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Abstract

We establish compactness interpolation results for bilinear operators of convolution type and for
operators of product type among quasi-Banach spaces. We do not assume any auxiliary condition on
the spaces.
© 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Interpolation of bilinear operators is a classical question that was already considered by
Lions and Peetre [26] and Calderén [6] in their seminal papers on the real interpolation method
and the complex method, respectively. Since then this question has attracted the attention of
many authors and the results have found interesting applications in analysis and in operator
theory (see, for example, in addition to [6,26], the contributions by O"Neil [29], Konig [22,23],
Peetre [30] and Janson [20]).
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As for the real method, if the couple in the target of the bilinear operator 7 is formed
by p-Banach spaces, then the result reads that 7 may be uniquely extended to a continuous
bilinear mapping

T : (Ao, A1)y 4, % (Bo, B1)g,, —> (Eo, E1)g,
provided that 0 <8 < 1, p < ¢q1,q» < 00,0 < g <00 and

/g <1/q1+1/q2—1/p (1.1)

(see [18,21,22]). Notation is explained in Section 2.

An improvement of this result was established by O"Neil [29] for convolution operators
among Lorentz spaces. The counterpart for bilinear operators among quasi-Banach spaces was
proved by Janson [20] with the outcome that for operators of convolution type the condition
(1.1) can be replaced by

/g <1/q1+1/q>.

Besides boundedness, another useful property that a bilinear operator may have is compact-
ness. Complex interpolation of compact bilinear operators was considered by Calder6n [6].
For the real method, the problem has been studied more recently by Fernandez and Silva [16],
Fernandez-Cabrera and Martinez [17,18], Cobos, Fernandez-Cabrera and Martinez [8,9] and
Mastyto and Silva [28] (see also the papers by Mastyto and Silva [27] and Besoy and Cobos [5]
on interpolation of the measure of non-compactness of bilinear operators). A motivation for this
research has been that compact bilinear operators occur rather naturally in harmonic analysis. In
fact, commutators of bilinear Calderén—Zygmund operators and multiplication by functions in
the subspace CMO of BMO are compact bilinear operators from L ,(R") x L,(R") — L,(R")
forl < p,g <00,1/2 <r <ooand 1/r = 1/p+1/q (see the papers by Bényi and Torres [3],
Cobos, Fernandez-Cabrera and Martinez [8] and Torres, Xue and Yan [33]).

A compactness interpolation result of the type proved by Janson [20] for bounded bilinear
operators has been established by the present authors [10]. However, in addition to the
assumptions used by Janson and to the compactness in one of the restrictions, we assumed
that the couple of spaces in the target satisfies a certain approximation condition which is
essential for the arguments (see [10, Theorem 3.7]). The result applies to bilinear operators of
convolution type. Our aim in the present paper is to show that for this kind of operators one
can get rid of the approximation condition.

We work in the same setting as Janson [20], that is, we suppose that (Ag, A1), (Bo, B1),
(Ey, Ep) are quasi-Banach couples and that the bilinear operator T is defined on the vectors of
(ApNA1)x(ByNB;) with values into Ey¢NE; and satisfies suitable boundedness conditions. Both
assumptions are motivated by applications where one needs to work with Lebesgue spaces L,
and Lorentz spaces L, , with p < 1. Under these weak boundedness conditions, the operator
might not be bounded acting on the sums 7T : (Ag+A;) X (By+ B;) —> Eo+ E;. This produces
a number of serious obstructions, with the result that some of the basic ideas of [8,16,17] do not
work. Due to these difficulties, techniques of the papers dealing with compactness of operators
satisfying weak boundedness assumptions are based on auxiliary approximation conditions
(see [6,10,18]) or duality and the counterpart results for linear operators (see [9,11,27]). In this
last case, results apply only to Banach spaces. In order to cover quasi-Banach spaces without
auxiliary approximation conditions, we follow a different strategy, relying on the vector-valued
sequence spaces that come up with the definition of the real method and on the properties of
certain families of projections on the sequence spaces (see [7,12,13]). An estimate of [10] will
be very important for our considerations.
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We also establish a compactness result for bilinear operators of product type (see [29,32])
without assuming any approximation condition on the couples. As an application, we derive
a compactness result in the line of the bilinear Marcinkiewicz theorem for multiplication type
operators of Gilbert and Nahmod [19].

2. Preliminaries

We work with quasi-Banach spaces (A, || - [|4). We write ¢4 > 1 for the constant in the
quasi-triangle inequality. Let 0 < p < 1 be such that ¢4 = 2!/7~!, then by the Aoki—Rolewicz
theorem there is another quasi-norm || - || on A which is equivalent to || - || 4 and such that || - ||”
satisfies the triangle inequality (see [1,31] or [24, §15.10]). We say that || - || is a p-norm and
that (A, || - [I) is a p-Banach space. We remark that if 0 < s < p then A is also an s-Banach
space.

We put Uy = {x € A : ||x||a < 1} and we designate by I = I, the identity operator.

For 0 < g < 0o, we let £, be the usual space of g-summable sequences with Z as index set.
Given any sequence of quasi-Banach spaces (W,,) with the same constant in the quasi-triangle
inequality for all W, and given any sequence of positive numbers (A,,), we denote by £, (A, W,,,)
the vector-valued £,-space defined by

LaAm W)
={w = (wp) : wy € Wy, and [[wlle, Wiy = 1R llwp llw, e, < 00}

When A, =1 for all m € Z, we write simply £,(W,,).

Let B be another quasi-Banach space. We put L£(A, B) for the space of all bounded linear
operators from A into B. As usual, for R € L(A, B) we write ||R| 4.5 = sup{||Rx||5 : |x]la <
1}.

