EXTREMAL EQUILIBRIA FOR DISSIPATIVE PARABOLIC EQUATIONS
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ABSTRACT. We consider a reaction diffusion equation u; = Au+ f(z,u) in RY with initial
data in the locally uniform space L(IU(RN ), ¢ € [1,00), and with dissipative nonlinearities
satisfying sf(z,s) < C(z)s?+D(x)|s|, where C € L} (RV) and 0 < D € Lp?(RY) for certain
71,70 > % We construct a global attractor A and show that A is actually contained in
an ordered interval [, o], where @, par € A is a pair of stationary solutions, minimal
and maximal respectively, that satisfy ¢, < liminf; . u(t;ug) < limsup,_, . u(t;ug) <
¢ uniformly for ug in bounded subsets of L, (RY). A sufficient condition concerning
the existence of minimal positive steady state, asymptotically stable from below, is given.
Certain sufficient conditions are also discussed ensuring the solutions to be asymptotically
small as |z| — oo. In this case the solutions are shown to enter, asymptotically, Lebesque
spaces of integrable functions in R, the attractor attracts in the uniform convergence
topology in RY and is a bounded subset of W27 (RY) for some r > N/2. Uniqueness of
positive solutions is also discussed.

1. INTRODUCTION
In this paper we consider the Cauchy problem

ug = Au+ f(x,u), t>0, z€RY,
uw(0,7) = up(z), v € RY,

(1.1)

with measurable initial data satisfying for some ¢ € [1,00) the locally uniform conditions

sup / |up(x)]? dx < oo, (1.2)
yeRN J{|z—y|<1}
lim sup / lup(z + z) — ug(x)|? dx = 0, (1.3)
2120 yeRrN J{jz—y|<1}

and with a nonlinearity f : RV x R — R satisfying

sf(z,s) < C(z)s* + D(x)|s|, zcRY, seR, (1.4)
where
0<D, s [ (€@ + D@ de < o, (1.5)
yeRY J{ja—yl<1}
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for some rq,7ry > %
Condition ([1.2)) states that uo belongs to the so called locally uniform space L{,(RY)

def
LE(RY) = {9 € L, (RY) : [|9]] g vy = sup [ull a1y < o0}, 1<g<oo,  (L6)
=

while (L.3) states that ug is in the closed subspace L& (RY) c L¢(RY), consisting of all
elements ¢ € LY, (RY) satisfying the continuity condition

I7=¢ = ¢l @y = 0 as |z =0 (1.7)

with respect to the group {7.,z € R} of translations in RY.
Finally, (1.5 states that

N
CeL}RY), 0<DeLZRY) forr,r > 5 (1.8)

Reaction diffusion equations as in have been recently investigated in [16] [17] within

a setting on Lebesgue spaces of integrable functions in unbounded and bounded domains,

2, respectively. It has been proved in [16, [I7] that a pair of equilibria solutions ¢,, and

@ exists, minimal and maximal respectively, which bound the asymptotic dynamics of the
system so that

Om(x) <lminfu(t, z;u0) < limsupu(t, z;ug) < em(z), €8, (1.9)

t—oo t—o00

hold uniformly for ug varying in bounded sets of initial data.

Such a remarkable dynamical behavior of the solutions has been observed in these refer-
ences assuming and suitable integrability properties of C'(z) and D(z).

Here, our goal is to extend such results to the case where initial data are considered in
much larger spaces L‘IU(RN ) and with weaker assumptions of the type . Note that a
preliminary analysis on the asymptotic behavior of solutions of in such a setting can
be found in [4], which is, in turn, based on the study of linear equations carried out in
[3]. In the former reference only smooth initial data are considered. In this paper, we first
construct solutions for nonsmooth initial data in L?](RN ). For this we assume the one side
monotonicity condition
g—i(a:,s) <L(x), ze€RN seR, LeLpRY), r3>g. (1.10)

In order to ensure that is dissipative we will assume, as in [2] 4] that the solutions
of the linear equation

Vi— AV =C(z)V, t>0, zeR". (1.11)
decay exponentially to zero, as t — oo.

Hence, in what follows our goal is to show that under the above assumptions the problem
is well posed in L‘(I](RN ) for any ¢ > 1, the associated semiflow of global solutions
possesses a global attractor A (which attracts solutions in a suitable way) and that, the
extremal steady states ¢, and ¢, satistying exist. In particular,

and ¢,,, oar € A are the “caps” of the attractor.
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Note that in [4] structure conditions like ([1.4)), (|1.8) were shown to guarantee global
well posedness of , dissipativeness properties of the solutions and the existence of an
attractor in the locally uniform spaces but only for appropriately regular initial data; namely
for uo € W(RYN), where 2o — % >0,a€0,1) and ¢ > N/2. Also, in [7] a monotonicity
condition, stronger than (1.10]), was used to construct the semigroup for in LY (RN)
with ¢ > % However, only orbits of bounded sets consisting of appropriately smooth
functions were shown to converge to the attractor and the nonlinear term f was assumed to
be independent of the spatial variable. All these results will be considerably extended here.

Now we present our main results. Note that some additional results, not stated here, are
proved in the Sections below. Concerning global existence and the existence of the global
attractor our result is as follows.

Theorem 1.1. Suppose that q € [1 o0) and

f(z,s) = g(z) + mo(x)s + Zm] )+ fo(z,8) = mo(z)s + F(x,s), (1.12)

where

i) g€ LPRN), m; € LP(RY), j=0,...,k, with some ry > ¥,

it) h; € C*(R,R) and h;(0) = 0, 1(0) = 0 for each j =0,...,k,

iii) fo(x,s) is Holder contmuous with respect to x € RY uniformly for s in bounded subsets

of R, the partial derivative 2L (:E s) exists and is bounded in x € RN for s in bounded sets
of R; in addition,

fo(z,0) =0, %fo( ,0)=0 forallzeRY,
w) condition (1.10)) holds. For ¢ =1 assume additionally that
L(z) <K, z € RY, (1.13)

for a certain constant I € R.
Then the problem is globally well posed in L{,(RN).
v) For the asymptotic behavior, assume 15 satisfied with some C', D as in being
such that the solutions of decay exponentially as t — oo.
Then the corresponding semigroup possesses a (LqU(RN ) — W) global attractor A; that is
a) A is closed in LE(RN), compact in W, invariant for and
b) A attracts bounded sets of LL(RN) in the norm of W, where W is either C (RN),
with 2 — % > >0, or W (RY) with 0 < s < 2.
In addition A is bounded in W™ (RN).

As for the existence of extremal equilibria for (1.1]) we prove

Theorem 1.2. Under the assumptions of Theorem there exist two ordered extremal
equilibria for , Om, Pym € WE’TO (RN), minimal and maximal, respectively, in the sense
that any equilibrium 1 of satisfies

<Y< omu
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Furthermore, the ordered set {v € LL(RN) : ¢, < v < @u} uniformly attracts the
dynamics of the systems, i.e.,

om(z) < li%n inf u(t, z;up) < limsup u(t, z;up) < () (1.14)

t—o00

uniformly in compact sets in RN for bounded sets of initial data. Moreover, the minimal
equilibrium is stable from below and the maximal one is stable from above.

Finally, the global attractor A for problem mn Theorem satisfies
and O, o € A.

With further integrability asumption in the function D we are able to show that solutions
of (1.1) become uniformly small at infinity for large times. More precisely, we have

Theorem 1.3. If the assumptions of Theorem [1.1] hold and
N
D e L'(RY),  where 5 <r <7y, (1.15)

then
i) the attractor A in Theorem[1.1] is a bounded subset of L=(RY) N L' (RN). Moreover there

exists a positive function

d € W2 (RY) ¢ BUCHRY)n L"(RY)
and

O(z) =0 as |z| — oo,

such that for all u € A we have |u| < ® in RV,
i) convergence to A is also in W = Cypy(RN) with the topology of uniform convergence,
iii) the extremal equilibria of Theorem attract solutions uniformly in RN from above and
from below respectively. That is, holds uniformly in x € RV,

Furthermore,
w) the attractor A is bounded in W (R™) provided that, in addition, ro > .

For the analysis of the dynamics of nonnegative solutions of (1.1)) we then give certain
sufficient conditions for the existence of a minimal positive solution, asymptotically stable
from below.

Theorem 1.4. Under the assumptions of Theorem suppose that g(x) = f(z,0) = 0.
Furthermore, assume that there exists M € LU, (RYN), p > N/2, such that for some sy > 0

f(z,s) > M(z)s, 0<s<s, (1.16)
and 0 s unstable for the linear problem
{vt — Av=M(z)v in RY
v(0) = vo;
that is, the spectrum of —A — M, o(—A — M), satisfies the condition

o(—A—-M)NR™ #0.
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Then, there exists a minimal positive equilibrium, 0 < ¢, € Wé’m (RN). Moreover, for all
not identically zero initial data 0 < uy € LE(RY), we have

li%n inf u(t, z;up) > pm(2)

uniformly in compact sets of RY. In particular, ¢, s globally asymptotically stable from
below for positive solutions; namely, for all ug € LL(RY), 0 < ug < ¢y, and ug # 0 we have

tlim u(t, z;ug) = pm(z) in W, (1.17)

where W is either Cf! (RN), with 2 — % > p > 0, or the weighted space W (RN) with
0<s<?2.

