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1 Introduction

This text is a self-contained formal exposition of the dynamic model discussed in Pereira (98). 1 develop
the model in section 2 and in section 3 I characterize equilibrium, In section 4 I do comparalive statics.
2 The Model

In this section I present the model.

Consider a market for a non-storable homogeneous (search) good that opens for 2 periods.

Each of the game’s 2 periods is composed of 3 stages. In period 1, first firms simultaneously choose
investments; each firm observes only its cost realization. Second, firms simultaneously choose prices. And third,
consumers simultaneousty make their search and purchase decisions; then production and delivery take place
instantaneously, and agents receive their period 1 payoffs. In period 2, first firms suffer a shock to their
marginal production costs; each firm observes only its cost realization. Second, firms simultaneously choose
prices; customers leamn, free of charge, the current price of the firm they purchased from in period 1. And third,
conswmers simultaneously make their search and purchase decisions; then production and delivery take place
instantaneously, agents receive their period 2 payoffs, and the market closes.

There is a continuum of consumers of winit measure. Consumers are identical and risk nentral. A consumer
who buys at price p demands x(p), where x(.): {0,+=) —— (0,+eo} Is a twice differentiable, bounded function

with a bounded inverse, decreasing and strictly concave. The surplus of a consumer who pays p is S(p) :=

-j:x(t)dt.
P

To obtain a price quote from a firm a consumer must pay a constant amount o (0,+c<): the search cost.
Within each period, search is instantaneous, a consumer may solicit any number of price quotes, and may at any
time accept any offer received to date. Consumers learn in period 2, free of charge, the current price of the firm

they bought from in period 1. This creates a switching cost, equal to the expected search expenditure. I assume;

(A1) Each consumer picks at random which firm to sample, from the set of firms whose price he dees not know.

A consumer’s information sef just after his k-th search (or return} step in period #, Hy,, consists of all

prices previously observed!. A consumer’s strategy for stage 3 of period ¢ is a stopping rule, 5,(H,), that for every

1 period 2, it includes the current price charged by the firm the consumer bought from in period 1.
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possible search cost, and sequence of observations, says whether search should stop or continue. A consumer’s

payoff is the sum of expected period consumer surpluses, net of the search expenditure.

There is a continuam of firms of unit measure. Firms are risk neutral and may differ in marginal
production costs.

A firmv's cost redicing investment ae[(),+-<)} generates marginal cost level ¢ with probability u(a), and
marginal cost level ¢, with probability 1 - p(a), where 0 £ < ¢; < +eo, This specification contains four
assumptions: first, marginal production costs are constant; second, the cost type distribution is at most binary;
third, each firm's probability of having a low cost depends only on its investment; and fourth, the support of
the cost distribution is independent of the firms' individual and aggregate investments. I assume pf.): [0,400)
— [07] is a twice differentable function, strictly increasing and concave: u"(a) < 0 < p'(a), Va2 ro
investment induces a degenerate distribution at ¢ = ¢y p@) = 0; and firms can never get a low cost with
probability 1: ula) < 1, Via<+eo, and Eﬁ #a) = 1. Later I will make an assumption that guarantees that in
equilibrium firms make positive investments, Denote the realized value of variable ¥ by ¥.

To analyze idiosyncratic cost volatility denote the probability that a firm who had cost level ¢, in
period 1 has cost level ¢ in period 2by v (9} (1,5 = LLh); v, is a differentiable function of yeR, a parameter
which measures the shock’s intensity. I assume: the shock is independent across all firms, and identically
distributed across firms with the same cost type, that the probability a period 1 low cost firm remains low cost
in period 2 is higher than the probability a period 1 high cost firm becomes low cost in period 2: vy > vy, and
that a rise in y increases the probability of a firm changing its cost type: v < 0 < vg. The probability of a
firm having a low cost in period 2 is m(a,7) : = plakv(p) + [ - pla)]v(p).

Decompose the high cost as ¢, = ¢ + 4, A > 0; ¢y can be interpreted as a common cost component. I will use
deterministic shifts? in ¢, in period 2 to analyze the effects of industry wide cost volatility.

