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ABSTRACT

We propose a peneral test for univariaic seasonality. Starting from a
multivariate model for the seasons, some constraints must hold both, on the
covariance matrix of the innovations, as well as among coefficients across
equations, for a univariate representation of seasonality to be appropriate,
Appied to a set of 23 U.K. macroeconomic variables, our test shows that a
multivariate representation of seasonality should be preferred in at least 8 cases.
That introduces 2 serious guestioning of standard, univariate filters to estimate the
seasonal component in some economic time series, and suggest the possibility of a
more complex, but richer way of characterizing relationships among seasonal
economic variables.

RESUMEN

Se propone un contrasic para la deteccin de estacionalidad wnivatiante. Para gue la
estacionalidad presente en una serie temporal pueda ser modelizada en un contexto
univariante, el modelo multivariante estocdstico de las estactones deberd incorperar
determinadas restricciones, tanto sobre la matriz de varianzas y covarianzas de las
imnovaciones como entre los coeficientes de las distintas ecuaciones. Cuando el
contraste propuesto se aplica a un conjonto de 23 variables de Ia economia det Reino
Unide, en al menos 8 casos se detecta uma estructura multivariante de la
estacionalidad. Este hecho introduce serias dudas acerca de los filiros univariantes,
estandar, utilizados para Ia estimacién del componente estacional en algunas series
econdmicas. Al mismo tiempo esta evidencia empirica sugiere una forma mis
compleja pero més rica de caracterizar las relaciones entre las variables econdmicas.
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1. INTRODUCTION

The seasonal characteristics inherent to frequently observed economic variables
are usually represented within a univariate, stochastic framework. Nevertheless, it is far
from obvious that a single source of randomness is enough to capture the seasonal
characteristics of economic variables. To the contrary, it scems quite natural to consider
that each season may experience a random perturbation different from those for the other
5easons.

There might be variables for which the seasonal shocks are very similar to each
other, a single perturbation being thex able to capture most of the statistical features of that
variable. But even if the seasonal shocks were reasonably similar, that would not be enough
to validate a upivariate representation, The behavior of a given season over the years, as
well as the way it relates to previous and subsequent seasons, should also be sufficiently
similar across them [see for example, Osborn et al. (1988), Birchenhall et al. (1989),
Osborn (1991), Franses and Romijn {1993) and Franses and Paap (1994)].

We propose in this paper a general test for univariate seasonality. The starting
point is a VAR model for the s seasons of a given variable. If seasonality was of a
unjvariate nature, some constraints on the contemporaneous residual covariance matrix as
well as on the VAR coefficients should hold. Qur test considers both sets of constraints.
Fist, the orthogonalized residuals of the s-variate model should have the same variance.
Secondly, the coefficients in a given season equation should be equal to those in the other
equations.

When applied to a set of 23 UK. macroeconomic variables, our test shows that
a multivariate representation of seasonality should be preferred in some cases. That
introduces a serious questioning of the generalized use of standard, univariate filters to
estimate the seasonal component in economic time series, and suggests the possibility of
a more complex, but richer way of characterizing relationships among seasonal economic

variables.
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2. MULTIVARIATE VS. UNIVARIATE REPRESENTATIONS OF
SEASONALITY

2,1 A Multivariate Representation of Seasonality.

Let x; be an economic variable being observed at seasonal frequencics. We
denate by a time index t the year and by a second index i=1, ..., s the period of the year
{a month or a quarter) to which the observation corresponds. Typically, s = 4 or 12. Let
X, denote the vector of annual observations: X, = (%, ... %,) for year t= 1,2,...,n, and

fet its finite order VAR representation’ be:
B X, = +a M

where ®(B) is an sxs matrix of polynomials in the lag operator B with ®(0) = K, and
all the Toots of its determinant characteristic equation | ®(B) | = 0 being on or outside
the unit circle; a, is an i, i.d., zero mean, $-variate Gaussian random vector: a’ =

= (a, a, ... a,) with contemporaneous covariance matrix X , representing the cross-
effects among seasons in the same year. Differences among the elements in g can be
thought of as being related to the deterministic component of seasonality in X, , although
we do not pursue that line of reasoning here. For simplicity of exposition, we will ignore
in what follows this vector of constants, although it will be included when estimating model
(1) in section 3.

Having introduced a seasonal variable as the realization of a multivariate vector,
it is now of interest to test whether for some varlables, the s-variate structure reduces to
a univariate one. In section 3 we propose a likelihood ratio test statistic based on the
orthogonalized residuals from VAR model (1) fitted to the s series for the seasons.