In some cases we can obtain the uniqueness of a positive steady state. In this case, this
equilibrium becomes globally asymptotically stable for positive solutions of ([1.1)).

Theorem 1.5. Assume Theorem|1.4| holds true. Moreover assume %(I, -) is nonincreasing

in RY for every x € RY. Assume furthermore that the minimal positive solution @, from
Theorem|1.4)is linearly asymptotically stable, that is, the semigroup {e(AJr%("‘Pm))t} generated
by the linearized Schrodinger operator A + g—f;(-, ©m) decays asymptotically.

Then ., is the unique positive steady state of . Moreover, o, is also globally asymp-
totically stable for nonnegative nontrivial solutions of . Namely, holds for all
uy € LE(RN) satisfying 0 < ug Z 0, where W denote either CI (RN, with 2 — % > >0,
or the weighted space W™ (RN) with 0 < s < 2.

The assumption on the linear asymptotic stability above will be obtained in many cases
with the help of the following lemma of independent interest, see Section [9]

Lemma 1.6. Assume Vy,V € LR (RY) with N/2 < ry < oo are such that
A =0 s the bottom spectrum of Lo= —A+ Vy(x)I
and V > 0 satisfies that there exists ¢ > 0 and o > 0 such that for any y € RY
{z, V() < a} 0 Bly, )] < ca®

for all sufficiently small a > 0.
Then the bottom spectrum of L = Lo+ V (x)1 is strictly positive.

The article is organized as follows. In Section [2f we include certain preliminaries concerning
locally uniform spaces and locally uniform Sobolev spaces, their embeddings, properties of
Schrodinger operators in these spaces and properties of the solutions of the associated linear
problems.

In Section (3| we recall local and global well posedness of for smooth initial data ug
in some locally uniform Sobolev spaces.

In Section [4| we show that with the aid of a density argument leads to the construc-
tion of the global solution of through each ug € LqU(RN ), ¢ € [1,00). We also show that
these solutions depend continuously on the initial conditions, become smooth for positive

times and satisfy the variation of constants formula.
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In Section |5 we obtain asymptotic estimates of the solutions and prove the existence of
a global attractor, which attracts solutions in the spaces W as in Theorem [I.5 completing
the proof of Theorem [L.1]

In Section @ we prove Theorem . Note that in [16], where the problem was considered
in standard Lebesgue spaces, some technical restrictions on rg, 1,7y appeared in order to
control the tails of the solutions at infinity since the solutions had to remain in suitable
Sobolev spaces. Here, as we are dealing with solutions in uniform spaces, those restrictions
are greatly simplified. However, in general, we are not able to prove uniform convergence in
space to the extremal solutions, but only on compact sets.

In Section (7] we give conditions for the solutions of (1.1) to become suitable small as
|x| — oo, for large times. In particular, we prove Theorem 1.3

In Section [8] we give sufficient conditions for the existence of a minimal positive steady
state which is asymptotically stable from below and prove Theorem Following [17] we
show that this stationary solution can be approximated by the minimal positive equilibria
constructed for initial boundary value problems with Dirichlet boundary conditions, in balls
of radius R — oo. This reflects some resemblance with the technique of handling Cauchy
problems developed in [12].

In Section [9] we discuss uniqueness of the minimal positive equilibrium solution and con-
clude Theorem [L.E and Lemma [L.6

In Section [10] we apply the previous results to some model problems. In particular, we
discuss uniform and nonuniform convergence of the solutions to the extremal equilibria.

Acknowledgement. This work was carried out while the first author visited Departamento
de Matematica Aplicada, Universidad Complutense de Madrid. He wishes to acknowledge
hospitality of the people from this Institution.

Also the authors want to thank Professor J.M.Arrieta for some fruitful discussions con-
cerning the examples at the end of the paper.

2. PRELIMINARIES ON LOCALLY UNIFORM SPACES AND LINEAR EQUATIONS

The locally uniform spaces L{;(R"), that can be traced back to [11], have been extensively
applied in a number of references dealing with problems in unbounded domains, see e.g.
[, 2, 3, 4, 7, &, 13, 14, 18]. They allow to consider initial data and coefficients in the
equation, with no prescribed behavior at infinity and local singularities. Also, they enjoy
suitable continuous and locally compact embeddings and possess the useful nesting properties

LE(RY) — L2 (RY), 1 <p<q< oo, (2.1)

which are also satisfied by the LY (RY) spaces.

The spaces L (RY), LL(RY), defined in (1.6), (1.7) can alternatively be characterized in
terms of suitable weighted norms, see [3]. In fact, fix any weight py integrable in RY such
that

po € C*(RM),  po(z) >0, po(z) — 0, as |z| — oo (2.2)
and
[Voo(@)| < epol@),  [D?*po()] < cpglx), = €R, (2.3)
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with some ¢ > 0. For example
po(z) = (1 +¢€z[*)™”, 2 € RY, where v > N/2 and € > 0.
Denote by p any translate of pgy, that is
p(x) = 1ypo(x) = po(e — y), (2.4)
and define the weighted spaces
L) {6 € L, R), Wllgamy = ([ l0(@)pta) da)
Then, for ¢ € [1,00) we have

def
LLRY) = LT (RY) = {¢ € L (RY), 161l zs ®vy = sup [[¢lla@n) < 0o}, (2.6)
p

Qe

<oo}, gq€l,00). (25)

and

Lq

lu lu

LY (RN = L8 (RV) {¢ ELLRY): | — ol @y — 0 as |2] — o} . @27
Weighted and locally uniform Sobolev spaces W}4(RY), WEIRN), WEYRN), WEI(RN),

I/VZIZ(I(RN ) can be then defined for ¢ > 1 and k& € N in a natural way. Sobolev spaces for
non-integer positive indexes can also be defined by interpolation, see [3].
Note that the set Cp9(RY) of infinitely many times differentiable functions with bounded
derivatives is dense in TW7?(RY), but not in W*(RN), for each k € N and every 1 < p < oo.
Also, some embeddings of these spaces are reflected in the following diagram, see [3],

WERY) = DETRY) = WRRRY)
| . N | 1 (2.8)
WERY) o WRY) o WERY), ke

We also have

: N
Wé’p(RN)%CH“(RN), for l+1>s—;>l+u>l20, (2.9)

and the compact inclusions
W PHRY) — WPz (RY), (2.10)

forsgeN,31>32,oo>p22p1>1,31—pﬂ1>32—p%,and

loc

. N
WP (RYN) < CHF(RY), for [4+1>5——>14pu>1>0. (2.11)
p

The results in [3] on the properties of elliptic operators, in particular Schrédinger op-
erators (see [18]), are summarized in the following results. As shown in [3, Theorem 3.5,
Proposition 3.2}, we have

Proposition 2.1. If C € LZ(RY) for a certain o > N/2, then the Schridinger operator
A + C generates an order preserving analytic semigroup {1} in LL(RN) for any 1 <

q < co. Furthermore, this semigroup is continuous at t = 0 provided that Vy € L‘(]](RN).
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Additionally, the exponential type v of A+ C is the same in all the spaces LE,(RY) for
any 1 < ¢ < oo and the LE,(RN) — LY (RY) estimate
||6(A+C’)t‘/0||LZ[)J(RN) < M@attig(%ii)n%Hng(RN)v q <p < o0, (212)
holds with arbitrarily chosen a > v and a certain positive constant M = M (a, N,o,C).

Note that under the assumptions of Proposition the function V (t;Vp) = eA+Ot is
the solution of the homogeneous equation through V, € L (RY).

As for the solutions of the non-homogeneous equation in the locally uniform spaces we
have the following lemma.

Lemma 2.2. Suppose that (1.8)) holds and let q € [1,00). Then, the solution U(t;Uy) of the
equation

U, — AU = C(z)U + D(z), t>0, zcRY, (2.13)

through Uy € LEL,(RY) is given by the variation of constants formula

t
U(t; Upy) = BT, + / AT D s > 0. (2.14)
0

Furthermore, U(t;Uy) is a classical solution of fort >0 and is bounded in L>°(RY)
on compact time intervals away from zero uniformly with respect to Uy in bounded subsets of
LL(RYN). Furthermore, this solution is continuous at t = 0 provided that Uy € LE(RY).

Proof. We merely remark that having defined the analytic semigroup solving the homoge-
neous equation and using that ro > % we get the L®(RY) bound for U. The smoothness of

U comes from the regularizing effect of e(A+)" see [3]. O

3. SMOOTH SOLUTIONS IN LOCALLY UNIFORM SPACES

In this section we prove that (1.1]) is locally well posed for smooth initial data in uniform
Sobolev spaces.

Proposition 3.1. Suppose that the assumptions i), ii), iii) of Theorem[1.1] hold. Let ay €
(0,1) be such that 2cy — % > 0 and consider uy € W™ (RV).

