea completamente positiva: recordamos que una
aplicacion T : M  — My es completamente positivasi T ® 1, es positiva para todo n € N,
donde 1, es laidentidad de .#,. Una aplicacién completamente positiva y que preserva la
traza se suele llamar un canal cudntico, y serd nuestro objeto principal de estudio.

Vamos ahora a justificar por qué los canales cudnticos realmente representan una evolu-
cion motivada fisicamente. Dado que nuestro interés esta en sistemas no aislados, imag-
inemos tener un espacio ambiente que pueda interactuar con nuestro sistema original.
Indicamos el estado del ambiente con |(p> (y podemos asumir, sin pérdida de generalidad,
que sea un estado puro). El conjunto sistema-ambiente es un sistema aislado, y por lo tanto
evoluciona con una unitaria U. Al final de la evolucién, descartamos el ambiente y sé6lo
miramos a la matriz de densidad reducida de nuestro sistema original, que llamaremos p’.
La secuencia de operaciones que hemos descrito tiene la forma siguiente:

p—p®lpXp| = Ulpe|pXp)U" —trplU(p® [p)Xp)U] = p’ (4.1)

donde trg es la traza parcial sobre el ambiente. NG6tese que cada paso es una aplicaciéon
completamente positiva y que preserva la traza : por lo tanto la evolucion resultante p — p’
es un canal cuantico.

Por lo tanto, si consideramos nuestro sistema acoplado con un espacio ambiente, y
que los dos evolucionan juntos como un sistema aislado, llegamos a la conclusiéon de que
la evolucion del sistema original estd dada por un canal cudntico. Esto es realmente lo
unico que puede pasar: todo canal cudntico se puede interpretar de esta manera, como la
restriccion a un subsistema de una evolucién unitaria en un sistema més grande. Este es el
contenido del teorema de dilatacién de Stinespring.

Teorema de dilatacion de Stinespring. Sea T : .4 ; — #; una aplicacion completamente
positiva y que preserva la traza (un canal cudntico). Entonces existen una unitariaU € M2 y
un vector normalizado ¢ € C* tales que

T(p) = teg[U(p @ | )] U*] (4.2)

Por lo tanto, la evolucién que representa un canal cuantico se justifica fisicamente como
la restriccion de una evolucion unitaria que actia en un sistema mds grande: eso son, en
cierto sentido, las evoluciones efectivas inducidas en subsistemas por evoluciones unitarias.

4.1.2.2 Limite de acoplamiento débil

Hasta ahora hemos considerado una sola aplicacion de un canal cudntico, interpretdndola
como un paso temporal individual de una evolucién dindmica, y hemos visto que, por el
teorema de Stinespring, es equivalente a acoplar el sistema con un ambiente y considerar
una evolucién unitaria conjunta. La ventaja es, claramente, que a menudo es mads simple
razonar ignorando la evolucion interna del ambiente y considerar inicamente su efecto en
el sistema que nos interesa.

Pero un sistema dindmico es mds que una sola aplicacién de un paso temporal: es una
composicion secuencial de tales pasos, o una descripcion a tiempo continuo en la cual cada
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instante temporal ¢ = 0 produce una evolucién fisicamente realizable T;. Matemdticamente
tenemos un problema: al trazar el ambiente, hemos perdido toda correlacién que la unitaria
U podria haber creado entre el sistema y su ambiente, tanto en la forma de entrelazamiento
cuantico como en la forma de correlaciones clasicas. S6lo hemos conservado una sombra
de ellas en el estado mixto resultante, pero la pérdida es irreversible. El proceso descrito
por la ecuacién no se puede componer de manera natural: el ambiente ha cambiado
porque ha evolucionado junto con nuestro sistema.

Aunque técnicamente correcta, quizas nuestra descripcion matemadtica no es del todo
relevante para describir sistemas reales. Resulta que en algunos casos, el efecto del sistema
en el ambiente es despreciable, y se puede aproximar asumiendo que el ambiente no evolu-
ciona. Imaginemos por ejemplo que el ambiente sea un bafio térmico de cierta temperatura:
seguramente la interaccién con el sistema cambiard el equilibrio y la temperatura del am-
biente, pero si este es mucho més grande que el sistema no serd una mala aproximacién
asumir que la temperatura es constante a lo largo de la evolucidn.

Matemdticamente, esto significa que si U(p ® |(p><(p|) U™ no es demasiado distinto de
o'e® |(p><(p|, podemos sustituir uno por el otro: en la literatura fisica esto se llama limite de
acoplamiento débil o aproximacion de Born [1,/13,/17,70,71]. En cada paso “infinitesimal”,
el ambiente se elimina y se reemplaza por uno nuevo e idéntico al original, que por lo tanto
no contiene ninguna informacion sobre la evolucion previa del sistema. Por esta razon, este
tipo de evolucion se llama también Markoviana.

Esto nos permite considerar el siguiente sistema dindmico: la evolucion del sistema
estd descrita por un semigrupoE] de canales cuanticos {T; : My — M} >0, tales que Ty
es la aplicacion identidad. La propiedad de semigrupo T;Ts = T4+, implica que la evolu-
ci6n es homogénea y Markoviana. Como en la teoria cldsica de semigrupos dindmicos, si
T; es fuertemente continuo en ¢ (T; es un Cy-semigrupo), entonces tiene un generador
infinitesimal £, que verifica las relaciones siguientes:

d 1
ZL(x)=— T¢(x) =1lim—(T; - 1)(x). (4.3)
dt t=0 t|0 t
Notese que para sistemas de dimension finita, la continuidad fuerte implica la con-
tinuidad uniforme, y que por lo tanto podemos escribir

%Tt =ZLT:, Ti=exp(tZ?).

Una generalizacién de esta aproximacion es considerar un ambiente que evoluciona en
el tiempo, pero de manera independiente del sistema (por su propia dindmica interna, o
quizés porque hemos aproximado el efecto del sistema sobre el ambiente de esta manera).
Esto nos lleva a considerar co-ciclos en vez de semigrupos, es decir familias {7} s}o<s<; de
canales cudnticos que satisfacen la propriedad T; ;T = Ty para todo k < s < t. Podemos
definir generadores de co-ciclos (que seran dependientes del tiempo) de manera similar
a como se hizo para semigrupos: dejaremos fuera de este trabajo estas evoluciones no
homogéneas, pero las mencionamos por completitud.

20 de manera mads exacta, de una representacion del semigrupo (R, +).
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4.1.2.3 Generadores Lindbladianos

Hemos visto que la evolucion del estado p bajo un semigrupo de canales cuanticos 7; esta
dada por la solucién de la ecuacion diferencial p(f) = Zp(t), donde p(t) = T;(p). El super-
operador £ se llama también Liouvilliano, dado que esta ecuacién es una generalizacion
de la ecuacion de Liouville-von Neumann. No puede ser cualquier operador, dado que
hemos impuesto algunas restricciones sobre el semigrupo que genera (es un semigrupo de
canales cudnticos). Lindblad [48], Kossakowski, Gorini, y Sudarshan [27] probaron que tales
generadores tienen una forma particular, llamada forma de Lindblad-Kossakowski, y £ se
suele llamar Lindbladiano.

Teorema 15. Sea £ : My — M. Los siguientes hechos son equivalentes
1. % es generador de un semigrupo dindmico de canales cudnticos;

2. existen una aplicacion completamente positiva ¢ : Mg — Mg y una matrizx € M, tal
que
L) =) -xkp—px*; @ (1)=x+x". (4.4)

3. existen una matriz hermitica H y un conjunto de matrices{Lj € Mq} ¢ 42— tales que

d®-1 1
L(p)=—i[H,p]+ j;OLijj—E{Lij,p}; 4.5)

donde{a, b} = ab+ ba es el anticonmutador.

A H se le llama (por razones obvias) el hamiltoniano, mientras que a las matrices L; se
les llama operadores de salto o de Lindblad.

Por el teorema de Russo-Dye [74], si T : 43 — 44 es una aplicacion positiva y que
preserva la traza, entonces es una contraccion con respecto a la norma traza: de hecho, por
dualidad con respecto al producto escalar de Hilbert-Schmidt,

ITlh—1 =T =|T*" D) = 11lw=1,

o0—00
dado que el dual de una aplicacién que preserva la traza es una aplicacién que preserva
la identidad. Por lo tanto, los autovalores de un canal cudntico estdn en el disco unidad
complejo. Usando el célculo funcional, se puede ver que esto implica que los autovalores de
% estan contenidos en el semiplano {z € C| Rez < 0}.

Los autovalores de £ que se quedan en el eje imaginario corresponden a autovalores de
Ty en la frontera del disco unidad, y por lo tanto forman el llamado espectro periférico. Se
puede probar que los bloques de Jordan asociados tienen dimension 1, y corresponden a
estados periddicos de la evolucion, mientras que los estados estacionarios corresponden al
autovalor 1.

Para cualquier otro autovalor A de £, al tener parte real estrictamente negativa, la accién
de T; en el autoespacio generalizado correspondiente es la de una contraccién exponencial
en el tiempo: el subespacio es aniquilado por un factor exp(—tRe ). Por lo tanto, es el
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autovalor con la parte real no-nula mds grande el que determina la razén de convergencia
mds lenta de T; hacia una aplicacién T, que proyecta en el espacio generado por los estados
periddicos (y que sobre ese espacio actia como una unitaria). Esto justifica la siguiente
definicion:

Definicion 11 (Gap espectral). Definimos el gap espectral de un Lindbladiano £ como

gapZ = min |ReAl. (4.6)
Aea (L)\(0}

Asumimos por un momento que no haya estados periddicos, o dicho de otra manera
que el espectro periférico esté trivialmente compuesto sé6lo del autovalor 1. En este caso T,
es realmente una proyeccion. Desde la descomposicion de Jordan podemos ver que el gap
espectral controla la razén de convergencia en el tiempo al espacio de puntos fijos, y que
existe una constante ¢ > 0 tal que

| T:(p) — Too(p) ||, < cexp(—tgap £), (4.7)

para todo estado inicial p.
Volveremos a la ecuacién (4.7) mas adelante, cuando hablemos de familias de sistemas
dinamicos definidos en una sucesion creciente de reticulos.

4.1.2.4 Generadores locales

Hasta ahora, s6lo hemos considerado sistemas finitos, que pueden ser considerados como
un unico cuerpo fisico con su dindmica. La mayoria de aplicaciones requieren en su lugar
una descripcién de un modelo a muchos cuerpos: un sistema compuesto de muchas piezas
individuales, que interactian entre si de una manera definida y con cierta regularidad. Si
tenemos en cuenta una Unica instancia de un modelo de muchos cuerpos, matematica-
mente hablando es lo mismo que considerar todo el sistema como un solo cuerpo grande,
con unos cuantos grados de libertad interna evolucionando de acuerdo a las interacciones
mencionadas.

Este punto de vista cambia si consideramos una sucesién de modelos de muchos cuer-
pos definidos en una estructura de grafo o de reticulo. Recordamos la notacién mencionada
anteriormente. I' serd un grafo infinito con la métrica de grafo, por ejemplo Z" para algtin
entero D. Asociamos a cada vértice x en el grafo un espacio de Hilbert complejo de dimen-
sion finita ./, y asumimos por simplicidad que sean todos isomorfos (es decir, todos tienen
la misma dimension d). Para cada subconjunto finito A < I" indicamos con Ay = ® yep Hx,
y o, A= 9B (J’Zf A)-

En este caso hay una nocién bien definida de localidad: para cada par de subgrafos
finitos A; € Ay T, existe una inclusién natural de «Z5, en «/,, dada por la identificacion de
X ey, con X®1p,\p, € p,. Esto nos ha permitido definir la nocion de soporte: dado un
operador X € o/ definimos el soporte de X, y lo indicamos como supp X, como el minimo
A’ < A tal que existe un X' € o/5 de manera que X = X’ ® 1. En cierto sentido, el soporte
de X es independiente de A, dado que supp X = supp X ® 1: considerar X actuando en un
conjunto mds grande no incrementa su soporte.
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Esta es la primera aparicién de una idea simple pero potente que estd en la base de este
trabajo: existen propiedades de los objetos que estudiamos que no dependen del tamafio del
sistema, con ser este de tamafo suficiente para contenerlos. Si consideramos una sucesion
creciente y absorbente de A, I finitos, entonces podemos estudiar propiedades que son
uniformes en n.

Las interacciones fisicas suelen ser més débiles cuando la distancia entre los cuerpos
que interacttian se hacen mas largas. Por lo tanto si podemos descomponer el generador
de la evoluciéon £ como una suma de términos locales ) -5 £~, cada uno de los cuales es
nuevamente de la forma de Lindblad-Kossakowski pero solo actiia en un subsistema Z, es
razonable pedir que sus normas sean mas pequenas al crecer el didmetro de su soporte Z.
En este caso diremos que £ es un Lindbladiano local.

Si no especificamos a qué velocidad || £~||, decrece con respecto a diam Z, cualquier
Lindbladiano satisface esta condicion de manera trivial. Vamos a detallar més el decaimiento
que necesitaremos en el apartado[4.2.1.3|

4.1.2.5 Tiempo de equilibracién y gap espectral

Laecuacion describe las propiedades del sistema dindmico descrito por T; para tiempos
largos: si t es mds grande que log(e/c)/ gap £ para algun € positivo, entonces el conjunto
de estados iniciales posibles ha sido comprimido en un e-entorno del espacio de puntos
fijos. El tiempo minimo para que esto pase (que podria ser mds pequefio que el tiempo dado
por la ecuacion (4.7)) se llamard tiempo de equilibracién del sistema dindmico. Daremos
la definiciéon formal s6lo para sistemas sin puntos periddicos.

Definicién 12 (Tiempo de equilibracién). Llamamos tiempo de equilibracién de un sistema
dindmico T;: .44 — 4, sin puntos periédicos a la funcién

7(€) =min{t > 0:sup || T;(p) - Too(p) ||, <€},
o

donde el supremo se toma sobre todos los estados p.
Por lo tanto, podemos reformular lo que sabemos sobre el gap espectral como sigue:

logc—loge

17(€) < oap

(4.8)

Para todo sistema de dimension finita, este analisis suele ser suficiente: mas cuidado sera
necesario al considerar familias de sistemas dindmicos definidas en secuencias crecientes
de reticulos A . En este caso queremos controlar el crecimiento de 7(¢) con respecto a n. Por
emepzar, la cantidad 1,, = gap £, puede decrecer al crecer n, haciendo diverger la cota al
tiempo de equilibracion. Si por el contrario la cantidad A = infA,, estd acotada lejos de cero,
diremos informalmente que el sistema tiene gap (en el sentido que tiene gap en el limite).

Sin embargo, puede haber una raz6n més profunda para que la cota de la ecuacion (4.8)
diverja en general en n, aunque se tenga un A estrictamente positivo: la constante ¢ depen-
dera en general de n también. De hecho si obtenemos esa cota a través de la descomposicién
de Jordan (aunque esta no sea necesariamente la manera 6ptima para obtenerla), puede
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crecer mas rapido que una exponencial en n. Un anélisis mds cuidadoso puede mejorar esta
dependencia: en [85] se demuestra que si £ satisface una condicién llamada reversibilidad
con respecto a un estado de rango maximo o, que presentaremos con mas detalle en el
apartado4.1.3.1} entonces podemos elegir ¢ iguala |o™* ||¥2, que asuvezesigualaog_ /2,
el minimo autovalor de o. Esto nos permite probar el siguiente resultado, del cual daremos
después una demostracion alternativa:

Teorema 16. Si A es el gap espectral de £, que es reversible con respecto a un estado de rango

mdximo o, entonces

log(o }/2) —loge

A

7(e) < (4.9)

Notese que ar_nlﬁ/lz tiene que escalar por lo menos de manera exponencial con el tamafo
del sistema, o peor - por lo tanto de la ecuacién podemos obtener como mucho una
cota polinomial al tiempo de equilibracién. Si conocemos el espectro de £ y nada mds, no
es posible mejorar mucho la cota del Teorema[16} como se muestra en [78], si no tenemos
mads informacién que el espectro de £, la dependecia de c en el tamafio del sistema no
puede ser mejorada en una cota més lenta que una exponencial.

Para algunas aplicaciones, tener un tiempo de equilibracién polinomial es suficiente.
En este trabajo, pediremos una condicién mds fuerte, que gracias a [78] sabemos que no
puede ser garantizada solamente a partir de la informacién sobre el espectro de Z: que 7(€)
tenga un crecimiento logaritmico en n (en algunos casos podemos relajar esta hip6tesis a
un crecimiento sub-lineal). Es la contribucién principal de esta tesis probar que a partir de
esta condicién podemos probar algunas propiedades muy interesantes de la evolucién y de
su punto fijo.

Presentaremos tales resultados en el apartado antes vamos a presentar una conexion
importante con la desigualdad logaritmica de Sobolev.

4.1.3 Desigualdad logaritmica de Sobolev

Las herramientas de hipercontractividad y desigualdad logaritmica de Sobolev (en adelante,
log-Sobolev) fueron introducidas como parte del programa de Segal de dar rigor matemaético
a la Teoria Cudantica de Campos [75]. La desigualdad de log-Sobolev fue introducida por
primera vez por Feissner (en esa época, un estudiante de Leonard Gross, que a su vez habia
sido estudiante de Segal) en su Tesis Doctoral [24, 25| con el fin de generalizar la desigualdad
clasica de Sobolev a medidas Gaussianas en dimensién infinita. Luego Gross [29] la us6
para estudiar la ergodicidad de procesos de Markov en dimension infinita, y finalmente fue
reconocida como una herramienta 1til para estudiar también procesos en dimension finita
[21]. La aplicacion a sistemas de espin clasicos fue introducida por primera vez por Holley,
Stroock, y Zegarlinski 35, 76,(77,87,|88] y luego se convirti6 en una herramienta estdndar en
mecénica estadistica. Esta fuertemente relacionada con la contractividad de semigrupos, y
ha jugado un papel importante en muchas édreas de las matematicas.

Para una resefia moderna de la teoria cldsica (conmutativa) de la desigualdad de log-
Sobolev y su conexién con semigrupos de Markov y concentracion de la medida, véase
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[30]. Su generalizacién cuantica ha sido desarrollada en una serie de articulos [49551), 66],
y la conexién entre equilibracién rdpida y desigualdad de log-Sobolev en el contexto de
particulas cudnticas ha sido introducida en [39].

La hipercontractividad es ligeramente anterior a la desigualdad de log-Sobolev: el primer
ejemplo de su uso se puede encontrar en un trabajo de Nelson (también estudiante de
Segal)[62,|63], aunque todavia no habia sido llamada asi. Para una resefia del argumento
véase [18,28]. Esté siendo reconocida en la comunidad de informacién cudntica como una
herramienta muy potente |16, |40, 58, 81].

Presentaremos ahora una version simplificada de la teoria de log-Soboleyv, y su conexién
con hipercontractividad y equilibracién rapida.

En esta tesis consideramos semigrupos de aplicaciones que preservan la traza T, y
que por lo tanto describen la evolucién de estados, pero una descripcién equivalente se
obtiene de manera dual (con respecto al producto escalar de Hilbert-Schmidt) al considerar
la aplicacion T}, que describe la evolucién de los observables, y el estado limite p, es
invariante en el sentido que tr(p T} (A)) = tr(pooA) para todo operador A. En este caso el
semigrupo preserva la identidad en vez de la traza. Este enfoque es el que usualmente es
elegido en la literatura sobre desigualdades de log-Sobolev. Mantendremos nuestra notacion,
e indicaremos la evolucién de observables con T}, pero el lector deberia ser consciente de
la diferencia.

4.1.3.1 Gap espectral y reversibilidad

Antes de presentar la definicién de desigualdad de log-Sobolev, vamos a reformular la
ecuacion de una manera distinta pero equivalente, en el caso de considerar un estado
de rango maximo o > 0. Dado un estado de este tipo, podemos definir un producto escalar
pesado sobre % (4) como

(AIB)y =tr[o'?* Ac'/?B] = (0”4A0”4|01/4B0”4>HS,

y la norma inducida correspondiente |||, = (-I-)},/z. Es facil ver que Urlliizn Al < |Alls < Al

donde o, es el autovalor minimo de 0. Ademads, podemos definir una generalizacion de la
varianza clasica, como

Var, (A) = |A— (A1), |12 = tr[o'/? Ac /2 A] — tr[o A]°.

En efecto, Var; (A) es positiva e invariante bajo traslaciones por miltiplos de la identidad.
De manera similar, dado un Lindbladiano £, podemos definir una generalizacién no-
conmutativa de la forma de Dirichlet:

E(A B) = (A|l-£*(B)), = -tr[c"? Ac> £*(B));

donde Z* es el dual de Z bajo el producto escalar de Hilbert-Schmidt, es decir §(A, B) =
—tr[£ (012 Ac'/?) B]. Escribiremos & (A) = £(A, A). Diremos que Z es reversible con respecto
aosi £(0"?Ac'?) = a2 %*(A)o!'? para todo operador A, y por lo tanto

trfo!? Ac'? £* (B)] = tr[ £ (0'? AcYH) B] = tr[ 02 £* (M) '?B].
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En este caso, & es una forma bilinear simétrica, £* es autoadjunto con respecto a {-|-),
y por lo tanto Z(-) = 0/*£* (0~ V4. 07 4)g!'* es autoadjunto con respecto al producto
escalar de Hilbert-Schmidt. Dado que £* y £ estan relacionados por una semejanza, £*
tiene espectro real, y la contractividad del semigrupo generado implica que es negativo.
Noétese que también implica que o es un estado invariante por £, dado que para todo A se
cumple que

tr[L(0) Al = tr[o*1a' 2 2* (A)] = tr[c 2 L* (1)a'? A] =0,

y por lo tanto £ (o) = 0.

Si el espectro periférico de T; es trivial, entonces el nucleo de £ tiene dimension uno, y
por el principio min-max de Courant-Fischer-Weyl el segundo autovalor més pequefio de
£, que antes hemos llamado el gap espectral, estd dado por

—(ZL*(A)|A)y . E(A)
m _— = min .
A(Al1);=0 (AlA) o A:Varg (A)#0 Var, (A)

gap £ =

Hemos reexpresado entonces la ecuacion (4.6) como un problema variacional: gap £ es
el valor maximo que puede tomar una constante c tal que el funcional cuadratico cVars (A)
esté acotado superiormente por el funcional cuadratico &(A).

cVarg(A) = &E(A) (4.10)

Considérese ahora la evolucién A(f) de un observable A bajo Z, es decir A(7) = T, (A).
Dado que o es invariante por T;, se tiene que (A(#)|1), = (All),, y por lo tanto
lim;_.», A(#) = (A|l), 1. Esto implica que Var,(A(t)) es igual a || A(t) —A(oo)ll%. Consid-
eremos la funcién t — Var, (A(?)): su derivada estd dada por —2&[A(t)]. Por lo tanto la
ecuacion estd realmente acotando la derivada de Var, (-) por la funcién misma. Esto
lleva a la cota siguiente:

Varg (A(1)) < Varg (A)e 2L,

Por lo tanto, el gap espectral controla la convergencia cuando esta es medida por Var,(-). A
su vez, esto implica que

IA(D) - A0l < o2 A(f) — A(co) |y < 02| A= Aloo) e,

Por dualidad esto implica la siguiente cota de la forma de la ecuacion (4.7):

—1/Ze—tgap$
min :

sup | T:(p) - o||, =20
o
o de manera equivalente

Teorema 17. Si A es el gap espectral de £, entonces

log(20-1/2) —1oge
7(€) < 8l mf{) & (4.11)
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Noétese que Ur_nlin escala por lo menos exponencialmente con el tamafio del sistema
(dado que tiene que ser por lo menos mds pequeno que 1/dim.#), pero en principio
podria ser peor.

Podriamos haber obtenido la misma cota, pero sin el factor multiplicativo de 2, usando
el hecho que [39,(80]

re 0”1 < Var(lf/z(a—l/zpa—l/z)’

Y2pg1/2) esigual a |07, = 1/0min (donde el supremo estd tomado

yque sup, Varg (0~
sobre estados).

Hemos visto que la condicion de reversibilidad nos permite expresar exactamente la
relacion entre el gap espectral y el tiempo de equilibracion, obteniendo un prefactor bas-
tante bueno a la cota (mucho mejor de lo que podriamos haber obtenido a través de la
descomposicién de Jordan). La desventaja es que hemos tenido que suponer que el punto
fijo sea inico y de rango méximo (en este caso decimos que £ es primitivo), y que tengamos
algtin control sobre o iy, -

En seguida vamos a mostrar cOmo en este contexto es natural definir otras condiciones
sobre £ que nos permitirdn tener un control mejor sobre el tiempo de equilibraciéon que el
que obtuvimos de la cota sobre el gap espectral. A su vez estas nuevas cotas seran suficientes
para probar la condicién de equilibracién rapida.

4.1.3.2 Entropiay desigualdad de log-Sobolev

Laidea de la desigualdad de log-Sobolev y de otras desigualdades entrépicas es de gener-

alizar lo que hemos hecho en la seccion anterior con Var, (-): encontrar un funcional positivo

D(-) que acote la convergencia de T}, luego acotar la derivada %D(Tt (p) — o) en términos

de la funcién misma, comparandola con otro funcional definido en términos de Z.
Consideremos el funcional siguiente, que llamaremos entropia relativa

1
D(X|Y)=—tr|X(logX —logY)|.
(X|1Y) trXtr[ (log X —logY)]

D(plio) es positivo si p y o son estados normalizados, y es finito si el soporte de p estd
contenido en el soporte de o. Decrece de manera monoétona bajo la acciéon de canales
cudnticos [65). La desigualdad de Pisker [64] implica que ||p - a||f <2D(pllo). Al derivar
obtenemos que

d
aD(,o(t)na) = tr[ L (p(1)) (logp(t) —loga)].
1

Podemos por lo tanto indicar con £ (p) = ~&p tr[ £ (p)(logp —logo)|. Comparese esta
definicién con la de &. Podemos entones definir la siguiente desigualdad de tipo log-Sobolev:

c[D(pllo) —logtrp] < % (p) (4.12)

donde la constante 6ptima ¢ > 0 serd llamada constante de log-Sobolev de %, y la indi-
caremos con a. Como en el caso de la desigualdad del gap espectral, podemos concluir

que
sup ||p(1) —a|, ssupy/2D(pllo)e™*".
p p
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Observamos que D(p|lo) estd acotado por ||[logo ™! ||, = —10g(0'min). Por lo tanto, se obtiene
una cota en la convergencia del semigrupo exponencialmente mejor que la que obtuvimos
con el gap espectral (ver la ecuacion (4.11)):

Teorema 18. Sea « la constante de log-Sobolev de £ . Entonces

3 log(log(o 1)) - Zloge'

T(€) < oy (4.13)

Si Ur_nli ., €s exponencial en el tamano del sistema y la constante de log-Sobolev es uni-
forme en él, entonces el sistema tiene equilibracién rdpida. Por lo tanto, la desigualdad de
log-Sobolev es una manera de probar esta hip6tesis para sistemas reversibles.

Este es el enfoque elegido en [59, 60]. En [66] y [39] una cota equivalente a la
ecuacion (4.12) se denota como desigualdad 1-log-Sobolev, y se obtiene al componer
la ecuacié con la aplicacién p — o~2po~1/2, Si indicamos con A = o~2pg~1/2
y con A(?) la evolucién de A bajo £*, es decir A(t) = T, (A), entonces la condicién de

reversibilidad implica que
AW =T} (0 200712 = g 12T, (p)0 2 = 6712 p (1) 5112,
Por lo tanto la ecuacion puede reexpresarse como sigueﬁ
cEnt; (A) < &, (4),

donde Ent; (A) = D(pllo) —logtrp y &1(A) = & (p). Esta version de la cota es claramente
equivalente a la ecuacién si Z esreversible. Los autores de [39] llaman a la constante
Optima a;.

Desafortunadamente esto no es lo que se suele llamar desigualdad de log-Sobolev
en la literatura clasica (es decir, cuando todo lo anterior se define para generadores de
cadenas de Markov sobre un espacio de probabilidad, que es el equivalente conmutativo de
Lindbladianos sobre estados cuanticos). En lugar de ello, la desigualdad clésica es més bien
parecida a la siguiente generalizacion:

cEnt,(A) < &(A);
donde & es la forma de Dirichlet definida anteriormente, Enty(A) = Ent; (11 2(A)),
L2(A) = 0_1/2(01/4A01/4)20_1/2 — o VA pgl2 g5 14

y por lo tanto Ent, (A) = D((O'_l/4p0'_1/4)2||0').

A esta cota se le llama desigualdad 2-log-Sobolev en 39, |59, 66] y a su constante 6ptima
a,. Lamentablemente no sabemos si es equivalente a la ecuacién (4.12): bajo la hipétesis
adicional de que &(I12(A)) = £(A) (llamada Lj-regularidad en [66]), al menos se puede
probar que a» < a;, recuperando el resultado clasico. El hecho de que existan Lindbladianos

que sean reversibles pero que no sean Lj-regulares es todavia un problema abierto.

3Hemos eliminado un factor 1/2 de la definicién original.
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4.1.3.3 Hipercontractividad

Como hemos visto, a consecuencia del teorema de Russo-Dye, una aplicacién positiva y que
preserva la traza T es contractiva con respecto a la norma de la traza, dado que || T|l;—1 =1 -
o de manera equivalente, una aplicacién positiva y que preserva la unidad T* verifica que
I T* loo—oco=1, €s decir es contractiva con respecto a la norma oo. Esto se aplica en particular
a los canales cudnticos. Vamos ahora a introducir una versién no conmutativa de las normas
Ly, [31,/49-51]: dado un estado de rango méximo o, para cada p € [1,00) definimos

”X”ZU — tr|0.1/2pX0.1/2p|P — ”O’UZPXO'I/ZPHZ.

Se puede comprobar que |-||, » €s de hecho una norma, y que se recuperan la propiedades
usuales de los espacios L,, como desigualdad de Holder, dualidad, y teoremas de interpo-
lacion. En particular, estas normas son crecientes en p, y porlo tanto paratodol < p< g < oo
se cumple que [|-ll1,6 < Il .o < Il 5,0 < I"lloo- Ademas, limp . | X1y, = | Xl (Ia norma oo
de Schatten usual). N6tese que la norma definida en la seccién anterior, que denotamos por
I, corresponde al caso p = 2. El espacio 28(#) con lanorma |||, , se denotara con Ly (o),
y la norma de operador de una aplicacion T': L, (0) — L4 (0) se indicaré con || T'| (p,0)—(G,0)+

Consideremos entonces un canal cudntico T que tenga a o como su punto fijo, y su dual
T* con respecto al producto escalar de Hilbert-Schmidt. Asumimos que T sea reversible
con respecto a 0. Entonces sabemos que T* preserva la unidad, y porlo tanto || T* [l oo—o0o = 1.
Ademads, tenemos que para cada operador A

|7, = 02T W 2], = | T2 A0V, = 0240 2], = 1 Al

donde hemos usado reversibilidad y el hecho de que || T'|l; —.; = 1. Podemos concluir entonces
que | T*[l(1,0)—(1,0) = 1, y por interpolacion que | T* || (,0)—(p,0) = 1 para todo p € [1,00].