The Hillmer and Tiao(1979) representation of a VAR(p) model for the entire

F)

sample is: fé
D,X=a-G,X @
where X denotes the ns-vector of sample observations X’= (X", X;",...; X,”), with n

being the number of years, a” = (a,", 8;,..., a,”) is the nsX1 noise vector with a non
i

4
scalar variance-covariance matrix (I,®E), I being the s Xs inira-year variance-covariance
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matrix, and X* is the psx1 vector of initial conditions. D is the nsXxns matrix of

parameters;
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whete 1, is the ss identity matrix and $, (i=1, ..., p) is the s X5 matrix of parameters

associated with lag i in VAR(p) model (1).
In (2), G, is the nsxps mattix of parameters:
""’P _d’p_l “w o "@z —¢1 ]
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Let T beasxs lower triangular matrix, constrained to have ones in the main
diagonal, such that TET'=A is a diagonal matrix. Premultiplying (2) times (L,®T) we
get:

¢,®N D, X = @8N a - 4,8 G, X~ (5)

or:




D)X =¢~G) X" ©)
where:
D: = {1, 8T) D,
G, = 487 G, )
e=(18T)a

with:  Var(e) =@, ®A). We will refer to (6) as the orthogenalized VAR.

So long as £ is positive definite, matrix T can be obtained as the factor in the
Choleski decomposition Jsee Theil (1983), p.34, for instance]. For that, we project the
residual for a given season from a previously estimated VAR on the residuals
corresponding to the previous quarters of that same year. Ordering the obtained coefficient
estimates in each of these projections as one of the rows below the main diagonal produces
a matrix T with the above mentioned properties. Each element in ¢ is the residual in these
auxiliary regressions. Residuals corresponding to the first season remain unchanged relative
to vector a. Proceeding this way, we are interpreting the covariances in X as measuring the
influence of previous seasons on the current one,

Expression (6) reduces to the Hillmer-Tiao representation for 2 univariate AR(r)
process, T<sp, when: (a) the elements in any main lower diagonal of D" are all equal to
each other and (b) A is a scalar matrix, Thus, lack of heteroskedasticity is a necessary but
not sufficient condition for seasonality to have a univariate representation. If conditions a)
and b) both hold, then a standard, univariate modelling approach, may be appropriate.

For instance, in the case of a2 VAR(2) with s=4 and matrices §,, §,, then D,"
takes the general form:

T o0 0 0 0 0
Ty, T 0 .. 0 0 O
7 Ty, T¢, T . 0 8 0
0 T, T v =
Yo 4, T, o 0 o ®
0 we T 00
0 0 0 .. -T$ T O
o 0 0 . -T¢, Ty, T|

with T and $, , k=12, being 4x4 matrices of parameters.

If the data generating process was indeed univariate, the matrices in D"

would have a structure:

f1. ¢ 0 0
LI 1 0o 0 )
T =
Ty T 1 0
Fiza Tisg Tran 1
g Tran Py P Bz T2 Tz Tue
T4, - Tyan Fra Tz Tuag T4, = 0 #y9 T T3z 10)
! T3z Tz Tt Ti2p * 0 0 Wy, T
T2 Tiz2 Tz Finy ¢ 0 0 Ay,

where Ty, represents the element (i,j} of matrix T¢,. Excluding the vector of constants,
there would be just § different parameters, out of the initial 32 coefticients in (1).

The associated univariate autoregressive process would be at most an AR(8)%:
4 5 6_ 7_ & _
( 47:14,1134-1:13_le+11:,2'1B3—1cn.1B Ty BTy, BO-W B 7, BY X = g (1)

j = 1,2,...,ns, where we now use subindex j to denote each one of the observations in the

ns-vector X.
For the VAR(1) with s=4 case, the matrices would be:

1 0 0 0 Ti1 Trzg Tiay T
My 100 0 myu g T 12)
il 1o T
®i31 Tia 4 0 Wy T
I 0 0 0 m,

T T Mg

with just 4 different coefficients in (1) out of the starting 16, and the equivalent univariate

AR(#)? process wuld be:

(emy Bonyy By Bo-my BY X =, j = 128 13




2.2 Univariate Representations of Seasonality.

For comparison with previous research on these issnes, we use the same data
set a3 in Osborn (1990), which has recently been considered by Franses and Romijn {1993).
It includes quarterly variables, in logs, except by the yield on Treasury bills, and the
physical increase in stocks. Trade balance is computed as the difference between log
exports and log imporis®. A list of abbreviations for the names of the variables is provided
at the end of the paper,

Table 1 presents our estimates of the umivariate models specified for the
variables in our sample with the differencing order® suggested in Osborn (1990). Pure
autoregressions seem to be adequate for all variables. They are characterized by a smalt
number of parameters, to a maximum of six, and represent seasonality with a second order
multiplicative autoregressive term in most cases. The Lunj-Box statistic suggests possible
misspecification, but this is due to the presence of outliers, on which we will comment in
section 3.2, Alternative mixed ARMA representations do not greatly reduce the number of
parameters with respect 1o the AR models, being the fit of data in both cases very similar.
The reader is refered to Table A2.1 in appendix 2 for more details about the estimated
mixed models.

To the effect of comparing urivariate with multivariate representations of
seasonality, we consider in what follows the AR models estimated under the differencing
order in Osborn (1990).

{INTRODUCE TABLE 1 HERE]
2.3 Choosing the Lag Order in the VAR Representation for the Seasons.

Choosing the lag length for the VAR representation for the seasons should be
expected to cc;gidition the results, Two approaches can be considered in our framework: on
the one hand,%fén estimated univariate model implies a minimum order for a VAR for the
seasons to be consistent with it. On the other, we can use standard likelihood ratio test to
select the lag length of the VAR.

