Very ampleness and higher syzygies
for Calabi-Yau threefolds

Francisco Javier Gallegd*, B.P. Purnaprajna?

1 Dpto. deAIgebra, Facultad de Matemticas, Universidad Complutense de Madrid, E-28040 Madrid,
Spain (e-mail: gallego@eucmos.sim.ucm.es)

2 Department of Mathematics, University of Missouri, Columbia, MO 65211, USA

(e-mail: purna@math.missouri.edu)

)98

To our friend K. Guruprasad

nJy

Introduction

In this article we prove results on very ampleness, projective normality and higher
syzygies for Calabi-Yau threefolds.

In the first section we prove optimal results on very ampleness and projective
normality for powers of ample and base-point-free line bundles. X die a
Calabi-Yau threefold and I8 be an ample and base-point-free line bundle on
X. The main results of Sect. 1 can be summarized in the two following theorems
(for a stronger statement of Theorem 2, see Theorem 1.7):

Theorem 1 (cf. Theorem 1.4).The line bundle B3 is very ample andB®?3|
embeds X as a projectively normal variety if and only if the morphism induced
by |B| does not map X : 1 onto P3.

Theorem 2.The line bundle B? is very ample andB®2| embeds X as a pro-
jectively normal variety ifB| does not map X onto a variety of minimal degree
other thanP? nor maps X2 : 1 onto P2,

A Calabi-Yau threefold is the three-dimensional version of a K3 surface and
Theorems 1 and 2 are analogues of the well known results of St. Donat for K3
surfaces. Precisely, for a K3 surfaand an ample and base-point-free line
bundleB on S, St. Donat proved the following (see [S-D]; see also [Ma]):

(1) B®2? is very ample andB®?| embedsS as a projectively normal variety if
and only if the morphism induced 4| does not mags 2 : 1 ontoP?.

(2) B is very ample andB| embedsS as a projectively normal variety B|
does not mays onto a variety of minimal degree nor majs2 : 1 ontoP?.

* Partially supported by DGICYT Grant PB93-0440-C03-01
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If Fujita’s conjecture is true, theA®® would be very ample for any ample line
bundleA on a Calabi-Yau threefol&X. As corollaries of Theorems 1 and 2 and
results of Ein, Lazarsfeld, Fujita and Kawamata on global generation on smooth
threefolds, we obtain bounds towards Fujita’s conjecture. For instance we show:

Corollary 1. Let X be a smooth Calabi-Yau threefold and let A be an ample line
bundle such that A> 1. Let L= A®". If n > 8, then L is very ample anl |
embeds X as a projectively normal variety.

For more results on very ampleness we refer the reader to Corollary 1.10.

We end Sect. 1 with a result regarding very ampleness and projective nor-
mality on Calabi-Yau fourfolds.

Section 2 is devoted to the computation of Koszul cohomology groups on
Calabi-Yau threefolds. The work of Mark Green in the 80’s connected Koszul
cohomology with the study of equations and free resolutions of projective vari-
eties. From our Koszul cohomology computations we obtain results regarding the
equations and higher syzygies associated to powers of ample and base-point-free
line bundles. We also study the Koszul property for these bundles (see Theorem
2.7). Regarding equations and higher syzygies we prove the following

Theorem 3 (cf. Theorem 2.4)Let X be a Calabi-Yau threefold and let B be an
ample and base-point-free line bundle on X such tBdtdoes not map X onto
P3.1fn > p+2and p> 1, then B®" satisfies property N In particular, if n > 3,
the homogeneous ideal associated to the embedding giviBiy is generated
by quadrics.

The parallelism between K3 surfaces and Calabi-Yau threefolds goes over to
higher syzygies. In fact Theorem 3 is analogous to the following result proved
by the authors in [GP1]:

Let S be a K3 surface and let B be an ample and base-point-free line bundle
on S such thalB| does not map S ont®?. If n > p+1and p> 1, then B*"
satisfies property N

As a corollary of Theorem 3 we obtain bounds for a power of an ample line
bundle to satisfy properti,. We show precisely the following

Corollary 2 (cf. Corollary 2.8). Let X be a smooth Calabi-Yau threefold and
let A be an ample line bundle. Let £ A®", If n > 4p + 8, then L satisfies
property N, and the coordinate ring of the image of the embedding induced by
IL| is Koszul. Moreover, if A> 1 and n> 3p + 6, then L satisfies property N
and the coordinate ring of X is Koszul. In particular, ifa 12, or if n > 9 and

A3 > 1, then the ideal associated to the embedding inducefl bis generated

by quadratic equations.

The article focuses on smooth Calabi-Yau threefolds for the sake of sim-
plicity. However the arguments used also go through for Calabi-Yau threefolds
with terminal singularities and for Calabi-Yau threefolds with canonical singular-
ities. In fact Theorems 1, 2 and 3 hold for Calabi-Yau threefolds with canonical
singularities. From them we recover and strengthen results by Oguiso and Peter-
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nell (see [OP]). The case of singular Calabi-Yau threefolds is dealt with in the
appendix at the end of the article.