Then there exists T,, > 0 such that the problem has a unique maximally defined mild
solution u = u(-,uo) in the class C([0, Tuy ), W (RN)), given by the variation of constants
formula

t
u(t; ug) = eArmolty, +/ eBTm=) (. (s up))ds, t € [0,Ty). (3.1)
0

In addition, for any v € [0,1),
u € O((0,7,), W5 (RY)) N CH(0, 7o), Wi ™ (RY)). (3.2)

That is, u is a classical solution of (1.1)) defined on the mazimal interval of existence [0, Ty, ).
Furthermore, if 7,, < oo then lim SUp, . ||lu(t, u0)||W§“0”"0(RN) = 00.
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Proof. By the assumptions W (RY) «— C*(RYN) for some u > 0, see (2.9), and then,
from , the Nemitsky operator defined by F'(z, s) is Lipschitz continuous on bounded sets
from W5 (RN) into L7?(RY). Also A + my generates an analytic semigroup in L7?(RY),
see Propositon 2.1 Hence the result follows from the results in [10]. U

In order to prove that the solutions in Proposition [3.1] are globally defined, we will assume
the structure condition (1.4). We remark that this implies in particular

l9(2)| < D(x), = e€RY.
Solutions of (1.1)) will be then bounded from above by the solutions U(+; |ug|) of the linear
equation (2.13)) with the initial condition U(0) = |ug].

Lemma 3.2. Let the assumptions of Pmposz’tz’ons hold. Assume additionally (1.4)), (1.8)),
that s

sf(x,s) < C(z)s* + D(x)|s|, z€RY seR,
for some
CeL}RY), 0<DeLZRY) withr,ry > g
Then the local solutions of given by exist globally in time and satisfy
\u(t;uo)| < U(t;|ugl), forall t>0, (3.3)
where U(t; |ug|) is the solution of
U, — AU = C(x)U + D(z), U(0) =ug, t>0, xR,

Hence, solutions of i Proposition remain bounded in L>®(R™) on compact time
intervals away from zero and uniformly with respect to initial conditions ug that remain
bounded in LL(RN), q € [1,00).

In particular, if the nonlinear terms satisfies then holds for C(x) = L(x) and
D(z) = |g(x)].
Proof. By Proposition the semigroup e®*+" is order preserving in locally uniform
spaces so that we get U(t,|ug|) > 0 for all £ > 0.

Now, from (|1.4]) we have

f(w,5) < C(a)s + D(z), 520, z€RY,

f(z,8) > C(x)s — D(z), s<0, xR,
and then +U(t, |ug|) are, respectively, super/sub solutions of ([1.1]). Therefore, by compari-
son, we get (3.3) and the rest follows from Lemma .

In particular, the L>(RY) bounds on u(t; ug) and the assumptions in (1.12)) give bounds
on the L2 (RY) norm of F(-, u(t;up)), on finite time intervals. Hence, global existence follows

from this and (3.1)). O

Remark 3.3. Note that in Proposition[3.1 and Lemma[3.4 we have used some properties of
the Nemitsky operator defined by the nonlinear term, which follow from the assumptions in

e

In fact the next remarks will be repeatedly used in the rest of the paper.
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i) First, note that if £ € LE(RN) N L®(RY) for some q € [1,00) then & € LL(RN) for all
q € [1,00).
ii) Now if ¢ € LLRN) N L2(RN) for some q € [1,00) then F(-,€) € LGRYN) for each
o c [1,T0).

Indeed, from we immediately get F(-,€) € LP(RY).

On the other hand, to prove the continuity under translations observe that for any z € R,
172 (m;h(€)) — m;h (&) Ly ) is bounded by

[(mzmy — my) T h(E) | Loy + [[(T2h5(E) — hy(§))myl| Lo wmvy =0 T1 + Ta.

Thus, since € € L(RN) and m; € L2 (RN) we infer that J, — 0 as |z — 0 for 1 < o <.
Now, Holder’s inequality and the Lipschitz continuity of h; on bounded sets imply that for
any 1 < o < ry.

T2 < |Imy| o @y 1y (72€) — hj(i)HngA_@U(RN) < Kllmyl| pro @y [ 72 — SIILSgA_@U(RN),

so that, from 1), lim,|_o J2 = 0.

Finally, the remaining term Js := ||7.(fo(+, €)= fo(+, )| g ), can be estimated by || fo(-+
2, 7,€) — fo(',ng)HLz[r](RN) + || fo(+, 7€) — fo(-,g)HLg(RN). The first term goes to zero with z
because £ is bounded and fy is assumed to be Holder continuous in the first variable. Also
the second term is bounded by C||7.§ — &||Lg mny and hence limy, o J3 = 0, for 1 < o < oo,
iii) If moreover £ is Holder continuous, then we can take o = 1o in ii). This was actually
used in the proof of Proposition |3.1].

4. GLOBAL SOLUTIONS WITH INITIAL DATA IN L (RY), ¢ € [1,00).

In this section we will use and a density argument to construct global solutions of
for nonsmooth initial conditions uy € LE(RN), ¢ € [1,00). These solutions will satisfy
the variation of constants formula and the estimate ; in particular they will be
smooth for positive times.

We first show that the global smooth solutions of Section [3|have a suitable Cauchy property
in LqU(RN ) with respect to the initial data, for 1 < ¢ < co. The case ¢ = 1 will be considered
further below.

Lemma 4.1. Let the assumptions of Propositions hold and moreover assume (|1.10)).
Then for each ub, u2 € Wi (RN), T > 0 and 1 < ¢ < oo we have

lu(t: w) — uts )l g vy < Cla Dluh =g vy 0 E<T <00, (41)

with some constant C(q,T) > 0 independent of uy, ud.

In particular, for any vy € LL(RN) and any sequence {ul} C WO°(RN) converg-
ing to ug in L‘[]](RN), the sequence of global solutions {u(t;ug)} is a Cauchy sequence in
C([0,T), LEL(RN)) for every T > 0.

Furthermore,

i) the limit function satisfies

u(-;uo) € C([?;)OO%L?](RN)) (4.2)



and is independent of the choice of {ul} € W™ (RN),
i) for any ul, ud € LLRY) and T > 0, is satisfied by the pair of limit functions u(-;ug)
and u(-;u3) resulting from the above construction.

Proof. By assumption (1.10), Lemma holds for C(x) = L(x) and D(x) = |g(z)|. In
particular, solutions in Proposition are globally defined.

For the proof of it is enough to get a similar estimate with respect to a weighted
spaces as in ([2.5]), with a constant independent of the weight function and its translates.
Therefore below we denote by p any traslate of a weight py as in , , .

Multiplying the equation for v(t) := u(t;ud) — u(t;u3) by v|v|9=2p, integrating over RY
and using we have

s [t [ swilor [ L@ (4.3
th RN RN RN

Integrating by parts and using ([2.3]) we obtain
| sl o< [ ot (< = DIToP +l ol o
RN RN

:_—4<qq; 2 /RN\V 2| p+2§ BV ()]

4(qg — 1 v (2 c g2
<MD 9o+ [ (9Dl + e (ol
 2(q—-1) 0y 12 ? 012
-2 [+ s [ el

ql)

where we used the Cauchy inequality with e = Letting

L) —CC 4 oy L e Ip®RY)
xXr) = Xz
! Adlg—12 2(-1) 7 Lo

we get from (|4.3])

et < 2D [ oot 4 L) (1))

Using again the Cauchy inequality and we also get
SV (Io]2) o =~V (jol2p2) — 0]V (p?) [
= —|V(jol#p2) P + 210 #V ([o]#p2) V (p %) — (jv[# v (p?))?
< AV (ol 3ph) P + eV (ol o)l ol b + 32 (ol Lt

< 29 (ultoh) P + 2 (ul2o)?

and hence

d qg—1 a 1.2
G st (—|v o2 08) [ + L) (el0%)7)



where Ly(2) := 2L,(z) + 2 and L, € L3 (RV).
Now, since r5 > N/2, with z = |[v|2p2z € L2(RN), we infer from [I8], see also [2], that
there is a certain p € R such that

[N\ ACIE T

Since all constants remain independent of p, Gronwall’s inequality and (2.5)), (2.6)), leads to

[ED).

Now the proofs of i) and ii) follow easily. O

To get (4.3) when ¢ = 1 we will approximate the sign function by smooth functions; for
example we will use

1, s> =
hn = = hn — _hn —5), h/ > O, c N’ 44
()= {—n282 +2ns, 0 <s < 1 () (—3) (s) > n (4.4)

(see e.g. [5]). We will also denote H,,(v) = [ hn(s)ds which is a smooth approximation of
the function |v].

Lemma 4.2. Under the additional assumption (1.13)), Lemma applies also for q = 1.

Proof. We now multiply the equation for v(t) := u(t;ul) — u(t;ud) by h,(v)p as in (4.4),
and integrate the result over RY to get

[ @i = [ (90 (00 = ha(0)907)
[ (tuttsud)) = £t o) hao)o
<= [ Voo [ (fCltad) - et .
Integrating now over [0, ], we have
[ = [ 00 < - / /RN VoV

/ / ultyu})) = £ ult;u)) ) ha(0)p.