If E is another quasi-Banach space and 7 : A x B — E is a bilinear operator, we say that
T is bounded if

ITNaxs.e =sup{lIT(a,D)le : llalla < 1, lIbllp < 1} < oo.

We designate by L(A x B, E) the space of all bounded bilinear operators from A x B into E.

We say that T € L(A x B, E) is compact if for any bounded sets V C A, W C B we
have that the closure of T(V, W) ={T(a,b) :a € V,b € W} is compact in E. This condition
is equivalent to the fact that for any bounded sequences (a,) € A, (b,) S B, the sequence
(T (ay, b,)) has a convergent subsequence (see [3, Proposition 1]). We write (A x B, E) for
the set of all compact bilinear operators from A x B into E. As in the linear case, the space
K(A x B, E) is closed in L(A x B, E). That is to say, if (T,,) C K(A x B, E) is a convergent
sequence in L(A x B, E) to the operator T, then T € K(A x B, E) (see [3, Proposition 3]).

Let E;, A;, B; be quasi-Banach spaces. If R € L(E, E;) is compact and S € L(A x B, E)
then RS = R o S belongs to K(A x B, Ej). On the other hand, if T € (A x B, E) and
R € L(E, Ey) then RT € K(A x B, E). Furthermore, if S; € L(A, A) and S, € L(B;, B)
then the operator

T o (S1, $2)(a, b) = T(S1, S2)(a, b) = T(S1a, S2b)

belongs to (A, x By, E)if T € K(A x B, E).

The real interpolation method and its variants allow to construct new quasi-Banach spaces
from a given quasi-Banach couple, as well as to study properties of operators acting on them
(see, for example, the books [4,15,34,35]). Next we recall the relevant definitions.

3
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By a (p-Banach) quasi-Banach couple A = (Ap, A)) we mean two (p-Banach) quasi-
Banach spaces A; which are continuously embedded in the same Hausdorff topological vector
space. Let Ag + A be their sum and Ag N A; be their intersection. Given ¢t > 0, Peetre’s K-
and J-functionals are defined by

K(t,a) = K(t,a; Ay, A1) = inf{||laoll s, + tllailla, : @ =ao + a1, a; € Aj}
where a € Ag + A4, and
J(t,a) = J(t,a; Ao, A1) = max{||all 4y, tllalla,}, a € Ao N Ay.

Note that K(1, -) coincides with the quasi-norm of Ay + Ay and J(1, -) with the quasi-norm of
ApN A;. Functionals K (z, -) and J(, -) are quasi-norms in Ay + A; and Ay N Ay, respectively.
We can take c; = max{ca,, ca,} as the constant in the quasi-triangle inequality for all 7 > 0.

If ] - ||A,~ is a p-norm for j = 0, 1, then J(¢, ) is a p-norm in Ag N Aj, and the functional

. 1
Ky(t,a)= lnf{(llaollﬁo + 17 ]lay ||Zl) v, = ap+ay, a; € Aj}
is a p-norm on Ag + A;. Note that we have
K(t,a) < K,(t,a) <2"P7'K(t,a), a € Ao+ A. 2.1)

For 0 < 6 < 1 and 0 < g < oo. The real interpolation space quq = (Ao, A1)p,q consists
of all a € Ap + A, having a finite quasi-norm

lallz,, = 17" K", a)lle,-

For later use, we also define Ag,q for 6 = 0, 1 by putting Ao,q = Ap and Al,q = A, for any
0<g < o0

We refer to the books by Bergh and Lofstrom [4], Triebel [34] and Bennett and Sharpley [2]
for properties of the real interpolation spaces.

Real interpolation spaces have the interpolation property for bounded linear operators. That
is to say, if B = (By, B)) is another quasi-Banach couple and R is a linear operator which maps
A continuously into B; for j = 0, 1, then R maps (Ao, A1)s,4 continuously into (By, Bi)e 4
and

IRWA, .55, < CIRIG B IR, 5,- 2.2)

Here C is a constant independent of 7.

Next we give an example. Let ({2, 1) be a o-finite measure space, let A be a quasi-Banach
space and let 0 < p < oco. We put L,(A) = L,({2; A) for the usual vector-valued L ,-space
in the sense of the Bochner integral. For 0 < » < oo and 0 < p < oo, the Lorentz space
L,.(A)=1L,,({2; A)is formed by all (equivalence classes of) strongly measurable functions
f with values in A which have a finite quasi-norm

o0 d l/r
e = ([ 1 ors)

(the integral should be replaced by the supremum if » = 0o). Here f* is the non-increasing
rearrangement of f

[ =inf{s > 0: u({x € 2: [ f(X)lla > s} <1}

When A is the scalar field K, we write L,({2) and L, ,(§2). We refer to [2,4,14,34] for details
on Lorentz spaces. Note that if p =r, then L, ,(A) = L,(A).

4
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The K-functional of the couple (L,(A), Lo(A)) satisfies that

1/p

»
K(t, f)~ (/Ot (f*(s))pds) (see [25]).

Then, for 0 < g <00, 0 < p<r<ooand 0 <6 < 1 with 1/r = (1 —60)/p, we get that
(Lp(A), Log(A))g,qg = Ly 4(A) (equivalent quasi-norms).

Applying the reiteration theorem, we obtain
(Lp,.ry(A), Lp, 1, (A))gq = Lp4(A)  (equivalent quasi-norms) (2.3)

where 0 < ri, 1,9 < 00,0 < p; # pr <00,0< 6 <land 1/p=1A-06)/p1+6/p>
(see [34, formula (16), p. 134 and Remark 35, p. 135] or [4, Sections 5.2 and 5.3, pp. 108—114]).