We thank Dale Cutkosky and Mohan Kumar for their encouragement as well
as for useful discussions. We also thank Sheldon Katz for his encouragement and
discussions regarding examples of Calabi-Yau threefolds. We are also grateful to
Vladimir Magek, who brought to our attention the work of Oguiso and Peternell,
and to Frank Olaf Schreyer.

Convention. Throughout this article we work over an algebraically closed field
of characteristic 0. In Sects. 1 and 2, Calabi-Yau threefolds are assumed to be
smooth.

Definition. Let X be a projective variety and I&tbe a very ample line bundle on
X. We say that is normally generated or that satisfies the propertio, if |L|
embedsX as a projectively normal variety. We say thats normally presented
or thatL satisfies the propert); if L satisfies propertjNg and, in addition, the
homogeneous ideal associated to the embedding given by|L| is generated
by quadratic equations. We say tHasatisfies the propert){, for p > 1, if L
satisfies property\N; and the free resolution of the homogeneous ideak dé
linear until the p — 1)th-stage.

1. Very ampleness and projective normality

A Calabi-Yau threefoldX is a projective variety of dimension 3 with trivial
canonical bundle an#éi (%) = 0. In this section we study when a power of
an ample and base-point-free line bundleon a Calabi-Yau threefold is very
ample and when its complete linear series embédss a projectively normal
variety. We recall the following corollary of Theorem 1.3 in [GP2] which can be
proven using arguments based upon Castelnuovo-Mumford regularity and Koszul
cohomology:

Corollary 1.1 (J[GP2], Corollary 1.6). Let X be a Calabi-Yau m-fold, and B an
ample and base-point-free line bundle on X. I&np + m and p> 1 then B®"
satisfies property N

Corollary 1.1 tells us in particular that X is a Calabi-Yau threefold and

n > 4, thenB®" satisfies propertiy, i.e., is very ample and embeds the variety
as a projectively normal variety. The main concern of this section is dealing with
the casen = 2 (Theorem 1.7) andh = 3 (Theorem 1.4). For that purpose one
has to take into account the particular properties of Calabi-Yau threefolds. The
strategy to follow will be to find suitable divisors on the threefold and to translate
the questions on surjectivity of multiplication maps on the threefold to questions
on surjectivity of multiplication maps on the divisor. These arguments will be
fruitfully repeated, eventually reaching the situation in which one confronts the
guestion of surjectivity of multiplications maps on curves. Thus results on sur-
jectivity of maps on curves, like [B], Proposition 2.2 and [P], Corollary 4, and
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on surfaces, like [G1], Theorem 3.9.3 for surfaces of general type (see also [C]),
will be of great interest to us. Before we proceed with the statements and proofs
of Theorem 1.4 and Theorem 1.7, we introduce two auxiliary tools which will
be used throughout:

Observation 1.2 .Let E, L3 and L, be coherent sheaves on a varietyGonsider

the multiplication map of global sections¥E)®H °(L;®L,) -5 HOYE® L L,)
and the maps

HOE) @ HO(L1) =% HOE ® L,) and
HOE @ L) @ HO(Ly) 2B HOE®Li®Ly) .

If a1 and «; are surjective theny is also surjective.

Observation 1.3 ([GP2], Observation 2.3)Let X be a regular variety (i.e, a
variety such that H(c%) = 0). Let E be a vector bundle on X and let C be a
divisor such that L= ¢’ (C) is a globally generated line bundle andE ®
L—1) = 0. If the multiplication map

HOE @ ) @ HAL ® %) — HYE ® L ® %) surjects
then the multiplication map

HOE) @ H(L) - H°(E ® L) also surjects.

Now we will state and prove Theorem 1.4, which give necessary and sufficient
conditions forB®3 to satisfy propertyNy. Before we recall the definition of
sectional genus:

Definition. Let X be an irreducible normal projective variety of dimensioand
let L be a line bundle orX. The sectional genug(L) of L, or more precisely,
the sectional genus oK( L) is defined as

29(L) —2=(Kx +(n—1)L)-L"*,

where Kx denotes the canonical divisor of. Note that if |L| possesses an
irreducible and reduced memb®r then the sectional genus of (L) equals the
sectional genus ofy, L ® ¢%s) and if X is reduced and irreducible of dimension
1, then the sectional genus of (L) is the arithmetic genus of.

Theorem 1.4.Let X be a Calabi-Yau threefold and let B be an ample and base-
point-free line bundle. Then ® is very ample andB®?| embeds X as a pro-
jectively normal variety except if%B) = 4 and the sectional genus of B is 3, in
which case B is not even very ample.
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Proof. Case 1h°(B) > 5. It is enough to see that the map
HO(B®3%) @ HO(B¥3") — HO(B®O*)

surjects for allk,| > 0. By Observation 1.2 it is enough to prove a stronger
statement, namely, that the map

H O(B®3+I) ®H O(B) S H O(B®4+I)

surjects for alll > 0. Castelnuovo-Mumford regularity arguments will not work
if | =0, so we consider a smooth divisre |B| and the following commutative
diagram:

HO(B®3*") @ HO(%)—H°(B®3") ® HY(B)~H°(B®*") ® H(B © (’s)
+ + +
H O(B®3+I) < H O(B®4+I) s H 0(B®4+I ® (S) .