Since we have that ((1.10) is satisfied then Lemma applies and using (3.3) and the
pointwise convergence h,(v) — sgn(v) and H,(v) — |v] in [0,#] x RY, we obtain by the
Lebesgue dominated convergence theorem that

/RN\U\P—/RN\ Yp < — // V0|V
//RN u(t; ug)) — f('au(t;u(%))>59n(v)p.



Then we integrate by parts the first term of the right hand side above and use (2.3) and

(1.13) to obtain
t
/ jolp — / w(0)lp < (c+K) / / olp.
RN RN 0 RN

Hence we obtain again (4.1) by using Gronwall’s inequality. The rest follows then as in
Lemma 411 d

Below we prove that for any uy € LI(RY) and ¢ € [1,00), the limit function w(-;ug)
resulting from Lemmas , is in fact a smooth solution of (|1.1)) for positive times. First
we consider the case 1 < ¢ < o0.

Theorem 4.3. Assume, as in Lemma that f(x,s) satisfies the assumptions in Proposi-
tz’on and (1.10). Moreover, assume also that and (@ are satisfied. Let 1 < q < 00

and ug € LE(RN).
Then the limit functions constructed in Lemma [{.1] satisfy

lu(t; uo)| < U(t;|ugl)  for t >0, (4.5)

where U(t; |ug|) is the solution of the linear equation with initial data U(0) = |ugl;
in particular u(t; ug) remains bounded in L®(RN) uniformly on any compact time interval
away from zero.

Furthermore, u(-;uy) satisfies the variation of constants formula

t
u(t; ug) = e BTy (71 ) +/ eBrmO)E=) (. (s ug))ds for allt >7>0  (4.6)

and it is a smooth solution of fort >0, that is
ul-; o) € C((0, 00), W2 (RM)) N1 CH(0, 00), W™(RY)) for any v € [0,1).  (4.7)
Proof. Note, from Lemma [3.2], that the approximating solutions satisfy
lu(t;ug)| < U(t;|ug]) forall ¢ >0, neN.

Passing to the limit we get .

To prove we will write the variation of constants formula for a sequence {u(-;ug)} of
approximating solutions and then pass to the limit.

Observe first that from [3], {e®+m0)} is a C° semigroup on L'(RY) and that
together with the L>(RY) bounds for u(t;ug) (valid on compact time intervals away from
zero) imply that F(-,u(-)) € L*([r,T], L}°(R")) for any 0 < 7 < T Note also that u(t; uo) €
LP(RN), since u(t;ug) € LERN) N L2(RY) for each t > 0. Consequently the right hand
side of is well defined for the limit solution as well.

Now observe that, as n — oo,
e BFmO =Ty (7 ) — BAFmOET)y (7o) in LP(RY), for t > 7
and, from the assumptions in ((1.12)),

||e(A+m°)(t*s)F(-7u(s;ug)) _ e(AJFmO)(t*S)F(’,U(S;Uo))HLZO(RN) < K for s €|t
13



where the constant K is independent of n and s. Also, again the assumptions in ([1.12]) and
Lebesgue’s Dominated Convergence Theorem imply

G uls;ug)) = F( u(s;uo))l o @ny = 0,

since u(s;ul) — u(s;ug) a.e. in RY and (4.5) holds for the aproximating solutions.
Therefore, passing to the limit in the variation of constants formula for u(¢; ug), for 7' >
t>71>0, we get

t
u(t; ug) = eBFmOIETy (71 ) +/ eBFm=9) B (. y(s3u0)) ds,
where we can also pass to_the limit as 7 — 0, since elAtmolt g g Co'analytic semigroup on
L(RY) (see Proposition and u(-; up) is continuous at 7 = 0 in L{(RY).
Formula (4.6) and the L>°(RY) bounds on the solution, away from ¢ = 0, give the smooth-
ness of the solution as in Proposition (see also Remark . U

Concerning the case ¢ = 1 let us prove that

Proposition 4.4. Under the additional assumption ((1.13)), Theorem applies also when
q=1.

Proof. Recalling Lemma and Lemma , we again get . In particular, w(t;ug)
remains bounded in L>®(R") uniformly on any compact time intervals away from zero as
well as for ug in bounded subsets of L% (RY). Hence u(t;ug) € L (RN) N L>°(RN) for each
t > 0, which implies that u(t;ue) € L§(RY) for all ¢ > 0 and ¢ € (1,00). Conditions ([.q),
thus follow as in Theorem [4.3] O

The above results allow us to define for every 1 < ¢ < oo the nonlinear semigroup

associated to as
S(t): LLRYN) — LEMRY),  S(t)ug = u(t;ug) for t >0, ug € LE(RY). (4.8)

Recall that the uniform spaces L?](RN ) are nested, so the closer ¢ is to 1, the larger this
space is. Whenever is satisfied, the nonlinear semigroup in (4.8)) is defined in the
largest of these spaces L (RY).

Finally note that the results above finish the proof of the global existence part in Theorem

ini!

5. ASYMPTOTIC BOUNDS AND THE GLOBAL ATTRACTOR

In this section we prove asymptotic bounds for the solutions of and the existence of
a global attractor that attracts solutions in a suitable way. In particular we finish the proof
of Theorem [

As in [4] the difficulty is that the semigroup {S(¢)} in associated to is not
asymptotically compact in the norm of the phase space LqU(RN ).

We start from the pointwise and uniform asymptotic bounds in L>(RY).
14



Proposition 5.1. Suppose that the assumptions of 1)—v) in Theorem are satisfied.
Let 0 < ® € Wé’r/ (RN) with v = min{ry, ro} be the unique solution of the elliptic equation
— AP =C(2)®+ D(z), ze€R". (5.1)

Then the solutions u(-;ug) constructed in Theorem (resp. Proposition ifq=1)
satisfy the asymptotic bounds

lim sup |u(t; up)(z)| < ®(x) (5.2)
t—o00
uniformly for x € RY, and
ﬁftnsup [[w(t; wo) || oo @y < [[P| oo m) (5.3)

uniformly for ug in bounded sets in LqU(RN).
Also, if |ug(z)| < ®(x) then |u(t;up)| < @ for allt > 0.

Proof. If V(; Jug| — ®) is the solution of the homogeneous equation (1.11)), then U(¢; |ug|) =
O + V(t; |ug| — ®) solves (2.13) and (4.5)) reads
lu(t; up)| < @+ V(t; |ul — ®)  for t > 0. (5.4)

By assumptions the estimate (2.12)) holds with some a < 0 and p = oo so that ||V (+; |ug| —
P)|lLee@ry — 0 as t — oo uniformly for ug in bounded sets in LEL(RY). The result now
follows easily. O

Now we use the variation of constants formula to obtain asymptotic bounds for the solu-
tions in stronger norms of uniform spaces.

Proposition 5.2. Suppose that the assumptions of Proposition hold. Then there exists
a constant cs, > 0 such that for any set B bounded in L{;(RY) there exists tg > 0 such that

|| u(t; uo)\|W5,TO(RN) < o forallt >ty and ug € B. (5.5)

Moreover there exists a bounded, positively invariant, absorbing set in Wé’m (RN).

Proof. Thanks to (5.3) for B bounded in LY (RY) there exists 75 such that
lu(t; wo)|| Loo(mry < [|®|| ooy +1=1co  forall t> 75, up € B. (5.6)

(A+mo—pB)t

We also choose [ sufficiently large, such that the semigroup e decays exponentially,

and from (|1.12)), we obtain the estimate
| (-, u(t; ug)) + ﬁu(t;uo)HLgo(RN) <c¢ forall t>7p, uy€ B.
Using this and applying (4.6) with 7 = 75 we get

et 00) oo govy < M=)t — 75) (i o) | 3 e
t
M [t ) (s ) + s ) ds
B

< Meqwye B (¢ — 75)7% + MT(1 — a)a® ey,

where o € [0,1) and M, a are suitable positive constants.
15



Thus for some t% and all ¢t > t%, uy € B, we have

||u(t; u0)||W5a,r0(RN) <2MTI(1 — a)a* ¢

which implies the existence of a bounded absorbing set By € W;*°(RY). In particular
B§ absorbs itself; that is for a certain ¢ > 0 we have u(t; By) C B§ for all ¢ > t§. Then
B = Utztg u(t; B§) is bounded, absorbing and positively invariant.

Finally, take a@ = ay as in Proposition Since BS° is bounded in W™ (RY) then
(5.5) and the rest of the result is a consequence of [6, Lemma 3.2.1]. O
Remark 5.3. Observe that if ro = oo or g = m; =0, j =1,...,k, in , then the
asymptotic estimate above holds in WE’S(RN) for any s > 1, since in this case we get, for
every s > 1,

[E(-, ult; uo)) + Bu(t;uo)l gy @y < 1 forall &> 75, ug € B.

We are now ready to prove asymptotic compactness of the nonlinear semigroup in a certain
sense.

Proposition 5.4. Suppose that the assumptions of Proposition hold and let W denote
either Cli (RY), with 2 — % > p >0, or the weighted space W™ (RN) with 0 < s < 2.