The space Ag, can be also realized by means of the J-functional as the collection of
all a € Ag + A; for which there is a sequence (u,,) S Ag N A; with a = ano:_oo Uy,
(convergence in Ag+A;) and ||(27%" J (2™, um))lle, < 00. Moreover, ||- ”Ae.q is equivalent to the
quasi-norm

o0
lally, = inf{l@ =" I Q" un)ley ra =Y ).
m=—0oQ

Given any quasi-Banach space A with AgNA; € A, we put A° for the closure of AgN A, in
A. We write A° = (Ag, A?) which is also a (p-Banach) quasi-Banach couple if A; is p-Banach
for j =0, 1. Since AgNA| = AjN Aj, the J-description yields that (A, A1)s,q = (Ag, A)o.q-
Another consequence of the J-description is that Ao N A, is dense in (Ao, Aj)g,q if g < 00.
Hence, (Ao, Al)qu = (Ap, A1)g,q if g < 00.

Assume that || - || 4; is a p-norm for j = 0, 1. Then F,, = (AgN A7, J(2",)) is a p-Banach
space for each m € Z. Let F,= (£p(Fu), £,(27" F,,)) and let 7w be the linear operator assigning
to any sequence (u,,) its Sum 7 (i) = Y o Uy in Ag+A7. The J-description of Ag,q yields
that 7 : Zq(2‘9'"Fm) —> (Ag, ADe,q = (Ao, A1)g,q is bounded with norm less than or equal
to 1. The operator 7 is surjective and

lalig, , = infllGmle,@-mp,) @ = 7))} (2.4)

If ¢ < oo, then sequences with only a finite number of coordinates different from zero are
dense in Zq(Z’(”" F,,) and so Eq(Z’e’" F,) = Eq(Z’Q’” F.,)°. Note also that for any 0 < g < oo,
the operator  : Eq(Z’(”" F,.)° — (Ap, Al);’q is bounded with norm less than or equal to 1.
Furthermore, the restriction 7 : ¢ ,,(2’1’" F,) — A;’. is bounded with norm less than or equal
1 for j =0,1.

The quasi-Banach couple }7",, = (£p(Fn), £,(27"F,)) will be important for our later
considerations. The following families of projections are useful to work with F »: Forn e N,
let

Pn(um) = ( . 'Oa 09 U_pn, U_ptly .oy Up—1,Up, 07 07 ce ),
P}j—(um) = ( ey 07 Oa Upt+1, Upt2, Up43, ... )7
Pn_(um) =(..,U_p_3,U_p2,U_pn_1,0,0,...).

Clearly, the identity operator I on £,(F,)+£,(27"F,) can be decomposed as [ = P, + P, +
P, n € N. Any of these projections is bounded from ¢ 1,(2”"1 F,,) into £ p(Z’mj F,,) with norm

less than or equal to 1 for j = 0, 1, and the same happens on 64(2’9’" F,,). In addition, we

5
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have that P, : €,(Fy) + €527 Fyy) —> €,(Fu) 06,2 " Fy), Py 2 £p(Fy) —> €,27"Fy)
and P :¢,27"F,) —> £,(F,) are bounded with

n
PNl Fn)+p @ Fd, p (Fud 2= By < €27,

—(n+1 _
1P ey Emyep@m by = 27" = 1P Nep@m Bt (F)- (2.5)

Next we recall a result on interpolation of vector-valued sequence spaces. Let 0 <
q0,491,9 < 00,0 < 6 < 1 and let (X,,) be any sequence of quasi-Banach spaces with the
same constant in the quasi-triangle inequality. The following equality holds with equivalent
quasi-norms

(Lgo(Xm)s Lg, Q7" X)o.g = L4227 X,p) (2.6)

(see [8, Lemma 2.4]).

Let E = (Eo, E1) be another quasi-Banach couple. Now we realize (Eo, E()g, =
(Ej, E7)o,q by means of the K-functional and we put W,, = (E§ + E7, KQ2",)),m € Z.
Let 7 be the linear operator assigning to each w € Ej + E7 the constant sequence Tw =
(-+-,w,w,w,---). Then 7 is injective and 1 : quq — Eq(Z“”” W,,) satisfies that

||Tw||eq(2*9mwm) = ||w||Equ, we Eg,. 2.7

Moreover, for j = 0, 1, the restriction t : E;’ —> £(27™W,,) is bounded with norm less
than or equal to 1. Let Woo = (Loo(Wy), £oo(27" W,,)). It follows from (2.6) that

(goo(Wm)’ goo(z_m Wm))&,q = Eq(z_em Wm)

We consider on W, similar projections to those on F »- We denote them by R,, R;L , R, . They
have analogous properties to the projections on F),. In particular, the corresponding versions
of (2.5) hold for R,, R, R, .

3. Interpolation of bounded bilinear operators

In what follows we work with bilinear operators. We put T € B(A x B, E) if T is a bilinear
operator defined on (A9 N A}) x (ByN By) with values in EoN E; such that there are constants
M; > 0 with

”T(as b)”Ej = M]”a”A]”b”Bjs ae AO N Al’ be BO N B19 ] = O’ 1. (3])
It is a consequence of (3.1) that T may be uniquely extended to a bilinear operator
T : A5 x B} — E§ with ||T||A;x3;,5; <M;.
If T € B(A x B, E) then T may be also uniquely extended to a bounded bilinear operator
T:(Ao+ A)° x(BoNBy) — (Eo+ Ey)°. (3.2)
Indeed, if a € AgN Ay and a = ap +a; with a; € Aj, then a; € AgN Ay for j =0, 1. For
any b € By N B, we have
1T (@, D)lleg+e, = cg(IT (@0, D)l gg+£, + 1T (@1, D)l gg+E,)
< cp(Mollaolla, 1615, + Millailla, 161l 8,)
< cgmax{Mo, Mi}(llaolla, + llarlla)b1l syns, -

6
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So,

IT(a, D)l gg+E, < ¢z max{Mo, Mi}l|allao+a, 151 5yn,
which implies (3.2). o
Similarly, if T € B(A x B, E) then T may be uniquely extended to a bounded bilinear
operator
T :(AgN Ay x (By+ B1)" — (Eo + E1)°.

