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A multiseries integrable model (MSIM) is defined as a family of compatible flows on an
infinite-dimensional Lie group of N-tuples of formal series around N given poles on the
Riemann sphere. Broad classes of solutions to a MSIM are characterized through modules
over rings of rational functions, called asymptotic modules. Possible ways for constructing
asymptotic modules are Riemann-Hilbert and 3 problems. When MSIM’s are written in terms
of the “group coordinates,” some of them can be “contracted” into standard integrable models
involving a small number of scalar functions only. Simple contractible MSIM’s corresponding
to one pole, yield the Ablowitz—Kaup-Newell-Segur (AKNS) hierarchy. Two-pole
contractible MSIM’s are exhibited, which lead to a hierarchy of solvable systems of nonlinear

differential equations consisting of (2 + 1)-dimensional evolution equations and of quite

strong differential constraints.

1. INTRODUCTION

During the past ten years or so the application of Lie-
algebraic methods has clarified and developed essential parts
of the theory of integrable systems. These methods lead to
simple geometric interpretations of integrable systems and
exhibit important algebraic properties.' Moreover, they
provide a link between two basic problems of the theory:
namely, to classify integrable models and describe their solu-
tions. The purpose of this paper is to present a Lie-algebraic
scheme that allows us to determine new hierarchies of inte-
grable systems and analyze relevant families of their solu-
tions. We use the term integrable because there are natural
methods for constructing solutions to these systems. How-
ever, we are not concerned here with aspects such a Hamilto-
nian formalism or constants of motion (see Refs. 1-3). The
main points of our approach are as follows.

(1) A general class of integrable models called multiser-
ies integrable models (MSIM’s) is introduced. A MSIM is
defined as a family of compatible flows on an infinite-dimen-
sional Lie group of N-tuples of formal series with matrix-
valued coefficients around N given poles on the Riemann
sphere S. These flows arise as a consequence of the presence
of a double Lie algebra structure ¥ = %, + % _. Here
¥ __ isisomorphic to a subset of an associative algebra & of
matrix-valued rational functions of a complex variable &
with given poles.

(2) When MSIM’s are written in terms of the “group
coordinates,” some of them can be “contracted” into stan-
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dard integrable models consisting of systems of nonlinear
differential equations (NDE’s) involving a small number of
scalar functions only. In general, reductions of standard in-
tegrable models correspond to reductions of MSIM’s. Sim-
ple contractible MSIM’s corresponding to one pole yield the
AKNS hierarchy.*

Two-pole contractible MSIM’s are exhibited that lead
to a hierarchy (H) of solvable systems of NDE’s consisting
of (2 + 1)-dimensional evolution equations and of quite
strong differential constraints. Among these systems we
mention

g, = a(} §ux —34°¢:) + (-1 q5, +3(¢) %), (l.1a)
. =allg, —3(¢)q)+a(—1q,., +34°g,), (l1.1b)

g, % (E:y_)z=1 @ e
q, qx,qq,, 4q +4,()
where the unknowns are the complex functions ¢(x,y,t) and
q' (x,y,t), @ and &’ are given complex numbers, and ¢,,q, ,...
mean d,q,d,q,... . Observe that the system (1.1a)-(1.1c) de-
scribes a time evolution in the manifold of solutions to the
bidimensional NDE’s {{1.1b) and (1.1¢)]. On the other
hand, since (1.1c) impliesg’, = f 4q¢'\/1 + e, )2 dx, 1e.,y
derivations correspond to some x integrations, the system
(1.1a)-(1.1c) may be interpreted formally as an integrodif-
ferential evolution equation in (1 + 1) dimensions.

Note also that fora = — 4 and &' =0, (1.1a) reduces
to the modified Korteweg-de Vries (MKdV) equation,
g, + q... — 6g°q, =0, relative to the variables (x,t).

(3) Certain objects called asymptotically normalized
wave functions (NW functions) and asymptotic modules
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(AM’s) play a fundamental role for characterizing broad
classes of solutions to MSIM’s and as a consequence to their
associated standard integrable models [such as (1.la)-
(1.1c)] in the contractible cases. An AM is a module over
the previously introduced ring %#. Both the NW functions
and the elements of AM’s are functions of k admitting specif-
ic asymptotic expansions (AE’s) around the given poles.
For a considered MSIM, each NW function determines one
solution. On the other hand any AM provides a new NW
function from a given NW function, i.e., we thus obtain an
iterative procedure for generating solutions and, in particu-
lar, for adding solitons. Possible ways for constructing AM’s
are Riemann-Hilbert problems and d (DBAR) equations
outside of given poles on the Riemann sphere.

Concerning points (1) and (2), we are inspired by the
theory of the Kadomtsev—Petviashvili (KP) hierarchy,
more specifically, by its formulation as the system of compa-
tible flows,>®

9K _(kDK-Y),K—KD",

r>1,
ot

(1.2)
where K lies on the Volterra group of pseudodifferential op-
erators,

K=1+ 3 a,(xD ", t=(t), D=4,, (13)

n=1
and the subscript + in (1.2) means the differential operator
part. On the other hand, we remark that the notion of loop
group used for the AKNS hierarchy’ is a particular case of
that group of formal multiseries considered here.

With respect to point (3), we recall that ] equations
were very useful for extending the range of application of the
inverse scattering transform method of the solution for
(1+ 1) NDE’sand (2 + 1) NDE’s,” Subsequently, d equa-
tions were considered as the starting point for introducing
and solving NE’s.%°(®>1° A5 a matter of fact, the concept of
AM is motivated partly by the analysis of the algebraic struc-
ture underlying the use of d equations in Refs. 9(a) and 10.
Further motivations come from other important methods'’
for solving integrable models such as the construction of
finite gap solutions in the framework of algebraic geometry
and that of rational solutions in the context of the Grassman-
nian formalism where modules over polynomial rings also
occurs.

For these cases the role of the NW functions is played by
the Baker functions. In some sense AM’s provide the bridge
between the Grassmannian formalism and the J and Zak-
harov-Shabat dressing methods'? for integrable systems of
the AKNS type. On the other hand, they show the group-
theoretical content of these solution methods. However, if
one is more interested in the construction of solutions to
NDE’s than in the group aspects, an economical scheme
based on AM’s can be restated. On this point we refer to Ref.
9(b), where additional information can be found with re-
gard to the hierarchy (H) containing (1.1a)-(1.1c). Other
hierarchies of evolution NDE’s, with constraints solvable
within the framework of the AM scheme, are investigated in
Ref. 9(¢) [(2 + 1)-dimensional case] and Ref. 9(d)
[(N + 1)-dimensional case, N>1]. Genuine (2 + 1)-di-
mensional equations can also be obtained in the context of
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AM’s [see Ref. 9(e)]. The formulation of the associated
Lie-algebraic approach would require the use of pseudodif-
ferential operators in addition to that of formal multiseries
[see (1.2) and (1.3) for the KP case]. Finally we notice that
the AM scheme can be developed in discrete cases as well:
see Ref. 9(f), where an integrable (2 + 1)-dimensional gen-
eralization of the Volterra model is derived.

