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ABSTRACT

The generation of non-uniformly totally polarized beams and the study of their applications is a subject of
increasing interest in the last years. A particular class of beams of this kind are the so-called full Poincaré
beams, which have the property of presenting all possible polarization states across their transverse section. Here
we present a simple and easy way to obtain a beam endowed with such property. The method is based on the
use of an initially linearly polarized beam that propagates along the optic axis of a uniaxial crystal.

1. INTRODUCTION

In the last decades, a great effort has been devoted to designing, generating, and analyzing light sources with
special polarization characteristics and, in particular, point-dependent polarization states.1–25 Recently, a class of
beams of this kind, the so-called full Poincaré beams (FPBs, for short),9 has been defined as those presenting all
possible states of polarization of totally polarized light across their transverse section. More or less sophisticated
methods have been proposed to generate such beams, such as those based on the use of symmetrically stressed
windows9 or spatial light modulators.10,21,22

In this work, we propose a simple and easy method to obtain a FPB. We consider the field produced by
a linearly polarized point-like source and propagating near the optic axis of a uniaxial crystal. Due to the
different propagation features of the ordinary and extraordinary field components inside the crystal, a fully but
nonuniformly polarized beam is obtained at the exit face of the crystal.4,26 Aim of this work is to show that,
across its transverse section, such beam contains all the polarization states present on the Poincaré sphere and,
therefore, it is a FPB.

2. THEORETICAL BASIS

Let us consider a uniaxial crystal of length l with its optic axis along the z direction of a suitable reference frame
and plane parallel input and output faces perpendicular to such axis (see Fig. 1). We will assume a point-like
light source at the entrance face of the crystal and consider paraxial propagation along the z axis. The source is
totally polarized, with linear polarization along the x direction.

The field at any point (r, θ) of the exit face of the crystal can be decomposed into an extraordinary wave (the
component of the electric field in the principal plane) and an ordinary wave (the component of the electric field
perpendicular to the principal plane).26 Neglecting reflection losses and changes in the direction of propagation
at the boundaries, these components are (omitting the temporal dependence for brevity)

Ee(r, θ) = E0(r, θ) cos θ exp [ikn(α)de] ur ,

Eo(r, θ) = −E0(r, θ) sin θ exp (iknodo) uθ ,
(1)
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Figure 1. Crystal geometry and reference system.

where E0(r, θ) is the real positive amplitude of the field at the point (r, θ) of the exit plane, ur and uθ are
orthonormal vectors along radial and azimuthal directions, respectively (see Fig. 1), k is the wavenumber
in vacuum, no the ordinary refractive index and n(α) the refractive index for an extraordinary wave, whose
propagation direction forms the angle α with the optic axis. This refractive index is given by the following
relation:26

1

n2(α)
=

cos2 α

n2o
+

sin2 α

n2e
. (2)

where ne is the extraordinary refractive index of the uniaxial crystal.

For small values of α, the ordinary and the extraordinary waves practically propagate along the same direction,
so that they travel almost the same distance de ' d0 = d =

√
l2 + r2. At the exit plane the ordinary and the

extraordinary waves can be decomposed in their x and y components, and the field can be expressed as4

E(r, θ) =

 Ex(r, θ)

Ey(r, θ)

 ' E0(r, θ) exp

(
ik
n(α) + no

2
d

) cos2 θ exp (iδ(r)/2) + sin2 θ exp (−iδ(r)/2)

cos θ sin θ [exp (iδ(r)/2)− exp (−iδ(r)/2)]

 , (3)

where the phase δ(r) is26

δ(r) = kn(α)de − knodo ' k[n(α)− no]d ' k(ne − no)d sin2 α = k(ne − no)
r2

d
. (4)

Results in Eqs. (3) and (4) have been obtained for the case of a point-like source in a quite easy way, through
a geometrical-optics approach. A more complex derivation, based on the plane-wave decomposition of a field,
was presented in Refs.27,28 for the propagation of Gaussian beams along the optic axis of a uniaxial crystal.
It can be shown that the latter approach leads to comparable numerical results when a fundamental Gaussian
beam, having waist size small enough, is considered.

