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Resumen

De un modo general, esta tesis puede englobarse dentro del estudio de los sistemas de
procesos y, muy especialmente, del estudio de las relaciones entre esos procesos mediante
bisimulacién y simulacion (abreviadamente (bi)simulacion). Ademas, los resultados que
aqui aparecen estan sustentados en gran parte por el marco general de la teoria de
categorias y, més concretamente, en el de las codlgebras en el que Jesse Hughes y Bart
Jacobs propusieron una definicion general de simulacién entre coalgebras. La nociéon de
simulacién entre coalgebras se apoya en los conceptos de orden funtorial y alzamiento
de relaciones; la bisimulacion entre coélgebras es un caso particular de simulacion (en la
que el orden funtorial es la igualdad).

La (bi)simulacion coalgebraica permite disponer de un tnico concepto general cuyas
instancias definen las nociones concretas para sistemas de transiciones (LTS), estructuras
de Kripke, etc. No obstante no todo orden funtorial define una relacion de similitud
correcta pues, en concreto, es necesario que se cumpla la condicién de estabilidad para
asegurar que la composicién de simulaciones es también una simulacioén, y asi garantizar
que la similitud sea una relaciéon transitiva.

Podemos considerar dos partes esenciales en esta tesis: en la primera explotamos la
potencia de la definicion coalgebraica de simulacién para obtener resultados generales,
mientras que en la segunda nos centramos en el estudio de dos nuevas nociones de simu-
lacién que hemos propuesto, pero en esta ocasién desde un punto de vista mas clasico al
estilo de los resultados de van Glabbeek.

En primer lugar, estudiamos bajo qué condiciones las instancias de dichas nociones
categoricas generales de (bi)simulacion permiten traspasar propiedades entre las estructu-
ras relacionadas, es decir, en qué condiciones se puede generalizar al mundo coalgebraico
los resultados clasicos de reflexion y preservacion de propiedades logicas mediante bisi-
mulaciones, y la preservaciéon mediante simulaciones. Nuestra conclusion es que, si bien
para el caso de las bisimulaciones se obtiene la deseada generalizacion, para el caso de la
simulacién es necesario restringir los érdenes que participan en la definicién de simulacién
propuesta de Hughes y Jacobs, obteniéndose en este caso resultados parciales.

También estudiamos como las transformaciones naturales entre funtores permiten
unificar nociones de (bi)simulacion entre distintos tipos de estructuras, obteniendo re-
sultados de representacion de las coalgebras entre los distintos funtores relacionados por
la transformacion natural. En particular, unificamos los sistemas probabilisticos y los
sistemas de transiciones en el modelo de los sistemas de multitransiciones.

Para finalizar la primera parte de la tesis, profundizamos en el estudio de la no-



cion de simulacion coalgebraica y de la condicién necesaria de estabilidad, para llegar
a entender como se pueden definir nociones de simulaciéon dentro del marco coalgebrai-
co que definan relaciones de similitud con buenas propiedades. En concreto, ilustramos
nuestros resultados tedricos definiendo dos nuevas nociones de simulacioén sobre sistemas
de transiciones etiquetados: la simulacion covariante-contravariante (cc-simulacion) y la
simulacion conforme.

La segunda parte de la tesis esta dedicada al estudio de las dos nociones de simulacion
que hemos nombrado. Para las dos nociones de simulacién construimos su caracterizacion
logica y axiomatica. Ademas, para el caso de la simulacién covariante-contravariante,
estudiamos también su estrecha relaciéon con los refinamientos modales sobre sistemas
de transiciones modales (MTS) construyendo transformaciones de los LTS modulo cc-
simulaciéon y los MTS moédulo refinamiento modal, y viceversa. Asimismo, construimos
las formulas caracteristicas de los LTS moédulo ce-simulacion y como estas representan
procesos, es decir, la representacion grdifica de las férmulas.
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Capitulo 1

Introducién

El presente capitulo trata de dar una vision global de la situaciéon actual de la inves-
tigacion en el campo en el que se enmarca esta tesis, asi como su evoluciéon a lo largo
de los anos. Debido a su doble naturaleza se expondra tanto el estado del arte de las
semanticas de procesos, como el de la teoria de categorias, con especial hincapié (sobre
todo) en este segundo caso en el mundo de las codlgebras. Terminamos la seccién con
una muy breve exposicion de las aportaciones de la tesis, que los enlaza con los citados
trabajos previos, los objetivos concretos que nos propusimos resolver en la tesis y, por
altimo, presentamos la estructura del resto de la tesis.

1.1. Semanticas de procesos

Se puede afirmar de manera general que cualquier programa no hace sino manipular
ciertos datos (que vienen dados por una representacion interna determinada) buscando
computar con ellos determinados resultados. Pronto se empez6 a considerar que, si se
queria estudiar con suficiente rigor esas computaciones de los programas, era indispensa-
ble trabajar con abstracciones de dichos datos para asi poder razonar sobre la correccién
de programas mas y mas complejos o, simplemente, demostrar cualquier propiedad in-
trinseca de los mismos.

Los primeros ordenadores (o computadoras, nombre que representa mejor la funcion de
estas maquinas) se construyeron entre las décadas de los 40 y los 50 del pasado siglo XX,
tomando como base teorica el formalismo de las mdquinas de Turing (llamadas asi por su
creador Alan Turing [Tur36]). Todas estas primeras maquinas (por ejemplo el ENIAC de
1946 o el Ferranti Mark 1 de 1951), al igual que el formalismo de Turing, tenian en comin
que la manera en que operaban era secuencial (ver, por ejemplo, la referencia clasica de
Dijkstra [Dij68]), es decir, eran capaces de hacer tinicamente una accion (una evaluacion,
asignacion, célculo, etc) en cada instante, de manera que el flujo del programa era lineal.
Segun se fueron mejorando los componentes de los ordenadores, estos fueron haciéndose
més rapidos y ya en los anos 60, en el ordenador Atlas [KPH61]|, se podian solapar las
operaciones de entrada y salida. Se empezaron a considerar asi las primeras ejecuciones
concurrentes, en las que las maquinas eran capaces de efectuar varias acciones “a la vez”.



Técnicas coalgebricas y categoricas para el estudio de las semanticas de procesos

Cabe mencionar la diferencia subyacente entre paralelismo y multitarea, si bien, a la
postre ambas nociones plantean el mismo problema formal de la concurrencia. Mientras
que el paralelismo implica que distintas computadoras (o sencillamente, procesadores) se
encargan de computos distintos que se realizan simultdneamente, la multitarea se basa en
que una tnica computadora dedica distinto tiempo a distintas acciones que van solapando
su ejecucion.

Este nuevo paradigma de programaciéon concurrente hacia necesaria una teoria que
fuese capaz de permitir razonar sobre estos nuevos programas, mucho mas complejos que
los secuenciales. Ya a principios de los afios 70, existian tres métodos formales principales
para razonar sobre la correccion de los programas [Bae05): la seméantica operacional, la
semantica denotacional y la seméantica axiomética, pero a la hora de intentar modelizar
programas concurrentes, ninguna de estas tres seménticas resulto ser lo suficientemente
expresiva como para proporcionar, de un modo intuitivo, un formalismo adecuado para
razonar sobre sus propiedades.

Fue en 1980 cuando Robin Milner publicé el libro “Calculus of Communicating Sys-
tems” (CCS) [Mil80] dando asi comienzo a la investigacion de las dlgebras de procesos.
Los procesos se definfan usando una sintaxis algebraica y Milner definié su seméantica de
manera operacional, apoyandose para tal fin en el formalismo de Plotkin [Plo81] de los
sistemas de transiciones etiquetados (en inglés labeled transition systems y, abreviada-
mente, LTS), que como el propio Plotkin define, esencialmente son la representacion (en
forma de grafo) de los pasos elementales (las transiciones en este contexto) que van de
una configuracion (de un proceso) a otra configuracion. Ademas, en aquel libro Milner
también definié una relacion de equivalencia entre los procesos, de manera que se tenia
un criterio para que dos procesos sintacticamente distintos fuesen equivalentes. A esta
nocion de equivalencia Milner la denominé equivalencia observacional pues el criterio pa-
ra que dos procesos fuesen observacionalmente equivalentes era que su comportamiento
(es decir, “aquello que el usuario puede ver”) fuese indistinguible.

Justo después de la publicacién del libro de Milner, David Park [Par81] formuld el
concepto de bisimulacion que, en realidad, habia aparecido ya “agazapado” en diversos
trabajos previos [San07]. Este concepto resulté ser la verdadera nociéon de equivalencia
observacional que Milner pretendia definir en CCS pero que, por cuestiones técnicas un
tanto sutiles, este no habia conseguido capturar perfectamente en su primer intento. Afios
después, en 1989, Milner incorporé la definicién de bisimulacién en una nueva version
actualizada de su libro “Calculus of Communicating Systems” [Mil89).

El concepto de bisimulacion fue uno de los grandes avances en la seméantica de pro-
cesos y puede ser definido con cierta facilidad en forma de juego: uno de los jugadores
(el atacante) trata de probar que los dos procesos son distintos eligiendo astutamente la
accion que ejecutara uno cualquiera de los dos procesos, mientras que el otro jugador (el
defensor) tratara de contestar en el otro proceso. Si el atacante no es capaz de derrotar
a su oponente imposibilitdndole a contestar en cierto momento, mostrando asi que am-
bos procesos tienen un comportamiento distinto, entonces queda probada la equivalencia
observacional que dice que ambos procesos son indistinguibles. Como se observa, la filo-
soffa de la bisimulacién es que si no somos capaces de demostrar que dos procesos son
distintos, es porque deben de ser iguales.

Durante esta década de los 80 apareceran otras algebras de procesos, siendo una de
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las mas destacables la presentada por C.A.R. Hoare en otro texto paradigmatico: “Com-
municating Sequential Processes” o CSP [Hoa85], si bien es de destacar la coincidencia
de titulos con el articulo bastante anterior [Hoa78§|, en el que en un marco méas aplicado
aparecian ya algunos de los conceptos principales de los que provino su formalizacién
posterior arriba citada. Al igual que Milner, Hoare us6 una sintaxis algebraica para los
procesos pero, en su caso, la semantica estaba definida de manera denotacional, de forma
que a cada proceso se le asigna su seméntica o “valor” en un dominio adecuado. A la
hora de comparar procesos Hoare no us6 la bisimulacion, sino la seméntica de trazas. El
formalismo de CSP presenta una mayor cantidad de operadores que CCS, pues Hoare
deseaba simplificar la presentacion de procesos complejos. Es interesante resenar el uso
del operador de punto fijo para definir el significado de los procesos recursivos.

Los desarrollos de Milner y Hoare fueron ciertamente independientes, si bien es evi-
dente que tras las primeras publicaciones de ambos, fueron plenamente conscientes de las
ideas y avances que se producian “al otro lado”. Pero al tratarse de sendas formalizacio-
nes de los “mismos” procesos concurrentes, cuyo desarrollo demandaba un cierto marco
comun que facilitara su aplicacion en la préctica, sobre todo durante aquellos primeros
anos fue inevitable una cierta rivalidad basada en la comparacion entre ambas algebras de
procesos (CCS y CSP), tratando de discernir cudl era “la mejor”. Sin embargo, pronto se
encontr6 que el curioso caracter complementario de ambas, que parecian haber buscado
soluciones intencionalmente contrapuestas a cada una de las cuestiones centrales para la
formalizacién algebraica de la concurrencia, no era sino plenamente enriquecedora. Por
el contrario, el estudio combinado de ambas aproximaciones ofrecio, y ofrece atn hoy en
dia, la base inestimable para conocer a fondo los entresijos de este mundo tan apasionante
y complejo como es el de la concurrencia.

Posteriormente han ido apareciendo otras seménticas de procesos, como la propuesta
por Matthew Hennessy en 1988 [Hen88|, en la que de un modo indirecto se presentaba
la metodologia de testing por medio de la cual se observa la seméntica de los procesos
a partir de como reaccionan ante una serie de tests (o pruebas). En este marco dos
procesos se consideran equivalentes si sus respuestas a todos los tests son equivalentes.
Esta metodologia captura quizéds de un modo maés claro la visiéon de los procesos como
cajas negras (black box en inglés), bajo la cual los procesos son meros contenedores del
“artilugio” que los hace evolucionar, y del que no deseamos conocer ningtn detalle interno
(como puede ser su estado): solo se puede observar su comportamiento una vez empotrado
en el test que lo examina.

1.2. Sistemas de transiciones y variantes

Resulta complicado concretar exactamente cuando nacieron los sistemas de transi-
ciones (abreviadamente LTS) que pese (o quizd sea mas correcto decir “gracias”’) a su
sencillez se han convertido en un formalismo de gran utilidad en la disciplina (véase
la figura que recoge la vision esqueméatica de una transicion). Plotkin recogio la
definicion en su famoso articulo de 1981 “A structural approach to operational seman-
tics” [Plo81), [P1lo04] (abreviadamente SOS) pero, como él mismo reconoce, la idea no fue
suya, ya que, aparte de estar fuertemente inspirada en los autématas, el grupo de Viena
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de Landin ya habia usado este formalismo (Landin [Lan66], Ollengren [OII76] y Wegner
[Weg72]). Incluso antes, en la década de los 60, aparecieron las estructuras de Kripke, y
a partir de entonces han aparecido otras estructuras fuertemente ligadas a los LTS como
pueden ser los sistemas modales [LT88| o los sistemas miztos [DGGIT, Dam96|, y mas
recientemente los interface automata |[dAHOIL].

Figura 1.1: La visién esquemaética de una transicién segin Plotkin y publicada en

SOS [Plondl.

Los sistemas de transiciones modales (abreviadamente MTS y a veces denominados en
la literatura especificaciones modales) fueron introducidos por Larsen y Thomsen [LT8S|
en 1988. Larsen y Thomsen consideraban que los LTS no ofrecian suficiente versatilidad
a la hora de especificar procesos ya que no permiten distinguir entre comportamientos
requeridos y aquellos que son simplemente sugeridos o permitidos. Asi nacieron los MTS,
donde esencialmente seguimos teniendo un LTS pero con dos tipos distintos de transi-
ciones: las que imponen comportamiento (las denominadas must) y aquellas que indican
que determinado comportamiento es posible o esta permitido (las denominadas may).
Como resulta natural, en los MTS todo comportamiento impuesto es, en particular, un
comportamiento permitido.

Dos afios mas tarde, en 1990, Larsen y Xinxin [LX90] vieron que los MTS se podian
aplicar para resolver algunos tipos de sistemas de ecuaciones. En concreto, los auto-
res demostraron que el conjunto de soluciones de cierto tipo de ecuaciones se podia
representar con un sistema de transiciones modal disyuntivo en el que se permiten tran-
siciones must que modelizan disyunciones entre estados y acciones, las cuales indican
que se debe implementar al menos una de ellas. Recientemente, en 2006, Schimdt y Fe-
cher [Sch06al, [Sch06b), [FS08] presentaron una variante de estos altimos: los denominados
sistemas de transiciones modales one-selecting. En ellos esa disyuncién se interpretaba de
manera exclusiva (habia que implementar una, y solamente una, de esas disyunciones);
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asimismo incluyeron disyunciones con la modalidad may.

En 1993, Cerans, Godskesen y Larsen [CGL93| extendieron el modelo de los sistemas
de transiciones modales anadiéndoles tiempo como una variable real, para definir las
especificaciones modales con tiempo. Los autores también desarrollaron su propia herra-
mienta de verificacion (llamada EPSION) para trabajar con este formalismo. En 1996
Dams [DGGI7, [Dam96] definio los sistemas de transiciones miztos (MiTS) o especifi-
caciones mixztas. Al igual que en los MTS, en los MiTS existen dos tipos distintos de
transiciones pero, en este caso, las dos no estédn relacionadas entre si. De este modo,
los sistemas de transiciones miztos generalizan a los sistemas de transiciones modales.
Pese a que no exista una relacién entre los comportamientos permitidos y los impuestos,
los sistemas miztos, como se indica en |JAHLT0§|, siguen siendo un modelo ttil para
modelizar distintas situaciones, como detallaremos en la pagina

Emparentados en cierto sentido con los sistemas de transiciones modales, estan los
interface automata (o IE de manera abreviada) que Luca de Alfaro y Thomas Henzinger
definieron en 2001 [dAHOI]. Estos son, a su vez, una sutil variacion de los autdmatas con
entrada/salida, que Nancy Lynch definié en [Lyn88|, que se diferencian principalmente
de los autématas usuales en que incluyen tres tipos de acciones: entradas, salidas e
internas. Esta variacion entre los automatas con entrada/salida y los interface automata
es esencialmente un cambio de filosofia, que evidentemente acarrea diferencias profundas
en la semantica de los dos formalismos. Los autématas con entrada/salida se centran en
una vision “pesimista’ del entorno, de manera que se asume que el autémata debe ser
capaz de aceptar cualquier entrada en cualquier estado (la condicion de input enabled),
mientras que los interface automata asumen una vision “positiva”’ del entorno, en la que
el automata puede rechazar algunas entradas en determinados estados.

Recientemente, en 2007 Larsen, Nyman y Wasowski [LNWO7] unificaron los forma-
lismos de MTS e IE en los denominados modal I/0 automata que, esencialmente, son
interface automata en los que sus transiciones tienen las modalidades may y must.

1.3. Teoria de categorias y coalgebras

La teoria de categorias fue introducida en 1945 por Samuel Eilenberg y Saunders
MacLane en su articulo “General theory of natural equivalences” [EM45|, aunque en
realidad algunos de los conceptos basicos como el de funtor y transformacion natural
aparecieron en un articulo anterior [EM42] de los mismos autores, con las definiciones
limitadas a grupos. De hecho, fue el deseo por parte de Eilenberg y MacLane de abstraer
los conceptos en [EM42] lo que les llevo a crear desde practicamente la nada la teoria
de categorias. A la hora de dar nombre a los nuevos conceptos que definieron, Eilenberg
y MacLane se inspiraron en la filosofia y, asi, tomaron prestada la palabra funtor del
filosofo Rudolph Carnap [Car], y la palabra categoria de los escritos de Aristoteles o
Immanuel Kant.

Inicialmente, la teoria de categorias parecia estar més bien abocada a ser un mero
lenguaje unificador (una sintazis abstracta, como se denominaba en algunos casos) y, de
hecho, durante la primera mitad de los anos 50, fue este uso de mero lenguaje matemé-
tico el que se le dio a esta nueva teoria, que estaba siendo aplicada durante esos anos
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principalmente en el campo de la topologia algebraica.

Todo cambié cuando en 1957 Alexandre Grothendieck publicé el articulo titulado “Sur
quelques points d’algébre homologique” [Gro57] en el que el papel que desempenaba la
teoria de categorias no era tinicamente el de mero lenguaje, sino el de herramienta bésica
para la construccién de nuevas teorias, que luego el autor aplicé dentro del campo de la
geometria algebraica. A Grothendieck le sigui6 un ano después Daniel Kan, que publicd
un articulo [Kan58| en el que definié el concepto de adjuncion para aplicarlo dentro de
la teoria de homotopias.

Como deciamos antes, a la hora de razonar sobre un programa debemos trabajar con
abstracciones de los mismos. Fue a partir de los anos 70 cuando diversos autores vieron
que la teoria de categorias podia aplicarse dentro del campo de las ciencias de la compu-
tacion para obtener diferentes abstracciones de los programas. Como se cuenta en [Jac],
Arbib, Manes y Goguen estudiaron el trabajo de Kalman [KFA69| y se percataron de
que algunos de sus resultados podian ser generalizados usando teorfa de categorias.

Por aquel entonces, Joseph Goguen junto con Thatcher, Wagner y Wright [GTWWT77],
habian observado que en las ciencias de la computacion la proliferacion de las distintas
semanticas (operacional, denotacional, axiomatica, puntos fijos y un largo etcétera), habia
hecho aparecer demasiados conceptos matematicos nuevos un tanto extranos, que aunque
tuvieran relativa utilidad descriptiva, su base formal ultima y la relacién de las distintas
definiciones entre si no estaban nada claras.