The map whose surjectivity we wish to show is the middle vertical map. The
surjectivity of the left hand side vertical map is obvious. Note Bat “s = Ks.
SinceH(B®?") = 0 for all I, checking the surjectivity of the right hand side
reduces to checking the surjectivity of

HOKE*) @ HO(Ks) = HOKE*) for all | > 0.

To see thatw surjects we consider now a smooth diviore |Ks|. By Ob-
servation 1.3 and Kodaira vanishing, checking the surjectivityr aBduces to
checking the surjectivity of

H 0(9®3+|) ® H 0(9) i H 0(9®4+|) ,

wheref = B¢ is a theta-characteristic. We can now apply either [P], Corollary
4 or [B], Proposition 2.2 to show the surjectivity 8f For instance, to apply [P],
Corollary 4, we need that eithéror 623" be very ample, that both°(¢) and
ho(6®3") be greater than or equal to 3 and that d&§" + deg# be greater
than or equal to both@— 3 and 4 — 1 — 2h'(#) — 2h1(#®3") — CIiff(C). The

line bundle§®3" is very ample because by Clifford’s boundC) > 5, and
the required bounds on the number of linearly independent global sectighs of
and9®3* are also satisfied sind®(B) > 5. Finally, the last condition required
follows from degf®3" + deg6 > 4g — 4 andh'(h) > 3.

Case 2 h(B) = 4. Let 7 be the morphism induced Gj|. Let C be as above.
SinceB ® ¢ has degreg(C) — 1 and it is the pullback of%: (1) for a general
Pl in P(HO(B)) = P3, the degree of 7 is ¢g(C) — 1. In particular,g(C) > 3. If
g(C) = 3,B®2 @ % =Kc ® 0, wheref has degree 2. Therefore the restriction
of B®3 to C is not very ample. Now we treat the caggC) > 4. It suffices to
see the surjectivity of

HOB®*) @ HO(B¥**) — HOB®***') for all I,k > 0.
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The key case ik =1 =0. If | > 1 ork > 1, the surjectivity of the above map
follows from the arguments displayed below for the case | = 0, or alter-
natively from Observation 1.2 , [Mu], p. 41, Theorem 2 and Kodaira vanishing
Theorem. Therefore we focus our attention on the tas& = 0. It follows from
Observation 1.2 that it is enough to check the surjectivity of

H 0(B®3) ®H 0(B®2) i> H O(B®5)
HO(B®%) © HO(B) 2 HO(B®S) .

The mapg surjects by [Mu], Theorem 2 and Kodaira vanishing Theorem. Note
that we cannot use Observation 1.2 again in order to prove the surjectivity of
because the maH °(B®?) @ H%(B) — H%(B®?) is actually non surjective, for
otherwise the map

HOKe ® ) @ HO(0) — HO(KE?)

would also surject, but this is false by base-point-free pencil trick. Instead the
surjectivity of o will follow from the surjectivity ofy andé in the diagram

HO(B%2) © HOB2)—H(B¥?) & H(B®})~H (B¥?) @ H(KS®)
b J- I
HO(B*%) = HO(B=®) —> HO(KS™),
obtained from the sequence
0—B"— Cx — (s —0. (1.4.1)

To see the surjectivity of we construct yet another two similar diagrams arising
from (14.1). SinceH(B®") = 0 for all r > 0, checking the surjectivity ofy
reduces to seeing the surjectivity of

HO(KS?) @ HO(KS?) < HOKSY
HO(KE?) @ HO(Ks) 2 HO(KS?) .

On the other hand in order to see the surjectivity) pdgain by the vanishing of
H(B®") it is enough to check the surjectivity of

HOKS?) @ HO(KE?) & HOKE®) .

For the surjectivity ofe, n and ¢ we build commutative diagrams like the one
above, now upon the sequence

0—-KE—Os— Cc—0.

For instance, to see the surjectivity ©fve would write:
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HO(KE?) ® HO(Ks)—HO(KE?) ® HOKE?)—HO(KE?) @ HO(Kc)

K | |
HOKEY) = HOKED  —  HOKED).

SinceH 1(KE") = 0 for all r > 0, the surjectivity ofe,  and will follow from
the surjectivity of the maps

HOKc) @ HO(Ke) — HO(KE?)
HOo%Kc) @ HO(9) — HO(Kc ® 6) and
HOKe) @ HO(Ke ® 0) — HOKE? @ 0) .

Recall thatg(C) > 4, thereforeC cannot be hyperelliptic alB ® | is a
base-point-free pencil of degree— 1. Thus the first map above is surjective
by Nother's theorem. For the second, recall thas a theta-characteristic, that
it is base-point-free and th&®(9) = 2. Thus the surjectivity follows from the
base-point-free pencil trick. Finally the third one follows from [P], Corollary 4.
O

Remark 1.4.2.The same arguments used in the proof of Theorem 1.4 show that
given any nef line bundl&\, the line bundleB®*® N is very ample and embeds

X as a projectively normal variety, H9(B) > 5. Moreover this statement holds

if X is a threefold with numerically trivial canonical bundle amt{¢’) = 0.