Then, for any bounded sequence {ug} in L‘(]](RN) and each sequence t,, /' oo, there exists
a subsequence of {u(t,;ug)} (which we denote the same) such that
u(tn;ug) — vg  in W, (5.7)
where vy € WZ™(RN), |vg| < @ and

[oollyzogany = sup oollwarogay < oo (5.8)
v yeRN

with ¢y as in Proposition [5.3,

Proof. For large enough n and W as above, using and the compact embeddings
W5 (RY) — W (see (2-10)-(2-11))) we get the convergence to vp.

Also, and weak convergence in W2 (B(y, 1)) lead to (5.8). Finally we get |vo| < ®
as a result of (5.2). g

Remark 5.5. Observe that if ro =00 org=m; =0, 5 =1,...,k, in , then , from
Remark the space W in Proposition can be either C’;;“(RN), with 0 < u < 1, or
WeP(RY) with 0 < s <2 and p € (1,00).

Now we follow the argument in [4, Corollary 2.2], to conclude the existence of a bounded
invariant set in Wé’m (RY) that attracts solutions of 1) as in 1' For this it is enough
to prove the following result.

Proposition 5.6. Suppose that the assumptions of Proposition |5.1] are satisfied and let W,
{up} ¢ LL(RN), t, / 0o and vo € W™ (RN) be as in Proposition . Moreover, assume
that holds.
Then for any t > 0
u(t + tn;ug) — u(t;vg) in W. (5.9)
16



Proof. The computations in the proofs of Lemmas [£.1] or .2 show that for 0 <¢ < T

e+ ;) — u(t: 00) ) < Ola, T)ultns ) — wollgey =50, (5.10)
whereas Proposition [5.4] implies that for any ¢ > 0 each subsequence of {u(t + t,;ug)} has a
convergent subsequence in W. Thus, the limit must be u(t;vg) as stated in (5.9)). U

Now we finish this Section with the
Proof of v)—-Theorem [1.1

After Propositions @ and , [4, Corollary 2.2] implies the existence of a global
attractor A in the sense described in Theorem . In fact and the invariance of A
implies this set is bounded in W7 (RY). Note moreover that we have

luf < ® for eachue A O (5.11)

6. EXTREMAL EQUILIBRIA

In this section we prove that possesses extremal equilibria that bound the asymptotic
dynamics. In particular, we prove Theorem [1.2] These sort of results have been already
established for problems in bounded domains in [I7] and in unbounded ones in [I6] and
here we follow a similar ‘dynamical strategy’. In particular the proof of Theorem will
follow the abstract result for monotonic flows in [I7], which however does not apply here
because the nonlinear semigroup associated to is neither asymptotically compact, nor
decreasing sequences, bounded below, converge in L?](RN ).

Proof of Theorem From Proposition [5.1] we have that, for any € > 0, the ordered
interval I = [0, na] with nyy = —n, = @ + € is absorbing for (|1.1). Hence there exists a
time 7" > 0 such that

M < u(t+ T5mar) < (6.1)
for all ¢ > 0. Using now the order-preserving property of the semigroup and (6.1)) we have
uTs ) < u(Tsnu) < -

And by iterating the process

w(nT;ma) < u((n—1)T5ny) < -+ < w(Timm) < nu

for all n € N. Thus, {u(nT;n5)} is a monotonically decreasing sequence.

From the compactness obtained in Proposition and the monotonicity we infer that
{u(nT;np)} actually converges in the sense of some element oy, € W™ (RY).

Now we prove that, in fact, the whole solution w(t;7,s) converges as t — 0o, in the same
sense as above, to .

Let {t,} tend to infinity and k, € N, 7,, € [0, T) be such that ¢, = k,T + 7, and {k,} is
strictly increasing. Then, on the one hand, taking ¢t = 7,, in (6.1) we have

(T + 75 nur) < N,
and, after time (k, — 1)T', we get

w(tn;mar) < u(1(7kn —D)T;5nu). (6.2)



On the other hand, for any s € [0,T) we take t = T — s in (6.1]) and after time s we obtain
w(2Tmar) < u(s; ).
From this, in turn, after time £, T and taking s = 7,, we have
u((kn +2)T5mar) < ultninar)- (6.3)
Then, passing with n to infinity in and we get
Tim w(tn; nar) = @
Since the previous argument is valid for any time sequence {t,}, we actually have

Hm (it mar) = om (6.4)
in the sense of (5.7)).

Now we show that o), is an equilibrium solution of ([1.1)). For 7 large enough and all £ > 7
we note that

t
u(t; nar) Ze(Mm‘)ﬁ)“”U(T;WH/ eAFmo=O=9) (B (. u(s;nar)) + Buls;nar)) ds, (6.5)

where 3 > 0 is chosen such that e(®*™0~=5! decays exponentially.
Also, given any 6 > 0, if 7 is sufficiently large then for o € [1,7¢] we claim that from (/6.4))

and (L12
(-, w(s;mar)) + Buls;nu) — F(- on) — ﬁQOMHLg(RN) < ¢ whenever s > 7. (6.6)

Indeed, to prove , observe that the terms ||m; <hj(u(s;77M)) - hj(goM)) |2 (), can
be bounded above by a multiple of

[Im; (hj(u(s; nv)) — hj(@M)) ILg(Bo,R) + Myl g @™\ B0.R) = T1 + T2

for any R > 0. By the integrability of m$p, we can choose R > 0 large enough such that
I, < g. On the other hand from (6.4) we have Z; < g for all s sufficiently large. The other
terms appearing in are handled similarly.

Hence, the first two terms in ([6.5)) converge, as ¢ — 00, to ¢y, and to zero in the sense of
(5.7) and in L>=(R") respectively. On the other hand the integral term in (6.5) is as close

as we want in L7 (RY) to

¢
A1) = [ I (o) + Boyr) ds
uniformly for ¢ > 7. But z(¢) solves
2z — Az —mg(2)z + Bz = F(-,onm) + Bon € LT(})(RN)
z2(t) =0
and therefore we have that

2(t) — € in WSO (RY) as t — oo,
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where ¢ satisfies
—A& —mg()€ + B = F(-, om) + Bom-

Putting all these together in (6.5)) we get that £ = @), and hence ¢, is an equilibrium.

Finally, given any bounded set of initial data in L‘IU(RN ), all the solutions starting at this
set enter in finite time below 7,,. We also know that the solution starting at 1y, converges
to ¢ as in . Then, holds uniformly for bounded sets in L%(RN ). In particular
for any equilibrium 1, by ((1.14)
set of equilibria.

The results for ¢, follow analogously. O

Remark 6.1. Note that ® satisfies —AD = C(z)P+D(z) and so is formally a supersolution
of . Hence, u(t; ®) is decreasing and converges to pyy in the sense of . Also note
that wpr does not need to have constant sign unless g(z) > 0.

with ug = ¥, we get ¥ < ¢y; that is ), is maximal in the

7. ASYMPTOTIC SMALL BEHAVIOR AT INFINITY

In this section we complete the proof of Theorem [I.3] We thus discuss sufficient conditions
for the solutions of to be asymptotically small as |x| — oo. In particular, these solutions
will enter usual Lebesque spaces and the attractor constructed in Theorem will attract
in stronger norms.

Proof of Theorem [1.3] Recall that, in addition to the assumptions in Theorem [I.1] we
assume now ([1.15)). Then, elliptic regularity for (5.1]), see [2], implies that ® in ([5.1]) satisfies
d € W2 (RY) ¢ BUCHRY)n L"(RY)

and, in particular,
O(z) -0 as |z] — oo.
Consequently we get from 1} that for any bounded set of initial data B C L‘[]](RN ) and
for every € > 0 there exists R > 0 and Ty = Ty(B) such that

lu(t, z;up)| <e forall |z| >R, t>1T, ug € B. (7.1)

From here, (5.11]) and the attraction of A in W as in (5.7)), we conclude at once parts i), ii),
iii) of Theorem

These describe what we can denote the “first stage” of the dynamics of ([1.1)). In order to
describe the “second stage”, we assume in what follows that the initial data satisfies

lup(z)| < ®(x), xRN, (7.2)

which implies |u(t;uo)] < @ for all t > 0 (see Proposition [5.1]).
Then, from - the nonlinear term satisfies on such solution

|F(z,u)| <|g(z |+Z|my ()| + [fo(z,w)| < [g(@)] + K Z\mg )+ 1)]ul,
and hence

|F(z,u)] < |g(@)] + K( Z ()| + 1) @(2) = [g(x)] + V(z)®(z)
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with V € LP*(RY) and |g| < D € L"(RY).
As we assume 1 > 7, then from [2| Lemma 2.3],
VO @y < KolVIzro @) | @ llwer @y,
thus
| F (- u)||pr@yy < Ky, forall ¢ >0. (7.3)
Using again that 1o > r and applying (4.6) (note that (4.6) now makes sense also in
L"(RYN); see [2]) for any 7 > 0 we get
|u(t; uo)||wer@yy < Ky forall t>7.
In particular the attractor is bounded in W27 (RY). O

Remark 7.1. Observe that if m; € L*(RY), j = 1,....k, and if g € L7(RY) for some
o >, arguing as above instead of (7.3|) we get

1F( w) oy < K (7.4)
for allt > 0. In particular, we get the bound on the attractor in W (RY), provided ro > o.