The per consumer profit of a firm with cost ¢, who charges price p is n(pic) := (p - c)x(p) (v=Lh). Let pf
= arg m:x m{pc.). 1call py the cost c, firm’s monopoly price. By strict concavity of demand py is unique and
strictly increasing in ¢, Lassume only low cost firms can charge pf" without losing money, Le., Pl < ¢ The
expected period 1 consumer measure (or share} of a firm that charges price p in perioﬁ 1 is ¢{p), and the
expected period 2 consumer measure of a firm that charges price p'. in permdz andhad ccmsumer measire §; in

period 1is @{p’; ;). A firm’s period ¢ expected profit equals its periodt per consumier prbﬁ.t,“'ﬁrnes the expected

2 A stochastic shock, patfectly correlated across firms, generates lhe'sn'me_i.qhaiita'tivé'r.esult'
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consurver measure: I(p;c. ) = a(pic . The sm of expected period profits is: A(p.cp’p".coVinViu @) 1=

P, olp)) + Vo TEP o balp’s @1 + v TP icatadp”; $10] (rs=LR).

A firm's information set in period ¢ just before stage 2, HJ, consists of the firm’s investment fevel, cost
realization and consumer measure realizations to date, and all prices it charged to date. A firm's stage 1
strategy is an investment level, A firm’s stage 2 strategy is a pricing rule that for each possible history, says
which price the firm should charge. A firm's payoff i3 the sum of expected period profits, net of the investment
expenditure.

When a firm chooses to charge a price higher than the maximum consumers are willing to pay, and
hence forgoes the chance of selling its product, T say the firm is inactive; otherwise 1 say the firm is active.
assume that consumers can only learn whether a firm is inactive through search.

The solution concept is a refinement of Nash equilibrium. First [ restrict attention to symmetric pure
strategies. Recall that consumers are identical, and that after uncertainty is resolved there are two firm types.
Next Lintroduce the two remaining restrictions. Consumers do not know the prices charged by individual firms.

However, they hold common beliefs about the price distribution across firms, I assume®:

(A.2) Consumers' search strategy satisfies sequential rationality, i.e, consumers choose whether to search
again to maximize net expected surplus, given the previously cbserved prices and their conjecture of the
price distribution at the unsearched firms, conditional on any observed information,

{A.3) Consumers' beliefs about the price distribution salisfy the independent prices conjecture, i.e., consumers

believe firms choose prices independently and maintain this assumption throughout the search process.

Ti'ne curnulative distribution function, F{.;H), gives the consumers' beliefs about the (unconditional)
market price distribution for period £;* the lowest and highest prices on its support are prand Fu T(1g) gives
the consumers’ beliefs about the price a firm charges in period 2, conditional on having charged price 4 in pericd
1. The price of a firm with cost ¢, in period tisp.-

An eguilibrinm is: a stopping rule for each period, consumer beliefs, a pricing rule for each period and
cost type, and an investment level, {.;;(H,k 1S {Hy L B (o Fly L B (o Hy L T, Bl 2 03 (L ) 3 (HS ),u'},

such thak:

31 follow Bagwel & Ramey (96). See Pereira (98).
4 F fpt H) gives the consumers' beliefs about the proportion of firms that charge a price no greater than p in period 1.
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(i) Given beliefs F'(.:Hy), T*.1.), F7{.;Hy ), and the search cost 6, consumers choose stopping rules s7(FHy, )

and s3(Hy) to maximize the net sum of the expected period sarplus;
(i) Given the stopping niles sy (Hy ), s5(H,,), and the cost shock, firms choose pricing rules pi,, p3.( Hf), and

investment Jevel 4%, to maximize the net sum of expected profits, i.e., to respectively solve the problems:

mpax H{p;e.é(p)), 1=Lh
mpax MP1o P2 PeoCarVin Vess t_P] ) t=1h

max pda) Alp1LciPan Pan SV Vi 1 (pu) + {1 - (@)l AP PPV vYur ¢1{p1) - a

(iii) Beliefs F(;Hy), T(.1.), and F(.;Hy) agree with the price distributions induced by the cost shock,

investment level a*, and pricing rules p, % H3), pi,.

3 Characterization of Equilibrium

In this section I construct the equilibrium by working backwards. The consamers’ equilibrium behavior
consists of holding reservation prices. Low cost firms are always active and charge their monopoly price, High
cost firms, for either pericd, are sometimes active, others inactive, which allows for four types of equilibria.