This paper is organized as follows. Section II starts with
an abstract introduction to the class of compatible families of
flows used in our work. Then we define MSIM’s in the one-
pole case and we discuss the contractible models corre-
sponding to the AKNS hierarchy. Section III deals with
MSIM’s in the general N-pole case. Some contractible mod-
els are exhibited for N =2. They yield the sinh—-Gordon
equation and the hierarchy (H), including the system
(1.1a)—(1.1c). In Sec. IV we analyze solution methods to
MSIM’s from the point of view of NW functions and AM’s.
We exhibit Riemann—Hilbert and 3 realizations of AM’s.
Special attention is devoted to soliton solutions and some
explicit examples are worked out in detail. In particular, we
give a simple derivation of the Blaschke-Potapov factor® of
soliton dressing. More general procedures for constructing
asymptotic modules, based not only on the Riemann sphere
but also on higher-genus Riemann surfaces, will be present-
ed elsewhere,”® allowing us to characterize wide classes of
solutions, including the rational and soliton classes as well as
those arising in the finite-zone integration method. There are
also two appendices. The first one considers some properties
of differential polynomials that are used throughout the pa-
per and the other includes the proof of the fundamental
property of AM’s.

Il. MULTISERIES INTEGRABLE MODELS (MSIM’s):
PRELIMINARY MATERIAL AND THE ONE-POLE CASE

A. Double Lie algebras and compatible flows on Lie
groups

Much of the geometric content of integrable systems is
often related with the presence of a double Lie algebra struc-
ture; that is to say, a Lie algebra & that admits a decomposi-
tion into a linear direct sum of two Lie subalgebras,>* >4

In this subsection we are going to use this structure for defin-
ing compatible flows on Lie groups. Given a double Lie alge-
bra ¥ and ue¥ we will denote by u , the projections of u on

% . associated with the decomposiiion (2.1), and by 7 the

pr(iiection operator,
m(u) =u,, (1l—a)(u)=u_.

Let  be a Lie group with Lie algebra &% and % _asub-
group with Lie algebra & _. Given a commutative family of
elements {c;}} in ¥,

[cici] =0, (2.2)
we consider the following associated family of flows on g .

dg= —(gecg™ " _g ge?_, i=1,.s. 2.3)
Here, g c,g\“ denotes the image of ¢, under the adjoint ac-
tion of ge¥ _ on the Lie algebra & and (gc,g~!) _gis the
image of (g ¢;g™") _€¥ _ under the right-translation action
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of ge(@ _. Thus the right-ha/x\ld side of (2.3) determines a
well-defined vector field on & _. The remarkable property
of these flows is that they commute with each other, i.e., that
the quantity

Y=(d, 3,jg — a,j a'ig)g—l
is zero. To prove this, we use the identities

Y=1[(3,8)8".(3,8)87"] +9,((d,8)g™")
- a,j((a,ig)g_ l)’

and
al,-(gcjg_l) = [(at‘g)g—l,gcjg—l],
so that (2.3) implies

Y= [(qi)—,qj'], - [(qj)——’qi]7 + [(q,-)_,(q.-)-],

(2.4)
where
g, =gc¢g . (2.5)

Now from (2.2), [¢:,¢;] = glci,¢;1 87" = 0, and therefore

[(g)_»q:] = — [(g)+q:]= — [(g)+(g) 4]
- [(qj)+a(qi)—]'

Hence
[@)-a]- = —[(g)(g)_]_
since
[(g)4:(g) +]- =0(¥, is a Lie subalgebra).
By inserting this into (2.4) we get
Y=[(g)_(g)_]_ +[(g)_.(g)_]

Hence Y = O since

[(q,')_s(q/‘)_.] _ = [(qi)-—)(qj)——]
(% _ is a Lie subalgebra).

Asa consequence of the compatibility, it is reasonable to
consider simultaneous solutions g(¢) [ = (¢,,...,2;)] to the
family of flows (2.3). These solutions constitute the main
elements of our analysis in the specific cases described below
where & is an algebra of formal multiseries.

It is worth noting that 9 the Lie group with Lie algebra
¥, plays no role in the above discussion. Indeed, the con-
struction of the flows (2.3) only requires three basic objects:
a double Lie algebra ¥, a Lie group 9 _ with Lie algebra

% _,suchthat ¥ _actson ¥ by means of the adjoint action,
and some commutative subset {c;}; of %. This is an impor-
tant fact, since in the applications we have to deal with infi-
nite-dimensional Lie algebras for which & turns out tobe a
much more complicated object than 9 _.In the cases rel-
evant to this paper, both structures, ¥ and g _, are im-
mersed in some associative algebra of formal multiseries that
allows us to define the adjoint action of % _on 9 inanatu-
ral way.

Finally we notice that it is sometimes useful to consider
a family of rcduced flows, i.e., a family of flows (2.3) on a
subgroup g * of @ _, which is invariant under certain auto-
morphisms.
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B. Definition of MSIM’s in the one-pole case

Let « be the associative algebra of formal series of the
form
N

u(k) = Z

n= — oo

u k" NeZ, (2.6)

with d X d matrix coefficients u,. The product v in &7 is
defined through a term by term series multiplication. The
subset & = {uess s.t. tru, = 0 for all n} is a Lie algebra
with the Lie product [%,v] =uv — vu. Further, & admits a
double Lie algebra structure determined by the projection
operator

m(u) = (2.7)

> uk"
o<n<N
The corresponding Lie subalgebras & , and ¥ _ of ¥ are
given by

+=1{ue%/u, =0 for all n<0},
={ue% /u, =0 for all n>0}.
Products of exponentials of elements in & _ generate a

Lie group 9 _c &, whose elements are of the form

o0

gky=3 a,k =" ay=1, (2.8a)
n=0
and satisfy the constraint
det g(k) = 1. (2.8b)

We will refer to the coefficients {a, }* as the coordinates of
the group element g. Note that the inversion operation in
% _ can be performed as follows:

l)lzl_alk‘l+ v
(2.9)

Thus it is clear that & _ has a well-defined adjoint action on

g,
Y9, adg(u)=gug~

Given a commutative family, {c,}5 C & ., we define the
agsociated MSIM as the family of compatible flows (2.3) on
g . This definition corresponds to the case of a unique pole
k = o on the Riemann sphere. A reduction of a MSIM is
defined as a family of flows (2.3) on a subgroup g of g_
which is invariant under certain automorphisms.