En concreto, podemos citar un parrafo de la introduccion del articulo [GTWWTT]:

In the past few years there has been quite a proliferation of formal seman-
tics for programming languages, or at least of different descriptive terms, for
example, operational, interpretive, fized point, predicate calculus, denotatio-
nal, algebraic, mathematical, synthesized, W-grammar, axiomatic, inherited,
declarative, continuation, process, and now initial algebra semantics. Moreo-
ver, mathematical concepts, said to be deep, or strange, or new, are asserted
to be relevant, for example, continuos lattices, iterative algebraic theories, in-
finitary logic, and bicategories. This is quite perplexing. How do these things
fit together, if at all? In fact, what is “syntax”; what is “semantics”?

En la anterior cita, queda de manifiesto que a los autores de [ETWWT7]| les preocu-
paba especialmente que, pese a toda aquella proliferaciéon de conceptos, atin no estuviese
suficientemente claro qué era la sintazis y qué la semdntica. Para relacionar la sintaxis y
la semantica, los autores trabajaron con dlgebras, explotando la propiedad de inicialidad
de estas. Esta propiedad de inicialidad viene a decir que, dentro de la familia de todas las
algebras con unas determinadas propiedades “sensatas”, existe siempre un algebra que
es, en cierto sentido, la mas pequena (el dlgebra inicial), cumpliendo la propiedad de
que para cualquier otra algebra de la familia existe un tnico morfismo que llega a esta
partiendo del algebra inicial (o sea, que podemos distinguir en toda algebra mayor una
parte que se corresponde exactamente con la inicial).

Para Goguen y el resto de autores de [GTWWT7], la sintaxis de una estructura de un
lenguaje de programacion (por ejemplo un array o una lista) no era mas que un dlgebra
inicial, y cualquier otra algebra de esa clase definia la semantica de esa estructura. Ese
dnico homomorfismo desde la sintazis de la estructura hasta su semdntica define la
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funcién seméntica. Asi naci6 la especificacion algebraica, que en particular nos permite
referirnos a todos los tipos abstractos de datos que se manejan en programacion sin
necesidad de preocuparnos de ninguna representacion interna concreta.

Una década después, en 1980, Arbib y Manes publicaron “Machines in a category”
[AMS0], en donde aparecen por primera vez los conceptos abstractos de estado, com-
portamiento o alcanzabilidad, entre otros, pese a que la propia nocién de codlgebra no
apareci6 ain de forma explicita.

Para terminar, seria inexcusable no referenciar el libro “Non-well-founded Sets” pu-
blicado en 1988 y escrito por Peter Aczel [Acz88]. Como el propio Aczel comenta, la
inspiracion le llego al leer a Milner y su trabajo sobre CCS. Los procesos de CCS podian
tener transiciones circulares, de manera que al intentar otorgarles semantica, esta no se
podia definir usando simplemente el concepto de limite, ya que se vulneraba el axioma de
fundacion. El axioma de fundacién es uno de los pilares de la teoria de conjuntos clasica
y viene a decir que para cada conjunto x no existe una cadena infinitamente descendente
de conjuntos

LLETRE...EX2E€ETLET)=T.

La propuesta de Aczel fue definir el azioma de anti-fundacion, es decir, el axioma dual
al de fundaciéon (ver [RT92] para una presentacion formal de esta dualidad entre los
axiomas). A partir de este nuevo axioma, Aczel definié también el concepto dual al de
4lgebras, dando lugar a las denominadas codlgebmsﬂ Aparecen de inmediato las codlge-
bras finales, que de nuevo, son el concepto dual al de las algebras iniciales. Ademas, si la
manera de razonar sobre algebras es la induccion apoyandose en el axioma de fundacion,
Aczel caracterizo a partir del axioma de anti-fundacion el concepto de coinduccion. Una
instancia concreta de las definiciones mediante coinduccion resultd ser la definiciéon de
bisimulaciéon de Park [Par81]. Estrictamente hablando, la generalizacién al mundo ca-
tegorico del concepto de bisimulacién aparecié un ano después, pese a que en espiritu
ya estaba en la obra de Aczel, en el corto articulo [AM89]. En dicho trabajo, el propio
Aczel, con la ayuda de Mendler, demostro el teorema de existencia de coélgebras finales
(enunciado en [Acz88]) y se anadia, ademas, la citada definicion de bisimulacion para
coalgebras, como un caso de coinduccion.

A lo largo de estos anos han aparecido muchos otros articulos que aplican la teoria
de categorias a las ciencias de la computaciéon. En el contexto de esta tesis, caben des-
tacar los trabajos de Rutten que aportan los fundamentos de las seménticas basados en
codlgebras [RT93l [TR98] o sus trabajos sobre la coalgebra universal [Rut00]. Ademas,
son especialmente interesantes los tutoriales de Rutten y Bart Jacobs [JRIT, [Jac| sobre
coalgebras y coinduccion, asi como las referencias que se encuentran en ellos.

1.4. Esta tesis

Inicialmente esta tesis nacié a partir de mi interés en conocer mas profundamente
los formalismos tedricos que podian aplicarse al estudio de la informéatica. En mi primer
ano en el programa de doctorado de la Facultad de Informaética, David de Frutos me
recomend6 que leyera una serie de tutoriales que trataban el tema de las coalgebras,

1En este caso concreto las F-coalgebras.
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que él mismo estaba estudiando en aquellos momentos. Se trataba en concreto de los
tutoriales de Rutten [Rut00, Rut01l [TR97]. En [Rut01], pese a centrarse mas en el uso
de las cadenas (streams, en inglés), se ponia de manifiesto la naturalidad del uso de las
codlgebras para el estudio abstracto de los programas; mientras que en [JRI7| y [Rut00] se
hacia un estudio méas profundo y general de los conceptos bésicos de coélgebras/algebras,
finalidad /inicialidad y coinduccién/induccion. En aquellos primeros pasos también me
resulté especialmente tutil el libro que estaba escribiendo Jacobs [Jac] (iniciado en 2005
y que debido a su exceso de celo en abarcar por completo el tema atn hoy sigue en
desarrollo). Ahi ya pude ver como de un modo relativamente sencillo se podian definir
los sistemas de transiciones, los autdmatas y otros muchos formalismos abstractos de la
teoria de la computaciéon en el marco coalgebraico.

Ademas, en el tutorial de Jacobs [Jac], aparecia una definicion coalgebraica alternati-
va de bisimulacion y se inclufan (aunque muy de pasada) algunos detalles de la definicion
coalgebraica de simulacion. Aquello parecia una via muy interesante y prometedora de
estudio. David de Frutos estaba dirigiendo a la vez la tesis de Carlos Gregorio Rodri-
guez, una de cuyas lineas de trabajo estaba dedicada a la unificaciéon del espectro linear
time-branching time de van Glabbeek [vG01], por lo que ademés parecié que el estudio
coalgebraico podria complementar ese trabajo.

Mi produccion cientifica comenzé con mi trabajo de tercer ciclo [Fab06], donde trata-
mos de trasladar los resultados clasicos de reflexion y preservacion de propiedades logicas
via bisimulaciones [vB76] y el de reflexién via simulaciones usando el marco categorico.
Buena parte de la inspiracién para obtener los resultados de reflexion en simulaciones
vino de la tesis de mi co-director, Miguel Palomino [Pal05]. Si bien los resultados cla-
sicos se pudieron trasladar satisfactoriamente al marco coalgebraico en el caso de las
bisimulaciones, tuve que afrontar mi primer (serio) obstaculo a la hora de estudiar en
qué circunstancias las simulaciones categoricas reflejaban (o preservaban) las propiedades
logicas.

Mis directores y yo llegamos a la conclusiéon de que la excesiva generalidad de la
definicién de simulacion categorica propuesta por Hughes y Jacobs [HJ04] era (en cierta
medida) la “culpable” de que solo hubiésemos podido obtener resultados parciales. Surgié
asi la busqueda de una nocién més restrictiva, aunque todavia suficientemente general
de simulacién categorica, que facilitara a las mismas unas propiedades comunes mejores.

Junto a esta buisqueda continuamos con la tarea de unificaciéon de las seménticas linea-
les, ahora desde el enfoque categorico. La idea fue, justamente, aprovechar la amplitud
de la definicién de simulacién coalgebraica para cubrir diversas nociones de simulacién
que capturasen nuevas propiedades interesantes dentro del marco de los sistemas de tran-
siciones. Al capturar dichas nociones dentro del marco general se simplificaron o incluso
se hicieron innecesarias las demostraciones de los resultados sobre las mismas, al poder
ser abordadas de una vez por todas al estudiar los resultados en el marco general.

De esta manera quedaron construidos los hilos conductores de la tesis en la que nos
propusimos un viaje a dos bandas: una categorica y general; y otra algo mas concreta y
aplicada, dedicada al estudio de nuevas seméanticas de procesos.

8



Introducion

1.4.1. Objetivos de la tesis

De una manera global y general se puede decir que el terreno en el que se mueve
la presente tesis es el del estudio general de las seménticas de procesos en el marco
categorico, haciendo un especial hincapié en el estudio de las relaciones entre estas; es
decir, un estudio de las relaciones de bisimulacion y simulacion (o abreviadamente, como
muchas veces escribimos, (bi)simulacion).

En la seccion 2] veremos los principales conceptos del mundo clésico de las semanticas
de procesos, y resumiremos brevemente las contribuciones principales de autores como
Hoare, Milner o Hennessy, para posteriormente, ver con un mayor detalle los distintos
modos de describir el comportamiento de los procesos. Si bien no pretendemos tratar de
un modo exhaustivo todas las presentaciones posibles, si que explicaremos algunas de las
mas utilizadas, como son los sistemas de transiciones (seccion y los sistemas mo-
dales (seccion , y trataremos también diversas estructuras que manejan acciones de
entrada y salida (seccion [2.1.3) o las estructuras de Kripke y los sistemas de transiciones
probabilisticos (seccion A lo largo de las descripciones de estos sistemas destaca-
remos las dos maneras candnicas que existen para comparar procesos: la equivalencia de
bisimulacién y el orden de simulacién. Pero, como veremos, a lo largo de la literatura
estas definiciones se han realizado de manera ad-hoc para cada tipo de estructura (LTS,
estructuras de Kripke, etc), sin disponerse de un marco comun que facilitara el estudio
de todas ellas a un mismo tiempo.

Por otro lado, dedicaremos la seccion [2.2] a la presentacion de los conceptos basicos
de la teoria de categorias que hemos aplicado a lo largo de nuestra investigacion y, mas
concretamente, a los que se refieren a las coalgebras. Tampoco haremos un recorrido
exhaustivo de la disciplina, pues basta echarle un vistazo a libros como “Category theory
for the working mathematician” [Mac98| para comprobar lo amplio de este mundo cate-
goérico y la ingente cantidad de conceptos que en él se pueden formalizar, por lo que nos
centraremos tnicamente en aquellos que se utilizan en nuestras publicaciones. Dentro de
este marco categoérico veremos los distintos modos existentes de generalizar la nocién de
bisimulacién (seccién y simulacion (seccion y como, en particular, el marco
categorico permite tener un tinico concepto (general) de (bi)simulacién, cuyas instancias
(particulares) definen las nociones concretas para LTS, estructuras de Kripke, sistemas
probabilisticos, etc.

Ademas, prestaremos un especial cuidado al explicar como la semantica de procesos
clasica de CCS motivo a Peter Aczel para definir las F'-coalgebras y la bisimulacion entre
LTS, como una instancia del principio de coinduccion (pagina . De este modo que-
daré patente lo estrecho que es el nexo que une al mundo de las seméanticas de procesos
con la teoria de categorias. Por lo tanto, resulta logico estudiar mas en profundidad este
nexo de union entre estas dos teorias, que comparten tantos puntos vecinos (bisimula-
cion/coinduccion, sistemas de transiciones/codlgebras, etc). Precisamente fue el deseo de
comprender mejor esta relacion el que nos propusimos saciar al abordar la presente tesis.

Para entender mejor la relaciéon entre las codlgebras y las semanticas de procesos, de-
cidimos empezar estudiando las propiedades esenciales de las relaciones de (bi)simulacion
entre coalgebras. El interés de los posibles resultados que pudiésemos obtener con nues-
tro estudio entendiamos que radicaria en el alcance categorico de la nocion de coalgebra,
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que hace que no estemos trabajando exclusivamente con sistemas de transiciones, sino
con toda la familia de estructuras matematicas que pueden definirse como coalgebras
(sistemas de Kripke, automatas, arboles, etc). Por ello nos propusimos mantener siempre
la mayor generalidad posible, para asi abarcar la mayor coleccién posible de situaciones.

La piedra angular de nuestra investigacion la han constituido las (bi)simulaciones ca~
tegoricas. Aunque existen distintas aproximaciones a su definicion, al final todas resultan
ser equivalentes (como en el caso de la bisimulacién) o coinciden en los casos més in-
teresantes, que ademés son los que tienen buenas propiedades (el caso de la simulacion).
Por otro lado mientras que el concepto de bisimulacién coalgebraica es, en cierto sentido,
preciso y tinico siendo una clara generalizacion del correspondiente para los sistemas de
transiciones, el de simulaciénes es sin duda alguna mucho méas “abierto”; pues si acep-
tamos la nocion de simulacion categoérica de Hughes y Jacobs, no se puede garantizar
siquiera que las nociones de similitud inducidas sean siempre transitivas.

Un réapido vistazo a la nocién categdrica de simulacién nos permitié ya observar que
si bien el concepto clésico de simulacién puede verse como “la mitad” de la bisimulacioén,
en el mundo categoérico la simulacion incluye como caso particular en su definicion a la
propia bisimulaciéon. Era esta generalidad de la definiciéon de simulaciéon de Hughes y
Jacobs (aunque quizas llegue a ser excesiva) la que, desde nuestro punto de vista, hacia
especialmente interesante su estudio, por lo que todos nuestros esfuerzos se concentraron
en ella durante la primera parte de la investigacion.

En concreto, parecia interesante estudiar en qué casos las instancias de dichas no-
ciones categoricas generales de (bi)simulacion permitian traspasar propiedades entre las
estructuras relacionadas. Contando con los resultados previos de mi co-director Miguel
Palomino en su tesis [Pal05], result6 natural centrarnos en las propiedades que pueden
expresarse como formulas ldgicas. Surgi6 asi el primer objetivo de la tesis:

1 Estudiar si la simulacion coalgebraica se comporta del mismo modo que la cldsica
en relacion a sus propiedades logicas; y en qué medida podemos aislar nociones de
simulacion dentro de este contexto categorico que compartan todas las propiedades
deseables de la semdntica cldsica.

La segunda gran via de nuestra investigaciéon surgié de manera natural de la primera.
Una vez que nos habiamos propuesto el estudio detallado de la simulaciéon categorica
de Hughes y Jacobs, comprobamos que esta admitia como casos particulares una gran
variedad de semanticas, ademas de la generalidad de las estructuras sobre las que estas
se pueden aplicar.

Partiendo de esta constataciéon elaboramos nuestro segundo objetivo que, a su vez,
puede dividirse en dos puntos:

2.1 La presentacion unificada de las distintas nociones de simulacion previamente co-
nocidas dentro del marco categdrico.

2.2 El estudio de nuevas semdnticas de simulacion entre procesos.

Los distintos tipos de sistemas de transiciones, junto con las relaciones de (bi)simulacion
que veremos en la seccién son la base de este estudio, que nacié como consecuencia
de nuestro deseo original de encontrar una nocioén candnica de simulaciéon (categorica),
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pero luego se desligd en parte de este marco general para centrarse en el estudio de ciertas
semanticas de procesos.

Organizaciéon de la tesis

De acuerdo con el punto 4,4 de la Normativa reguladora de estudios universitarios ofi-
ciales de postgrado de la Universidad Complutense, la presente tesis se acoge al formato
de coleccion de publicaciones. Existen dos motivos principales para que entendamos que
esta es la decision adecuada. En primer lugar practicamente toda la investigacion que he-
mos realizado en la materia ha sido ya publicada en las actas de congresos internacionales
de reconocido prestigio, lo que garantiza que el trabajo aqui presentado ha sido no solo
revisado por mis directores y yo mismo, sino que también ha pasado por las revisiones
de los congresos y, ademas, ha sido ampliamente discutido en los mismos. En segundo
lugar, la propia coleccién de publicaciones tiene suficiente cohesion y relacién entre si
como para justificar que no estamos ante una mera coleccion de publicaciones dispares,
sino que podria verse perfectamente como la coleccion (casi) completa de publicaciones
a las que podria haber dado lugar una tesis presentada conforme al formato “clasico”.

Previamente a la presentaciéon de esos articulos, en el capitulo [2] veremos una intro-
duccién de los conceptos basicos necesarios para la correcta comprension de los mismos.
Haremos especial hincapié en los dos pilares esenciales de la tesis: las semanticas de
procesos (seccion y la teoria de las coalgebras (seccion . En cada uno de ellos dis-
cutiremos todos aquellos aspectos que se relacionan con las publicaciones que conforman
el nacleo de la tesis.

En el capitulo [3] detallamos los resultados y la relacion existente entre las distintas
publicaciones que componen la tesis. El siguiente capitulo [d] propone una pequeiia mirada
a lo que esperamos sea la continuacion de nuestra investigacion en el futuro cercano,
presentandose las conclusiones de la tesis.

Por fin, en el capitulo [5] presentamos las siete publicaciones que conforman el niicleo
de la tesis. Estas se disponen en dos bloques para senialar su diferente caracter de acuerdo
a los dos objetivos centrales de la tesis: las tres primeras son las publicaciones de corte
mas categorico, mientras que las cuatro restantes son las publicaciones que hablan sobre
las nuevas semanticas de simulacién que hemos definido.

Por comodidad a lo largo de la tesis (y mas concretamente en el capitulo nos
referiremos a los articulos con los siguientes nombres:

Publicaciones del bloque categorico:

- Cl: “Reflection and preservation of properties in coalgebraic (bi)simulations”. Pu-
blicado en el congreso ICTAC en 2007. Pagina

- C2: “Non-Strongly Stable Orders Also Define Interesting Simulation Relations”.
Publicado en el congreso CALCO en 2009. Pagina y

- (C3: “Multiset bisimulations as a common framework for ordinary and probabilistic
bisimulations”. Publicado en el congreso FORTE en 2008. Pagina [T17}
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Publicaciones del bloque que trata sobre nuestras nuevas seméanticas de simulacion:

- S1: “Relating modal refinements, covariant-contravariant simulations and partial
bisimulations”. Publicado en el congreso FSEN en 2011. Péagina

- S2: “Graphical representation of covariant-contravariant modal formulas”. Publica-
do en el congreso EXPRESS en 2011. Pégina [149]

- S3: “Logics for Contravariant Simulations”. Publicado en el congreso FMOODS-
FORTE en 2010. Pagina y

- S4: “Equational Characterization of Covariant-Contravariant Simulation and Con-
formance Simulation Semantics”. Publicado en el congreso SOS en 2010. Pagina[l72]

Finalmente, en el Apéndice [A] se incluyen las versiones extendidas de algunas de
nuestras publicaciones, en las cuales se expanden algunas demostraciones y se detallan
algunos de los resultados de las versiones publicadas. En todos los casos estas versiones
extendidas fueron en realidad nuestros trabajos de base, de las que en funcién de las
limitaciones habituales de espacio en las actas de los congresos donde se publicaron, se
extrajeron las versiones publicadas. Por ello mismo sirvieron de hecho como ratificacién
de los resultados presentados en los articulos, siendo facilitadas en su dia a los revisores
junto con las versiones publicadas para que pudieran examinarlas si lo consideraban
oportuno a la hora de valorar los mismos.
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Capitulo 2

Conceptos fundamentales previos

En el presente capitulo expondremos las definiciones y conceptos basicos necesarios
para la correcta comprension de la investigacion que ha dado pie a esta tesis.