The polarization state of the field at a typical point across the exit plane can be described by means of the
Stokes parameters,26 derived from the electric field as

S(r, θ) =


S0(r, θ)
S1(r, θ)
S2(r, θ)
S3(r, θ)

 =


|Ex(r, θ)|2 + |Ey(r, θ)|2
|Ex(r, θ)|2 − |Ey(r, θ)|2
2Re{Ex(r, θ)E∗

y(r, θ)}
−2Im{Ex(r, θ)E∗

y(r, θ)}

 , (5)

where Re{·} and Im{·} denote real and imaginary part, respectively. The first Stokes parameter represents the
intensity, the second one is the difference between the contents of polarized light along the x and y directions,
the third one is analogous to the second one, but considers the polarized light along the first- and the second-
quadrant bisectors, and finally the fourth parameter is the difference between right-handed and left-handed
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Ê

o E o

//
-0.5 -0.25 j0.5

-1 -0.5 ` 1

-0.5 -0.25 0 0.25 0 5

x (mm)

0.5

0.5

0.25

a' 0

-0.25

-0.5
-0.5 -0.25 0 0.25

x (mm)

83(x, y)

05

1

0.5

0

-0.5

-1

Figure 2. Normalized Stokes parameters at the exit plane of a 20 mm length calcite crystal and 632.8 nm wavelength
(ne = 1.4849, no = 1.6557).

circularly polarized content of the beam.26 For the field given by Eq. (3) the normalized Stokes parameters,
defined as si(r, θ) = Si(r, θ)/S0(r, θ) (i = 1, 2, 3), can be written as

S(r, θ) = S0(r, θ)


1

s1(r, θ)
s2(r, θ)
s3(r, θ)

 = S0(r, θ)


1

cos2 2θ + sin2 2θ cos δ(r)
sin 2θ cos 2θ [1− cos δ(r)]

− sin 2θ sin δ(r)

 . (6)

showing that the state of polarization varies continuously from point to point across the transverse section of
the beam. Furthermore, it can be easily verified that, as is expected, the field is totally polarized because

s21(r, θ) + s22(r, θ) + s23(r, θ) = 1 . (7)

Across the exit plane, the phase δ(r) varies from 0 to 2π when the radius r goes from zero to

r21 '
λd

ne − no
' λl

ne − no
, (8)

with λ being the wavelength. For typical values of birefringence for usual uniaxial crystals in the optical region
and crystal lengths of the order of some centimeters, the value of r1 is of the order of some tenths of a millimeter.
Therefore, it is expected that all values of the Stokes parameter present across the exit field will be contained in
an area of the order of a squared millimeter.

Figure 2 shows the values of the normalized Stokes parameters s1, s2 and s3 (in the following we will omit their
spatial dependence) for the case of a 20 mm length calcite crystal. It can be noted that these three parameters
vary in the range [−1, 1] several times in the represented area. Moreover, the maximum angle α for this geometry
is about 2 degrees, so that the paraxial and the other approximations used above turn out to be well justified.

3. IS THE OUTPUT BEAM A FULL POINCARÉ BEAM?

As recalled above, a FPB is a non-uniformly totally polarized beam that presents all possible states of polarization
across its transverse section.9 This means that for any conceivable polarization state across the surface of the
Poincaré sphere26 it is possible to find at least one point in the cross section of the beam that presents such
state.

In order to prove that the beam in Eq. (3) is a FPB we have to show, using Eq. (6), that for any given Stokes
vector (1, s1, s2, s3) representing a possible totally polarized state of polarization, two real angles θ and δ can
be found such that the field presents that polarization. The relation between δ and the radial coordinate r is
expressed by Eq. (4). Notice that, since the normalized Stokes parameters have to satisfy Eq. (7), there are only
two independent parameters, whose values are restricted to the interval [−1, 1].