=14 3 (- Dig—

I=1

1

C. Simple contractible MSIM’s: The AKNS hierarchy

Suppose now that d = 2 and consider a commutative
family in & , of the form

¢ (k) =w,(k)os, (2.10)
where w, (k) are arbitrary polynomials in k and o, is the

Pauli matrix. The associated MSIM is the family of compati-
ble flows,

i=1,.,s,

— (@, (k)gog~Y)_g & _ (2.11)

Each of these equations can be described in terms of the
coordinates {a,} of the group element (2.8a), so that
(2.11) constitutes a system of equations with an infinite
number of dependent scalar variables. However, because of
the compatibility of this system, it is possible to deduce stan-

ar,-g =
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dard integrable models, i.e., differential equations involving
a small number of dependent scalar variables. We say that
the MSIM is “contractible.”

Let us make explicit the case s=2, ¢, = — iko;,
¢, = iw(k)o; for an arbitrary polynomial w(k). The asso-
ciated MSIM consists of the two flows

9.8 = (ikgog™") _g, (2.12a)

d.g= —liw(k)gog™")_g, (2.12b)
where we have set x = ¢, and ¢t = £,. Let us introduce the
following element of & :

r=igog”, (2.13)
which, according to (2.8) and (2.9), is of the form

=]
r= 3% r.k "
n="0

ro = io;. 2.14)
One proves (see Appendix A) that the matrix elements of
the coefficients 7, are polynomials in the matrix elements of
[03,a,] and their derivatives, with respect to x. Now, Eq.
(2.12b) can be rewritten as

(3,)87 " = (m— D(w(k)r(k)). (2.15)
Then if
N
w(k) =3 ak’,
=0

by identifying the coefficients of K ~'in Eq. (2.15), wefind at
once

N
da, = — z Ay
I=0
which implies

N
idlosa]l = —i Y aefonr, ] (2.16)
=0

These differential equations are the members of the AKNS
hierarchy. They involve the matrix elements of [ o5,a,] only.

Reductions of AKNS hierarchy equations can be ob-
tained by means of reductions of the MSIM (2.11). For ex-
ample, the modified KQV hierarchy (MKdV) is charag:cer—
ized as follows. Let &’ be the set of elements ge¥ _,
verifying

og( —k)o, =g(k). (2.17)

Clearly 2 isa subgroup of % _andits Lie algebra ¥’ is
given by the elements of & _ satisfying (2.17). Now if we
take ¢; (k) = w,(k)o; with @, (k) being odd polynomials in
k, then the right-hand side of (2.11) determines a vector
fieldon &%’ and consequently we obtain a reductionon &’
of the MSIM (2.11). Since 0,a,0, = — a, for the coordi-
nate a, of g% ’_, these reduced MSIM’s impose a compati-
ble constraint to the AKNS equations (2.16), which turns
out to yield the members of the MKdYV hierarchy (see Ap-
pendix A).

ill. MULTISERIES INTEGRABLE MODELS (MSIM’s): THE
GENERAL CASE
A. Formal multiseries

In order to apply the construction of compatible flows of
Sec. IT A to define general MSIM’s, we will use algebras of

1665 J. Math. Phys,, Vo!. 30, No. 8, August 1989

multiseries as the basic algebraic objects, so it is convenient
to introduce some appropriate notation conventions.

Given a positive integer d and N different points {k, }V
on the Riemann sphere § with &k, = o0, let & be the set of V-
tuples of the formal series

u= (u.(k),---,uN(k)),

M,

ul(k)= Z

m= — e

(3.1a)

u, k", (3.1b)

u,(k) = Z u, . (k—k)H)" n=2,.,N, (3.1c¢)
m=M,
where M, €Z and u,,,, are d X d matrix coeflicients. We point
out that all the formal series involved here are of finite order
M, at their corresponding reference points. Therefore, be-
sides the usual notions of sum and multiplication by complex
numbers, we can define a product operation in .7,

uu' = (u,(k)uj (k),...,uy(k)uy (k)),

where the products u,, (k)u,, (k) are understood in the sense
of a term by term series multiplication. With these opera-
tions ./ becomes an associative algebra.

Furthermore, let & be the associative algebra of d Xd
matrix-valued rational functions on S with possible poles at
{k,}" only. Given Uc%, let us denote by u, (k) its corre-
sponding Laurent series at kK = &,,. Then the map

Bt T(U) = (1,(K),tiy (K)) (3.2)

is an injective homomorphism between the associative alge-
bras # and 7.

The following linear map will be particularly important
in our discussion:

Mié?, plu) = z u, k"

G<mgM,

-3

> Uy (k—k, )"‘).

M, <m<0
(3.3)

Here u,,,,, are the coefficients of the formal series «,, (k) that
determine ue./ [see (3.1)]. Observe that p(u) is obtained
by adding the principal parts of the series u, (k)
{(n = 1,...,N) and the constant term of u, (k). Now consider
the composition of 7 and p,

o o, T=70p. (3.4)

It follows at once from the partial fractial decomposition
theorem that por = 1d,,, so that  is a projection operator
on the vector space ./ that determines a decomposition of
&/ into a linear direct sum of two subalgebras,

o=, + A, (3.5)
where &/ , = Ran 7= 7(%#) and &/ _ = Ker 7 consists of
the elements (3.1), such that M, = — 1 and M, =0 for
n=2..N.

B. Definition of MSIM's

We are now ready to generalize the definition of
MSIM’s given in Sec. II B by considering Lie algebras and
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groups contained in the associative algebra .« of multiseries
(3.1). Thesubset ¥ = {uee/ s.t.tr u,,, =Oforalln,m}isa
Lie algebra with the Lie product [u,0] =uv — vu. Here Y is
an invariant subspace of .«# under the projection operator 7

of (3.4), and the corresponding restriction & L @ deter-

mines a double Lie algebra structure on % with
g,=9NA .

By means of the exponentials of elements of & _ one
generates a Lie group & _ that consists of the elements of .«

g = (8:(K)....gn (K)),

gik)y=1+ z gimk ~ T, (3.6)
m=1
8 (K)= Y Zum(k—k,)", n=2,..N,
m=0
such that
detg,(k)=1, n=1,.,N. 3.7)

We will refer to the coefficients g,,, as the coordinates of
ge¥ _. It is easy to see that & _ has a well-defined adjoint
actionon ¥.