Esto nos lleva a definir una nueva propiedad de una aplicacion lineal T : B(A) — B(A):
diremos que T es hipercontractiva si existen p < q tales que || Tl (p,5)—(4,0) < 1. En particular
esto implica que T sea contractiva con respecto a la norma |||l p,q)-

Si consideramos un semigrupo dindmico de canales cudnticos T;, entonces podemos
considerar || T/, o) (.0 PaTa algun p < g como una medida de convergencia del semi-
grupo: de hecho para ¢ = 0 tenemos que Tp = 1 y por lo tanto ||11l(y,¢)—(g,0) = 1 siy s6lo si
p = q. Por otra parte, si o es el tinico punto fijo de T}, entonces T (X) = tr(c X)1 y por lo
tanto || T (A)|| o, = tr@X) < 1 XN 1,00, ¥ | T ]| 1.0)—00 = 1-

Sea 1 < p <00, y g su conjugado de Holder, es decir % + % = 1. Dado que T; es auto-
adjunto en L, (o), se cumple que

” Ty ” (p,0)—(2,0) — ” T/ ”(2,0)—»(:7,0)’

y por lo tanto si 1 < p < 2 entonces

” TZ*I ” (p,o)—(q,0) = ” Tt* “ (p,o)—(2,0) ” TL‘)k ” (2,0)—(q,0) = ” Tt* ”?2,0)—»((],0)'

Dada la observacion anterior, nos centramos (como es comun en la literatura) en el
comportamiento de || T} ||, ,) ;.- La relacién entre desigualdad de log-Sobolev e hiper-
contractividad estd contenida en el teorema siguiente:
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4.1. Objetos de estudio y resultados previos

Teorema 19 ([66]). Sea £ un Lindbladiano reversible y que sea Lj,-regular. Entonces las
condiciones siguientes son equivalentes

1. Paraq(t) =1+ e*%,
Kby PYSu——

2. T} satisface una desigualdad 2-log-Sobolev con constante éptima «.

Obsérvese que el punto 1. del teorema anterior implica que, si () = 1 + e%’, entonces

|| T 1. Pasando al limite para t — oo recuperamos que || T 1.

[ (p(0),0)—(q(1),0) = ”(1,0)—»(00,0) =

4.1.4 Leyde area

Otro problema interesante en el estudio de semigrupos disipativos es la descripcién del
punto fijo, o estado invariante, de la evolucién. Para algunos modelos de ruido el punto
fijo es el estado maximamente mixto, proporcional a la identidad. Este estado representa la
situacion en la cual el ruido ha destruido toda informacién sobre el sistema fisico, y cualquier
medida producira resultados uniformemente distribuidos. En otros casos el modelo de
ruido es distinto, y el estado invariante serd un estado térmico correspondiente a algin
hamiltoniano, proporcional a e”# para algtin operador hermitico H y un 8 positivo que
representa el inverso de la temperatura. Este es el caso por ejemplo de las aplicaciones de
Davies [19]. En otros casos todavia la evolucion es artificial y construida para tener un estado
particular como punto fijo: se considera con un estado que queremos preparar, y de ahi
derivamos un generador Lindbladiano que produce ese estado como punto fijo. Este es el
enfoque que tienen la dindmica de Glauber clésica y el muestreo de Metropolis [53] y la
Preparacion Disipativa de Estados [43,[83].

Uno se esperaria que, si el estado satisficiera alguna propiedad “buena”, la evolucién
resultante también tendria algunas propiedades buenas, por ejemplo de convergencia
répida. Esto ha sido probado de manera rigurosa en el caso de espines cldsicos y dindmica
de Glauber [53,|54], donde la propiedad “buena” del estado w es de este tipo: dados dos
observables Ay B, soportados en regiones que distan d, el valor de w(A ® B) se acerca al de
w(A)w(B) al crecer d. Mas precisamente, se requiere que la diferencia entre los dos decaiga a
cero exponencialmente rapido en d. Esta propiedad se suele llamar decaimiento exponencial
de correlaciones, dado que la cantidad w(A ® B) — w(A)w(B) mide cémo de correladas son
las dos regiones. Bajo esta hipoétesis, para sistemas de espines cldsicos se puede probar
que la dindmica de Glauber correspondiente tiene equilibracion rédpida (a través de una
desigualdad de log-Sobolev).

En esta tesis hemos afrontado el problema inverso: dado un Lindbladiano con “buenas”
propiedades, ;qué propiedades del punto fijo podemos derivar? Para empezar, presentare-
mos de manera rigurosa la nocién de correlaciones en sistemas de muchos cuerpos.

4.1.4.1 Medidas de correlaciones

Considérese un estado bipartito p ap € B(H#4p). Si p ap €s de la forma x® y para algtiin estado
x en B(A,) y un estado y en %B(#4p), diremos que es un estado producto. En este caso
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cada medida sobre el subsistema A serd independiente de las medidas en el subsistema
B, y viceversa: por lo tanto las estadisticas obtenidas serdn independientes y no habra
correlaciones entre los dos subsistemas. Si p 4p no es un producto, hay varias maneras
distintas de cuantificar “cudnto de lejos” estd de ser un producto.

La notacién siguiente estd tomada de [37]. Denotaremos con p 4 (resp. pp) el estado

trp pap (resp.trapag).

Definicion 13 (Medidas de correlaciones).

¢ Correlaciones en covarianza

C(A:B)= mix |KM®N)—(M)(N)|= mix [u[M®N(pap—pa®pp)l|;
M€52¢A,N€.52f3 ME%A,NEdB
IMI=LINl=<1 IMI=1INl<1

donde (O) = tr(Op 4p) es el valor esperado del observable O con respecto a p 45.

o Correlaciones en traza:

T(A:B)= max |tr[F(pap—pa®pp)l| =|pas—pa®ps|;.
VFiad

* Correlaciones en informacion mutua:
I(A:B)=S8(pa) +S(pB) — S(paB);
donde S(p) = —tr(plog, p) es la entropia de von Neumann del estado p.

En la teoria de la materia condensada, las correlaciones suelen medirse con C(A: B). De
la definicion se sigue de manera inmediata que C(A : B) estd acotada superiormente por
T(A: B) (dado que C(A: B) s6lo depende de medidas con observables productos, mientras
que T'(A: B) permite operadores mas generales).

Larelacion entre la distancia en traza y la informacién mutua estd dada, en una direccion,
por la desigualdad de Pinsker [64], y en la otra por una aplicacion de las desigualdades de
Alicki-Fannes-Audenaert [2, 4, |23]. Sintetizamos las dos como sigue:

Teorema 20. ]
ZT(A : B)2 <I(A:B)<6T(A:B)log,da+4hy(T(A:B)); (4.14)

donde hp(x) = —xlog, x — (1 — x)log, (1 - x) es la funcion de entropia binaria, y d, = dim 7.

4.1.4.2 Correlaciones en sistemas de muchos cuerpos

En el caso de sistemas de muchos cuerpos, consideremos el punto fijo poo de £ en A,y
para cada regiéon A c A o cada par de regiones A, B ¢ A consideremos la matriz reducida
PA=1IA\APco Y PAB = tTA\AUB Poo- POdemos entonces preguntar dos tipos de cuestiones
(donde usaremos I(A: B) pero hubiesen sido igualmente interesantes para cualquier otra
medida de correlaciones):
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e Dados A,Bc A, ;cémo escala I(A: B) con respecto a dist(A: B)?

e Dado Ac A, ;como escala I(A: A€) con respecto al tamafio de A?

Aunque sean preguntas similares, en el primer caso s6lo consideramos regiones finitas,
mientras que en el segundo consideramos A€, que crece al crecer A. Entonces no deberia
sorprender que la condiciones necesarias para dar una respuesta a la primera pregunta
sean menos restrictivas que por la segunda. En el primer caso hablamos de decaimiento de
correlaciones: esperamos que al considerar regiones A y B mds alejadas, estas se vuelvan
mads independientes.

La segunda pregunta es interesante por lo siguiente. Para estados aleatorio elegidos
con la medida de Haar, I(A: A€) es proporcional a | A|. Por el otro lado, muchos estados de
interés fisico tienen un comportamiento muy distinto, y I(A: A°) escala como |0 A|, donde
0A se define como el subconjunto de A de vértices que interactian directamente con el
complementario de A. Silas interacciones son finitas y A es una bola, entonces | A| es un
polinomio de grado D mientras que |0 A| es de grado D — 1. Esta situacién se denomina ley
de area (con una terminologia tomada del estudio de la entropia de agujeros negros, donde
la frontera es efectivamente una superficie).

Enlo que sigue trabajaremos con T(A: B) y con I(A: B), pero recordamos que a causa del
Teorema[20|el decaimiento exponencial de una cantidad implica el decaimiento exponencial
de la otra.

4.1.4.3 Estados fundamentales de hamiltonianos

El problema de estudiar decaimientos de correlaciones, leyes de drea y sus relaciones con la
dindmica ha sido afrontado de manera extensa en el contexto de estados fundamentales
de hamiltonianos, aunque estas relaciones no han sido totalmente determinadas atin. Un
hamiltoniano es un operador hermitico H sobre un espacio de Hilbert /# que representa
un sistema fisico. El generador £ (p) = —i[H, p] genera un grupo de automorfismos en
vez de simplemente un semigrupo de contracciones, y se puede ver como caso especial
de la ecuacion (4.5). Dado que todo autovector de H es invariante bajo la accion de £ la
evolucion tendrd més de un punto fijo: pero hay motivaciones fisicas que justifican que
los que corresponden al autovalor minimo de H tengan un papel especial, y son llamados
estados fundamentales de H. Son estados puros. Dado un estado puro |(p> 4 Se verifica que
I(A:B) =2S(¢4), donde ¢4 = trg | @)X ¢| 45 s la matriz de densidad reducida de |@){¢| .5
sobre A. Por lo tanto, la informacién mutua se reduce a (dos veces) la entropia de von
Neumann.

La propiedad crucial en este contexto es el llamado gap espectral de H: la diferencia
entre los dos autovalores mds pequefos de H. Segin convencién, diremos que una familia
de hamiltonianos definidos en una secuencia creciente y absorbente A, I tiene un gap
si el gap es uniformemente acotado por encima de cero - en otras palabras, si el gap no se
cierra en el limite. En caso contrario se dird que el hamiltoniano no tiene gap, y se puede
estudiar con que velocidad el gap se cierra (si polinomialmente o exponencialmente rapido
en n).
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En su articulo fundacional [34], Hastings y Koma probaron que si una familia de hamil-
tonianos locales tiene gap, entonces el estado fundamental verifica un decaimiento expo-
nencial de correlaciones uniforme en n. Este resultado es interesante porque conecta con la
teoria de fases de la materia condensada: una fase cudntica es una clase de equivalencia de
hamiltonianos, tal que dos hamiltonianos H; y H, son equivalentes si se pueden conectar
con un camino regular H(f) de hamiltonianos con gap uniforme en ¢. Las transiciones
de fases corresponden por lo tanto a los puntos del camino donde el gap se cierra. En esa
situacion es comun que la longitud de correlacion diverja, donde por longitud de correlacion
intendemos la distancia ¢ tal que C(A: B) < e~ dist(4,B)/¢

Otra propiedad prevista por la teoria de materia condensada es que el estado fundamen-
tal de hamiltonianos con gap verifique una ley de drea para la entropia de entrelazamiento.
El argumento intuitivo (pero que no constituye una prueba rigurosa), es el siguiente: si
consideramos una region finita A, por el decaimiento exponencial de correlaciones los
espines que estan dentro de Ay lejos de la frontera seran casi independientes de los que
estan fuera de A. Por lo tanto, las correlaciones y la entropia s6lo pueden ser dadas por los
espines que estan cerca de la frontera. Dado que cada espin de dimension d s6lo puede
contribuir con un factor logd a la entropia total, se sigue que esta escalaréd con el tamafio de
la frontera.

Que este argumento se pueda hacer riguroso es el contenido de la conjetura de la ley de
area (que los estados fundamentales de hamiltonianos con gap verifiquen una ley de 4rea).
Es un importante problema abierto en la teoria de materia condensada y en los tltimos afios
ha visto importantes avances [22]. Una solucion fue obtenida para el caso de dimensién 1
por Hastings [32], y luego una demostracion alternativa fue presentada en [10,|11], donde se
prob6 que en 1D el decaimiento exponencial de correlaciones implica una ley de area. Junto
con el resultado de Hastings y Koma [34], esto implica que un gap espectral, al implicar un
decaimiento de correlaciones, también implica una ley de drea en 1D.

En dimension mas alta el problema sigue abierto. Algunos avances han llegado de la co-
munidad de ciencias de la computacion [3], con una nueva prueba del resultado de Hastings
y Koma, que ha permitido mejorar la dependencia de la longitud de correlacion con el gap
espectral, produciendo unas cotas mas fieles en los casos concretos para los cuales somos
capaces de calcular (analiticamente o numéricamente) las dos cantidades. Las herramientas
desarrolladas han permitido también la construccion del primer algoritmo para aproximar
estados fundamentales de hamiltonianos con gap en 1D para el que es posible probar una
complejidad polinomial [46], asi como otras herramientas combinatorias para estudiar la
estructura de los estados fundamentales. Estos avances, aunque muy prometedores, todavia
no han llevado a una demostracién de una ley de area para estados en dimensién mayor o
igual a 2.

4.1.4.4 Estados de Gibbsy estados de redes de tensoriales

Los estados de Gibbs o estados térmicos son estados proporcionales a exp(—fH), por algiin
hamiltoniano H y un pardmetro  que representa al inverso de la temperatura. Son intere-
santes porque describen un sistema en equilibrio a temperatura finita 1/, y porque encajan
de manera natural en el caso de dindmica abierta: muchos de los modelos disipativos que

62



4.1. Objetos de estudio y resultados previos

hemos mencionado son intentos de describir un proceso de termalizacién que lleva a un
estado de Gibbs. Por lo tanto, aunque no son los tinicos puntos fijos posibles de los sistemas
disipativos, constituyen ciertamente una clase importante. Cabe destacar que verifican una
ley de érea para la informacién mutua [86].

Otra clase importante de estados (esta vez puros) que a menudo satisfacen una ley
de area son los llamados estados de redes tensoriales [14] - estados cuyas amplitudes
vienen dadas por la contraccion de una red de tensores. Para ser mas especificos, en la
gran familia de estados de redes tensoriales, en 1D los Matrix Product States (MPS) y en
dimensién mayor o igual a 2 los Projected Entangled Pair States (PEPS) satisfacen una
ley de drea por construccion. El interés en ese tipo de estados es que solamente requieren
una cantidad polinomial de pardmetros (en el nimero de particulas) para describirlos, al
contrario de la dimensién exponencial del espacio de Hilbert en el cual viven. Por esta razon,
son ampliamente usados en el calculo numérico, y se cree que son buenas aproximaciones
de los estados fundamentales de hamiltonianos con gap. Aunque haya ejemplos de estados
en 2D que verifiquen una ley de drea pero que no sean aproximables por un PEPS [26], se
probé que bajo ciertas hipétesis en 2D el estado fundamental de un hamiltoniano local se
puede aproximar por un PEPS [33}57].

En 1D, la situacion es bastante mas clara: los estados fundamentales de hamiltonianos
locales con gap se pueden aproximar de manera eficiente con MPS. Esto no solo es un
resultado tedrico, sino que ha sido muy importante a la hora de entender y desarrollar
algoritmos que aproximen estados fundamentales en 1D.

4.1.4.5 Leyde areay longitud de correlacién

Hemos mencionado una demostracion intuitiva -pero incompleta- que conectaria una
longitud de correlacion finita con una ley de drea. Hay que mencionar al respecto un
resultado riguroso presentado en [86]. En ese trabajo los autores dan una nocién distinta
de longitud de correlacion para la informacién mutua: dada una regién finita A c A, sea
Bpr = {x € A|dist(x, A) > R}, y definimos ¢, como la longitud minima R tal que

I(A:BR)<M,

VAcCA. (4.15)

(Nétese que By = A\ A.) Con esta definicién, pueden probar que I(A: A®) <4|0A|Ey, es
decir una ley de érea.

Aunque el resultado es correcto, hay que tener cuidado en considerar la relacion
entre la ecuacion y el decaimiento de correlaciones usual, es decir I(A : B) <
cexp(—dist(A, B)/ k). Se podria razonar que, en el caso de decaimiento exponencial de
correlaciones, al cumplirse que si dist(A, Bg) = R entonces I(A: B) < cexp(—R/k), entonces
es suficiente elegir {5 proporcional a k para verificar la ecuacién (4.15). Este argumento
no funciona de la forma esperada si la constante ¢ que aparece en el decaimiento de
correlaciones no es independiente del tamafo de las regiones Ay B, lo que suele ser el caso
como veremos mds adelante. Si A estd fijado y hacemos crecer A, entonces el tamafio de
Bpr es proporcional al tamafio total del sistema, con lo cual también ¢, crecerd con A. La
cota obtenida de esta manera serd todavia polinémica de grado menor que la dimensién
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geométrica del reticulo, pero serd multiplicada por una constante que depende del tamafo
del sistema. Esta constante hard que en muchos casos la cota sea trivial, dado que serd mas
grande que la cota general dada por logdim .74 = |Allogd, donde d es la dimension del
espacio de Hilbert de una tnica particula.

Un problema similar se encontré en [37], donde se demostré bajo la hip6tesis de una
desigualdad de log-Sobolev una cota de la forma

I(A: A%) < cloglog||a ™" |10 Al

donde o es el punto fijo de la evolucién. Otra vez, el término de la derecha escala con el
exponente adecuado a una ley de area, pero la constante multiplicativa hace que esta cota
sea peor que la trivial en la mayor parte de los casos.

Uno de los resultados principales de esta tesis es demostrar por primera vez una ley
de area satisfactoria para puntos fijos de evoluciones con equilibracion rapida (véase el

apartado4.2.3.4).

4.1.5 Estabilidad de sistemas cuanticos

Una de las propiedades de los sistemas cudnticos abiertos estudiada en esta tesis es la
estabilidad. Antes de presentar el resultado obtenido, merece la pena explicar por qué es
tan crucial. La estructura matemadtica que estamos considerando es un intento de describir
un sistema fisico compuesto de muchas particulas. Este podria ser o bien un sistema que
ocurre en la naturaleza (por ejemplo, la motivacion original del modelo de Ising fue la de
estudiar la magnetizacién), o bien un sistema artificial creado para cumplir con un trabajo
(computacion, comunicacién, memorias, preparacion de estados, etc.)

En el primer caso, el modelo matemadtico serd obviamente una aproximacion de la fisica
real: seria poco razonable pedir que las cantidades involucradas (constantes de interaccion,
niveles de energias, masas/cargas/densidades, etc.) se puedan medir con precisién infinita.
La tinica expectativa realista es que se puedan medir con cierto nivel de precisién. Una vez
que introduzcamos esta informacion en nuestro modelo matematico, nos gustaria tener
una herramienta que sea capaz de predecir los resultados de nuestros experimentos. Si
estas predicciones cambian de manera brusca al mds minimo cambio en los pardmetros
considerados, entonces las predicciones que nos proporciona raramente tendran algo
que ver con la realidad y el modelo resultard ser bastante inutil, dado que requeriria un
afinamiento imposible para funcionar.

La situacion es muy similar en el caso de sistemas artificiales. En este caso, la hipotesis
irrazonable es que se pueda tener control perfecto sobre la implementacion del modelo arti-
ficial, en el sentido de que podemos configurar sus pardmetros a cualquier nivel de precision.
Ningun sistema real (ni siquiera macroscépico y clasico) puede ser controlado de manera
perfecta: la implementacion en realidad siempre serd como mucho una aproximacion fiel
del modelo matematico. Si las evoluciones resultantes dependen de manera crucial de estas
pequenas diferencias, entonces acabaremos implementando una evolucién muy distinta de
la que pensdbamos, y con resultados diferentes. Por lo tanto los inicos modelos précticos
son aquellos para los que pequenios errores en la implementacién darén a lugar a pequefios
cambios en el sistema final.
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En los dos casos, la justificacién teérica de un modelo matematico requiere que éste
sea estable contra perturbaciones: podemos obviamente hablar de modelos que no sean
estables, pero hay que tener mucho cuidado al considerar su implementacion fisica y sus
predicciones, dado que en la practica no seremos nunca capaces de verlas en la realidad.
Este razonamiento sélo se hace més fuerte al considerar, ademds de errores experimentales,
fuentes de ruidos fisico: ningtin experimento estard perfectamente aislado, ningtiin ruido
serd completamente eliminado.

Por lo tanto necesitamos herramientas que justifiquen la robustez de los modelos fisicos
gracias a su estabilidad. En el caso de hamiltonianos locales, el enfoque ha sido probar
estabilidad del gap espectral, un pardmetro que tiene importantes consecuencias en las
propiedades fisicas de los modelos correspondientes. Al partir del trabajo de [12,41] se llegd
al de [56], en el cual se prob6 que el gap espectral es estable (es decir que no se cierra) bajo
algunas condiciones fisicamente razonables.

Hay que subrayar que estamos considerando un tipo especial de perturbaciones: dado
que trabajamos con modelos de muchos cuerpos, donde cada particula solo interactua
con sus vecinas, es natural considerar que las perturbaciones y los errores involucren a
cada término de interaccion local. Por lo tanto, las perturbaciones serdn pequenas a nivel
microscopico y localmente despreciables, pero se sumaran al considerar sistemas mads
grandes, y serdn realmente perturbaciones no acotadas (pero con mucha estructura local).
Por esta razon no podemos simplemente aplicar la teoria de perturbaciones estdndar, sino
que tenemos que desarrollar técnicas especificas para este tipo de perturbaciones.

Otro resultado importante de esta tesis es probar que los sistemas con equilibracién
rapida son estables bajo perturbaciones (véase el apartado(4.2.3.3).

4.2 Resumen de los resultados

4.2.1 Hipoétesis

En este apartado presentaremos y discutiremos las hipotesis principales hechas en este
trabajo. La més importante de ellas es la de equilibraciéon rdapida, una condicién sobre el
tiempo de convergencia del sistema hacia su punto fijo.

Hablaremos de familias de generadores Lindbladianos {<M1 1 donde A es una sucesion
creciente de subconjuntos finitos de I'. Para cada uno de ellos, denotaremos con T tA la
evolucion correspondiente, es decir T = exp(t.£™).

Definicién 14 (Punto fijo tinico). Sea {£*}, una familia de generadores Lindbladianos.
Diremos que tiene un tnico punto fijo si, para todo A, £ tiene un tnico punto fijo y
ningiin punto periddico (es decir, tiene un espectro periférico trivial).

Indicaremos con T2 el proyector sobre el punto fijo de T» = exp(thA) que preserva la
traza, dado por lim;_.o T].
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4.2.1.1 Equilibracién rapida

Ya hemos descrito por qué el gap espectral s6lo nos proporciona informacién parcial sobre
el tiempo de equilibraciéon de un sistema disipativo, mientras que la desigualdad de log-
Sobolev permite tener un control mayor (pero también requiere alguna propiedad mas
fuerte del punto fijo). Nuestro enfoque serd mds directo, y pediremos simplemente que el
tiempo de equilibracién escale de manera logaritmica con el tamafio del sistema, dejando
al lado el problema de co6mo probar tal condicion.

Definicion 15 (Equilibracién rdpida). Sea {TtA} A una familia de aplicaciones disipativas,
donde A varia en una secuencia infinita de subconjuntos de I'. Diremos que tiene equili-
bracién répida si existen ¢,y >0y 6 = 1 tales que

sup T2 (0) - TA ()|, = clAl® e ™. (4.16)
p=

trp=1

Como hemos mencionado anteriormente, en algunos casos es posible relajar la hip6tesis
de equilibracién rapida: este caso estd tratado en parte en [S, sec. 4.5].

Probar que un modelo disipativo tiene equilibracién rapida es dificil, de la misma manera
que lo es probar la existencia del gap espectral para un sistema hamiltoniano. Aparte de
casos “simples”, como modelos sin interacciones y preparacion de graph states [38], la otra
clase importante de modelos que verifican esta propiedad son Lindbladianos reversibles
que satisfacen una desigualdad de log-Sobolev [39], lo que incluye modelos cldsicos como
la dindmica de Glauber para el modelo de Ising en el rango apropiado de parametros [53].

4.2.1.2 Familias uniformes

Como ya hemos explicado, estamos interesados en estudiar el comportamiento de algunas
propiedades de los generadores Lindbladianos £, definidos en una sucesion creciente y
absorbente de reticulos finitos A; que convergen a un grafo infinito I" (en nuestro caso, I’
serd ZP, pero el mismo razonamiento hubiese funcionado con cualquier otro grafo en el
cual las bolas crecen de manera polinémica con su didmetro). Pero al mismo tiempo, dado
que estamos interesados en modelos fisicos, queremos que distintos £, representen “el
mismo” sistema fisico en escalas distintas, de manera que estudiar esta sucesion realmente
nos diga algo sobre la fisica que estamos modelizando.

3Qué significa que operadores definidos en reticulos distintos representen “el mismo”
sistema fisico? Obviamente la pregunta tiene muchas respuestas posibles, pero intentare-
mos hacer algunas hip6tesis sobre una regla o receta para obtener, a partir de los mismos
ingredientes, todos los £, en las distintas escalas.

Una hipétesis posible podria ser que todos los términos locales de cada %, sean simple-
mente el trasladado de un tnico generador local /y: es decir, existe un r > 0 finito y un [y que
actua en </}, () de manera que para todo n se cumpla

x:by(r)cA,
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4.2. Resumen de los resultados

donde [, es el trasladado de [y por el vector x. A esta situacion se le suele denominar
invarianza translacional, dado que en el limite las interacciones son invariantes bajo
translaciones de I' (no tiene sentido obviamente hablar de invarianza bajo traslaciones
para reticulos finitos).

Se deberia notar que esta es una restriccién excesiva: no solamente porque nos gustaria
poder estudiar sistemas donde las interacciones dependen de la posicion en el reticulo, sino
porque también cerca de la frontera de A, el sistema deviene “indeterminado”: dado que
no hay espacio para contener el soporte de [y ahi, habrd cada vez menos interacciones que
involucren los vértices cercanos a la frontera. A veces a esta situacion se le llama condiciones
de contorno abiertas. Dado que estamos interesados en sistemas con un tinico punto fijo,
esta hipotesis puede ser especialmente problemadtica, puesto que la indeterminacion cerca
de la frontera puede crear multiples puntos fijos - y estaremos pidiendo dos condiciones
incompatibles entre si.

Para superar esta limitacién, hemos propuesto una definicion que hemos llamado
familias uniformes, y creemos que puede ser una definicion lo suficientemente general
para describir sucesiones “interesantes” de generadores Lindbladianos. Denotaremos con

0gA ={xe Aldist(x,['\A) = dj}. (4.17)

Por convencion, escribiremos 0A en lugar 0, A.

Definicion 16. Sea A c I'. Una condicién de contorno para A viene dada por un Lindbladiano
BN = > d=1 BZA, donde supp BgA cd A.

En la definicién de condiciéon de contorno se usa una nocion de localidad distinta de
la que hemos usado para definir los generadores locales: el decaimiento en la norma es
solo necesario cuando las interacciones entran dentro del centro del sistema, mientras que
se permite que sean fuertes entre espines muy distantes siempre que estén a la misma
distancia de la frontera. Por ejemplo, si A es un cuadrado, esta condicion permite acoplar
espines opuestos en la frontera, una condicién conocida como condiciones de contorno
periddicas, dado que podemos imaginar haber envuelto A en un toro, de manera que vértices
opuestos en la frontera se vuelvan vecinos. Estas y otras condiciones més exdticas pueden
ser descritas por la definicion dada arriba.

Definicion 17. Una familia uniforme de Lindbladianos estd dada por:
(i) interacciones centrales: un Lindbladiano .# 7 para todo Z c 7P finito;

(i) condiciones de contorno: una familia de condiciones de contorno (%%} ,, para todo
A c ZP finito.

Dada una familia uniforme de Lindbladianos asi definida, para cada A c T finito pode-
mos definir dos generadores que acttan en el:

PA= Z A7 condiciones de contorno abiertas; (4.18)
ZcA
PN = M 9% condiciones de contorno cerradas. (4.19)
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Al hablar de £*, llamaremos a los términos .4, interacciones centrales y a los %ZA
interacciones de contorno.

Son necesarios unos comentarios sobre esta definicién: no estamos considerando una
secuencia concreta de reticulos crecientes A, sino que permitimos definir un Lindbladiano
(y de hecho dos) para todo A finito por el cual estd dada una condicién de contorno.

Si elegimos dos A; € Ay < T finitos, y miramos a las interacciones que involucran las
particulas en el centro de A;, entendiendo por esto los vértices que estdn lejos de I' \ Ay,
entonces es facil ver que £ y £2 tienen las mismas interacciones de corto alcance, y que
solo difieren en los términos de largo alcance: o bien por el efecto de los términos de .4,
con Z que se extiende fuera de A1, o bien por las diferencias entre 2% y 98922, Hablando
informalmente, podemos decir que los detalles microscépicos de las interacciones son los
mismos excepto por algin término de largo alcance. En la seccién siguiente asumiremos
que la fuerza de las interacciones (la norma de los operadores correspondientes), decrece
en su alcance: por lo tanto, para familias uniformes, la diferencia entre las interacciones
centrales de £ y £2 serd pequeiia. Esta es la propiedad fundamental y caracterizante
de las familias uniformes de Lindbladianos: a excepcién de pequenos errores, los detalles
microscopicos de las interacciones centrales no dependen de como de grande se ha elegido
el sistema (con ser este lo suficientemente grande para contenerlas).