Actualmente, la informatica se ha convertido en una importantisima herramienta en
el dia a dia de cualquier persona y los ordenadores ya no se utilizan tnicamente en el
campo militar (para tratar de descifrar codigos enemigos, como en sus origenes). Desde
los actuales méviles, con potencia superior a los ordenadores convencionales de hace
cinco anos, hasta los PC’s, estamos tan rodeados de computadoras que ya no es raro
encontrarse con noticias en las que diversas desgracias se achacan a los denominados
errores informdticos (caidas de sistemas, comportamientos erréoneos no esperados, es
decir, los denominados bugs, etc) que hacen perder millones de euros a las empresas
de todo el mundo. Por lo tanto, cada vez tiene méas sentido el estudio formal de la
computacion que, como meta més general, trata de ayudarnos a comprender mejor qué
y como computan los programas informaticos.

De un modo general, esta tesis puede englobarse dentro del estudio de los sistemas
de procesos y, muy especialmente, del estudio de las relaciones entre esos procesos. Este
estudio estd ademés sustentado en gran parte por la generalidad y potencia de la teoria
de categorias y, mas concretamente, de las codlgebras. Por ello, este capitulo introductorio
comienza explicando los conceptos basicos de la teoria de procesos, asi como distintas
maneras de representarlos, como pueden ser los sistemas de transiciones, para posterior-
mente introducir todos aquellos conceptos de la teoria de categorias y las codlgebras que
nos permitiran extender muchos de los conceptos anteriores a este marco mas general y
elegante.

2.1. Seméanticas de procesos

Como comentabamos en el capitulo[l] la teoria de las seménticas de procesos surgio al
final de la década de los 60 del pasado siglo, ante la necesidad de proporcionar una teoria
que permitiese un estudio satisfactorio de los procesos concurrentes. Aquellos primeros
trabajos corresponden a los autores Edsger W. Dijkstra [Dij68|, en cuanto al estudio de
los procesos secuenciales, pero ya con ideas del nuevo formalismo de los procesos concu-
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rrentes, y C.A.R. Hoare [Hoa78]|, que ya defini6 y trabajoé con este nuevo tipo de procesos.
En estos primeros articulos los procesos se ven como la mera descripciéon de un compor-
tamiento que, a su vez, puede dividirse en otros subprocesos (o subcomportamientos)
eventualmente ejecutables en paralelo.

Evidentemente, segin fueron pasando los anos el concepto de proceso fue puliéndose y
el modelo se fue ampliando para incluir operadores que permitiesen trabajar con el tiem-
po, probabilidades, prioridades, etc. Nosotros no pretendemos hacer un repaso exhaustivo
de las seménticas de procesos propuestas a lo largo de la literatura, sino centrarnos en
la manera en que la seméantica operacional de un proceso puede ser definida. Por ello,
en esta seccion vamos a resumir todos aquellos conceptos referentes a los sistemas de
transiciones, asi como algunas de sus variantes, en especial los conceptos referentes a los
sistemas de transiciones modales y mixtos.

2.1.1. Sistemas de transiciones y (bi)simulaciones

Gordon Plotkin publicé en 1981 el articulo “A structural approach to operational
semantics” [Plo81), [Plo04] en el que se introducen por primera vez los sistemas de tran-
siciones como representacion de los procesos, proporcionando la seméantica operacional
(formal) de los mismos. Aunque ya hemos comentado en la secciéon que esta manera
de representar procesos no era nueva, lo que si que fue novedoso fue que Plotkin defi-
ni6 las transiciones de los sistemas por medio de una serie de reglas estructuradas, de
manera que el comportamiento del programa completo estaba caracterizado por el com-
portamiento de sus partes (o sea, de un modo composicional). Este formalismo disponia
de una serie de operaciones definidas en el plano sintactico que permitia la composicién
para dar lugar a otras operaciones. Podemos decir que la seméantica operacional de un
programa define de un modo formal la secuencia de pasos (o transiciones) que se han de
dar para su ejecucion.

Aunque normalmente a lo largo de la tesis hablaremos sencillamente de sistemas
de transiciones, en realidad con este nombre nos referiremos a la nociéon clasica de los
sistemas de transiciones etiquetados (o, abreviadamente, LTS del inglés Labeled Transi-
tion Systems), en los que cada transicion tiene uno o varios nombres (o etiquetas) que
corresponden a cada accién a perteneciente a un cierto alfabeto A. Es decir:

Definicion 2.1.1. Un sistema de transiciones etiquetado, o LTS, es una terna A =
(X, A, —) donde X es su conjunto de estados, A es su conjunto de etiquetas o acciones,
y— CAx X x X es su relacion de transicion.

Generalmente se denota por x — 2’ el que (a,z,1") €—, en cuyo caso diremos que
z' es un a-sucesor de x.

Destacamos que los LTS finitos sin bucles y finitamente ramificados, es decir, aquellos
en los que X es finito, ninguno de sus estados tiene una cantidad infinita de sucesores y
desde ninguno de los cuales puede regresarse al mismo estado via una secuencia de tran-
siciones, pueden describirse sintacticamente por medio del dlgebra de procesos BCCSP
cuya definicién damos a continuacion.
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Definicion 2.1.2. Dado un conjunto de acciones Act, el conjunto de procesos p en forma
BCCSP se define con la gramdtica expresada en forma de Bakus-Naur por medio de

px=0|ap|p+p,

donde a € Act.
0 representa al proceso que no ejecuta ninguna accion (en otras dlgebras representado
por stop o nil), ap es el prefijo secuencial de acciones y + es el operador de eleccion.
La semdntica de los procesos BCCSP se define por medio de las siguientes reglas:

a 12 a /
ap == p =L 44
p+q—p p+q—4q

El tratamiento de los procesos infinitos e infinitamente ramificados es, como parece
logico, bastante mas complicado. Ya Hoare en CSP [Hoa85| introdujo el operador de
punto fijo fir para definir procesos infinitos. Podemos considerar que los procesos asi
definidos se corresponden con “la menor solucién” de determinada ecuacién. Mas adelante,
en la seccion 2.2} veremos como las codlgebras nos permiten trabajar de un modo sencillo
con procesos infinitos.

Bisimulaciones

Cuando Plotkin introdujo las semanticas operacionales en 1981 [Plo81], una de sus
preocupaciones fue la de que segtin se observase mas o menos un sistema de transiciones,
la interpretaciéon que obteniamos del mismo podia cambiar sustancialmente. Del mismo
modo Robin Milner consider6 ya en 1980 [Mil80] en su primera version de CCS que dos
procesos podian ser sintdcticamente muy distintos pero sus comportamientos idénticos.
Su nocion de comportamientos idénticos quedaba formalizada en dicho texto mediante
la siguiente definicion inductiva de equivalencia observacional.

Definicién 2.1.3. Sea A = (W, A,—) un LTS. Se define la semantica observacional
sobre su conjunto de estados W ~, de la siguiente manera:

n ~vg= W X WL
" S~y t paran >0 si:
1. para todo s' con s — ', existe un t’ tal quet ——t' ys' ~p,t', y
2. para todo t' cont —— t', existe un s’ tal que s — 5" y s’ ~, t'.
~,= ﬂTLZO ~p .

Nota 2.1.1. La idea intuitiva que Milner pretendia capturar era que p ~, q se tendria
st fuera imposible distinguir los procesos p y q en un numero finito de pasos.

Robin Milner terminaba aquella primera version de CCS en la Universidad de Edim-
burgo, en la que David Park iniciaba un ano sabatico. Park era un experto en las teorfas
de punto fijo y, gracias a ello, se percato de que aquella primera definicién de equivalencia
observacional que hizo Milner no resultaba adecuada en todos los casos, al no poder ser
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presentada mediante un punto fijo. Para arreglar este pequeno (pero siempre importante)
error, Park propuso la siguiente formulacion coinductiva de la seméntica observacional
que Milner incluyé en su posterior edicion de CCS en [Mil89).

Definiciéon 2.1.4. Dados dos sistemas de transiciones etiquetados A = (X, A,—) y
B=(Y,A,—), una bisimulacion R es una relacion binaria R C X xY tal que si xRy:

» Six 2 2’ entonces existe y' €Y tal que y — 4 con z' Ry’ .
» Siy -2 9 entonces existe ' € X tal que x — ' con 'Ry’.
A la union de todas las bisimulaciones se le llama bisimilaridad.

La definicion inicial de equivalencia observacional propuesta por Milner no coincide
con la bisimulacion, aunque no por el hecho puramente cosmético de que en su definicién
se manejen dos LTSs en lugar de uno solo. Veamos a continuaciéon un ejemplo clésico
extraido de [San07] con el que queda de manifiesto ademas que la nocion adecuada de
equivalencia observacional es la bisimulacion, y no la equivalencia de la definicion [2.1.4}

Ejemplo 2.1.1 Siendo a € Act, definimos los siguientes estados:

s 20 es un estado sin transiciones.

. .. o e, a —
s Paran > 1, 2" es un estado que tiene como tnica transiciéon 2 — L.

. P . . e, . a
= 2% es el estado que tiene como TUnica transiciéon un ciclo: z%¥ — z%.
. o . a
= s es un estado que tiene como transiciones s — z', para cada n > 0.
. . . a L a
= t tiene como transiciones ¢ — x™, para cada n > 0; y ademés, t — x“.

Por induccién se puede probar que para todo n se tiene que s ~,, t y, por lo tanto,
también tenemos que s ~,, t. Ahora bien, es evidente que s y ¢t no son bisimilares ya
que, para todo n, el estado z* puede realizar una cantidad arbitraria de a-transiciones,
mientras que cada ™ solo puede hacer n 4+ 1 a-transiciones.

En el ejemplo se ha tenido que recurrir a dos LTS que no son finitamente
ramificados; en general, si en la definicion[2.1.3]de equivalencia observacional se reemplaza
la w-induccién por una induccion transfinita entonces si que es cierto que en el limite
se obtiene la bisimulacion. De hecho, en el caso de los LTS finitamente ramificados, las
definiciones y coinciden.

Como también se comenta en [San(7|, hay dos detalles muy interesantes a notar
en la definicion de bisimulacion: en primer lugar, es una definiciéon puramente local y
en segundo lugar, no hay ningin tipo de jerarquia entre los pares de la bisimulacion.
Decimos que la definiciéon es local puesto que para cada estado tnicamente debemos
comprobar sus sucesores inmediatos, sin necesidad de preocuparnos por el resto. Esto
es diametralmente opuesto, por ejemplo, a la equivalencia de trazas que viene dada por
una definiciéon global, puesto que dos procesos son equivalentes en trazas si ambos tienen
los mismos cémputos, lo que significa que a partir de cada estado podemos tener que
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mirar los sucesores de otros muchos. La no existencia de una jerarquia entre los pares de
la bisimulacion se traduce en que a la hora de comprobar si dos estados son bisimilares
basta con construir una bisimulacién que contenga a dicho par de estados.

Como veremos en la seccion m (pégina, la bisimulacion también aparecié en los
anos 70 dentro del marco de las l6gicas modales. Quince anos después, Matthew Hennessy
y Robin Milner presentaron en [HMS85| una légica que caracterizaba a la bisimulacion,
es decir, una légica tal que dos procesos son bisimilares si, y solo si, ambos cumplen las
mismas féormulas. La légica de Hennessy-Milner sobre LTS quedé definida por medio de
las siguientes reglas:

Definiciéon 2.1.5 (JHMS5]). Dado un LTS sobre un alfabeto I, la logica de Hennessy-
Milner Ly de formulas sobre I estd definida recursivamente como:

= tt estd en Ly
s SiA,B€ Ly, entonces ANB, A€ Lyy.
w SiA€ Lyy,t €1, entonces (YA € L.
La relacidn de satisfaccion = es la menor relacion tal que:
= p Ett, para todo p.

s pEAABsipEAypE B.

» p = (D)A si existe algin, i-experimento p' (es decir p SN p') con p' = A.
Por comodidad, los autores consideraban también las siguientes operaciones derivadas:

Definicién 2.1.6 (JHMSE]). Se definen los siguientes operadores derivados en la ldgica
de Hennessy-Milner:

» ff se define como —tt.

» AV B se define como ~(-=AA—DB).

u (s)A se define como (i1)...{(in)A, donde s =iy ...i, conn > 1.
» [s]A se define como —(s)—A.

Finalmente, para los procesos BCCSP de la definiciéon [2.1.2] existe una caracterizacion
axiomatica de la bisimulaciéon. En concreto, se tiene que dos procesos p y ¢ son bisimilares
si, y solo si, se puede derivar su igualdad a partir del conjunto de axiomas {B1, B2, B3, B4}
definidos en la figura 2.1]

Simulaciones

Milner también defini6 el concepto de simulacién que puede ser visto como “la mitad”
de la bisimulacion, en la que Gnicamente se exige que el proceso que simula sea capaz de
hacer todo lo que hace el otro proceso. Formalmente, tenemos la siguiente definicion:
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rTt+y=y-+x.
(+y)+z=z+(y+2)

Figura 2.1: Axiomatizacion de la bisimulaciéon para procesos BCCSP.

Definiciéon 2.1.7. Dados dos sistemas de transiciones etiquetados A = (X, A,—) y
B = (Y, A, —), una simulacion entre ellos es una relacion binaria H C X XY tal que
st xHy:

» Para cada x - 2/, existe un iy €Y tal que y — o', con ' Hy'.
A la union de todas las simulaciones se le llama relacion de similaridad o de similitud.

Pero a pesar de los parecidos entre la formulacion de la simulacién y de la bisimulacion,
la similitud es una relacion mucho maéas alejada de la bisimilaridad de lo que a priori
pudiéramos pensar. Por supuesto, para empezar la similitud es solo un orden, mientras
que la bisimilaridad es una relacién de equivalencia. Ademas, aunque podria parecer en
principio que el ntcleo de la similaridad (es decir, la relacion resultante de intersecar la
similaridad y su opuesta) generaria la bisimilaridad esto no es en absoluto asi. De hecho
este ntcleo o equivalencia de simulacién es una equivalencia si, pero que distingue mucho
menos pares de procesos que la bisimilaridad. Es més: no existe ningin orden (no trivial)
cuyo nucleo genere la bisimulacion.

La clave por la que se tiene lo anterior, es que existe una simulacién mutua entre dos
procesos p y ¢ siempre que p simule a ¢ y ¢ simule a p; pero no se exige que la simulacién
entre p y ¢ sea la inversa de la simulaciéon entre ¢ y p (véase, por ejemplo [vGOI], para
encontrar un sencillo contraejemplo).

La simulacion también se puede caracterizar logicamente (ver de nuevo [vGO01], entre
otros). En general se dice que una logica £ caracteriza una relacion de orden <, y por
tanto la semantica inducida por ella, si para todo par de procesos se tiene p < ¢ si, y
solo si, p = ¢ = q = ¢, para toda formula ¢ € L; en palabras llanas, ¢ serd mayor o
igual que p si ¢ cumple todas las féormulas que cumple p. Para el caso de la simulacién
estandar una logica que la caracteriza es Lg = {tt, \,; @i, (a)p}.

Para finalizar este apartado, destacamos la reciente investigacion de Baeten y otros
IBvBL™10| que les ha llevado a definir una nocién de simulacién que, como explicaremos
en la seccion [3.3] guarda una relacion muy cercana con nuestra investigacion. Esta nocién
es la bisimulacion parcial sobre LTS, y que recibe su nombre de combinar la condicién de
bisimulacién y la de simulacién. En concreto, el conjunto de acciones A se parte en B y
A\ B, imponiéndose la condiciéon de bisimulacién para las acciones de B y la condicién de
simulacién para el resto. Intuitivamente, las acciones de B son aquellas que corresponden
a ciertos eventos que ofrece el entorno y que no pueden ser controlados por el usuario,
mientras que aquellas de A\ B corresponden con las acciones controlables de la maquina.

18



Conceptos fundamentales previos

2.1.2. Variantes de los sistemas de transiciones

Ademaés de la sencillez de su definicién, los sistemas de transiciones son una estructura
tremendamente versatil que a lo largo de la literatura especializada ha visto como se
ha ido modificando para anadir distintas capacidades. Aqui recapitulamos algunas de
ellas que hemos utilizando directamente en nuestra investigaciéon, o que estan en cierto
modo relacionadas con ella, aunque, por supuesto, hay otras muchas variantes (véase,
por ejemplo, [AFEVO01]).

Los sistemas de transiciones ordinarios no incluyen ningin tipo de informacion adi-
cional sobre las peculiaridades de cada uno de los estados que los forman. En muchas
ocasiones, y muy especialmente cuando se quiere estudiar las propiedades logicas de un
sistema, es deseable poder contar con un modelo abstracto que incluya cierta informacién
logica extra en cada uno de los estados. Asi surge una primera variante de los sistemas
de transiciones conocida como estructuras de Kripke.

En los anos 60 del siglo pasado, Saul Kripke fue el primero que decidi6 anadir a
cada estado de un LTS el conjunto de propiedades atéomicas que se satisfacian en este.
Dado un conjunto AP de proposiciones atomicas, una estructura de Kripke es una terna
A = (X,—,¢€) en la que (X,—) es un sistema de transiciones (no etiquetado) y
€: X — P(AP) es la llamada funcion de etiquetado o de observacién, que asocia a cada
estado el conjunto de propiedades atoémicas que satisface.

En la literatura clasica sobre el tema (por ejemplo en [CGP99]), a las estructuras de
Kripke se les suele exigir que la relacion — sea total, es decir, que para cada z € X
exista algin y € X tal que x — y. No obstante, dentro del marco coalgebraico en el que
nos hemos movido esta exigencia no es requerida siempre, por lo que nosotros tampoco
lo hemos exigido.

La simulacion entre estructuras de Kripke esti definida como las simulaciones para
sistemas de transiciones, donde ademéas se exige que para cada par de estados (z,y)
relacionados se tenga que la funcion de observacion e(x) contenga a €’(y), es decir, que el
estado y no cumpla mas proposiciones que el estado 1{3 Anéalogamente, la bisimulacion
exige ademas la igualdad entre las funciones de observacion para los pares de estados
relacionados.

Como adelantabamos en la seccién anterior, en realidad, este concepto de bisimulacién
también apareci6 de manera independiente dentro del marco de las loégicas modales ya
en los anios 70 en la tesis de Johan van Benthem [vB76]. Durante los afios 60 una via
de investigacion fue el estudio de propiedades invariantes entre modelos (que en este
contexto eran estructuras de Kripke). Una propiedad entre modelos M y N es invariante
si cuando la propiedad es cierta en M entonces también lo es en N (a esta condicion se
le llama también preservacidn de una propiedad) y viceversa, es decir, si la propiedad es
cierta en N también lo es en M (a esta condicién se le llama también reflexion de una
propiedad).

Inicialmente se estudié la manera en que un homomorfismo reflejaba y preservaba
propiedades logicas entre sistemas. Un homomorfismo no es mas que una funciéon f entre

1Se puede considerar también la igualdad de las funciones de etiquetado en vez de la inclusién. No
obstante, como se comenta en [Pal05], la condicion méas débil que garantiza la reflexion de propiedades
es esa inclusion.
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un modelo M y otro N, tal que si una proposicién se cumple en un estado m de M
entonces la proposicion f(m) se cumple en N, y si existe una transicion entre m y m’ en
M también existe una transicién entre f(m) y f(m’) en N.

