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We revise the future fate of a group of scalar-tensor theories known as kinetic gravity braiding models.
As it is well-known, these theories can safely drive the expansion of the universe towards a future de
Sitter state if the corresponding Lagrangian is invariant under constant shifts in the scalar field. However,
this is not the only possible future state of these shift-symmetric models as we show in this letter. In
fact, future cosmic singularities characterized by a divergence of the energy density can also appear in

this framework. We present an explicit example where a big rip singularity is the only possible future
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1. Introduction

Dark energy is an unknown form of energy characterized by a
negative pressure that affects the universe on large scales. In the
framework of general relativity, this exotic energy is responsible for
the accelerated expansion of our universe. However, the underlying
nature of this dark component is still an enigma nowadays.

Fortunately, precise measurements of the equation of state w
for dark energy, that is the ratio between its pressure and en-
ergy density, may provide valuable hints for unveiling its mysteries.
Current observations restrict this value to a narrow band around
the cosmological constant case, i.e., around w = —1 [1]. Never-
theless, from a theoretical perspective, the cosmological constant
corresponds to a critical value on the w-line. If w equals exactly
—1, then the universe would continue expanding indefinitely and,
eventually, would approach a de Sitter (dS) state. Conversely, if
dark energy is characterized by w < —1, which is known as phan-
tom dark energy, the universe enters in a super-accelerated regime.
In this scenario, the extreme expansion rate could lead to a future
cosmic singularity. A well-known example of such fatal fate is the
big rip (BR) singularity [2,3] (see also [4]). When the universe ap-
proaches this phantom-dark-energy doomsday, all bounded struc-
tures and, ultimately, space-time itself are ripped apart as the size
of the observable universe, the Hubble rate, and its cosmic time
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derivative diverge. Moreover, this singularity takes place in a finite
cosmic time [2,3]. Since the possibility of having today phantom
dark energy is not at all observationally excluded, revealing dark
energy’s nature is of capital interest for understanding the final
fate of our Universe.

2. Shift-symmetric Kinetic Gravity Braiding theories

An interesting underlying framework for dark energy models is
that provided by Kinetic Gravity Braiding (KGB) theories [5]. The
action of the KGB theory is given by [5]

S:/d4xJ—_g[%R+K(¢,X)—G(¢,X)D¢], (1)

where we have used the geometric unit system 87 G =c =1,
K(¢,X) and G(¢, X) are arbitrary functions of the scalar field
and its canonical kinetic term X := —%g’“VM(i)V,,(p. and O¢ =
g"'VuVy¢. A remarkably interesting case is the shift-symmetric
sector of this theory. That is when the above action is symmetric
under constant shifts in the scalar field, i.e. under the transfor-
mation ¢ — ¢ + ¢, being ¢ a constant. In practice, this implies
that the functions K and G must not depend on the scalar field
¢. In that case, the scalar field equation is given by the conser-
vation equation of the corresponding shift-current [5]. In fact, the
conserved shift-current provides key information about the future
attractors of the theory for a homogeneous and isotropic cosmo-
logical background [5]. Moreover, it was also shown that the scalar
field can exhibit stable phantom behaviour, i.e. free from ghost and
gradient instabilities, whilst driving the expansion of the universe

0370-2693/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.


https://doi.org/10.1016/j.physletb.2023.137711
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2023.137711&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:teodorbo@ucm.es
mailto:mariam.bouhmadi@ehu.eus
mailto:pradomm@ucm.es
https://doi.org/10.1016/j.physletb.2023.137711
http://creativecommons.org/licenses/by/4.0/

T. Borislavov Vasilev, M. Bouhmadi-Lépez and P. Martin-Moruno

towards a future self-tuning (quasi)dS state [5] (see also references
[6-12]). Consequently, these models have proven to be an excep-
tional framework for describing extensions of the standard cosmo-
logical model. Nevertheless, explicit or implicit assumptions have
been usually taken when studying the future fate of these scalar-
tensor theories. Hence, limiting their phenomenology to asymp-
totic dS states only. In this letter, we provide a general discussion
on how different future fates could be accommodated within the
KGB framework. We also present an explicit example featuring a
future BR singularity.