When high cost firms are active they charge the minimum of the reservation price and their monopoly price.

3.1 Second Period
3.1.1 Third Stage: The Search Game

In this sub-section I characterize the consumers’ period 2 search equilibrium.

Given (A.2) consumers oplimize with respect to beliefs, which given (A.3) do not depend of the prices
observed. Thus, the conisumer's search problem can be solved using dynamic programming, Under my assamptions
sequential search is optimal (Morgan & Manning (85), proposttion 3).

The period 2 maximum expected surplus, net of the search expenditure, of a consumer who's best
available offer is p and behaves optimally is V,(p). After receiving an offer a consumer must choose between
one of two actions: accept the best available offer and terminate search, the value of which is 5(p), or, draw a
new price at cost o, and subsequently behave optimally, the expected value of which is Kyfo) == - ¢ +
JVu(p*) dF;(p'), where p* = min{p,p’]. Search should stop when a sufficiently attractive price is observed. The

Bellian equation of the consumer’s problem is:

V(p) = max {S(p), Ko} m

5
Given that demand is bounded and (A.1), (1) has a well defined and finite optimal value function and optimal

search terminates in a finite number of steps with probability 1 (De Groot: Lemma 1, p. 350, Th. 1, p. 347).
Given that 5, < 0, that S(+o0} < Kyf+e2} < Ki{o} < 5(py), for oe(0,+o<], and that the value of search is
decreasing in ¢, it follows from the intermediate value theorem that for every el, 0, 21, 5’2 £ 400, equation:

7
S(p)=-0+ J‘v,,@*;apz(p) (3

g

has a unique solution pe(0,4+=], Given p,, and using (2} and 5, <0, it follows that:

S5p) & p<p:
Volpl= 3)
Spy = pzp;
, and that the optimal period 2 search strategy consists of holding a reservation price, p,. Using (3) on {2
Pz
JIESRE ELEY )

P,
From (4) it follows that for every strictly positive search cost, the period 2 reservation price is strictly bigger

that the lowest price charged in period 2: Vox0, p, < p»

3.1.2 Second Stage: The Pricing Game

In this sub-section I characterize the prices charged in equilibrium in period 2.

If a firm charges a price higher than the reservation price, p > g, it makes no sales. If a firm charges a
price no bigger than the reservation price, p < g, it keeps its period 1 customers®, and in addition, given (A.1)
and that there is a contintium of consemers and firms, it gets an expected consumer measure equal to the measure
of consumers searching in period 2 {consumers that in period 1 bought from a firm that is inactive in period 2)

divided by the measure of active firms, The expected consumer measure of a firm that charges p is:

0 = P>pP
4(p.pa Go)=

wherte 1, is the meastre of firms that in period f charge a price no bigger than the reservation price (i.e., active

firms}, and AC is the measure of consumers searching in period 2 (I omit n; in 45). Since p; < py 7> 0.

5 Recall that there is a switching cost.
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Lemma 1: n equilibrium, in period 2; (1) Price is non-decreasing in the cost level: p,= py < pay = P (if)

The low cost firms' price is strictly lower than the reservation price: py < py {iii) Low cost firms charge their
monopoly price: par = 7 ; {iv) When the reservation price is no smaller than the high costlevel, high cost

firms charge the minimum of the reservation price and their monopoly price; otherwise, they are inactive:

minfpy, pi'} & oy £ py
Pm=7
Boelpoted &= ¢ >

1

Proof: See Pereira (98).

Using Lemma 1, when the reservation price js no smaller than the high cost level, all firms are active;
otherwise, only low cost firms are active:

1 &= pyeley,ted
=
m e pelpl.o)
Furthermore, the period 2 market cumulative distribution function of prices is:
0 &= P< Pa
Prob[P,<plml={m < pa S p<pn &)
1 = PEPn
3.2 First Period
3.2.1 Third Stage: The Search Game