4.2.1.3 Hipétesis de Lieb-Robinson

Hasta ahora, nuestra definicién de Lindbladiano local es incompleta: si no especificamos
a qué ritmo las normas de las interacciones decaen, siempre podemos descomponer un
Lindbladiano en una suma de términos locales todos nulos menos el tltimo con soporte
en todo el espacio. Si en vez de esto imponemos que las normas decrezcan en funcién del
didmetro del soporte obtenemos una condicion altamente no trivial. Dado que el ritmo de
decaimiento estd relacionado con una propiedad que presentaremos en seguida, llamada
velocidad de Lieb-Robinson, llamaremos estas condiciones hipoétesis de Lieb-Robinson, y
las daremos sélo para las familias uniformes definidas anteriormente.

Definicién 18 (Hipotesis de Lieb-Robinson). Existe una funcién creciente v(r) que verifica
v(x+y) <v(x)v(y), y constantes positivas v, b, y c, tales que:

sup Y ll4z,|Z|v(diam Z) < v < oo, (A-1)
xel' zZ>x
Nl ok
supsupv(r) Z “Bd x(N) H <cNP. (A-2)
xel r d=r ©

Noétese que si [|.#z]l, decae exponencialmente en diam Z (o si es cero para todo Z de
didmetro mads grande que una cierta constante, una situacion llamada interacciones de
alcance finito) entonces podemos elegir v(r) = exp(ur) para algin y positivo. Si por el
contrario decae polinomialmente, tenemos que considerar funciones més lentas, como
v(r) = (1+ r)*. En particular, si [|.#z ||, ~ (diam Z)~“, entonces la ecuacién se cumple
sigu<a—(2D+1),donde D esla dimensién geométrica de I" (lo que significa que a tendra
que ser mayor que 2D + 1 para que la condicién se cumpla).
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La motivacion tras estas hip6tesis es que los sistemas que verifican estas condiciones
muestran una velocidad finita de propagacion: el soporte de un observable local crece en el
tiempo, a menudo de manera lineal, salvo por una cola exponencialmente pequefa. Esto
implica que las regiones que estdn separadas en el espacio, si estdn descorreladas a tiempo
cero, quedaran casi descorreladas por un tiempo finito, que depende (a menudo de manera
lineal) de su distancia. Daremos mads detalles sobre el tema en el apartado

4.2.1.4 Sistemas libres de frustracion

Otra condicién que necesitaremos imponer en ciertos casos es la llamada ausencia de
frustracion, parecida a una propiedad de hamiltonianos con el mismo nombre. Merece la
pena notar que es solamente una condicién sobre las interacciones centrales, y no sobre las
de contorno.

Definicién 19. Diremos que una familia uniforme £ = {.#, 98} es libre de frustracion si para
todo A y todo punto fijo po, de £* se cumple

Ms(Pos) =0 YZ A, (4.20)

Hay muchos ejemplos interesantes y naturales de Lindbladianos que verifican esta
propiedad: entre ellos, los generadores de Davies y otros tipos de muestreo de Gibbs para
Hamiltoninanos conmutativos [36], asi como la preparacion disipativa de estados para
PEPS.

4.,2.2 Herramientas

Antes de presentar los resultados principales, haremos un resumen de algunas herramientas
usada en su demostracion. Han sido desarrolladas para este objetivo, pero pueden resultar
igualmente interesantes en otros contextos. Empezaremos con las cotas de Lieb-Robinson,
una herramienta estdndar en los problemas de muchos cuerpos, y continuaremos con unos
resultados derivados de ellas, o simplemente inspirados.

En esta seccion, daremos por hecho que el generador £ verifica las hip6tesis y
(A-2)).

4.2.2.1 Cotas de Lieb-Robinson

En los sistemas de muchos cuerpos se asume que las interacciones son locales o quasi-
locales: el espin en cada vértice del reticulo s6lo puede interactuar directamente con sus
vecinos (interacciones de alcance finito), o si puede interactuar con espines mas alejados
la fuerza de esa interaccion tiene que decaer rapidamente con la distancia. Por lo tanto, la
interaccion entre espines distantes no es directa, sino mediada por los espines intermedios
que tienen que “transmitir” la informacién. Es de esperar que dicha interaccién no sea por
lo tanto inmediata, sino que tendra un retraso, y mds grande si la distancia crece dado que
mads espines intermedios tendrdn que verse involucrados. Esto no es un efecto relativistico,
dado que no hay velocidad finita de la luz en nuestros modelos: una metafora mds exacta
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seria la de la velocidad del sonido, que estd dada por el medio en el cual la informacion se
propaga.

Esta vision intuitiva estd formalizada por las cotas de Lieb-Robinson, y la velocidad de
propagacion resultante se llama velocidad de Lieb-Robinson. La primera demostracion
formal fue obtenida para sistemas hamiltonianos y grupos de automorfismos, [47,|72], y por
esta razon también se le llama velocidad de grupo. Mas tarde fue generalizada a evoluciones
disipativas [61,69].

Una consecuencia de las cotas de Lieb-Robinson y de la existencia de tal velocidad es
que, si consideramos una region finita A y modificamos el generador de la evolucién en
unos vértices que estan lejos de A, la evolucion modificada serd casi indistinguible de la
original en A, por lo menos por un corto tiempo: antes de que la informacion haya tenido
tiempo de viajar desde los puntos donde se han hecho las modificaciones hasta A, los
espines de A no “saben” que hubo modificacién alguna, y por lo tanto evolucionardn como
si no hubiese habido ninguna. Dado que la velocidad estd dada por la hip6tesis (A-1), sera
uniforme en el tamafio del sistema. Esto ha permitido en [61] demostrar la existencia del
limite termodindmico.

El efecto de perturbar la dindmica en una region lejana viene dado por el siguiente lema,
que se deriva de la cota usual de Lieb-Robinson.

Lema 21 ([S, Lemma 5.4]). Sean £, y %> dos Lindbladianos locales, y suponemos que %£»
verifica la hipotesis con pardmetros v y v(r). Consideramos un operador Ox soportado
en X c A, e indicamos con O;(t) su evolucion bajo £}, i = 1,2. Suponemos que £\ — £» =
Y >0 M, donde M, es un superoperador soportado en Y, y que seanulaenl, condist(X, Y;) =
r. Entonces se verifica lo siguiente:

t_ vt

v -1
104(8) = 05(8)] < 1Ol X|——— » My ). (4.21)
r=0

4.2.2.2 Evoluciones abiertas y cerradas

La definicion de familia uniforme nos ha permitido definir dos evoluciones, una con condi-
ciones de contorno y una sin. La definicion de condiciones de contorno que hemos dado
esté justificada por el siguiente resultado: si se verifican las hip6tesis de la ecuacion yla
ecuacion (A-2), entonces el efecto de la condicion de contorno se difunde desde la frontera
hacia el centro del sistema con la misma velocidad finita de propagacion de las cotas de
Lieb-Robinson. Por lo tanto, para tiempos cortos y observables lejanos de la frontera, las
dos evoluciones serdn indistinguibles. Esto ha sido probado usando el lema 21}

Lema 22 ([S, Lemma 5.6]). Sea O un observable soportado en A < A, y sea O (1) (resp.

O4(1)) su evolucioén bajo L™ (rep., £™*). Sea r = dist(A,T'\ A). Entonces existen constantes
positivas c, v, y B tales que:

- Vi_1—pt
|0at) - 0a(1)| < c||oA|||A|%v‘ﬁ(r). (4.22)
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4.2.2.3 Localizacion libre de frustracion

Las cotas presentadas en esta seccién son validas para todo observable localizado. El enun-
ciado dual sobre la evolucion de estados diria algo sobre la evolucion de cualquier estado
que a tiempo cero se descompone como un producto con respecto a esa region. Trabajando
en el problema de determinar una ley de drea para la informacién mutua, hemos tenido
que afrontar un problema parecido pero distinto: ;qué pasa para otros estados que, aunque
no tengan esta estructura de producto, satisfacen alguna otra propiedad “buena’? Mas
exactamente, imaginemos preparar nuestro sistema en A, = by(n) en el estado p$° que es
el punto fijo de la evolucién (con condiciones de contorno cerradas) en A, pero luego
extendemos el sistema con un estado arbitrario 7 en A,4+; \ A, y miramos la evolucién del
estado p$’ ® T bajo el generador definido en A, ;.

3Qué podemos decir en este caso? Las cotas de Lieb-Robinson estdndar no nos dan
ninguna informacion, dado que las regiones que estamos considerando (A, y Ap+1 \ Ay)
estdn a distancia cero, y no podemos asumir que p5’° sea producto (o casi producto) en
ninguna otra biparticién del sistema. Por otra parte, si asumimos que no haya frustracion,
la mayor parte de los términos del generador serdn cero sobre el estado considerado, y los
Gnicos que no son ceros son los que estan cerca de la frontera de A . Entonces esperamos
que la evolucion sea aproximadamente trivial en el centro de A, y que la parte no trivial se
difunda de la frontera hacia el centro a la velocidad de Lieb-Robinson.

Esta idea intuitiva se formaliza rigurosa en el lema siguiente. Se debe notar que, por lo
que sabemos, esto no es una consecuencia directa de la cota estdndar de Lieb-Robinson.
Para demostrarla hemos tenido que reproducir las ideas y las técnicas de la demostracién
de las misma cotas de Lieb-Robinson y adaptarlas a esta situacion especifica.

Lema 23 ([A, Lemma 12]). Sea £ = (4, %) una familia de Lindbladianos uniformey libre
de frustracion. Sea A c T’ una region finita. Fijese un natural positivo m. Sea B= A(m + 1),

R=Am+ 1)\ A(m) ypll el punto fijo de TtA(m) ¥ T un estado cualquiera en R. Entonces
H (Tg§ - Tf\A) PreT) Hl < poly(m)v~1(m) [eV!—1+1]; (4.23)

donde TB'4 es la evolucién generada por

8= N g+ Y BP
ZcB\A dsm+1

4.2.3 Resultados principales

Podemos ahora presentar los resultados principales obtenidos en [A, S, R].

4.2.3.1 Equilibracién rapidalocal

Definiciéon 20 (Equilibracion rédpida local). Para A c A, definimos la contraccién de T con
respecto a A como

N (T := sup ||trac [Te(p) — Too(0)]||; = sup | T} (04) — T5(0OA)]. (4.29)
=0 Oa€sly

trp=1 104ll=1
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Diremos que £ verifica equilibracién rdpida local si, para todo A c A, se cumple que
n(T) < k(Ahe™, (4.25)

donde k(r) crece polinomialmente en r, y > 0y todas las contantes que aparecen arriba son
independientes del tamario del sistema.

Podemos igualmente definir un tiempo de equilibracién local como la inversa de n*:
74(e) = min{t > 0: sup || trac [T, (p) - Too (01| < €} (4.26)
o

La condicién de equilibracién rapida local implica que 74 dependa de |A| y €, pero no
de A: esto implica que, salvo por pequefios errores, los observables locales convergen a su
limite en una escala temporal que depende solamente del soporte del observable y no del
tamafio del sistema. Junto con la cota de Lieb-Robinson, esto implica que los observables
locales s6lo pueden interactuar con una region finita a su alrededor e independiente del
tamafo del sistema.

Parece sorprendente que solamente basdndonos en una cota sobre el tiempo de equili-
bracién de una familia uniforme hayamos podido derivar una propiedad tan fuerte, tal y
como probamos en [S, Proposition 6.6].

Teorema 24. Para familias uniformes que satisfacen las hipotesis de Lieb-Robinson, equili-
bracion rdapida implica equilibracion rdpida local.

4.2.3.2 Indistinguibilidad local

El resultado sobre equilibracion local para observables puede en cierto sentido “dualizarse”
en una propiedad de la familia de los puntos fijos. El razonamiento es el siguiente: el limite
O(o0) =lim;_., O(t) de la evolucién de un observable es el valor esperado con respecto al
estado limite, es decir O(oco) = tr(p.o0)1, dado que:

trpO(oo) = tlingotrpT;‘ (0) = tlingotr T:(p)O = tr poo O.

Por una parte las cotas de Lieb-Robinson implican que si O es un observable local,
entonces para tiempos cortos O(f) no depende de las interacciones que estan lejos de su
soporte; por otra parte, O(f) converge a O(oco) en un tiempo independiente del tamafio del
sistema. Por lo tanto, O(oco) s6lo depende de las interacciones que estén cerca de su soporte
a tiempo cero, y no de las que estan alejadas. Dado que O(co) es igual a tr po, O, esto implica
que el observable O no puede distinguir entre distintos puntos fijos de evoluciones definidas
en sistemas mds grandes, dado que la unica diferencia en las interacciones esté alejada del
soporte de O. El lema siguiente formaliza este argumento [S, Lemma 6.2]

Lema 25. Sea £ = {./, 9B} una familia uniforme de evoluciones disipativas con equilibracion
rdpida, y asumamos que cada T tenga un punto fijo tinico y ningtin otro punto periédico.
Fijese un A y sea po el tinico punto fijo de TIA. Dado A c A, para todo s = 0 indicamos por
p3, el unico punto fijo de TtA(s).
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Entonces se cumple que:
[trac (Poo = P ||, < 1AI° Ao (), (4.27)

donde Ny (s) = c(|A(s)|/| ANV W+ y=BYIW+Y) 1y ¢ es una constante positiva mientras que B y
v vienen dadas por el lemal22y & yy por la Definicién[15,

Esta propriedad es coherente con la idea que las familias uniformes representen modelos
en los que la dindmica microscopica estd bien definida y es independiente del tamafio del
sistema.

4.2.3.3 Estabilidad bajo perturbaciones

En el apartado[4.1.5/hemos presentado la importancia de la estabilidad bajo perturbaciones
con el fin de justificar a nivel teérico los modelos que consideramos. Vamos ahora a dar una
definicién mds formal de estabilidad. Dado que hay muchas maneras distintas de definirla
que pueden tener sentido en contextos distintos, haremos una eleccion muy conservadora
e impondremos las minimas hip6tesis posibles en la perturbacién, mientras que pediremos
la nocién mas fuerte de estabilidad. Hay naturalmente muchas maneras de relajar este
resultado.

Dada una familia uniforme de Lindbladianos £, definida por sus interacciones centrales
M 7y por sus condiciones de contorno 98, consideraremos una perturbacion al mismo
tiempo de los términos centrales .4 ’Z = M 7+Ezydelas condiciones de contorno 98; =%B,+
E,. La perturbacion deberia ser pequefia comparada con la norma del los Lindbladianos
originales, asi que vamos a asumir que para todo Ez y E; se cumpla |Ez|, <€llMzll, y
IlE4ll, <€llBgll,, por algtin € > 0.

Notese que una perturbacion de este tipo es pequeia a nivel microscépico, pero dado
que actia en cada término local, la suma EMN=Y , AEz+ Y 4 Eq tiene una norma que es
divergente con el tamafo del sistema, y por lo tanto es una perturbaciéon no acotada una
vez que olvidamos la estructura local. Esto implica que no podemos simplemente aplicar la
teoria de perturbaciones estdndar.

Todavia necesitamos alguna condicidn sobre la perturbacién para que sea “fisicamente
realista”. Seria suficiente pedir que ./, y ?/3:1 sean Lindbladianos, pero podemos relajar
esta condicion y solamente pedir las condiciones siguientes (que se cumplen de manera
automadtica si los generadores perturbados son Lindbladianos):

* E;(1)=E (1) =0;
e S;=exp [ 1M+ EA)] is a contraction for each ¢ = 0.

Con este modelo de perturbacion, y bajo la hipotesis de equilibracion rdpida, hemos
podido probar el siguiente resultado de estabilidad [S, Theorem 6.7].
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Teorema 26. Sea £ una familia uniforme de Lindbladianos locales con un tinico punto fijo
y con equilibracion rdpida. Sea S; definido como arriba. Para un observable O 4 soportado en
Ac A, secumple que para todo t = 0:

[T/ (04) = S; (0| = cUAN 104l (e + IAIV(d ), (4.28)

donde d 4 = dist(A, A°); n es positivo e independiente de A; c(| Al) es independientede A y t, y
estd acotado por un polinomio en | Al.

Comentamos el término de la derecha de la ecuacién (4.28). El factor multiplicativo
O All es una normalizacion esperada, dado que el término de la izquierda es 1-homogéneo.
La constante c(| Al) s6lo depende del soporte de Ay no de A: por lo tanto, si fijamos Ay
hacemos crecer A, esta serd simplemente una constante fija. Discutiremos mdés adelante
qué pasa cuando no es este el caso.

La norma local de la perturbacién es €, asi que no es inesperado que aparezca en el
lado derecho de la cota. Mds sorprendente es que s6lo aparezca como un factor lineal.
Recordamos nuevamente que aunque la perturbaciéon sea una suma de términos locales
actuando en cada vértice, € es la norma (diamante) de uno so6lo de ellos y no de toda la
perturbacion, y que por lo tanto es independiente del tamafio del sistema.

El otro término |A|v~"(d,) es un factor de correccién de la frontera, que tiene en con-
sideracion el efecto de la condicién de contorno perturbada sobre el observable. Como es
de esperar, decae con la distancia entre Ay la frontera, y tiende a cero con A que tiende
al reticulo infinito I'. Por lo tanto, para A suficientemente grande, serd més pequeiio que
€, y por lo tanto despreciable. En algtin caso intermedio este factor puede parecer lejos de
ser 6ptimo: por ejemplo, no se esperaria un factor de este tipo en el caso de interacciones
invariantes por translaciones, aunque los observables estén localizados cerca de la frontera.
Al finy al cabo, en este caso, la frontera es s6lo una necesidad matemadtica, y no corresponde
a ninguna diferencia en las interacciones fisicas entre los espines. De hecho, podemos
trasladar el sistema para mover la frontera lo mas lejos posible de A, y por lo tanto en esos
casos se deberia considerar d4 como la mitad del didmetro del complementario de A en
A. Con esta observacion, el decaimiento del termino v~"(d,) cancelara rdpidamente la
contribucion de |A| y el resultado serad despreciable con respecto a €.

Hay que observar que si consideramos observables no-locales (es decir, observables
cuyo soporte crece con A), entonces el factor ¢(] A|) no puede ser méas pequefio que lineal, y
en particular esto implica que no se puede mejorar la cota para que no sea divergente en
A. De hecho, es sencillo construir ejemplos simples de espines sin interacciones tales que
existen observables soportados en todo en reticulo y tales que el término de la izquierda
de la ecuacion (4.28) crece de manera lineal en el tamafno del sistema. Esto implica en
particular que el factor c(| Al) tiene que ser por lo menos lineal. Véase [S, Example 4.8] para
dicha construccion.

4.2.3.4 Ley de drea con correccion logaritmica

Sobre el problema de decaimiento de correlaciones para el punto fijo de la evolucién, hemos
obtenido el siguiente resultado [A, Theorem 14]:
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Teorema 27. Sea £ una familia uniforme de Lindbladianos locales con tinico punto fijoy
equilibracioén local. Entonces el punto fijo de cada £ verifica:

T(A:B) <3(Al+|B)°Ag (%), (4.29)

donde A es la funcion de decaimiento rdpido dada en el lema[25,

A causa del Teoremal[20} I(A: B) tendra el mismo decaimiento.

Consideremos ahora la cuestion de si p, verifica una ley de area. No hemos podido
dar una respuesta definitiva, pero hemos obtenido un resultado ligeramente menos fuerte:
I(A: A°) escala como |0 Allog|Al, que en términos del radio de A va como rP-1 logr. Para
obtener tal resultado, tuvimos que hacer alguna hip6tesis mas [A, Proposition 16, Theorem
17].

Teorema 28. Sea £ una familia uniforme de Lindbladianos locales con tinico punto fijo y
equilibracion rdpida. Ademds, asumimos que £ verifique una de las condiciones siguientes:

* Poo €S un estado puro para todo \;
e % eslibrede frustracion;

Entonces se cumple lo siguiente para todo punto fijo de LA, para alguna constante c inde-
pendiente de A\:
I(A: A°) < c|0Allog| Al (4.30)

Es interesante notar que las dos condiciones alternativas en el Teorema|28|son independi-
entes entre si. Por lo tanto, sospechamos que su necesidad sea un efecto de la demostracion,
y que se pueda probar el resultado sin ninguna de ellas.

4.3 Perspectivas y trabajos futuros

Hemos visto que una condicién sobre el crecimiento del tiempo de equilibracién de un
sistema dindmico cudntico puede tener un gran impacto en las propiedades que este pre-
senta: sean estas dindmicas (como la estabilidad) o estéticas (como la ley de 4rea y la
indistinguibilidad de los puntos fijos).

Esto nos lleva a reconsiderar el tiempo de equilibracién como una propiedad fundamen-
tal y caracteristica de estos modelos, de la misma manera en la cual lo es el gap espectral
para los sistemas hamiltonianos. Esta idea ya habia sido propuesta en [42]. En esta tesis
hemos identificado una clase de sistemas que, dadas las propiedades mencionadas arriba,
claramente tienen un papel especial en una posible clasificaciéon de evoluciones disipativas.
Todavia no nos resulta claro si esta clase de modelos surge de considerar el caso “bueno” o
mads bien el caso “trivial”: serd importante ver qué propiedades se pueden recuperar y cuéles
no al sustituir la condicion de equilibracion rapida por algo menos restrictivo, y como de
amplia y variada es la clase de modelos que si satisfacen equilibracién rdpida. Es una linea
de investigacion interesante, y las observaciones siguientes son los primeros pasos en su
desarrollo.
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4.3.1 Tiempo de equilibracién polinomial

Si consideramos a los Lindbladianos como “mdaquinas disipativas” o procedimientos de
preparacion de estados cudnticos con cierta utilidad, entonces desde un punto de vista
algoritmico un tiempo de equilibracién polinomial es perfectamente aceptable, y constituye
una hipdtesis més natural que la de equilibracién rdpida. En el mismo espiritu, para efectuar
computaciones, a veces es Util considerar hamiltonianos cuyo gap se cierra pero solamente
de manera polinémica en el tamafio del sistema. En los dos casos, tenemos una situacion
que es claramente una desventaja en el limite termodindmico, pero que para sistemas
finitos todavia puede ser manejada en un tiempo razonable y con una cantidad razonable
de recursos.

En esta situacion, la conexion con la teoria de la materia condensada (con sus resultados
matematicos pero al mismo tiempo con su “filosofia”) se vuelve menos ttil: seria parecido a
estudiar la eficiencia de un algoritmo de ordenamiento mirando c6mo se comporta en un
conjunto infinito de elementos. Necesitamos herramientas distintas.

Describir cudl es el poder computacional y las propiedades de esta clase de evolu-
ciones es un problema muy interesante y seria una manera de clarificar si las propuestas de
preparacion disipativa de estados puedan ser implementadas en experimentos a grandes
escalas. En este contexto la estabilidad, no necesariamente del mismo tipo que hemos
considerado en este trabajo, seria la propiedad fundamental a considerar.

4.3.2 Preparacion de modelos topolégicos

El resultado sobre la ley de drea puede también verse como una propiedad negativa de los
modelos con equilibracién rapida: no pueden generar estados que no tengan una ley de
drea. Por otra parte sabemos que algunos estados topolégicos no pueden ser obtenidos en
tiempo sub-lineal [42], al menos con hipotesis realistas sobre los generadores, aunque si
cumplan con una ley de drea. Dado que los estados topoldgicos se ven como ingredientes
cruciales para una memoria cuantica robusta, seria interesante estudiar si:

i. pueden ser preparados con un proceso disipativo de manera que este sea estable;
ii. existen “buenos” procesos disipativos que mantengan el estado, una vez que este haya
sido preparado de otra forma.

La diferencia entre los dos casos es que en el segundo no estamos pidiendo que el
proceso prepare el estado topolégico de manera robusta y rdpida al partir de cualquier
estado inicial, sino que solamente pedimos que estas propiedades se cumplan cuando el
proceso arranca justamente en el estado que queremos preservar. Si el sistema es robusto,
entonces todo estado que esté lo suficientemente cerca del estado topolégico convergera
hacia él, y toda pequeiia perturbacion de los generadores solamente cambiara poco este
punto fijo. En principio, no haria falta pedir otras propiedades fuera de estas: podria haber
otros punto fijos, estables o también inestables.

En esta linea de investigacion, debemos mencionar los trabajos siguientes: la propuesta
de un proceso de “codificacion” [20], que no solamente prepara un estado fundamental del
Toric Code en 2D, sino que también permite codificar informacién légica, en el sentido de
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que un par especifico de qubits del sistema sera copiado en los qubits virtuales del c6digo.
El proceso requiere tiempo lineal, y no es invariante por traslaciones. Cuél es el efecto del
ruido en este modelo es todavia un problema abierto.

En [36] se estudian dos familias de modelos Lindbladianos derivados de hamiltonianos
conmutativos, de lo cuales preparan el estado de Gibbs. Se demuestra que para temperaturas
suficientemente altas, ambos procesos tienen un gap espectral y que por lo tanto tienen un
tiempo de equilibracién polinomial. En el caso cldsico correspondiente es posible demostrar
que ademds cumplen la condicion m4s fuerte de la desigualdad de log-Sobolev y equili-
bracién rapida, por lo tanto es posible que también el resultado cudntico se pueda mejorar.
Noétese que esto no contradiria el resultado sobre la preparacién de modelos topolégicos
mencionado antes: dado que estamos considerando el estado de Gibbs a temperatura finita,
y sabemos que para el Toric Code en 2D no hay propiedades topolégicas en este caso, no hay
nada en principio en contra de que puedan existir procesos disipativos con equilibracién
rédpida que preparen el estado de Gibbs del Toric Code en 2D.

Sabemos que al mandar la temperatura a cero, el estado de Gibbs converge al estado
fundamental, y bajo alguna hipétesis sobre la densidad de estados en los distintos niveles de
energia, para tener una aproximacion buena es suficiente que la temperatura escale como
el inverso del logaritmo del nimero de particulas [33]. Por lo tanto seria interesante estudiar
el comportamiento de los modelos considerados en [36] cuando la temperatura tiende a
cero, para el caso especifico del hamiltoniano del Toric Code. No esté claro si la aplicacion
resultante tendrd algiin punto fijo distinto del subespacio fundamental, ni si tendrd un gap
espectral. En [84] se considera un problema similar de preparar un estado de Gibbs para un
hamiltoniano con temperatura critica, y se demuestra que en el régimen de coexistencia
de fases no puede haber un tnico punto fijo. Esto no resuelve el problema del Toric Code,
dado que este Gltimo no tiene temperatura critica, pero es ciertamente una comparacion
interesante.

4.3.3 Demostrar equilibracién rapida

En esta tesis hemos demostrado coémo la equilibracién rdpida implica propiedades del punto
fijo de la evolucion, y hemos presentados la desigualdad de log-Sobolev como una manera
de probar esta condicion en el caso de Lindbladianos reversibles. Seria extremadamente ttil
tener herramientas y condiciones que nos permitan probar la condicién de equilibracion
rapida, a través de la desigualdad de log-Sobolev o no. El trabajo hecho en [36] puede
también verse como ir en esta direccién: determinar condiciones sobre el punto fijo que im-
plican cotas en el tiempo de equilibracion. La inspiracion viene de los resultados obtenidos
para modelos cldsicos (véase [53,|54] para una resefia), para los cuales se ha probado que
una condicioén sobre el decaimiento de correlaciones del punto fijo de una dindmica de
Glauber implica una desigualdad de log-Sobolev y a su vez esta implica equilibracién rapida.
Ademds, este tipo de decaimiento de correlaciones suele estar presente en estados de Gibbs
a temperatura alta.

En [36] los autores elegieron un enfoque parecido, y una definicion especifica de de-
caimiento de correlaciones fue usada para probar que la dindmica correspondiente tiene un
gap espectral. Igualmente demostraron que esta condicién se cumple para temperaturas
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altas, y ademads en el caso en 1D. Seria muy interesante ver si se puede mejorar el resultado y
probar una desigualdad de log-Sobolev, lo que corresponderia al resultado clésico.

Los resultados presentado en el apartado[4.1.3.3|muestran que al generalizar la desigual-
dad de log-Sobolev del caso clésico al caso cuantico, no obtenemos una tinica desigualdad,
sino una familia (indexada por p € [1,00)) de desigualdades. Clasicamente son todas equiv-
alentes, pero en el caso cudntico no se sabe, y por lo tanto varios autores han tenido que
asumir la regularidad L,: la hipétesis que la constante de L, sea una cota inferior de todas
las otras. Para recuperar la conexién con la hipercontractividad se necesita efectivamente la
familia entera de desigualdades, pero como hemos mostrado en el apartado es s6lo
el caso L, el que interesa para demostrar equilibracién rapida.

No sabemos como de genérica es la condicion de regularidad Ly: el tnico resultado
general que tenemos es que clases importantes de Lindbladianos, como los generadores
de Davies [39] y los procesos que preservan la unidad [66] si la verifican. En [39] se ha
conjeturado que cada Lindbladiano reversible sea L, regular, y que cada Lindbladiano
primitivo verifique una version débil de dicha condicién. Si la conjetura es falsa, entonces
uno podria restringir su estudio a la desigualdad de L,, dado que es la que nos provee la
cota en el tiempo de equilibracién. Mostrar qué condiciones tienen que imponerse en el
punto fijo para probar esa desigualdad de log-Sobolev nos ayudard a entender si la clase de
sistemas con equilibracién rdpida es “pequefna” o “grande”.

4.3.4 Otros trabajos en distintas lineas de investigacion

Otra linea de investigacion que ha sido desarrollada a lo largo del Doctorado, aparte del
estudio de las dindmicas disipativas abiertas, ha sido el estudio de qué propiedades del limite
termodindmico de una sucesién de hamiltonianos se pueden inferir del estudio de algunos
casos finitos. En particular, nos hemos interesado en posibles problemas que puedan surgir
al estudiar, como es costumbre, el limite a través de una secuencia de casos finitos, de
manera numeérica o experimental, para luego extrapolar informacion sobre el limite. En un
numero de casos muy relevantes esta manera de afrontar el problema ha tenido éxito [6, 45,
52,168, 79| y ha proporcionado importante informacién sobre propiedades del modelo fisico
en la escala de sistemas grandes. Por otra parte, se ha probado un resultado general negativo:
el problema de decidir si una sucesién de hamiltonianos locales invariantes por traslaciones
en 2D tiene un gap espectral en el limite es un problema indecidible [15]. Esto implica que
estos modelos pueden exhibir comportamientos impredecibles, y nos ha llevado a explorar
las posibilidades de construir ejemplos exéticos.