Interpolation properties of bounded bilinear operators under the real method have been
investigated by Lions and Peetre [26], Karadzhov [21], Janson [20] and many other authors.
We shall need here the following result which shows a convexity inequality for the norm of
the interpolated operator.

Theorem 3.1. Let A = (Ao, A), B = (Bo, By) be quasi-Banach couples, let E = (Eo, Ey)
be a p-Banach couple (0 < p < 1). Assume that T € B(A x B, E) and let M; be the constants
in(3.1). Let 0 <0 < 1and 0 < ry,ry, r <00 with

1 1 1
l r1+r2_p UC rlyrzzp’
if ry<porr<np.

1
r max(r1.r2)

Then there is a constant C > 0 independent of T such that
IT(@. b)llg,, = CMy~"M{ llal 4, Ibll5,, . a€AoNAr, be By B
Consequently, T may be uniquely extended to a bounded bilinear operator

T : (Ao, A1)y, x (Bo, Bi)g,, —> (Eo, E1)g,-

Proof. Take any a € Ag N Ay, b € By N By. Given any decomposition a = ag + a; with
aj € Aj, we have that a; € Ag N Ay for j =0, 1. Let n € Z such that 2" < M, /M, < 2"
For m € 7Z, we have
K@2",T(a, b)) < IT(ao, bl g, +2"IT (a1, bk,
< Myllaolla, b1l By + 2" Myllailla, 151l 5,
< max{Mo, 27" Mi}(llaoll 4 + 2" *arll4)J 2", b).
Thus,
K™, T(a, b)) < 2MoK 2", a)J (2", b).
According to [20, Lemma 1], there is a J-representation b = Z,fi_oo ur with only a finite
number of terms u; different from O and such that ||(27% J(2*, Mk))”grz < ¢y ||b||gg . Since
b= 32 . Ukin, using (2.1) we obtain
00 1/p
K@ T@b) < (3 K@ T(@ uen))’)

k=—00
oo 1/p

< 2(1/p>71( > K@". T, uk+n))”)
:o;oo 1/p

< 21/1’M0( > K@ ar I, uk+n)p)
k=—00

7
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Now we distinguish the different cases. If r;, r, > p, using Young’s inequality with parameters
p/r1+ p/r2 =14 p/r, we derive
00 1/p
17 b)lg,, <277Mo|| (D 27K @, a2 I Q)|
=—00

Er/p
<2rm|e k@ ), [ I wi,

< Zl/pM029n ||a||f§e,r1 (2_9k1(2k, uk))“grz
< My Milalls, 1Bl

Ifr, <r; < p,thenr = r;. Applying Young’s inequality now with parameters r;/p, 1,r,/p
we obtain

1/p

r/p

17 b)lg,, =277Mo|| (D 27 P K@, a2 I Q4w )|
k=—00

<2l k@ )|, [@ I wenn] "
< 2P M2 all,, @I w0,

@I w),

< CMy"M{llal 3, 1615, -

1 1—-6 3 40
<27 My~ MY all 4,

The remaining cases can be treated similarly. [

Next we introduce the set {2 following [20]. Recall that A jq =4, for j =0,1 and any
0<gqg <oo.

Definition 3.2. Given A, B, E quasi-Banach couples, given a bilinear operator 7" and «,
oy, A G_R with a; # 0 and o, # 0, the set 2 = (A, B, E, T, o, a1, ) is formed by all
couples 6 = (6;, 6,) € [0, 1]? satisfying that

the number 0 := oy + «10; + @26, belongs to [0, 1] (3.3)
and there is ¥ = (ry, r2, r) € (0, oo]3 and M > 0O such that
1T (a, b)||50‘r < M||cz||f;9]‘r1 ||b||,;,92’r2 for any a € AyN Ay, b € BoN By.

It turns out that {2 is a convex set (see [20, Theorem 1]) and if # = (6, 6,) belongs to the
interior of {2 then for any parameters 0 < ¢, q1, g2 < oo with 1/g; +1/g, = 1/q, the operator
T may be uniquely extended to a bounded bilinear operator

T : (Ao, A1)y, 4, % (Bo, B1)g, ., —> (Eo, E1)g,

(see [20, Theorem 2]).
The arguments of the proof of [10, Theorem 3.6] yield the following result which will be
important in our later considerations.

Lemma 3.3. Let A, B, E be quasi-Banach couples, let Q, be a sequence of bilinear
operators, let oo, o1, 02 € R with ay # 0,y # 0, and let (X be a convex set in the
plane such that (2(A, B, E, Q,, ag, &1, a3) = (% for any n € N. Assume that there is a

8
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triple r = (r1,rp,r) € (0, oo]3 such that for any n = (n1, 112) in the interior of {4 we have
lim,— oo || Qn”Az]ml Xgr?z,rzﬂE_?z.r =0, where n = ap + o1 + azmo.
If 0 = (6,6, belongs to the interior of () and 6 = ay + a16) + az20,, then for any
0<4qi,q,q9 <ocowithl/q=1/q, + 1/q, we have that
nliﬂolo 1On ||A;w1 xBg) 0 Bgy = 0
In the next section we deal with operators of convolution type, that is, operators T satisfying
that the following restrictions are bounded
T:Aj x By — Ej,
T:A} x Bj — E7,
T:Ajx B — EY,
(see [29, Definition 1.1], [2, p. 258] or [18, p. 1200] for the case A= B = E = (L1, Lso)).
Choose g = 0,1 = ap = 1 and let A = Q(A JE.T,0,1, 1). By the assumption on T,

we know that (0, 0), (1,0),(0,1) € A. Moreover, 1f 01,0,) € Athen 0 < 04,6, < 1 and
0 <6 =06;+6, <1 because of (3.3). Hence,