Como se observa, un homomorfismo tiene bastante més parecido con el concepto de
simulacién que con el de bisimulacién, puesto que no existe la condiciéon reciproca, y
esto se traducia en que los homomorfismos no preservaban propiedades y, por tanto, no
mantenian los invariantes. Una solucién que parecia evidente era la de incluir la condicion
reciproca, es decir, que si en N hay una transicion entre f(m) y cierto n, entonces en M
debe existir un m’ tal que m’ = f(n) y una transicion desde m a m’. Esta fue la solucion
que tomo Kristen Segerberg [Seg68| [Seg71] y de esa manera definié los p-morfismos. Los
p-morfismos son tales que una féormula ¢ es cierta en un estado m de M si, y solo si,
la formula también es cierta en f(m) de N. Eso si, atn puede suceder que existan dos
estados que cumplan las mismas férmulas pero no exista un p-morfismo entre ellos.

Para solucionar este problema, Benthem definié en su tesis [vB76] las p-relaciones,
cuya definicién coincide con la que dabamos de bisimulacién entre estructuras de Kripke.
De esta manera se obtiene el resultado clasico que dice que dos estados son bisimilares
si, y solo si, cumplen las mismas férmulas logicas.

Si avanzamos por la historia, nos encontramos con que en 1997 Alur, Henzinger y Kup-
ferman [AHK97al, [AHK97D| definieron una generalizacion de los sistemas de transiciones
a la que llamaron sisternas de transiciones alternantes (o ATS del inglés alternating tran-
sition system). Estas estructuras se conciben como sistemas multi-agentes [Sha53), [HF89)
en los que la responsabilidad de fijar las transiciones a realizar se distribuye entre dichos
agentes (o “partes” del sistema). Una transicion en un ATS se realiza de la siguiente
manera: dado un estado ¢, cada uno de los agentes (esencialmente estructuras de Kripke
que componen al ATS) elige un conjunto de estados como posibles sucesores. Estos han
de verificar, por definiciéon, que sea cual sea la elecciéon de cada agente, la intersecciéon de
los conjuntos elegidos seré siempre un tnico estado ¢}, que seria el estado que se tomaria
como sucesor de ¢ en la transicién “consensuada” entre agentes.

En realidad, la definicién general de tales sistemas alternantes no permite encontrar
la razén por la que se les llamo6 alternantes hasta que no se anade la informaciéon adicional
consistente en un subconjunto A del conjunto de agentes ). Entonces, se pueden ver los
agentes de A como controlables por el sistema y los restantes como elementos del entorno
(incontrolable) subyacente. La alternancia aparece entonces puesto que el sistema puede ir
controlando, via elecciones (existenciales) de transiciones, el movimiento de sus agentes,
al tiempo que estas se van exponiendo a las posibles elecciones complementarias del
entorno, que por tanto deberan tratarse como elecciones no-deterministas cuantificadas
universalmente. De este modo esa alternancia se traduce en cadenas de elecciones “existe’-
“para todo”.

La manera natural de relacionar ATS es por medio de las simulaciones alternan-
tes [AHKV98] que generalizan la simulacion convencional dentro de este formalismo de
multi-agentes. Fijado un conjunto de agentes A, el juego de la simulacion alternante par-
tiendo (en particular) de los estados g y ¢/, se puede resumir en el siguiente algoritmo de
cuatro sencillos pasos extraido de [AHKV9S].

1. El atacante elige un conjunto de movimientos 7" para los agentes de A desde q.
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2. El defensor elige otro conjunto de movimientos T” para los agentes de A desde ¢'.
3. El atacante elige un estado u’ € T' tal que sea sucesor de ¢'.

4. El defensor elige un estado u € T tal que sea sucesor de ¢ y tal que el conjunto de
proposiciones que se cumplen en u coincida con el conjunto de proposiciones que
se cumplen en u’'.

Como de costumbre tendremos que ¢’ A-simula alternantemente a ¢ si el defensor
puede replicar constantemente cada movimiento del atacante manteniendo el equilibrio
indicado en la cuarta clausula del algoritmo anterior.

Los sistemas de transiciones tampoco incluyen ninguna informacién probabilistica.
Esta informacion se incluye en los denominados sistemas de transiciones probabilisticos
(PTS del inglés Probabilistic Labeled Transition Systems) que fueron definidos por Larsen
y Skou en 1991 [LS91| como tuplas Pts = (Pr, Act,Can, i), donde Pr es un conjunto
de procesos, Act es el conjunto de acciones, Can indica el conjunto de procesos que
pueden ejecutar la accion a y p : Pr x Act x Pr — [0, 1] es la funcién probabilistica de
transicion, donde p(P,a,-) es o bien la funcion constante 0, o bien una distribucion de
probabilidad.

Es importante destacar que esta definicion clésica de Larsen y Skou no nos permite
hablar de “diferentes transiciones probabilisticas” que lleguen a un mismo proceso, es
decir, una transiciéon P inl P’ en cierto modo acumula toda las posibles maneras de ir
desde p hasta p’ tras ejecutar a.

La nocién de bisimulacion probabilistica viene dada por la siguiente definicion.

Definiciéon 2.1.8 ([LS91]). Sea P = (Pr, Act,Can, ) un sistema de transiciones pro-
babilistico. Una bisimulacion probabilistica =, es una relacion de equivalencia en Pr tal
que siempre que p = q, Se tiene

Va € Act. VS € Pr/=.p-5,Seq-5,8.

2.1.3. Estructuras con entrada y salida

Una de las carencias méas importantes del formalismo de los sistemas de transiciones
es que estos no permiten distinguir entre distintos tipos de etiquetas o acciones y por
tanto clasificar sus acciones. Una correcta distinciéon de acciones es ya necesaria, por
ejemplo, para modelizar correctamente un ejemplo tan sencillo como el de una méquina
expendedora de café. Por ejemplo, la maquina puede tener una ranura para monedas, un
boton y una bandeja; y su funcionamiento es tan elemental como aceptar una moneda,
permitirnos presionar el botén, para después, dejar en la bandeja un café; acto seguido
la maquina vuelve a su estado inicial. Para describir correctamente al completo esta
maquina serfa deseable tener algiin modo de indicar que mientras que el comportamiento
de las acciones moneda y botén necesita de la participacion activa del usuario (ya que
sin que nadie introduzca la moneda o apriete el boton, la maquina no realizard ninguna
accion), el café lo deposita la maquina en la bandeja sin necesitar que delante de esta
haya ningin usuario interviniendo.
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La distincién que estamos haciendo en el ejemplo anterior es justamente una distincion
entre acciones de entrada (inputs) y de salida (outputs). Las entradas se comportan como
acciones reactivas, es decir, podemos pensar en ellas como botones que necesitan que
algtin agente externo los pulse para que el sistema avance o reaccione ante este impulso.
En un sistema de transiciones estandar se entiende implicitamente que todas las acciones
son reactivas. En cambio, una salida debe comportarse de un modo generativo, es decir,
es el resultado del computo de la maquina, lo que la méaquina “genera”.

Las acciones de entrada facilitan més comportamientos posibles de una maquina; por
ejemplo, nuestra maquina de cafés puede “mejorarse” incluyendo un segundo botén que
permitiese pedir chocolate. Pero, de manera natural, las salidas introducen restricciones
en el modelo. Siguiendo con el ejemplo de la maquina de café, jqué pasaria si en la
méquina no existiese la bandeja en la que pueda depositar el café? Sin esa bandeja, o
bien el café producido por la maquina caerfa al suelo (fastidiando asi al usuario que
pretendia tomarselo), o bien podriamos considerar que la propia méquina, al comprobar
que no tiene ningun sitio déonde dejar el café, se bloquearia. Asi, si anadiésemos a la
méquina de café la opcion de dar también chocolate, estamos imponiendo a la maquina
que sea también capaz de tratar adecuadamente la salida chocolate, como por ejemplo,
que el café y el chocolate no salgan por el mismo conducto para evitar que los sabores se
mezclen.

Uno de los primeros modelos en incluir esta distincién entre acciones de entrada y
de salida es el de los autématas con entrada/salida o I/0O automata. Este modelo se lo
debemos a Nancy Lynch, que en 1988 publico el articulo “I/O automata: a model for
discrete event systems” [Lyn88]. Modelo que a lo largo de los afios la propia Lynch ha
ido extendiendo, por ejemplo, anadiéndoles tiempo (los timed I/0 automata [KLSVO03)),
o tiempo y probabilidades (probabilistic timed 1/0 automata [CLSV04]).

Lynch no sigui¢ exactamente el modelo que presentdbamos antes, pues distinguid
no solo entre acciones de entrada y de salida, sino que también anadi6 un tercer tipo de
acciones denominadas internas. Estas acciones internas, al igual que las acciones de salida,
son generadas auténomamente por la maquina, pero no son transmitidas al exterior,
como en el caso de las salidas. Como la propia autora comenta en [Lyn88], la distincién
entre entrada y salida es primordial en los autématas con entrada/salida. En particular,
el formalismo impide cualquier bloqueo por culpa de la no atencién a las acciones de
entrada. A esto se conoce como input enabled, es decir, el sistema tiene que ser capaz
de aceptar cualquier accion de entrada en cualquier momento, lo que no significa que el
sistema no pueda tratar de manera especial aquellas entradas que, en un determinado
momento de su ejecucion, se consideren perjudiciales. Por ejemplo, ante una de esas
entradas perjudiciales algunos de estos tratamientos especiales pueden ser desde generar
un mensaje de error, hasta producir un comportamiento aleatorio.

El formalismo de Lynch permite también la composicion de autématas con entra-
da/salida, obteniéndose un marco composicional que sigue el estilo de la programacion
estructurada, de modo que se pueden unir distintos autématas para construir un sistema
con més funcionalidades. Para unir los automatas es necesario que ambos sistemas sean
compatibles, es decir, que las acciones de salida no lo sean en mas de un autémata, y
que las acciones de entrada e internas no aparezcan como cualquier otro tipo de accién
en el resto de autématas. La composicion resultante une ciertas salidas de los autématas
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con ciertas entradas de los otros. De esta manera, el nuevo sistema actiia como un tnico
automata con entrada/salida, considerandose tinicamente las entradas de los sistemas
que no son también salida de alguno; y las salidas y acciones internas de ambos sistemas
en conjunto. En cuanto al comportamiento de una composicion, las acciones se ejecutan
de manera concurrente en todas aquellas componentes que la tuviesen, mientras que las
componentes que no la tuviesen se mantienen sin hacer nada.

Se podria decir que la manera en la que los autématas con entrada/salida se componen
sigue una vision “pesimista’, pues considera que dos componentes se pueden componer
inicamente si al juntarse no van a encontrar ninguna colisién y, por tanto, producir
un error. En este contexto se considera que el ambiente con el que el automata debe
componerse es otro autémata con entrada/salida, de manera que podemos considerar
que el formalismo de Lynch compone un autémata tinicamente si el ambiente no tiene
alguna manera de rechazarlo. En otras palabras, la composiciéon de autématas con en-
trada/salida tnicamente es posible cuando entre ellos no existe forma alguna de llegar a
una contradiccion.

Existe la manera dual de interpretar la composiciéon y es considerar que dos sistemas
pueden componerse siempre que exista un ambiente bajo el que puedan funcionar juntos
(esta es la vision “positiva”). Esta idea es la usada por Luca de Alfaro y Thomas Hen-
zinger cuando propusieron en 2001 los interface automata [AAHOI]. La seméantica de los
interface automata se define mediante un juego en el que un jugador maneja las entra-
das y representa el entorno, y el otro jugador maneja las salidas y representa al propio
interface automata.

i msg 1 ok 1 fail
( )

msg!

send! 2| nack?

LI ? ?—/ \§ Y J
msg ok fail ‘ send F ack T nack

(a) Interface automaton User (b) Interface automaton Comp

Figura 2.2: Dos interface automata tal y como aparecen en el articulo [dAHOT].

Desde el punto de vista sintactico (véase la figura [2.2)), y como los mismos autores
destacan en [dAHOI], los interface automata tienen muchos puntos en comun con los
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automatas con entrada/salida, e igualmente se distingue en ellos entre tres tipos de
acciones: entrada, salida y acciones internas. Es el cambio de filosofia lo que marca la
diferencia y, en particular, este cambio entrana la pérdida de la propiedad input enabled,
lo que se traducird en una manera diferente de componer automatas. Asi los interface
automata no tienen porqué aceptar cualquier input en cualquier estado ya que la filosofia
“optimista” entiende que el entorno no va a generarlos en ellos, como contraposiciéon a
la visién “pesimista”’ que considera que el entorno puede generar cualquier entrada en
cualquier momento, por lo que el sistema debe mantenerse receptivo en cualquier estado.

En cuanto a la composicién de interface automata, al contrario de lo que pasaba en
el caso de los automatas con entrada/salida, aqui pueden aparecer estados ilegales en los
que una acciéon de salida de uno de los interface automata, pese a ser accién de entrada
del otro, no sea aceptada en ese estado. Pese a que existan estos estados, esto no significa
que los interface automata no puedan componerse (véase la figura y comparense las
figuras (c) y (d)), pues dos interface automata son compatibles si existe un ambiente bajo
el que puedan componerse. Por lo tanto, se puede argumentar que los interface automata
son un marco mas general que el de los autématas con entrada/salida.

Es especialmente interesante hablar de la nocion de refinamiento entre interface auto-
mata, que es la nocién correspondiente en este formalismo al de simulacién entre sistemas
de transiciones, ya que nosotros hemos usado algunas de estas ideas, como se vera en el
capitulo[3] En este contexto, se considera que un sistema P que refina a otro S, es una im-
plementacion de la especificacion definida por S. En el caso de sistemas con input enabled,
como destacan los propios autores de [dAHOI], la nocién méas razonable de refinamiento
es sencillamente la simulacién, es decir, los comportamientos de la implementaciéon deben
estar incluidos en los comportamientos posibles dados por la especificaciéon, ya que tam-
bién garantiza que los comportamientos de las acciones de salida de la implementacién
son, a su vez, comportamientos que estan permitidos por la especificaciéon. En cambio,
esta definicion no parece razonable en un contexto como el de los interface automata,
pues si se pide que el conjunto de entradas de la implementacién sea un subconjunto de
las entradas de la especificacion, entonces, en general, una implementacion se va a poder
usar en menos entornos que la especificacion.

La propuesta de Alfaro y Henzinger es la de considerar un refinamiento de manera
contravariante, es decir, en el sentido contrario al de la simulacién estandar. De este modo,
un refinamiento entre interface automata considera que la implementacion debe permitir
mas entradas, mientras debe permitir menos salidas que la especificacion. En realidad,
los autores estan considerando el refinamiento como un caso particular de la simulacién
alternante que vimos en la pagina[20} en el que el refinamiento debe tratar adecuadamente
las acciones internas, es decir, actuar de un modo similar al de la bisimulacion débil y
considerar como posibles sucesores de un estado ¢ todos aquellos estados ¢’ a los que se
puede llegar ejecutando solo acciones internas.

2.1.4. Sistemas modales y mixtos

Como hemos ido viendo en la seccién el formalismo de los LTS no era tampoco el
ideal si lo que se deseaba era refinar una especificacion o, en otras palabras, saber cuando
un LTS determinado puede considerarse una implementacion de otro dado. La clave es

24



Conceptos fundamentales previos

6 nack?

\ @ J
¢ send ? ack T nack

(c) User ® Comp. The illegal state of the product is depicted
as a square.

send! 2| nack?

. J
I send f ack T nack

(d) User||Comp

Figura 2.3: La composicion de los interface automata de la figura[2.2] tal y como aparece
en el articulo [dAHO1].

que los sistemas de transiciones no permiten distinguir entre comportamientos posibles
y comportamientos impuestos. Una transicion © — y en un sistema de transiciones
simplemente indica la posibilidad de que el estado x evolucione al estado y tras ejecutar
a, pero no nos informa de si esa evolucion es algo que se imponga o, simplemente, indica
un comportamiento permitido.

A partir de esta sencilla idea, en 1988 Larsen y Thomsen definieron en [LT8§| los
sistemas de transiciones modales (abreviadamente MTS del inglés modal transition sys-
tems) o, en el caso en el que afladamos a cada estado conjuntos de proposiciones, las
especificaciones modales. Los MTS distinguen entre dos tipos de transiciones: las reque-
ridas o transiciones must, y las permitidas o transiciones may. Ademas, en los sistemas
de transiciones modales, se considera que toda transicion requerida es, en particular, una
transicion permitida. Formalmente, tenemos la siguiente definicion (véanse también los
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ejemplos de la figura :

Definicion 2.1.9. Dado un conjunto de acciones A, un sistema de transiciones modal es
una terna (P,—s, —n), donde P es el conjunto de estados y —o,—og C P x Ax P
son relaciones de transicion tales que —g C —.

reset
(a) (b)
L7 log S report
e TN N TN
/2 report { N ) log
° ° - ——e3 - ---o
request X } ‘\ N /,’
|og request po“
e
D)
N
log

Figura 2.4: Dos MTS sacados de JAHL™08|. Las transiciones may estan representadas
por transiciones punteadas, mientras que las must lo estan por transiciones continuas.

El papel que desempenan en los sistemas de transiciones modales las transiciones
may y must se observa estudiando la nocién de refinamiento propuesta por Larsen y
Thomsen en [LT88|. Intuitivamente, un MTS N refina a otro MTS M siempre que todas
las transiciones requeridas por M estan también presentes en IV, y toda transiciéon que
tenga N esta permitida en M. Formalmente, la definicion es la siguiente:

Definicion 2.1.10. Una relacion R C P x @Q es un refinamiento entre dos sistemas de
transiciones modales si, siempre que p R q:

» p —0 p implica que existe un ¢’ tal que g —o ¢ yp' Rq';
v ¢ 5, ¢ implica que existe un p' tal que p ——o p' yp' R .

De este modo, si N refina a M, entonces N puede transformar en transiciones must
algunas transiciones may de M, o bien eliminar alguna de ellas. Asi, segin se va refinando
un sistema de transiciones modal, cada vez hay més transiciones “completamente defini-
das”, es decir, mas transiciones must. Siguiendo la terminologia de Larsen y Thomsen,
cuando en un MTS todas las transiciones son must, entonces se considera que estamos
ante un proceso o, sencillamente, una implementacion, mientras que en otro caso el MTS
representa un término o una especificacion.

Evidentemente existen ciertos nexos en comun entre los sistemas de transiciones mo-
dales y sus refinamientos, y los interface automata con sus refinamientos y, por lo tanto,
con la simulacién alternante. Este “parecido razonable” entre ambas teorias proviene en
parte de que en ambos marcos existen ciertas aspectos que son controlables, mientras
que otros aspectos escapan a dicho control. En el caso de los interface automata el refi-
namiento nos permite eliminar acciones de salida (el aspecto “controlable”), pero no de
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entrada (el aspecto “incontrolable”); mientras que en el modelo de los sistemas de tran-
siciones modales, el refinamiento nos permite eliminar transiciones may (controlables) y
no transiciones must.

No obstante, Larsen, junto con otros autores, conjeturan en el articulo [LNWO07] que
las simulaciones alternantes son un caso particular de los refinamientos modales. Esta
afirmacion la justifican construyendo una transformacién que convierte un interface au-
tomaton en un sistema de transiciones modal. Esta transformacion, ademas, refleja y
preserva las respectivas simulaciones y refinamientos.

Por otro lado, y como se hace notar en [RBBT09|, se puede argiiir que los modelos
son incomparables pues, en cierto sentido, el caracter de las acciones de entrada y sa-
lida es ortogonal al uso de las modalidades may y must. Ademas, ambos formalismos
tienen sus ventajas e inconvenientes pues, por ejemplo, el formalismo de los interface
automata permite definir una nocién sencilla e intuitiva de composicion, lo que lo hace
tremendamente util a la hora de trabajar modularmente, pero a su vez estos no forman
un modelo algebraico completo, al carecer de operaciones tan basicas como el cociente o
la conjuncion. En cambio, los sistemas de transiciones modales no permiten una nocién
de composicion intuitiva, pero si dan lugar a un modelo algebraico muy rico.