Henceforth formal Lie algebras and groups of N-tuples
of d X d matrix-valued series centered at {k, }?¥ will be called
multiseries Lie algebras and groups with reference points
{k, 37

At this point we can take any commutative family {c, }}
C ¥ , and define the associated MSIM as the family of com-
patible flows (2.3) on & _. Equations (2.3) can be described
in terms of the coordinates g,,, of g so that they constitute a
system of equations with an infinite number of dependent
scalar variables. However, because of the compatibility of
this system, in some cases it is possible to deduce standard
integrable models, i.e., differential equations involving a
small number of dependent scalar variables. Then we say
that the MSIM is contractible. Many integrable models in
1 + 1 dimensions can be obtained by the contraction of
MSIM’s. Among these are the Toda lattice, the sine-Gor-
don, and the Chiral-field models.

A reduction of a MSIM is defined as a family of flows
(2.3) on a subgroup ¥ of ¥ _ that is invariant under
certain automorphisms. In general, reductions of standard
integrable models correspond to reductions of MSIM’s.

As an illustration of the above abstract considerations
we now analyze the simple case given by d =2, N=2, and
{k, = w,k, = 0}. Here the elements of .« can be written as
u = (u,(k),u,(k)) with

(3.8)
u,(k) = z u, k™", M, ,Mx¢EZ,

m=M,

where u,,,, are 2X 2 matrices. In this particular case the map
(3.2) takes a very simple form. Indeed since Z is now the set
of rational functions on § with poles at k;, = « and k, =0
only, its elements are finite sums of the form

1666 J. Math. Phys., Vol. 30, No. 8, August 1989

U=3M_, u,k™ with M, NeZ (M>N). Hence

(U) = (UK),U(K)), Ue®. (3.9)

The Lie algebra & and the Lie group 2 _are readily charac-
terized as subsets of .. We express the elements
g=1(g,(k),8(k))of ¥ _ as

gk =1+ 3 6,k " gky=3 bk (3.10)

m=1 m=0
In the following subsections we give some examples of
contractible MSIM’s in the case d=2, N=2, and
{k, = w,k, = 0}. Some N-pole contractible MSIM’s (with
N> 2) will be investigated elsewhere.

C. A contractible two-pole MSIM: The sinh—Gordon
equation

Let us consider the MSIM defined by the following pair
of compatible flows on & _:

d.g= —(geg ') g J,g= —(grg"H_g (3.11)
associated with the following commuting elements in g 4
(3.12a)
(3.12b)

¢ =7( — ikoy) = ( — ikos, — ikas),
c =7(—ik 7o) = [ —i(oy/k), — i(o3/k)].
From the definition (3.3) of the map p we have
P(gCgﬁl) = —ikasy + i[o,a,],
p(ge'g™") = — (i/k)byosb g .

Then, taking into account (3.4) and (3.9), Eq. (3.11) im-
plies that

axgj = ik [gi’03] + i[O'B,al]gj’ (3133)
3,8 = (i/k)bo[b s lgj,asl, j=12 (3.13b)

By substituting the expansions (3.10) into (3.13) and iden-
tifying the terms in k° and 1/k in (3.13a) and (3.13b), re-
spectively, we get

d,.by = ilos,a,]b,, ayal =i[a3,bo]b0_', (3.14)
which imply a differential equation for b,,
3,[(3.bo)bg '] = [03,beo3b g '] (3.15)

Furthermore, since det g,(k) = 1, b, satisfies the constraint
det b, = 1.

Now we consider the reduction of the previous MSIM
on the group g * ofelements, g = (g,,gz)eg _,suchthatg,
(j = 1,2) satisfies (2.17). [This is possible because — iko,
and — ik ~'o, satisfy (2.17).] Under this assumption we
deduce o,b,0, = b,, which together with det b, = 1 implies
the following form for b

sinh <p)

3.16
cosh @ ( )

(cosh @
bo=1".

sinh ¢
where geC. Now from (3.15) one finds at once the sinh—
Gordon equation for g,

d,,¢= —2sinh(2¢). (3.17)
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D. Contractible two-pole MSIM’s: A hierarchy of
evolution (2-+1) NDE’s with constraints

Let us consider the MSIM obtained by adding the fol-
lowing flow to the system (3.11):

dg= —(gc"g " _g (3.18)
where ¢"e¥ __ is defined by
¢" = tliw(k)0;) = (lw(k)os,io(k)os), (3.19a)
with
N
ok)= Y ak!, NM>O0. (3.19b)

= —M
Now the solutions to (3.11) and (3.18) will depend on three
variables (x,y,¢). In order to investigate the differential
equations satisfied by the coordinates of g we rewrite (3.18)
as

(3.8)g™ " = (7 — D)(gr(iwo;)g™"). (3.20)
It is easy to see that g7 (iwo,)g ! can be written in the form

gr(inos)g~ ! = (wr,wbyrb '), (3.21a)
where r and 7’ are defined by

r=giog’ ", r=gliog ", (3.21b)
with

gi=bs'e =1+ Y a, k™ a,=by'b,. (3.22)
m=1
Both r and 7 are interesting objects since they depend on a
few group coordinates only. Indeed, they are of the form

o0

o
r=3Y rk™" r=Y k", r=r;=io,,

n=0 n=0

(3.23)

with the coefficients r, (resp. r,) being polynomials in the
off-diagonal elements of @, (resp. of aj = b4 'b,) and their
derivatives with respect to the x (resp. y) variable. To prove
this we notice that

trr=trr =0, detr=detr =1 (3.24)
On the other hand, we have

dr= — ik [oyr] + il [o3a,1.r], (3.252)

a,r = — (i/k)[o3,r'} +i[[0308] 1.7 ] (3.25b)

Equation (3.25a) is an immediate consequence of Eq.
(3.13a) for g,, whereas Eq. (3.25b) follows from the equa-
tion

d,gi = (i/k)[g1.,05] + i[osai )81, (3.26)
which in turn derives from Eq. (3.13b) for g, by taking into
account that this latter implies

3,b, = iby[ a},o,]. (3.27)

Now, as it is proved in Appendix A, Eqgs. (3.23)-(3.25) are
all we need to conclude that r,, (resp. 7}, ) isa polynomial in g,
s (resp. ¢, s’) and their x derivatives (resp. y derivatives),
where

towa = (] G) a1 == )

Moreover, in view of (3.25) and (3.28), it is clear that r;, is

(3.28)
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obtained from r,, by replacing (d 7'q,d 7's) with (3 '¢',d}'s")
for all m>0.