A is the triangle with vertices (0, 0), (1, 0), (0, 1). 3.4

Closely connected with convolution operators are product type operators which are also of
interest for us. These are those bilinear operators satisfying that the following restrictions are
bounded

T:A} x B} — EJ,
T : Ay x B} — Ej,
T : A} x By — Ejg,

(see [29, Definition 3.2] or [32, p. 192] for tl}e _cas_e A B E = (L, Ly)). Choose
oy = —l,0;y = ap = 1l and let I' = 2(A,B, E ,1,1). This time we have that
(1, 1), (0, 1), (1, O)eFand1f(61,92)eFthen0<91,02<la 0<0=—-146,+6,<1.

Therefore,

I’ is the triangle in the plane with vertices (1, 1), (0, 1), (1, 0).

4. Interpolation of compact bilinear operators
We start with two auxiliary results for the case when the couple in the target reduces to a
single quasi-Banach space.
Lemma 4.1. Let A = (AO,AI)_,L_? = (Bo, B1) be quasi-Banach couples, let E be a
quasi-Banach space and let T € B(A x B, (E, E)) with
T :Ay x By — E compactly.

Let 0 <0 < 1and 0 < g < oo. Then T may be uniquely extended to a compact bilinear
operators

T : (A(], A]);’q X (B() n Bl) — F
and

T : (AN A1) x (Bo, B1)g,, — E.
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Proof. Using (3.2) and that (Ag, A1)g;, <> Ao + A, we have that T may be uniquely
extended to a bounded bilinear operator T : (A, Al)g, g X (By N By) —> E. Next we show
that it is compact. Let V. C Ao N A; be any bounded set in (Ag, A1)s,4 and let Y be any
bounded set in By N By. Then there is ¢; > 0 such that ||b||g,np, < ¢ for any b € Y. Since
(Ao, A1)g,g = (Ao, A1)s,0, there exists also a ¢, > 0 such that any a € V can be decomposed
as

a=ay+a; witha; € AgN Ay and [laolla, + tllailla, < cat®. 4.1)

We are going to check that 7(V, Y) is precompact in E. Given any ¢ > 0, choose #yp > 0
such that cp1§ " < &/(2c1ce T llasxns.p)- Let K S (Ao N Ay) x (Bo N By) be the set of all
pairs (ag, b) where b € Y and ay runs over all vectors of Ay N A; which have appeared in the
decomposition (4.1) of the elements a € V with the value 7. Since K is bounded in Aj x B,
compactness of T : Aj x B; — E yields that there is a finite set {z;, ..., z,} € E such that
for any (ao, b) € K there is 1 < j < r with ||T(ap, b) — zj||g < &/2cg. For this z;, we obtain

IT(a.b) = zjlle < ce(lIT(ao, b) — zjlle + T (a1, D)l &)

&
< (5 + 1T gy r Nl 15115, )
ZCE

€ -1
=5 tecaty alTlagxs.e =&

Consequently, {z;,...,z,} is an e-net for T(V,Y) in E.
The operator T : (Ao N A1) x (Bo, Bi)y , —> E can be treated similarly.

Lemma 4.2. Letr A = (Ao, A)), B = (By, By) be quasi-Banach couples, let E be a
quasi-Banach space and let T be a bilinear operator satisfying that

T : Ay x B; — E compactly, 4.2)
T : A} x By — E boundedly, 4.3)
T : Aj x By —> E boundedly. 4.4

Let0 < 61,0, < 1 with6,+6, < 1 and let 0 < qy,q» < 00. Then T may be uniquely extended
to a compact bilinear operator

T : (Ao, A1), ,, X (Bo, B1)j, ., — E.

Proof. Let E = (E, E). As we have seen in (3.4), if 9 = 0 and oy = ap, = 1, the set
= Q(A, B.E, T,0,1, 1) coincides with the triangle A with vertices (0, 0), (1, 0) and (0, 1).
Since (61, 6,) belongs to the interior of 4, it follows from Janson’s theorem [20, Theorem 2],
that 7 may be uniquely extended to a bounded operator T : (Ao, Al)gl., o X (By, Bl)‘éz, e E.
Next we show that the extension is compact.

Applying Lemma 4.1 to restrictions (4.2) and (4.4), we have that

T : Ay x (By, Bl);m2 — E compactly. 4.5)

Let 0 < p < 1 such that A; are p-Banach for j =0, 1. Let F;, = (AgN A7, J(2", 1)), F, =
(£p(Fn), £,(27"F,,)) and consider the surjective operator 7 and the projections P,, Pn+ , P

10
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satisfying (2.5). Put ?((um), b) = T(w(uy),b). By (2.4), in order to establish the result it
suffices to prove that

T: 0, (27" F,)° x (B, B1);,,, — E is compact. (4.6)
With this aim, we split T with the help of the projections. We have

T=TP,+P +P" )=T(P,+P . [)+T(P} 1.
We are going to show that T(Pn + P, I) is compact for any n € N and that

TP Dlley @-om ey, & = 0 as n = oo,

These two facts yield (4.0).
Using the diagram

€,(F)
Py+P,
y(Fp) —— A5,
E,,(Z*’" F.)

together with the formula (2.6) and the interpolation property for bounded linear operators, we
have that

TPyt By) : £g (270 F) = (€y(Fy), 2" F))g, ., — A boundedly.
Then, by (4.5), we obtain that the composition
T(Py+ Py 1)1 0, (2" F,)° x (Bo, B1);, ,, —> E

is compact for any n € N.
As for T(P;t, I), notice that

T(PS,1): £,(F,) x B, —> E compactly,

T(PS,1): £,(27"F,) x B; —> E boundedly,

T(P:_, D) £p(Fp) X BT — E boundedly. 4.7)