El resultado de esta investigacion ha sido presentado en un articulo (todavia no publi-
cado) [8], en el cual presentamos dos familias de modelos que presentan una propiedad
sorprendente: para toda region finita méas pequefia que un umbral dado, el estado fun-
damental y los estados de bajas energias son estados cldsicos (estados productos en la
base computacional); por encima del umbral estos muestran por el contrario propiedades
topologicas, que son caracteristicas de ciertos modelos cudnticos. Si consideramos espines
con dimension local mds grande, podemos hacer crecer el umbral de manera espectacular,
y ya s6lo con considerar dimension local d = 10 este se vuelve mds grande que el nimero
estimado de particulas en el universo. Hemos llamado a este fenémeno transicién de fase
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inducida por el tamaiio, dado que puede considerarse como un cambio brusco entre un
modelo clasico y uno cudntico al incrementar el pardmetro del tamafio del sistema.

Las dos construcciones estdn basadas en ideas distintas, y tienen umbrales distintos.
Ambas se basan en problemas de teselacion: una teselacion es un recubrimiento de una
region del plano con cuadrados de lado uno y bordes coloreados, de manera que los colores
de los bordes de cuadrados adyacentes se correspondan. Se ha demostrado que el problema
de decidir si, dado un conjunto finito de teselas, es posible teselar el plano entero es un
problema indecidible [9, 73]. Este resultado esta en la base del resultado de indecidiblidad
del gap de [15]. Hemos modificado su construccién con el uso de interacciones de plaquetas
y estrellas (en vez de usar simplemente plaquetas como en la construccién original), y
hemos construido dos familias de modelos. La primera se basa en la idea de construir
patrones periédicos de periodo muy grande (comparado con el niimero de colores usados
en la teselacion), de manera que un patron especifico s6lo ocurra una vez cada periodo. Al
penalizar tal patrén podemos inducir una frustracion de la energia para todo reticulo mas
grande que el periodo: esto nos permite implementar la transicion entre el modelo clasicoy
el cuantico.

La otra construccion se basa en la idea, ya presente en los resultados previos de inde-
cidibilidad, de codificar la historia de una méquina de Turing en el estado fundamental
del hamiltoniano. De esta manera podemos dar una penalizacion energética si la maquina
termina su computacion, y de la misma manera que en el caso anterior introducir una frus-
tracion de la energia si el sistema es suficientemente grande para que la méquina termine.
Dado que el problema de determinar si (y cudndo) una maquina de Turing termina es un
problema indecidible, este ha sido el ingrediente fundamental para probar la indecidibilidad
del gap espectral. Hemos sido capaces de optimizar mucho el coste de la codificacion, en el
sentido de necesitar un espacio de Hilbert local de dimensién mucho mas pequefa para
inscribir la historia de una méquina de Turing en el modelo de espines. Con este c6digo
optimizado, hemos considerados las llamadas méquinas Busy Beavers: una maquina de di-
mension muy pequefia, pero cuyo tiempo de terminacion es increiblemente largo - de hecho
crece mds rapidamente que cualquier funcién computable. De esta manera hemos obtenido
modelos que tienen una dimension local relativamente pequeiia, pero para los cuales hay
una frustracién en la energia s6lo para sistemas extremamente grandes. Nuevamente, esta
frustracion nos permite implementar la transicién de fase.
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Abstract: Open quantum systems weakly coupled to the environment are modeled
by completely positive, trace preserving semigroups of linear maps. The generators of
such evolutions are called Lindbladians. In the setting of quantum many-body systems
on a lattice it is natural to consider Lindbladians that decompose into a sum of local
interactions with decreasing strength with respect to the size of their support. For both
practical and theoretical reasons, it is crucial to estimate the impact that perturbations in
the generating Lindbladian, arising as noise or errors, can have on the evolution. These
local perturbations are potentially unbounded, but constrained to respect the underlying
lattice structure. We show that even for polynomially decaying errors in the Lindbladian,
local observables and correlation functions are stable if the unperturbed Lindbladian has
a unique fixed point and a mixing time that scales logarithmically with the system size.
The proof relies on Lieb—Robinson bounds, which describe a finite group velocity for
propagation of information in local systems. As a main example, we prove that classical
Glauber dynamics is stable under local perturbations, including perturbations in the
transition rates, which may not preserve detailed balance.
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1. Background and Previous Work

The physical properties of a closed many-body quantum system are encoded in its
Hamiltonian. Theoretical models of such systems typically assume some form of local
structure, whereby the Hamiltonian decomposes into a sum over interactions between
subsets of nearby particles. Similarly, the behavior of an open many-body quantum
system is encoded in its Liouvillian. Again, this is typically assumed to have a local
structure, decomposing into a sum over local Liouvillians acting on subsets of nearby
particles.

Crucial to justifying such theoretical models is the question of whether their physical
properties are stable under small perturbations to the local interactions. If the physical
properties of a many-body Hamiltonian or Liouvillian depend sensitively on the precise
mathematical form of those local terms, then it is difficult to conclude anything about
physical systems, whose interactions will always deviate somewhat from theory.

Quantum information theory has motivated another perspective on many-body
Hamiltonians. Rather than studying models of naturally occurring systems, it studies
how many-body systems can be engineered to produce desirable behavior, such as
long-term storage of information in quantum memories [12,19,20,48], processing of
quantum information for quantum computing [11,13,14,34,51], or simulation of other
quantum systems that are computationally intractable by classical means [3,7,8,28,30].
Again, stability of these systems under local perturbations is crucial, otherwise even tiny
imperfections may destroy the desired properties. Stability in this context has been stud-
ied for self-correcting topological quantum memories, where one in addition requires
robustness against local sources of dissipative noise, and the relevant quantity is the
minimum time needed to introduce logical errors in the system. It has been known
since [1,12] that a self-correcting quantum memory with local interactions is possible
in four spatial dimensions. With the breakthrough of the Haah code [19], it seems it
may be possible to engineer such self-correcting quantum memories in three dimen-
sions.

Recently, and partially motivated by the dissipative nature of noise, this “engineering”
approach has been extended to open quantum systems and many-body Liouvillians. First
theoretical [38,61], and then experimental [5,39] work has shown that creating many-
body quantum states as fixed points of engineered, dissipative Markovian evolutions
can be more robust against undesirable errors and maintain coherence of quantum infor-
mation for longer times. Intuitively, there is an inherent robustness in such models:
the target state is independent of the initial state. If the dissipation is engineered per-
fectly, the system will always be driven back towards the desired state. This idea can be
used to engineer dissipative systems both for carrying out computation via dissipative
dynamics [61] and for storing quantum information [53]. However, it does not guarantee
stability against errors in the engineered Liouvillian itself. Once again, stability against
local perturbations—this time for many-body Liouvillians rather than Hamiltonians—is
of crucial importance. Indeed, in [53] the authors consider depolarizing noise acting
on top of a dissipative interaction enginereed for protecting a logical qubit encoded
in the system, and provide positive numerical evidence for stability of a specific 4D
model.

In the case of closed systems governed by Hamiltonians, recent breakthroughs have
given rigorous mathematical justification to our intuition that the physical properties of
many-body Hamiltonians are stable. Starting with [10,35], it culminated in the work
of [49] which showed that, under a set of mathematically well-defined and physically
reasonable conditions, gapped many-body Hamiltonians are stable under perturbations
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to the local interactions.! More precisely, in the presence of frustration-freeness, local
topological quantum order (LTQO), and local gap, the spectral gap of a Hamiltonian with
local (or quasi-local) interactions is stable against small (quasi-) local perturbations (see
[49] for a formal definition of these conditions). The bound on the amount of imperfection
tolerated by the system depends on the decay of the local gaps, the decay of the local
topological order, and the strength (and decay rate) of the interactions. Furthermore,
except for frustration freeness which is a technical condition required in the proof, these
conditions are in a sense tight. There exist simple counterexamples to stability if any
one of the conditions is lifted.

2. Stability of Open Quantum Systems

In this work, we study stability of many-body Liouvillians. We consider dynamics gen-
erated by rapidly decaying interactions, where the notion of rapid decay is made precise
in Sect. 3. Moreover, in order to have a well-defined notion of scaling with system size,
we restrict to Liouvillians whose local terms depend only on the subsystem on which
they act, and thus are not redefined as we consider larger systems. We call such families
of Liouvillians uniform.

Our main result shows that, under the above assumptions on the structure of the
Liouvillian, logarithmic mixing time implies the desired stability in the dissipative
setting.

However, although the result is analogous to [49], the proof and even the definition
of stability in the case of Liouvillians necessarily differ substantially from the Hamil-
tonian case. For Hamiltonians, the relevant issue is stability of the spectral gap. Via
the quasi-adiabatic technique [21,25], this in turn implies a smooth transition between
the initial and perturbed ground states, showing that both are within the same phase.
Note that the existence of a smooth transition (no closing of the spectral gap in the
thermodynamic limit) does not imply that both ground states are close in norm, as the
simple example H = 3_N | [0)(0]; vs. H(g) = 3.7, (10) + & [1)((0] +& (1]); /(1 + &%)
shows.? It does however imply a well-behaved perturbation in the expectation value of
local observables—such as order parameters—and correlation functions, which in most
experimental situations are the only measurable quantities.

For Liouvillians, we are interested in a definition of stability more related to the
evolution itself, which accounts at the same time for both the speed of convergence and
the properties of the fixed point. Here, we consider the strongest definition of stability:
we want our systems (initial and perturbed) to evolve similarly for all times and all
possible initial states. Thus, not only should the speed of convergence to the fixed points
be similar, the fixed points themselves should be close and so should the approach to the
fixed points. Such “dynamical” definition of stability is radically different from other
notions of stability previously considered in the literature, such as local thermodynamical
stability [2,56]. While there are cases in which both concepts are of interest, they are
generally independent concepts.

I Note that, in stark contrast to traditional perturbation theory, the perturbations considered here simulta-
neously change all the local interactions by a small amount. The strength of the total perturbation therefore
scales with system size and standard perturbation theory does not apply. It is the structure of local ground
states of the Hamiltonian that ensures stability.

2 Note that each Hamiltonian is the sum of non-interacting projections for any ¢ € R. In particular, for
each ¢, there is a unitary U (¢) acting on a single site, such that H (¢) = U(e)®NHUT(8)®N.
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Requiring stability of the evolution is significantly stronger than stability of the spec-
tral gap alone,® and is more directly relevant to the applications discussed above. As
in the Hamiltonian case, the analogous simple example shows that one cannot expect
to attain such stability if we consider global measurements on the system. Therefore,
in analogy with the Hamiltonian case, restrict our attention to local observables and
few-body correlation functions. Since there are technical subtleties involved in extend-
ing this stronger definition of stability to dynamics with multiple fixed points, we defer
consideration of multiple fixed points to a future paper, and restrict our attention here
to dissipative dynamics with unique fixed points. It is important to note, however, that
we do not make any assumption on the form of the unique fixed point. In particular, we
do not assume that it is full-rank (primitivity); our results apply equally well to Liouvil-
lians with pure fixed points. (Pure-state fixed points are particularly relevant to quantum
information applications, such as dissipative state engineering and computation.)

A key technical ingredient in the stability proof for Hamiltonians is the quasi-adiabatic
evolution technique [21,25], which directly uses the fact that Hamiltonian evolution is
reversible. This is of course no longer true for Liouvillians, so we must use a different
proof approach. We make use of the fact that evolution under a Liouvillian converges
to a steady-state, together with dissipative generalizations [50] of the Lieb—Robinson
bounds that are the other crucial ingredient in [49].

Among systems which satisfy our assumptions, one finds classical Glauber dynamics
[46]. This immediately shows that Glauber dynamics is stable against errors. To the best
of our knowledge, this is new even to the classical literature (related results, but with
different assumptions, were given in [27]). Given the importance of Glauber dynamics
to sampling from the thermal distributions of classical spin systems [41,46], we expect
our results to have applications also to classical statistical mechanics.

The paper is structured as follows: after setting up notation and basic definitions in
the next section, we state our main stability result in Sect. 4 and discuss the assumptions
it requires. In Sect. 5 we prove various technical results used in the main proof, which is
given in Sect. 6. We apply these results in Sect. 7 to the important example of classical
Glauber dynamics, before concluding with a discussion of the results and related open
questions in Sect. 8.

3. Setup and Notation

We will consider a cubic lattice* I" = ZP. The ball centered at x € A of radius r will be
denoted by by (r). At each site x of the lattice we will associate one elementary quantum
system with a finite dimensional Hilbert space H,. We will use the Dirac notation for

vectors: |¢) will denote a vector in H,, (¢| its adjoint, and {|n)}gi:10Hx the canonical
basis for H,. Scalar product in ‘H, will be denoted by (¢|y), and rank-one linear maps
by |¢)(¥|. For each finite subset A C I', the associated Hilbert space is given by

Ha =) Hx, (1)

xXeA

3 Due to the recent work in [57], it is not clear whether the spectral gap in Liouvillians is the relevant
quantity for convergence questions.

4 We restrict to cubic lattices for the sake of exposition. The results can be extended to more general settings,
replacing the lattice 7P with a graph with polynomial growth.
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and the algebra of observables supported on A is defined by

Ax = Q) B(H,).

xeA

If Aj C Aj, there is a natural inclusion of A4, in A 4, by identifying it with A4, ® 1.
The support of an observable O € A, is the minimal set A" such that O = 0’ ® 1, for
some O’ € Ay, and will be denoted by supp O. We will denote by ||| p the Schatten
p-norm over A 4. Where there is no risk of ambiguity, ||-|| will denote the usual operator
norm (i.e. the Schatten co-norm).

A linear map 7 : Ay — A4 will be called a superoperator to distinguish it from
operators acting on states. The support of a superoperator 7 is the minimal set A" C A
such that 7 = 7' ® 1, where 7' € B(A4/). A superoperator is said to be Hermiticity
preserving if it maps Hermitian operators to Hermitian operators. It is said to be positive
if it maps positive operators (i.e. operators of the form O* O) to positive operators. 7 is
called completely positive if T @ 1: Ay @ M,, - Ax ® M, is positive for all n > 1.
Finally, we say that 7 is trace preserving if tr 7 (p) = tr p for all p € A 4. For a general
review on superoperators, see [62].

The dynamics of the system is generated by a superoperator £, which plays a similar
role to the Hamiltonian in the non-dissipative case. The evolution will be given by the
one parameter semigroup 7; = ¢'“. The natural assumptions to make about 7; are that
it is a continuous semigroup of completely positive and trace preserving maps (CPTP,
sometimes also called quantum channels). Such maps are always contractive, meaning
that ||7¢ [l ¢» < 1, where the completely-bounded norm is defined as:

IT ® L,(X)|,
IT i1 = Sup IT ® Lylli_; =sup  sup -
n n xedom,  N1XIh
X#0

2)

We will also be interested in the |||/ o o0 cOmpletely-bounded norm of superopera-
tors, which is defined as follows:

IT ® L,(X)||
IT oo 0.cp = SUP IT ® Lnllog—soe = SUP  SUP L
n n XeAAQM, ||X||oo
X0

The relationship between ||-||1_ 1 p and [|-[| so— o0.cp 18 the following:

||T||l—>1,cb = H T* Hoo—>oo,cb ’

where T* is the dual of T, satisfying trAT(B) = trT*(A) B. We will denote
Il oo— 00.cp Simply by |[|-||., when there is no risk of confusing different completely-
bounded norms.

Remark 1. As shown in [29], the supremum in Eq. (2) is reached when 7 is equal to the
dimension of the space on which T is acting: if T: M,, - M, then |T ® 1,];1 =

“T”1—>1,cb-

The generator £ of the semigroup T; = ¢’ L iscalled a Liouvillian. All such generators
can be written in the following general form, often called the Lindblad form [15,42] (see
[62]):
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Proposition 1. £ generates a continuous semigroup of CPTP maps if and only if it can
be written in the form:

1
L(p) =ilp, H1+ > LipLj — = > ALTL;. p}, 3)
J J

where H is a Hermitian matrix, {L j}; a set of matrices called the Lindblad operators,
[-, -] denotes the commutator and {-, -} the anticommutator.

We will use the term Lindbladian and Liouvillian interchangeably. Since we consider
Lindbladians £ corresponding to local dissipative dynamics, we assume that £ is a local
Lindbladian of the form:

L= Lur. suppLy,=by(r), 4)

ueAr>0

where each term in the sum above can be written in the form given by Eq. (3).

Such a decomposition is obviously always trivially possible. We are interested in the
cases in which the norms of £, , decay with r. Concretely, let us define the strength of
interaction for a Lindbladian as the pair (J, f) given by:

HEM”’ ” 1—1,chb
—J .

The behavior of f(r) as r goes to infinity corresponds to various interaction regimes,
listed in order of decreasing decay rate:

J = sup ”Eu”” Hl—)l,cb ’ f(r) = Sup (5)

— finite range interaction: f(r) is compactly supported;

— exponentially decaying: f(r) < e ", for some u > 0;

— quasi-local interaction: f(r) decays faster than any polynomial;
— power-law decay: f(r) < (1 +r)™%, for some positive & > 0.

As we will see later, our result will apply whenever £ has finite range, exponentially
decaying, or quasi-local interactions. It will also hold in the power-law decay regime, but
we will require alower bound on the decay exponent o, depending on the dimension of the
underlying lattice. Not to overload the exposition, we will assume that £ has finite range
or exponentially decaying interactions, unless otherwise specified. The modifications
needed to work with quasi-local interactions and power-law decay are presented in
Sect. 6.4. Also, we will say that functions we construct along the way are fast-decaying,
if their decay rate is within the same decay class of f(r) we are considering (or faster).

As shown in [63], from the spectral decomposition of £ (and 7;) one can define two
new CPTP maps which represent the infinite-time limit of the semigroup 7;. We will
denote by T, the projector onto the subspace of stationary states (fixed points), and by
T the projector onto the subspace of periodic states. They correspond, respectively, to
the kernel of £ and to the eigenspace of purely imaginary eigenvalues of £, which we
denote F, and X, respectively. Both subspaces are invariant under 7;: in particular,
T; acts as the identity over F~, while it is a unitary operator over X,. Note, also, that
both subspaces are spanned by positive operators (i.e. density matrices) [62, Props. 6.8,
6.12]. We will denote by T ; the composition 7; o Tj.

Since we plan to exploit the local structure of £, we will often make use of the
restriction of £ to a subset of the lattice. Given A C A, we define the truncated, or
localized, generator:

La= D Lur (©)

by (r)CA
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3.1. Uniform families. We are interested in how properties of dissipative dynamics scale
with the size of the system. Hence, we are concerned with sequences of Lindbladians
defined on lattices of increasing size, where all the Lindbladians in the sequence are
from the same “family”. To make this precise, we need to pin down how Lindbladians
from the same family, but on different size lattices, are related to one-another. Our results
will apply to very general sequences of Lindbladians, which we call uniform families.
Before giving the precise definition, it is helpful to consider some special cases.

For local Hamiltonians on a lattice, one often considers translationally-invariant sys-
tems with various types of boundary conditions (e.g. open or periodic boundaries).
There is then a natural definition of what it means to consider the same translationally-
invariant Hamiltonian on different lattice sizes. Translationally-invariant Lindbladians
are an important special case of a uniform family. In this special case, all the local terms
in the Lindbladian that act in the “bulk” of the lattice are the same. Another way of
thinking about this is to formally consider the translationally-invariant Lindbladian M
defined on the infinite lattice I" = Z¢, and then consider each member of the family
to be a restriction of this infinite Lindbladian to a finite sub-lattice A C I" of some
particular size:

L= Mqy.

This gives us translationally-invariant Lindbladians with open boundary condition.
But of course, this is only one particular choice of boundary terms (in this case, no
boundary terms at all). We are also interested in more general boundary conditions, such
as periodic boundaries. So, in addition to the “bulk” interactions coming from M, we
allow additional terms that play the role of boundary conditions:

L= My+ L0

We allow greater freedom in the boundary terms £24. For one thing, they are allowed
to depend on the size of the lattice A. But more importantly, we allow strong interactions
that cross the boundary of A, coupling sites that would otherwise be far apart. For
example, the case of periodic boundary conditions corresponds to adding interaction
terms that connect opposite boundaries of A, as if on a torus (see Fig. 1).

Now that we have given an intuition of what a uniform family is, it is time to present the
formal definition. This includes all the special cases discussed so far, but also captures
much more general families of Lindbladians that are not necessarily translationally-
invariant, and many other types of boundary conditions (e.g. cylindrical boundaries, or

0g/

Na = o0
o0

Fig. 1. Partition of the lattice A into the bulk and the boundary of thickness d, 9; A (see Definition 2). The
dark red regions on the boundary correspond to the interaction term Ny coupling distant regions in A (color
figure online)
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boundary terms that give the sphere topology, or terms that force fixed states on the
boundary?).

Definition 2. Given A C I, a boundary condition with strength (J, f) for A is a
Lindbladian £74 = 3"~ | Na, where

INall1—1,c0. < J 102 A] f(d)
with
g A = {x € A|dist(x, A°) < d}, suppNy C dzA.

Definition 3. A uniform family of Lindbladians £ with strength (J, f) is given by the
following:

(i) infinite Lindbladian: a Lindbladian M on all of 7P with strength (J, f);
(ii) boundary conditions: a set of boundary conditions £?4, with strength (J, f) and
A =by,(L), foreachu € ZP and L > 0.

We say that the family is translationally invariant if M is translationally invariant
and £9%«(L) is independent of u.

Given a uniform family £, we fix the following notation for evolutions defined on a
subset A:

LY = M, “open boundary” evolution; (7)

LA = My + £24 “closed boundary” evolution, (8)

with the respective evolutions TtA = exp(tL4) and TtZ = exp(tﬁj).
Remark 2. In the rest of the paper, we will make use of the following notation:
A(s) = {x € A|dist(x, A) < s}.

Since we are interested in observables whose support is not connected, we want to
consider more general regions than balls: in particular, we are interested in disjoint
unions of convex regions (for example, to calculate two-point correlation functions).
Consider what happens to such aregion A = Ag LI A1 when we grow it by taking A(s).
When s becomes sufficiently large, Ag(s) will merge with Aq(s). At this point, A(s)
will not be a disjoint union of balls anymore. To avoid such complications, for s large
enough that disjoint balls merge, we will replace A(s) by the smallest ball containing
it. This will not hurt us, as |A(s)| will still grow asymptotically at the same rate, which
will be sufficient for our purposes (see Fig. 2).

Definition 4. We say that £ has a unique fixed point if, for all A = b, (L), X,z =
F A= {p;‘o}. In other words, TQ;A (p) = To/é (p) = pvo, for all density matrices p.

Note that if for all pure states p, we have th(p) > 0 (positive definite), for ¢t > 0,
then the evolution has a unique fixed point poo > 0 (see [62, Thm. 6.7]).

We will drop the superscript from T,A, and simply write 7;, when we consider some
fixed A C I'. In that case, we will refer to the number of lattice sites in A as the system
size.

5 Or even Mobius strips, Klein bottles, and other exotic topologies.
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Fig. 2. The convention on how to grow a region A = Ag LI A;

4. Main Result

4.1. Assumptions for stability. In Hamiltonian systems, the spectral gap (the difference
between the two lowest energy levels) plays a crucial role in a number of settings, from
defining quantum phases and phase transitions [55] to understanding the entanglement
and correlations present in the system [22-24] and analyzing its stability to perturba-
tions [10,49]. On the other hand, it is known that for Lindbladians, the spectral gap (in
this setting, the least negative real part of the non-zero eigenvalues) alone is not suffi-
cient to fully characterize the convergence properties of the dissipative evolution [31,57].
Therefore, we will instead impose a more general requirement on the convergence of the
dynamics. (The dependence of this requirement on spectral properties of L, i.e. proper-
ties depending on the eigenvalues—Ilike the gap—and eigenvectors—Iike the condition
number, is an active area of research.)

Definition 5 (Rapid mixing). Given a one-parameter semigroup of CPTP maps 7}, define
the contraction of T; as the following quantity:

1
(1) =5 sup [Ti(p) = Tp.i(p) |- 9)
p=0
trp=1
Given a family of such semigroups {7}*},, each of which is acting on B(H,) for

some Hilbert space H,, of finite dimension d,, we say that it satisfies rapid mixing if
there exist constants ¢, y, § > 0, such that for each «:

N(T) < clog’(dy) e (10)
We will write RM(y, §) for short.

If each H,, has a tensor product structure of the type defined in Eq. (1), then the rapid
mixing assumption can be restated as a logarithmic scaling with system size of the mixing
time. Since the dimension of H 4 is (dim A, )4, for uniform families condition (10) is
equivalent to:

n(TA <clAP e VA. (11)

Let us recall a result from [31].
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Theorem 6 (Contraction for commuting Lindbladians). Let {L; }'}:O be a set of com-
muting Lindbladians. Define L = > i L ; and the corresponding evolutions th = e'Li
and T, = e'~. Then:

(1) < > n(T). (12)
J

In particular, consider the definition of TtA given in Remark 2 for A C I" being a
disjoint union of balls. Then the previous theorem implies that, if £ is translationally-
invariant and it satisfies Eq. (10) for each of the connected components of A, then it also
satisfies the same equation (up to constants) for A.

Finally, for translationally-invariant uniform families of Lindbladians, it is sufficient
to satisfy Eq. (10) for lattices centered at the origin: A = bo(L), L > 1.

4.2. Stability. With the required assumptions laid out, we can now state our main result.

Theorem 7. Let L be a uniform family of local Lindbladians with a unique fixed point,
satisfying rapid mixing [Eq. (11)], and consider a perturbation of the form:

EAN=>">"E..+ Y Ea,

ueAr>=0 d=1

where E,, , is supported on b, (r) and each E; is supported on 94 A (see Definition 2)
and

HEu,r ge(r), lEallis1,ep < €ldadle(d),

” 1—1,chb <

where ¢ > 0 is a constant (the strength of the perturbation) and e(r) is a fast-decaying
function. Consider the perturbed evolution

S; = expt(£X + EZ)

and suppose that the following assumptions hold:

(1) E:;r(IL) = Ej(1) = 0 [or, equivalently: tr E, ,(04) = tr E4(Oa) = 0, for all
operators O4].
(11) S; is a contraction for each t = 0.

For an observable O 4 supported on A C A, we have forallt > 0:
I7500) = $;(0m| < cAD 1041l (2 +141 vy @) | (13)

where dy = dist(A, A°); n is positive and independent of A; vn_l(d) < A+d)~ P
c(|A|) is independent of A and t, and is bounded by a polynomial in |A|.

Remark 3. Note that, for a fixed A, if we let A grow then d4 will increase with the linear
size of A and consequently | A| v, 1(d4) will vanish in the limit.

Remark 4. The assumptions (i)—(ii) on the perturbation E are satisfied whenever M,, , +
E, , and N, + E; (as in Definition 3) are Lindbladians, but the theorem also covers more
general perturbations.
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Remark 5. Since we are free to choose an O 4 with support on two non connected regions,
we can apply Theorem 20 to two-point correlation functions (or more generally k-
point correlation functions, for fixed k) and still obtain that the error introduced by the
perturbation depends linearly on the strength of the perturbation (and not on its global
norm).

A set of tools already applied in the setting of classical Markov chains [16-18,46],
and recently generalized to quantum dissipative systems [9,32,52], are the so-called
Logarithmic Sobolev inequalities (in short, log-Sobolev inequalities). Introduced in a
different setting to study hypercontractivity of semigroups [33], they provide the right
asymptotic regime needed to satisfy the rapid mixing condition: in fact, the existence
of a system size independent log-Sobolev constant implies a logarithmic scaling of the
mixing time, which is exactly what is required in Definition 5. Without going into the
technical details of log-Sobolev inequalities (which can be found in [32]), we summarize
this fact in the following corollary:

Corollary 8. Let L belong to a uniform family of translationally-invariant Lindbladians
with a unique fixed point for each system size. If L satisfies the log-Sobolev inequality
with a system-size independent constant, then the dissipative dynamics are stable, in the
sense of Theorem 7.

In particular, in [60] it was shown that product evolutions, i.e. Lindbladians that can
be decomposed as a sum of independent terms L acting on a single subsystem, satisfy
a log-Sobolev inequality with a log-Sobolev constant lower bounded by the minimum
of the spectral gaps of L; (times a factor depending on the maximum dimension of
the subsystems). Moreover, the authors of [60] were able to show that Davies maps
associated to a graph state Hamiltonian [26] (which are not in a product form, but can
be analyzed in a similar way) and the ones associated to free-fermionic Hamiltonians
have a system-size independent log-Sobolev constant.

In all such cases, Corollary 8 implies that the evolution of local observables is stable.

4.3. Local observables vs. global observables. The bound in Eq. (13) scales with the
size of the support of the observable O4. Although the dependence is polynomial, for
observables with large support the result is not useful. Still, in most realistic experiments,
we are interested in the behavior of observables with fixed support and low-degree
correlation functions, making the above result widely applicable. Nonetheless, one might
ask more generally for a system-size independent bound on:

sup [ Too (0) — Soo(0)l15 (14)
P

where S is the fixed-point projector for the evolution of the perturbed Lindbladian.
However, this is not possible; the limitation to local observables is in some sense strict.
There is no hope of finding such a bound for global observables, as the following simple
example shows.®

Example 1. Consider N independent amplitude damping processes, with uniform rate
¥ (which we can suppose w.l.o.g. equal to 1). This Lindbladian can be written as

N

k=1

6 Indeed, all global stability results for quantum Linbladians we are aware of have a dependency on the
total Hilbert space dimension [58].
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where

1
Li(p) = 10)(1] p [1)(0] — 5l 1NN

is an amplitude damping process on a single qubit, describing the decay of the state |1)
into |0) at a constant rate y = 1. This Lindabladian has gap 1/2 and ¢’ Ly = (et£1)®N
has mixing time of order O(log N) [31, Sec. V. C.]. The fixed point is the pure state
10...0)(0...0].

Now consider L{, a rotation of £, which fixes |ag) = v/ 1 — £2|0) +& |1). We have
|| Ly — LS ” 11 = O(e), but the new fixed point |ap) {0 |®V is almost orthogonal to the
original one, since the overlap between the two is

0...0lap...a0) = Olag)¥ = (1 = eH)N/2 ~ N2 L ) as N — oo,

This shows that, in general, there is no good bound on (14) (note that we have
110...0)(0...0] —|ag...ao){ag...aolll1 = 1—1(0...0lag...ao)|?) and that the
dependence on the support of the observable in Eq. (13) cannot be improved: to see this
consider the observable O, = 0...0)(0...0|; , actingonr < N spins. O, has norm
one, and

Oco = lim T5(0,) =1, 0%, := lim T¢*(0,) = (Oag)* 1 = (1 — &)1
11— 00 — 00
Consequently, we have:
|00 — O% || =1 — (1 — &%) =re* +o(e?).