If the univariate models are taken to be correct, then the corresgonding VAR
representation for the seasons should be of relatively high order, To accomodate our
estimated univariate models, a third or fourth order VAR is needegd for 21 out of the 23

7

variables considered. Only for the financial variables: the Financial Times index of
industrial ordinary shares and Treasury Bill interest rates, a VAR(1) would be enough [see
Table 2, column 3].

Using the likelihood ratio test for the VAR order, we incorporated the
correction in Sims (1980) by substracting from the number of years n the number ¢ of
estimated coefficients in each equation of the unrestricted VAR, The statistic was then
computed as the product of n-¢ times the difference between the logarithms of the
determinants of the covariance matrices of the VAR’s for orders k and k+1.

A lag length of zero would imply that each season time series is made up of a
constant plus white noise and it is therefore stationary, besides precluding any out of the
year correlation among seasons. That possibi]ity was clearly rejected for all variables.
Besides producing a high value of the statistic when testing against 2 VAR(1) model, the
mode] of constants left very substantial autocorrelation in the innovations of the seasons
equations. Beyond that, a short VAR representation was chosen for most variables {Table
2, column 5]. The choices in the table are all consistent with lack of autocorrelation and
partial cross correlations in the implied residuals,

The low orders that emerge from the likelihood ratio test are in conflict with
the univariate representations of seasonality in section 2.25, These conflicting results seem
to indicate that, either we take as a fact the univariate representations, then implying that
the use of the standard likelihood ratio test systematically leads to the wrong choice of VAR
order, or seasonality has in fact a multivariate nature of possibly low order, a univariate
representation then being inappropriate.

To avoid making a decision that might condition our results, we investigate both
possibilities, the shorter VAR mode} for the seasons that emerges from the likelihood ratie
test, and the longer VAR that is consistent with the previously estiinated univariate

representations.

3. TESTING FOR A UNIVARIATE REPRESENTATION OF SEASONALITY.

Once we have a VAR representation for the seasons, we propose a Likelihood
Ratio Test of the joint set of restrictions on the covariance matrix and the VAR coefficients
of the s-variate representation imposed by a univariate model of seasonality. We also

propose a test of the subset of restrictions on the covariance matrix. Comparing the results
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of the two tests, we can draw some inference on whether a hypothetical rejection of the
univariate representation is just due to heteroskedasticity among the seasons, or it has its
foundation on the different dynamics of the seasons, We should bear in mind that rejecting
the univariate ARIMA representation would stili allow for the possibility that a periodic

process as in Franses and Romijn (1993) could be accepted as the data generating process.
3.1 Homoskedasticity among the seasons.

It is well known that if X, = (%4 ... X,) accepts a multivariate Gaussian
VAR(p) representation, least squares yields consistent estimates even if X, contains
integrated and cointegrated variables. Moreover, in the presence of cointegration among
Xy ».-s, Xy, the unconstrained least squares estimator has the same asymptotic distribution
as the maximum likelihood estimator which observes the cointegration restriction [Park and
Phiilips (1989), Sims, Stock and Watson (1990), Liitkepohl (1993), p.369]. The 5 equations
in each VAR correspond to the four quarters of a given variable and they are cointegrated
in all cases, so these estimation results apply.

Under Normality, the independence of the e -residuals introduced in (7)
guarantees that the standard Bartlett’ test for equal variances across samples, used here to
test for equal variances across seasons, can be interpreted as a likelihood ratio test, which
asymptotically follows a x%, distribution. Rejection of the null hypothesis would imply
that the diagonalized covariance matrix A is not scalar and hence, the analysis of the
seasonal variable should be carried out in a multivariate framework.

Orthogonalizing the residuals as in (7) is crucial because, if the data generating
process was indesd univariate, the resulting error term e should be white noise. Lack of
residual autocorrelation in the s-variate VAR(p) still allows for correlation among the
seasonal residuals inside the same year. That would preclude their interpretation as being
the innovations in a univariate model.

I}; is also important to realize that we are not searching for the univariate models
of the seasofis implied by the VAR model, and that standard procedures along that line
would not allow us to carry on a test of the restrictions imposed by a univariate
representation of seasonality. The interested reader should check appendix 1 for a more
detailed discussion of this issue.

Columns 3 and 4 in Table 2 show the order of the VAR con;istent with the

estimated univariate models, and the value of the Bartlett statistic tq test for equal variances

9

among seasons. At the 95% confidence level we reject the nuil hypothesis of variance

homogeneity for all variables except: trade balance, exports, imports, vacancies, retail

prices and the Financial Times index.
The results obtained with the shorter VAR models are shown in columns 5 and

6. We get now much more evidence of variance homogeneity, failing to reject the null
hypothesis for the previous list, together with: consumption of durable goods, private
investment, employment, average earnings and M4. For the remaining 12 variables there
seems to be enough evidence of heteroskedasticity among quarters, consistent across VAR

orders, which might be hard to reconcile with univariate representations of seasonality.