Hence .Q(Fp, B, E, f(Pn*, 1),0,1,1) = A for any n € N. According to Lemma 3.3, to show

that | T(P;, I)”eql(zfﬁlmFm)oXBg WwE 0 as n — oo, it suffices to check that for the triple

(2p,2p, 00) and for any 0 < ny, ny < 1 with n = n; + 172 < 1 we have that

IT(P,, Dlley,mm s, 5 = 0 as n = oo (4.8)

2
With this aim, put § = n,/(1 — 7,). We know by (2.5) that the restrictions P," : £,(F,,) —>
£,(27™F,) and P}t : €,(27"F,) — {,(27"F,,) are bounded with

—(n+1 +
2=t 1P e, Fyy e p2m Fy < 1

11

+
1P, ey (Fyep@mEyy <
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The interpolation property (2.2) and formula (2.6) yield that P\ : ¢ ,,(2’5’" Fn) — £,27"F,)
is bounded with || P,"Il¢,0-5m ,,).0,-m ) < C 2~U=9+D  Combining this with (4.3) we get
that

T(Pf, 1): €, F,) x B — E (4.9)

is bounded with || T(Pn*, 1)||€p(278m Fn)xBS,E —> 0 as n — o0. Besides, we know that restriction
(4.7) is bounded and that, by (2.6), (KP(Z_‘S”’F,,,), Lp(Fy)ny2p = £2p(27M"F,,). Therefore,
using the restrictions (4.9),(4.7) and applying the bilinear interpolation Theorem 3.1 with
parameter 1, and the triple (2p, 2p, 0o), we obtain that

TP, 1) : )@ " Fy) X (Bo, B1):, ) — E
is bounded with

IT(P,, 1)||£2p(2*'71m}?m)x§;;2 JE T 0asn— oo.

2

This establishes (4.8) and completes the proof. [

Next we prove the main result of the paper: the compactness theorem for convolution type
operators without any assumption on the quasi-Banach couples. For the proof we proceed as
in Lemma 4.2 but now the situation is more involved because we have a couple in the target
of the operator and so a more refined splitting of the operator is needed.

Theorem 4.3. Let A = (Ao, A), B = (By, B)), E = (Ey, E)) be quasi-Banach couples and
let T be a bilinear operator satisfying that

T : Ay x By —> E§ compactly,
T : A} x By —> E} boundedly,
T : Aj x B} — E} boundedly.

Let 0 < 01,0, < 1 with =0, 4+6, <1andlet0 < q,q,q9 <ocowithl/q=1/q1 + 1/q>.
Then T may be uniquely extended to a compact bilinear operator

T : (Ao, A1)y, 4, % (Bo, B1)y, 4, — (Eo, E1)g ;-

Proof. We know by Janson’s theorem [20, Theorem 2] that 7 may be uniquely extended to a
bounded operator

T : (Ao, A1)y, 4, % (Bo, Bi)y, ,, —> (Eo, E1)p ;- (4.10)

In order to show that it is compact, we pick 0 < p < 1 such that A;, B;, E; are p-Banach
spaces for j = 0, 1, and we realize (Ag, A1)y, 4, and (Bo, Bi)s,,q, by means of the J-functional.
We put F,, = (Ag N A5, J(2", -5 Ag, AD)), F,, = (£,(Fn), £,(27"F,)) and we consider the
operators 7, P,, Pn+, P (see (2.4) and (2.5)). Let G,, = (B; N By, J2", -; By, BY)), (_?,, =
p(Gp), £,(27"Gyy)) and let S, S;F, S be the corresponding sequences of projections on the
couple (_}p. They satisfy analogous properties to (2.5). As for (Eo, E|)e 4, we realize it by means
of the K-functional. Let W,, = (Ej + E7, KQ2", -; Ej, EYV)), Woo = (Uoo(Wy), £oc(27"W,)),
let T be the operator in (2.7) and let R,, Rn+ , R, be the projections on the couple Wso. The

12



FE. Cobos, L.M. Ferndndez-Cabrera and A. Martinez Journal of Approximation Theory 274 (2022) 105688

following diagram holds

() AO

Do
91,q1XB

Etn (270'”1Fm)0 X qu(zigszm)o 02,92

s By, S g, W,y
@.11)

Put 7 = tT(m, ). Since t is a metric injection and 7 a metric surjection, it turns out that 7’
in (4.10) is compact if and only if T in (4.11) is compact.

To establish compactness of T, notice that by the assumption on T and the properties of &
and T we have that

T: Lp(Fn) X £,(Gp) —> Loo(W,,)° compactly, 4.12)
T: L,(27" Fy) X £p(G) —> £oc(27"W,,)° boundedly, (4.13)
T: Lp(Fn) X £,(27"G ) —> £oc(27"W,,)° boundedly. (4.14)

Therefore 2(F,, G, Woo, T, 0, 1, 1) coincides with the triangle A with vertices (0, 0), (1, 0)
and (0, 1). Next we split the operator T as follows

T=RT+R/T+R,T
=R+ R'T(P,+ P +P .S, +S +S)+R, T
=R, +RIT(P,+ P, S, +5;)
+ R T+ RT(P, S+ RIT(P,, S
+RIT(PS, SO+ RIT(PS, S7)+ RIT(PY, S,).
We remark that if Q,, is any of the operators of this decomposition, then we have
2F,,Gp, Weo, 04,0, 1,1) = A for any n € N,
We claim that the first two sequences of bilinear operators are compact. Indeed, since
Ry looWy) + oo R7T"W,) —> Loo(Wy) N7 W) — 64(2’9’” Wu)°
is bounded, it follows from (4.12), (4.13), (4.14) that
Rnf" Ap(Fp) X £,(Gy) — Zq(2_9’” W,)° compactly,

R,,f‘ 2T Ey) X Lp(Gy) —> Zq(Z_"’” W,,)° boundedly,
Rnf Ap(Fp) x £,27"Gp) — Eq(Z’G’" W,,)° boundedly.