We are now ready to write (3.20) in terms of the coordi-
nates of g. However, we are only interested in obtaining dif-
ferential equations for the first few coordinates. In this sense
observe that

g,
(0.8)g ' = (i +

1 _
&t o() @bt

+ bo(d,a} )by 'k + 0(k2)>.
Furthermore, from (3.3) and (3.19)-(3.23) it follows that

N N
plgr(ivos)g™") = > k"(E alrl—n)
n=0

l=n

1

M M
+ Z "(12 a_,bor;_,by ‘).

n=1

Then, since 7 = 7op and taking (3.9) into account by identi-
fying coefficients in (3.20), we get
N

id,[o5,a,]1 = —i z a[onr 1]
= —1

M
+i ¥ a_[ouby;_1b5'],  (3.29a)

I=1

. M

B, [opai}=—i Y a_,[oyri,,]
1= -1

N
+ z a1[0'3,b04 lr,7 lbO]’

=1

N M
dby=Y ayrby— Y a_ by
=0 =0

(3.29b)

(3.29¢)

From the properties of 7, and r;, these differential equations
involve the matrix elements of [03,a,], [ 03,47 ], and b, only,
and contain derivatives with respect to three variables x, y,
and ¢. On the other hand, besides (3.29a)—(3.29¢) we have
to consider the equations corresponding to the flows (3.11)
as well. These later derive from (3.13) and reduce to four
additional relations:

i[os,a,] = (3,b))by ', i[0'3,a; ]=—-b5 ! 3, b,
(3.29d)
id,[05,a,] = [03,b,03b5 '],
id, [o3,a} ] = [o3,b5 'o3b,]. (3.29%)
By using (3.29d) we can express r, and ] in terms of b,
and its derivatives with respect to x and y. In this way
(3.29¢) becomes an evolution equation for the matrix b;,.

The remaining constraints on b, follow from (3.29d) and
(3.29¢) and are resumed by the equation

9,((d,bo)b g = [03,b00'3b o l]- (3.30)

Observe that Eqs. (3.29a) and (3.29b) are a conse-
quence of (3.29¢) and (3.29d). To see this point, it is enough
to differentiate (3.29¢) with respect to x and y, taking into
account (3.29d) and the following equations:

bg '(3,nby= — (i/k)[03,b5 'rbs],
by(3, )by ' = — ik [o3,bor'bs '],
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which derive from (3.13) and imply

by l(ayr1+ 1)bg= — i[0'3,b0_ 1rlbo],

bo(d,ri, )b "= —i[osboribg ']

Wealso remark [see Ref. 9(b) ] that by eliminating b, in
Egs. (3.29a) and (3.29b) it is possible to obtain a system of
four evolution scalar NDE’s with some differential con-
straints. These NDE’s involve the four scalar functions g, s,
¢, and s’ defined by (3.28).

As an illustration of the rich structure [Ref. 9(b)] that
underlies Egs. (3.29), we will analyze one of the reductions
of the MSIM [ (3.11)—(3.18) ]. Suppose that (k) is an odd
polynomial,

N
oK)= ¥ oy k¥ (3.31)
I=-M

Then iw(k)o, satisfies (2.17) and the thl;ge flows (3.11),
(3.18) can be defined on the subgroup &’ of elements
g = (g1,82)€¥ _, such that g; verifies (2.17) forj = 1,2. Let
g be a solution on the reduced group; then we have

(3.32)
(3.33)

As it is shown in Appendix A, (3.32) implies ¢ = s and
g = s, that is to say

og\(—k)o,=g(k), og(—k)o,=g(k),

0,640, = b,

ilos,a,l = —qo,, i[osai]= —qo, (3.34)

Furthermore, if we set

r=(§n Nn ) r,=(§; 70 )
" Vn _gn, " 7/:1 _gr,:’

then (3.32) means that relations (A12) of Appendix A hold
for both r, and ;. Hence
r2n+l = 772n+1019 (3.35)

On the other hand, as we saw in Sec. III C, (3.33) enables us
to write b, in the form (3.16), which implies

(atbo)bo_ ‘= P09 (axbo)bo— '= Px01s
bo (3,b0) = 9,0,

In this way, one easily finds that Eqs. (3.29¢) and (3.29d)
become

’ —_— !
Bons1 = Mn 4194

(3.36)

N M
@ = z QM2 — Z a1 M1 (3.37)
I=0 =1
9= —@. ¢ =9, (3.38)
g, = — q. = 2sinh(2¢). (3.39)

By using (3.38) we can express 7,,,; and %5,_, in
terms of @ so that (3.37) represents a hierarchy of evolution
NDE’s in (2 + 1) dimensions for the single function ¢.
However, the function @ is subject to a differential con-
straint; it derives from (3.38) and (3.39) and takes the form

(3.40)

as it should be expected in view of (3.30) and of the results of
Sec. ITI C. In addition, it is easy to see that differentiation of
(3.37) with respect to x and y yields evolution NDE'’s for ¢
and ¢’ in (2 4 1) dimensions. Note also that (3.38) and
(3.39) determine the differential constraints,

@,y = — 2sinh(29),
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L Gy G (qu )2 (g,)°
= T Yx> - y - 1 l .
% 7 q d 4q 4

q
The first nontrivial example of (3.37) corresponds to
w(k) =ak?® + a’'k 73 and leads to
@ = al} Puxx — 3(@)) + 2 @y, — 3(@,)Y). (3.42)
Differentiation of (3.42), with respect to x and y, gives

q, = a(% Gxxx — % qqu) + (l'( - .{ q:,tyy + %(ql)zq;)’

(3.41)

(3.43a)
a4 = (1 ¢y — 1(9')VG) + &( — 1 4y +34°9,)-
(3.43b)

In addition to these evolution equations, the functions @ and
(9,q') satisfy the constraints (3.40) and (3.41), respective-

ly.

IV. ASYMPTOTIC MODULES (AM’s) AND SOLUTION
METHODS

The MSIM’s described in the preceding sections admit
natural solution methods based on the construction of par-
ticular objects called normalized wave functions and asymp-
totic modules. In particular, these methods provide solu-
tions to the standard integrable models associated with
contractible MSIM’s.