Remark 7.2. Note from that for every r < o < oo and for every € > 0 there exists
R > 0 such that

/ lu(t, z;up)|” de < e (7.5)
|z|>R
whenever t > 0. In particular, the attractor attracts these solutions in L°(RY).

With this we can prove the following extra regularity of the attactor.

Corollary 7.3. Assume m; € L¥(RY), j =1,...,k, and g € L7 (RY) for some r < o < r.
Then the attactor attracts solutions for initial data that satisfy in W2 (RN) and is
also compact in this space, for 0 < 3 < 1.

Proof: Now, let ¢ > r be as in the estimates above, , , for the nonlinear term
(so that we can always take at least 0 = r). Then the uniform bounds in W2 (R") on the
solutions, imply that the attractor attracts these solutions and is compact in W23 (R") for
0 < B < 1. Indeed, we do as in the proof of Theorem 5.5 in [2] to show first asymptotic
compactness in L7 (RY) and then in W?2%7(RY). O

Remark 7.4. If the coeffcients m;, j =1,...,k, are genuinely LTUO (RYN) functions, the above
results seem optimal. If however they are bounded functions, the arguments above work for
bounded sets of initial data in LL(RN) N L7 (RN) and not only for initial data as in but
indeed in L°(RYN) for any r < o < ro such that g € L°(RY). Note that from we then
get for large t > To(B) and we get also the bound for allt > Ty(B).

Remark 7.5. When m; =0, j =1,...,k, we fall into the setting of [2] for initial data in
LY(RN) ¢ LE(RN), where the assumptions imply, in addition, that ® € LI(RN) N L=(RN).
Hence the attractor constructed in [2] and the one constructed here coincide. Clearly one
inclusion is obvious by invariance and the other one follows in the similar manner since the

attractor in the larger space is, due to , bounded in LY(RY). Note that the attractor
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attracts in different norms solutions starting at LY(RN) or LL(RN), but attracts in the same
norms solutions satisfying .

8. MINIMAL POSITIVE SOLUTIONS

In this section we analyze the dynamics of nonnegative solutions of ; in particular we
complete the proof of Theorem [I.4]

In the simplest case, when g(z) = f(x,0) > 0 is not identically zero, the existence of a
minimal equilibrium follows easily. In fact we have that 0 is a subsolution of . Then,
u(t, x;0) is increasing and, thanks to Proposition , the limit ¢, = lim;_ o, u(¢; 0) exists in
W as in (5.7) and ¢, € W' (RY). Then we conclude that ¢, is the minimal equilibrium.
If, in addition, the assumptions in Section [7|are met, then the convergence is uniform in R .

A more interesting case is when 0 is equilibrium. In such a case we proceed with the proof

of Theorem [1.4]

Proof of Theorem H For R > 0 we denote by A\ the first eigenvalue of —A — M in the
ball Bg of radius R with Dirichlet boundary conditions. Then for large enough R we have
A <.

Let s be the maximal solution in Theorem [I1.2] which is now positive. Then ¢, restricted
to Bp is a supersolution for the Dirichlet problem in Bp:

ul — Auf = f(z,uf') in Bpg
u? = 0 on JBg (8.1)
uf(0) = wp.

The solution of 1) starting at u(0) = ¢ M|By, is globally bounded since

0< UR(t7$; <PM|BR) < OM|Bg-
Thus, from Theorem 4.2 in [I7] we have that the minimal positive equilibrium ¢ for (8.1
exists and
Note that ¢f is asymptotically stable from below for (8.1); i.e., for all nonzero vy €
Co(Br), 0 < vy < o in By, we have
u(t, z;00) — ©%(x)  uniformly in x € By as t — oo.
Even more, for all 0 < vy € C(Bg), not identically zero,

litrn inf u (¢, 2;v0) > @2 (x) uniformly for x € Bp. (8.2)
Also, the extension by zero to RN of ¢ that we denote the same, belongs to LY (RY) N
Co(RYM) and is a subsolution for the elliptic problem associated to ([1.1). Indeed, for any
0 <neDRY),

dep
/ VonrVn = | VeiVn= / —nAsOﬁJr/ npt < | fleemm = / f@, o),
RN Br Br dBR n Br RN
where we have used that % < 0 on dBg, n > 0 on dBg, f(z,0) = 0 and % = 0 out of

Bp.
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From here, u(t, z; o£) is monotonically increasing and we also have
0 < ul(t,z; % (2)) < ult,z;op(2)) = onr(z), z€RY forall t>0.
Thus the monotonic limit

() = i ult, 73 68) < puila), xR (83)

exists for € RY and in W as in Proposition In particular, the limit in (8.3)) is uniform
in compact sets of RY.

We now show that ¢,, is the minimal positive equilibrium. For this, given a nontrivial
ug € BUC(RY), 0 < ug, we set vy = Uo|p,, Which is nonzero for sufficiently large R. Then,
we have

0 < uf(t,x;v0) <u(t,z;ug), x € Bg (8.4)
and extending by zero uf* to RY, (8.4) holds in RY. By (8.2), taking limits as ¢ goes to
infinity, we have

ol (2) < li%n inf u(t, 25 ug ) < li%n inf u(t, x;up), « € Bg. (8.5)

Let 1 be any equilibrium for (1.1). Then ¢» € BUC(RY) and from ({8.5) with ug = ¢ we
have

gpﬁ <% in Bpg
and extending ¢ by zero to RY the inequality holds in RY. Letting act the nonlinear
semigroup on both sides and taking limits as ¢t — oo, by (8.3)), we have

om <t¢ in RV

Thus, ¢, is a minimal equilibria for ((1.1)).

For the asymptotic stability, take first ug € BUC(RY) non identically zero and 0 < ug <
¢m- In fact we can assume that ug p, is positive, since otherwise we take S (t)up, for some
small time, as initial data. We consider the restriction to ugp, extended by zero to RV,
From we have u”(t; ug p,) < @m for all t and w*(t; ug p,) — @& as t — oo.

Then, for s > 0, from the continuity condition (5.10|) we infer that

tlim S(s)u"(t;uop,) = S(s) tlim u"(tugp,) = S(s)pn  in RY.
Additionally, (8.4]) implies
u(t + s, xyu0) = S(s)u(t, x;u0) > S(s)u”(t, x;upp,) in RY.
Now, taking limit as ¢t — oo we have
litm inf u(t, z;u) > (S(s)pf)(z) = u(s, x;0%) € RY
and taking limit as s — oo we have, by (8.3),
liminf u(t, z;u0) > om(z) = € RY. (8.6)

t—o0
Note that given any ug € L%(RN), 0 < uy < om, we have 0 < u(t, z;up) < om(x) and by
Proposition [5.4] the w-limit set w(ug) exists in W and satisfies w(uo) < ¢y,. But from (8.6),
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w(up) > pm and therefore w(ug) = {pm}; that is u(t, x;uy) — pm(x) in W as t — oo. In
particular, the convergence is uniform on compact sets of RY. U

Concerning the behaviour of the minimal solutions constructed above we prove

Proposition 8.1. If the hypotheses of Theoremm are satisfied and T denote the minimal
positive equilibria of (-) then

lim gl (2) = pm(a) in Wi ™7 (RY), (8.7)
for all ¢ < o < oo and for every e € (0,2].
Proof: As shown before, for all R > 0 large enough,
0< ¢l < om. (8.8)

Furthermore, given R; < Ry, we have that of1 and 2 satisfy the same equation in Bp,.

Moreover, pf2 > 0 = ¢ in OBg,. Thus, o1 < pR2. So pf is increasing as R — oo and
there exists the pointwise limit
Jim @, () =£(2) < pm(@), RV (8.9)

Now, since ¢,, € L®(RY), we also have £ € L{,(RY) N L>°(RY) and as a consequence of
the Dominated Convergence Theorem,

ol — ¢in LY (RY) as R — oo for all ¢ < o < oo.

In what follows we prove that £ is actually an element of L‘IU(RN ). Recalling that £ €
L®(RYN), if we show that & € L% (RN) for a certain o € [1,00), we will immediately have
this property for every o € [1, 00).