[INTRODUCE TABLE 2 HERE]

3.2 Homogeneity of the Seasons Equations and Homoskedasticity.

For a unjvariate model to be appropriate we need homoskedasticity across the
geasons, but also that the statistical behavior of all seasons be the same. We now propose
a general likelihood ratio statistic that jointly tests for both sets of constraints, i.e.
homoskedasticity in the ¢ residuals as well as the validity of the dynamic cross- equation
constraints that a univariate AR model representation imposes on a VAR for the seasons.
Under Normality, we will have the restricted log-likelihood function.

ns

Il =~ 22w -

1§u

2a, o

wm
=

where u;’ ‘denotes the innovation in a univariate AR model.

If, on the contrary, a multivariate representation is needed then, again assuming

Normailty of the s-vector of innovations, we will have the unrestricted log-likelihood:

1 -
m%=-%mnw§mm-52qzu

t=1

where T is the sXs covariance matrix of the seasons innovations, and a, denotes the

vector of zero-mean residuals for the s seasons in year t. The value of the likelihood
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function is invariant to the linear transformation that changes the a, into the ¢, residuals,
S0 we can write it in terms of either the original (as above) or the orthogonalized VAR
vector of innovations,

The maximum likelihood estimate (MLE) of the variance of u; is:

ns
4
1

ns

whereas the MLE of the covariance matrix I is:

>
£ =L

1

&

n

which lead to the concentrated restricted and unrestricted likelihood functions:

s0 that the likelihood ratio test for the univariate ARIMA seasonal model, as a restricted

version of the multivariate VAR representation, consists on checking the significance of the

|

This;ﬁtest is in the spirit of the test for time invariant coefficients and variances

statistic:

15 as)
it e

e

l=—2(hLR—mLU)=nF.h(i ¢]~m
08 =1

. i .

in a PAR mod 1 considered by Liitkepohl (1993), section 12.3.2. Ours is a similar test on
an orthogonalized VAR model from which a PAR is a particular case, As in Liitkepohl, the
likelihood ratio statistic A above has a x* asymptotic distribution with J degrees of

freedom, J being the number of constraints, i.e., the difference between the number of

4

estimated parameters in both models;

1
J=@4mmm+ﬂ%ﬂ=@4$@+§+{

Table 3 shows the results of the test for a univariate nature of seasonality
considering both VAR representations, the one with an order consistent with the estimated
univariate model, as well as the one that resuits from choosing its order with a likelihood
ratio test’. In addition, given the low number of effective observations, we take as a

conservative criterium the use of a confidence level not higher than 90%.
[INTRODUCE TABLE 3 HERE]

With all these quatifications in mind, when the longer VAR models are used,
eight variables seem to have a more complex seasonal pattern than can be captured by
univariate models: total as well as private investment, value of physical increase in stocks,
factor cost adjustment, personal disposable income, workforce, retail prices and the
Financial Times index. When the alternative, lower order VAR models are used, we reject
the univariate seasonal AR representation for all variables except Treasury bill interest
rates.

At least in this context of a scarce number of observations, the order of the
VAR representation used for the seasons is clearly a fundamental feature conditioning the
results of the test. Higher order VAR representations tend not to reject the null hypothesis
of 2 univariate nature of seasonality more often than the lower order ones. However, the
results from the shorter VAR must be interpreted very carefully, since most univariate
models in table 1 cannot be nested into them.

Nevertheless, the eight variables mentioned above emerge as having
multivariate seasonality even when the longer VAR models are used as the alternative.
From comparison with the results in Table 2, the rejection of univariate seasonality for six
of them (total and private investment, physical increase of stocks, adjustment factor cost,
personal disposable income and the workforce) is at least based on the presence of seasonal
heteroskedasticity, while in the remaining two cases (tetail prices and the Financial Times
index), rejection seems to be based on season specific coefficients.

We mentioned in section 2,2 that two alternative univariate representations for
each variable could be considered, a pure AR model and a mixed ARMA model, both in

Osborn differences. One might prefer to replicate our analysis using mixed ARMA models,
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but as these models cannot be nested into VAR models for the seasons, estimation of
VARMA models would be necessary. Appendix 1 shows, for the case of a VARMA(L,1)
with two seasons, the implied constrains associated to a univariate mixed representation.
Given the similar performance of both representations {(pure AR and mixed univariate
models) in fitting the data, we do not expect important qualitative differences with our
results. We chose to compare pure AR univariate representations with VAR models to
avoid the computational burden associated with specifying and estimating 23 VARMA
processes.

The fact that the seasonal patterns in some variables may be more complex than
can be captured by univariate representations, is consistent with recent work on testing for
periadic structures in this same data set [Osborn et al. (1988), Osborn (1991), Franses and
Romijn {1993) and Franses and Paap {1994)].

3.3 Analysis of extreme values.

Most variables in the sample contain large extreme values, that tend to produce
evidence of heteroskedasticity among the seasons and hence, biasing our results towards
misrejecting univariate seasonality. To check for the importance of their effects, we
corrected the outliers beyond three standard deviations, using the intervention analysis of
Box and Tiao (1975). Each input, multiplied by its estimated coefficient in the intervention
model, was substracted from the original time series to obtain an outlier-corrected variable.