We show now by means of an example that there indeed exist ample and
base-point free line bundles with four linearly independent global sections and
sectional genus 3:

Example 1.5.Let X be the double cover d?® ramified along a smooth degree
8 surface and leB be the pullback o¥%:3(1). The threefoldX is Calabi-Yau,
h°(B) = 4 and the sectional genus Bfis 3.

We now want to know wheB®? is normally generated. In the study we carry
on we will use a theorem by M. Green. To apply this theorem we will require the
image of the morphismr induced by|B| not to be a variety of minimal degree.
For that reason it is interesting to study the characteristics when its image
is a variety of minimal degree. In the first part of the following proposition we
obtain a bound on the degreemfind in the second part we classify the different
kinds of varieties of minimal degree which can appear and the structure of the
Calabi-Yau threefoldX.

Proposition 1.6.Let X be a (smooth) Calabi-Yau threefold, 4ebe the morphism
induced by the complete linear series of an ample and base-point-free line bundle
B on X with ¥(B) =r + 1, and let n be the degree af If the image of X byr

is a variety Y of minimal degree, then<h 'frjg and one of the following occurs:

1. Y=P
2. Y is a smooth quadric hypersurfaceRf.
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3. Y is a smooth rational normal scroll of dimensi8iin P°.

4. Y is a smooth rational normal scroll i, r > 6, the degree n of is 2 and X
is fibered oveP! with a smooth K3 surface as a general fiber. The restriction
of B to the general fiber of X is hyperelliptic, with sectional geBuand its
complete linear series maps the fil#er 1 onto a general fiber of the scroll.

5. Y is a smooth rational normal scroll iR", r > 6, the degree n ofr is 6
and X is fibered oveP! with a smooth Abelian surface as a general fiber.
The restriction of B to the general fiber of X ig(& 3) polarization, and its
complete linear series maps the filier 1 onto a general fiber of the scroll.

6. Y is asingular threefold of minimal degree which is either a cone over a conic
in P?, a twisted cubic irP%, or a Veronese surface.

Proof. First we prove that the inequality

n<6r+6
—r-2

holds ifY is a variety of minimal degree. By Riemann-Roch and st¥)-B >
0 (cf. [Mi], Theorem 1.1)r +1=h°B) > B3 = In(r — 2), S0 we obtain+).

Now we describe all the possible types of varieties of minimal degree that
may occur. The variety should be eitheP?, a smooth quadric hypersurface in
P#, a singular 3-dimensional rational normal scrolPfy a (possibly singular) 3-
dimensional rational normal scroll i, r > 5 or a cone irP® over a Veronese
surface inP°. We see now tha¥ cannot be a 3-dimensional rational normal
scroll singular along a single point. In that case, in the notation of [EH}
S(0, b, ) with 0 < b < c. By this we mean thaY is the image of the projective
bundleZ = P(#) over P! by the morphismy induced by|p(1)|, where
E =0 ® @b)ad @(c). Thusy would be a small resolution foy. Then it
would follow thatX could also be obtained by performing small contractions on
(X Xy Z)reg and X would not be smooth.

We show now that ifY is a cone over a rational normal curve ther 4 or
5. Let G be the inverse image of a general pldhén Y. ThenB?.G =n. On
the other hand can be written as the pullback aof ¢ 2)F, henceG turns out
to be an ample divisor oX andn = (r — 2°G® > (r — 2)2. By (*), we get that
(r —2)° —6r —6 < 0. Whenr > 4, the previous inequality is only satisfied for
r=4.>5.

We complete now the proof of the proposition by studying the case when
is a smooth rational normal scroll and> 6. In such a cas¥ is fibered oveP?
and so isX. Let ¢ be the projection fron¥ to P1. Let us denote by a general
fiber of ¢, and letG be a general fiber of o 7. We consider the following
seguence:

(*)

0— HYB(-G)) — H°(B) — HB ® %) — HYB(-G)) — 0.

Sincer > 6 andY is smooth,Y = S(a,b,c) (i.e., Y is isomorphic toP(&#),
where & = @(a) @ '(b) ® (c), mapped in projective space Bgp(-)(1)[),
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witha < b <c,a > 1, andc > 2. LetH be the restriction of% (1) to Y.
ThenH (—F) is big and globally generated, in particular, big and nef, and
being finite, so iB(—G). Thus by Kawamata-Viehweg (B(—G)) = 0, which
implies that|B ® | mapsG onto P?. SinceB is ample,G is connected, and
by Bertini, smooth. Then, by adjunctio is either a smooth K3 surface or a
smooth Abelian surface. I6 is a smooth K3 surface, thei(B ® %) is a
genus 2, hyperelliptic polarized K3 surfacelG is 2 : 1 and so isr. If G is

a smooth Abelian surface, thdh® % is a (1 3)-polarization, hence |G has
degree 6 and so has O

We return our attention to the normal generatiorB6%:

Theorem 1.7.Let X be a (smooth) Calabi-Yau threefold and let B be an ample
and base-point-free line bundle on X.