In this sub-section I characterize the consumers’ period 2 search equilibrium. Now the consumers’

problem is more complicated since the reward function may not be monotonic® on price. Nevertheless, it can be

solved using dynamic programming and sequential search is optimal.
The period 1 maximum expected surplus, net of the search expenditure, of a consumer who's acéept'ance

set is A, and behaves optimally is V;{A,). The expected value in period 1 of drawing a new price at _i:ost_ o, and

subsequently behaving optimally is Ki(o) = - g + J‘Vj(l‘h) dF; . The period 2 net maximum expected surplus,oE a
consumer whao's best available offer in period 1is p and behaves optimally is Gip) = | Vy(u) dHGi | p). The value

of accepting the best available offer p and terminating search in period 1 is S(p) + G(p). The Béllnihn;'éqﬁat'idn

of the consumers' problem is:

€ When this occiars, the optimal set of aoceptable prices may be disconnected and the reservation price property lost.

VilA) = max S(p) + Gp), Ky}

befo the consumer’s nite optiinal value fure opti I search
As re, p]‘GbIEm has a well deﬁned and fi ikl 'C
&l thn, and P

terminates in a finite number of steps with probability 1.

1€ em i
Msumers search the expression for Vi(A,) can be written, more explicitly as;

ValAg =0+ V(A1 - J‘ aFy(p) | + J' 500 + Gp)ar @)
Ay

t

The optimal acceplarnce set is A;. Some manipulation gives;

f [5t0) + Gpy - VAADKF(p) = o
! %)

which defines A?. Followi
2 Following Hey &9, tet 47 = [dlsm + G - vy » 0}, 49 < {lsem + 6w - v
and A = {pjs(p) +Glp) - ¥ < 0}.The sels A7 and A7 e o}’

are non-emply given that §f1eo o)
o S(Ez)+ N (+oa) 4G (4ca) < Ki(+00) <

and that the value of the search problem is decreasing in
fon-emply given the continuity of 5.y + G(.). Then, 4;

o and A? is then
= AF L, 4@ :
A VAP, where A 4 any subset of A7, i, a
z Ly

consumer” H b i H [+] ’ continae to search,
5 oplimal stra €LY is to: SfUP to search when he ObSE.l"VES a pI‘iCE n A4 ntherwise i
7 .

3.2.2 Second Stage: The Pricing Game

In this sub-section T char, irms’ opti
acterize the firms optimal pricing strategy, and I further characterize the

consumers’ period 2 optimal search strategy.

Bya i
Y 8 previous argument, the expected consumer share of 5 firm that charges pis:

dlp.p) = pehs

1
o = peA]

As before i, > 0,

Lemmﬂ 2:In ilibri ¥ ¥ Vi active
. mlzbnum, i i H
eq m peripd 1: (0) Low cost firms are always acti & Pue Af' (i) The price of acti
frms is no ing i Vi T = = ’S €asmg in the !'.‘O.Ei1
n»decreasmg in the cost level: PiE A;, =P, Pit < pa v ﬁ.i) If price is decr. hi
"2 ; ing in { t

level then hlgh cost fi ~ 1 Pr (1 ' pi y
'3 ms C: h < P
Vi are mactive. = P A (lll) The low cost firms’ pri Sl Ower than
Ce 1S strictly ] hal

the hi hESf CCep =3 e AV OW cCosl a T =
£ a tabl Price: py < Sup A] 7 ( ) L cost firms ch, TEe their monopol Price: p;
43 y * P B
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Proof: (0) Notice first that at least one type of firms must be active, otherwise the left-hand side of (6) is

zero while the search cost is strictly positive. Now suppose pye A; and pye A7, If it is optimal for high cost

firms to be active, then it must be the case that charging p,, earns them a non-negative profit. Thus, if a low cost

firm deviates and charges py, it will also make a strictly positive profit, contradicting the optimality of py;.

V] Noting that the expected consumer measure is constant with respect to price when py,e A7, for all 1, the

argument in Pereira {96} applies.

(i)  (» implies that if the price is decreasing in the cost level, then both types of firms cannot be active.

Using {0} the Tesult follows.

(iif) The case Par < Py is obvious. 1 py, < py, then py; < sup A7 must hold otherwise the left-hand side of (6} is

zero  while the search cost is strictly positive.