Heteroskedasticity results were sensible to the presence of outliers. As expected,
correcting for outliers reduced the evidence of multivariate seasonality, with independence
of the order of the VAR which was used in the joint test.

Under the longer VAR representations, six variables seemed to have
multivariate seasonality after correction for outliers, versus the eight which were detected
previousty to the correction. With the shorter VAR models, 17 variables seemed to show
multivariate se\égonality, against the 22 that had that characteristic previcus to outlier

correction. Tab?e 4 shows date and type of each intervention input.

[INTRODUCE TABLE 4 HERE]

+

Although extreme values tend to bias the results of the test towards miultivariate

seasonality, there is a subset of variables for which this feature is rgbust to the presence
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of outliers. They are: total and private investment, physical increase of stocks, factor cost

adjustment and personal disposable income,

4. CONCLUSIONS

A seasonal time series can be viewed as a realization coming from either a
univariate or an s-variate stochastic process, s being the seasonal period.

The univariate approach leads to simple models that have heen shown in the
past to fit the data well. Neverthieless, this approach implies constant seasonal parameters
and that may lead to substantial dynamic misspecification errors. On the other hand,
although the multivariate approach allows for seasonally varying parameters, it leads to
more complicated models that need longer time series to be elaborated.

Being concerned about the possibly multivariate nature of seasonality, we have
proposed in this paper a procedure for testing the nulf hypothesis of a univariate versus an
alternative multivariate representation of a seasonal time series. This is a joint test for the
cross equation restrictions that a univariate model places on the coefficients of the s-variate
representation, together with the constraints imposed on its contemporaneous error
covariance matrix. It is however, quite simple to implement, since it becomes just a
likelihood ratio test on the orthogenalized residuals from a VAR modet for the seasons,
compared with those from a univarigte AR model. Combined with a test for
homoskedasticity among seasons, it altows for further exploring whether the evidence of
a multivariate nature of seasonality, when it arises, it is just due to a different variance for
the seasons or it is caused by the dynamic correlations of the variable being season specific.

Studying 23 macroeconomic UK variables, we have found evidence against
univariate seasonality in § cases (total as well as private investment, value of physical
increase in stocks, factor cost adjustment, personal disposable income, workforce, retail
prices and the Financial Times index), indicating that their seasonal patterns may be more
complex than can he captured by univariate representations. This result is consistent with
recent evidence on the presence of periodic structures in the same data set.

In implementing the test both, the choice of lag order for the VAR for the

seasons as well as the correction of outliers, seem to be crucial in finding the proper
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character of seasonality, On one hand, standard likelihood ratio tests tend to select
relatively low lag orders for the VAR processes which in turn lead to reject univariate
representations often. On the other, the presence of outliers tends to bias the test towards

multivariate seasonality.

iy, _
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NOTES

1. Similar results apply to more general VARMA processes, with minor changes. The
simpler bivariate ARMA(L, 1) case is discussed in Appendix 1.

2. Notice that the original single series x, may be nonstationary. If so, the AR(B)
potynomial witl incorporate unit roots.

3. ‘These polynomials will incorporate the appropriate constraints, For instance, a series
with a unit root in the seasonal, as well as the non-seasonal frequencies, will need a a4,
transformation to become stationary. That would imply a VAR seasonal representation of
at least second order, since the double difference cannot be accomodated in a VAR(L).

4. For more details on the data, the reader can refer to Osborn (1990).

5. Only for vacancies we did not use the filter in Osborn {1990), who suggested this
variable to be 1{0). However, estimation of an univariate model under the assumption of
stationarity failed to converge, due to the need of using a (1-B) fitter. Therefore, we
considered this variable to be I().

6. They are consistent, however, with recent research on this same sample [see Franses and
Paap (1994)].

7. The Bartlett’s statistic for the null hypothesis of equal variances:

2

v gl= =
Hyaf=. =09

Q-W-9hs-Yo-Di s = @1 [s st -%in s}]
i=1 1

where §? is the sample variance computed with all observations, S is the i-th season
sample variance, 0 is the number of observations in each season, and N is the sample size

{N=ns}).

8. As in selecting the VAR lag order, in this case we have use the correction proposed in
Sims(1980), i.e. the number ¢ of estimated coefficients in each equation of the unrestricted
VAR has been substracted from n, the number of years,
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Table 1

Pure seasonal AR representations on Oshorn{1990) unit root filiers

Nen-seasonal coefficients” Seasomal coefficients®
% 5|

VARIABLE Flter # * & & ¥, *, 2, LA Q15

GDFP (1-B% .66 2% -6l K 1.92 18.9
(08) (08) (.08) (.08)

Comsumplion (1-8% 81 A7 -.63 =29 1.5% {7.0
09 (.09) (08) 09

Durables (1-8% .66 .13 -59 -31 9.16 16.6
09 ) 0% (.08)

NonDurables (3-BY .98 -.54 -2 1.14 3.6
(02} (.09) 09)