This implies that any upper bound to H O — Of, H has to be at least linear in r, which
is the size of the support of O,

4.4. Do we need all the assumptions?. It is reasonable to ask if the assumptions of
Theorem 7 are all necessary. We have just shown that we must necessarily consider local
observables if we are to have meaningful bounds, but what about the other conditions?
We will now present three examples, each consisting of a family of Lindbladiands with
periodic boundary conditions, such that, in order:

— The family is uniform and translationally invariant, satisfies rapid mixing, but does
not have a unique fixed point.

— The family has a unique fixed point, but is not uniform and fails to satisfy rapid mixing.

— The family (presented in Appendix 8) has a unique fixed point, satisfies rapid mixing,
but is not uniform.

All these systems will be shown to be unstable.

Example 2. Consider a 1D chain composed of N 4-level systems, with an independent
Lindbladian acting on each site, having the following Lindblad operators

Ly =10)(1], L2=10)(3], L3=[2)(1], L4=12)(3],

and denote by

4
1
Lo(p) = D LipL{ = S{p, LiLi}.
i=1
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The global Lindbladian Ly is given by applying Lo independently on each site k =
1,...,N:

N
Ly =D 1141 ®Lo® Lps1,..N-
k=1
Then we have that
0 ifi=je(0,2)
Lo(11)(j1) = 10)01 +12)(2] = 2i)(j| iti =je{l 3}

—[x0,30) + xp, 3 (DI (G ifi # .

Diagonal states of the form |i)(i| evolve according to the classical Markov process
embedded in the Lindbladian, while off-diagonal elements |i)(j| evolve as

T:(1i)(j1) = exp(—t[x(1,3y(0) + xq1,35(DD 1) (Gl

where x{1,3) denotes the indicator function of the set {1, 3}. This implies that the space of
fixed points F, is given by span{|0) (0] , |2)(2[, [0)(2] , |2)(0]}. Since Lo has gap equal
to 1, Theorem 6 implies that £y satisfies rapid mixing. £y forms a uniform family, but
it does not satisfy the unique fixed point condition.

Consider now the following additional Lindbladian

2 1
Eo(p) = N [I0>(2| p12)01 = S ip. |2>(2I}] :

Then, we have:

0 ifi=;=0
o 10) (O] +[2)(2] —21i){J| ifi=j=1,3
(For E0IDUD =1 20y (01 = 1i) (1) ifi = j =2

. . (2 .
-«mwmﬂmuMﬂ+ﬁ%Q%mﬂlﬁ¢f

Again, this implies that 7,5, = {|0)(0]}. Consequently £y +&y has a unique fixed
point. It is not a uniform family, and it does not satisfy rapid mixing, as it is not even glob-
ally gapped. To see this, note that for o = [200...0)(200...0] —]020...0)(020...0|:

(,CN +5N)(0) = —% 0.

Analogously, Ly + £}, satisfies the same conditions as Ly + €y, but the unique fixed
pointis now [2...2)(2...2].

All three systems described above are unstable, since we can transform one into the
other by applying a perturbation of order O (1/N), yet the fixed points of Ly + &y and
Ly + &} are locally orthogonal (while £y has both of them as fixed points).

4.5. Relaxations of the rapid mixing condition. In the case of finite range or exponen-
tially decaying interactions, the proof of Theorem 7 still holds if we relax Eq. (11) by
requiring only a polynomial decay in time, i.e. a bound of the form

(T < clAP y @), (15)
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if y (t) is afastenough decaying function, where the threshold decay rate is determined
by system-size independent constants (such as the Lieb—Robinson bound constants and
the geometrical dimension of the underlying lattice structure).

Determining the precise value of such threshold requires an argument similar to the
one given for the case of power-law decaying interactions in Sect. 6.4, and is presented
in Sect. 6.5.

5. Toolbox for the Proof

Before presenting the proof of Theorem 7, we need to introduce some useful tools. We
present them in full generality, including the case of power-law decay of interactions,
without restricting here to exponentially decaying interactions.

5.1. Lieb—Robinson bounds for Lindbladian evolution. We first recall a generalization
of Lieb—Robinson bounds to non-Hamiltonian evolution, due to [50,54], which we use to
derive a number of useful tools that allow us to approximate the support of an evolving
observable with a finite set which grows linearly in time. The following condition is
sufficient for the bounds to hold.

Assumption 1 (Lieb—Robinson condition). Let L = 3, . L, be alocal Lindbladian.
There exist positive constants p and v, such that:

v
b Z z HE”y’Hl—ﬂ,cb |b”(r)| V/L(”) < E < O0; (16)
xeA , ca r>dist(u,x)

where v, (+) 1s one of the following:

vu(r) = e, (LR-1)
v, (r) = (1 +r)*. (LR-2)

Note that both functions are submultiplicative, in the sense that v, (r +5) < v, (r)v,(s).
Moreover, v, (r)? = v (r).

The constant v is called the Lieb—Robinson velocity of L, while the reciprocal function
v;l (r) = 1/v,(r) is called the Lieb—Robinson decay of L.

Note that if £ has interaction strength (J, f), then condition (16) can be replaced by:

Josup D b (\be(r = DID. ) by ()| vu() < 5 <00 (17)

v
x,yed n>0 r>n 2
Since our systems are embedded in the lattice 7P we have that v < o0, as long as:

> nPTUE ) < oo, Fum) =D rP £ vu(r). (18)

n>0 r>n

Remark 6. Condition (LR-1) is satisfied when £ has finite-range or exponentially decay-
ing interactions, while condition (LR-2) is satisfied when £ has quasi-local interactions.
If £ has interactions decaying as a power-law with exponent «, then condition (LR-2)
is satisfied whenever « > 2D + 1 [by choosing u <o — (2D + 1)].
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Theorem 9 (Lieb—Robinson bound). Suppose L is a local Lindbladian satisfying
Assumption 1. Let Ox be an observable supported on X C A, and denote by
Ox(t) = T;(Ox) its evolution under L. Let K : Ay — Ay be a super-operator
supported on Y C A which vanishes on 1. Then, the following bound holds [50,54]:

vt —1
KO < 1K oo 00,cp 1 Ox [ € (X, ¥) ((sist(x )Y)), 19)
M ’

where C(X,Y) = min(|X]|, |Y]).

From now on, we will only consider Lindbladians which satisfy Eq. (17) with either
of the two possible assumptions on v, ().

Lemma 10 (Comparing different dynamics). Let L1 and L, be two local Lindbladians,
and suppose Ly has Lieb—Robinson speed and decay bounded by v and v, L. Consider an
operator Oy supportedon X C A, and denote by O (t) its evolution under L;, i = 1, 2.
Suppose that L1 — Ly = ), >0 M, where M, is a superoperator supported on Y, which
vanishes on 1, and dist(X, Y ) = r. Then the following holds:

vt

eVl — vt —1 & .
101() = 02| S NOxIHX| ———— D IMrllipcp v (). (20)
r=0

Proof. Let h(t) = O1(t) — O2(t). Calculating its derivative, we obtain
W' (t) = LT01(t) — L502(t) = LTh(t) + (L] — L£3) 02(2).

Since h(0) = 0, this differential equation for /(¢) has solution
t
h(t) = 01(1) = 02(t) = / ! TIEN(LT — £3)0a(5) ds

= Z/ =LY M 0y (s) ds, 1)

r=0

giving us a useful integral representation for O1(t) — Oz(t). From this, we obtain the
estimate

101 - 020 <3 / |M705(5)]| ds,
r=0
where we have used the fact that e/~
t > 0.
We can now apply the Lieb—Robinson bound [Eq. (19)] to each of the terms in the
sum in the previous estimate, to obtain:

is a contraction with respect to |||, for each

101(7) = 02| < leM li=1,e0 10x 1l C(X, Y)V_l(dISt(X Y))/ (e™ —1)ds,
r=0

which implies the claimed bound. O
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A particular application of the previous lemma is when £ is a restriction of £ onto
a smaller region. Since this case occurs frequently, and is of particular interest, we state
it as a separate lemma. Similar results were presented in [6,50].

Lemma 11 (Localizing the evolution). Let O4 be an observable supported on a finite
A C A. Denote by O4(t) = T;*(0,) its evolution under a local Lindbladian L with
strength (J, f). Given r > 0, denote by O4(r;t) its evolution under the localized
Lindbladian EA(r)-

Then, the following bound holds:

evt — 1 — vt -1
104(t) = Oa(r; D]l < ||0A|||A|vaﬁ (r), (22)

where vEl(r) decays exponentially if L satisfies condition (LR-1), while decays as

(1 +r)~P if L satisfies condition (LR-2). In this case, if we denote by o the decay rate
of L, then B is given by:

B = o —3D ifa 25D —1;
“|i@—-D-1) ifa <5D—1.

Proof. First, let us decompose £ — L4 as a telescoping sum

L= Lar =D Lagsny — Laq).
1>r

Since each element in the sum is the difference between restrictions on different
subsets of the same global Lindbladian, it is easy to explicitly write their difference

[+1

Lag+1y — Lag) = Z Z L,(0+1=29).

=0 dist(u, A)=3
We group the terms in the sum by their distance from A: let
d =dist(A,b,(l+1—96)) =max{0,26 — [ — 1}

and

I+1

MO:ZZZ: Z L, +1—05): (23)

1>r 8=0 dist(u,A)=3

Md=z Z Lol +1=23). (24)

[Z>r dist(u,A)=4
5_1+1+d
- 2

Then, we can write:

Z My =L —Laqgy; dist(A, supp My) =d.
d>0
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Applying Lemma 10, we obtain:

vt

eV — 1 — vt
[0a(t) — Oa(r; )] < |0l |A] Jfé“(r);

where, by denoting g (I) = |A()\A(l — 1)|, ¢(r) is the following:

1 _
() =5 2 IMallisi.eo v (@)
d>0

bl I+1

2
<O D g fU+1=8)+ D g fU+1—8)v, 28 —1—1). (25)

If§ > (I +1)/2, since v, (-) is submultiplicative, we have:
V(@) <ve(l+1—-068)v, (26 =1 —1).
Otherwise, since v, (-) is increasing, we have that v, (§) < v, (/+1 —§). Plugging these
inequalities in the above sum, we get:

[+1

() <D [a@v @] [Fa+1 = ov.a+1-8)].

I>r 6=0

Since f satisfies Eq. (17), which in particular implies

> F@)vu(8) 1bo(8)] < oo,

§>0

then the sequence f(8)v, () is decreasing. We distinguish two cases: If v, is of the
type (LR-1), then the decay of f(§)v,(8) is exponential. Since g (§) grows polynomially,
q(d) vljl (8) i1s exponentially decaying. Then, the convolution of the two sequences, which
is exactly:

I+1

> |a@v' ®][ra+1-sm.a+1-9)]

8=0
is exponentially decaying too, which implies an exponential decay rate for ¢ (r). Thus,
there exists some 8 > 0 such that {(r) < vﬂ_l (r), and this concludes the proof for the
case of exponential decay. Let us suppose now that v, is of type (LR-2). Then, f(§)v,,(5)
decays as (1+8)"~*, while ¢(8)v, ' (§) decays as (1+8)P~1~#. This implies’ that their
convolution decays as (1 + /)~ Min@=w.u=D+1) and thus

§(r) < e(L+ )" MR bimD) =yl ),

Recalling that condition (LR-2) requires u < o — (2D + 1), a simple calculation shows
that the above decay rate is maximized for

. a+D—1
M < min a—2D—1,T ;

which gives the claimed formula for . O

7 Consider two positive decreasing sequences (x;) and (y). Since 0 < p < 1 implies that (x + y)? <
xP +yP itholds that (x x y);, <X xfyl | = (xP % yP),.
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Another specialization of Lemma 10, similar in spirit to the one just presented, is

when we compare the evolution of local observables under £4) and £4"), as defined
in Definition 3.
Lemma 12. Let O 4 be an observable supported on A C A. Givenr > 0, it holds that

vt

— —1—vt
14000 = 1400w | < l0alllAl ) ———=v; (). 26)

Proof. Without loss of generality, we consider the case of A(r) being a convex set. By

construction, LAT) — LA = £0AC) and £IA0) = > a>1 Na, where each Ny acts on
sites that are closer than d to the border of A(r). We group these terms by their distance
from A. Letk = % diam A and set:

k

MO = z Nr+l+i,
i=0

Mj=Npy—j, j=1,...,r
It is easy to see that dist(A, supp M ;) = j. By applying Lemma 10, we have that:

We are left to prove that the sum appearing on the r.h.s. is fast-decaying in r. From
Definition 3 it follows that for j > 0:

[Mi]\ Ly S T8 AO] FO+1 =) = TIACNAGD] fr+1 = ),
while for j = 0:

t
D= TAO 00| <104l 141 2 ”ZHM [t o v G-

1Mol i 1cp. < DT 104 AG)| £+ 1+1).
i=0

Setting hy, , = |bo(m)\bo(n)|, we have that:
r
Z HMJ ” 1—1,c.b. U;l(]) < Jé'(l’), (27)
Jj=0
where

£(r) —Zhr+kk ,f<r+1+z)+Zhr+kk+,f<r+1—nv ().
j=1

An argument similar to the one in the proof of Lemma 11 shows that ¢(r) is
fast-decaying. Indeed, /i,y x—; f(r + 1 + i) scales asymptotically as r? f(r), while
hysickrj f(r +1 — j) scales as (r — NP F(r+1— j). If £ satisfies (LR-1), then ¢ (r)
will be exponentially decaying, with rate min(a, ) — 1 = p — 1.

If otherwise L satisfies (LR-2), then ¢(r) has a polynomial decay, with rate
min(o¢ — D, u) — 1 = u — 1. In both cases, then:

c(r) <v, L.

Notice that the constant 8 defined in Lemma 11 is smaller than u — 1. O
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5.2. Local rapid mixing. The rapid mixing condition implies a local version of mixing
that will be a useful tool for the proof of Theorem 7. We state its definition here.

Definition 13 (Local rapid mixing). Take A C A, and define the contraction of Ty
relative to A as

nA(Tt) = sup ”trAc [T,(,o) — T(,jyt(,o)]”1

p=0
trp=1
—swp s 1 (0a[T(0) — Tpu(o)])
020 0OseAy
tp=1104f=1
— sup sup tr (,0 [T,*(OA)—T;,(OA)]). (28)
020 OpeAy '

trp=1]04]=1

We say that L satisfies local rapid mixing if, for each A C A, we have that
(T} < k(jADe ™", (29)

where k(r) grows polynomially in r, ¥ > 0 and all the constants appearing above are
independent of the system size.

Remark 7. It follows from the definition that n4(7;) < n®(7;) whenever A C B. In
particular, n4(T}) < n(T)).

Note that, in contrast with Definition 5, the quantity 7 (7;) depends on the evolution
on the whole system A, and not just on the subset A. Thus local rapid mixing is a very
strong condition: the term k(r) appearing in Eq. (29) only depends on the support of
A, so the local mixing time (i.e. the time it takes for the reduced density matrix on the
subset A to converge) is required to be independent of system size.

Example 3. A simple dissipative system satisfying Definition 13 is the tensor product of
amplitude damping channels acting (with the same rate) on different qubits. Note that,
though it might seem a trivial example, there are interesting dissipative systems of this
form: among others, dissipative preparation of graph states [31] can be brought into this
form by a non-local unitary rotation (which of course does not change the convergence
rates).

6. Proof of Main Result

We are now ready to prove our main resul, Theorem 7. The proof proceeds in three steps.

First, we show that the assumptions of Theorem 7 imply that the fixed points of £4 for
different A are locally indistinguishable. Then, we prove that rapid mixing implies local
rapid mixing. Finally, we show how local rapid mixing and the uniqueness of the initial
fixed point imply the desired stability result.

6.1. Step 1: closeness of the fixed points. Topological quantum order (TQO), namely
the property of certain orthogonal quantum states to be locally indistinguishable from
each other, is a widely studied property of ground state subspaces in the Hamiltonian
setting. In the dissipative setting on the other hand, where the concept of ground states
is no longer applicable, one may define the analogous concept for periodic states of
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Lindbladians. Below we describe the concept of LTQO [49], which extends the concept
of TQO to the invariant subspace (periodic states) of local restrictions of the global
Lindbladian.

We note that, in contrast to the Hamiltonian case, in order to prove the desired
stability result we do not require extra assumptions like LTQO, or frustration-freeness.
Indeed, we show in this section that rapid mixing implies LTQO and a property similar
to frustration-freeness. These properties will play a role in the proof of stability, via
Lemma 17.

Definition 14 (L7QO0). Consider a Lindbladian L. Take a convex set A C A and let
A) = {x € A|dist(x, A) < £}. Given two states p; € XEA@),i = 1, 2, consider their
reduced density matrices on A:

/0,-A =traenapi> i=12.
We say that £ has LTQO if for each ¢ > 0:

ot = 02| < p0AD 2000 (30)
where Ag(¢) is a fast-decaying function, and p(-) is a polynomial.

As a first step in the proof, we will show that the conditions of Theorem 7 imply that

the fixed point of T}, the fixed point of TtX and the periodic points of TtA are difficult to
distinguish locally, in the same spirit as the LTQO condition.

Lemma 15. Let L be a uniform family satisfying condition (11), and suppose each A
has a unique fixed point and no other periodic points. Let O 4 be an observable supported

on A C A, p a periodic point of TtA(S) and p3, the unique fixed point of T,A(s). Then,
we have

J
|t O4(p — p3)| < 1104l (;|A|+c|A|5) Ao(s), (31)
where
Ag(s) = (A /TADY vl (s), B = By /(v +y),

with c, y, 8 the constants defined in the rapid mixing condition RM (y, §), B the rate
defined in Lemma 12 and v the Lieb—Robinson velocity.

Proof. Fix at := t(s) > 0, to be determined later. Since T,A(s) acts on its space of
periodic points as a unitary evolution, there exists a periodic point of £L4®), p’, such that

o= T,A(S) (p"). Then, by the triangle inequality, we have:

Als)

tr 0atp = p3)| < [tr 04T = T/ 10| + |tr 04T (o)) = p2)| . 32

The first term is bounded by Lemma 12, since
r 04T (") = 1,V (") = w p/ (T4 (04) = T4 (04))
and

tr o (T4 (04) — T 0| < 10 11T (04) — T (04) [0
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The second term is bounded using the rapid mixing condition on TtA ®), By putting the
two bounds together, we obtain

[t Oa(p — p3)| < NOAllIAl =" vy (s) + [ Oall c |AGs)P €.

J
v
Setting p(s) = (|A(s)|/ |A])? and choosing ¢ (s) such that
" vl (s) = pls)e™”',
we have that 7 (s) = In(vg(s) - p(s))1/@*+7) Under such choice, it holds that
—yi(s) — —y/+y) — ,—1 —y/(+y)

e = (vg(s)p(s)) = Vg (5)p(s) ;

where 8/ = By /(v + y). Defining
Ag(s) == (A /TAD vl s),

concludes the proof. O

Corollary 16 (LTQO). Under the assumptions of Lemma 15, the Lindbladian LA sat-
isfies LTQO (Definition 14) for all A.

Proof. Take A C A, and s > 0. Let p; and p> be two periodic points of T,A(S). Then,
by the triangle inequality, we have that:

tr Oa(p1 — p2)| < |tr Oalp1 — p2)| + |tr Oa(pd, — p2)]

J
<204l (; |A| + ¢ |A|5) Ao (s).

Since || o — p5' Il = supy =1 Itr Oa(p1 — p2)I, the result follows immediately. O

Lemma 17. Under the same notation and assumptions of Lemma 15, we have the fol-
lowing bound for p~ the unique fixed point of T;:

J
sup  |tr Oa(poo — P3o)| < 1104l (; |Al+¢ IAI‘S) Ao(s). (33)
0al=1

Proof. By the triangle inequality:

it Oa(poe = PEN| < [t 0o = T (o) | + [1r 04 (TP p0) = 03|

The first term on the right can be bounded using Lemmas 11 and 12 along with 7; (pso) =
Poo-

0 04 (Ty(poe) = T/ (o)
= |t e (T;7(00) = TV (04))
<ol (17700 = A0 los + 17749 00) = T4 (00 1)

J
< [0all1A] =€ vy (s5).
v
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The second term is bounded using the rapid mixing condition:

A(s) —
0 04 (TP (po0) = )| < N0l IAP p(s)e™".
By making the same choice of = #(s) as in Lemma 15, we get the desired bound. O

Corollary 18 (Approximate frustration-freeness). Under the same notation and assump-
tions of Lemma 15, denote by p~o the unique fixed point of T;, and by p a periodic point

of T,A(S). Then, we have the following bound:

J
sup tr Oa(poo — P)I < 204 (; |Al +c |A|8) Ao (s). (34)
0al=1

Proof. By the triangle inequality and Lemmas 15 and 17, we have:
tr O4(poo — P < [tr Oalpoo — p3)| + [tr Oa(pl, — p)]

J
< 21104l (; |Al +¢ IAI(S) Ao(s).

6.2. Step 2: from global to local rapid mixing. As a second step in the proof, we show
that the assumptions on £ imply local rapid mixing.

Proposition 19 (From global to local rapid mixing). Let L be a uniform family of Lind-
bladians with unique fixed point. Then, if condition (11) is satisfied, L satisfies local
rapid mixing.

Proof. Let O4 be an observable supported on A with ||O4|| = 1. Denote by so the
minimum s > 0 such that A(s) = A. Fix 0 < s < s9, and let B = A(s). Then, by the
triangle inequality, we can bound the norm of (7;* — T%)) as follows:

[ = 1204 < |17 = TF) 04| + | @7 = 2 04| + | TE — T2) 04
(35
We bound the first term on the right using Lemmas 11 and 12:
* Bx J —Bs
H(T, -7 )OAH <A 2" — 1 —vi)e Ps. (36)
v
The second term is bounded by the rapid mixing condition (11), setting p(s) =
(1A)]/1AD?:

|15 = TE 04| <n(F) <clal pls)e™". (37)

Finally, the third term is bounded by using Lemma 17:

B J
|(TE = 12)04] = |tr 040k — poo)| < (; Al +c |A|5) Agls). (38)
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Substituting bounds (36), (37) and (38) into Eq. (35), we obtain, for 0 < s < s and for
allt > 0:

J J
(T < = |Ale"e P +c|AP p(s)e " + (— |A] + ¢ |A|5) Ao (s).
v v

We want to show that we can choose s = s() € [0, so] in such a way that both ¢’ e Ps
and e~ "7 p(s) are exponentially decaying in 7. Choose s := s(¢) = t(v + y)/B. Since
Ao(s) = (JA(s)| / |A|)5”/(”+V)vg,l(s), denoting

p(t)=pos()=ptw+y)/B),
we have that
Ao(s(1)) = p(t)?/ )11,

Therefore, since p(t) > 1,

J J
(T < = |Ale " +c|AP p)e " + (— |A] + ¢ |A|5) PV W)y
1] 1]

J
<2 (; |Al +c IAI(S) p)e™", ¥t < 50-

v+y

Whent > B/(v+y)so, we can simply bound nA (T;) by n(T;) (see Remark 7), obtaining:

(1) < clA” p(so)e ™! < c|AlP p(t)e ™", Vi > 50

v+y

This completes the proof. O

6.3. Step 3: from local rapid mixing to stability. We now prove that local rapid mixing
alone implies stability. This is the last step in the proof of Theorem 7, as we already
proved in the previous sections that the condition of Theorem 7 imply local rapid mixing.
However, the following result also stands independently: if a system can be shown to
satisfy local rapid mixing by other means, it will also be stable. Moreover, the same
proof holds if we relax the assumption on prefactor k(|A]) in Eq. (29): a similar (but
weaker) stability result will hold true as long as |A| is independent of system size.

Theorem 20. Let L be a local Lindbladian satisfying local rapid mixing, and having a
unique fixed point p~o such that

T5(04) = T,(04) = tr(Oapoo) L.

Then, using the notation of Theorem 1, for all observables O 5 supported on A C A we
have that

77700 = $70n)[ < A 104l (2 +141v; @) (39)

where dy = dist(A, A°); n is positive and independent of A; vn_l d) < (1+d)~P1;
c(|A)) is independent of A and t, and is bounded by a polynomial in |A|.



1298 T. S. Cubitt, A. Lucia, S. Michalakis, D. Perez-Garcia

Proof. Let Op(t) = T;*(O4) and O1(t) = S;(04) and write the difference Oy — O
using the integral representation from Eq. (21):

t
0o (1) — Ol(t)=/ S E*T*(04)ds.
0

The triangle inequality implies:

t t
100(t) — 01 < DD /0 |E;00(s)| ds + > /O | E500(s)| ds.
u r d

where we used the fact that S; is a contraction.

FixaK € {Ey  }ur U{Eg}q, and let § = dist(A, supp K). We can split the integral
at a time # (to be fixed later, depending on §). We bound the first part of the integral
with Lieb—Robinson bounds:

e’ — vty — 1

1o
/ |K*00(s)| ds < 1K 11 05 1041l 1A
) T

Now pick 7y = #y(8) such that

_lsevto_vt0_1< _ 8
0 < h®).

We can choose #(6) = %10%8 = 0 (), for exponentially decaying (or faster) v;l (8).
If + < 19(6), then we have bounded the entire integral, and we are done. Otherwise,
we treat the second part of the integral as follows:

t t
| xroulas = [ [K*©0us) = T 0a0 | ds
10(8) 10(3)

S K= 1,00 104l N (Ty) ds < 1K 1 1.0 1041l g(IA]) e Vds
t0(8) 10(8)

1 _
= [Klli=1,e0 104l k(|A|);e v1o(8)

where we used K*T3 (04) = K*(tr(poc O4)1) = tr(pec Oa) K*(1) = 0, together with
the local rapid mixing condition.
Since #y(6) is linear in §, we have that:

hs) = e % + Ler®
y

is exponentially decaying in §.
Putting the different bounds together, we obtain:

t
/o |K*00(s)|| ds < 1K1 1.cp 10l k1 (IADR(S),

where k1 (|A|) = max(k(|A]), |A]).
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Returning to the sum, we have proven that:

100(t) — 01 (1)l < & ki (JA]) |0l [ZZe(r)h(dist(A, by (1))

I1(A; e,h)

£ [0a Al e(h(dist(A, 344)) ] (40)
d

I (A; eh)

It suffices to show that /7 and I are finite (and independent of system size), and that I
decays exponentially in dist(A, A€). Let us decompose the I as follows

Li(A; e, h) = Z z e(r)h(dist(A, b, (1))

d 00
=> D emrO+>. > (Ze(r)h(d—r)+z e(r)h(O))

dist(u,A)=0 r d>0 dist(u,A)=d \r=0 r=d+1
d 00
=h(0) |A] D e(r)+ D q(d) (Ze(r)h(d —r)+h(0) D] e(r)),
r d>0 r=0 r=d+1

where g (d) = |{u : dist(u, A) = d}| grows polynomially in d.

The first term is clearly bounded, since e(r) is summable. Since e and /& are both
exponentially decaying functions, their discrete convolution exh(d) = Zf:o e(r)h(d—
r) is also exponentially decaying, and consequently summable against any polynomial.
The same holds for . ; e(r). This proves that the second term is also bounded.

On the other hand, we have that

h(A; e, h) = 3 804l e@h(dist(A, 8,4)) < [Al (e xhda) + 3 e(@)),
d d>dy

where dq4 = dist(A, A°). We have just proven that e x h(d) and Zd>dA e(d) are

exponentially decaying. This implies that there exists a positive 7 such that v~ Y(dy)
upper bounds both. Denoting c(|A|) = k1(JA|)I1(A; e, h), we have the desired
bound. O

6.4. Power-law decay. As we stated before, the results and proofs presented above still
hold when £ has quasi-local or power-law interactions. In the latter case, this is only
true when certain conditions are met on the decay of L. In what follows, we highlight
the changes one needs to make in the case of power-law decay, in order for the main
stability results to hold.

Definition 21 (Compatibility condition). Let L be a local Lindbladian, and suppose it
satisfies (LR-2) and rapid mixing RM(y, §). Let u and v be the Lieb—Robinson constants
for £ defined in Assumption 1 and $ the constant defined in Lemma 11. Then we say
that £ satisfies the weak compatibility condition for stability, if the following inequality
is satisfied.

By —éDv > 0; (CC-1)
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we say that L satisfies the strong compatibility condition for stability if
> D +2. (CC-2)

Moreover, if the perturbation E, defined in Theorem 7, is decaying polynomially and
not exponentially, it must satisfy

> P> e(r) < o0 (CC-e)

r>n

for the theorem to hold.

Remark 8. Clearly, the strong version of the compatibility condition implies the weak
one. If £ has quasi-local interactions, then the (polynomial) decay rate « of the interac-
tions can be chosen to be larger than any fixed value. Consequently, since 8 and @ can
be taken to be linear in «, quasi-local Lindbladians £ satisfy the strong compatibility
condition (CC-2).

Under the weak compatibility condition, all the results presented in Sects. 6.1 and 6.2
still hold true, while under the strong compatibility condition also the results presented
in Sect. 6.3 are still valid, and in particular our main result, Theorem 20.

We will now show this in the cases in which we made explicit use of condition (LR-1),
and give the needed modifications to the proofs of Lemma 15, Proposition 19 and
Theorem 20 in order to make them valid for power-law decaying interactions.

From now on, we proceed under the working hypothesis that £ satisfies (LR-2) and
that the above compatibility conditions are satisfied.

Proof (Modifications in the proof of Lemma 15). The argument below follows closely
the proof of the original lemma, but now one must check that Agy(s) is still decaying.
Recall the definition of Ag(s) from the original proof of Lemma 15:

Ag(s) = (A /[ADY/ vl sy, B =By /(@ +y).
Since (|A(s)| / |A])®Y/ ) grows as (1 + 5)*PV/+Y) e have:

Ag(s) ~ (1+5)77,

By—46Dv

where y’ = Ty

is positive because of (CC-1). O

Proof (Modifications in the proof of Proposition 19). Keeping the notation introduced in
the original proof of this proposition, we have already shown that, for each 0 < s < s¢:

J J
() < = 1Al vg ' (s) + Al p(s)e™"" + (— Al +c |A|5) Ag(s).
v v

At this point, we can no longer choose s = s(¢) to scale linearly in 7, since the decay
vﬁ_1 (s) is polynomial in s and the prefactor ¢’ would render the bound trivial. Still,
we may choose s = s(f) € [0, so] in such a way that the r.h.s. above is exponentially
decaying in ¢.

