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ABSTRACT. A mapping between Banach spaces is said to be polynomially
continuous if its restriction to any bounded set is uniformly continuous for
the weak polynomial topology. A Banach space X has property (RP) if given
two bounded sequences (uj), (v;) C X, we have that Q(u;) — Q(vj) — 0 for
every polynomial @ on X whenever P(u; — v;) — 0 for every polynomial P
on X; i.e., the restriction of every polynomial on X to each bounded set is
uniformly sequentially continuous for the weak polynomial topology. We show
that property (RP) does not imply that every scalar valued polynomial on X
must, be polynomially continuous.

Throughout, X and Y are Banach spaces, X* the dual of X, Bx its closed unit
ball, Sx its unit sphere, and N the set of natural numbers. Given k € N, we
denote by P(*X,Y) the space of all k-homogeneous (continuous) polynomials from
X into Y; £,(¥X,Y) is the space of all (continuous) symmetric k-linear mappings
from X* := Xx ) xX into Y. Whenever Y is omitted, it is understood to be
the scalar field K (real R or complex C). We identify P(°X) = K, and denote
P(X) := > 1o, P(*X). For the general theory of polynomials on Banach spaces,
we refer to [6]. As usual, e, stands for the sequence (0,...,0,1,0,...) with 1 in
the nth position.

To each polynomial P € P(*X,Y) we can associate a unique symmetric k-linear
mapping P € £,(*X,Y) so that P(z) = P(x,... ,z) for all z € X, and a (bounded
linear) operator Tp : X — L(*71X,Y) given by

Tp(x)(z1,... ,26-1) = P(x,21,... ,Tp—1) .

Following [1], we say that a mapping f : X — Y is polynomially continuous
(P-continuous, for short) if, for every € > 0 and bounded B C X, there are a finite
set {Py,...,P,} C P(X) and § > 0 so that || f(x) — f(y)|| < € whenever z,y € B
satisfy |Pj(z —y)| <6 (1 <j<mn).

Clearly, the definition may be restated assuming that the polynomials P, ... , P,
are homogeneous.

Suppose we require the polynomials { P, ... , P,} C P(X) in the above definition
to be of degree one, i.e., to be continuous linear forms on X. Then we obtain that f
is weakly uniformly continuous on bounded subsets, a notion that has been studied
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by many authors (see [1]). Since an operator is compact if and only if it is weakly

(uniformly) continuous on bounded sets [2, Proposition 2.5], every compact operator

is P-continuous. If a polynomial is weakly (uniformly) continuous on bounded sets

(such as every scalar valued polynomial on ¢p), then it is clearly P-continuous.
We shall need the following result:

Proposition 1. A polynomial P is P-continuous if and only if so is the associated
operator Tp.

Proof. Suppose P € P(*X,Y) is P-continuous. Given € > 0, we can find 6§ > 0 and
{Pi,...,P,} CP(X) so that |P(x) — P(y)|| < € whenever |P;(x —y)| < ¢é for all
1<j<nanduzvyc Bx.
Assume x, y satisfy the above conditions, and z1,... ,2x—1 € Bx. The polariza-
tion formula [6, Theorem 1.10] yields:
(Tp(x) = Tp(y)) (21, , 2k-1)

= I:’(x,zl, ceey2k—1) — Py, 21, 2k—1)

EF €1% + €221 + + - + €pZp—1
zmzel...ek{p< p
Ej:il

<61y+6221 +"'+€kzk—1>:|
- P A .

Assuming that every P; is homogeneous, we have

P, <61x +ez1 -+ epze—1 eyt ez +-o-+ ekzk_l) ‘
. _

k k
< |Pj(ar —eay)|
= |Pj(z —y)|
< 6
for 1 < j <n, and so
ekk
|Tp(z) = Tp(y)l < T

Conversely, let Tp be P-continuous. For 0 < € < 1, there is § > 0 and
{Pi,...,P,} C P(X) so that | Tp(z) — Tr(y)|| < €, whenever |Pj(z —y)| < ¢
for any 1 < j <n and z,y € Bx. For such z,y we have
| P(z) — P(y)]|

< ||P(z,...,x) — P(z,y,x,...,2)| + [|P(z,y,z,... ,x) — P(z,y,y,x,... ,x)|
+-+ Pz, Yy, ,y) = Py, ..., y)ll
[(Tp(z) = Tr(y)(z,... . 2)| + [(Tr(z) — Tp(y)) (2, y,2, ... ,2)|
+ A+ [(Tp(x) = Tp(y)(y, - -yl
< ke,

and the proof is complete. O

We say that a net (z,) C X converges to z in the weak polynomial topology
(pw-topology, for short) [3, §6] if for every P € P(X) we have P(xz,) — P(z).