PubCons (-39 68 -n 68 24 -t -27 1.44 9.3
(.08) (08 (.09) (.69 (.09) (.09)

Investment (t-By -3 =16 52 27 4,07 .8
10) {10y (.09 .09

InvPrv (1-B) -3 .55 26 525 15.6
.09 (.09 (.09

InvPob {l-BY 66 20 -33 - 40 6.79 37
(10 (i0) (0% (.09)

RSTB* {1+B) 1.53 ~1.48 1.34 -.50 -50 §77.85 18.7
{.08) 10 {11} £.08) (.09}

TradBal (1-B) -36 23 .25 4.60 18.5
(.08) {.08) {.08)

Exports {1-B) -47 .23 18 31 3.99 16.7
(-08) (.0%) (08) (.08)

Imports (1-B) 28 224 4.13 16.0

(.08) (.08)

Radijfc (1-B) -40 .26 52 23 .19 22.%
{.08) {.98) (.08} (.08)

PDY (1-B) -36 K.l 24 213 28.4
{.08) {.08) {.08)

Employment (I-B) .24 19 47 .23 0,30 21.1
(,08) (0%} (.08) (.09

Vacancics {1-B) .80 -.08 A2 ~27 55 35 8.38 17.0
(.08) {.i1) .11y (-0%} (.10) (.09}

WorkForee {1-B) 46 27 0.42 18.6

(08) (0%

Productivity {1-BY 63 31 -.68 -42 1.85 18.2
(.08) (08) (.08) (.08}

Avearn (1-B) 51 2 40 22 .16 127 16.7
1% 10 10y 10} 09

RPL (1-B* -.56 -.44 -43 24 -2 -.16 1.09 10.0
(-08) (0% (.09) (.0%) (A1) (0%

FTTudex am |2 9.42 167
10

M4 (1-BY -.66 -.57 -54 Pl -45 -23 i.14 17.7
(0% {10} (10 (.69) (10) (.10)

FBitlyld (i-By 1.36 21.7

b variables without the log-transformation
b

standard errors in parentheses




Table 2

Tests for varianece h geneity among

Table 3

Tests for a univariate representation of seasonality

Lags Likelihood Ratio Lags Likelihood Ratio
n® p Statistic A P Statistic A
GDP 34 4 4.8 1 7.0
Consumption 4 4 62,1 1 512
Durables 34 4 65.3 1 51.6
NonDurables 34 4 65.0 1 49.8
PubCons 4 4 72.5 1 81.¢
Investment 27 3 62.5 1 69.4
TnvPriv 27 3 65.9 1 63.9
InvPub 27 4 51.7 2 78.0
RSTB* 34 3 80,9 2 88.0
TradBal 34 3 37135 1 42.7
Exports 34 4 46.8 1 45.0
Imposts 34 3 559 1 54.2
Radjfc 34 3 875 2 85.7
PDY 34 3 85.7 3 85.7
Employment 34 3 547 1 60.3
Vacancies 34 4 513 2 £5.0
‘WorkForce 3 3 G8.2 i 62.1
;-’roducﬁvity 34 4 64.6 i 697
Aveamn 26 4 44.5 2 78.5
RPI 34 4 YER] 1 59.7
Fndex 26 1 33.6 1 33.6
M4 26 4 25.7 1 339
TBillyld 26 1 33.0 1 33.0

3 c
po| e | mern |l | L
GDP 34 4 19.1 1 9.5
Consumption 34 4 44.6 1 12.6
Durables 34 4 15.5 1 2.9
NonrDurables 34 4 fe.1 1 12.4
PubCons 4 4 31.2 1 21.0
Investment 27 3 31.6 1 27.6
InvPriv 27 3 7.9 i 54
InvPub 27 4 52.0 2 1.7
RSTE" 34 3 182 2 15.3
TradBal 34 3 4.9 1 0.4
Exports 34 4 5.6 1 1.3
Imports 34 3 1.1 1 2.1
Radjfe 34 3 20.3 2 14.9
FDY 34 3 10.7 3 10,7
Employment L 3 79 1 5.1
Vacancies 34 4 2.6 2 4.3
‘WarkForce 34 3 16.0 1 4.6
Productivity 34 4 1.0 1 8.0
Avearn 26 4 222 2 6.4
RP1 D a 5.4 1 75
FTindex ' 26 1 4.7 1 4.7
M4 26 4 14.7 i 34
TBillyld 26 1 2.1 1 9.1

variables without the log-fransformation

number of years in the sample

the critical value at 95% confidence for a x;° is 7.8

variables without the log-transformation
number of years in the sample
the critical values at 90% confidence [or a x), J = 24, 36, 48 and 60 (associated to Lags = 1,

2, 3 and 4} are 33.1, 45.0, 62.0 and 74.4 respectively.