Apoyéandose en estas diferencias entre los dos modelos, en ese mismo articulo de
2007 [LNWOT], Larsen y el resto de autores proponen un modelo que aina a los inter-
face automata y los MTS, denominado modal I/0 automata que, esencialmente, es un
interface automaton que permite transiciones may y must, de acuerdo con el modelo de
los MTS.

Dentro del estudio de los MTS, el articulo de Boudol y Larsen [BL92| es de obliga-
da referencia. En él, los autores estudian la relacion entre los procesos modales y sus
formulas. Para ello, construyen tanto una caracterizaciéon recursiva de las formulas ca-
racteristicas de los procesos, como indican los procesos que representan a una féormula
dada.

La logica modal que caracteriza el refinamiento es muy parecida a la logica de
Hennessy-Milner de la bisimulaciéon. Su sintaxis viene dada por la siguiente gramética

pu=L[TleAg|leVellae]{a)e  (acA).

Pero si bien su seméntica es la estandar para los operadores clasicos, no lo es para los
operadores modales [a] ¥ (a) que quedan definidos asi:

= p = [a]osip’ |, para todo p ==, p'.

» p E{(a)psip | ¢ paraalgin p Lo p.

Como en particular toda transicion must es también may, para comprobar que una
formula [a]g es cierta puede usarse también una transicion must.
Por otro lado, una formula ¢ es una férmula caracteristica de un proceso p si, y solo
si, p = ¢ y para todo proceso ¢ tal que ¢ |= ¢ se tiene que ¢ es un refinamiento de p.
En 1996 Dams [Dam96l, [DGGI7| definié una variante de los sistemas de transiciones
modales denominados sistemas de transiciones miztos (o abreviadamente MiTS), con
la tinica diferencia con respecto a los MTS de que en los MiTS no se tiene la inclusiéon
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—g € —>. De esta manera, los MiTS generalizan a los MTS y también pueden verse
como LTS con dos tipos de transiciones distintas.

Como se comenta en |[AHLT08| la violacion de que no toda transicion requerida
estd permitida, pese a ser intuitivamente extrana, no es tan descabellada. En primer
lugar, en muchos casos es deseable poder expresar en una especificacién comportamientos
conflictivos, que se podrian considerar contradictorios al no existir una implementacién
para ella. Pero todo MTS admite una implementaciéon: basta quedarse con la informacion
proporcionada por las transiciones must y descartar todas aquellas transiciones may que
no viniesen de otra must, como se recoge en la figura 2.5 Por el contrario, un MiTS
puede expresar la situacion de contradiccion al poder decir que una accién es requerida
pero no esté permitida, es decir, se tiene una transiciéon must que no es también may.
En segundo lugar, cuando la especificaciéon es la abstraccién de un programa puede ser
deseable mejorar esa abstraccion incluyendo mas propiedades que se satisfacen, y esto
se puede hacer [Dam96, [DGGI7| eliminando ciertas transiciones may redundantes y
aniadiendo nuevas transiciones must (no relacionadas con ninguna may).

-

P rlog
°
\\\\ \
equesf\\ //’ poll
o

Figura 2.5: Una implementaciéon comin de los MTS de la figura también extraido
de |JAHL™08.

— 0
r

Como hemos comentado en la seccion [I.2] existen otras muchas extensiones de los
MTS tal y como se recapitulan en |[AHLT08|, como pueden ser los sistemas de transi-
ciones modales disyuntivos [LX90], en los que existen transiciones must disyuntivas que
especifican que la implementacion debe implementar al menos una de sus disyunciones,
o extensiones de los MTS con tiempo [CGLI3|.

2.2. Teoria de categorias y coalgebras

Una pregunta que todo investigador que haya decidido emprender el estudio de las
coalgebras se habra hecho, y le habran planteado méas de una vez, es: jpor qué usar
coalgebras para trabajar con sistemas de transiciones?

Ante tal pregunta existen varias respuestas y, en primer lugar, podemos defendernos
diciendo que las coalgebras son tremendamente generales y permiten representar una
gran variedad de sistemas de un modo elegante, como veremos a lo largo de la presente
seccion. En segundo lugar, al tener las coédlgebras detras las herramientas de la teoria de
categorias, también se puede argiiir que las coalgebras son una herramienta relativamente
sencilla en tanto y cuanto, para familiarizarse con ellas, basta apoyarse tnicamente en
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una serie de conceptos basicos de la teoria de categorias. Pero quiza la méas importante
razon por la que creemos que es especialmente interesante usar codlgebras para estudiar
las algebras de procesos, es que se puede decir que las codlgebras nos permiten ver a las
algebras de procesos del modo méas natural. En lo que resta de seccién vamos a motivar
esta ultima afirmacion.

Hablabamos en la seccion de como en los anos 70 Goguen y el resto de sus co-
autores usaron la teoria de categorias para asentar las bases de la especificaciéon algebraica
y, con ella, los tipos abstractos de datos. Goguen vio que a la hora de definir un tipo
de datos era de especial importancia el concepto de algebra inicial. Esta inicialidad es
la que nos permite caracterizar la sintaxis de nuestro tipo de datos, mientras que las
posibles semanticas vienen dadas por las algebras de la clase, viniendo definidas por el
dnico homomorfismo desde el algebra inicial. Pero la inicialidad de las algebras tiene
también otra lectura (aunque en el fondo se trate de una relectura del anterior) que ve
esa existencia y unicidad del homomorfismo como el principio de induccion: la existencia
es la definicion por induccion, mientras que la unicidad es la prueba por induccion (dadas
dos funciones actuando sobre un algebra inicial se prueba que son la misma viendo que
ambos son homomorfismos).

El concepto dual (para las codlgebras) de la inicialidad no es otro que el de finalidad,
como ya vio Aczel en [Acz88]. Asi, si deciamos que se podia ver un algebra inicial como
el algebra mas pequena de una determinada clase, la codlgebra final seria por el contrario
la mayor, ya que dada una coalgebra arbitraria siempre existe un homomorfismo de esta
hacia la coélgebra final (la flecha contraria a la que aparecia en la inicialidad). Asimismo,
mientras que el principio de razonamiento l6gico en las dlgebras es la induccion, en el
marco dual de las codlgebras tendremos la coinduccidn, de la cual es una instancia la
bisimulaciéon (como haremos méas preciso en la seccion [2.2.2)). Por otro lado, siguiendo
con el simil de los tipos abstractos de datos, si estos estan generados por los operadores
constructores, dualmente, en el mundo coinductivo, seran las operaciones denominadas
observadoras o modificadoras, y no las constructoras, las que realizardn una funcién
principal.

Para ilustrar este hecho veamos un ejemplo. Pensemos en la especificacion algebraica
clasica de las listas de elementos de un conjunto A fijo, que como es usual denotaremos
por A*. Tenemos dos operaciones constructoras:

w () : nil = A*: es el constructor constante que permite crear la lista vacia.

= - Ax A* — A* es el operador prefijo que permite la adicion del prefijo a € A a la
lista [ € A* para formar la nueva lista a - [.

Junto con estas dos constructoras podemos anadir dos operaciones observadoras (o
destructoras): la que dada una lista devuelve su cabeza (es decir, el primer elemento de
ella; notese que, por tanto, la lista no puede ser vacia) y la que devuelve su cola (es decir,
toda la lista salvo la cabeza). Definimos asi la funcion parcial cabeza : A* —p Ay la
funcion cola : A* — A* mediante induccién estructural:

» cabeza(a-l)=a.
= cola(()) = () -
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w cola(a-1)=1.

Con esta especificacion algebraica estamos definiendo listas que son finitas, ya que
estamos usando el principio de induccion de las algebras, que nos dice que solo existen
aquellos elementos que pueden obtenerse mediante aplicacion de un numero finito de los
constructores. Pero, jqué pasa si lo que queremos definir es el tipo de datos de las listas
infinitas? En tal caso deberemos recurrir a la teoria coalgebraica y realizar una definicién
coinductiva. La principal diferencia entre una definicién inductiva y otra coinductiva es
que en las definiciones inductivas se define el valor de la funcién dada actuando sobre
cada una de las constructoras, mientras que las definiciones coinductivas definen el valor
de todas las observaciones sobre cada posible valor de la funcion.

Por ejemplo: dada una funciéon f que lleve elementos de un conjunto A sobre él mismo
vamos a definir una extension suya, que denotaremos por ext(f), que lleve listas infinitas
de elementos de A sobre ellas mismas. Para ello tendremos que dar una definicién coal-
gebraica y por tanto, como dijimos antes, tendremos que dar el valor de las observadoras
cabeza y cola sobre cada secuencia ext(f)(l). En concreto tendremos:

{cabeza(emt(f)(l)) = f(cabeza(l))
cola(ext(f)(1)) = ext(f)(cola(l)).

Asi, por ejemplo podemos definir dos funciones par e impar que tomen listas infinitas
y devuelvan las listas (también infinitas) formadas por los elementos que se encontraban
en las posiciones pares e impares, respectivamente:

{ cabeza(impar(l)) = cabeza(l)
cola(impar(l)) = impar(cola(cola(l)))
{ cabeza(par(l)) = cabeza(cola(l))
cola(par(l)) = par(cola(cola(l))).

Como se ve al trabajar con definiciones inductivas construimos las listas finitas, mien-
tras que al considerar una definicién coinductiva vemos cémo se comportan las listas infi-
nitas sin necesidad de construir estas de un modo explicito. Esta filosofia es especialmente
atil a la hora de capturar el comportamiento de las clases de los lenguajes de progra-
macion orientados a objetos, como pueden ser Java o C++. Como se indica en [JRIT] si,
por ejemplo, queremos capturar los aspectos esenciales de la clase Point de puntos en el
plano real, tendremos dos métodos observadores getX: P — R y getY: P — R, que nos
devolveran, respectivamente, la primera y segunda coordenada de cada punto. Aqui la P
juega el papel de un espacio de estados oculto, es decir, la P se identifica con los objetos
de la clase Point que, como suele suceder en la programacion orientada a objetos, no
tiene porqué ser “abierta’ a cualquier usuario.

Podemos también definir un nuevo método move : P x R x R — P que dados dos
parametros reales modifica las coordenadas del punto. Como deciamos antes, el cliente
de este objeto no tiene porqué estar interesado en la implementacién concreta de la clase
Point, ni la de sus métodos privados, pero si que puede especificar el comportamiento
del método move con las siguientes ecuaciones:
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» s.move(dl,d2).getX() = s.getX() +d1
» samove(dl,d2).getY() = s.getY() + d2

Damos ahora la definicion (casi) formal de coalgebra. Decimos que una coalgebra es
una funcion:
S5TS.

Es decir, una coalgebra viene dada por un conjunto S y una funcién ¢, con S como
dominio y cuyo codominio es 7'S. Usamos la notaciéon T'S para indicar que se trata de
una expresion dependiente del conjunto S, que mas adelante (en concreto en la pagina|35)
veremos exactamente en qué consiste.

Veamos ahora otro ejemplo extraido de [JR97]. Imaginemos que tenemos una maquina
con un unico botén y una luz. Cuando se aprieta el botéon la maquina realiza algtn tipo
de accion (posiblemente exista un estado interno que cambie cada vez que se pulse el
boton, pero que nosotros no vemos). La luz se encendera tnicamente si la maquina se
rompe; con ello, una vez que la luz se encienda da igual la cantidad de veces que pulsemos
el botén, porque nada cambiara ya nunca. Un observador puede contar la cantidad de
veces que se pulsa el boton hasta que la maquina se rompe, y ese naimero puede ser tanto
un cierto n € N como una cantidad infinita.

Desde un punto de vista matematico se puede describir el funcionamiento de la méa-
quina en términos de un conjunto X desconocido y una funcion

botén : X — {x} U X,

donde el simbolo * es un simbolo especial que no aparece en X, y que indicara el momento
en que la luz se enciende. Por ejemplo, si la maquina esta en un estado o € X y pulsamos
el boton pasaremos a un nuevo estado x1 = botén(xp); si 1 # * podremos volver a pulsar
el botén, y asi sucesivamente.

El par (X, botén) es un primer ejemplo de codlgebra. Sobre este sencillo modelo po-
demos construir otro mas interesante: el similar al ya avanzado antes de las listas (po-
siblemente infinitas) de elementos de un conjunto A. Para ello, consideremos ahora una
méquina con dos botones, una luz y un visor, que mostrara la informacién del estado en
el que se encuentra la maquina. Como antes, uno de los botones servira para pasar al
siguiente estado, mientras que el otro iluminara en el visor algin signo que identifique el
estado interno de la maquina. Si la luz se enciende significarad que la maquina esta rota.
., Qué tenemos entonces? Pues exactamente lo siguiente:

valor_sig: X — {*} U(4A x X)

Como se observa, la funcion valor _sig (casi) coincide con el par de funciones que vefa-
mos antes (el par (cabeza, cola)), con la salvedad de que valor _sig permite la aparicion
de listas finitas (cuando la méquina se rompe). Asi, cuando el observador se encuentra
con esta maquina pueden suceder dos cosas: que la luz esté encendida o que esté apagada.
En el primer caso la maquina esta rota y, como en el ejemplo anterior, da igual las veces
que pulsemos el boton sig, porque no cambiard nada. Por el contrario, en el segundo
caso, el observador podra pulsar reiteradamente en secuencia los botones valor y sig (de
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ahi la notacion usada para el nombre de la funcién haciendo explicitos los nombres de
los botones) para obtener por el visor una lista de valores a; € A. De nuevo, tras una
serie de pulsaciones, digamos n, la luz puede encenderse, en cuyo caso obtendremos una
lista finita (ag,...,a,), mientras que si no llega a encenderse nunca obtendremos una
lista infinita de elementos (a;), i € N. El par (X, valor_sig) es una coalgebra.

Volviendo ahora al ejemplo de la clase Point, en primer lugar podemos redefinir
equivalentemente el tipo del método move : P x R x R — P como move : P — PR*XR De
este modo podemos considerar la codlgebra:

(getX, getY,move) : R x R x PRXR

Esta representa una maquina que tiene tres botones y dos visores. Dos de los botones
iluminan cada uno un visor, en el que se vera el resultado de hacer getX y getY, mientras
que el tercer boton sirve para avanzar el estado segtn las ecuaciones que indicamos antes
que cumple move.

Deciamos al inicio de esta seccién que existia una tercera razén por la que nos ha-
biamos decantado por el uso de las coalgebras, y que esta razon era que nos permitia
trabajar con las algebras de procesos de un modo muy natural. Esta naturalidad esta
fundamentada en varios aspectos esenciales que hemos ido comentando. Hemos dicho
que la manera natural de definir codlgebras es usando la coinduccion que, como veremos,
estd intimamente relacionado con la bisimulacion. Ademés, esta ya ampliamente justifi-
cada que la bisimulacién es la manera natural y canénica de comparar procesos. A esto
podemos anadir el hecho de que las definiciones coinductivas nos permiten trabajar con
estructuras infinitas de un modo muy sencillo, al margen de la farragosidad que a veces
introducen los puntos fijos o la induccion transfinita. Ademés nos permiten capturar las
nociones de clase privada o caja negra (que veiamos en la pagina [3]), en las que tnica-
mente podemos observar cierta informacion facilitada por la clase o maquina, pero no
conocer ni su configuraciéon interna ni como funciona exactamente. Es decir, al traba-
jar con coalgebras tenemos “gratis” un formalismo que captura las propiedades basicas
deseables de los sistemas informaticos.

Miés atn, el comportamiento de un proceso P viene dado por sus transiciones, es decir,
podemos decir que su seméantica viene dada por: [P] = {(a, [P]) | P = P;}. De esta
manera podemos ir observando las acciones que el proceso va ejecutando, y al hacerlo
este, se ira transformando en sucesivos P’. El problema es que podemos encontrarnos con
ciclos que a partir de P terminan devolviendonos a P, por lo que el uso de la induccién
no nos permitira definir con propiedad el conjunto [P]. Es decir, si vemos los sucesores
como “partes” del proceso original nos encontrariamos con una cadena supuestamente
decreciente

...EPe...ePLbePePh=P

en la que de pronto saltarian las alarmas al encontrarnos con cierto P; con ¢ > 0 igual a
P.

Si bien las técnicas de punto fijo utilizadas en semantica denotacional permiten abor-
dar este problema introduciendo un orden en el dominio semantico y obteniendo [P]
como un limite, esta solucién parece mucho menos natural que la que tom6 Aczel cuando
formul6 el principio de anti-fundacion [Acz88] y considerd que en CCS se trabajaba con
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el modelo [[-]ccs, que podia verse como una coalgebra [-]ecs : Pr — Py (Act x Pr), donde
Pr es el conjunto de procesos, Act el alfabeto de acciones y P, (X) son las partes finitas
del conjunto X. Asi, la seméantica [P] que definfamos antes no es otra cosa que ese tnico
homomorfismo que existe desde esta coalgebra [-]..s hacia la coélgebra final (o, como
veremos en la secci6n el mayor punto fijo) para la estructura P, (Act x X).

Por todo ello quizé la pregunta que nos haciamos al principio de esta seccién deberia-
mos reformularla a la inversa (o a la “dual”): si vamos a trabajar con algebras de procesos,
jpor qué no usar coalgebras?

2.2.1. Categorias y coalgebras

Para formalizar la nocién de coalgebra necesitaremos una serie de definiciones y con-
ceptos del campo de la teoria de categorias (véanse, por ejemplo, [BW99, [Mac98§|), que
nos van a resultar indispensables en nuestro tratamiento.

Empezaremos por la propia nociéon de categoria, recogida también en su enunciado
original en la figura [2.6

Definicién 2.2.1 (Categoria). Una categoria C es una coleccion Obj(C) de objetos, una
coleccion Arr(C) de flechas o morfismos, y un par de flechas dom y codom desde Arr(C)
a Obj(C) denominadas respectivamente dominio y codominio.

Generalmente utilizaremos la notacion X € C (resp. f € C) para referirnos a los
objetos X € Obj(C) (resp. a los morfismos f € Arr(C)).

Cada flecha de C la denotaremos por X Ly, f: X =Y, donde diremos que X € C
es el dominio de f (es decir, dom(f) =X) eY € C el codominio de f (codom(f)=7Y).
Ademds se cumplirdn las siguientes condiciones:

1. Para cada par de flechas f: X =Y y g:Y — Z existe una flecha composicion
go f: X — Z. Ademds, la operacion o es asociativa, es decir, si tenemos ademds
h:Z — W entonces ho(go f)=(hog)o f.

2. Para cada objeto X € C existe una flecha identidad idx : X — X que es el elemento
neutro de la composicion o. Es decir, si f : X — Y entonces foidx = f =idy o f.
Generalmente se omitird el subindice X de idx, siempre que quede claro por el
contexto.

Una de las categorias més usadas en la literatura, asi como la principal que hemos ma-
nejado a lo largo de la investigacion que conforma esta tesis, es la categoria Sets, definida
como la categoria que tiene por objetos los conjuntos y por morfismos las funciones ordi-
narias entre conjuntos. Si no lo indicamos expresamente, todas nuestras construcciones
estaran en la categoria Sets.

Ejemplo 2.2.1 Veamos ahora algunos otros ejemplos de categorias:

1. Todo preorden (D, <) es una categoria. Sus objetos son los elementos d € D y
existe una flecha d; — ds si y solo si dy < ds.
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2. Un monoide (M,+,0) también puede ser visto como una categoria con un unico
elemento f y una flecha § — § para cada elemento m € M. Asi, dados m; : § — §y
mso : §f — #, la composicion sera my +ms : § — 4, y 0 es la identidad.

3. Grp: es la categoria de los grupos en la que los objetos son grupos y las flechas son
los homomorfismos (que preservan las composiciones y el elemento unidad) entre
grupos.

4. PreOrd: es la categoria de los preordenes (no confundir con el primer ejemplo, en
el que vefamos un tnico preorden como una categoria) donde los objetos son preor-
denes y las flechas son las funciones mondétonas (es decir, aquellas que preservan el
orden entre elementos) entre preodrdenes.