From Eq. (6) we have

Proc. of SPIE Vol. 10453  1045323-3

Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 11/2/2017 Terms of Use: https://spiedigitallibrary.spie.org/ss/TermsOfUse.aspx



sin 2θ = − s3
sin δ(r)

, (9)

so that s1 can be expressed as

s1 = 1− s23
sin2 δ(r)

+
s23 cos δ(r)

sin2 δ(r)
= 1− s23 [1− cos δ(r)]

1− cos2 δ(r)
= 1− s23

1 + cos δ(r)
, (10)

and δ(r) can be obtained as a function of s1 and s3:

cos δ(r) =
s23

1− s1
− 1 . (11)

On the other hand, from Eq. (6) we have

s2 =
1

2
sin 4θ [1− cos δ(r)] , (12)

and, substituting from Eq. (11),

sin 4θ =
2s2

1− cos δ(r)
=

2s2 (1− s1)

2− 2s1 − s23
. (13)

Equations (11) and (13), together with Eq. (4) allows to determine the coordinates where the output field
presents the required polarization state.

Now we want to show that Eqs. (11) and (13) always give real solutions for the angles δ and θ, for any possible
choice of the Stokes parameters. For the former case, it is sufficient to prove that the following inequality holds:

−1 ≤ s23
1− s1

− 1 ≤ 1 . (14)

The left-hand-side condition requires
s23

1− s1
≥ 0 (15)

and is clearly satisfied, because s1 ≤ 1. The right-hand-side inequality can be written as

s23 − 1 + s1 ≤ 1− s1 , (16)

or
s23 + 2s1 − 2 ≤ 0 . (17)

From Eq. (7) it turns out that s23 ≤ 1− s21 and then

s23 + 2s1 − 2 ≤ −s21 + 2s1 − 1 = − (1− s1)
2 ≤ 0 , (18)

so that Eq. (17) is proved.

To prove that Eq. (13) always gives a real angle θ we will show that the following inequality is fulfilled for
any possible choice of s1, s2 and s3:

−1 ≤ 2s2 (1− s1)

2− 2s1 − s23
≤ 1 . (19)

It has already been shown that the denominator of the central part of the inequality is positive [see Eq. (17)],
so that we can transform it as

−2 + 2s1 + s23 ≤ 2s2 (1− s1) ≤ 2− 2s1 − s23 . (20)

The left-hand-side inequality in Eq. (20) can be written as

−2 + 2s1 + s23 − 2s2 (1− s1) ≤ 0 (21)
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or, taking Eq. (7) into account,

−2 + 2s1 + 1− s21 − s22 − 2s2 (1− s1) = − (1− s1 + s2)
2 ≤ 0, (22)

which is obviously true. In a similar way, the right-hand-side inequality in Eq. (20) can be expressed as

2− 2s1 − s23 − 2s2 (1− s1) ≥ 0 , (23)

or, using again Eq. (7),

2− 2s1 − 1 + s21 + s22 − 2s2 (1− s1) = (1− s1 − s2)
2 ≥ 0 , (24)

which is always satisfied.

4. CONCLUSIONS

In this work, an easy way to obtain a particular type of non-uniformly polarized beam by using an uniaxial
crystal has been proposed. When a point source is placed at the center of the input plane of a uniaxial crystal
having the optic axis oriented along the propagation direction of the emitted light, a nonuniformly polarized
beam is obtained at the output. Under paraxial approximation, the state of polarization at any point of the
cross section of the output beam can be calculated. It has been proved that, for any given state of polarization
represented on the surface of the Poincaré sphere, at least one point exists across the cross section of the output
beam where the field presents such state of polarization. In other terms, it has been shown that the output beam
is a full Poincaré beam.
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