1. If the image of X by the morphisminduced by the complete linear series of
B is not a variety of minimal degree, i.e., is not one of the six cases in the list
of Proposition 1.6, then B? is very ample and embeds X as a projectively
normal variety.

2. In case 1 of Proposition 1.6,%% is very ample and embeds X as a projectively
normal variety if and only if the sectional genus of B is Bot

3. If the degree n of equals2 (for instance, in casd of Proposition 1.6), B?
is not even very ample.

Proof. We prove (1) first. By hypothesi$)°(B) > 5 and the image oK by

the morphism induced biB| is not a variety of minimal degree. We want to
prove thatB®? satisfies propertily. We prove instead a more general statement,
namely, we show that the multiplication map

HO(B*"*?) ® HO(B®?) — HO(B®'*)

surjects for alll > 0. From Observation 1.2 it follows that it suffices to have
the surjectivity of

HOB*'*?) @ HO(B) = H(B®'*%)

for all I > 0. The crucial cases ate= 0,1. If | > 2, the surjectivity ofa can
be obtained from the same arguments used below fo0, 1, or from Kodaira
vanishing and [Mu], Theorem 2. Case= 1 was already dealt with in the proof
of Theorem 1.4. Thus we focus on cdse 0, i.e., on the surjectivity of

HO(B®?) ® HO(B) 2 HO(B®S) .

We first use Observation 1.3. SinkE'(B) = 0 and by adjunctioB ® % = Kg,
it is enough to prove the surjectivity of

HO(Ks) @ HO(KE?) & HOKED) .
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Since the image o8 under the morphism defined BiKs| is not a surface of
minimal degreeh®(Ks) = h°(B) — 1 > 4, andH (%) = 0, by [G1], Theorem
3.9.3, the map surjects.

We prove now (2). Recall thdi®(B) = 4. We want to show the surjectivity
of
H O(B®2l) ®H O(B®2) i> H O(B®2I+2)

if the sectional genus dB is greater than 3. If = 1, the surjectivity ofa was
shown in the proof of Theorem 1.4. If> 2, the surjectivity ofa follows from
the same arguments or alternatively from Observation 1.2 , Kodaira vanishing
and [Mu], Theorem 2. On the other hand, if the sectional genu8 &f 3, the
morphism induced byB| is a 2 : 1 cover ofP3, hence a general curn& in
B ® s, whereS is a general divisor inB|, is a hyperelliptic curve. Therefore
B®2 ® (% = K¢ is not very ample.

Finally we prove (3). Since now the morphism induced |By is a 2 : 1
cover of a rational normal scroll an@ is again hyperelliptic, theB®? cannot
be very ampleld

Looking at Theorem 1.7 it can be seen that the hyperellipticit odeter-
mines in many cases whethBf? satisfies the property, or not. For instance,
the fact ofC being hyperelliptic forces the image ¥f by |B| to be a variety of
minimal degree. We also have this

Corollary 1.8. Let X be a Calabi-Yau threefold and let B be an ample and base-
point-free line bundle on X. If%B) = 4 or if (X, B) is of type2 (i.e., the morphism
induced by|B| is generically 2:1 onto its image), B satisfies the property )N

if and only if there exists S |B| and a smooth curve G |B ® 5| which is
non-hyperelliptic.

All the above motivates the following

Conjecture 1.9.Let X be a Calabi-Yau threefold and let B be an ample and
base-point-free line bundle. Ther®Bembeds X as a projectively normal variety
if and only if there is a smooth non-hyperelliptic curve C|B® g| for some

S € |B|.

Theorems 1.4 and 1.7 combined with results on global generation of powers
of ample line bundles, such as Ein and Lazarsfeld’s (cf. [EL2]), Fujita’s (cf. [F])
and Kawamata's (cf. [K]), yield the following

Corollary 1.10. Let X be a (smooth) Calabi-Yau threefold and let A be an ample
line bundle. If & > 1, then A*® and A*" satisfy property B for all n > 8. If
A3 =1, then A8 and A°" satisfy property iy for all n > 10.

Proof. The line bundleA®™ is base-point-free i > 4 (cf. [EL2]) and, ifA® > 1
andm > 3, thenA®™ is base-point-free (cf. [F]). We take & one of these
line bundlesA®™. By Riemann-Rochh®(B) > 1B® > 9. Then it follows from
Proposition 1.6 thaB| does not magX onto a variety of minimal degree, except
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maybe one in the cases (4) or (5) in the proposition. This cannot occur either
sinceB is at least three times an ample divisor, which contradicts the descriptions
given in Proposition 1.6. TherefofB| does not magX onto a variety of minimal
degree, and the statement follows from Theorem 1.4, Remark 1.4.2 and Theorem
1.7, except whei® = 1 andn = 11. In that case the result follows from the fact
A®5 separates points by Theorem 1 in [OP] and by [G2], Theoref 4.