A category
A= {A, a} is an aggregate of abstract elements A (for example, groups),
called the objects of the category, and abstract elements « (for example, homo-
morphisms), called mappings of the category. Certain pairs of mappings
oy, e &Y determine uniquely a product mapping o =1 €, subject to the
axioms C1, C2, C3 below. Corresponding to each object 4 &Y there is a
unique mapping, denoted by e4 or by e(4), and subject to the axioms C4
and CS.

C1. The triple product oz(ca) is defined if and only if (asoe)on is defined.
When either is defined, the associative law

ag(as) = (azaz)on
holds. This triple product will be written as asono.

C2. The triple product azona is defined whenever both products azas and ason
are defined. :

DEFINITION. A mapping e will be called an identity of A if and only if
the existence of any product ea or Se implies that ea¢ =ca and Be=8.

C3. For each mapping a €N there is at least one identity e;EN such that ae

is defined, and at least one identity ex & such that exa is defined.
C4. The mapping es corresponding to each object A is an identity.
CS5. For each identity e of U there is a unique object A of U such that eq=e.

Figura 2.6: La definicion original de categoria, tal y como aparece en [EM45].
A aquellas categorias cuyos objetos y morfismos forman un conjunto se las suele

denominar pequenas (small en inglés), mientras que aquellas en las que no lo forman son
denominadas grandes (en inglés large). La categoria Sets es una categoria gmndeﬂ

2Como Bertrand Russell probé en 1901 (véase por ejemplo en el libro recopilatorio de Godehard
Link [Lin04]), no existe “el conjunto formado por todos los conjuntos”. A la hora de trabajar con una
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Otro interesante ejemplo de categoria es la categoria opuesta, o dual, a otra dada.
Esencialmente se trata de la misma categoria, pero donde las flechas se toman al revés,
es decir, dada una categoria C, su categoria opuesta, C°P, es la categoria con objetos y
morfismos definidos como sigue:

1. X € Obj(C°) si X € Obj(C) .
2. feArr(CP)con f:Y — X,si X =Y € Arr(C).

Si bien ya hemos introducido antes los conceptos de inicialidad y finalidad, ahora una
vez definido lo que es una categoria podemos formalizar con precisién qué es un objeto
final y qué es un objeto inicial, en una categoria.

Definicién 2.2.2 (Objeto inicial y final). Dada una categoria C diremos que:

1. Un objeto final es un objeto 1 € C tal que para cualquier otro objeto X € C existe
un unico morfismo !x : X — 1.

2. Un objeto inicial es un objeto 0 € C tal que para cualquier otro objeto X € C existe
un unico morfismo !x : 0 = X.

No todas las categorias tienen objetos finales o iniciales pero, si existen, entonces son
anicos, salvo isomorfismo. Aprovechamos para decir que un isomorfismo es un morfismo
f : X — Y para el que existe otro morfismo f~! : Y — X, denominado morfismo
inverso, tal que flof =idx y fof~ ' =idy.

Deciamos antes que una coalgebra no era mas que una funcion ¢ : S — T'S, donde T'S
dependia de S. Para precisar exactamente de qué modo T'S depende de S necesitamos
introducir la nocién de funtor, es decir, la nocién que nos permite precisar qué se entiende
por una “funcién” entre categorias.

Definiciéon 2.2.3 (Funtor). Dadas dos categorias C y D, un funtor F : C — D wviene
dado por dos funciones Obj(C) — Obj(D) y Arr(C) — Arr(D) (denotadas generalmente
ambas por F') tales que:

1. F preserva dominios y codominios. Asi dado f : X — Y en la categoria C entonces
F(f): F(X) = F(Y) en la categoria D.

2. F preserva las identidades. Ast, para cada X € C, F(idx) = idp(x).

3. F preserva la composicion. Para todo par de flechas f: X =Y yg:Y — Z en la
categoria C, se tiene que F(go f) = F(g) o F(f).

Los funtores F : C — C de una categoria en si misma, se denominan endofuntores.

Para cada categoria C existe siempre un funtor identidad trivial id¢ : C — C que lleva
fafy X aX. También, para cada objeto A € C se puede definir un funtor constante
A : D — C que a cada objeto Y € D le hace corresponder el objeto A € C y a cada
morfismo f € D le hace corresponder la identidad id4 : A — A.

estructura que permita eludir las paradojas de la teoria de conjuntos se suele trabajar con la categoria
de las Clases.
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Ademés, dados dos funtores F': C - D y G : D — E, existe el funtor composicion
definido por

GoF:C—E, con X GEX) y fo GEWY).

Generalmente, y siempre que ello no genere confusion, se suelen evitar los paréntesis
al trabajar con funtores, y asi F X denotara F(X).

Ejemplo 2.2.2 Veamos ahora algunos ejemplos sencillos de funtores interesantes:

1. Dados dos monoides (M, +,0) y (N,-,1) en la categoria de los monoides, un funtor
F : M — N es un homomorfismo entre monoides, es decir, una funciéon que preserve
los operadores de composicién y el elemento neutro.

2. Anéilogamente, si consideramos dos predrdenes (D, <) y (E,C) como categorias,
un funtor F': D — E no es otra cosa que una funcién monoétona, es decir, tal que
si x < y entonces F(x) C F(y).

3. Un ejemplo aparentemente trivial, pero muy tutil, lo constituyen los funtores olvi-
dadizos (en inglés forgetful functor) que, como su nombre indica, olvidan parte de
la estructura de su dominio. Por ejemplo entre PreOrd — Sets existe un funtor
que “olvida” la estructura del los predrdenes (P, C) quedandose solo con el conjunto
subyacente P.

Otro concepto importante dentro del universo categoérico es el de transformacion na-
tural que, esencialmente, no es sino un morfismo entre funtores, que pasamos a definir
con absoluta propiedad a continuacion.

Definiciéon 2.2.4 (Transformacion natural). Sean C y D dos categorias y F' y G dos
funtores de C en . Una transformacion natural o de F' a G es una coleccion de flechas
ax : FX — GX en D para cada objeto X € C que cumplen que para cada flecha
f: X =Y enC, el siguiente diagrama es conmutativo, lo que se conoce como condicion
de naturalidad:

FX —X s Gx
Ff Gf
FY T‘ GY

Genéricamente se denotard por a : F' = G a una transformacion natural.

Asi, ya estamos en disposicion de dar la definiciéon formal de coalgebra.
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Definicién 2.2.5 (Coalgebra). Sea C una categoria cualquiera y F un endofuntor de C
en C.

1. Una F-codlgebra o, simplemente, una codlgebra (cuando se presuponga F) es un
objeto X € C junto con un morfismo c: X — FX. Generalmente diremos que X
es el espacio de estados y ¢ la estructura coalgebraica o de transicion.

2. Diremos que f: X — Y es un homomorfismo entre las codlgebras ¢ : X — TX y
d:Y = TY si el siguiente diagrama es conmutativo:

T
TX—f>TY

L

X—>Y

Nota 2.2.1. Cabe destacar que en esta tesis unicamente hemos usado las denominadas
coalgebras funtoriales, en contraposicion con las coélgebras de Eilenberg-Moore para
comonoides [Mac9§].

Las propias F'-coalgebras, junto con los homomorfismos entre ellas, forman la ca-
tegoria CoAlg(F). En concreto, una codlgebra final es un objeto final de la categoria
CoAlg(F), es decir, una coalgebra v : Z — FZ tal que para cualquier otra coalgebra
c¢: X — FX existe un tinico homomorfismo beh. : X — Z tal que el siguiente diagrama
es conmutativo:

F(beh.)
FX vttt ~FZ
X =2

El siguiente lema fue enunciado y demostrado por Lambek [Lam68| y es de vital
importancia a la hora de tratar con objetos terminales (ya sean iniciales o finales).

Lema 2.2.1. Dada un dlgebra final v : FZ — Z para un endofuntor F, la estructura
v:Z — FZ es un isomorfismo, es decir, se tiene que F'Z es isomorfo a Z.

Nota 2.2.2. Ellema[2.2.1) es también aplicable a las codlgebras finales ya que el concepto
de isomorfismo es auto-dual, es decir, la definicion dual de un isomorfismo coincide
con la definicion original de isomorfismo. Por tanto las codlgebras finales también son
isomorfismos.

El homomorfismo beh.(z) es especialmente interesante pues indica el comportamiento
del estado z y, como veremos mas adelante en la seccion si beh.(x) = beh.(y) los
estados x e y seran bisimilares.

Existen una serie de operaciones funtoriales basicas que son los productos, coproduc-
tos, la exponenciacion y el conjunto potencia, que aunque no pueden construirse en todas
las categorias (si que pueden construirse en Sets), en el caso de las tres primeras, siempre
tienen la propiedad de ser tnicas salvo isomorfismo.
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Definicién 2.2.6 (Producto). En una categoria C, el producto de los objetos X, Y € C
es un objeto X XY € C con dos morfismos llamados proyecciones

XX xY By
tales que son universales, es decir, que para todo par de flechas f: Z - X yg:Z —>Y

en C existe un unico morfismo (f,g9) : Z — X xY que hace que el siguiente diagrama
sea conmutativo:

X<~ XxY
\ (/

Andlogamente, dados dos morfismos f : X — X' yg:Y — Y’ y las proyecciones
1: X XY =5 X ym: X XY — Y, se define el producto de los morfismos f X g :
XXY = X' xY' como

fxg=(fom,gom).

El producto fxg estd caracterizado por las dos siguientes propiedades: w1 o(fxg) = fom
y mo(f x g) =goms.

Definiciéon 2.2.7 (Coproducto). En una categoria C, el coproducto de X, Y € C es un
objeto X +Y € C con dos morfismos llamados inyecciones

XS X4y &Y
que satisfacen la propiedad universal, es decir, para todo par de flechas f: X — Z y

g:Y = Z en C existe un 1inico morfismo [f,g] : X +Y — Z que hace que el siguiente
diagrama sea conmutativo

X

X+Y

FY

[£.9]

Andlogamente, dados dos morfismos f : X — X' yg:Y — Y’, y las inyecciones
X > X4+Y yko:Y = X+Y, se define la suma de los morﬁsmos f+9: X+Y —
X’ +Y’ como

f+g=I[riof,kaogl.

La suma [+ g estd caracterizado por las dos siguientes propiedades: k1o f = (f+¢g) ok
yroog=(f+g)ors.
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Definiciéon 2.2.8 (Exponenciacion). En una categoria C con producto X, la exponen-
ciacion de los objetos X,Y € C es un objeto YX € C con un morfismo de evaluacion

Y¥x XSy

que, de nuevo, satisface la propiedad universal. Es decir, se tiene que para toda flecha
f:ZxX =Y enC, existe un tinico morfismo A(f) : Z — YX que hace que el siguiente
diagrama sea conmutativo

YXx X —sY
A
A(f)xidx f
Z x X

Andlogamente, dado un morfismo h : X — Y y un objeto fijo A, se define la exponen-
ciacion h : XA = Y4 como el morfismo

ht = A(hoev).

Es decir, h* es tomar el morfismo A sobre hoev : X4 x A 8 X My, Ademds, la
exponenciacion h estd caracterizada por la propiedad: hoev = evo(h? x idy).

Existen varias maneras de definir el conjunto potencia, incluso en la categoria Sets.
Nosotros hemos usado la siguiente definicién: dado un conjunto X se define el conjunto
potencia de X, denotado por P(X), de la siguiente manera P(X) = {U | U C X},
es decir, como el conjunto de todos los subconjuntos de X. Si tenemos una funcién
f:X — Y entonces existe otra funcion P(f) : P(X) — P(Y) tal que para U C X

PHWU) = fU) = {f(x)|zcU}
= {yeY|reX. fzr)=yAxzeU}.

De esta forma hemos definido un funtor P(-) : Sets — Sets. También denotare-
mos a f(U), la imagen de U bajo f, como I_[f U usando la notacion de las categorias
fibradas |[Gro57, [Jac99].

Si bien los posibles funtores conjunto potencia en Sets actian siempre igual sobre los
conjuntos, tenemos distintas opciones al definirlos sobre las funciones. Por ejemplo, po-
driamos haberlo considerado como un funtor contravariante, es decir P : Sets” — Sets,
sin mas que considerar la imagen inversa de la funciéon: dada f : X — Y consideramos
P(f):PY)—>P(X)yparaun U CY

P(HWU) =Lz | f(z) e U}.

Ya estamos en disposicion de mostrar una serie de ejemplos de estructuras que pueden
definirse sencillamente como coélgebras.

Ejemplo 2.2.3 En primer lugar, ya vimos al principio de la seccién tres ejemplos sencillos
de coalgebras: la maquina que tenia un tnico botén y que podia romperse tras presionarlo
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un numero indeterminado de veces; la maquina de dos botones que modelizaba las listas
posiblemente infinitas de elementos de un conjunto A; y la clase Point. La primera estéa
definida por el functor F = 1 + id, la segunda por F/ = 1 + (A x id), mientras que la
tercera tiene como functor F” =R x R x id®*E,

También hemos visto como se definen los sistemas de transiciones como coalgebras,
ya que eso fue precisamente lo que Aczel modeliz6. Es decir, un LTS no es més que una
coélgebra para el funtor F' = P(A x id) o, equivalentemente, para el funtor P(id)* . Asi
diremos que ¢ : X — P(X)4 es un LTS y, por comodidad, pese a que estemos en el caso
coalgebraico, seguiremos usando la notacion @ —— x’ para indicar que 2’ € c(z)(a).

Un caso mas general de LTS son los autdmatas no-deterministas, que tienen una
funcién de transicion § : S — P(S)4 y una funcion de salida ¢ : S — B, donde A es
el alfabeto de entrada y B el de salida. Los autématas no-deterministas son coalgebras
definidas como el producto de las dos funciones anteriores: Nd : S — P(S)* x B.

Asi, una estructura de Kripke no es méas que un caso particular de autémata no-
determinista en el que la funcion de salida es € : S — P(AP), donde AP es un conjunto
de proposiciones atéomicas.

También es posible definir los arboles binarios (infinitos) con nodos en el conjunto A
como una coalgebra t: X — A x X x X.

Si en vez de t toméasemos el funtor ¢/ =1+ (A x id x id) se podrian construir tanto
arboles binarios infinitos como finitos.

En concreto, si tomamos X = {x1,z2,23} y A = {a1,a2,a3}, podemos definir la
coalgebra c: X -+ A x X x X con

c(z1) = (a1, 21, 22)
c(w2) = (az, v, 3)
c(r3) = (a3, v, T3)

Es decir,

—_
[\]

2

- e

donde hemos usado un indice para diferenciar el hijo izquierdo (el 1) del hijo derecho (el
2). Como se observa, la representacion grafica de la codlgebra ¢ es un grafo. De hecho,
del grafo obtenemos tres arboles binarios infinitos segin empecemos a desarrollar las
computaciones en x1, x3 0 x3. En particular, empezando en x; obtenemos:

40



VA NN
NN\ AN

/\/\ /\/\ /\/\

Todos los ejemplos de funtores anteriores corresponden a una subclase especial de
estos. Se trata de la subclase de funtores polinomiales (a veces llamados también funtores
polinomiales de Kripke, y abreviados como KPF), que esta formada por todos aquellos que
se pueden construir a partir de los funtores identidad, constante, producto, coproducto,
exponenciaciéon para un conjunto constante, y el funtor conjunto potencia. La utilidad
de los KPF es que permiten definir una gran variedad de estructuras y, ademas, debido
a su definicién estructurada permiten demostraciones por induccion estructural [Jac].

Una variante muy usada en la literatura es la subclase finKPF, cuya tnica diferencia
con la clase KPF es que se define utilizando las partes finitas, P,,, en vez de P. La razén
para ello es que, como el mismo Aczel demostraba, no existe una coalgebra final para el
funtor P. Esto es debido a que, como destacabamos en la nota[2.2.2] las coalgebras finales
son isomorfismos, con lo que si existiese tal codlgebra final v : Z — PZ para este funtor
P, PZ tendria que tener el mismo cardinal que Z, llegandose asi a una contradiccion.

2.2.2. Bisimulaciéon entre coalgebras

En esta seccion vamos a tratar y relacionar las distintas definiciones de bisimulacion
que se han ido proponiendo a lo largo de los afios, asi como su relaciéon con la coinduccion.

Bisimulaciéon como coinduccion

Intuitivamente, un conjunto X esta definido inductivamente si es la menor solucién
de una inecuacién de un cierto tipo. El principio de induccion dice que cualquier otro
conjunto que sea solucién de esa inecuaciéon contiene al conjunto X. Este principio de
induccioén lleva siendo usado por los matematicos desde los tiempos de Euclides (valga
como ejemplo la demostracion de que el conjunto de los niimeros primos es infinito) y
coincide con la inicialidad de las algebras: la existencia del homomorfismo es la definicién
inductiva, mientras que la unicidad es el principio de prueba por induccién.

Si dualizamos la nociéon anterior, obtenemos que X esta definido coinductivamente
si es la mayor solucién de una inecuacion de un cierto tipo, mientras que el principio
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de coinduccion dice que cualquier otro conjunto que sea solucién de esa inecuacién es-
t4 contenido en el conjunto X. Analogamente, el principio de coinduccién coincide con
la finalidad de las coalgebras: la existencia del homomorfismo es la definiciéon coinduc-
tiva, mientras que la unicidad es el principio de prueba por coinducciéon. Ademés, ya
hemos comentado en varias ocasiones que las pruebas por bisimulacién son una instancia
del principio de prueba mediante coinduccion, pero ;jcémo se relacionan exactamente la
bisimulacién y la coinduccion?

En primer lugar, debemos tener en cuenta que las coalgebras tinicamente nos permiten
observar su comportamiento o avanzar a otro estado. Como deciamos tras la definicion de
coalgebra en la secci()n el (inico) homomorfismo de una coalgebra hacia la coalgebra
final beh, nos informa del comportamiento de cada estado. Debido a que la coalgebra
final es “la méas pequena”, en ella no hay estados repetidos, es decir, no pueden existir dos
estados distintos z; y z2 que tengan el mismo comportamiento. En conclusion, si en una
coalgebra hay dos estados = e y cuyos comportamientos observacionales son idénticos
(es decir, son dos estados bisimilares), entonces beh.(x) = beh.(y). Este resultado es el
principio de prueba mediante coinduccion y fue estudiado por Rutten y Turi en [RT92].

Este principio de prueba por coinducciéon puede reformularse de otras muchas mane-
ras. Valga como ejemplo la que se da en [JRIT]:

Dada una coalgebra final v : Z — FZ, para todo par de elementos 2,2’ € Z
se tiene que si zRz' para una bisimulaciéon R, entonces z = 2’.

Consideremos el funtor P, (A x id) para los LTS finitamente ramificados, y su co4l-
gebra final v : Z — P, (Z). Siendo R C Z x Z una bisimulacion, vamos a dotarla de una
estructura coalgebraica sin mas que tomar la coalgebra b: R — P,,(A X R), definida para
los r = (p,q) € R como:

b(r) ={{a, (0, ¢)) | p =P ya—4d}.

Ahora, las proyecciones 1 : R — Z y my : R — Z son homomorfismos entre coalge-
bras, por lo que deben coincidir debido a la finalidad de . Hemos demostrado asi que si
tenemos pRq para una bisimulacién en Z, entonces p = ¢, es decir, el principio de coin-
duccion. De este modo se observa que la bisimulacién de Park [Par81) es una instancia
del método de coinduccién.