We shall limit our discussion to the homogeneous and iso-
tropic cosmological background given by the Friedmann-Lemaitre-
Robertson-Walker (FLRW) line element

ds? = —N(0)*dt* + a(t)*dx3, (2)

being N the lapse function, a the scale factor and dx% the spa-
tial three-dimensional sections. We consider dust and radiation as
external sources to action (1) for the viability of the model on cos-
mological scales. Then, substituting this metric into the Lagrangian,
a straightforward variation with respect to the lapse function and
the scale factor leads to

3H? =pm +pr — K +¢J, 3)
g1 4 w1 @
—_§<pm+§,0r>+ X¢_§¢]y

where H := a/a stands for the Hubble rate, the dot represents
derivation with respect to the cosmic time and

J :=¢Kx +6HXGy, (5)

is the only non-trivial component of the shift-current [5]. In addi-
tion, p;, and pr represent the energy densities of dust and radia-
tion, respectively. Their field equations read

Pm=—3Hpn, (6)
pr=—4Hpr. (7)

Conversely, the evolution of the scalar field is given by the conser-
vation equation for the shift-current (5). That is [5]

1d(@])
e a (8)

Hence, it is straightforward to find a first integral of motion for ¢.
As a result

-3
J= Qo (3) , )
[¢]y]

being Qg the scalar charge associated with the shift symmetry and
ap the current value of the scale factor. We recall, however, that
the evolution equation (8) for the scalar field is not independent
from equations (3) and (4).

As a result of equation (9), the shift-current is either trivial, if
Qo =0, or tends to zero asymptotically for infinitely expanding
FLRW models. Moreover, the vanishing of | can be used to infer
valuable information about the future attractors of the theory, as
it was first noticed in reference [5]. Nevertheless, it should be em-
phasized that | =0 does not represent a proper fixed point of the
system. Since (3), (4), (6), (7) and (8) are four dynamical equations
and one constraint, there are only three independent degrees of
freedom. Therefore, the corresponding configuration space is three
dimensional. Hence, the condition J = 0 represents a surface on
the phase-space. This surface either contains all the possible tra-
jectories in the configuration space, that is if and only if Qo =0,
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or it will be asymptotically intersected if a diverges, as noted in
[11].

Consequently, even though the specific evolution of the system
will depend on the choice for the functions K and G, some general
conclusions about the future state of the model can be deduced
from equation (9). If Qg = 0, then the Friedmann equations (3)
and (4) simplify as the term ¢/ drops out in virtue of equation
(9). Hence, the system could evolve towards a final (quasi)dS state
as long as the k-essence function K is asymptotically finite and
negative, i.e. playing eventually the role of a positive cosmologi-
cal constant, and the slow-roll-like condition XG x<'l>. ~ 0 is fulfilled
[5]. Indeed, the very same is also true for Qg # 0 provided that
the scalar field velocity ¢ does not increase asymptotically faster
than a3, in which case the term ¢ J will likewise vanish, eventually.
These assumptions are usually made, either implicitly or explic-
itly, in the literature when studying the future dS attractors of the
shift-symmetric KGB theories [5] (see also, for instance, references
[6,9-12]). However, different future attractors are also possible. For
Qo # 0, if the scalar field velocity ¢ grows faster than the shrink-
ing rate of the shift-current, then the contribution of the scalar
field to the total energy budget and pressure may diverge, thus,
leading to a different asymptotic state at which both the Hubble
rate and its cosmic time derivate blow up. Furthermore, if that di-
vergence occurs at a finite cosmic time, then the final fate of the
model could be that of a BR singularity. Owing to equations (5)
and (9), for this singularity to be found the functions K and G
should be chosen in such a way that either both terms in equation
(5) cancel out each other or vanish separately as ¢ and H diverge.
(See also reference [13] for a discussion of the future phenomenol-
ogy when Qg #0.)