To end this section we prove a result regarding very ampleness and projective
normality on Calabi-Yau fourfolds. Recall that Corollary 1.1 tells among other
things that ifX is a smooth Calabi-Yau fourfold ar8 is an ample and base-
point-free line bundle, theB®" satisfies propert\, if n > p +4 andp > 1.
Therefore ifn > 5, B®" satisfies propertyN;, and in particularB®" is very
ample andB®"| embedsX as a projectively normal variety. In the following
theorem we prove that the above holds B$* under certain conditions oB.

Theorem 1.11.Let X be a smooth Calabi-Yau fourfold and let B be an ample and
base-point-free line bundle such that the morphism induce{Bbys birational
onto the image and%{B) > 7. Then B** is very ample andB®*| embeds X as

a projectively normal variety.

Proof. From Observation 1.2 it follows that it suffices to prove the surjectivity
of
HO(B®") @ H(B) — H(B®"™Y)

for all n > 4. Whenn > 5, this follows from [Mu], Theorem 2 and Kodaira
vanishing theorem. Ih = 4, we argue like in the proofs of Theorems 1.4 and
1.7. We consider a smooth cuné obtained by iteratively taking hyperplane
sections in|B|. Then we use Observation 1.3 and silR€* @ ¢ = K¢, the
problem is eventually reduced to checking the surjectivity of the following map
onC,

HO(Ke) @ HOL) 5 HO(Kc @ L),

whereL = B ® . The line bundleL is ample, base-point-fredl. | induces a
birational morphism fronC onto its image, anth®(L) > 4, thus the surjectivity

of « follows from a theorem of Castelnuovo (cf. [ACGH], page 151) which states
that the maB"H (L) ® HO(Kc) — HO(Kc ® L") surjects for alin > 0 under

the conditions satisfied bly.

2. Normal presentation, Koszul rings and higher syzygies

The purpose of this section is to compute Koszul cohomology groups on Calabi-
Yau threefolds and to apply this computation to the study of the ring, equations
and free resolution of those threefolds. The connection between Koszul coho-
mology and syzygies was developed by Green (see [G2]; for a particularly gentle
introduction to the subject see also [L]). We present now the statement we need
for our purposes. LeX be a projective variety, and I&t be a globally generated
vector bundle orX. We define the bundI&: as follows:
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0—-M - HF)®x - F —=0. (2.1)

If L is an ample line bundle oX such that all its positive powers are nonspecial
there exists the following characterization of propexty

Theorem 2.2 .Let L be an ample, globally generated line bundle on a variety X.

If the cohomology group F-(/\pu'1 M. ® L®%) vanishes for alD < p’ < p and all
s > 1, then L satisfies the property,NIf in addition H}(L®") = 0, for all r > 1,
then the above is a necessary and sufficient condition for L to satisfy propgrty N

We use this characterization to prove our results on syzygies. For the proof of
it we refer to [EL1], Sect. 1. Since we are working over an algebraically closed
field of characteristic 0, for our proofs of higher syzygies results we will check

the vanishings oH 1(Mf9p’+l ® L®%) rather than see directly the vanishings of
HYAP ™ML @ L®9).

Before we state the main theorem of this section we state the following lemma
(for the proof, see [GP2], Lemma 2.9):

Lemma 2.3.Let X be a projective variety, let g be a honnegative integer and let
F be a base-point-free line bundle on X. Let Q be an effective line bundle on X
and letq be a reduced and irreducible member|@f. Let R be a line bundle and

G a sheaf on X such that

1. HY(F ® Q%) =0,
2. HO(M(%?@G) ®R® ) @ HY(G) — HO(M(QE%G) ®R® G ® ¢%,) surjects for
alo<g <q.

Then, forall0 < q” < g and all0 < k' <q”,

"_k "—k
HME @ ML @R® ) @HYG) - HIME @Ml © G oR@ )

surjects.
We are now ready the state the following

Theorem 2.4.Let X be a Calabi-Yau threefold. Let B be an ample and base-
point-free line bundle with §B) > 5. Let L = B®P*2% gnd |/ = B®P*2H |f
k,| >0and p> 1, then H(M*"** © L) = 0 and L satisfies property N

Proof. The proof is by induction op. The most important step fs= 1. Consider
the sequence

HML @ L)@ HOL) S HM @ L' @ L)
S HM*2 L) - H(M. @L)oHOL) .
The last term of the sequence vanishes by Theorem 1.4, so it suffices to prove

the surjectivity ofa. For that we use Observation 1.2 . We see therefore that it
is enough to show that
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HOM, @ L) @ HOB) 5 H'M. @ L' @ B)

surjects. LetS be a smooth divisor ifB|. The cohomology groupi (M, ® B)
vanishes because the mapsurjects, as shown in the proof of Theorem 1.4.
Thus by Observation 1.3 it is enough to show the surjectivity of