Moreover, by (2.6), (€,(Fu). £,(2" Fu)a,.q = £y, 2" F,y) and £,,27%"G,y) = (€,(G),
£,(27"G)),,q,- Therefore, Lemma 4.2 yields that

RyT : €y (27" F)° X £y (27" Gy )* —> L4277 W, )°

is compact for each n € N.
Now we consider R} T (P, + P, S, + S, ). Since restrictions

Pn_ : gp(Fm) — zp(Fm) ) Pn_ : gp(z_mFm) — Ep(Fm)
are bounded, the interpolation property gives that
Py 0y @7 E) = (L) 2" En)) o — Ep(F)
13
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is bounded. Moreover, P, : qu(Z’glmFm)" —> £,(F,,) is also bounded. Hence, we get that
P+ P, i€, F,)° —> £,(F,,) is bounded.
Similarly, one can check that
Sy + S, &12(2_62’”Gm)o —> £,(G,,) boundedly,
and that
R loo(Wy)° —> €,(27""W,,)° boundedly.
Consequently, compactness of (4.12) yields that the composition
RIT(Py+ P, Sy + 8, £y Q7" F)° x 4,277 G ) —> £,277"W,)°

is compact for each n € N.

Next we are going to show that the norms of the other sequences of operators in the splitting
of T tend to 0 as n — oc. This will imply that T in (4.11) is the limit of a sequence of compact
bilinear operators and therefore it is compact.

We start with (R, f"). We claim that

IR, T lle(Fn)xtp(Gm) loo(Wiye — 0 as n— 00. (4.15)

Indeed, we can pick sequences (x,) € U, 2(Gm)s () C Uy () where each x,, and y, have only
a finite number of coordinates different from O and such that

A 1 _a
1R T \lepy(Fun) st p(Gn)oboo Win)e = - F IR, Ty Yl eoo(Wn)e-

Compactness of T in (4.12) implies that there is w € £.,(W,,)° and a subsequence (1) such
that f"(xnl,ynl) — w in £ (W,)°. Given any ¢ > 0, let § = ecgz. Since f‘(x,,l,ynl) €
Loo(W, )N Lo (2™ W,,), we can find k; € N such that z = f()ck1 s Vi) € Loo(Wi) Lo (27" W,y,)
satisfies that ||w — z|leoo(w,)> < 8/4. Let N € N such that for any n; > N we have

8 _ ) ~
o < 1 27" |zl g2 m Wpye < 7 and (|7 (xp,, Yn;) — Wleaowye < T
Then, if ny > N, we obtain
A 1 A
1R, Tlley et p G tooWpe = = A IRy T Cn Yoo (winye
1
) A _ _
=7+ IR, T (Xnys yuy) — Ry wllewowiye + 1R, Wlleao(Wie)
) 1) _ _ _
=7t CE(Z + (IR, w — R, zllescwire + 1R, Zllecc(Win)))
L )
— 4 ci(=+cp(= z —my o
=2 E 4 E 4 Loo (27 Wpy)
<G e <
— 4 cp(=4cp=) <e.
—4 0 Eg T TE =
Since IR} T lle,(Fuyxtp(GmtooWm> = IRy Tllep(Fyxtp (G tocWyye = -+, We conclude that
(4.15) holds.
Now, to derive that
”Rn_T”qu(2_91'"Fm)oXEqZ(Z_GZmG,n)O,Zq(Z_emWm)° —0asn— oo, (416)

14
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we base the arguments on Lemma 3.3 and the norm estimate of Theorem 3.1. Consider the
triple (p, p, p) and take any 0 <y, < lconn =n;+n < 1. Let u = n/n < 1. By (2.6),
we have that (€,27" F,), £,(Fu)p2p = €2y~ E,) and (€,(G), £, Gu)p2p =
£5,(27#"G,,). Hence, applying Theorem 3.1 with the restrictions (4.13), (4.14) and parameters
w and (2p, 2p, 00), we obtain that

R T : 0,2~ "M,y X 05,27 G,y) —> £oo(27" W,,)° boundedly. 4.17)

On the other hand, we have that (£oo(Wy,)°, Lo Wp))np = £,27"W,), (£y(Fp),
b7 ME )y = £,Q27MFy) and (£,(G ), L2p 27" Gy = £p(272"Gy). So,
applying Theorem 3.1 with parameters n and (p, p, p), it follows from (4.15) and (4.17), that
R;f‘ 2,27 Fy) X £,27 P GY) — £,(27T W)
is bounded with norm tendingA to 0 as n — oo. Then Lemma 3.3 yields (4.16).
Next we proceed with RIT(P,, S;) following the same strategy. We have
IR TPy SOyt pGontocWn < NT Py s Sy ey (G- oo W)
We claim that
TPy, Sty (Fu)xtpGrtosWye — 0 as n — 00. (4.18)
Indeed, if this would not be the case, there would exist § > 0 and a subsequence (n;) such
that

8 < TP, SNy Emyxtp(Gm). oWy for all ny.