3. Proxy model with a big rip

In order to present an explicit example featuring a BR singu-
larity, we consider the simplest case still different from Kkinetic
k-essence. This is obtained when only the braiding function G is
present in action (1). For the simplicity of the discussion we as-
sume a power law for this function; that is

KX)=0 and G(X)=ccX?, (10)

being c¢ a coupling constant and B the parameter labelling differ-
ent models. The corresponding shift-current (5) reads

J=6BccHXP. (11)

Then, a BR event, if any, is expected to occur for some negative
value of the parameter B, for which ¢ and H would grow limitless
but J would still dilute away as demanded by equation (9). To find
out whether such behaviour is present in this model, consider that
there exists at least some value for 8 for which the corresponding
scalar field energy density does not dilute faster than matter with
the expansion. Therefore, as radiation and matter are redshifted
away in the Friedmann equation (3), eventually the approximation

3H2~ py =], (12)

holds true. Furthermore, we can also assume the scalar field ef-
fective energy density p, to be positive at least when it is the
dominant component. This condition implies €Qg to be positive
where € := sgn ¢; see equations (9) and (12). [Also note that Qg
should have the same sign as the product ScgcH according to (9)
and (11).] On the other hand, comparing equations (9) and (11),
the canonical kinetic term X can be expressed as a function on the
Hubble rate and the scale factor, that is X = X (a, H; Qg). Thus, the
approximation (12) leads to



T. Borislavov Vasilev, M. Bouhmadi-Lépez and P. Martin-Moruno

Table 1
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Classification and linear stability of the fixed points of our model. A superscript “fp” indicates evaluation at the fixed point. A horizontal bar denotes that the corresponding
fixed point does not exist. The physical interpretation of each point is shown in brackets where BB stands for Big Bang and BF for Big Freeze. The labels L;, Ly, L3 and Ly
represent sets of non-isolated fixed points where h? can take any values. In addition, Qﬁp € [0, 1+ 4p] holds for Ly, and Qg’ + Qﬁp =1 for L3 and L4. The starred quantities
designate fixed points that have eluded our dynamical system analysis because of the choice of the dynamical variables but whose existence and stability follows directly

from the Friedmann equations.

Fixed Point (. QP of)  wl wlo <l p=-1  _lopo 1 pg=_1 —l<p<0 0<p<i =1 1<p

P; (vacuum) (0,0,0) é 0 saddle saddle saddle saddle saddle attractor attractor attractor

P, (vacuum)  (0,1,0) zlﬁlﬁ Priemy attractor  — saddle - saddle saddle - saddle

P3 (vacuum) (0,0,1) % % saddle saddle saddle saddle saddle saddle — saddle

P4 (BB) (1,0,0) # 0 saddle saddle saddle saddle saddle saddle saddle saddle

Ps (BB/BR) (1,1,0) 4ﬁ1+1 Priemy saddle - attractor - repeller repeller - saddle

Ps (BB) (1,0,1) % % repeller repeller repeller repeller repeller saddle — repeller

P7 (BF) (1,1,0) —00 —00 — — — attractor* — — — —

L1 (dS) (h'?,1,0) -1 -1 - attractor - - - - - -

L, (sudden) 0P, -4, 0P  — —00 - - - - attractor* - - -

L3 (vacuum) (O, Qg’,szﬁp) 1 1 - - - - - - saddle -

Ly (BB) a.eP.oP) 1 ! - - - - - - repeller  —

_326+41 . . .
a ap+1 points at the infinite boundary of the system may be overlooked.

H~ % ’ (13) Using these new variables, the evolution equations for our cosmo-

being A == (+/2€ Q0/3)4§% (Qg/GﬂcG)ﬁ a positive constant for
an expanding universe (H > 0). Then, when g is less than —1/4
the scalar field contribution does not dilute faster than matter.
In view of equation (12), if 8 = —1/2 the model evolves towards
a final dS state given by Hgs = —v/2€cc (where Hgs > 0). How-
ever, for 8 € (—1/2, —1/4) the exponent in the preceding equation
becomes positive and, therefore, the value of the Hubble rate in-
creases with the scale factor. It is a well-known fact that in latter
case, i.e. whenever the Hubble rate is proportional to a positive
power of the scale factor a, both H and H blow up in a finite
cosmic time [2,3]. This behaviour corresponds to a genuine BR sin-
gularity. Therefore, when g € (—1/2, —1/4) the future fate of the
model is that of a BR singularity.