Bisimulacién como spans

El camino que tom6 Peter Aczel en su libro “Non-well-founded Sets” [Acz88]|, pese a
que no llegase a dar una definicion coalgebraica explicita de bisimulacion hasta [AMS9],
fue el que hemos descrito en el punto anterior. Aczel se inspir6 en el famoso trabajo de
Milner de 1982 [Mil82] observando en él que agentes diferentes podian tener el mismo
comportamiento (expresado por un sistema de transiciones etiquetadas). Se dio cuenta
asi de que al considerar los sistemas de transiciones que representaban el comportamiento
de los agentes y hacer el cociente con la relacién de bisimulacion, se obtendrian otros
sistemas de transiciones que podian ser vistos como la interpretaciéon matemética del
lenguaje de los agentes definido en [Mil82].
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Considerando los sistemas de transiciones etiquetados como coélgebras para el funtor
F = P,(A x id), Aczel se percatd de que al hacer ese cociente entre la coalgebra y la
relacion de bisimulacion, la codlgebra que se obtenia era la coalgebra final para F. De
este modo, Aczel propuso el teorema de la codlgebra final [Acz88|, que dice que para todo
funtor set—basecﬂ existe una codalgebra final.

Como ya hemos comentado anteriormente, Aczel no llego6 a probar el teorema de la
codlgebra final hasta un afio después en [AM89], junto con Nax Mendler. En aquel articu-
lo, ambos autores cerraban ademas la conexiéon con el trabajo de Milner y la bisimulacién
al proponer una definiciéon de esta ultima puramente coalgebraica. Esta definiciéon hacia
uso de los spans que, intuitivamente, no son mas que las generalizaciones de las relaciones
(Y + R — X), como queda patente en la siguiente definicion extraida de [AMS9].

Definiciéon 2.2.9 (Bisimulacion Aczel-Mendler). Sean c¢: X — FX yd:Y — FY dos
codlgebras y R C X XY wuna relacion. Decimos que R es una bisimulacion si existe una
codlgebra e : R — F'R de manera que las proyecciones r1 : R — X yry : R =Y son
homomorfismos, es decir, hacen que el siguiente diagrama sea conmutativo:

T1 T2

X R Y
c e d
Frq Fro
FX FR FY

Bisimulacién como relaciéon

Al margen de la caracterizaciéon por medio de la igualdad en la coalgebra inicial, y
la anterior facilitada por Aczel y Mendler, existe otra definicién coalgebraica de bisi-
mulacion, propuesta por Bart Jacobs [Jac]. La misma usa la técnica de alzamiento de
relaciones [Her93| [HJ98|. La idea para modelizar la bisimulacion sigue siendo esencial-
mente la clasica: una relacion R es una bisimulacion si cuando un par (x,y) pertenece
a él, entonces sus sucesores, dados por c¢(z) y d(y) (siendo ¢ y d dos coélgebras), siguen
perteneciendo a la relacion. No obstante, z y ¢(z) (v andlogamente y y d(y)) no se mue-
ven en el mismo dominio, con lo que se debera definir un operador que “eleve” la relacién
RC X xY aunarelacion R C FX x FY.

Definicién 2.2.10 (Alzamiento). Dados un funtor F', conjuntos X eY, y una relacion
R C X xY cuyas proyecciones son (ri,r2) : R —= X XY, se define Rel(F)(R) como la
imagen del par

(F(r1),F(r2)): FR - FX X FY .

Para el caso de los funtores polinomiales existe una definicién estructural del alza-
miento de relaciones [Jac|, que simplifica notablemente su uso. Por ejemplo, para el caso
del funtor F' = P(id)*, que caracteriza los LTS, obtenemos la siguiente particularizacion:

3 Aqui estamos citando el teorema mas general en [AMS89], donde se trabaja con la categorfa de las
Clases (y no con Sets): los objetos son clases y los morfismos funciones entre clases. En Clases un
funtor es set-based si para cada clase A y cada elemento a € F'A existe un conjunto Ag C Ay ag € Ao
tal que a = F(tap), donde ¢ es la inclusion de Ag en A.
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Rel(P(id)*)(R) ={(f,g)|VYa € A.(f(a),g(a)) € {(U,V)| VueU3veV.uRvA
Vv e V.3u € U.uRv}}.

Ahora, las bisimulaciones, segun [Jac|, se definen de la forma siguiente:

Definicion 2.2.11. Seanc: X - FX yd:Y — FY dos codlgebras y R C X XY una
relacion. Diremos que R es una bisimulacion si

(z,y) € R = (c(x),d(y)) € Rel(F)(R),

es decir, si
R C (c,d) " 'Rel(F)(R).

Nota 2.2.3. Como se indica en [HJ04], las bisimulaciones pueden verse también como
Rel(F)-codlgebras en la categoria Rel de relaciones. Es decir, una bisimulacion es un
morfismo en Rel sobre dos morfismos en Sets, que coinciden con las dos codlgebras
c: X >FX yd:Y —FY.

Es especialmente importante observar que esta definicion de bisimulacién es, en cierto
sentido, una definicién local. Si se observa con cuidado la propiedad que debe cumplir
una relaciéon para ser bisimulacién, observamos dicha localidad, en el sentido de que
la condicién involucra Gnicamente a un par (z,y) y sus sucesores inmediatos, sin que
sea posible establecer relaciones entre términos no ligados por la “cercanfa en X’ que
expresan las coalgebras ¢ y d. En contraposicion, la definicion propuesta por Aczel y
Mendler tiene un caracter mas global, pues la bisimulacién queda caracterizada por una
coalgebra “entera’.

También se puede decir (como el propio Jacobs recoge en [Jac]) que la definicion[2.2.11]
es de un corte logico, y que caracteriza las bisimulaciones como una relacién que cumple
cierta propiedad especial, de un modo parecido a como la definicién clasica también
considera a la bisimulaciéon como una relacion “especial”. Por ello, se puede justificar que
esta es una definicion mas natural que la definicién 2:2.9] que echa mano de los spans y
define la bisimulacion como una estructura (coalgebra) especial. Independientemente de
las justificaciones y de las sutiles diferencias entre las dos definiciones, como se demuestra
en [Jac, teorema 3.3.2] ambas definiciones resultan ser equivalentes entre si, por lo que
no tiene sentido litigar sobre “cual es la mas correcta”.

Algunos ejemplos de bisimulaciones

Una de las grandes ventajas de las tres definiciones categoéricas de bisimulacion que
hemos visto, es que nos permiten definir el concepto de bisimulacion no solo para los LTS,
sino para una amplisima variedad de estructuras matematicas. Pero, puesto que con la
definicion de Jacobs para el caso de los KPF la nocién de bisimulaciéon puede hacerse
explicita, vamos a aprovecharnos de ello presentando detalladamente algunos ejemplos
haciendo uso de la definicion 22111
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Ejemplo 2.2.4

1. Vamos a considerar autématas deterministas, es decir, codlgebras para el funtor
F =id4 x {0,1}, y las palabras de A* que aceptan. Diremos que una palabra o =
aj ...ay es aceptada por un estado x de un autémata si a partir de x, realizando las
acciones que define «, se llega a un estado de aceptacion. Expresado formalmente,
sic(x) = (6(x), e(x)) entonces « es una palabra aceptada si tomando 1 = 6(x)(aq),
x9 = 0(x1)(ag), hasta llegar a x; = 0(xk—_1)(ax) con e(zy) = 1.

Intuitivamente, si ¢ = (§,¢) : X = XA x Byd = (§,¢):Y — Y4 x B son dos
autématas deterministas con B = {0,1} y existe una bisimulacion R tal que xRy,
entonces los lenguajes de aceptacion a partir de x y de y deben coincidir. En efecto,
como xRy, por definicién se tiene que c(x) Rel(id* x {0,1})(R) d(y), donde

Rel(id* x {0,1})(R) = {((u1,uz), (v1,v2)) | ug = v2 AVa.ui(a) Rvi(a)},.

Esto quiere decir que e(z) = €'(y) (es decir, o ambos estados son de rechazo o
ambos de aceptacion) y para todo a € A debe tenerse que si z %5 2’ y también
y — 3/, entonces ' Ry’. Con lo que si desde x se acepta una palabra, entonces
desde y también se aceptara, y viceversa (ya que se deben reproducir las mismas
acciones en ambos lados).

2. Veamos un ejemplo de bisimulacion entre arboles binarios finitos e infinitos. Con-
sideramos entonces coalgebras para el funtor F' = 1 + (A x id x id). En este caso
la bisimulacién es esencialmente la igualdad, pues si R es una bisimulacién tal que
xRy, entonces c(xz)Rel(F)(R)d(y) significa que, o bien ¢(z) = * = d(y), siendo * el
tnico elemento de 1; o, si no tendremos c(z) = (a,x,2’) y d(y) = (b,y,y’), siendo
a=0b, zRyy 'Ry’

Aunque fuera del formalismo de Jacobs, las bisimulaciones probabilisticas de Larsen y
Skou que vimos en la seccion tienen también su generalizacién al mundo categoérico.
Esta generalizacion la llevaron a cabo Vink y Rutten en 1999 [dVR99]. En esa publica-
cion los autores extienden el conjunto D(X) de distribuciones probabilisticas sobre X a
las funciones (para asi definir un funtor), del siguiente modo: dada f : S — T y una
distribucion probabilistica p en S, entonces D(f) : D(S) — D(T) esta definida como
D) () = X 0y Hl5)-

Por lo tanto, un sistema de transiciones probabilistico es una coalgebra para el funtor
F = (D(id) + 1)“°*, aunque, por claridad, los autores acaban eliminando la posibilidad
de terminacion y las etiquetas de las acciones, trabajando tnicamente sobre el funtor
D(id). Asi, dadas dos codlgebras a : S — D(S)y 8: T — D(T), Rutten y Vink definen
una bisimulacién probabilistica desde el punto de vista coalgebraico como una relacién,
R C ST, tal que si sRt entonces existen U y V' tales que Y iy a(s)(u) = >, oy B(t)(v),
con m; 1(U) = 75 (V), donde 71 y mo son las proyecciones de R.

Los autores demuestran que esta nocién de bisimulaciéon probabilistica coincide con
la clasica, y con la nocion de bisimulacion de Aczel y Mendler para el funtor D.

45



Técnicas coalgebricas y categoricas para el estudio de las semanticas de procesos

2.2.3. Simulaciones

Como veremos a lo largo de esta seccion, existen diversos modos de definir las si-
mulaciones entre codlgebras. Empezaremos recogiendo el método ideado por Hughes y
Jacobs [HJ04], que es el que hemos ido usando a lo largo de nuestra investigacion.

En primer lugar, para definir las simulaciones desde el punto de vista coalgebraico
tendremos que introducir previamente el concepto de orden asociado a un funtor [HI04].

Definicién 2.2.12 (Orden asociado a un funtor). Si F': Sets — Sets es un endofuntor,
un orden de F es otro funtor, C : Sets — PreOrd, tal que el siguiente diagrama es
conmutativo

PreOrd

/ l
U
Sets — Sets

donde U es el funtor olvidadizo, es decir, en este caso, el funtor que “olvida” la estructura
del preorden para quedarse unicamente con su conjunto subyacente.

Conviene destacar que el orden C asociado al funtor F' asocia a cada conjunto X un
preorden Cx C F'X x F'X, que debe preservarse por renombramiento, es decir, que para
toda funcion entre conjuntos f : X — Y, la funcion F(f) : FX — FY es mondtona
con respecto a Cx y Cy. Asi si u Cx ' se debe tener Ff(u) Cy Ff(u') para toda f.
Intuitivamente esto significa que el orden no puede usar la informacion de los estados X,
sino solamente usar la estructura del funtor F'.

Répidamente se observa que un posible orden es la igualdad, es decir, © C v si
y solo si u = v, o también el orden trivial que considera que todo par de elementos
estan relacionados entre si. Pero podemos considerar otros érdenes no triviales como, por
ejemplo, la inclusion punto a punto para el funtor F = P(id)*, en la que se tiene u C v
si y solo si para todo a € A tenemos u(a) C v(a).

Apoyandose en este orden y en el alzamiento de relaciones, Hughes y Jacobs definen
las simulaciones desde el punto de vista coalgebraico.

Definicion 2.2.13 (Simulacion coalgebraica). Sea Relc (F)(R) definida por

Cy oRel(F)(R)oLCx .

Diremos que R C X xY es una simulacion entre las codlgebras X = FX yY 4 FY,
S84

(z,y) €R (c(x),d(y)) € Relc(F)(R)

_—
<~ Ju,v. (c(z) CEx u) A (v Cy d(y)) A (u,v) € Rel(F)(R)

o0, equivalentemente,

R C (e x d) ' (Relc(F)(R)).
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Nota 2.2.4. Existe una inmersion completa y plena (en inglés a full and faithful embed-
ding) entre PreOrd — Rel [JHO3|, es decir, se puede ver a la categoria PreOrd como
una subcategoria de relaciones Rel. Por tanto, como en el caso de las bisimulaciones, las
simulaciones pueden ser vistas como Relc (F)-codlgebras en la categoria Rel.

Quiza lo mas sorprendente de esta definicién es que desde el punto de vista coalge-
braico la bisimulacién es un caso particular de la simulacién, puesto que basta considerar
para ello el orden identidad. También observamos que esta definicién permite que se
definan simulaciones un tanto extranas. Por ejemplo, si consideramos los érboles bina-
rios definidos como codlgebras del funtor ' = 1 + (A x id X id) y definimos el orden
CxC(1+(AxXxX))x(14+(AxX x X)) como

uCxwvsiysolosiv=%ou=wv,

obtenemos que una simulacion entre arboles considera que un arbol infinito es simulado
por otro finito. Evidentemente, para soslayar en este caso la dificultad a nivel intuitivo que
tal hecho supone, basta con considerar el orden opuesto. Como consecuencia tenemos una
de las primeras sorpresas que nos da la definiciéon de Hughes y Jacobs ya que obtenemos
que la simulacién no induce una direccién “natural” de “simulacién”, sino que ambas
direcciones son igualmente correctas, segiin tengamos en cuenta un orden C o su inverso
.

Por ejemplo, las simulaciones entre sistemas de transiciones son las simulaciones coal-
gebraicas para el orden CxC P4(X) x P4(X) definido por

u Cx vsiy solo siu(a) Co(a).

Con este orden se recoge también la idea de que un LTS p simula a otro LTS ¢ si p puede
hacer lo que hace ¢ y, posiblemente, mas cosas. Eso si, en este mundo coalgebraico, la
filosofia es radicalmente distinta a la clasica, como se pone de manifiesto al observar
detalladamente la condicion para que R sea una simulaciéon entre los estados x e y de
dos sistemas de transiciones no etiquetados,

q(z) Cx u Rel(Pid)(R) v Cy p(y) - (2.1)

p(y) (respectivamente, ¢(z)) es el conjunto de sucesores del estado y (respectivamente,
de z). El uso del orden C en la ecuacion nos indica que, podemos o bien mayorar
el conjunto de sucesores de x tomando otro mas grande u, o minorar el conjunto de
sucesores de y por medio de v; o ambas cosas simultaneamente, para luego comprobar
que u y v son bisimilares. Es decir, p simula a g siempre que, o bien p pueda desprenderse
de aquellas transiciones “extra” que le impiden ser bisimilar a ¢; o siempre que ¢ pueda
“anadirse” las transiciones extra que necesita para ser bisimilar a p.

Observamos ahora que siempre se podrin eliminar transiciones de un LTS, mientras
que en general no siempre se podran anadir las que pudiéramos necesitar, pues al efecto
estamos a expensas de que el conjunto X contenga los elementos adecuados para mayorar
q(x) via el u que necesitemos. En segundo lugar, la definicion de simulacion sigue mante-
niendo la localidad de la que hacia gala la bisimulacién: el orden nos permite “eliminar”
transiciones en cada paso, pero es méas importante observar que esa eliminacién no se
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hace sobre la coalgebra, sino solo “de manera local” sobre los conjuntos u y v. Es decir, si
durante el juego de la simulacién debemos volver a comprobar el estado z, este “seguira
teniendo” como sucesores los elementos de ¢(z), y nunca los elementos adicionales que
habiamos introducido en algtin otro paso de la aplicaciéon de la definicion.

Pese a que a priori cualquier orden categorico C es valido para ser usado en la defini-
ci6n no todos los 6rdenes generan buenas propiedades en el alzamiento Relr (F).
En concreto, nos encontramos con la desagradable sorpresa de que es posible que la
composiciéon de simulaciones no sea siempre una simulacién, en cuyo caso la relacién
de similitud definida por ese orden podria no ser transitiva, por lo que no estariamos
definiendo una relacién de similitud “razonable”. En [HJ04] se incluye un ejemplo no
demasiado complejo de simulacion coalgebraica no transitiva. Se trata de la simulacion
lezicogrdfica definida para el funtor FX = 2 x X de la siguiente manera: sean u = (n, )
y v = (m,y) en FX, el orden lexicografico C,., viene dado por

UL v <= n<mo(n=myx=y).

De hecho no es adecuado llamar a esa relacion ni simulacion (ya que no es una relacion
transitiva) ni lexicogrdfica porque, de ser lexicografica de verdad, entonces esperariamos
que toda lista [ que empiece por 1 simula (es mayor) que cualquier lista ¢ que empiece
por 0, como se muestra en la figura 2.7 pero esto claramente no es cierto para las Cjey-
simulaciones.

= lexicographic 1

1C g 0y

Figura 2.7: La lista ¢ es menor que la lista [ con el orden lexicografico =ezicographic, PEro
no existe ninguna C;.,-simulacién que relacione x e y.

;Como podemos entonces garantizar que una similitud es “razonable”™ La solucion
consiste en restringir los 6rdenes posibles. Esta restriccion la realizaron Hughes y Jacobs
en varias etapas, que pasamos a detallar a continuacién.

Originariamente, en 2003 [JHO3] para poder garantizar que la composicion de simula-
ciones sea siempre una simulacién se recurria a una condicién suficiente, basada en que el
orden C preserve la composicion del alzamiento (en inglés que el orden sea composition-
preserving):

Definicién 2.2.14 ([JHO3| 5.2). Un funtor F con orden C preserva la composicion para
el alzamiento Relc (F) siempre que se tenga la siguiente condicion:

Relc (F)(RoS) = Relc (F)(R) oRelc (F)(S) .
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Aunque es cierto que la condicién de preservar composiciones es bastante natural,
en la version revisada del articulo anterior [HJ04| se definié otra condiciéon algo menos
intuitiva pero mas general, que garantizaba que el alzamiento de relaciones Relc (F)
preservara composiciones. Esa condicion se llamo estabilidad (stability en inglés):

Definiciéon 2.2.15 ([HIJ04] 4.3). Se dice que un funtor con orden T es estable si el
alzamiento de relaciones Relc (F') conmuta con la sustitucion, es decir, si para todas
[ X—>Zyg:Y—>W, setieneﬂ:

Relc (F)((f x 9)7'(R)) = (Ff x Fg)~' (Relc (F)(R)).

Esta condicién de estabilidad tiene dos importantes problemas. El primero es que
es una condicién puramente ad hoc, sacada como una (casi trivial) generalizacion de lo
que se necesita demostrar para que el alzamiento Relc (F') preserve composiciones, en
donde basta considerar como relacién R la igualdad, y como f y g sus proyecciones.
Ademaés, la condicion de estabilidad resulta, en general, complicada de probar. Esto llevd
a los autores a considerar otra condicion més fuerte que implicase la estabilidad. Esta
condicion no recibié nombre alguno en [HJ04], pero nosotros la bautizamos como estable
por la derecha (o right-stability en inglés) en la segunda publicacion del capitulo

Definicién 2.2.16 ([HJ04]). Decimos que un functor F' con orden C es estable por la
derecha si, para toda funcion f: X =Y, tenemosEI

(idxFf) "'y € J] CEx. (2.2)
Ffxid

donde, [{p;yiq Ex={(Ff(z),2") € FY x FX |z Cx 2'}.