A. Normalized wave (NW) functions

Again we wiAll use the multipole structures .«#, %, ¥,
9., Y_, and Y _ with reference points {k,}}' and the
maps 7, p, m = 7°p defined in Sec. III. Let us take a commu-
tative family {c,}{ C ¥ ,.Since ¥ , = IN7(H) thereisa
commutative family {C,}; C % with tr C, = 0, such that

c; =7(C,). (4.1)

We look for solutions to the MSIM (2.3) associated with
(4.1). This system can be rewritten as

d,g=m(geg ')g—ge, g _. (4.2)

We now introduce the following associative functional
algebras &/ (D). Let D be a subset of the Riemann sphere S
such that {k,}V are limit points of D. By </ (D) we will
denote the set of d X d matrix-valued functions H = H(k),
defined on D, for which there is an element
h = (h,(k),...hy(k))in o, such that H(k) admits &, (k) as
its asymptotic expansion (AE) ask -k, (# = 1,...,N). Obvi-
ously, #Z C o/ (D) and the map (3.2) admits an extension,

(D) > o, T(H) = (h(k),hy (K)), (4.3)

which is a homomorphism between the associative algebras
&/ (D) and . Next we define the projection operator,

(D) 5 (D), T =por (4.4)

From (3.3)-(3.5) it follows at once that I, =1d ,,
Ran I1 = #, while Ker Il = 7~ '(.&/ _). The maps 7 and I1
enable us to formulate a version of (4.2) on &7 (D). Indeed,
consider the system

8,iG=H(GC,.G_‘)G—GCi, (4.5a)
with the conditions valid for any ¢ = (¢,,...,t,),
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G(t), G~ '(ed (D), MG _. (4.5b)

Given a solution G(¢) of (4.5), since oIl = wor and 7is an
algebra homomorphism, it follows at once that
g(2) = 7(G(¢))is a solution of (4.2). We may still perform a
further reformulation of our problem by means of the func-
tion

F=G exp( S t,.C,-). (4.6)
i=1
Itis clgar that (4.5a) is equivalent to
9, F= II(FC,F~Y)F, 4.7)
while (4.5b) is verified if F satisfies
det F=1 (4.8)

and admits AE’s of the form

F(k,t)~(1 + 3 gDk "")exp(i t,C,-(k)),

m=1 i=1

k— 0, (493)
Flk,t) ~( S g (D (k— k,,)'")exp(z t,-C',-(k)),
m=20 i=1
k—k,, n=2...N. (4.9b)

A function F(k,t) (such that keDCS and {k,}} are
limit points of D), which satisfies (4.7)-(4.9), will be called
an asymptotically normalized wave function (NW func-
tion) on D for the MSIM (4.2). To summarize we can state
that each NW function F( k,t) determines a solution of (4.2)
in the form

g(t) = T(F(k,t)exp( — i t,-C,)), t= (t150sty ).
i=1
(4.10)

We notice that there is an elementary NW function on
S — {k,}V given by

E(kt) = exp(i t,-C,.),

i=1

which corresponds to the trivial solution g = 1 to (4.2).

B. Asymptotic modules

A set # of d X d matrix-valued functions defined on a
subset DCS is said to be a (left) Z module if it satisfies

H,+ H,e¥", for all H,H,e¥, (4.11a)
UHew , for all Ue#, He¥ . (4.11b)

We are going to see how some % modules, called
asymptotic modules (AM’s), allow us to reproduce NW
functions. Let D, and D, be subsets of S such that {k,, } are
limit points for D,ND,. We are given a NW function,
F, = Fy(k,t), on D, for the MSIM (4.2) and we want to
produce another NW function, F, = F,(k,t), on D, for
(4.2). The simplest case corresponds to Fy(k,t) = E(k,?).
The strategy is the following. First it is convenient to look for
a function F differing from F, by a normalization factor, i.e.,
condition (4.8) is not required for F,. Here F is generally
defined on a subset D | bigger than D,. On one hand we
characterize the behavior of Fin D | by looking for F(z) ina
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fixed Z module for all 7 (isospectrality condition). Further-
more, in order to guarantee the uniqueness of F, we impose
that FF, ' satisfies some regularity condition in some ap-
propriate set D,, containing D,ND| and admits some
asymptotic structure at {k, }7.

More precisely, we will say that aset % of d X d matrix-
valued functions H(k), defined on D, is an AM around the
NW function F,(k,t) on D, for the MSIM (4.2) if the fol-
lowing conditions hold:

(1) # is an # module; (2) for each value of
t= (t10sly)s the}ge is a unique function F(t)e ¥  such that
(i) the function F(t)=F(t) Fq '(1) defined for keDyND |
has a “smooth” extension in Dy, and (ii) F(¢) belongs to
& (Dy,) with TI{F(2)) = 1, i.e, F(k,t) admits AE’s of the
form

Fk~14 3 @0k ™ k-, (4.12a)
m=1
Bk~ S @un(0k—k)" k-k,
m=0
n=2,..N; (4.12b)

and (3) det F(k,t)#0 for keD,CD|.

Then we have the following important property whose
proofis given in Appendix B. If %" is an AM around the NW
function F,, on D, for the MSIM (4.2), then it turns out that

F\(k,t) = F(k,t)[det F(k,t)] ~ "¢ (4.13)

is a NW function on D, for (4.2).
By using (4.10) we conclude that starting from the solu-
tion
8o(t) = T(Fo(k,t)exp( -3 t,.C,-))
i=1

of the MSIM (4.2) we can construct the new solution

g (1) = r(Fl(k,t)exp( - i t,.C,-)).

i=1
Thus we obtain an iterative procedure for generating solu-
tions to MSIM’s and as a consequence to their associated
standard integrable models [such as the AKNS hierarchy
and the system (1.l1a)-(1.1c) identical with (3.43) and
(3.41)] in the contractible cases.

Note that the terminology in this paper is slightly differ-
ent from Ref. 9(b) where we use the ring # of #-valued
functions of  and we name AM the % module %" of dimen-
sion 1 and of basis F(k,t).

C. Construction of asymptotic modules

First we remark that % modules can be constructed ina
natural way by means of Riemann—Hilbert and J problems.

Let y be an oriented curvein § — {k, }! and let G(k) be
ad X dmatrix-valued function defined on 7. Let us denote by
% the set of d Xd matrix-valued functions, defined on
D =S — (yU{k,}?), whose left and right boundary values
H, on y exist and satisfy

H_(k) =H__(k)G(k). (4.18)

Jaulent, Manna, and Alonso 1669



Then #  defines an obvious % module. We recall that such
Riemann-Hilbert problems appear in the Zakharov—Shabat
dressing method."?

Now let us consider a d X d matrix-valued distribution
R(k) withsupportinS — {k, }?'. Theset # of d X d matrix-
valued functions H(k), defined on D} =S — {k,}}, which
satisfy the d equation

“99—‘;.(’ (k) = HIOR(K), keS — {k,}, (4.152)

is also an obvious % module.

It is known that a Riemann—Hilbert problem can be
considered formally as a particular  problem. For this rea-
son we will only investigate the construction of AM’s asso-
ciated with 9 problems.