Fix k£ > 0 (to be determined later), and consider:

s(t) = ek — 1,
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in such a way that for ¢ < log(1 + sg)/k, we have:

p(t)y=post) = (‘A(ekt _ 1)‘ / |A|)8 ~ kDSt

Then, the r.h.s. of the desired bound for n*(7;) contains the following exponentials:

evt\)lg_l(S) — e—(,Bk—U)t; p(s)e—]/l‘ ~ €_(V_kD8)t,

and
Ag(s) ~ (1+5)77 = e,
where
, By —é&Dv
v+ Yy
is defined in the modified proof of Lemma 15. We want to show that we can choose k

in such a way that all the exponential functions appearing above are decaying, i.e. each
exponent is negative for ¢t > 0. (CC-1) implies that Ay(s) is decaying for all £ > 0. Let

,_ v+y
~ B+8D’

such that Bk’ — v = y — k'D8§ = k’y’, making all of the above exponents equal to
—(By — 8Dv)/(B + § D) and negative [due to (CC-1)], as desired.

When ¢ > log(1 +s0)/k’, as in the proof for exponentially decaying interactions, we
bound nA(T,) by n(7;) (see Remark 7), thus obtaining:

(1) < clAP pGso)e ™" < clAP pn)e™" ~ c|AP e X7,
O

Proof (Modifications in the proof of Theorem 20). Following the same steps as in the
original proof, but now using the constants for the local rapid mixing obtained in the
modified proof of Proposition 19, we have that, for each 0 < 79 < 1:

"k |- —tg B =300
A |K*Oo(s)| ds < IKl1=1. 1104l |A|;€ ‘v, (d)+k(|ADe ™ D)

where d = dist(A, supp K).
Let us define 79(d) = klog(1 + d) for some positive k (to be determined later), and

denote h(d) = vyx—, (d) + V_; By=sDv (d), such that
B+5D

t
/0 IKOo()[ds < IKl[1—1,c0 10all k1 (|ADR(D),

where k1 (|A]) = max(k(|Al), |A| /v). Then we have that & has a maximum decay rate
of

By — 8Dv)

p' = sup min (,u—vk,k 513D

k>0



1302 T. S. Cubitt, A. Lucia, S. Michalakis, D. Perez-Garcia

B+6D
v+y

w By —38Dv

,in such a way that u/ = e

The optimal choice of k is k = %
because of condition (CC-1).

Recalling the following definitions from the original proof of Theorem 20:

. i/ is positive

q(d) = [{u : dist(u, A) = d}|, [(d) =[daA]e(d),

d
x*y(d) =D x(r)yd —r), da = dist(A, A),
r=0
we need to show that

Li(A; e, h) = h(0) [A] D e(r)+ D> _q(d) (e * h(d) + h(0) Ze(r))e * h(d)

d>0 r>d

is finite, and that

L(A; e, ) =1xh(da)+ D 1(d) < v, (da)
d>dy

for some positive 1. Notice that

Ii(A; e, 1) < (1+[ADR©) D" q(d) D e(r) + D q(d)exh(d).
d

r>d d

Since g(d) grows as (1 +d)P, > a9 Zr%, e(r)is finite if . nP > _ e(r) < oo,
which is condition (CC-e).

On the other hand, e x & decays as the slowest of the two functions. Since we
have already assumed that >, q(d) >, e(r) is finite, we only need to satisfy that
>.4q(d) >, h(r) is finite. For this to happen, it suffices that ' > D + 2, which is
condition (CC-2).

In order to bound I>(A; e, h), note that [(d) < |A| e(d), and therefore

I(As e, h) <Al (exh(da) + D e(d).
d>dy

We have already proven that conditions (CC-2) and (CC-e) imply that the r.h.s. of the

latter bound is decaying polynomially in d4 at least as fast as ”B}rl (da).
This concludes the proof. O

6.5. Relaxing rapid mixing. In this section, we will show that, in the case of exponen-
tially decaying interactions (LR-1), the proof of Theorem 7 still holds if

00 6D
anZ/d (1+%s—%logy(s)) y(s)ds < oo. (41)

d>n
We will directly prove Proposition 19, without the intermediate step of a Lemma 15.
Nonetheless, results of that kind can be proven using exactly the same arguments that
we will use in the following proof.
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Proof (Proof of Proposition 19). Using the same notation as in the original proof, we
have that for 0 < s < s0:

[ = 204l < |17 = T 0u | + | @F* = TED 0| + | (TE = T2) 04

We will bound the first two terms as in the original proof [using Lemma 11, Lemma 12
and Eq. (15)] while we rewrite the third term as in the proof of Lemma 15:

|2 —12)04| = |tr 005 — 100
< Jtr 04 (poe = T/ (o)) | + [t 04 (T (o) = )

= |tr 04 (T poe) = TV (oo | + 1041 | T2V (020) — 0

1

N

(@ = 1704 + (TP,
Thus we have that
J
| (T = T2) 04| <25 [Ale" vy (s) +2¢ |AP p(s)y (1),
v

where p(s) = (|(A(s)| /1AD? ~ (1 +5)°P.

We have claimed that the result only holds in the case of exponentially decaying
or faster decay of interaction. Suppose vg(s) = (1 + s)P [ie., if £ satisfies (LR-2)].
Defining s = s(¢) as

v 1
s(1) = eFP y (1) D — 1,
then it holds that
vt
y (@)
where t( is such that s(79) = s¢. Thus

= p(s())vp(s(?)) Vi <10,

_8D_ _B
So(1) = €" vy ' (s) = Py (1) 4D
We have that this last function is decaying in ¢ if

y (1) < e~ WD/BI,

This forces y () to be exponentially decaying, and thus there is no possible relaxation
of the rapid mixing condition.
On the other hand, if vg(s) = ePs [i.e., if £ satisfies (LR-1)], we define

(1) = 21— L1ogy (1)

s(t) = —t — —logy (1),
B B

such that e”’vﬁ_l(s) = y(t) and

v 1 8D
S AL
p(t) = pos(t) ( +ﬁt 5 ogy(t))

grows polynomially.
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In this case, we have proved that
* * J 5\ =
(T = T2)04] <2 ~lAl+clAl” ) p@)y @,

and this concludes the proof since Eq. (41) implies that p(¢t)y (¢) is decayingint. O

Proof (Proof of Theorem 20) Following the same steps as in the original proof, we have
that for any K € {E, ,},.r U {E4}q, and let § = dist(A, supp K)

t
/0 |K*00(s) [ ds < IK Il 1.6 104l ki (1ADA().

where /() is now

logv

v

h(8) =e—“«5/2+/oo p(s)y(s)ds.
)

=

We want to show that /4 (8) is decaying fast enough for the r.h.s. of Eq. (40) to be
summable. This is the case (see the proof of Theorem 20 in Sect. 6.4) if Eq. (41)
holds. O

7. Glauber Dynamics

7.1. Quantum embedding of Glauber dynamics. As an example of a non-trivial dynam-
ics for which we can now prove stability using our results, we turn to one of the most
studied dynamics in classical statistical mechanics: Glauber dynamics, a Markov process
that samples thermal states of local (classical) Hamiltonians on lattices. Apart from being
an interesting model in itself, it has important applications in Monte-Carlo Markov
chain algorithms for numerical many-body physics [41]. Determining whether Glauber
dynamics is stable against noise or errors is therefore an important question and, as
far as we are aware, still open (with partial results obtained under the assumption of
attractiveness [27]).

In this section, we present a natural embedding of Glauber dynamics into the Linbd-
labian setting, showing how this embedded dynamics inherits properties from the classi-
cal Markov chain.® We will then apply the results of Sect. 4 to prove, in the appropriate
regime, stability of Glauber dynamics.

We will consider a lattice spin system over I’ = ZP or I' = (Z/LZ)P, with
(classical) configuration space of a single spin a finite set S. For simplicity, we will
consider the case § = {+1, —1}. For each A C I', we will denote by £2, the space
of configurations over A, namely S4. A¢ will denote the complementary of A in I',
namely "\ A.

Definition 22. A finite range, translationally-invariant potential {J4}ac is a family of
real functions indexed by the non empty finite subsets of I" satisfying the following
properties:

1. Jg: 24 — R.

8 A similar construction was proposed in [4].
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2.Forall ACc I'and all x € I';

Ja(o) = Jax(n) ifo(y+x)=n(y) Vyce€A.

3. There exists a positive r > 0 such that /4 = 0 if diam A > r, called the range of
interaction.

Given a finite-range, translationally-invariant potential, we can define a Hamiltonian
for each finite lattice A C I' and each boundary condition T € §2 5c by

Hj(o) = — z Jalo x 1) Yo € 24,
ANA£O

where o x 7 is the configuration that agrees with o over A and with t over A¢. For each
such Hamiltonian, we define the Gibbs state state as

1 (o) = (Z4) ' exp(=HY (0)),

where Z% is a normalizing constant.” The convex hull of the set of Gibbs states over A
will be denoted by G(A):

G(A) = conv{uy|t € 24¢}.

Definition 23. The Glauber dynamics for a potential J is the Markov process on §2 4
with the following generator:

(Qaf) (@) =D c;(x,0)Vif(0),

xXeA

where V, f (o) if defined as f(oc") — f(o), and o is the configuration obtained by
flipping the spin at position x:

o Jo)  ifxFEy
“ (y)_{—a(x) if x = y.

The numbers cj(x, o) are called transition rates and must satisfy the following
assumptions:

1. Positivity and boundedness: there exist positive constants ¢,, and cys such that:
O<cp<cjyx,0)<cy <oo Vx,o.

2. Finite range: cj(x, -) depends only on spin values in b, (x).
3. Translational invariance: for all k € I,

cj(x,0)y=cj(x+k,o) ifc’(y)=0(y+k) Vy.
4. Detailed balance: for all x € I" and all o
exp (— Z JA(J)) cy(x,0) =cy(x,o")exp (— Z JA(UX)).
A>x A3x

? Following [46], in our notation we have incorporated the usual inverse temperature parameter 8 directly
into the potential J.
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These assumptions are sufficient to ensure that Q 4 generates a Markov process which

has the Gibbs states over A as stationary points.

Definition 24. A quantum embedding of the classical Glauber dynamics for a potential
J is generated by the following Lindblad operators

Lyy=~vecsx,m)n )nl ® 1L, Vx € A,Vn € 2 (; (42)
1
Lxn(p) = LenpLy, = 5 {prcsCeom) i (nl}
N 1
Lalp) = %anLx,anx,n — 5l K} K = ;(Z cr(x, a)) o) (o] (43)

plus a dephasing channel acting independently and uniformly on all sites x € A:

Dio= 71000, Dii=yI1)(1l. D(p)=> D DyipD},—|Alyp.
xeAi=0,1
(44)

L 4 satisfies translational invariance because the transition rates ¢ do, and it easy to
see that this family of Lindbladians is uniform.

Remark 9. Take |a)(B| an element of the computational basis, and let d(«, B) be the
Hamming distance between o and S. Then it holds that

D(le){B]) = —yd(a, p) la)(B] .

In other words, D is a Schur multiplier in the computational basis, represented by

(—yd(e, B))g,p-
On the other hand, we have that for all x:

cr(x, ) (le) (B — 1) (Bl) i alp.i) = Blo,,
> Ley(a)(Bl) =

NELpy (r) —% (cj(x,a)+cy(x,B))|a)(B| otherwise.
(45)
Since d(a*, B*) = d(«, B), [D, Zn Ly yl = 0forall x € A, and in particular D and
L 4 commute.

This quantum dissipative system inherits various properties from its classical coun-
terpart.

Definition 25. Let u be a full-rank positive state. Denote by
o1
Iu(p) =p2ppr.
We say that £ is in detailed balance [37,44,45,59] with respectto wif I, 0 L = L o T,.

Proposition 26. Let (17 be a Gibbs state over A. Then L x and D are in detailed balance
with respect to .
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Proof. Note that I';;r is a Schur multiplier in the computational basis:

1 1
L (n)(m2) = w3 D)2y (m2) 2 n) (a2l -
From the detailed balance condition for the transition rates c;(x, o), it follows that for

all x € A, denoting £, = Zneﬂb " Lx.n,

Ty 0 Ly o Tl (Inn) (1m2])

wh (ry) cy(x,m1) +cy(x,m2)
_ 5 , X ]
ni,m (CJ(x m)ﬂﬁ(m) 177} (m3 | 2 (1) (n2]

cj(x,m)+cy(x,n2)
= &y, € (xmp) [ny) (my | — 1) (2]

2
= L3(Im){(ml)),

where

st — 11 itmlee) = mlbe
NG 0 otherwise.

To prove detailed balance for D, note that Schur multipliers commute, thus [D, I, ] =
0. This, together with the fact that D* = D, implies that D is in detailed balance w.r.t.
puy. O

The above proposition implies that Gibbs states are stationary states for the quantum
Glauber dynamics. Let us prove that there are no other fixed points apart from the

classical ones (i.e. states that are diagonal in the computational basis). Clearly, D has all
classical states as stationary points. We just have to check £ 4.

Proposition 27. The set of fixed points of L 4 is equal to G(A), the set of Gibbs states
over A.

Proof. Let p be a fixed point of £ 4. We want to prove that p is diagonal, i.e. that it is
of the form

p=> polool.

Consider a non-diagonal element |«) (8|, and suppose «(x) # B(x) for some x € A.
Then, from Eq. (45), we have that for all y € b, (r),

1
Ly(a)(B]) = —5 sy ) +cr(y, B)) le) (Bl -

Fory & by (r), Ly is not supported on x, and thus cannot change the configuration there.
This implies that the evolution cannot change the configurations over the set A(r), where
A = {x € Ala(x) # B(x)}. In turn, this implies that £, commutes with £ — L 4 [since
it acts as a Schur multiplier whose entries depend only on the sites in A(r)]. Finally, this
means that

L2y (B = exp(—z% (Zw(x, @)+ ey, /3)))

xeA

eCr(a) (D) <

1
< exp (—ticmd(a, ,8)) — 0.
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Since the off-diagonal elements are killed, p must be of the form > p, |o') (o'|. Writing
the equation £ 4(p) = 0 we obtain

DD eix,0)po 1o W0t = DD cilx, 0)po lo) (o] =0,

which implies
D 1, 0% por =D peci(x,0).
X X

The last equation is simply a rewriting of the fact that (p,) is a stationary distribution
for Q 4, that is, it is exactly a Gibbs state on A. O

Since £ 4 and L 4 + D have the same stationary distributions, even locally, all prop-
erties that depend just on the structure of the fixed-point sets will be shared by both: this
is the case, for example, of frustration freeness (which we will prove next) and LTQO
(which will be proved later).

Proposition 28. L 4 (and consequently L 5 + D) is frustration free.

Proof. By the previous proposition, we have that Xz, = G(A). We know [41] that for
Gibbs states it holds that

AC A= G(A) CGA),

but this is exactly the frustration-freeness condition for £L4. O

7.2. Stability of Glauber dynamics. We want to show that the contraction of the semi-
group generated by £ 4 + D can be controlled by the contraction of the classical Glauber
dynamics. To fix notation, denote by C: A4 — A, the projector on the diagonal
subspace with respect to the computational basis. C is a completely positive, trace pre-
serving map, and it also satisfies C = lim;_, o, exp(¢D). Since L, commutes with D, it
also commutes with C. Then we can prove the following:

Lemma 29. If T; = exp (t (LA + D)), then
n(Ty) < n(T; o C) + n(exp(tD)). (46)
Proof. Fix an initial state p. Then we can write

1T (p) — Too(P)Il1 < 1Tt 0 C(p) — Toc(p)ll; + 1T o (1 =C)(p) 4
17T 0 C(p) — Too 0 C(P) |} + llexp(tD) o (1 — C)(p) Iy
n(T; o C) + n(exp(tD)),

where we have used the fact that £ 4 and D commute, and that the fixed points of L 4
are invariant under C. O

<
<

We know, because of Theorem 6, that
n(exp(rD)) < |Al e, (47)

and this implies the following result.
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Corollary 30. If the classical Glauber dynamics satisfies rapid mixing, then also the
quantum embedded Glauber dynamics generated by L 4 + D does.

Remark 10. Convergence rates of classical Glauber dynamics are a well studied subject.
It is known that, in some regimes, classical Glauber dynamics satisfies a Log Sobolev
inequality with system-size independent Log Sobolev constant (for a review on the
subject see [46]). In such situations the classical chain has a logarithmic mixing time,
and thus satisfies rapid mixing.

For this class of classical dynamical systems it is possible to apply our main result
Theorem 7. In particular, we can arbitrary perturb the transition rates cy(x, o) by some
e(x, o), not necessary preserving detailed balance. If we denote by £ the maximum
of |e(x, 0)l, the difference between the perturbed and the original evolution of local
observables can be bounded by £ times a factor depending on the size of the support of
the observables taken into account.

Theorem 31. Let Q 4 the generator of a classical Glauber dynamics, having a unique
fixed point and satisfying a Log Sobolev inequality with constant independent of system
size. Let E be the generator of another classical Markov process of the form

(Ef)(0) =D e(x,0)Vyf(0).

xeA

Suppose that £ = sup, , le(x, 0)| < oo and that e(x, -) has support bounded uniformly
in x. Denote by T; the evolution generated by Q 5 and by S; the evolution generated by
QA + E. Then, for each function f supported on A C A, it holds that

IT:(f) = Si:(Plloo < c(AD [ fllo €,

for some c(-) independent of system size and polynomially growing.

Remark 11. Ttis known [43,47] that the Ising model on Z? or (Z/nZ,)? has a system size
independent Log Sobolev constant for high temperatures (when the inverse temperature
B is lower than the critical value S.), or at any temperature in presence of an external
magnetic field. In this regime the Glauber dynamics sampling the Ising model is stable
(in the sense of Theorem 7).

7.3. Weak mixing and LTQO. As a nice observation, though not necessary to prove
Theorem 31, we want show that weak mixing, a condition on Gibbs states defined in
[46], is equivalent to the LTQO condition given in Sect. 6. The weak mixing conditions
for two-dimensional systems has been shown [47] to imply L, convergence of the
corresponding Glauber dynamics.

Definition 32. We say that the Gibbs measures in G (A) satisfy the weak mixing condition
in V C A if there exist constants C and m such that, for every subset A C V, the
following holds:

sup iy —ny ) <0 ey, 48)
7,7'€Ryc 1 xeA
yedtv

where 37V = {x € V| dist(x, V) < r} and Iy a4 = Tv\a 1y
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Proposition 33. If G(A) satisfies the weak mixing condition for each V. C A, then L 4
(and consequently L 5 + D) satisfies LTQO.

Proof. Take A C A, ¢ > 0,and let V be A(£). The weak mixing condition for V implies
that there exist constants C and m such that

swp s — iy <€ D eI < e jay ot )]

/
7,7'€yc X€A,

yeatv

This is the LTQO condition with Ag(€) = Ce™"*|A| |3} A(£)|. The bound, proven for
states of the form w7, can be extended by convexity to all G(V). Let g, n1 € G(V). By
definition, 7o and 7 are convex combination of states of the form p{,, thus we can write

o= pity, m= qiny, D.pi=24qi=1 pi.q;=0.
j i j

l

Then we have

HUO,A - 771,AH1 = Zpi/“’“g,A - ZCIW?/{A
i j |

= ZP:‘(Z‘U“?,A) - Z%(Zl’i“%)
i j J i

<D pig H/L@,A — /’L?/];A”l < sup lba — 154l -
ij 7

1

8. Conclusions and Open Questions

In the context of local perturbations of local Hamiltonians, changes in the ground state
can be detected by the lack of smoothness of the expectation value of local observables.
Via the quasi-adiabatic technique [25], the regularity of such expectation values can
be related to the study of the effect that the perturbation has on the spectral gap of the
Hamiltonian. In [49], the stability of the spectral gap was shown under the assumptions of
frustration-freeness and local indistinguishability between ground states of local patches
of the original Hamiltonian.

In this paper we have studied a class of open quantum systems described by local
Lindbladian evolutions with unique fixed points, focusing on the problem of the smooth-
ness of evolution of local observables in the presence of local perturbations. Given any
initial configuration, the system will converge toward the fixed point with a certain rate.
The slowest rate over all possible initial configurations defines a mixing property of
the Lindbladian, and we consider how this scales with the system size. In the case of
power-law decay of interactions, we show that a logarithmic scaling is sufficient for
the stability of the evolution of local observables, while for exponentially decaying and
finite range interactions a scaling at least as fast as a certain polynomial, determined by
Eq. (41), is also sufficient. Moreover, the same assumptions imply certain properties of
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the fixed point, such as LTQO. It should be emphasized that Log Sobolev inequalities
provide strong enough convergence-time estimates to satisfy our assumptions, but that
our results also apply more generally.

The most important open question involves state engineering of degenerate topolog-
ically ordered states, such as topologically protected quantum codes. For such states, all
known preparation maps have a convergence time that is slower than required for our
result to apply [36]. It is an interesting question whether it is possible to exploit the very
weak requirements in terms of locality of the boundary condition in our definition of
uniform families (see Definition 2) to construct faster mixing maps for which one could
prove stability, since logical observables partially supported on such boundaries are not
necessarily localizable in the sense of [36].
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Appendix A. The Non-Stable Example

The following example will satisfy all the conditions of Theorem 7, except forming
an uniform family, and will be shown to be unstable. Interestingly, the system is rapid
mixing, showing that without the correct structure with respect to system size scaling,
rapid mixing alone is not sufficient to imply stability of local observables. This example
is the generalization to dissipative systems of the globally gapped but not locally gapped
example in [49]. We will show that the characteristics of the dynamics are essentially
determined by a classical Markov chain embedded into the Lindbladian. For a general
review on convergence of Markov chains, see [40].

Example 4. Consider a chain of 2N classical spins, with values in {0, 1}. Let us define
a generator Q%" of a classical Markov chain over the configuration space {0, 1}*V. We
will define Q%" in a translationally-invariant way as follows:

[10) |00) |11) |O1) [10) ]00) |11) |O1)
2 2
[10) — 3Ny 0 0 TN |10) —1 0 1 0
__100) 0 —1 0 1 . |00) 0 —1 0 1
QC - 9 Qr - 9
ml o o -1 1 ml o o o o0
|01) 0 0 0 0 |01) 0 0 0 0
[10) ]00) |11) |O1)
oy /=1 10
00 0
0= 1 L S0 =10)01, &1 = |1){1|

0
0O 0 0
il o o -1 1
on\o o0 0
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51(2i — 2
00/(\)10
|10) |00) |11) |O1)
: 2 : 10 * 1 1 =
50(2i + 1) 2 |6o(2i+1) I00> LN
| o o % 141
oty \ o 0 0 =«

01\—/11

51(2i — 2)

Fig. 3. The transition matrix for Q; on the spins (2i — 1, 2i). The blue and the red transitions are present
depending on the nearby sites: the blue ones if there is a O on the right, the red ones if there is a 1 on the left.
Asterisks in the diagonal are such that the sum of each row is zero (color figure online)

We then define for each i = 1,..., N, a generator matrix Q; acting on spins
2i —2,...,2i+1) by

0i=100:1+1® 0, ®+4 ® 01,
and 0%V =3V | 0;.

The matrix Q; can only change spins (2i — 1, 2i): its transition graph restricted to
such spins is presented in Fig. 3.

By construction, Q%" is upper triangular. Thus the elements on the diagonal are the
eigenvalues. The unique steady state is then [0101...01), and the smallest non-zero

eigenvalue, corresponding to the state [1010...10), is % Furthermore, it is easy to see

that the diameter of the graph of the transitions of Q?" is N, and in turn this implies
that the mixing time for 02V is of order O (log N ).10

Let us now embed this classical Markov chain into a Lindbad operator, in a similar
fashion as we have done in Sect. 7 with Glauber dynamics. We will consider then a chain
of 2N qubits, and define the following Lindblad operators: if k is odd, then

L1 =0110)(0]; ® 10)(0y1

X

Lia=oF 1)1 @ 1) (1
2
Lis= ,/moﬁ ® 1) (1], ® 10) (0l :

Ly =0k 10)(0]; ®[0)(0gs; .

Lo =M 1)(1 @ [1) (1]
Ly3=0.

if k is even, then

The Lindbladian is then defined translationally-invariantly as
2N 3

LN — Zzﬁk’i + Dy

k=1 i=1

10 This can be seen from the upper triangular form of 03N, noticing that the polynomials appearing in

2N . .
' 2" have degree of at most the diameter of the transition graph.
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where Dy is a dephasing channel acting on site k, as in Eq. (44). Since Ly 3 depends on
N, the family we have defined is not a uniform family.

It is easy to see that the action of LN on diagonal states of the form |o) (x|, with
o € {0, 1}2V is equal to that of 03N acting on «: this is indeed an embedding of 03N,

Then, by a similar argument as in Sect. 7, we can prove that the fixed points of £>" are
exactly the same as those of Q%" (namely, the unique state |0101...01)(0101...01]),
and that the mixing time of £V is bounded by the sum of the mixing times of Q%" and
of D. Since both of them are mixing in time O (log N), we see that £>V satisfies rapid
mixing.

But the system is unstable: if we perturb £V by removing the terms generated by L k.3

(which is a perturbation of order O(%)), the diagonal state [1010...10)(1010... 10|
becomes a stationary state, and it is clearly locally ortogonal from the original one
|0101...01)(0101...01].
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The physics of many materials is modeled by quantum many-body systems with local interactions. If the model
of the system is sensitive to noise from the environment, or small perturbations to the original interactions, it will
not properly model the robustness of the real physical system it aims to describe, or be useful when engineering
novel systems for quantum information processing. We show that local observables and correlation functions of
local Liouvillians are stable to local perturbations if the dynamics is rapidly mixing and has a unique fixed point.

No other condition is required.

DOI: 10.1103/PhysRevA.91.040302

Traditionally, the study of quantum many-body systems
has focused on constructing simplified models that capture
the underlying physics of real materials in order to explain
their physical properties and behavior. More recently, quantum
information theory has added a complementary perspective, by
asking how quantum many-body systems can be artificially
engineered to produce useful behavior, such as long-term
storage of information [1-4], or processing of information in
a quantum computer [5-9]. This has come full circle, with one
of the most important applications of quantum information
processing being the simulation of other quantum systems
which are computationally intractable by classical means
[10-13]. Whether studying theoretical models of many-body
physics, or artificially engineering their dynamics for infor-
mation processing purposes, it is crucial that the properties of
the model are stable under perturbations to the model itself. If
the physical predictions of a model undergo dramatic changes
when the local interactions are modified by a small amount, it is
difficult to argue that the idealized model captures the correct
physics of the real physical system. Similarly, if the correct
behavior of an engineered quantum system relies on infinitely
precise control of all the local interactions, the proposal will
not be of much practical use.

In the case of closed systems modeled by Hamiltonian dy-
namics, recent breakthroughs have given rigorous mathemat-
ical justification for our intuition that the physical properties
of many-body Hamiltonians are stable to small perturbations.
Starting with [14,15], it culminated in the work of [16] which
showed that, under a set of mathematically well-defined and
physically reasonable conditions, the properties of gapped
many-body Hamiltonians are stable under perturbations to the
local interactions.

However, even the most carefully isolated physical systems
are susceptible to external noise and dissipation. Broadly,
many-body theory has traditionally viewed dissipation as
a source of errors to be modeled theoretically and min-
imized experimentally. Recently, the quantum information
“engineering” approach has been extended to dissipative
quantum systems, with the aim of exploiting dissipation. Both
theoretical [17,18] and experimental [19-23] work has shown
that creating many-body quantum states as fixed points of
engineered, dissipative Markovian dynamics can be more
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robust against undesirable noise, both in maintaining coher-
ence of quantum information for longer times [17,18,24], and
in carrying out universal quantum computation via dissipative
dynamics [18].

Intuitively, there is an inherent robustness in such proposals:
since a dissipative system converges to its steady state
eventually, regardless of the state in which it was initialized, the
long-term behavior of the system is insensitive to the system’s
current state. Indeed, this remains the case even if some
external process completely changes the state of the system
partway through the evolution; if the dissipation is engineered
perfectly, the system will inexorably be driven back towards
the desired steady state. However, once again, this robustness
relies on the hitherto unproven assumption that the physical
behavior of the system is insensitive to small implementation
errors in engineering the local interactions of the system
itself. Therefore, both in justifying theoretical models of real,
noisy physical many-body systems, and in the new proposals
for exploiting dissipation to carry out quantum information
processing tasks, it is crucial to go beyond stability of closed
systems, and derive stability results for open, dissipative
systems. While earlier works, such as [24], have produced
numerical evidence for stability of particular models, we are
interested in producing general analytical results.

In this Rapid Communication, we prove that rapid mixing
implies stability against local perturbations. Our result shows
that rapidly mixing systems with unique fixed point are stable
in the strongest possible sense: all local observables and
correlation functions are stable against local perturbations,
independent of the system size. This is true not only in the
infinite time limit (i.e., for the steady state), but also for
all intermediate times. In other words, we prove that local
observables of the perturbed system are good approximations
to the unperturbed observables throughout the entire evolution.
We prove our result for the more general and difficult case of
quantum dissipative Markovian dynamics.

Single site noise processes, and all “noninteracting” dissi-
pative processes trivially satisfy our rapid mixing condition.
For interacting models proving estimates on the mixing times
is generally a hard task; nonetheless, it is known that dissipative
state preparation for graph states (a resource for some error-
correcting codes and some quantum computation models)

©2015 American Physical Society
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is rapidly mixing [18,25]. Moreover, as classical Markovian
dissipative dynamics is a special case of quantum dissipative
dynamics, our results also apply to the classical setting; indeed,
our results imply stability of classical systems even to quantum
perturbations. As an example, we apply our result to prove
stability of the important and widely studied classical Glauber
dynamics.

For the sake of simplicity of the exposition, we restrict
our attention to translationally invariant, nearest-neighbor,
dissipative interactions on spins arranged on a D-dimensional
square lattice with periodic boundary conditions. The proof
in the general case follows the same ideas, but becomes
notationally involved. It is available in [26].

a. Terminology. Rapid mixing corresponds to the assump-
tion that the convergence of the density matrix p(z) of the
system to its steady state pn., as a function of time ¢, is of the
form ||p(¢) — pooll; < cpoly(L)e™ " for some constants ¢,y
independent of system size, where L is the linear size of the
system. Since we are considering finite dimensional systems,
the exponential convergence with respect to time is a general
property; the nontrivial content of the rapid mixing condition
is how y and the multiplicative prefactor depend on L.