The presence of a future BR singularity in this model is also
confirmed with a dynamical system analysis. In view of equation
(3), we define the dimensionless variables

Pr

Q= 3H2° (14)

Q= 3’%, (15)
¢J

Qp = 3 (16)

where for the sake of the argumentation g4 is assumed to be
positive, which is equivalent to considering expanding FLRW only.
Hence, Q; € [0,1] for i = {m,r, ¢}. (Also recall that K is trivially
zero for the model at hands.) With these definitions, the Fried-
mann equation (3) can be re-written as

Q+ QU+ Q= 1. (17)

This constraint allows the elimination of one of the aforemen-
tioned variables from the dynamical system. Then, an autonomous
system is obtained with the introduction of a suitable fourth vari-
able. In order to obtain a compact system we select the new vari-
able, h, as the following compactification for the Hubble rate [14]

h _ H
1—h2 "~ Hy’
with Hg the current value of the Hubble rate and h € [0, 1] since

we focus only in expanding geometries. It should be emphasized
that compact variables are highly recommended, otherwise fixed

(18)

logical model are

(- h®)h (282 + 68 + 3Q)

W = 19
(1+12) (4B + 2y) (19)

;L 1+48)Q +3(Qp — 1)

0 =Sk 4B+ Q, (20)

Q;zmrw 1)
4B+ Q,

where a prime denotes differentiation with respect to the dimen-
sionless time-like variable! x := In(a/ap). In addition, the effective
equation of state parameter and the equation of state parameter
for the scalar field are

2 Q Q
Weff — Ptotal — _.l + 2 ﬁ(g + r) + 3 ¢ , (22)
Protal 3(4/3 + Qq))
P Qr—3(1+4 Q
W¢I=—¢=—1— T 1+48+ ¢), (23)
Py 3(4B + Q)

respectively, where Piotal, Ototal, Py and pg are taken from the r.h.s.
of equations (3) and (4).

The fixed points of the dynamical system (19)-(21) are listed in
Table 1. Recall that the physical meaning of these points showed
in Table 1 has been deduced from the perspective of an expanding
universe only. Along this line, P4 has been classified as a mat-
ter dominated initial Big Bang (BB) singularity where only some
trajectories (those where radiation is absent) may begin in P4 if
matter dominates over the scalar field when a — 0.

Note that the case of B =0 is not presented in Table 1 since
it corresponds to a universe filled solely with dust and radiation.
Also note that the aforementioned dynamical system is ill-defined
when Q4 = —4p, which occurs in the physical configuration space
whenever 8 € [—1/4, 0). In fact, direct evaluation of the Friedmann
equations (3) and (4) reveals that the system always evolves to-
wards Q4 = —4p for that range of values for B. Therefore, this
behaviour indeed constitutes an attractor in the model, although
the choice of variables in (14)-(16) and (18) is not adequate for its

1 This definition for the independent time variable of the system is only
valid for monotonically expanding geometries. Therefore, contracting universes or
turnaround/bounce-like events, if any, cannot be described within this dynamical
system formulation.
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Fig. 1. Phase-space portrait of the dynamical system (19)-(21) for g = —2/5. The
red trajectory was drawn for the physical values Ho = 67.27 kms~' Mpc~!, Qpo =
0.6836, 2mo = 0.3164 and 2,0 = 8.4 x 10~ [1]. The black dot on the trajectory cor-
responds to the present state of the system. The yellow-shaded volume represents
the region in the configuration space where the universe is accelerating.

analysis. (The physical interpretation of these attractors is briefly
depicted in Table 1 and it will be properly addressed in a future
work.)

Note that there are only one repeller and one attractor when
B € (—1/2,—-1/4), namely Ps and Ps, respectively. The former,
characterized by the divergence of the Hubble rate in a radiation-
dominated epoch, corresponds to a BB singularity. The later, given
by the divergence of the Hubble rate in a phantom-scalar-field-
dominated era (weff = wy < —1), is precisely the future BR singu-
larity discussed before. Hence, the analysis of the fixed points of
the system (19)-(21) confirms the presence of a future BR when
B € (—1/2,—1/4), being that fatal fate de facto the only future
attractor in the corresponding configuration space. Further details
on the dynamical system description of future phantom attractors
and the analysis of different shift-symmetric KGB models will be
addressed in an incoming work.