Let us prove that for an appropriate choice of the input
function R (k), the Z module % associated with (4.15a) is
an AM around each of the NW functions F,(k,t) considered
in (a) and (b).

(a) Here Fy(k, t) = E(k,t) (the elementary NW func-
tion), Then Do =D{ =D, =Dy =S — {k,}. The func-
tion F=F F; ! must satlsfy the d equation

%(k) —FuoRk), kes — (K}, (4.15b)
with ﬁ(k) =Fy(k)R(k)F; '(k). Here F must also admit
AFE’s of the form (4.12). By applying the generalized
Cauchy formula in a way similar to Refs. 9(a), 10(a), (¢)
one can se¢ that F'is a solution of the integral equation

(1—NF=1, (4.15¢)

where J is the integral operator

TPk ——H dq N "7’ PR

2im

With reasonable assumptions on R (k), (4.15¢) has a unique
solution and det F( k) does not vanish. As a consequence %~
is an AM around F,. Note that if tr R(k) = O, then we also
have tr R(k) 0 so that formula (4.15b) implies (d/
ak)detF 0. By using (4.12) we find det F= det F=1
and the formula (4.13) becomes merely F, = F. Note also
that the new NW function (4.13) can be computed easily
when R (k) is a linear combination of delta functions. The
corresponding new solution of the MSIM (4.2) will be
called, in a wider sense, a multisoliton solution since it yields
in some cases a multisoliton solution to a standard integrable
model.
(b) Here F,(k,t) satisfies a_gequation,

a—@(k) — Fy(k)Ry(k), keS — {k,}"
Then Do--Dl D{ =D, =8—{k,}{. The function
F—FF must satisfy the J equation (4.15b) with

R= Fy(R — RO)FO‘l and admit AE’s of the form (4.12).

Similar to (a), F is a solution of the integral equation (4.15c¢)
and, with reasonable assumptions on R(k) and Ry(k), we
conclude that »# is an AM around F, Iftr Ry (k)
=tr R(k) =0, the formula (4.13) becomes F; = F.
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D. Solitons

There are other ways than using Riemann—Hilbert and
3 problems for constructing AM’s. For example, we will now
construct some AM’s that are particularly appropriate for
analyzing soliton solutions.

Let F;be a NW function analytic on a dense open set D,
of S, where § — D, is made up of isolated points including
the {k, }? and of some curves. Let k,and k {, be two different
complex numbers in D, and let M and N be two subspaces of
C? such that C? = M + N. Denote by # the set of d Xd
matrix-valued functions H(k) analytic on D | = D, — {k,}
with, at most, a single pole at kK = &, and verifying (a) the
coefficient R of (k — k,)~! in the Laurent expansion of

H(k) at k = k, satisfies

R(M) ={0}; (4.16)
and (b) the value S of H(k) at k /, satisfies

S(N) = {0}. (4.17)

It is clear that #  is an % module. To show that it isan AM
around F,, let us look for functions F(t)e#  such that
F = FF ; "hasa continuous extension in Dp, =S — {ko}and
admits AE’s of the form (4.12). It is easy to see that F must
be, in fact, analytic in S — {k,} (note that det F, = 1). It
follows that F can be written as

F(kt) =[14+ A1)/ (k — ky) 1F,(k,t). (4.18)
Thus conditions (a) and (b) become

A1) Fy(ko,t) (M) = {0}, (4.192)

(ko — ko + AD))Fo(k §,1) (N) = {0}. (4.19b)

If we assume that C? can be decomposed into a direct
sum of the subspaces F,(k,,2) (M) and Fy(k §,t) (N) forall ¢,
then we can determine projection operators P(¢) on C? from
the conditions

Ker P(t) = Fy(kot) (M),
Ran P(t) = Fy(k {,t) (N).

In this way (4.19) can be rewritten in the simpler form,
A(1—P)=0, (k{—ko+A)P=0, (4.20)

which immediately gives 4 = (k, — k ;) P. Therefore there
is a unique function F(t) satisfying the required conditions
and #” is an AM around F,,. By using (4.13) we get the new
NW function on D, = Dy — {ko,k $},

Fi(kt) = [(k— ko)/ (k — k§)]47

X(1— [(kg — ko)/(k — ko) | P(D))Fo(k,t),
(4.21)

where d’' = dim N. The new NW function differs from the
old one just by the presence of a Blaschke-Potapov factor.?
The interpretation of this result is that the new solution of
the MSIM (4.2) has an additional soliton. This is in agree-
ment with Refs. 3 and 12 for the standard integrable models.

As an example we consider the MSIM defined by the
system of compatible flows (3.11) and (3.18) and choose for
F, the elementary NW function on D, = C — {0}:

E(kx,p,t) = exp( — ilkx + y/k — w(k)t)os), (4.22)
while M and N are defined as
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M=1in{(". )}, N=Ilin{(})}.

Then we get
e e
P(x’yyt) =_"_1——( )9
2coshp, \e™ P~ e7#
where
py = i[(keFko)x+ [k F1/kgly

—(@(ky) Fa(ky))t].
The corresponding solution of the hierarchy (3.29) is char-
acterized by

a,=(kg—k{)(P—1), a7 =(Vkekp)ay,
bo = (ko/k('))l/z(l + [(k6 - o)/ko]P)-
Clearly this solution represents a plane soliton.

E. Reductions

AM’s are also suitable for constructing solutions to the
IXISIM {(4.2), subject to lie on a reduced subgroup ¥’ of
% _. To illustrate this fact we consider the system (3.11)-
(3.18) with the reduction (2.17). Let F, be a NW function,
verifying

o Fo( — kYo, = Fy(k,t) (4.23)

and let %" be an AM around F, such that o, H( — k)o,
belongs to % for all He %~ (the subsets D, D |, Dy, are sup-
posed to be symmetric with respect to 0). Under these as-
sumptions it is not difficult to see that condition (2) for
AM’simplies that (4.23) holds for the new NW function F,.
From (4.10) we conclude that the solution g, (), associated
with F,, lies on the reduced subgroup.

As an example, again let us take the elementary NW
function (4.22) with (k) being an odd polynomial in order
to satisfy condition (4.23). Let &k, and k& be two different
complex numbers in D, = C — {0} and let M and N be two
subspaces such that C2 = M @ N. We define # as the set of
2X2 matrix functions H(k), analytic on Dj

= C — {0, + k,}, with at most single poles at k = + k,,
and verifying that (a) the coefficients R | of (k FF k) ~'in
the Laurent expansions of H(k) at k = + k, satisfy

R+(M) = {0}’ R_Ul(M) = {0}9
and (b) the values S, of H(k) at k = + k satisfy
S.(V)=A{0}, S_o,(N)=1{0}.