We fix € > 0, y € R and choose any radius R., > 0 for which B(y,2) € Bg,,. Then by
the monotonic convergence we have, for all o > 1,

1€ — oy || Lo By + 176 — OE) Lo By < 5 whenever |z| < 1. (8.10)
From the characterization of Sobolev spaces as in [3, Remark 4.5] we have
I170m = o Lo By < ClallVen e B2 for 2] <1, (8.11)

and we also have

IV ol o2y < Cllone|l L) + CllApher

Lo (B(y.2))-
Since also
1A@S || Lo w2y = I ¢ one) Lo (Bw.2),
from and , we get
k
IAGE || Lo (By2)) < lImo@mlle B2y + D Imihi(em)lle w2 + 1ol em)lle Bw2)-

7j=1
As a consequence of the assumptions on m; and fp in (1.12)) and recalling that ¢, € L>(R")
we take 0 = ry and we now have that

y <Oz, 2] <1, (8.12)

HTZSORE Y=
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where the constant C' depends on the Ly? (RY)-norms of m; as well as on the L*°(R")-bounds
for h;(¢m), fo(-,om), but is independent of € > 0, y € RV, |2] < 1.
From (8.10) and (8.12)) we now infer that

1726 = &llzro(By,1)) < € whenever |z] < (20)71

and since y is arbitrary we get £ € LTU0 (RM).
Now we prove that ¢ is actually an equilibrium. Let n € C%°(RY) denote a function with
compact support in RY and R > 0 be such that supp(n) C Bg. Then

/—nAwﬁz f(x, o8
Br Br

Integrating by parts, we get

/ —pfAn = / fla, ol .
supp(n) supp(n)

For the left hand side in the equation we can apply the Dominated Convergence Theorem
and we have

lim —pf An = / —&AD.
R=00 Jsupp(n) supp(n)

For the right hand side, notice that on the one hand, using that 0 < pf < ¢,, € L>®(RY)
and fy is locally Lipschitz, we have

[folw, 01)] < Klpm(@)] (8.13)

for some constant x > 0. On the other hand
Imo () ()| + |F(z, o (2)] < K(1 +Z|mg )lm ()] € L (RY). (8.14)

So, we can pass to the limit by the Dominated Convergence Theorem to get

im [ Feln= [ Faon
R=20 Jsupp(n) supp(n)

Thus,
— A& —my(2)é = F(z,&) zeRY

in the sense of distributions. Furthermore, from (8.14) we have F(-,£) € L?(RY).

Using now that & € L (RY) N L=(RY) for any ¢ € [1,00) we conclude, as in Remark .
that F(-,€) € LG(RYN) for each o € [1, 7).

Thus, by elliptic regularity (see [3]), £ € WQU(]RN ) for all 1 < 0 < ry. In particular, ¢ is
an equilibrium for (|1.1] . Since 0 < ¢ < ¢, we have & = ;.

We now show that o converges to gpm in W22 (RN). Given L > 01let 0 < y € C°(Bay,)
be such that xy = 1 in By. Let n = o x. Then, 1 solves

—An—my(z)n = Hgrp(zr) in By
n = 0 on aBQL
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with Hp 1 (z) = —2V@EVx+ F(z, o8 )x — o Ax. Since 0 < of < p,, € LLRY)NL®(RY),
we have ||¢2 || 1o(p,,) < C(L) for all ¢ < 0 < 0o, not depending on R. Thus, by (8.13), (8.14),

H g Lllw-108,) < C(L)
and by elliptic regularity theory

nE W (Bar), |lnllse sy < C(L)

for certain constant not depending on R. As a consequence {©Z}g is a bounded set of
Wiod (RY).

But we can repeat the argument above taking now into account that, for all ¢ < o < oo,
VOBV X||1o(By,) < C(L) not depending on R. Thus, ||Hg||re(p,,) < C(L). Therefore,

{©BY 5 is a bounded set of W27 (RN). So, for every e > 0

loc

I%im ol =, in W? %7 (By) forall L >0;

that is,
lim ¢f =, in W2 “(RY).

R—ooo loc

In particular, taking o > N/2, we have W?27°(Byy,) C C%(Byy) and the convergence holds
in C%(Byy) for some 6 > 0.

9. UNIQUENESS OF POSITIVE EQUILIBRIUM

In this section we prove Theorem [1.5] We remark that in [I6] the maximal equilibrium
of was shown to be a unique positive steady state whenever @ was decreasing with
respect to s > 0 on a set of positive measure. This was obtained with the aid of integration
by parts over large balls Br with R — oo. In the locally uniform spaces such argument
cannot be directly applied due to the fact that the solutions may not be in general close to
zero at infinity.

A certain uniqueness criterion for the existence of positive equilibrium can be provided if

concavity of f(z,s) with respect to s > 0 is assumed for each x € RY (see [17, Remark 4.13)).

Lemma 9.1. Suppose that the assumptions i), ii), iii) of Theorem[1.1) hold, f(x,0) =0 and
%(z, \) is nonincreasing in R for every x € RY.

If ¢, € Wg’m (RN) are two stationary solutions of satisfying 0 < ¢ < ¢ and ¢ is
linearly asymptotically stable, i.e., the solutions of the linearized equation

2 — Az = %(m,gb)z, t>0, r€RY, (9.1)

are asymptotically decaying, then ¢ and v coincide.

Proof. Letting v =9 — ¢ > 0 and using the assumptions for f we obtain

Av= [ )~ f,0) < Doy

Thus, v is a subsolution of (9.1)) and we get
0<v<z(t;v—¢), t >0.
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Since z(t;9 — ¢) — 0 as t — oo, we have ¥ = ¢. U

Lemma[9.1]and the existence of the maximal solution in Theorem [1.2]lead to the following
conclusion.

Corollary 9.2. Suppose that the hypothesis of Theorem hold, f(x,0) =0 and %(w, ) is
nonincreasing in RY for every x € RV,

If p € Wé’m (RY) is a nonnegative stationary solution of the problem and is linearly
asymptotically stable, then ¢ is the maximal equilibrium solution of (1.1) and thus ¢ is
globally asymptotically stable from above; that is for all uy € L?](]RN) satisfying p < ug we
have

lim u(t, x;ug) = ¢ in W,
t—o00
where W denote either Clt (RY), with 2 — % > i > 0, or the weighted space W™ (RN) with

loc
0<s<?2.

Recalling the existence of the minimal positive solution in Theorem [I.4] from Corollary
09.2] the proof of Theorem [1.5 is now straightforward.

Note that the assumption that f(x,0) = 0 and ‘g—ﬁ(m, -) is nonincreasing in R* for every
r € RN, implies f(z,s) > sg—i(x, s) for (z, s) € R¥N xR* and hence L&) is then nonincreasing
with respect to s > 0 for every z € RY. Also, by assumptions in 1' the potential %(LE, ®)
is in Lj?(RY) for any equilibrium of .

Observe that uiqueness of positive solutions has been obtained in [17], for the case of
bounded domains, and in [16] for the case of unbouned ones, under the assumption that
@ is nonincreasing with respect to s > 0, strictly in a set of z € RY of positive measure.
In both cases uniqueness is obtained by integration by parts using, in the latter case, that
solutions of , decay in a suitable way as |z| — co. Therefore, under the assumption in
Theorem [L.3] we have

Corollary 9.3. Assume Theorem[1.3 applies and
f(z,s)

S

15 monincreasing in s > 0,

strictly in a set of v € RN of positive measure,
Then there exists a unique positive equilibrium of , which is globally asymptotically
stable for positive solutions, as in Theorem [1.5,

Proof: Note that r in Theorem [1.3 satisfies
LN ey
2 " N+3
and we can follow the proof of [16, Theorem 5.1]. O

In general, however, compared with the result in [16], we have to ask here for some extra
assumption on the linearized Schrodinger operator around the minimal equilibrium to obtain

uniqueness.
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Consier then a nonnegative stationary solution of the problem (1)), ¢ € W/ "°(RY), and
assume as above that f(z,0) = 0 and g—i(x, -) is nonincreasing in RT for every x € RY. Then
we can write the linearized Schrodinger operator as

L(z)=—-Az— %(az, 0)z = —Az — @z +V(z)z = Lo(2) + V(2)z
where
V(z) = f(:;, 2 _ %(:p, ©) >0, VeLpRY). (9.2)

Now note that z = ¢ is a bounded nonnegative solution of Ly(z) = 0. This implies that
A = 0 is the bottom spectrum of Ly, see e.g. [I5]. Therefore we give below conditions
to ensure that V' > 0 is able of “moving the spectrum to the right”. In such a case we
obtain the linear asymptotic stablity of ¢ as desired. Of course this would hold trivially if
V(z) > a>0forall x € RY. As V > 0 may vanish somewhere, we have the following result
of independent interest.

Lemma 9.4. Assume Vy,V € LR (RN) with N/2 < ry < 0o are such that
A =0 s the bottom spectrum of Lo=—A+ Vy(x)I
and V > 0 satisfies that there exists ¢ > 0 and o > 0 such that for any y € RY
H{z, V(z) <a}NnB(y,1)| < ca®

for all sufficiently small a > 0.
Then the bottom spectrum of L = Lo+ V (x)I is strictly positive.

Proof: We use the following perturbation argument. For a > 0 small enough denote
Vi(z) = max{V(z),a} >a >0, zcRY
and
Va(z) = V(z) — Vi(z) = min{0, V() —a} <0, 2¢cRY.

Then L = Lo+ Vi(x)I + Va(x)I and the bottom spectrum of Ly = Lo+ Vi (z)I is not smaller
than a > 0.
Now according to Lemma 2.2. in [2] we get that if [|V2|[ 50 gx) = o(a) the result follows.