Applying now Lemma 2.3, we conclude that it suffices to see the surjectivity of
H O(MK®m ® Ké@n) @ H O(KS) i> H O(MK®m ® Ks®n+1) ’
s S

for all m,n > 3. Let C be a smooth curve ifKs| and setG = K™ @ ¢ and
G’ = K&" ® . We apply Observation 1.3 and Lemma 2.3. To apply Lemma
2.3 we need to see that

HY%G) @ H%(9) — HY(G' ® 6) and
HoMg ® G") @ H(0) — HO(Mg @ G’ ® 6)

surject, wherd) = B ® ’¢ is a theta-characteristic. To see the surjectivity of the
first map, note that degd ® °c) + degf > 4¢(C) — 4. Sinceh®(B) > 5, then
h(9) > 3, so the surjectivity follows by [B], Proposition 2.2 or [P], Corollary
4. To see that the second map surjects, noteKat 4 by Nother’s inequality,
and therefore, deG > 3¢(C) — 3 > 2¢(C) + 2. ThusMg ® G’ is semistable by
[B], Theorem 1.12. We see now that the slopevaf @ G’ is bigger than g(C).
SinceH(G) =0,

_ —degG
wMg) = “degG — ¢(C)
therefore
— degG — degG
N=_  T=9~ _3>__  “=9=
(Mg ® G') degG — () +39(C)-3= degG — 4(C) +29(C)+2,

and the last term of the above sequence of inequalities is bigger than or equal to
2g(C) + 1. On the other hand

(Mg © G') de;gefj(c) +39(C) - 3
> 3¢(C)-5
> 24(C)+2¢(C) — deg 6) - 2h(0).

Thus the desired surjectivity follows from [B], Proposition 2.2.
Forp > 1, we write the sequence:

HOMZP @ L)@ HOL) S HM o L' @ L)
= HMPP? @ L) - HY(M @ L) @ HO(L) .

The groupH 1(Mf9p ® L) vanishes by induction hypothesis. By Observation 1.2
we only need to show that
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H'M®P @ L)@ H(B) 5 H'ML @ L' ® B)

surjects. This follows arguing similarly as in the proof of the surjectivitydof
using Observation 1.3, Lemma 2.3 to reduce the problem to checking the surjec-
tivity of multiplication maps onS € |B| first and to checking the surjectivity of
multiplication maps orC € |Ks| eventually, and once we are arguing ©nthe
result follows from [B], Proposition 2.2. We can argue alternatively by induc-
tion to see that) surjects. Indeed, applying [Mu], Theorem 2, the vanishing of
H 1(Mf§p ® L' ® B*) follows by induction and the other two vanishings required
follow from chasing cohomology sequences arising from (2.1) and again using
induction.

Finally, the fact that satisfies propert, follows from the vanishings just
proven, Theorem 1.4 and Theorem Z.2.

Remark 2.4.1.Theorem 2.4 holds foX threefold withKx = 0 andh(c%) =0
by the same arguments as above. Furthermore, the vanishing also hblds if
B®P+2% o N andL’ = B®P*2% @ N’ for nef line bundleN andN’ on X.

Theorem 2.4 says in particular tHa¥" satisfies properti, i.e., that the im-
age of the embedding induced [B*"| is ideal-theoretically cut out by quadrics,
if h°(B) > 5 andn > 3. The bound imposed on®(B) is sharp, since Example
1.5 provides an example in whidf?(B) = 4 andB®2 does not even satisfy prop-
erty No (cf. Theorem 1.4). We present now an example in wHéh satisfies
propertyNp, but not propertyN;:

Example 2.5.Let X be a cyclic triple cover d?® ramified along a smooth sextic
surface and let B be the pullback 6fs(1) to X. The threefold X is a Calabi-Yau
threefold and R(B) = 4. By Theorem 1.7, B® satisfies property N However,
B®2 does not satisfy property,N

Proof. We sketch the proof of the last claim. Assule B®? satisfiesN;. By
Theorem 2.2 the assumption implies

2
HY(/AM.®L®") =0 (25.1)

foralln > 1. LetS € |B| and letC be a smooth curve ifB® ¢¢|. Using (2.1) it
can be seen that both?(M®?®L®"@B*) andH 2(M,®?®LE"®B*® (7s) vanish.
Those vanishings together with (2.5.1) imply trhxii%(/\2 ML L®" @ @) =0.
On the other hand there is an epimorphism between the vector buvdies’c
andM, g, on C. Therefore we have

2
HY (/A Migr @ LE") =0 (25.2)

for all n > 1. It is a well known result by Castelnuovo that a line bundle of
degree greater than or equal t9 21 on a smooth curve satisfies propeMy.
The curveC has genus 4 and ® ¢ has degree 9, hende® ¢ satisfiesNp.
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Thus it would follow from (2.5.2) that ® ¢ satisfies also properti;. But

this contradicts a result by Green and Lazarsfeld (cf. [GL]), which says that a
line bundle cannot satisfy property; if it is the tensor product of the canonical
bundle onC and an effective line bundle of degree 3, as is the cadecoft’:.
Therefore the original assumption (2.5.1) is false hrtbes not satisfies property
N;. O

Remark 2.6.In Theorem 2.4 we dealt with the vanishings needed for property
Np, but in fact the arguments used yield more general cohomology vanishings:
Let X be a Calabi-Yau threefold and let B be an ample and base-point-free line
bundle such that %B) > 5. Then H(Mgen ® - -+ ® Mgen,., ® B®") =0 for all
n>p+2n>3andr,...Np1 > 1.