It is clear that a mapping f : X — Y is pw-continuous on bounded sets if and
only if for every z € X, ¢ > 0 and bounded B C X with x € B, there are 6 > 0 and
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{P1,...,P,} CP(X) so that we have || f(z) — f(y)|| < € whenever |P;(z —y)| < ¢
for 1 < j <n and y € B. Obviously, an operator is P-continuous if and only if it
is pw-continuous on bounded sets.

We now relate the P-continuity with property (RP) of Aron, Choi and Llavona
[1]. We say that X has property (RP) if given two bounded sequences (u;) and (v;)
in X, we have that Q(u;)—Q(v;) — 0 for every @ € P(X) whenever P(u;—v;) — 0
for every P € P(X).

Every superreflexive space and every space with the DPP not containing ¢; have
property (RP) [1]. Clearly, if every scalar valued (continuous) polynomial on X is
P-continuous, then X has property (RP). It is proved in [1] that C]0,1], L1]0,1]
and L[0, 1] do not satisfy property (RP), and that there are 3-homogeneous poly-
nomials on the spaces C[0,1] and Lo [0, 1] which are not P-continuous. Similarly,
there is a non- P-continuous 2-homogeneous polynomial on L1[0, 1].

It is natural to ask whether property (RP) implies that every scalar valued
polynomial is P-continuous. We show that the answer is no by giving examples of
polynomials on ¢; which are not P-continuous. We first need to construct a pw-null
net in the sphere of /1. We need a previous lemma.

Lemma 2. Let U be a weak zero neighbourhood in ¢1. Then, for each m € N we
can find x = (z,) € Se, NU and r > m so that x,, = 0 whenever n < m and n > r.

Proof. We can find &1,... ,& € By, and € > 0 such that
UD{zxet::|g(x) <eforl <j<k}.

Let & = (5;?):;1. There is an infinite set A C N so that [¢¥ — 7| < 2¢ whenever
1<j<kandp,qge A Fixp,ge A (m <p<gq), and set x := (e, — €4)/2 and
r=q. Then |§;(x)| = [€] — €| /2 < e for 1 < j <k, and the proof is complete. [J

The following two results use the idea of [4].

Lemma 3. Let F be a finite family of continuous symmetric multilinear forms on
li, € >0 and N > 1. Then there exist x1,... ,xn € Sp,, with disjoint supports,
such that |F (xiy, ..., %, )| < € whenever F € F is an m-form and i1,... i, are
distinct indices between 1 and N.

Proof. Since each F' € F is symmetric, it is enough to obtain the estimate when
1< < im.

By Lemma 2, we can find ny € N and z; € Sy, having all but the first ng
coordinates equal to zero, so that |[F(x1)|] < € for all F € FnN{;. Again by
Lemma 2, we can choose ny € N and x2 € Sy, having disjoint support with x; and
all but the first ny coordinates equal to zero, so that |F(z2)| < € for all F' € FN {3,
and |F(x1,22)] < € for all F € F N Ly(*¢1). In this way, we obtain x;’s with
disjoint supports, so that |F (x;,,...,x;, )| < € for all FF € F N Ly(™¢1) and all
1 < s <y |

Theorem 4. There is a pw-null net in Sy, .

Proof. It is enough to show that for every finite family F C P(¢1) and € > 0, there
is an « € S, so that |P(x)| < e for all P € F.

Fix N large, choose z1,... ,xn € S, with disjoint supports satisfying the con-
ditions of Lemma 3 for the family {P : P € F} of symmetric multilinear forms,
and set 1

x::N(arl—F-“—l—xN) € Sy, -
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If P e FNP(™r), we write

N
1 .
P(.T,):W Z P(xil,...,xim):El—l—EQ,
1y yim=1

where Y1 is the sum over m-tuples of distinct indices, and Y is the sum over the
remaining indices.

By Lemma 3, |X1]| < €¢/2. Since there are N™ — N(N —1)---(N —m + 1)
summands in s, we obtain

el = [1_<1_%)'“(1—m7_1>} NPl < 5

for N large enough. O

As a consequence, if X contains a copy of 1, then the unit sphere of X contains
a pw-null net as well. We now give the main result.

Theorem 5. For every k € N (k > 2), there is a k-homogeneous scalar valued
polynomial on €1 which is not P-continuous.

Proof. Suppose first that £ = 2 and ¢; is constructed over the real numbers. We
need a sequence (z;) C {, equivalent to the ¢;-basis, such that xz = x; for all
i,j € N, where ' := x;(e;) (then we say that the sequence is symmetric).