{iv} Asin Percira {98). 1
Given Lemmas 1 and 2, and the definition of v, the distribution of the price a firm charges in period 2,

conditional on charging price g in period 1 is:
0 = p« P,
i = 22517"-52 = gq=Ppa

1 & p2p;
ProblP,<p P == |

.

0 = p<p,

Vo = ‘Ezsp'cﬁz = qg#Fpa

1 « p2h

Next I will further characterize the consumers’ optimal search strategy, Given Lemmas 1and 2, and the
expression above, G(py) = v,5( p{"} + (I-v)5(p,), and assuming the equilibrium refinement that when consumers
observe a firm charging a price different from p” they infer that the firm has a high cost G@') = vuS{pi"} + (1-
viuIS(p,). Hence, Gp) - Glp') = (v - v,,,)IS{p}"J - 8(p, )] > 0. Hence, for pf* < ¢, S5() + G{.) is decreasing, and
the set A7 ﬁ{p[p = p}"} is;a singleton; denote its value by gy, Furthermore, Aj h{pip z p,’"} = [pj"’, _q], which

allows after some manipulation allows one to write equation {6} as

P Ly}
j‘ [5(p) - Slp 1 dF,(p) + j[G(p) - Glp)l dFy(p) =& @
P, P

1 <1

9
Thus, the optimal period 1 strategy consists of holding a reservation price, p. Equation (7) holds for

ge (O,S(p,':’)], and S(pf') < G, o from now on restrict attention to ¢ € (0, Sipr )].

Next I will characterize the high cost firms’ optimal pricing strategy. 1 assume:

(A npf e + vaplpl e + (1 - vyl )< 0

(A.4) ensures that high cost firms become inactive in period 1, when the period 1 reservation price becomes
sufficiently low?. Next I introduce notation. The period 1 reservation price value, 7y, that makes high cost firms
indifferent between being active and inactive in period 1, when the period 1 reservation is below the high cost

level and period 2 reservation price no lower than the high cost level, p; < ¢, <p,, is defined by:
1 [n(rl,c;,) + vnlpie) + (1 - vy a(po,. oy )] =0
Ty

The period 1 reservation price value, #;, that makes high cost firms indifferent between being active or inactive

in period 1, when both reservation prices are below the high cost level, py, p; < 6, is defined by:
1
“—1 [ﬁ(rg,ch) + vmn(pf',cl)} =0

Lemma 3: In equilibrium, in period 1:(i) The value 7 is a continuous decreasing function of the minimum of
the high cost firms’ moncpoly price and period 2 reservation price, and the high cost firms’ transition
probability, (v, minl 02,70 )), such that r: (G, vu}x [c;,,p;,"] — (rl,ﬁ), where #i := nlec) = ¢ and
Ty = n{vy,pir). When the perlod 1 reservation price is below the high cost level and period 2 reservation price
o lower than the high cost level, the set of parameter values for which high cost firms are active in period 1is
non-empty, and the set of values for which high cost firms are inactive in period 1is also non-empty. The value
r, is a continious decreasing function of the high cost firms’ transition probability, 7,{vy), such that »
{0,vy} — (1,,7%), where % := r{0) = and r, *= #(vy). When both reservation prices are below the high
cost level, the set of parameter values for which high cost firms are active in period 1 is non-empty, and the set
of values for which high cost firms are inactive in period 1 is also non-empty. (i) When the reservation pfice
is no smaller than the high cost level, high cost firms charge the minimum of the reservation price and their
monopoly price; when the reservation price is lower than the high cost level, but not foo fow high cost firms

charge the reservation price; otherwise high cost firms are inactive, ie.,

7 The set of parameters values for which high cost firms are inactive in perfod 1is non-empty.




minfp, p"l = oy £ 9
Pi= Py = mSp <oy Spor{ny <Py < ey, py <)
Prelp el & PR Ep <n<e £por(pl € pp < B <oy P <)

Proof: () Whenp,>q, ifafirma high cost firm charges py, = p its payoff is

1
iy ) — + [Vl ) + (L - V}d)n(Plh:Ch)][i + AQ} ®)
n; n, g

and if charges p,; < p, its payoff is:
[vmn(pi“,cl) + (1 - Vm)n(pm.,ch)]( i—c] (9}
2