We show now that the line bundleof Theorem 2.4 embeds the Calabi-Yau
threefold as a variety with a Koszul coordinate ring.

Theorem 2.7.Let X be a Calabi-Yau threefold. Let B be an ample and base-point-
free line bundle with AB) > 5. Let L = B®P*2* gnd I’ = B®P*2H |fk,1 > 0

and p> 1, then the coordinate ring of the image of the embedding inducéd| by

is Koszul.

Sketch of proofWe follow the same philosophy used in other proofs in this
article. The claim follows from results regarding the Koszul property proven for
surfaces of general type in [GP2]. Precisely it follows as a corollary of [GP2],
Theorem 5.14, using [GP2], Lemma 3.4, and Observation 1.3 with the same
strategy used to prove [GP2], Theorem 3.5.

As we did in Sect. 1, we obtain the following corollary for powers of ample
line bundles. The proof is analogous to the proof of Corollary 1.10.

Corollary 2.8. Let X be a (smooth) Calabi-Yau threefold and let A be an ample
line bundle. Let L= A®",

1. If n > 4p+8, then L satisfies propertyjNMoreover, if £ > 1and n> 3p+86,
then L satisfies property N

2. 1fn>12orif A% > 1 and n > 9, the coordinate ring of the image of the
embedding induced %" is Koszul.

Appendix: Singular Calabi-Yau threefolds

Throughout the previous part of this article we have been concerned only with
smooth Calabi-Yau threefolds for reasons of simplicity. In this appendix we show
that our arguments can be adapted without much difficulty to canonical Calabi-
Yau threefolds and that our main theorems hold indeed for them.

There were only two instances in the proofs of Theorems 1.4 and 1.7 when
the assumption of the nonsingularity ¥fwas used. The first of them was when
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we wanted to guarantee the vanishing lb#(B®") for an ample line bundle

B and alln > 0. This vanishing holds as well for Calabi-Yau threefolds with
canonical singularities. The second was to find, firstly a smooth suféaéB|,

and secondly a smooth curé in |B ® %|. If X has canonical singularities, it

is not possible in general to find a smooth surf&m |B|, sinceS could have

(at worst) rational double points, but it is possible to find a smooth cGnia
|IB®¢s| using a Bertini-type argument. Thus the only troublesome point is the use
of Green'’s theorem. However this result can still be applie8 weneral in|B|

if X has canonical singularities, since we can apply it to the desingularization
S of S, for S and S have the same canonical ring. The upshot of all this is
that Theorem 1.4 Theorem 1.7 and Theorem 2.4 hold for canonical Calabi-

Yau threefoldshaving only in account in the case of Theorem 1.7 that there is
another case to add to Proposition 1.6 (6), namely the image lwding a cone
over a smooth 2-dimensional rational normal scroll.

As in the end of Sects. 1 and 2, we state now corollaries regarding powers
of ample line bundles. We use for this purpose a generalization of Ein and
Lazarsfeld’s result on base-point-freeness, carried out by Oguiso and Peternell.
They prove among other things (cf. [OP], Theorems 1(2) and 11(2)) &t is
base-point-free and gives a birational morphism it 5 andA is an ample line
bundle on a Calabi-Yau threefold with terminal singularities and ¥ 7 andA
is an ample line bundle on a Calabi-Yau threefold with canonical singularities.
As corollaries of their result and of [G2], Theorem 4, we recover their results on
normal generation of powers of ample line bundles (see [OP], Theorems I(3) and
[1(3)) and generalize them to normal presentation and higher syzygies. We point
out that [OP], Theorem 3 can also be recovered as corollary of our Theorem 1.7.

Corollary A.1 ([OP], Theorem I, (3)). Let X be a Calabi-Yau threefold witQ-
factorial terminal singularities and let A be an ample line bundle on X. ¥ 40,
then &" satisfies property N

Corollary A.2 (JOP], Theorem II, (3)). Let X be a Calabi-Yau threefold with
canonical singularities and let A be an ample line bundle on X. ¥ 14, then
A®" satisfies property h

As corollaries of Theorem 2.4, we obtain:

Corollary A.3. Let X be a Calabi-Yau threefold witQ-factorial terminal sin-
gularities and let A be an ample line bundle on X. If>n 5p + 10, then A"
satisfies property N Furthermore, if p> 1, the coordinate ring of the image of
the embedding induced b%®"| is Koszul.

Corollary A.4. Let X be a Calabi-Yau threefold with canonical singularities and
let A be an ample line bundle on X. Ifn 7p + 14, then A" satisfies property
Np. Furthermore, if p> 1, the coordinate ring of the image of the embedding
induced bylA®"| is Koszul.
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