But note that there exists ¢y > 0 such that for any y € RY

||‘/2 LT'O(B(y,l)) S Coa1+% = O(CL). |:|

Observe that the assumption of the Lemma does not allow V' (z) to have “flat vanishing”
regions nor V(z) — 0 as |z| — oo. In particular, for the problem (1.1)), were V is given by
(9.2)) the Lemma above does not apply if ¢ — 0 as || — oco. Note that this is just the case

in [16] and in Corollary [9.3]
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10. EXAMPLES AND APPLICATIONS

In this section we discuss the applications of our pevious results to some model prob-
lems. In particular we discuss uniform and nonuniform attracting properties of the extremal
equilibrium solutions.

Example 10.1. Consider the nonlinear term of the form
f(z,s) =m(z)s — s°. (10.1)

Then, with the notations in (1.19), we have fo(z,s) =0, mo(z) = m(z), my = —1, hi(s) =
s3 and in we have %(az, s) =m(x)—3s* < L(z) := m(z). From the Young’s inequality
we infer that for each s € R, x € RN and for any A > 0

sf(x,s) < —As* + (m(z) + A)s* — s* < —As® + ¢|m(x) + A|%|s|.
for some ¢ > 0.

Hence (T4) is satisfied with C(z) = —A and D(z) = |m(z) + A|2. Hence, the solutions

of (L.11)) are asymptotically decaying.
Consequently, Theorems[1.1 and[1.4 hold provided that

. 3N
m € LRRY)  with 1y > e
and, in addition, m(x) < K if ¢ = 1. Thus, the global attractor and the extremal solutions

exist for .

Note that whenever the semigroup generated by A + m(x) is asymptotically decaying then
sf(x,s) < m(x)s? — s* < m(x)s?

and then holds with C(z) = m(x) and D = 0. Thus, zero is globally asymptotically
stable equilibrium and the attractor reduces to A = {0}.

So, we will assume that the semigroup generated by A+ m(x) is not asymptotically decay-
mng. .

Now, assume m(z) = My(z)+ My (x), with My, My € L (RY) and such that the semigroup
generated by A + M, (x) is asymptotically decaying and My > 0. Then, for some ¢ > 0,

sf(z,s) < Mi(2)s® + My(z)s® — s* < My (z)s® + cMa(z)2]s).
Hence, we can take in C(z) = My(z) and D(x) = cMy(x)2. Therefore, if

N
My € L°(RY)  with o > 37 (10.2)
then 1i)—-iii) in Theorem apply. If, additionally, o < 3% then ) in Theorem also
applies.
Also, if o(—A —m(z)) NR™ #£ 0 then o(—A —m(z) +§) NR™ # O for a certain 6 > 0.
Now

f(z,5) = (m(x) — s%)s > (m(z) — s2)s = M(x)s for 0<s<sp s2<0

and M € L*(RY). Consequently, via T heorem there exists a minimal positive equilib-

rium O, which is globally asymptotically stable from below for positive solutions.
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Concerning uniqueness of positive solutions, note that as fes) m(x) — s% is strictly
decreasing in s > 0, for x € RN, then Corollary applies if holds.

In the general case, when the semigroup generated by the linearized Schrodinger operator
A+ m(z) — 302 () decays asymptotically Theorem ensures that ., is the unique posi-
tive steady state, which is globally asymptotically stable for nonnegative nontrivial solutions.
According to Lemma and , we have in this case

m) O
Vi) = Lol B )~ 22 o)
But if
0<K<m(z), zeRY (10.3)

then, from [2, Corollary 6.2] for any nonnegative nontrivial initial condition uy € C$°(RY)
we have VK < liminf,_ . u(t, x;ug) uniformly in compact sets of RY. Consequently, V (z)
is strictly positive everywhere and Theorem applies.

In the particular case when
m(z) =K >0 (10.4)
all the above results apply and we also have
sf(x,s) =s(Ks—s%) <0, |s| > sy = VK, zeR".
Then, solutions of (with bounded initial data, say) are below the solutions of the ODE
2= f(2).

Thus, solution for with initial data above oy = VK converge uniformly in RN to pa.
On the other hand for dimension N = 1, from [10, §5.4., Exercise 6], there are positive

monotonic traveling waves of connecting the trivial equlibrium v =0 at t = —oo, with

wyp at t = o00. This shows that the convergence to wy; from below is not uniform in space.

A little more involved example is as follows.

Example 10.2. For the nonlinearities of the form
f(x,s) = m(z)s — n(x)s® + g(z) (10.5)

assume that g, m,n € LZ? (RN), with ro > N/2, and n is a nonnegative function. Then (1.10)
holds with L(z) = m(z) and f satisfies (1.19).

Observe that if n(x) > 3§ > 0 for x € RY then the analysis can be carried out as in the
former example. Hence, let us consider the case n(z) > 0. For simplicity we will also assume

g(x) =0.

~ Assume then that o(=A —m(z)) NR™ # 0 but m(z) = Mi(z) + Ma(x), with My, My €
LY (RY), such that the semigroup generated by A + Mi(z) is asymptotically decaying and
My > 0. Then

M2% (.Z‘) |8‘
nt/2(z)"

sf(x,s) < My(z)s* + My(x)s* — n(x)s* < My(x)s* + ¢
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3
Hence, we can take in C(z) = My(z) and D(x) = 07]:/1[“/’22((?). Consequently, if
M3 ()
Theorems [1.1] and [1.3 apply and we have the existence of the global attractor and of the

extremal solutwns
Additionally, if

c LY(RY) with o> N/4.

M; ()
n(z)

then Theorem [1.5 and the uniqueness result, Corollary[9.3, apply.
For the minimal positive equilibria, observe that for 0 < s < sg, inequality I8
satisfied with M = m — sin € LP(RY). Then for sufficiently small sy, from Lemma 2.2 in

[2], Theorem applies.
As for the uniqueness we have now

f((L‘7 Qom) af 2
V(iz) = —"— —(2,0m) =2n(z x
(@) = L) o) = 2t @)
and uniqueness of positive solutions holds provided one can show the assumptions in Lemma
9.4
Consider now the particular case n(x) = ) >0 in (10.5); that is

flz,s) = m(x)(s — s%). (10.6)

Also assume the semigroup generated by A —m(x) is asymptotically decaying, while o(—A —

m(z)) "R~ # 0. Then we can take My = —m, My = 2m and all the above applies with the
only assumption that m € L (RY).

Note that in this case ¢ = 1 is an equilibrium which is linearly stable, since the linearization

reads A — 2m(x). Hence, Corollary implies that ¢ = 1 is the maximal solution of .

From the analysis above it is clear that we can apply the results in this paper to nonlin-
earities of the form

o(mN :
<70
€ L°(RY) with N/4<o <ry/2

f(@,5) = m(z)s — n(z)s** + g(x)
with any k£ € N and n(z) > 0, or even
2k+1

[z, s) = g(x) + mo(x S+Zm1

with m2k+1(x) Z 0.

Now we turn into the question of the uniform in space attraction towards the extremal
solutions. As can be easily seen from Example[10.1] such uniform convergence to the maximal
solution, from above, is easily obtained when the nonlinearity f is independent of x and

sf(s) <0, |s|>so>0.

In fact in this case the maximal solution is the largest root of f. Also this example shows
that, in general, one can not expect uniform convergence from below, even if it is the unique

positive solution. This contrast with the results in [16].
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In the next example we show that such uniform attraction does not hold in general. In
fact, as we will see uniform attraction fails because attraction is “lost at infinity”, i.e. as
|z| — oo.

Example 10.3. Assume in dimension N = 1 that f(z,s) is such that f(x,s) =0 only for
s =0, is odd and decreasing in s for each x € R and, as a function of s, on [—1,1] it has a
positive mazimum a(x) (at s = —1) such that a(x) — 0 as z — oo.

Then f(x,8)s < 0 for all s € R and x € RY, and in fact f(z,s) < C(z)s + D(z), for
s >0, with e.g. C(z) = —a, a >0 and D(z) = 1.

Then for, say ug = 1, we have u(t;ug) — 0 as t — oo, monotonically and in compact sets
of R. In fact all solutions will converge to the unique equilibrium ¢ = 0.

Note however that for large enough x, we have f(x,s) > g(s) = —ds, with 0 < s < 1, with
0 > 0 small.

Comparing with the Dirichlet problem in (R,o00) with “nonlinearity” g(s), we get that
given any T > 0 there ezists R large enough such that u(t,z;ug) > 1/2 on 0 <t < T and
x> R.

It is clear from the example above that a similar construction is possible for a nonlinear
term f(z,s) for which the asymptotic behavior is nontrivial. In fact, assume that for all
r € R, f(x,s) is odd in s and on [—1,1] it is equal to s — s3. Above s = 1 assume f is
strictly decreasing in s and tends to —oo, while in [1, 2] it has a negative minimum j(z) — 0
as |x| — oo. Then it is not difficult to prove that ¢, = 1 but it does not attract uniformly
from above (nor from below).

On the other hand there is another general situation in which uniform attraction from
above to s holds true. This happens when the function ® in (5.1]) and (5.11]) captures the
right asymptotic behavior at |x| — oo of ¢y, that is when

0<P(z)—py(z) —0 as |z|] — oo.

Note that this is precisely the case in [I6] and Theorem [1.3]
Indeed in such a case, from (5.2)) and the asymptotic compactness in Proposition , it is
easy to get the result.
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