Equating (8) and (9) gives (1/ny) [n(rl,c,,) + vyrlple) + (1 - V_,,;)rr(pz,l,c;,)] = 0. Define v pn) =
{Ifng) [ﬂ(r,,c,,) + var(El.q) + Q- virlpy,6.)]. 1t is straightforward that 0 <yienivig Pan) V(e P);
condition (A.4) implies that (" vy pan) < 0, V(v,,,,pz,,),' and since y; is monotonic on all its arguments, it
follows from the intermediate value theorem that for every (vupu) on {(0,vy) X (¢, p77), there is one and only one
rron{pf" ¢, The implicit function theorem implies that 7 = ry(Vi, P} with 11 (0,vg) % {c,,,p},"} ey [I:'Fl]'
Since 7 < nt0,c,) = ¢, there is a p on (ry,6,), for every v, and py,. (A4} implies thatp < nlvy.pi) < 1y,
hence there is a p; on (pf" ), for every v, and py, . Case p; < ¢, is similar.

{ii) Follows from (i} and Lemma 1. q

Using Lemmas 2 and 3 the imeasure of active firms in period 1 is:

1 ¢ preloy, o)
=
B = pelpiion)
the measure of consumers searching in period 2 is:
0 = oy S pupdorlp <o, < p)
AC=+1 1-f & B Ep,pp <y

Vi & Pl Ep<n P <t

the period 1 market cumulative distribution function of prices is:

0 = p<py
ProbfP;<pljil=4ifi <= py £p<pn am
1 = p2pn

and, Gpy) = wiS(pP") + (1 - vS(Fa), Glp=pl™) = vuS(pF) + (L - W)S(F,), thus

10

Glpy) - G = vy - vIS(PP) - SF) ap !

3.2.3 First Stage: The Investment Game

In this sub-section 1 characterize the investment equilibrium.

Assume that (0} is big enough? to guarantee that it is never optimal to set investment to zero. The
necessary condition for the investment problem is:

R @M T(pyicyd (P} - a(pil] + my(a®y) [P0 0Pt} THPasCnb2(Pnidi(pN] -1 =0 (12)

3.4 Equilibrium of the Whole Game: Existence and Stability

In this sub-section I show that equilibrium exists and discuss stability.

Given Lemmas 1-3 there can be four types of price equilibria depending on whether high cost firms
choose to be active or inactive in each of the of the two periods. The characterization of the investment and
search best response functions is a straightforward application of the implicit function theorem {see appendix).

Using Lemmas 1-3, equation (12) defines the firms’ investment best response function:

a = Alp.pacyy) (13}

which is of the form: A(): [p;",+-x-) X [p}",{—w})x [0, 40} % (G, +os) — [a,&], where a= A@y.py 0 +w)

@ = Alry - £,¢; - £,4v0,-02), £ >0, and is differentiable, except at py =7y, ;and g = ¢ where it has npward
discontinuities: A(w;c, 7.6} < . ET.,- Ala;c;,7,6). When both reservation prices are higher than the high
cost firms’ monopoly price, p,> Py, both ¢, investment does not depend on the reservation prices. When within a
type of equilibrium at least one of the reservation prices is lower than the high cost firms’ monopoly price,
< pl, some I, investment falls with that reservation price. When due 1o a rise in a reservation price causes high
cost firms to become active for a period, investment falls discontinuously. Investment falls with idiosyncratic
cost volatility.

Assume that the period 1 realized measure of low cost firms equals the expected measure of low cost

firms: fi= J plali)) di.? Given symmetry it follows that:
° i
fi= futetn i = pta) (14)
]

,ie, fi= fila), with " <0< i'; & = mla,p, ie, ft = fila,y), with f,, <0< #i,, and My < 0.

8 That bs, p60) > L/EACp 6 By o PR &V - ACEY & BV Py Wy
9 This assumpton is justifiable because the investment trials are made independently.
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Using {5) and (14), equation (4) defines the period 2 search best response function:

P2 = Rajo,y,0) (15)
which is of the form RZ(): [0, 4w} x [0,%00) X (-oa,+00) % (0, +oa) — [p,’",+oo), is continuously differentiable,
falls with investment, rises with the search cost, the low cost level, and with idiosyncratic cost volatility if
the pericd 2 proportion of low cost firms falls with idiosyncratic cost volatility, sgn {BRZ,'B*(} =-sgnim}.
Using (10), (11}, (14), and (15}, equation (7) defines the period 1 search best response function:
pr = Rae,y,0) {16
which is of the form RU(.): [0,4w) X [0, 200) X {-em, +5) % (0, 4} — {p{",m), is continuously differentiable, E

falls with investment, rises with the search cost, the low cost level, and idiosyncratic cost volatility.