Table 4

Outliers

GDP 1173 (8)

Consumption 2068 (8); 1/73 (I); 1/78 (8); 219 (D)
Durables 2168 (5); 2179 (D)
NanPurables 2/68 {8); 1/73 (8}, 1/78 (8); 2/80 (8)
PubCons -

Investment -

InvPriv 4768 (1)

InvPub 1/73 (S); 2187 (D)

RSTB -

TradBal 4466 (D); 4/67 (I, 1/79 (D
Exports 4167 (Iy; 2169 £D); 3772 (D; 1/ (1)
Impods 4/66 (Ty; 3/81 (5)

Radjfe 1/78 (8); 2/80 {8)

PDY 2072 8y HT6 )
Employment 259 (8)

Vacancies 4166 (S); 1174 (8); 1175 (8); 2175 (8); 1/80 (5)
WorkForce 2/59 (8): 1/71 (8); 3/83 (8}
Productivity 1173 (8)

Avearn 1774 (8); 2774 (8); 3/74 (8); 474 (8)
RPI 1/75 (8); 2/75 (8); 3/79 (8)
FTindex ,g’ 1175 (Sy; 2175 (S); LT (S); 4/87 (8)
M4 3 -

THillyld 3173 (8); V77 (S); 3/81 (S); L/BS (8)

Note: S and I denote step and impulse type of interventions, respectively, Each one
of these variables was affected by a single parameter in estimation,

APPENDIX 1

Autoregressive models

Let us assume, for simplicity, that we have just two seasons or semesters, Le.,
two intra-year observations: x, and x,. If we have estimated a VAR(1):

L-¢,B ~¢,B Ixu] . [au] (A1)
~§,B 1 - ¢4Blxy ap

where B is the lag operator, and: Var(a,) = 6%, Var(ay) = o5®, Covia,a) = o, p =
a,,la;2 , then, orthogonalizing with the Choleski decomposition would give us the system:
where: ¢ = 2, - pay. [n this orthogonalized system, the first semester depends on the two

Xy = gy bR g
Ky =P Ky (b wpdy) By + G- 0di) K t &

previous observations of the complete time series, i.¢., the two observations in the previous
year. On the other hand, the second semester depends on the past three observations, i.e.,
the first semester of that same year, as well as the two observations from the previous year.
The observation previous to x,, is x,, while that before x,, is x,, ,. Hence, this
system of two equations collapses to a single equation, univariate model if and only if:

Var(e) = Var(a,)

and the following cross equation restrictions hold:

¢12 =p
by = by - Py (A2)
$y = pbu

In that case, we would have a univariate AR(2) model, with coefficients ¢,;
and ¢,,. For a guarterly variable, this argument generalizes fo produce an univariate
AR(4) model out of a VAR(1) for the quarters, as we saw in section 2.

‘The standard procedure to derive univariate representations out of a multivariate
time series model:




®B) X, = a,

is to rewrite it as:

. 1-¢,B $,,B ay
b(B) X, = TAB)T g = $,B 1- 0,8 ta,

where D(B) denotes the determinant of the polynomial matrix &(B), and [A(B)F is its
adjoint matrix. In our example (A1), we get:

D®) %, =2y " $ag Ban * b1z Bgz *3
D®B) X,y = &yy gy * Ay ~ 1y Bgp

where: D(B) = (1-$,,B)(1-$B) - badB® .

Equations {A3) give us univariate ARMA(2,1) models for x,; and x,,. However,
a, and a, are contemporaneously correlated, so that the two cannot be interpreted as part
of a same, univariate model, since its lnnovation would then necessarily be autocorrelated.

To get rid of that autocorrelation, we would use the projection:
B TP At &y

with p = a/0,? , to rewrite (A3) as:

D) x,; = €3 + dpegn * Py - 42 €1a ad)

D(B) x,, = €, + PE,; ~ Py€an * by~ pdiy) €4

where ¢,, = a,;. System (A4) now reduces to a single univariate model for the whole time
series X exactly under the same conditions (A2).

Note that the alternative projection: a, = fa, + ¢, would not make much
sense, since we g}i'ould be projecting a, on a future observation, a,.

‘Ga
Mixed VARMA meodels

In the more general case of having estimated a mixed mo?iel, like a
VARMA(L,1):

i
i

hi

1-4,B -¢,B (X,l
_¢21B 1'¢’uB Za

with Var(a,) = o/, Var(ag) = o , Covigg,a) = 0y 0 = gpfo’ , which can be

transformed into:
_ 1-¢, B —,,B (xu] - 1-6,B -0,B [l 0]{1 ¢ (a“) -
p 1}i-p 1)\8g )
€l _ 1-(8,;+p8, 0B -8B
€

~0yB 1-6,,B) %2/ | -8,B 1-0,B
€u
p~(0,,+p0,)B 1-8,B/ 5o

1-6,B -6,,B a,
-6,,B 1-6,,B )

1-0,,B-p 8,B -8,B
-0, B+p(1-6,B) 1-0,B

where €, = 8, £a = 8o-pdy, which implies: Cov{e,,e,) = 0.
In this representation with orthogonalized residuals, we would have:

Xy = byfegy + $Fgg ¥ € - Bafgn - Byte0y) €y,

Kp = ByyFegy + GaXgs * Ba + PEq ~ One e — (POL*0;) €y

(AS)

For these to collapse to a single equation, univariate mixed ARMA model we
need some restrictions on the AR coefficients:

by = b
$p =0
$y =0

as well as on the MA parameters:

p=-8y
b, =6, + pdy,
POy, = -0,

leading to a restricted modef:
(1 -¢B 0 (X“ 1 —BHB oB
0 1-9B/\%) | p 1-9,B

In addition, the two error terms in (AS):

&)




Uy =& *+ Pz ~ P
U, = €p * P&y ~ ezze:-_l,z

need to have the same variance. That will happen if:

Var(e,) = Var(e,,)

as should be the case for the model to be univariate.