Then, there are sequences (x,,) € Ue,F)» my) € Ut,Gm) such that § < ||7A”(P”’1xnl, S,J[l
Y M eoo(Wyye- Since (P Xn)) € Ue,y(Fy), (Sjl Yni) € Ue,(G,)» compactness of (4.12) yields, pass-
ing to another subsequence if necessary, that there is w € £(W,,)° such that T(Pn‘zxnz, S,J[Z Yny)
— w in £oo(W,)°. S0 § < [|wleoe(w,,)e and therefore w # 0. But

||Sn+2y,,2||gp(2_me) <2™ — 0 as np —> oo.
Using boundedness of (4.14), we derive that

T(Py Xy S Vay) = 0 0 £oo(27" W)

By compatibility we get that w = 0, contradicting that w # 0. This establishes (4.18).
Take again the triple (p, p, p) and take any 0 < 1, n, < 1 with n = n; + 1, < 1. Using
twice Theorem 3.1 as we did in the previous case, we derive that the norm of

RIT(P,SH): 6,27 E,) x £,Q27""G,) —> £,(27"W,,)
tends to 0 as n — oo. Then, Lemma 3.3 gives that the norm of

RIT(P,SH) : €27 E,)° X £,(277"G,)° —> £,27"W,,)°
tends to 0 as n — oo.

The sequences (R,J[]A‘(Pn S*)) and (R,J[YA”(P+ S*)) can be treated as (R,J[YA"(P’ SY).

*~n n>’>n n > >n

Concerning (R} T(PF, S7)) and (RS TA‘(P;“, S,)), we can also proceed similarly but using now

n> n

that ||P,,j_||gp(pm)’gp(2—mpm) =< 2—(n+1) and (4 13)
In conclusion,

T i Ly (27" F)° X £g, (272" G)® —> £,Q27" W, )°
is the limit of a sequence of compact operators and therefore it is compact. [

15
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The corresponding result for operators of product type reads as follows.

Theorem 4.4. Let A = (Ao, A;), B = (By, By), E = (Ey, E) be quasi-Banach couples and
let T be a bilinear operator satisfying that

T : A} x B} — E} compactly,

T : A x B} —> E{ boundedly,

T : AS x B; — E§ boundedly.
Let 0 < 61,0, < 1 with0) <60 =6, +60, —1 < 1andlet 0 < q1,¢q2,9 < 00 with
1/qg =1/q1 + 1/qa. Then T may be uniquely extended to a compact bilinear operator

T : (Ao, A1)g, 4 x (Bo, B1)g, ., — (Eo, E1)g -

Proof. Let Xo = Al, X1 = Ao, YO = Bl, Y] = B(), ZO = El, Zl = E(), o] = 1—91,02 = 1—92
and 0 =0y +0y =2 -6, —6, =1 — 6. With respect to the couples X = (Xo, X1), Y =
(Yo, Y1), Z = (Zy, Z1) the operator T satisfies the assumptions of Theorem 4.3. Therefore T
may be uniquely extended to a compact bilinear operator

T : (Xo, X1) x (Yo, Y1) —> (2o, Z1)g4-

o o
01:91 92,492

Since
(X0, X1)g,.4, = (A1, A0)y, 4, = (Ao, A1)T_g, 4, = (Ao, A1)g, 4,

and similar equalities hold for the other couples, we conclude that 7 may be uniquely extended
to a compact bilinear operator

T : (Ao, A1)g, 4, X (Bo, B1)g, 4, — (Eo, E1)g,. U

We finish the paper with a compactness result in the line of the bilinear Marcinkiewicz
interpolation theorem for multiplication type operators of Gilbert and Nahmod [19, Theorem
6.4]. We work with the Lorentz spaces L, ,(A) = L, ,(R"; A) introduced in Section 2, with
2 = R" and p being the Lebesgue measure. Interpolation formula (2.3) is important for the
result.

Theorem 4.5. Let A be a quasi-Banach space and let T be a bilinear operator which is
defined on some space of functions F(R"; A) which is dense in every L,(A) = L,(R"; A),
0<p<oo

Let 1 < py < p1 < 00, 1/rg = 1/po + 1/p, and assume that T extends to a compact
bilinear operator

T:Ly(A)xLp(A) —> Ly 200(A)
and it also extends to bounded bilinear operators
T : Lpy(A) x L (A) —> Ly, so(A),
T : Ly (A) x Lp(A) —> Lyj0o(A).
Then T extends to a bilinear operator
T:L,(A)x Ly(A) — L.(A)with 1/r =1/p+1/q
which is compact for all

po<p,qg<prwithl/p+1/q <1/r.
16
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Proof. Consider the quasi-Banach couples A = B = (L,,(A), L,,(A)) and E = (L, «(A),
Ly, 2,00(A)). Applying Theorem 4.4, we have that for any 0 < 6;,6, < 1 with 0 < 6 =
01 + 6, — 1 < 1, the operator T may be uniquely extended to a compact bilinear operator

T : (Lpy(A), Ly, (A)ey.p X (Lpy(A), Lp(A)gy.g —> (Lrg.oo(A), Lp;j2,00(A)),r - (4.19)

Since pg < p,q < pi, we can pick 0 < 6,0, < 1 such that 1/p = (1 —6y)/po + 6:/p1 and
1/g =((1—=062)/po+6:2/p1. Let 6 =646, —1. Then 6 < 1. We also have that § > 0 because
substituting in the inequality

I/r=1/p+1/q <1/ro=1/po+1/p:
we get
2—-60,—-6, 6,46 1 1
1—% 1+ 6> -4
Po P po D1
Hence (8, + 6, — 1)(1/po — 1/p1) > 0 which implies that 8 > 0. Since

1—-6 0 2—0;—6 2—0,—6 200 +6, — 1
_ 1 =6 e @1 +6,—-1)

ro ? Po P1 Pi
2—0;—6 0, + 6 1 1 1

_ 1 2+ 1 2:__’__:_’

Po pP1 p 4 r

it follows from (2.3) and (4.19) that
T:L,(A)x Ly(A) — L,(A) compactly. [

Note that in Theorem 4.5 the parameters ry and r might be less than 1.
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