It follows that %" is an AM around F, = E such that
o H( — k)o, belongs to % for all He %#". Thus if we define

M=1in{(})}, N=1ln{(},

the new NW function F, on D| =C—{0, + ko, + k¢ }
turns out to be

k?—k2 "2( ki —k, )
F,(kxpt) = | ——o 1 P.
1( X}, ) (kz——-k(')z) + k—l—-ko 2
ko— kg )
x{1 P, |E,
( Tk

where
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0 eZ”)
P‘"(o 1/

1((1 +ae”)(1+8)

2T\ +a)(1 + Bye

(14 ae"’)ﬂez”)
Y

~ (1 + a)Be*
with
a= (ko —ky)/(ko+kg), B=(kqo—ko)/2k,,
p= —ikox —i(y/ko) +iw(kg)t,
=148+ (a—pB) e*.
It is not difficult to compute the corresponding solution
to the hierarchy (3.37). It is given by
sinh(2@) = 2i sinh(2p + 6)/cosh?*(2p + 9),
where 8 = log(if /i + B).
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APPENDIX A: STRUCTURE OF THE COEFFICIENTS 7,

In this appendix we give a simple argument that proves
that the coefficients 7, of the formal series 7 in (2.14) are
differential polynomials in the off-diagonal elements of a,.
Moreover, we study some properties of the reduction (2.17).

We begin by obtaining a differential equation for r.
From (2.12a) and taking into account that » commutes with
kr, we have

a.r=1{(kr)y_,r] = — [(kr) .,r].
Now
(kr) . = (ikgog™") , = ikoy — i[o3,a,].

Therefore
axr= —ik[031r] +l[[a3:al]9r]- (Al)
Next we introduce some notation,
0
i[U3aa|] = - (_\' g)’ (AZ)
3 77)
r= . (A3)
(r -§

Observe that according to (2.13), tr r = 0. Note also that the
matrix elements ¢ and s in (A2) are proportional to the off-
diagonal elements of a, [g= —2i(a,) s = 2i(a,)y].
From (2.14) we deduce that the matrix elements of r are of
the form

§=n§0§nk - n="§0mk -

w (A4)
r="§onk TN Eo=i Me=%=0,
so that (A1)-(A4) imply
Oxbn = SNy — qV¥n» (A5a)
20, = — 9N, + 245, (A5b)
20 =0x¥n +256,. (ASc)

With the only information given by (AS5) we cannot guaran-
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tee that the coefficients of the formal series &, 7, and y are
differential polynomials in g and s. Indeed, solving (A5a)
would require boundary conditions on the x dependence of
£,, which are absent from our analysis. Nevertheless from
(2.13) it is clear that r satisfies the constraint det » = 1, so
that

E2+yp=—1 (A6)
This relation and (A4) imply
26,0 =— Z(§1§n+1—1+7’177n+141)- (A7)
I=1

Now it is obvious that (A5b), (ASc), and (A7) form a sys-
tem of recursion relations that enable us to express the un-
knowns &, 17, and ¥,, as polynomials in g, s, and their de-
rivatives, with respect to x. For the sake of completeness, we
list some of these polynomials:

Mm=q9 =5

N =(i/2)4., Vo= — (i/2)s,,

M= 44 +10s, V3= —1s, +1a5,

Ns= — (i/8)qyxx + (3i/4)gsq,,

Ya= (I/8)S s — (3i/4)gss,.
The AKNS equations (2.16) can thus be written in the form

(A8)

N N
3q=2 3 amy, ds= =2 a¥,. (A9)
I=0 =0

Let us assume now that the constraint (2.17) is satisfied.

Then 0,a,0, = — a, and therefore

g=s:. (A10)
On the other hand, (2.13) implies o,7( — k)o, = — r(k)
and consequently

O\g0y= — 1y O 101 =Fan g1 (All)
or equivalently,

Yir = = My b2n1 =00 Vauy1 =Mniy- (Al2)

In this way, Egs. (A9) reduce to a single equation, pro-
vided @, = O for even /. For example, if o (k) = a;k * we get
the MKDYV equation for g.

APPENDIX B: CONSTRUCTION OF NW FUNCTIONS
FROM ASYMPTOTIC MODULES

Here we prove that the function F,(k,t) of (4.13) de-
fines a NW function for the MSIM (4.2). To this end let us
consider the functions d, F. Since %" is an & module and
CC 4, it is clear that # is also a complex vector space, so
that under mild assumptions d, Fe W. The function F, satis-
fies Eq. (4.7), so that

(3, FFs'=d,F+ FU,,
where

U, = I(F,C,Fy HeZ.
On the other hand, by virtue of conditions (2) and (3) for
AM’s, we have
FF~' and FU, — I(FU,F~")Fes/ (D,,),
FU,, — I(FUF~YF

= [(1 = ) (FU,F ') ] FeKer II.

(B1)

(B2)
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Further, we assume that 8,iﬁ'e.n/ (Dy;) and that c?,,ﬁ can
be asymptotically expanded through a term by term differ-
entiation of the series (4.12). Hence

8,if'?'eKer I1.
Next, we consider the function
F'=3,F — W(FU,F~YF.

(B3)

We aiready know that d, Fe #7". Furthermore, since %" is an
Z module and Ran Il =% then II(FU,F~")Fe¥
Therefore F'e?%". Now from (B1)—(B3) it follows that

F'Fy'=9,F+ FU, — N(FU,F~YF

belongs to &/ (D,,) and, more precisely, is an element of
Ker II. As a consequence F + F'e ", (F+ F')
Fy e/ (Dy,) and II((F + F')F4 ') = 1. Therefore from
condition (2) for AM’s we deduce that F + F' = F. Hence
F’'=0and

3, F = TI(FU,F ~")F.
In addition, we note that (4.12) implies

i’(Ker H)?‘“‘CKer I,
so that
N(FU,F~") = NW(EF,C.Fy 'F~)
—IF[(1 — ) (F,C.Fg H]F™Y)
=II(FC,F "),
and the differential equations for  become
3, F=II(FC.F~")F. (B4)

Finally, as tr [I(FC,F~') =0, Eq. (B4) implies that
8,‘ det F = 0, while conditions (2) and (3) for AM’s lead to
AF’s of the form

det F(k~1+ 3 dyk —,

m=1

k— o,

det F(k)~ 3 d,(k—k,)™  k—k,,  (BS)
m=0

n=2,.,N,

with d,, #0. In this way, from (B4), (BS5), (4.12), and
(4.9) for F,, it readily follows that (4.13) is a NW function
on D, for (4.2).
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