St

{(Af)

an

APPENDIX 2

Estimated_univariate structures

Table A2.1 present mixed ARMA models estimated again under the differences in
Osborn (1990), The mixed representations do not greatly reduce the number of coefficients
and are very similar to the pure AR models in fitting the data. Residual stancard deviations
and Ljung-Box Q-statistics take similar values in both cases.

Comparing ane or the other to their multivariate analogue should not be expected to
produce any significant difference in our qualitative resuits.




Table A2.1

ARMA representations en Oshorn(1990} unit root filters

AR coefficienu® MA coefficicnta®
Non-seasonal Seazonal Noa-seas. Seasonal
vARIABLE | Filer | 9, & s 'S @, %, 8 8, a, % QU
88 119
GDP apy | .99 36 2 1
.08 (.08) (.06
i 1B hl .20 .68 157 167
Copsumption | {1-BY) o o Py
Furables (-By § .95 36 .66 s.04 143
09 {09 {07
NonDurebles | (1-BH { .98 58 112 200
(.02) (07}
5
PubCons a | 96 -8 o7 .25 .58 148 7
B (0 () (.09) (.08)
3 -B) 59 25 58 17 388 4.7
Tnveatment {1-B} - o o0 e
InvPri 1-8 99 28 65 .13 484 107
o - {.02) (.09) (10 {0
InvPub {1-B% S0 -33 .4l 22 5,80 4.3
{.06) W9 (09 | (1D
RSTE (+p) | 53 26 A0 99 677.8 180
en 09y (09§ (01
TradBel 1B 54 42 a7 450 113
o {05 (.08) (40
92 9.5
Exporta {1-B) 98 .52 82 3
%) .07y Lon
Imports t- 96 13 K 403 123
- o .84 {.08) (.0B)
Radjfe 1-B .87 a8 41 20 310 174
' B (09 (0%} om0
BDY 1 125 -9 | 35 i) 217 294
e (g o1 | eem (14)
047 146
Employment (1-B) 28 24 89 .81 X
a8 (08 (2] (.06)
Vacanci 1-B 59 97 64 436 22.9
i o9 (.06) (.02) (.08)
.0
WorkForce (8] L1 -39 .84 040 14
- ) [aV At (07
.l -7
Productivi aey i e 45 n 18 1
- o con (08) (16}
Aveamn {-B) .57 M .62 1.25 153
.08) (09 10
RPI LB .58 59 .85 108 127
v (.03} {07} {07
Flindex am | u 942 167
{10
M4 {4-B .67 -.6% ~.58 | 52 1.4 18.2
(om0 () (09) t{w
TBiliyld* (1-R) 136 7
* variables without the iog-transformaﬁon
b

standard errors in parentheses

vl

Abbreviations for variables in the tables:

RGDP: Gross Domestic Product at 1985 prices.

Consumption: Total personal expenditure on goods and services at 1985 prices.
Durrables: Personal expenditure on durable goods at 1985 prices.
NonBPurables: Personal expenditure on non-durable goods and services, defined as

the total less expenditure on durables, both valued at 1985 prices,

PubCons: Total Government final constmption at 1985 prices.

Investment: Totzl gross fixed capital formation at 1985 prices.

InvPriv: Gross fixed capital formation of the private sector at 1985 prices.

InvPub: Gross fixed capital formation of the public sector, obtained as the sum of the
series for general govemment and for public corporations, both at 1985
prices.

RSTB: Value of physical increase in stocks and work in progress at 1985 prices.

TradBal: Exports divided by imports of goods and services, both at 1985 prices.
Exports: Exports of goods and services, at 1985 prices.

Imports: Imports of goods and services, at 1985 prices,

Radijfe: Factor cost adjustment (taxes on expenditures less subsidies) at 1985 prices,

RPDY: Real personal disposable income at 1985 prices.

Employment: Workforce in employment, consisting of employees in employment, the self-
employed, HM forces and participants in work-related government training
programs.

Vacancies: Vacancies notified to job centres and remaining uafilled.

‘WorkForce: Workforce, consisting of the workforce in employment and the unemployed.

Productivity: GDP at 1985 prices divided by employment.

Avearn: Index of average eamings for the whole economy (1985=100),

RPI: Index of retail prices, all items (1985=100).

FTIndex: Financial Times index of industrial ordinary shares, (1 July 1935=100).

M4: Stock of 'broad® money, comsisting of notes and coins in circulation phs
privale sector bank and building society deposits.

TRBiltyld: Percentage yield on Treasury bills.