Sy

Equilibrium is given by equations (13), (15) and (16).

To discuss stability consider the following adjustment process, consisting of a succession of rounds, each
composed of two stages. In the first stage of each round, firms choose an investment level which is a best
response {o the period 1 and period 2 reservation prices chosen by the consumers in the previous round. In the
second stage, consumers choose period 1 and period 2 reservation prices which are best responses to the
investment level chosen by firms in the first stage of that round. A steady state {a',p,-’, P } of the adjustment
process is an equilibrium: {a',p,',p;} = {A(g’,p,,';c,,7),R’(a‘;cl,'y,a),Rz(a';q.r,a)}. An equiiibrium{a',g',pj}
is locally asymptotically stable for the adjustment process, if there exists a neighborhood of {a', e } such
that for any initial point on the neighborhood, the adjustment process converges to {a‘,pf, 2 }; otherwise an

equilibrium is unstable. Let e{y,x) denote the elasticity of y with respect io x.
Proposition 1: (i) Equilibrium exists. (i1} Equilibum is unique if globaily:

e(A,pp) eRY,8) + e{A,py) e(R%,a) < 1 an

et

(iii) Eqquilibria for which (22) holds locally, are locally asymptotically stable, otherwise they are nnstable.

Proof: (i) 1Let a; = (R])-](rl ;0.Y,0), and g, := (RI).I(J'Z 16.0,0), 85 1= (Rz)il(c,, ¢,%.0). Replacing (13) and AI}
(149 o (11} ome gets the mapping e = Alge, 6,00 = A(R'(ei,5,6),Raie,8,6),6),
A): [m,7] %[0, +s0) % (—oa,+oa) %(0,5) — [a,d], which is continuous with respect to a, except at 4;, 4, and g,
where it has upward discontinuities (A, < 0, and R', < 0). Thus, by Tarski’s fixed point theorem A(), has a

fixed point for every (6,8,6) on [0, +e0) X {-e0, 0} % (0, 7).

13
() Let gae, 00 := Almey,y,6) -a, g Al: (2,2} (0,2) x {0, v} % (0,6) — R and g(.) is continuous with

respect to a, except at 4y, 45, and a5, Since g{ a,;¢, 3,0} > 0, g( &0, ¥,0} < 0, a sufficient condition for uniqueness is
defon < 0, ie., dgldn = {3A[Ip:)} (IR' [3e) + (3Afdp) (ORE Jamy -1 < (),

(iii) See Pereira (98) 1

4 Comparative Statics
In this section I do the local comparative statics. I show that rise in either idiesyncratic or industry

wide cost volatility or the search cost can reduce investrnent, and rise the reservation prices.

Proposition 2; At locally stable equilibria: (D 1t the period 2 reservation price is not between the high
cost level and the high cost firms’ monopoly price, p; e, pf'], or, if the period 2 proportion of low cost firms is
non-increasing in idiosyneratic cost volatility,

m=pvy + (1 - vy £0 (18}
then a rise in idiosyncratic cost volatility reduces investment and increases both reservation prices; otherwise a
change in idiosyncratic cost volatility can have a poientially ambiguous impact on invesiment and the
reservation prices. (i) Arisein industry wide cost volatility reduces investment and increases both reservation

prices. {ii1) A rise in the search cost reduces investment and increases both reservation prices.