Local perturbation means that the local interactions of the
system can be modified everywhere. Indeed, our result applies
more generally to arbitrary perturbations composed of a sum
of local terms, not only to modifications of the strength of the
original local interactions of the system. This is the natural
(and standard) model of perturbations in physical systems
with local interactions. Note that the total perturbation is a
sum of all the local terms, and therefore may diverge with
system size regardless of how weak the local perturbations
are. Standard perturbation theory breaks down completely in
this setting, as the overall perturbation is usually unbounded. It
is, instead, the local structure of the perturbation that permits
stability in our setting. Moreover, recall that a linear map from
operators to operators is called a superoperator. The support
of a superoperator is defined to be the smallest set I' C Z?,
such that the operator acts trivially outside of T".

The restriction to local observables and correlation func-
tions, apart from being justified by practical considerations of
what can be measured in experiments, also has a fundamental
theoretical justification: global observables on the full system
cannot be stable to local perturbations. (This is equally true for
Hamiltonian systems.) It is easy to construct simple examples
that demonstrate this [27]. But it is also intuitively obvious
from the above discussion: global observables can “see” the
effect of the local perturbations integrated over the entire
system, and this effect diverges with system size.

While our result is motivated by the work of [16] for
Hamiltonian systems, both the result itself and several of
the concepts and techniques required for the proof are
different in the dissipative case. In the Hamiltonian case,
stability is proven under the assumption that the system is
frustration-free, has local topological quantum order (LTQO),
and is locally gapped. In the dissipative case, our result
derives stability for all rapidly mixing systems (which can be
viewed as the dissipative analog of the local-gap condition for
Hamiltonians), without any need for frustration-freeness (i.e.,
detailed balance), or LTQO for the steady state. We are able
to derive the necessary properties of the steady state from the
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rapid mixing condition alone. Moreover, the technical proof
in the Hamiltonian setting relies on the fact that Hamiltonian
dynamics is reversible. This is by definition false for dissipative
systems, necessitating a different mathematical approach.

b. Main result. Let A ~ Zf denote the D-dimensional
square lattice. The dynamics is then generated by a local
Liouvillian £ = 3", _, L, (the dissipative analog of a local
Hamiltonian), where each L, has the well-known Lindblad
form (the most general form that preserves complete positivity

of the density matrix): L,(A) = i[H,,A] + Zj[KZ,jAK'L_i —

%(KZ’jK,,,jA +AKIIJ.KW)], where K, ; are arbitrary op-
erators and H, is Hermitian. The L, terms are related by
translation, with each term acting only on u and its neighbors.
The evolution of an observable A in the Heisenberg picture
is then given by A(f) = ¢'“(A), which is the solution to the
differential Liouville master equation A(t) = LA(t). We can
assume without loss of generality that the strength of the
local interactions L, is bounded as follows (in the completely
bounded norm): sup, |[L,ll., := sup,sup, [|L, ® L,| < 1.
We will also assume that £ has a unique fixed point, i.e.,
in the Heisenberg picture A(00) := lim;_, oo A(f) = Tr(Apso)1
for any observable A [28].

In the Heisenberg picture, the rapid mixing condition states
that, for any observable A, A(t) converges fast to A(co). More
precisely, there exist positive constants ¢, §, and y independent
of system size, such that

IA@) — A(cQ)|| < eLPe™". ey

The perturbed evolution is given by a different local Liou-
villian, £, such that £ = £ + Y, E,, where the perturbation
terms E, are local, and their strength is bounded by ¢ (i.e.,
sup, | Eullep < &).

Theorem 1. For an observable A supported on X C A, let
A(t) = e'£(A) and A(¢) = e'£(A) be the time evolution of the
observables in the Heisenberg picture, under the original and
perturbed Liouvillians, respectively.

Then forall t > 0,

IA@) — A < CxllAlle, (@)

for some Cx > 0 not depending on the system size and
independent of ¢.

Note that we do not require the support X of the observable
A to be connected. Our result therefore immediately applies to
two-point (or, more generally, k-point) correlation functions.

In fact, the same result applies to systems with quasilocal
interactions, where the interactions L, and perturbations E,
act on arbitrarily distant spins, but the interaction strength
decays exponentially with distance. The results also generalize
to interactions with polynomially decaying strength, and to
the nontranslationally invariant case with arbitrary boundary
conditions (under natural uniformity conditions that make the
concept of scaling with system size meaningful). Moreover,
the rapid mixing condition given in Eq. (1) can be weakened to
slower-than-exponential decay: ||A(t) — A(o0)|| < ¢ Léy(¢),
where y (¢) is decaying at least as (1 4 r)~(°+2+3+ _ for some
arbitrarily small n > 0 [26].

c. Sketch of the proof. The main technical tool we need
is the Lieb-Robinson bound [29,30]. In many-body quantum
systems, where the evolution is generated by local interactions,
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A(t)

(a) (b)

FIG. 1. (Color online) (a) The support of a local observable A
spreads linearly in time at the Lieb-Robinson velocity, up to an
exponentially small error. (b) The time-evolved observable A(f) can
be approximated to small error & by a local observable A’(z).

there exists an effective “light cone” outside of which the
amount of information that can escape is negligible. The
effective velocity that limits the light cone is called the
Lieb-Robinson velocity, and is in general many orders of
magnitude smaller than the actual speed of light [31].

The existence of such light cones implies that localized
observables spread linearly in time, up to negligible tails
outside the cones (Fig. 1). Since the system is rapidly mixing
by assumption, by the time the system has relaxed and reached
its steady state, any finite region of the lattice has only had time
to interact with a bounded region around it, namely, a region
of size proportional to the mixing time. There is effectively
no further evolution after that time scale. This implies that
a local observable feels the effects of only part of the total
perturbation: the local perturbations acting near the support of
the observable. One might then be tempted to consider just
this effective perturbation and obtain a bound for the evolution
of the observable under examination. However, this is not yet
sufficient for our purposes, as this reduced perturbation still
scales (sublinearly) with the system size, so diverges for large
system sizes.

We improve on this idea by showing that, under the same
conditions, evolution of a local observable can be approxi-
mated in a finite region around its support, with a localized
evolution that only takes a finite time to reach its steady
state. Since we are working with a translation invariant model
with periodic boundary conditions, the localized evolution we
choose is the one given by the global Liouvillian, but defined
on a smaller lattice size. After proving this stronger property,
it is then straightforward to apply the original approach of
restricting the perturbation to a finite region, leading to the
proof of the main result.

d. Proof of main result. To fix notation, we will consider a
normalized observable A supported on a region X, and will
denote by X(s) the region X “grown” by s, i.e., X(s) = {u €
A :dist(u, X) < s}. Without loss of generality, we can assume
that X(s) is always a disjoint union of convex regions [32].
We will consider the Liouvillian £; acting on X(s), defined
by translational invariance and periodic boundary conditions.
The evolution of A under this new Liouvillian will be denoted
by A;(t). Now, since L; is none other than the same local
Liouvillian on a smaller lattice, the rapid mixing condition of
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(1) applies, immediately giving
[As(t) — Ag(00)l < ex(1 4 5)’y (1), (3)

for some appropriate constant cx, recalling that the linear size
of X(s) is bounded by diam(X) + 2s.

Consider a superoperator 7 supported on a region Y, such
that d = dist(X,Y) > 0, and assume that 7 (1) = 0. The dis-
sipative version of the Lieb-Robinson bound states that there
exist some positive constants kx, v, and u, independent of sys-
tem size, such that forallz > 0: || T[A@)]|| < kx [T |l (€ —
De 4. A known consequence of Lieb-Robinson bounds is
that we can approximate the evolution of a local observable by
alocalized evolution, i.e., by a time-evolved observable whose
support only grows linearly with time. Since Lieb-Robinson
bounds depend only on the microscopic structure of the
evolution, the presence of a boundary condition has a neg-
ligible effect on the localized evolution of local observables.
Therefore, one may add periodic boundary conditions to the
localized evolution coming from the standard Lieb-Robinson
bounds, while still obtaining a good approximation for the
original evolution of the local observables. More formally, we
obtain the following bound, valid for all s > 0:

IAG) — A < kx(e™ — De™. @)

A number of properties of the system can be derived from
Egs. (3) and (4). By the definition of the fixed point, we have
that A(00) = Tr(Apso)1 = Tr[A(?)pso]1. Then by the triangle
inequality:

[ A(00) — A(c0)l
= | Tr[Apoc] — Tr{ApZ ]I
| Tr{[A(1) — As(D)] poc} | + | Tr {[As(1) — As(00)] poc} |

<
< MA@ = A(ON + | Ag(2) — Ag(00) |-

Together with Eqgs. (4) and (3) and choosing ¢ linear in s,
it implies that || A(co) — A (00)|| decays with s. This in turn
implies a stronger convergence bound for A(¢), since

A1) — A(co)|| < [[A(r) — As(00)| + [[As(00) — A(c0)l
< 2[A@) — AN + 211 As(2) — As (o)l . &)

Again by applying Eqs. (4) and (3), the right-hand side is
bounded by a decaying function A(z), if s is chosen to scale
linearly in 7. The big difference with respect to the rapid
mixing condition is that we have managed to remove the
dependence on the system size from the pre-factor of the
right-hand side, since the bounds in Egs. (4) and (3) are system
size independent. Of course, this was possible because A is
a local observable. Note that the assumption made on y(¢)
implies that A(¢) goes to zero at least as (1 4+ £)~P+2+m,
Once we have established such size-independent bounds,
we can directly show—by one last application of Lieb-
Robinson bounds—stability of the evolution of A(f). Let
us decompose the quantity we want to bound as follows:
At) — Ay =Y, [, €*™FE, A(t)ds. Let us take norms and

use the fact that e~ is norm contractive:

IA@) — A@)] < Z/ IELA@)| ds. (6)
u 0
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For each u € A, call d = dist(X,u) and fix a time scale ¢ty =
to(d) to be determined later. For short times, i.e., for times ¢ <
19, we can apply the standard Lieb-Robinson bounds and thus
fot" |E,A@)| ds < kxe e®™#¢ Forlong times, i.e.,t > ty, we
bound the integral by using Eq. (5) and the fact that E,(1) = 0
[33]: f[ooo IE,A®)] ds < e [," A(s)ds. We can now choose
to(d) = 4-d, such that the integral is entirely bounded by a
function decaying in d. By putting this back into Eq. (6), we
can sum over all terms u# and obtain the claimed result:

5 nd/2v
IA®) — A <e) |:kxe(“/2)d + / A(s)ds]
u 0
< CX E.

The sum is convergent because fod A(s)ds decays to zero at
least as fast as (1 + 7)~@P+1+n),

e. Glauber dynamics. One of the systems which satisfies the
conditions of our theorem is classical Glauber dynamics [34]
(the continuous-time version of the Metropolis algorithm), in
the regime in which it has a system-size-independent Log-
Sobolev constant. By embedding this dynamics into a quantum
Liouvillian in a careful way, our result immediately implies
that Glauber dynamics is stable against local perturbations
(even those that do not preserve detailed balance). (Related
results, but with different assumptions, were given in [35].)
Given the importance of Glauber dynamics to sampling from
the thermal distributions of classical spin systems [34,36],
we expect our results to have applications also to classical
statistical mechanics.

f. Conclusions. We have considered the influence that
a small but extensive perturbation to the generators of a
dissipative quantum many-body master equation can have
on the evolution of local observables. We have shown that,
if the system relaxes to its unique fixed point sufficiently
fast, the observables are stable to such local perturbations
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throughout the entire evolution: the effect of the observables
depends linearly on the microscopic strength of the pertur-
bation, independently of the system size, even though the
magnitude of the overall perturbation diverges with system
size. Stability is therefore a result of the local structure of the
perturbations.

While the requirement of rapid mixing does not cover all
possible interesting quantum systems, the result already has
important applications in well-studied models: it applies to
dissipative state preparation of graph states [25], a resource for
universal quantum computation; to classical Glauber dynam-
ics, one of the most important models in statistical mechanics;
and to the modeling of local noise—e.g., the physically
important case of independent local depolarizing noise—as
well as any other noise model which acts independently on
every particle in the system. The latter case justifies the choice
of a particular type of noise in a theoretical model without
requiring perfect knowledge of the form of physical noise
(which is essentially unknowable by definition).
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We prove an area law with a logarithmic correction for the mutual information for
fixed points of local dissipative quantum system satisfying a rapid mixing condition,
under either of the following assumptions: the fixed point is pure or the system is
frustration free. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4932612]

. INTRODUCTION

One of the problems common to quantum information and condensed matter physics is under-
standing correlations and entanglement in many-body quantum states. This is motivated by the obser-
vation that many interesting states behave very differently from random states: while in the latter, the
entanglement entropy of a sub-region scales as the volume of the region, and in the states that occur in
quantum many-body systems, this entanglement entropy is often seen to scale only with the boundary
of the region. This surprising behaviour has been called the area law (the terminology comes from 3D
systems), and it is a well-studied conjecture that ground states of (gapped) local Hamiltonians should
satisfy an area law. Even in the case of critical systems and gapless Hamiltonians, evidence suggests
that the ground state still has a sub-volume growth of the entanglement, with a rate proportional to
the boundary of the region times a logarithmic correction.! While it has been formally proven only
for 1D systems,* area laws have also been proven in specific cases in higher dimensions (harmonic
lattice systems,” models satisfying local topological quantum order, '° perturbations of gapped Hamil-
tonians satisfying an area law,'""'? and with a logarithmic correction for fermionic systems'*'%) and
are the subject of active research.

Recently, a different class of states arising in quantum many-body systems has been attracting
attention in the quantum information literature: fixed points of (local) dissipative processes. More
precisely, fixed points of semigroups of trace preserving completely positive linear maps. The moti-
vation is two-fold: on the one hand, such processes model most of the different types of noise that
can be found in nature and therefore provide a more realistic model for physical systems, since
in practice no system will be completely isolated. On the other hand, proposals have been made
to artificially engineer such dissipative interactions in order to have a determined quantum state
as a fixed point, effectively making them ‘“dissipative machines” for producing useful/interesting
quantum states.'>!® This dissipative state engineering has been experimentally shown to be a robust
mechanism to maintain coherence.'”!3
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A natural question then arises: is there an area law (either strict or with a logarithmic correc-
tion) in this context? Note that since fixed points of dissipative evolutions are generically not pure,
we must find another measure of entanglement or correlations, since local entropy is no longer
a useful measure for mixed states (as the trivial example of the maximally mixed state shows).'”
proposed instead using the mutual information, a measure of correlations between two parts of a
quantum state. It has the advantage of coinciding with entanglement entropy for pure states, and it
upper bounds operational measures of entanglement in the mixed-state case, such as the distillable
entanglement.”’ In Ref. 19, it was also shown that thermal states of local Hamiltonians satisfy an
area law for the mutual information. However, thermal states do not cover all the possible fixed
points of dissipative systems. Pinning down under which conditions an area law for the mutual
information holds for general dissipative quantum many-body systems is thus an interesting open
problem.

For Hamiltonian systems, the main assumption that is usually made is the presence of a spectral
gap: a non-vanishing separation between the two lowest energy levels of the Hamiltonian. In the
dissipative setting, instead of spectral assumptions, it is more natural to make assumptions on the
speed of convergence of the dissipation towards its fixed point (a quantity that is not controlled
by the spectrum alone®') or equivalently on the so-called mixing time. In this work, we restrict
to systems for which the mixing time scales logarithmically with the system size. In a previous
paper,”? some of the authors showed that such systems — which we called rapid mixing — are
stable under local perturbations. Similarly to the gap of closed quantum systems, proving rapid
mixing for dissipative systems is a daunting task. There are however some interesting key examples:
state preparation of graph states,”* classical Glauber dynamics for the Ising model in 2D (in some
range of parameters),”*?3 among others.

Rapid mixing is implied in many cases by a well studied property of dissipative evolutions,
namely, the existence of a system-size independent Log-Sobolev constant for primitive revers-
ible Liouvillians.?*-** Under such assumptions, in Ref. 31, it was proven a bound on the mutual
information of the form:

I(A : A°) < cloglog||p™"||10Al. (1)

In the latter bound, p is the fixed point of the evolution, and therefore, ||p~"|| will usually depend
at least exponentially on the total system size, and sometimes even worse. As recognized by the
authors of Ref. 31, this poses a serious problem in considering Eq. (1) a satisfactory area law. It
indicates however that rapid mixing seems to be the required condition to have an area law in the
dissipative setting. This is exactly what we prove in the present paper, with the following results:

1. if the system satisfies rapid mixing and the fixed point is pure, then it satisfies an area law with
a logarithmic correction for the entanglement entropy;

2. if the system satisfies rapid mixing and is frustration free, meaning that the local terms of the
Liouvillian share a common steady state, then such fixed point satisfies an area law with a
logarithmic correction for the mutual information.

Compared with (1), the bounds we obtain do not have any dependence on the total system size.
Moreover, we do not require primitivity or reversibility of the generators of the evolution, and we
only require rapid mixing instead of a system-size independent Log-Sobolev constant (a strictly
weaker assumption, since the Log-Sobolev constant is undefined for non-primitive Liouvillians).

It is known that there is a connection between area laws and decay of correlations.”-!” There-
fore, it does not come as a surprise that with the tools we have developed for proving the area law,
we can also prove a decay of correlations measured with the mutual information. It is worth noting
that with the results available in the literature and to the best of our knowledge, it is not possible to
derive the area law from the type of decay of correlations we will show here.

As we have mentioned earlier, for ground states of closed systems, a logarithmic correction is
usually considered a signature of a gapless Hamiltonian. For open systems and mixed states, the
situation is less clear: already in Ref. 19, it was shown that thermal states of local Hamiltonian
satisfy an area law without a logarithmic correction irrespective of the gap of the Hamiltonian. For
these states, the bound we obtained is therefore not optimal. We do not know whether there exist
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systems which saturate our bound or if instead the correction is only an artefact of the proof. If
there exist systems that saturate our bound, it would then imply that their fixed point have a very
interesting property: while still satisfying an exponential decay of correlations, they do not satisfy
an area law without a logarithmic correction. Having an example of such state which can also be
efficiently prepared with a dissipative process would be interesting on its own, as it could lead to
new insight into the relationship between area laws and decay of correlations.

We conjecture that rapid mixing alone, without any additional assumptions, should imply an
area law for mutual information, but we do not have a formal proof. The fact that we have two
different proofs of an area law, requiring different extra assumptions (pure fixed point on the one
hand, frustration freeness on the other) is strong evidence for this conjecture.

The paper is organized as follows. In Section II, we set up the problem and introduce the neces-
sary notation and definitions. In Section III, we prove two lemmas regarding localization properties
of the fixed point of the dissipative maps: Lemma 11 is based only on the rapid mixing assumption
and will be used in Section IV to prove decay of correlations and in Section V to prove the area law
for pure fixed points; Lemma 12 instead requires the extra assumption of frustration freeness and
will be used in Section V to prove the area law for the mutual information in the case of mixed fixed
points.

Il. SETUP AND NOTATION

Let Hap = Ha ® Hp be a finite dimensional complex Hilbert space, representing a bipartite
quantum system. We denote by B(Hp) the space of bounded linear operators on Hap. A state is
given by a positive semi-definite operator pap € B(Hap), normalized to have trace equal to one.
The reduced density matrix of the subsystem A (respectively, B) will be denoted by p,4 (respec-
tively, pg), and it is given by pa = Trapap (respectively, pg = Trppap), where the partial trace Tr4
is defined to be the unique linear operator Try : B(Hap) — B(Hp) such that Tra(x ® y) = yTr(x)
for all x in B(H4) and all y in B(Hp) (Trp is similarly defined).

We will use the standard Dirac notation for Hilbert spaces, denoting vectors as |¢), adjoint
vectors as {@|, (¢|y) for the scalar product, and |¢){y| for rank one linear maps. The canonical basis
will be indexed by natural numbers starting from zero: |0),|1),...,|n).

We will denote by poly(x) any polynomial in the variable x with real coefficients and arbitrary
degree.

A. Measures of correlations

Given a state pap € B(Hap) of a bipartite system, there are a number of possible measures
of how “distant” the state pp is from being a product state, i.e., of the form x ® y for some x in
B(H,) and y in B(Hp). Since a product state represents a system in which measurements over the
subsystem A are independent of measurements over the subsystem B, we will talk of correlation
measures between subsystems A and B. We will need to define and use three of such measures. We
will follow the same terminology of Ref. 31.

Definition 1 (Correlation measures).
e Covariance correlation:

C(A:B)= Me:B(H{B?Igl(eB('HB) KM ® N) — (M)N)|
IMII<LIN(<1

= max |Tr[M ® N(pag — pa® pp)l |,

MeB(H ), N eB(Hg)
[IMI<1,[IN<1

where (O) = Tr(O p ap) is the expectation value of the observable O acting on p 4.
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e Trace distance correlation:

T(A:B)= max [Tr[F(pap—pa® pp)l|

FeB(Hu )
IFl<1

= |lpaB — pa ® psll;.

e Mutual information correlation:

I(A: B) = S(pa) + S(pB) = S(pas),
where S(p) = —Tr(plog,p) is the von Neumann entropy of the state p.

When it is not clear from context which state p,p we are considering, we indicate it in a
subscript to avoid ambiguity and write C(A : B),, T(A : B),, and I(A : B),,.

As it should be clear from the definition, C(A : B) is always upper bounded by T'(A : B).
Moreover, by Pinsker’s inequality,*

C(A:B)<T(A:B)<2+I(A:B).

Therefore, mutual information is the strongest correlation measure. It is also a well known
consequence of the Alicki-Fannes-Audenaert inequalities®>> that there is a non-linear inverse
relationship between trace distance and mutual information: there is a differentiable function f(x)
vanishing at zero such that I(A : B) < f(T(A : B)). Such non-linear equivalence between the two
measures will allow us to take bounds on T'(A : B) (which in the context of our assumptions will be
easier to deduce) and obtain information on the behavior of I(A : B).

We state this result in a form that will be more convenient for us and, for the sake of complete-
ness, present a short proof of it.

For x € [0,1], hp(x) = —xlog,x — (1 — x)log,(1 — x) denotes the binary entropy function.

Theorem 2. The following inequalities hold:

Fannes-Audenaert:**
Let p,o € B(CY), andlet 6 = ||p — o, < 1. Then,

1S(p) = S(0)| < 26logy(d — 1) + 2hp(9). )

Alicki-Fannes:3®

Let pAB,04B € B(C94 ® CIB), and let § = ||p*® - O'AB”] < 1. Then,

IS0 1p%) = S(*Flo®)]| < 46logyda + 21(6), 3)
where the conditional von Neumann entropy S(pAB|p?) is defined as S(p*B|p?) = S(pAB) -
S(p®).

Combining the two previous inequalities, we will obtain the desired non-linear bound on
I(A: B).

Corollary 3. Let 6 = ||pAB - O'AB”] < 1. Then,
lI(A: B), —I(A : B)y| < 66log,da + 4hp(5). 4)
In particular, if we take o8 = p* ® pB, we have that I(A : B), =0, 5 =T(A : B),, and thus,
I(A: B), < 6T(A: B),log,da +4hy(T(A : B),). (5)
Proof. Note that ||p?8 — UABHl <6=|pt - 0'A||1 < 6. Applying triangle inequality and
Equations (2) and (3) gives
[I(A: B), = I(A: B)o| < |S(p") = S(e )| +1S(p"P| %) = S(*P|or®).
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B. Many-body quantum systems

Let us now recall the standard definitions and the common notation for many-body quantum
systems.

We will consider a quantum system defined on the square lattice I' = Z? equipped with the
graph metric, where at each site x € I', we associate a finite-dimensional complex Hilbert space H,.
We choose to work with a square lattice for simplicity of exposition, but the results presented can
be generalized straightforwardly to graphs with polynomial growth (i.e., with balls size growing
polynomially with the diameter). The ball centered at x of radius r will be denoted by b,.(r). We will
use the following convention: given a subset A C A, we will denote by A(s) the smallest disjoint
union of balls containing {x € A|dist(x,A) < s}. For each finite subset A C I of the lattice, we will
associate a Hilbert space Hx = ®,ecaH, and an algebra of observables Ax = B(Hy). We will equip
Ap with the Hilbert-Schmidt scalar product (A, B) = Tr(A*B).

A linear map 7 : Ap — A will be called a superoperator®® to stress the fact that it is
an operator acting on operators. Its support is defined to be the minimal set A’ C A such that
T =7'®1, where 7' € B(Aps). Positivity is defined as usual for linear maps: 7 is said to
be positive if it maps positive operators to positive operators. 7 is called completely positive if
T 1:Ar® M,, —» A\ ® M, is positive for all n > 1. Finally, we say that 7 is trace preserving if
Tr7 (p) = Trp forall p € Ax.

A dissipative evolution for a quantum system is given by a one-parameter continuous semi-
group of completely positive and trace preserving superoperators {7, : Apx — Ap},. If p € B(H))
is the state of the system at time zero, then the evolution of p at time ¢ > 0 is given by p(t) = T;(p).
The assumptions on 7; guarantee that p(r) is again a state, i.e., a positive and trace one operator. This
is usually called the Schrodinger picture.

We will make use of the following norm for superoperators:

Te1l,(X
ITlle = sup IT ® Lnlli—y = sup  sup w
n n  XeA\®Mp 1 X114
X#0

(6)

Dissipative maps are contractive with respect to such norm, in the sense that |7 [|¢ < 1.

Given a semigroup of dissipative maps {7;}, it has a generator £ : Ap — Ax which sat-
isfies £7;(p) = LT:(p). Such superoperator is called a Lindbladian or Liouvillian (we will use the
former). The assumptions made on 7 force a particular structure on £, which is called the Lindblad
form.>73% A superoperator £ is said to be in the Lindblad form if it can be written as

1
L(p)=ilp.H1+ ) LipLy = S{LiLj.p}. %)
J

where H is a Hermitian operator, (L;); are arbitrary operators (called the Lindblad operators), [, -]
denotes the commutator, and {-,-} denotes the anti-commutator. We refer to Refs. 36 and 39 for
details on the theory of Lindblad operators.

As shown in Ref. 36, given a semigroup of dissipative maps {7}},, we can define a new map T,
representing the “infinite time limit” of the evolution, or in other words, the projector onto the space
of fixed points of the evolution. T, is again a completely positive, trace preserving superoperator,
since it can be obtained as limpy ;e % D ,]:’:0 T,.

C. Uniform families

Given a generator £, we can decompose it as a sum of local terms, i.e., terms which are still of
the Lindblad form but with controlled support,

L= Z Ly, suppLy =7, Ly isLindbladian.
ZCA

When || .Lz||¢ is decaying with diam Z, we will generically say that the evolution is local. More
stringent assumptions on the decay rate of the norms of the local generators will be required and are
formalized in Assumptions (A1) and (A2) in this section.



102202-6 Brandao et al. J. Math. Phys. 56, 102202 (2015)

Since we are interested in dissipative evolutions defined on increasing sequences of lattices
and how their properties depend on the lattice size (often referred to as the system size), we need
to define a meaningful way of growing the evolutions with the lattice size, adding, and modifying
the necessary generator terms appropriately. As presented in Ref. 22, the following definition of
uniform families of dissipative evolutions is one solution to this, which is general enough to cover a
wide range of models and situations.

Definition 4. Given A c T, a boundary condition for A is given by a Lindbladian B =
Dds1 Bg’\, where suppBgA C g\ = {x € A | dist(x,A°) < d}.

Definition 5. A uniform family of Lindbladians is given by the following:

(i) infinite Lindbladian: a local Lindbladian M defined all of ZP: M = Y, ;.0 Mz;
(ii)  boundary conditions: a family of boundary conditions {B}, where A = b,(L), for each
ueZPand L > 0.

Definition 6. A local Lindbladian L =}, ;0 L7z is said to be translationally invariant if
.£Z+u = Lz, Yu € ZD.

We say that a uniform family £ = { M, B} is translationally invariant if M is translationally
invariant, and moreover, BbuL) jg independent of u.

Given a uniform family £ = { M, 8}, we fix the following notation for evolutions defined on
A=b,(L)CT:

LA = Z Mz “open boundary” evolution, 8)
ZCcA
LM= LM+ L% “closed boundary” evolution, 9)

with the respective evolutions T” = exp(t L) and T = exp(t L)

Until now, we have made no specific assumption on the decay rate of the norms of the local
generators. As mentioned above, in order to meaningfully talk about locality of the evolution, we
need to impose that || L[|, is decaying with diam Z. The rate at which such function decays clas-
sifies the system into one of the specific cases more usually considered in the literature: compactly
supported (usually called finite-range interactions), exponentially decaying, super-polynomially de-
caying, power-law decaying, etc. We will take a more general approach and will simply assume
from now on that our family of Liouvillians satisfies the following assumptions.

Definition 7 (Lieb-Robinson assumptions). There exists an increasing function v(r) satisfying
v(x + y) < v(x)v(y), such that the following conditions hold:

sup Z IMzllelZ]v(diam Z) < v < oo, (A1)
xel"ZBx

N
su? sup v(r) Z ||833(X’N)”<> < poly(N). (A2)
XE€ r d=r

If |Mzl|l¢ is exponentially decaying or is compactly supported, then one can take v(r) =
exp(ur) for some positive u. On the other hand, if || Mz||¢ decays only polynomially, then we must
take v(r) = (1 + r)*. In the latter case, the Lieb-Robinson bounds only hold if u is bigger than a
constant depending on the geometrical dimension of the lattice T, i.e., D if I' = ZP. The details of
when we can apply Lieb-Robinson bounds in this case can be found in our previous work.?? From
now on, we will simply assume that v(-) decays sufficiently fast for the Lieb-Robinson bounds to

apply.
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D. Frustration freeness

The following definition is inspired by the analogous concept defined for closed systems and
Hamiltonian dynamics. It captures the idea that a fixed point of a local evolution might or might
not be locally steady. The local dissipative terms could in general have a non-trivial action on the
fixed point, so that it is only the sum of such local effects that adds up to zero and leaves the state
invariant. Assuming that the system is frustration free means excluding such cases.

Definition 8. We say that a uniform family £ = {M,B} satisfies frustration freeness (or is
frustration free) if for all A and all fixed points pe, of T,

Mz(ps) =0 VZ CA. (10)

Remark 9. If L = { M, B} is frustration free, then each fixed point of Tt/_\ is also a fixed point of
TA.