For the sake of the discussion, the configuration space for the
dynamical system (19)-(21) with g8 = —2/5 is represented in Fig. 1.
The initial conditions hg = (v/5 — 1)/2 ~ 0.618, Qo = 0.3164,
Q0=84x10"° and Q40 = 1—Qmo — 2o have been taken at face
value [1] for the numerical integration. The corresponding trajec-
tory in the phase-space approaches the repulsive fixed point Pg in
the asymptotic past of the system. Since radiation dominates over
matter at small scale factor this system would never pass through
P4. (In fact, the apparent proximity of the trajectory to P4 is but a
visual artefact of the compactification in the Hubble rate.) The sys-
tem eventually reaches the only attractor in the phase-space for
an expanding universe, i.e. the equilibrium point Ps. Fig. 2 pro-
vides further information about the cosmic history of the model.
Owing to the evolution of the equation of state parameter of the
total fluid wegr in Fig. 2, the universe has entered the accelerated
expansion phase at roughly z ~ 0.46. The transition from mat-
ter to scalar field dominance has occurred at z ~ 0.29. Moreover,
the scalar field has recently become phantom (wg < —1) at red-
shift z ~ 0.12; however, the total fluid in the r.h.s. of equation
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Fig. 2. Numerical evolution of the dynamical system (19)-(21) for g = —2/5 with
the same initial conditions as in Fig. 1. Top panel: the variable h and the partial
densities 2; for i ={m,r, ¢}. Bottom panel: the effective equation of state parame-
ter wegr and the equation of state parameter wy for the scalar field.

(3) will not exhibit effective phantom behaviour (wef < —1) until
z~ —0.16, moment at which H will change its sign and, therefore,
the Hubble rate will become an increasing function on time. Ac-
cordingly, this model will meet a BR singularity in approximately
21 Gyr from present epoch.

Note that the (past) expansion history of this simple model is
quite compelling at the background level. Nevertheless, we recall
that Fig. 2 does not represent a proper fit of the model with cos-
mological data but a qualitative analysis of the expansion history of
the theory where data from reference [1] have been taken for the
numerical integration. We expect a proper confrontation with ob-
servational data to improve the cosmological features of the model
without a qualitative change in its behaviour.

4. Concluding remarks

The possibility of a stable and self-tuning evolution towards a
future dS state in the framework of scalar-tensor theories has nat-
urally attracted the attention of the scientific community [5,9-12].
Furthermore, revising the literature it could seem that this is the
only possible future evolution for the shift-symmetric KGB cosmo-
logical models. Nevertheless, in this letter we have proven that
different future fates are also possible. More precisely, we have
provided an example of a shift-symmetric KGB model featuring a
future BR singularity. This is, up to our knowledge, the first time
this event has been explicitly found in the shift-symmetric sector
of KGB theories. Moreover, we have also presented a brief discus-
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sion on its cosmological evolution, showing that this simple model
has indeed a compelling behaviour at the background level.

At the level of cosmological perturbations, the conditions for
the absence of ghost and gradient instabilities associated with
scalar, vector and tensor perturbations were first derived for the
KGB theory in references [5,8]. Unfortunately, the conditions there
discussed for healthy scalar perturbations are not fulfilled by the
BR solutions found for the model presented in equation (10);
see Table 1. Nevertheless, it would be interesting to investigate
whether the braiding term could introduce non-adiabatic pertur-
bations at the linear level in the perturbation theory. This could
be possible due to the presence of the Hubble rate in the en-
ergy density of the scalar field. Hence, if that is the case, it would
be worthwhile to explore whether the non-adiabatic regime could
ease the instabilities of the model; see reference [15] for a similar
discussion for a phantom DE model with a future BR singularity.

Finally, it should also be emphasised that this model is a very
simple example useful for the demonstration on how future cos-
mic singularities can be accommodated within the shift-symmetric
KGB framework. We commit the study of more elaborated models
to a future work.
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