Proof; Differentiating the system:
a - Alpy,pio,y) = 0
p - Ri@e, .00 =0
P2 - RMaze,v,0) = 0

gives
d@idal g
air gg: ggl M| R AT + ?P:R%’ + ‘:PiRg 1 1 ACI + ZAP:RE-I + ZAP;iR%x 1
-«5-;- TE | = 12,[1 - APQR;H APzR;!R; + ATR; R;I [t - Asz;]*‘ Ale;]R; + Ac,R;
iy | dpp | W2 Ry - A, Ril+ A, RIRD + ART | REMT - A, Ri1+ A, RiRD + A R]
EIEN S

A, RZ + ARy
A, KRG + RUM - A, RY)
A, RIR? + R2[1 - A, R!]
with M =1 - ARl - A,R} > 0 given {(17). Thus: dafde; <0, 9p/3c >0, 3pafdc>0;  dafds <0,
3,/ > 0, 3p, /36 > 0;andif RZ > O or A, = 0: dafdy > 0, dp, /oy > 0, dpyfoy > 0. 1
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1a A5t -se)] + v - v S -8} o = 0 = prpy <pit
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Appendix I ]

Using Lemmas 1-3 (12) can be written as: li(fﬂ{[S(P )- S(Px)] + vy - Vm)[s( )- S(p )]} ~G =0 = p<pPeps
I.L’(a)Iﬂ(pi";cl)-n(m:ch)] + ma(a,'r)[n(pf“;c,)-n(pz;ch)} -1=0 nSpEph.c,<p <pid
{aNSpEr) - Siph Y+ [SpR)-Slp) - Bla,v.6) = 0 & py<ph <p
u'(a)IﬂPi“:cl)-Mpﬁch)] * ma(a,YJ[“(Pi“:cl)-n(pf‘“:ch)] -1=0 nw<p<pi’,ph <p: { ] | )I 1

* A(antSpi™) - S(pR] + (v - v ST -SpR N + [S(PE)-Spj-a = 0 « pi <py.
l-l'(a)[ft(pi“;q)dr(p‘ﬁ‘;ch)] + ma(a,'f)[n(pf“;cl)-n(Pz;ch)] -1=0 py<p ey Sp2SPR which (ieﬁnig implicitly ]p, = Rl(a;cEy,l:y)_ Dizen]itiatling w: tiI,)I = dfii(v —I'?':)V;’:}l :122 >0, @ =
Ll'(ﬂ)[ﬁ(?i“-'cl) . ?F(PfFCh)} + ma(a,T)IMPf";Cl)'ﬂ(PS":‘C}.)] -1=0 pP<pLp: _ . O'I,ﬁ'(v" —vm}vﬁ,]/rﬁz < 0,8, = {1 - Jilvy vy vy + vy -vy )]} > {). Consider g, p, < p (the others cases
are similar). Then: dp/0a = - {i{sr)-Sta)] - @} fixte) < 0, opor = @, [ixa) > 0, dpjdc =
u’(a)[ﬁpi“;cﬂ-n(pl;cl)] + ( (a'y)]n(pl ) -1=0 BSp <pp.pr<oy @, fixp) > 0, dpjd = ﬁx(p;")(ap;"/ac,)/ﬁx(p,) > 0, and therefore R! is strictly decreasing in a and strictly

increasing in ¢, 4 and o

. {87} m
ll(a)ITI(P{“icl)'ﬂ(Pﬂ':Cz)] + (%)”(PFFCL) -1 =0 pp <pupr<ty

(’E{(:)) (pihie) + ( (())][Vuﬁ(Pl e+ Q- Vu)“(Pz,Ch)} I=0 p<m.p2=psn
& (plic) + -‘-L.;(e-l)[vnn(p{“;cl)+ - vu)ﬂ(pﬁ‘;ch)] -1=0 p,<r.pp <p2
jia) @)

i) (a) ia,y)

which defines jmplicitly a = A{p,.p2¢,1) and shows that when due to a fall in a reservation price the model
switches between types of equilibria, the marginal benefit of investment rises discontinuously. |
Using (5} and (14), (4) can be written as #

i, YSmP)-Se)] - o= & paSph }

[ll (a)Jn(Pl o) + [(“( ») 1-vy) + (‘n:a(_a'w}u]ﬁ(li’f‘?“l) -1=0 py<1p,p <oy

e, VS - SO + [SER)-562)] - o =0 = py> T
which defines implicitly p, = R*(a;c,/7,0). Straightforward differentiation shows that R’ is strictly decreasing
in 4, and strictly increasing in ¢, cand sgn {aR" / By} =-sgn{m,).

Using (10), (11}, (14), and (15), (7} can be written as