While not true in general, the frustration freeness condition is satisfied by a large class of
interesting dissipative systems, as the following examples show:

1. dissipative state engineering procedures defined in Refs. 15 and 16;

2. locally reversible classical Markov chains;

3. locally detailed balanced quantum Markov processes and in particular, Gibbs samplers for
commuting Hamiltonians.*’

lll. LOCALIZATION RESULTS

A well known property of many-body systems with local interactions, either dissipative or
Hamiltonian, is the existence of a finite speed of propagation. This describes how the support of a
localized observable spreads in time during the evolution: up to an exponentially small correction,
the support spreads linearly with time. The finite velocity at which such linear growth occurs is
often called a Lieb-Robinson velocity or sometimes a group velocity. (It is a property of the model
and not a consequence of some relativistic effect — we are considering only non-relativistic models
here.) While the original work focused on Hamiltonian systems and groups of automorphisms,*'+?
the existence of such finite speed of propagation in the lattice has been generalized to dissipative
evolutions,*** and in Ref. 22, we showed that the definition of boundary condition we have given
allows us to recover the same type of localization properties of the evolution.

Nonetheless, all the Lieb-Robinson localization bounds have a time-dependency, becoming
worse as time increases, until the bound they provide becomes trivial and does not give any informa-
tion at all about the properties of the fixed point. In Secs. III A and III B, we want to produce results
which might be interpreted as “infinite time” versions of Lieb-Robinson bounds. To do so, we will
need to make an extra assumption on the evolution: we will assume that the convergence to the
fixed point is fast, in the sense that scales logarithmically with the system size. This is formalized
in the definition of rapid mixing below. Such a definition can be in some cases relaxed to allow
convergence which is only scaling sub-linearly with respect to system size. (We will not pursue such
generalizations here and instead refer to Ref. 22 for guidance on which changes are necessary to the
results below.)

The localization lemma that we prove, Lemma 11, will be only sufficient to prove an area law
for the pure fixed point case not for the mutual information. Therefore, we also prove a stronger
result, Lemma 12, for which we will need to add the extra hypothesis of frustration freeness.

A. Rapid mixing

In this section, we want to briefly recall a result proven in Ref. 22. We start by recalling the
definition of rapid mixing.
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Definition 10 (Rapid mixing). Let {T}x be a family of dissipative maps, we say it satisfies
rapid mixing if there exist c¢,y,0 > 0 such that

Sulg ||TtA(p) - TQ(P)HI < c|A]° e, (11
p>

Tr p =1

In analogy to the spectral gap for Hamiltonians, proving that a family of Lindbladians is rapid
mixing is not an easy task. Nonetheless, there exists a large class of interesting systems for which
we already have mixing time estimates that imply rapid mixing.

1. (Trivially) non-interacting particle systems.
Dissipative state engineering for graph states.>’

3. Quantum and classical Markov processes satisfying a Log-Sobolev inequality.? This includes
in particular Glauber dynamics for the Ising model in 2D, either above the critical temperature
or with non-zero magnetic field.?*

Lemma 11. Let L = {M, 8B} be a uniform family of dissipative evolutions that satisfies rapid
mixing, and suppose each T has a unique fixed point and no other periodic points. Fix a A and let

Peo be the unique fixed point of T™. Given A C A, for each s > 0 denote by p?, the unique fixed point
A(s)

of T, .
Then, we have

[Trac(peo = PS)|I; < [AI°Ao(s), (12)

for some fast-decaying function Ay(s) and some positive constant 6.

The decay rate of Ag(s) is in the same class as v~!(s), where v(s) is defined by Assump-
tions (A1) and (A2): it is exponential if v~!(s) is exponential and polynomial if v~!(s) is polynomial.
In the latter case, the degree of the polynomial controlling the decay is smaller than that of v=!(s),
but the loss is independent of the system size — again, this corresponds to requiring a sufficiently
fast-decaying v~(s).

B. Localizing with frustration freeness

In Sec. III B, we want to show a property of the fixed points of a uniform family of Lindbla-
dians verifying frustration freeness. We want to study the behavior of a system when it is prepared
and started in a state, which is the fixed point of the same family but of a slightly smaller region.
A reasonable guess would be that frustration freeness implies that the evolution should be localized
“around the boundary,” and that for short times, nothing at all would happen in the “bulk” (where
the state is left invariant by the local interaction terms because of frustration freeness). This intuition
is formalized in the following lemma.

Lemma 12. Let L = (M,B) be a uniform family of Lindbladians, satisfying frustration free-
ness. Let A C T be a finite region and fix a positive natural number m. Let B = A(m + 1), R =

A(m + 1)\ A(m), and p™ a fixed point of TtA(m) and T an arbitrary state on R (see Figure 1),
(77 = 12\*) (o @ 7)||, < poly(m)v~"(m)[e" = 1 +1], (13)
where TIB\A denotes the evolution generated by L3\ = YzepaMz+ Yacmei BjB,

In order to prove such result, we will first prove a Lieb-Robinson-type of lemma. Denote by
o(t) = TE(p™ ® 7). For each X C B, denote Ly the algebra generated by {Mz | Z C X}, which is
the set of interaction terms of £ 5 whose support is contained in X.

Lemma 13. Under the same assumptions of Lemma 12, for each K € Ly, the following “Lieb-
Robinson-like” bound holds for some positive v,

IK(p(e)ll; < poly(m)|X|[IK[[e(e” + 1 = 1)y~ (dist(X, R)). (14)
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FIG. 1. The construction of the sets B and R.
Proof. Denote C(Z,1) = supy; % Frustration-freeness implies that C(Z,0) is 0 if Z N
R = 0 (since Trrp(0) = p), while it is bounded by 1 otherwise. Moreover, let A(r) = Y45, ||B3%|| o
and for each Z c B, let 6(Z) = A(dist(Z,R)). Assumption (A2) implies that sup, v(r)A(r) <

poly(m). )
~ We are now going to replicate the proof technique of Lieb-Robinson bounds: denote £* =
LB — £B\X and notice that, since they have disjoint support, [K, £Z'X] = 0. Then,

S K(ple) = K L) = LK (p(0) + KLX (1),

and consequently,
_ t _
K(po) = 2" “K(pO) + [ e K ¥ plsyas.
0

By taking norms

IK (o)l < IK(eO)I], + 1K lo /0 L% p(s)|],ds,

and thus,

t t
CX.0) < CX,0+ / IMZlloC(Z,s)ds + ) / 187" lods
0

znx+070 d>m+1

< C(X,0)+ 6(X)t + Z ||Mz||<>/ C(Z,s)ds. (15)

ZNX#0 0

By recursively applying Equation (15), we obtain that

R n

CX.D) < Y lan + b,,]%,

n=0
where ag = C(X,0),
an= Y. ... D Mzl M| C(Z,,0),
Z NX#0 ZnNZ,_1#0
b() =0, b] = (5(X), and
b= D o > IMzl Mz, 8(Z,).
Z1NX#0 ZnNZ,_1#0

Let us bound the two coefficients independently. The coefficients a, are treated in the same way
as is done in the standard proof of Lieb-Robinson bounds:* recalling that C(Z,0) is zero unless

Z N R # 0, we have that
an = Z Z Mzl [[Mz.]l-

ZINX#0  ZnnZ,_1#0
ZnNR+0
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We have that a; is bounded by using Assumption (A1),
ar<y Y |IMzll < v TdistR) D Mz vdiam(Z) < v Y v (dist(, R)).

i€X Z13iZNR#0 ieX Z)3i ieX
Z|NR#0

Similarly, we bound a; as follows:

a5 Mgl IM.

i€X Z|3i j€Zy Zypdj
ZNY #0

We now use the fact that v(dist(i, j))v(dist(j, R)) = v(dist(, R)), and thus,

a < ) vTdisti R) D Mzl D] vdistG ) > v(dist(i,Y) | Mz

ieX Zy31 J€Zy Zy3j
ZNY #0
< Zv-l(dist(i,ze)) Z Mz, v(diam(Z,)) Z Z v(diam(Zy)) || M|
ieX Z3i JE€EZ1 Zp3)
ZnNY #0
<v Z y~!(dist(i, R)) Z Mz || v(diam(Z,))|Z)] < v? Z v~ l(dist(i, R)).
ieX Z13i ieX

Proceeding in a similar way, we can bound a, by v" Y;cx v~ '(dist(i, R)). Let us now turn
our attention to b,. Let Z; N X # (. Then, for all u in Z;, it holds that dist(X,R) < dist(u,X) +
dist(u, R) < diam Z; + dist(u, R). In particular, this holds for yz, € Z; such that dist(yz,R) =
dist(Z;, R). Therefore, we have that 1 < v(diam Z;)v(dist(Z;, R))v~!(dist(X,R)). We can use the
previous inequality to bound b; as follow:

b= Y |IMz]|6(2) < v distX,R) D " [[Mz,|| v(diam Z))A(dist(Zy, R)v(dist(Z,, R))

ZlnX;t@ xeX Z13x
< v poly(m)| X |v~(dist(X, R)).

For b3, we reason similarly as follows:

b= > D Mz Mz 62

ZINX#0 ZNZ1#0

(22 . . .
< —_— |Mz,|| v(diam Z,)A(dist(Z,, R))v(dist(Za, R))
Zlgﬂ) v(dist(Z1, R)) Z;I Z;Z 2
< vpoly(m) Z [|Mz,]] v~!(dist(Z1, R))|Z1| < vpoly(m)v~\(dist(X, R)) Z Z |Mz,||1Z1|v(diam Z;)
ZINX#0 xeXZi3>x

< v? poly(m)v~'(dist(X, R))| X|.

Following the same argument, we can thus bound the general term b,,,| by
v" poly(m)| X |v~(dist(X, R)).

We can then bound

3 < (e = 1) Y v dist R) < (¢~ DIX |y distX,R)
n

n ieX

and

Z bn;—n' < poly(m)v~'(e”" — 1)|X|v"'(dist(X, R)) + t[6(X) — poly(m)| X |v~(dist(X, R))].

Note that, because of Assumption (A2), the last term in the r.h.s. can be bounded as
8(X) — poly(m)|X|v~!(dist(X, R)) < poly(m)|X|v~!(dist(X, R)).

This concludes the proof. O
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We can now prove Equation (13).

Proof. Applying Duhamel’s formula,*® we have that
— = t = ~
(1 -1 o) = [ 1 Loty
0
and therefore,

@2 -17 ) ezonl, < > [ iMzponas+ 3 18270

ZNA#0 d>m+1

The second term on the r.h.s. is bounded by ¢ poly(m)v~!(m). Let us focus on the first term on the
r.h.s. If Z ¢ A(m), we can bound the r.h.s with Equation (14). In particular, we have the following:

Do IMzp)lly < poly(m)(e™ +1=1) > IMzllolZly™\(dist(Z, R)).

ZNA#0 ZNA#0
ZcA(m) ZcA(m)

Observe that since Z N A # 0, it holds that dist(Z, R) + diam Z > m, and therefore,
DL IMzllolZIv dist(Z,R) < v7im) > IMzllolZIv(diam Z) < v (m),

ZNA#0 ZNA#0
ZcA(m) ZcA(m)

where we have used the Lieb-Robinson assumption.
If Z ¢ A(m), then it must hold that Z N R # 0. Then, we showed in the previous lemma that

DT Mzl < ol Ay (dist(A, R)) = v]Aly~!(m).

ZNA#0
ZNR+#0

Putting it all together, we have that

H(T,B - TtB\A) (P ® ‘r)”1 < poly(m)v~(m) [e” —1+1].

IV. DECAY OF CORRELATIONS

In this section, we show that as a straightforward consequence of Lemma 11, the hypotheses
on £ imply that its fixed points have a particular character: they have fast decay of correlations,
meaning that the correlations between two spatially separated regions are fast-decaying in distance.
How fast this decay is given by the decaying function A defined in Lemma 11.

Theorem 14. Under the same assumption as in Lemma 11, fix two regions A and B C A, let
dap > 0 be the distance between them. Then, we have that
dap

T(A: B) <3(|A| + |B|)5A0(T), (16)

where the correlations are calculated with respect to p, and & and Ag are defined in Lemma 11.

Proof. Let C = AU B, and denote by p g the reduced density matrix of p., over C, and by p4
and pp the reduced state on A and B, respectively.
TC(S)
t

Consider pg, the unique fix point of and denote by p*, and p7, its reduced density matrices

over A and B, respectively. If s < dATB, then C(s) has two disjoint components corresponding to
A(s) and B(s), and thus, p3, decomposes as a tensor product over such bipartition, and its reduced
density matrix over C is given by p, ® p5.

By Lemma 11, we have that for any observable O¢ with operator norm equal to 1 and sup-
ported on C,

ITrOc(pes = P < ICI°A(s).
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This implies that

lloas — p% ® pll, < ICI°A(s).

Since the trace norm does not increases under the partial trace, then

loa = P4, < ICI°PAo(s),

and the same holds for B. This in turn implies that

loa ® p = P ® P, < 2IC1°Ac(s),
and by applying the triangle inequality, we obtain the desired result. O

Remark 15. By Equation (4), we have that the mutual information I(A : B) decays with
dist(A, B) at essentially the same rate as T(A : B).

Note that the dependence on |A| and | B| of the bound in Equation (16), which is harmless when
A and B are finite regions — as in the case of two-point correlation functions — becomes significant
when one of the two regions is proportional to the system size. In Ref. 19, the authors defined a
correlation length & for the mutual information, as the minimal length such that for all L > &, it
holds that

1
I(by(R—L) : by(R)) < El(bx(R) :by(R)), VYx,YR>=0.
From this property, they are able to derive an area law for the mutual information of the type
I(A: A°) < 4|0Al¢.

If we were to use (16) to determine a correlation length &, we would obtain a value for & which
depends on the system size and thus obtain a bound comparable to Equation (1) obtained in Ref. 31.
In Sec. V, we want to show that it is possible to greatly improve this bound at the cost of adding
some extra hypotheses on the evolution.

V. AREA LAW FOR MUTUAL INFORMATION

Until now, we have avoided as much as possible to put restrictions on the function v(r) ap-
pearing in Assumptions (Al) and (A2), and we have simply required it to be fast enough for
Lieb-Robinson bounds to hold. Indeed, in most of the bounds obtained in the previous results, it
appears v(r) (or Ag(r), which depends on v(r)), so that weaker assumptions will simply lead to
weaker bounds.

This gets more complicated when it gets to prove the area law bounds, since we are actually
interested in pinning down the case in which the bound on mutual information takes the form of
|0A|log|Al, an area law with a logarithmic correction. As will be clear in the proof, the logarith-
mic correction depends on v(r) (and consequently Ag(r)) to be exponential. Slower rates will still
lead to a bound on the mutual information, but where the logarithmic correction is replaced by a
super-logarithmic correction. The resulting bound can hardly be called an area law, a sub-volume
law would be more correct. We will avoid such generalization, as they make the proof unnecessarily
complicated and focus on the more interesting case of exponentially decaying interactions, for
which we can prove a proper area law with logarithmic correction.

A. The pure fixed point case

In this section, let us suppose that each T,/_\ has a unique fixed point, and moreover, that this
fixed point is pure. This setting is of particular interest in view of dissipative state engineering,'>¢
since ideally one would like to be able to create pure states (at least before noise and errors are taken
into account). i

Let us denote by |¢,) the pure fixed point of T,
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Proposition 16. Let L = { M, B} be a uniform family of dissipative evolutions, satisfying rapid
mixing and having a unique pure fixed point |pp) for each A. Fix A C A, and let pa denote the
reduced density matrix of |¢pa) on A. Then, it holds that

S(pa) < clog|Al-[0Al,

for some constant ¢ > 0.

Proof. Let £ > 0, to be determined later, and denote by o the reduced density matrix of |¢4(¢))
on A. Then, we have trivially that

S(o) < 10g2 dimWA([)\A < col|0A|,
for some positive constant ¢o. On the other hand, by Lemma 11, we have that d = ||ps — ||, <
|A|°A¢(£), and thus by Equation (2),
S(pa) < S()+|S(0) = S(pa)| < col|0A| + 2d|A| + 2hp(d) < co € |0A| + 2| AP Ag(€) + 2hp(d).
Fix an & such that 0 < & < 1/2 and let us choose £ such that 2|A|°*'Ay(f) < &. This implies that
¢ scales as log|A|, and thus, S(pa) < c1log|A| - |0A| + € + 2h,(g/2]A]), for some positive ¢;. By

taking ¢ > ¢, we can absorb the terms depending on & in the other one and obtain the claimed
estimate S(p4) < clog|A| - |0A|. |

While of interest, the case of a pure fixed point is a very specific one. Therefore, we want to
give results applicable in the generic case of a mixed fixed point. To obtain such results, we will
need to make an additional assumption, namely, that the system is frustration free.

B. The frustration-free case

Theorem 17 (Area law for mutual information). Ler £ = {M, B} be a uniform family of
dissipative evolutions, satisfying rapid mixing frustration freeness and having a unique pure fixed
point. Let p. be the fixed point of L for some A = b, (L) C T. Then, we have that

I(A: A9),, < c|0A|log|Al, 17

for some positive c independent of the system-size.

Proof. For each n > 0, let p”* be the fixed point of T,A("). Fix a positive ng to be determined
later. Then, it holds that
L-1
(A A%y = 1(A: A%) no + Z [1(A - A%) ot — I(A - 4] . (18)
n=ng
We want to show that it is possible to choose ng in such a way that I(A : Ac)pno < c|0A|log|A| and

the sum in the r.h.s. is arbitrarily small.
For each n > 0, we have that by rapid mixing (11),

e

where ¢(n) is a polynomial in 7. On the other hand, Equation (13) implies that

S =Tl @ 1)

< |Algi(n)e™",
1

1} ot o) -1l o 1)

= |Alga(n)y (e +1 1],

and ¢,(n) is polynomial in n. Let us choose ¢, such that
&n = ¢1(n)e”"™ + go(n)y~ (n)[e"™ + 1, — 1]
is exponentially decaying in n. This can be done by taking #,, which scales proportionally to

# log (V(H)i;EZ;), which is essentially linear if v(n) grows exponentially. We can put the two

bounds together using the triangle inequality in such a way that

e

n+l _ TA(nH)\A(pZo ®7)

) tn

< |Ale,.
1
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Observe that since T,A("“)\A doesnotacton A, I(A : AC)TA(,,H)\A SI(A: A%pn.
t

(p%®T)
Let us assume that ng is big enough so that &,|A|*> < 27" for all n > ny, we can then apply
inequality (4) and obtain

I(A . Ac)p(r)zoJrl - I(A . Ac)pgd S I(A . Ac)pgzoJrl - I(A . AC)TA(H+1)\A S 68n|A|2 + 4hh(8n|A|)
t

(p&%®T)
Then,
L—-1 L—-1
I(A: A%, < I(A: A) no+6 Z 2744 Z (el Al).
n=nq n=ng

Observe that if 0 < x < 1/e, then (x — 1)log,(1 — x) < —xlog,x, and the latter is an increasing
function in that interval. Therefore,

—-n+l

Al

hy(e|Al) < =28, Allogy(£n|Al) < (n +log,|Al) .

Therefore, Y221 o hn(&4|Al) is the tail of a series which is converging geometrically, and therefore, it
is exponentially decaying as ng increases. The same is true for Y£Z! 17 so that both of them can be

n=ng
made smaller than /(A : Ac)pno.
By taking n proportional to log|A|, we can bound /(A : Ac)pno by the logarithm of dim H e,
which is proportional to |A(ng) \ Al, and therefore,

I(A: A")pno < c|dA|log|A|.

In conclusion, we have bounded the r.h.s. of (18) by c|d A| log |A|, and this concludes the proof. O

ACKNOWLEDGMENTS

F.G.S.L.B. is supported by EPSRC. T.S.C. is supported by the Royal Society. A.L. is sup-
ported by MINECO FPI fellowship No. BES-2012-052404. A.L. and D.P.-G. acknowledge support
from MINECO (Grant No. MTM2011-26912), Comunidad de Madrid (Grant No. QUITEMAD+-
CM, Ref. No. S2013/ICE-2801) and the European CHIST-ERA project CQC (funded partially by
MINECO under Grant No. PRI-PIMCHI-2011-1071). This work was made possible through the
support of grant #48322 from the John Templeton Foundation. The opinions expressed in this
publication are those of the authors and do not necessarily reflect the views of the John Templeton
Foundation. This project has received funding from the European Research Council (ERC) under
the European Union’s Horizon 2020 research and innovation programme (Grant Agreement No.
648913). S.M. acknowledges funding provided by IQIM, a NSF Physics Frontiers Center with
support of the Gordon and Betty Moore Foundation through Grant No. GBMF1250, and AFOSR
Grant No. FA8750-12-2-0308. The authors would like to thank the hospitality of the Isaac Newton
Institute for Mathematical Sciences, where part of this work was carried out.

!'L. Masanes, “Area law for the entropy of low-energy states,” Phys. Rev. A 80, 052104 (2009).

2 B. Swingle and J. McGreevy, “Area law for gapless states from local entanglement thermodynamics,” e-print arXiv:1505.
07106v1 [cond-mat.str-el] (2015).

3 Some authors call such situation a violation of the area law, while others speak of an area law with a logarithmic
correction. We will use the second terminology, but we will use the term sub-volume law for any faster growth rate of
entanglement that is slower than the volume of the region.

4 M. B. Hastings, “An area law for one-dimensional quantum systems,” J. Stat. Mech.: Theory Exp. 2007, P08024; e-print
arXiv:0705.2024 [quant-ph].

51, Arad, A. Kitaev, Z. Landau, and U. Vazirani, “An area law and sub-exponential algorithm for 1D systems,” e-print
arXiv:1301.1162 [quant-ph] (2013).

6 1. Arad, Z. Landau, and U. Vazirani, “Improved one-dimensional area law for frustration-free systems,” Phys. Rev. B 85,
195145 (2012).

7F. G. S. L. Brandao and M. Horodecki, “An area law for entanglement from exponential decay of correlations,” Nat. Phys.
9, 721-726 (2013).

8 F G. S. L. Brandao and M. Horodecki, “Exponential decay of correlations implies area law,” Commun. Math. Phys. 333,
761 (2015).



102202-15 Brandao et al. J. Math. Phys. 56, 102202 (2015)

9 M. B. Plenio, J. Eisert, J. DreiBig, and M. Cramer, “Entropy, entanglement, and area: Analytical results for harmonic lattice
systems,” Phys. Rev. Lett. 94, 060503 (2005).

10§, Michalakis and J. Pytel, “Stability of frustration-free Hamiltonians,” Commun. Math. Phys. 322(2), 277-302 (2013);
e-print arXiv:1109.1588 [quant-ph] (2011).

1S Michalakis, “Stability of the area law for the entropy of entanglement,” e-print arXiv:1206.6900v2 [quant-ph] (2012).

12 M. Marién, K. M. R. Audenaert, K. V. Acoleyen, and F. Verstraete, “Entanglement rates and the stability of the area law
for the entanglement entropy,” e-print arXiv:1411.0680v1 [math-ph] (2014).

13 M. M. Wolf, “Violation of the entropic area law for fermions,” Phys. Rev. Lett. 96, 010404 (2006).

14 D. Gioev and I. Klich, “Entanglement entropy of fermions in any dimension and the Widom conjecture,” Phys. Rev. Lett.
96, 100503 (2006).

15 B. Kraus, H. P. Biichler, S. Diehl, A. Kantian, A. Micheli, and P. Zoller, “Preparation of entangled states by quantum Markov
processes,” Phys. Rev. A 78, 042307 (2008); e-print arXiv:0803.1463 [quant-ph].

16 F Verstracte, M. M. Wolf, and J. I. Cirac, “Quantum computation and quantum-state engineering driven by dissipation,”
Nat. Phys. 5, 633-636 (2009); e-print arXiv:0803.1447 [quant-ph].

I7H. Krauter, C. A. Muschik, K. Jensen, W. Wasilewski, J. M. Petersen, J. . Cirac, and E. S. Polzik, “Entanglement generated
by dissipation and steady state entanglement of two macroscopic objects,” Phys. Rev. Lett. 107, 080503 (2011).

18 1 T Barreiro, P. Schindler, O. Giihne, T. Monz, M. Chwalla, C. F. Roos, M. Hennrich, and R. Blatt, “Experimental multipar-
ticle entanglement dynamics induced by decoherence,” Nat. Phys. 6, 943-946 (2010); e-print arXiv:1005.1965 [quant-ph].

19 M. M. Wolf, F. Verstraete, M. B. Hastings, and J. I. Cirac, “Area laws in quantum systems: Mutual information and corre-
lations,” Phys. Rev. Lett. 100, 070502 (2008).

20 C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, and W. K. Wootters, “Mixed-state entanglement and quantum error correc-
tion,” Phys. Rev. A 54, 3824 (1996).

21 0. Szehr, D. Reeb, and M. M. Wolf, “Spectral convergence bounds for classical and quantum Markov processes,” Comm.
Math. Phys. 333(2), 565-595 (2015); e-print arXiv:1301.4827 [quant-ph] (2013).

22T, S. Cubitt, A. Lucia, S. Michalakis, and D. Perez-Garcia, “Stability of local quantum dissipative systems,” Comm. Math.
Phys. 337(3), 1275-1315 (2015); e-print arXiv:1303.4744 [quant-ph] (2013).

23 M. J. Kastoryano, D. Reeb, and M. M. Wolf, “A cutoff phenomenon for quantum Markov chains,” J. Phys. A 45, 075307,
16 (2012); e-print arXiv:1111.2123 [quant-ph].

24 F. Martinelli, E. Olivieri, and R. H. Schonmann, “For 2-D lattice spin systems weak mixing implies strong mixing,” Commun.
Math. Phys. 165, 33-47 (1994).

25 E. Lubetzky and A. Sly, “Cutoff for the Ising model on the lattice,” Invent. Math. 191, 719-755 (2013); e-print arXiv:0909.
4320 [math.PR].

26 L, Gross, “Logarithmic Sobolev inequalities,” Am. J. Math. 97, 1061-1083 (1975).

27 L. Gross, “Logarithmic Sobolev inequalities and contractivity properties of semigroups,” in Dirichlet Forms (Varenna, 1992),
Lecture Notes in Mathematics Vol. 1563 (Springer, Berlin, 1993), pp. 54-88.

28 L. Gross, “Hypercontractivity, logarithmic Sobolev inequalities, and applications: A survey of surveys,” in Diffusion, Quan-
tum Theory, and Radically Elementary Mathematics, Mathematics Notes Vol. 47 (Princeton University Press, Princeton,
NJ, 2006), pp. 45-73.

29 M. J. Kastoryano and K. Temme, “Quantum logarithmic Sobolev inequalities and rapid mixing,” J. Math. Phys. 54, 052202
(2013); e-print arXiv:1207.3261 [quant-ph] (2012).

30 N. Yoshida, “The equivalence of the log-Sobolev inequality and a mixing condition for unbounded spin systems on the
lattice,” Ann. Inst. Henri Poincare, Sect. B: Probab. Stat. 37, 223-243 (2001).

31 M. J. Kastoryano and J. Eisert, “Rapid mixing implies exponential decay of correlations,” J. Math. Phys. 54, 102201 (2013);
e-print arXiv:1303.6304 [quant-ph].

32 M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information (Cambridge University Press, 2010).

33 K. M. R. Audenaert, “A sharp continuity estimate for the von Neumann entropy,” J. Phys. A 40, 8127-8136 (2007); e-print
arXiv:quant-ph/0610146.

34 M. Fannes, “A continuity property of the entropy density for spin lattice systems,” Commun. Math. Phys. 31, 291-294
(1973).

35 R. Alicki and M. Fannes, “Continuity of quantum conditional information,” J. Phys. A 37, L55-L57 (2004); e-print arXiv:
quant-ph/0312081.

36 M. M. Wolf, Quantum channels & operations. Guided tour http://www-m5.ma.tum.de/foswiki/pub/M5/Allgemeines/
MichaelWolf/QChannelLecture.pdf.

37'V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, “Completely positive dynamical semigroups of N-level systems,” J.
Math. Phys. 17, 821-825 (1976).

38 G. Lindblad, “On the generators of quantum dynamical semigroups,” Commun. Math. Phys. 48, 119-130 (1976).

39 H. Breuer and F. Petruccione, The Theory of Open Quantum Systems (Oxford University Press, 2002).

40M. J. Kastoryano and F. G. S. L. Brandao, “Quantum Gibbs samplers: The commuting case,” e-print arXiv:1409.
3435 [quant-ph] (2014).

41 D. W. Robinson, “Statistical mechanics of quantum spin systems. II,” Commun. Math. Phys. 7, 337-348 (1968).

42 E. H. Lieb and D. W. Robinson, “The finite group velocity of quantum spin systems,” Commun. Math. Phys. 28, 251-257
(1972).

43 D. Poulin, “Lieb-Robinson bound and locality for general Markovian quantum dynamics,” Phys. Rev. Lett. 104, 190401
(2010); e-print arXiv:1003.3675 [quant-ph].

44 B. Nachtergaele, A. Vershynina, and V. A. Zagrebnov, “Lieb-Robinson bounds and existence of the thermodynamic limit for
aclass of irreversible quantum dynamics,” in Entropy and the Quantum II, Contemporary Mathematics Vol. 552 (American
Mathematical Society, Providence, RI, 2011), pp. 161-175; e-print arXiv:1103.1122 [math-ph].

4 M. B. Hastings, “Locality in quantum systems,” e-print arXiv:1008.5137 [math-ph] (2010).

46 T. Tao, Nonlinear Dispersive Equations: Local and Global Analysis (American Mathematical Society, 2006), Vol. 106.



	Tesis Ángelo Lucia
	Portada
	Contents
	Summary
	Resumen
	Introduction
	Background and current state of the topic
	Notation
	Dynamical semigroups of quantum channels
	Logarithmic Sobolev inequalities
	Area law
	Stability of quantum systems

	Summary of the results
	Assumptions
	Technical tools
	Main results

	Outlook and future work
	Polynomial mixing time
	Preparation of topological models
	Proving rapid mixing
	Other work in different research lines


	Introducción
	Objetos de estudio y resultados previos
	Notación
	Semigrupos dinámicos de canales cuánticos
	Desigualdad logarítmica de Sobolev
	Ley de área
	Estabilidad de sistemas cuánticos

	Resumen de los resultados
	Hipótesis
	Herramientas
	Resultados principales

	Perspectivas y trabajos futuros
	Tiempo de equilibración polinomial
	Preparación de modelos topológicos
	Demostrar equilibración rápida
	Otros trabajos en distintas lineas de investigación


	Bibliography
	Stability of Local Quantum Dissipative Systems
	Rapid mixing and stability of quantum dissipative systems
	Area law for fixed points of rapidly mixing dissipative quantum systems