We select a Rademacher-like sequence (y;) C lo, taking y; == (1,—-1,1,—1,...),
and letting y; be the sequence consisting of infinitely many times the following block
of 27 integers:

1,01, -1,@°) 1.

Clearly, (y;) is 1-equivalent to the unit vector basis of £1; i.e., for every finite set of

real numbers aq, ... ,a,, we have
n n
(1) > oyl =D ey
j:]_ j:]_

o0

If we take x1 := y1 and, for j > 1, modify the first j — 1 coordinates of y; in the
obvious way, then we get a symmetric sequence (x;) which is still 1-equivalent to
the unit vector basis of /7.

Now, define an operator T' : {1 — {o, by T'(e;) := z;. Since T is an embedding,
we conclude from Theorem 4 that it is not P-continuous. Therefore, by Proposi-
tion 1, the 2-homogeneous polynomial P : {1 — R given by P(y) = (T'(y))(y) for
y € £1 is not P-continuous.

The same sequence can be used in the complex case, since, for every finite set of

complex numbers ay, ... , ap, we have (see [5, XI, Proposition 4])
(2) Z o] < 4 Zajyj
j=1 j=1 -

The sequence (y;) will be used in the case k > 2 as well. Letting
y§2+"'+ik
Aj (eizﬂ s 7eik) = %+7:2+"'+7:7‘—1+i7“+1+"'+ik

iy

if j <min{ia,...,ig},
if 4, = min{ia, ... ,ix} < J,
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we obtain A; € Ly(*71¢1). Moreover, the sequence (A;) is equivalent to the

unit vector basis of ¢;. Indeed, given real numbers aq, ... ,a,, using (1), choose
i9,... ik € N such that n < min{is,... it} and
n n ) ) n
Do lagl =Y ey = 1Y a4,
j=1 j=1 j=1
Note that the sequence (A;) is symmetric in the sense that A;, (es,,... ,e;,) is in-
variant under permutation of the indices i1, ... ,ix. In the complex case we proceed

similarly, using (2) in place of (1). In both cases we define T : £; — L(*~1¢;) by
T(e;) = Aj. Then the polynomial P € P(*¢;) given by

o0
—— - o0
P(Oz) = E ai1"'aikAi1 (€i2,... ,eik) , for oo = (aj)jzl Eél,
i1y yip=1
is not P-continuous, since the associated operator T' is an isomorphism. O

The authors wish to thank J. A. Jaramillo, M. Lacruz and S. Troyanski for
helpful discussions.

REFERENCES

(1] R. M. Aron, Y. S. Choi and J. G. Llavona, Estimates by polynomials, Bull. Austral. Math.
Soc. 52 (1995), 475-486. CMP 96:03

[2] R. M. Aron and J. B. Prolla, Polynomial approximation of differentiable functions on Banach
spaces, J. Reine Angew. Math. 313 (1980), 195-216. MR 81¢:41078

[3] T. K. Carne, B. Cole and T. W. Gamelin, A uniform algebra of analytic functions on a
Banach space, Trans. Amer. Math. Soc. 314 (1989), 639-659. MR 90i:46098

[4] A. M. Davie and T. W. Gamelin, A theorem on polynomial-star approximation, Proc. Amer.
Math. Soc. 106 (1989), 351-356. MR 89k:46023

[5] J. Diestel, Sequences and Series in Banach Spaces, Graduate Texts in Math. 92, Springer,
Berlin 1984. MR 85i:46020

[6] J. Mujica, Complex Analysis in Banach Spaces, Math. Studies 120, North-Holland, Amster-
dam 1986. MR 88d:46084

DEPARTAMENTO DE MATEMATICAS, FACULTAD DE CIENCIAS, UNIVERSIDAD DE CANTABRIA,
39071 SANTANDER, SPAIN
E-mail address: gonzalem@ccaix3.unican.es

DEPARTAMENTO DE MATEMATICAS, ETS DE INGENIEROS INDUSTRIALES, UNIVERSIDAD POLITEC-
NICA DE MADRID, C. JOSE GUTIERREZ ABASCAL 2, 28006 MADRID, SPAIN
E-mail address: c0550003@ccupm.upm.es

DEPARTAMENTO DE ANALISIS MATEMATICO, FACULTAD DE MATEMATICAS, UNIVERSIDAD COM-
PLUTENSE DE MADRID, 28040 MADRID, SPAIN
E-mail address: 1lavona@eucmax.sim.ucm.es

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