De hecho, segtan [HJ04], la condicion (2.2)) es equivalente a que (a) F' sea estable y
(b) para toda relacion R C X x Y,

Rel(F)(R)o Cx C Cy oRel(F)(R). (2.3)

Otra forma de modelizar las simulaciones desde el punto de vista coalgebraico es por
medio de los relatores definidos en la tesis de Thijs [Thi96]. Un relator para F se define
como un endofuntor I" : Rel — Rel, tal que para toda relacion R C X x Y, se tiene
I'(R) C FX x FY. En realidad las simulaciones requieren del uso de una clase especial
de relatores, los denominados relatores mondtonos.

Definicion 2.2.17. Dado un endofuntor T : Sets — Sets, un T-relator monétono es
un endofuntor I' : Rel — Rel tal que

" UoT'= (T xT)oU, donde U : Rel — Sets x Sets es el funtor olvidadizo,

» =rx CI'(=x), ¥

4En la siguiente igualdad, la inclusién C es siempre cierta, por lo que podriamos habernos limitado
simplemente a pedir la contraria.
5De nuevo, la inclusion contraria es trivial.
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« T(SoR) =T(S)oT(R).

Entonces una I'-simulacion entre las coalgebras ¢ y d es una I'-coalgebra de la forma
(R, (c,d)), es decir, una relacion R tal que xRy implica c¢(z)T'(R)d(y).

De nuevo, como sucedia con las distintas nociones de bisimulaciones coalgebraicas, re-
sulta que las nociones de simulacién de Hughes y Jacobs y la de Thijs son, esencialmente,
equivalentes. Decimos esencialmente, pues no es cierto que toda simulacion definida por
el formalismo de Hughes y Jacobs tenga su equivalente definida por un relator monétono;
pero si nos limitamos a trabajar con los drdenes estables, si que ambas nociones resultan
ser equivalentes [Cir(6].

Esta relaciéon entre los dos conceptos citados es muy estrecha, como se demuestra
en [Thi96], ya que el alzamiento de relaciones se corresponde con el denominado relator
minimo inducido por un endofuntor T definido como I'r = (T'my, Tma)(TR) CTX xTY.
Ademas, la simulacion definida por el relator I'r coincide con la bisimulacion [Cir06].

2.2.4. Logica temporal asociada a una coalgebra

Vamos a terminar este resumen de las definiciones coalgebraicas que hemos ido uti-
lizando a lo largo de nuestra investigacion, explicando como se pueden definir légicas
temporales asociadas a las coalgebras.

Si bien los programas secuenciales siguen un dnico camino desde su estado inicial
hasta llegar a uno final, en el caso de los programas concurrentes ni tan siquiera pode-
mos hablar en general de que tengan un estado final. Por ello, mientras que la logica
de Hoare (con su esquema de precondiciéon,/postcondicion) es la herramienta de verifica-
cién por antonomasia de los programas secuenciales, a la hora de tratar con programas
concurrentes hace falta otra herramienta.

Las ldgicas modales son una rama de la logica en la que se distinguen las nociones de
posibilidad y necesidad, para asi poder expresar aserciones del tipo “es posible que” o “ne-
cesariamente debe ocurrir”. Las ldgicas temporales son un caso particular de estas logicas
modales y fueron usadas en 1977 por Pnueli [Pnu77, [MP92| para razonar sobre sistemas
de transiciones reactivos. Por ello es natural que ya que las coédlgebras generalizan a los
sistemas de transiciones, se haya trabajado en logicas temporales para ellas.

El primero en definir logicas temporales para coéalgebras fue Lawrence Moss, que en
su trabajo de 1997, pero publicado en 1999 [Mos99|, deducia a partir de cada funtor
un lenguaje modal generalizado. Como comenta Martin Rofiger en [Ro600], el lenguaje
de Moss era lo suficientemente expresivo como para distinguir féormulas salvo bisimu-
lacion. Ademas, construia féormulas caracteristicas para los elementos de las coalgebras
que expresaban su comportamiento futuro. Baltag [Bal00] sigui6 este camino para definir
logicas modales infinitarias que permitiesen capturar la bisimulacion y la simulacion.

El acercamiento que Bart Jacobs propone en el tutorial [Jac| es un modo relativa-
mente sencillo de definir una logica LTL asociada a las codlgebras. La peculiaridad de
este enfoque es que Jacobs no usa proposiciones atémicas, sino que la logica se sustenta
en los denominados predicados. Para Jacobs un predicado sobre un conjunto, X, es sen-
cillamente un subconjunto P C X. Para trabajar con estos se vuelve a echar mano del
método del alzamiento en este caso aplicado a los predicados. Sin embargo, el mismo se
define recurriendo al alzamiento de relaciones:
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Pred(F)(P) = 1, (Rel(F)(LL5(P))) = L, (Rel(F)(LLs(£)));
donde 0 = (id, id), de manera que en concreto se tiene:
I1,,(P) = {(z.2) | = € P},
[, (R) = {x1 | 3z2.71 Rx2} es el dominio de la relacion R, y
[1,,(R) = {x2 | 3z1.21 Rx2} es el codominio de R.

El concepto analogo a la bisimulacién en términos de predicados es lo que se conoce
como predicado invariante. Un predicado P es invariante para una coalgebra c, si cuando
un elemento x pertenece a él, su sucesor ¢(x) pertenece, en este caso, al alzamiento del
predicado.

La sintaxis de la légica LTL de Jacobs es la siguiente:

p=PCX|-ploVeolohp|le=¢|Op|Op|Op| el

donde, como es usual, a los operadores (), &, O y U se les llama siguiente, alguna vez,
siemprey hasta que. La semantica de los operadores esté definida de la siguiente manera:

» Para un predicado P C X, su seméantica es [P] = P.
» [OP] = c 1 (Pred(F)(P)) = {z € X | ¢(z) € Pred(F)(P)}.

» [OP] se define como el mayor invariante contenido en P, es decir, usando el ope-
rador v : PX — PX de mayor punto fijo se tiene [OP] = vS.(P A OS).

« [OP] = -O-P.

» [PUQ]=pS(QV(PA-(S)), donde u: PX — PX es el operador de menor
punto fijo.

Diremos que un elemento x satisface una féormula ¢, denotado por = = ¢, cuando
z €[]

Pese a la sencillez de esta logica su mayor pega es que no dispone de proposiciones
atémicas, y que la base de las férmulas son los predicados, es decir, subconjuntos de un X
concreto. Esta carencia de proposiciones atémicas implica que no existe un asidero comin
a la hora de comparar formulas entre coalgebras sobre distintos espacios de estados, pues
no existe una relaciéon clara entre los predicados sobre X e Y, mientras que, por ejemplo
la proposicién atémica true tiene un significado comin a cualquier espacio de estados.

Como se verd en la publicacion C1 que abre el capitulo [5| (pagina , se pueden
incluir proposiciones atémicas en la logica de Jacobs utilizando las ideas que Alexander
Kurz empleo a lo largo de sus trabajos [Kur98, [Kur00]. En concreto, las proposiciones
atomicas se definen por medio de una transformaciéon natural.

Otra aportacion interesante es la de Corina Cirstea [Cir06], que presenta un método
general para definir logicas modales que caractericen las nociones de simulacion definidas
por relatores. El primer paso de esta construccién es definir la sintaxis del lenguaje
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mediante el denominado constructor del lenguaje, definido como un endofuntor accesibleﬁ
S: Alg(¥p) — Alg(¥p). A ¥p se le llama signatura y el lenguaje £(S) inducido por S
es el algebra inicial de S. En los casos méas interesantes se tiene £(S) = |J,, Ln(S), con
Ly(S) el ¥p-algebra inicial y L,41(S) = S(L(S)).

La seméantica de la légica se define recurriendo a limites de coalgebras, por lo que
su construccién se realiza partiendo de una semdntica de un paso. Para ello, en primer
lugar, en [Cir06] se define la interpretacion de una Xp-algebra L sobre un conjunto X
como un morfismo de ¥ pg-édlgebras d : L — PX. Una interpretacion indica para cada
operador en la sintaxis los elementos de un conjunto X que lo satisfacen. En concreto,
x € d(p) significa que la formula ¢ se cumple en z. Las interpretaciones definen una
categoria denotada por Intg, con L : Intg — Alg(Xp) el funtor que lleva d a L y
E:Intg — Sets®” el funtor que lleva d a X.

La semdntica de un paso se define del siguiente modo:

Definicion 2.2.18 (|Cix06]). La T-seméntica de un constructor de lenguaje S es un
funtor S : Intg — Intp tal que LoS = SolL y EoS = T°PoE. Por consiguiente,
una T-semdntica para S lleva una interpretacion d : L — PX a otra interpretacion
d :SL—PTX.

Finalmente, como decfamos antes, la logica “final” se construye como limite de la
logica de un paso de acuerdo con la siguiente definicion:

Definicién 2.2.19 ([Cix06]). Para cualquier ordinal o, dada (Zy), (02 : Zo = Z5)p<a,
la secuencia final del funtor T, la interpretacion d : L — PZ, induce la logica (L,|=)
para T'-codlgebras

¢ =y @ if and only if yo(c) € d(p),

donde (o : C — Z,) denota el cono sobre la secuencia final de T defina como:

m v : C — 1 es el dnico morfismo posible.

" Yo =Tp07.
" 7, es el unico morfismo que satisface p% 07, = Yo para cada o < w.

En particular, si la secuencia final de I" : Rel — Rel se estabiliza en aﬂ entonces la
l6gica inducida por S y I' es la logica inducida por la interpretacion d,, : Lo — PZ,.

Para que la T-seméantica S induzca la I'-similitud es necesario que se cumpla la condi-
cion técnica de que S preserva la expresividad (véase [CirQ6] para los detalles concretos).
En este caso, si ademas la secuencia final T' se estabiliza en « y la secuencia inicial de
S se estabiliza en « entonces, la logica inducida por S y I' caracterizan la relacion de
similitud [Cir06l corolario 60].

6Un funtor es accesible si preserva para cierto cardinal infinito & colimites x-filtrados (en inglés k-
filtered colimits). Un colimite k-filtrado de un funtor F' : J — C es un colimite donde J es una categoria
k-filtrada, es decir, una categoria donde para todo diagrama d : D — E de cardinal menor que k existe
un cono sobre d [Mac98| [BW99].

"Una secuencia final (Z,), (pg : Zo — Zg)g<a se estabiliza en k si Pt coincide con la identidad.
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Resultados

El presente capitulo estd dedicado a la discusion de las principales contribuciones
de las publicaciones que han dado como resultado esta tesis. Como comentédbamos en la
paginal[7] esta investigacion empez6 en el afio 2005 con mi trabajo de tercer ciclo, titulado
“Un estudio coalgebraico de las simulaciones” [Fab06].

A lo largo de este tiempo hemos hecho un estudio de las simulaciones coalgebraicas,
profundizando en cémo estas podian servir como marco unificado para el estudio de
las semanticas de procesos. Este estudio no ha sido facil y, como suele ser habitual al
realizar una tesis, nos hemos ido enfrentando a distintas dificultades no previstas de
antemano. La primera de ellas fue la necesidad de profundizar por mi parte en el estudio
de los conceptos centrales de la teoria de categorias. La segunda aparecia ya en la propia
definicion de simulacion coalgebraica, que desde el mismo inicio de la investigacion nos
impidi6 extender de manera completa el resultado clasico que dice que las simulaciones
preservan las propiedades logicas. Nuestras disensiones con la definicion coalgebraica de
simulacién no se centraron tnicamente en la complejidad de los resultados de preservacion
de propiedades, sino que definitivamente desedbamos garantizar que por medio de la
misma se definiera un preorden de similitud. Ello solo queda garantizado cuando se
cumple la condiciéon de estabilidad, pero esta no es habitualmente sencilla de probar, por
lo que Hughes y Jacobs sugieren quedarse con los érdenes que cumplen una condicién
més fuerte que nosotros llamamos estabilidad por la derecha.

Sin embargo nosotros pronto descubrimos que la generalidad de la nocion original de
simulacién de Hughes y Jacobs, que a priori complicaba su estudio, podia servirnos sin
embargo como marco unificador de distintas seméanticas de procesos y de los distintos
tipos de sistemas de transiciones que se usan para sustentarlas, sumergiéndonos asi, como
vefamos en la seccién en la consecucién de nuestro objetivo 2.1.

De este modo, unificamos los sistemas probabilisticos y los sistemas de transiciones
en el modelo de los sistemas de multitransiciones. Mientras tanto, seguiamos enfrascados
en comprender las dificultades de la definicién general de simulacion. Recuerdo varias
conversaciones por aquel entonces con David, en las que discutiamos si realmente Hughes
y Jacobs necesitaban usar “dos veces” el orden C en la definicién de simulacién, pues al
menos en los casos sencillos a nosotros nos parecia claro que bastaba con utilizarlo en un
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dnico lado.

En esta linea fuimos profundizando en el estudio del concepto de estabilidad, y lle-
gamos a entender como, ciertamente, en la mayoria de los casos previamente estudiados
podiamos en efecto desprendernos del uso de uno de dichos 6rdenes. Sin embargo, vimos
también que esto no era cierto en todos los casos interesantes, pues pronto dimos con dos
nuevas nociones de simulacién que necesitaban del uso combinado de los dos érdenes.
Este estudio tuvo como resultado el descubrimiento de generalizaciones de la condicién
de estabilidad por la derecha, que daban lugar a simulaciones con propiedades que se-
guian siendo totalmente satisfactorias. Aplicando las mismas pudimos introducir en el
marco coalgebraico abstracto las citadas nuevas nociones de simulaciéon. Con ello dimos
por concluida nuestra investigacion en la presente tesis en relacién con el objetivo 1, y
pasamos a centrarnos en el objetivo 2.2 estudiando en profundidad las nuevas seménticas
que habiamos introducido.

En concreto, estas dos nuevas nociones de simulacion eran la simulaciéon covariante-
contravariante (en inglés covariant-contravariant) y la simulacion conforme (en inglés,
conformance). jPodiamos trasladar el estudio clasico recogido, por ejemplo, van Glab-
beek [vGOI], a estas nuevas seménticas? En particular, jpodiamos caracterizarlas logica y
axiomaticamente? Trabajando ya tinicamente con procesos en BCCSP, abordamos estas
dos caracterizaciones, aunque, como veremos en la pégina la axiomatizacion de la
simulacién covariante-contravariante nos supuso méas de un quebradero de cabeza.

Nuestro trabajo paso a estar entonces positivamente influenciado por la colaboracion
con Luca Aceto y Anna Ing6lfsdottir, ambos de la Universidad de Reykjavik (Islandia).
Ellos sugirieron que explordsemos los probables puntos en comtn entre nuestra nociéon
de simulacién covariante-contravariante y el refinamiento modal. Este estudio nos llevo a
trasladar los resultados del trabajo de Boudol y Larsen [BL92] al marco de los sistemas
covariantes-contravariantes.

Tras este breve repaso cronologico de la investigacion que ha dado lugar a las siete
publicaciones que aparecen en la seccion [f] a continuacién pasamos a explicar con mayor
detalle los resultados més importantes que aparecen en los citados articulos. En aras de
una mayor claridad, en lugar de seguir con el orden cronolégico, vamos a clasificar los
resultados de forma tematica de acuerdo con los objetivos que nos proponiamos en la
seccion En concreto, en “El estudio categorico de la simulacién” trataremos
la busqueda de la satisfaccion del objetivo 1, mientras que en “La unificaciéon dentro
del mundo categorico” [3.2 hablaremos de como alcanzamos el objetivo 2.2. Finalmente,
en “El estudio de las nuevas semanticas de simulacion” [3.3] explicaremos todo nuestro
trabajo relacionado con el objetivo 2.2.

Las definiciones, teoremas y figuras que aparecen a lo largo de las proximas tres
secciones estan extraidas de los articulos originales, manteniendo su numeracioén original.
No obstante, para mejorar su integracion con el texto las hemos traducido al castellano.

3.1. El estudio categoérico de la simulaciéon

Como dijimos antes, iniciamos esta investigacion durante mi trabajo de tercer ciclo.
Animados por el tutorial de Jacobs sobre coélgebras [Jac|, nos propusimos estudiar las
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logicas adecuadas para describir propiedades de los sistemas coalgebraicos. Nuestra pri-
mera meta fue la generalizacion del resultado de la tesis de Benthem que vimos en la
seccion las bisimulaciones reflejan y preservan las propiedades definidas por una
logica temporal, mientras que las simulaciones (clasicas) preservan tales propiedades. No-
sotros nos propusimos estudiar las condiciones bajo las cuales dichas propiedades eran
preservadas (o reflejadas) de la forma oportuna, tanto por las bisimulaciones como por
las simulaciones categoéricas o sus variantes.

Partiendo de la base que nos proporcionaron los resultados que obtuvimos en el
trabajo de tercer ciclo [Fab06], nos propusimos retocarlos y pulirlos para obtener un
articulo que pudiéramos mandar a un congreso internacional. El resultado de tal proceso
de mejora es la publicacion Cl, que abre la seccion [f] En este articulo quedaron de
manifiesto esa serie de dificultades que comentdbamos antes y que estaban causadas
tanto por la definicion categorica de simulacion como por la de las logicas empleadas
para expresar las propiedades de las coalgebras. Por un lado, como hemos comentado
en la seccion la definicion propuesta por Hughes y Jacobs es demasiado general, y
esta generalidad permite dos comportamientos no deseados. El primero es que se permite
establecer relaciones de simulacién que, intuitivamente, parecen que no debieran serlo,
como es el caso de la simulacion lexicogrdfica. El segundo, si bien no es una pega tan grave
como la no transitividad, si que es un hecho desconcertante que complica el estudio de las
simulaciones y que hace que perdamos la intuicion del sentido (de izquierda a derecha)
de la simulacion.

Por otro lado, deciamos, otro problema que debimos afrontar fueron las definicio-
nes de las logicas temporales empleadas para expresar las propiedades de los sistemas
coalgebraicos. En un principio, ya que estdbamos usando los conceptos de bisimulacién y
simulacién de Jacobs, afrontamos este problema con las definiciones de la 16gica temporal
dadas por el mismo autor. Esta tenia la gran ventaja de obedecer a una intuicién sencilla
y natural; ademas al estar, al igual que la bisimulacion, definida utilizando el concepto
de alzamiento (pero en este caso de predicados), parecia un contexto mas que adecuado
para llegar a nuestra meta.

Por el contrario, como comentabamos en la pagina [51] los predicados sobre distin-
tos conjuntos no tienen una relaciéon clara. Para subsanar tal defecto relacionamos los
elementos de X e Y por medio de relaciones y de sus imdgenes directas e inversas. Sus
definiciones, tal y como aparecern en C1 son las siguientes:

Dado un predicado P sobre X y una relacion binaria R C X XY, diremos que
y €Y estd en la imagen directa de P (denotado como y € RP), si existe x € X
con x € P yxRy. La imagen inversa de P es la imagen directa para la relacion

R~L

A partir de las imagenes directas e inversas definimos como se convertia una férmula
de la logica de Jacobs sobre un conjunto X en otra sobre un conjunto Y, y viceversa. En
concreto, si ¢ es una formula sobre X (respectivamente, sobre Y) formada sobre predi-
cados P;, su imagen ¢* sobre Y (respectivamente, su inversa ¢! sobre X) se construye
substituyendo los predicados P; por sus iméagenes directas RP; (respectivamente, por sus
imagenes inversas R~!P;). La siguiente definicién recoge qué entendemos por reflexion y
preservacion en este contexto.
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Definicién 2 (extraido de C1.) Sea R C X X Y una relacion binariay a y
b elementos tales que aRb. Decimos que R preserva la propiedad ¢ sobre X
si, siempre que a |= ¢ entonces, b |= ¢*. Diremos que R refleja la propiedad
¢ sobre Y si b = ¢ implica a = ¢~ L.

Las propias definiciones de reflexiéon y preservacion de las logicas ya nos indicaba que
no iba a ser posible generalizar por completo el resultado clasico ni tan siquiera para el
caso de las bisimulaciones, pues no podiamos trabajar con la negaciéon. La negaciéon no
es un operador logico monétono y, como se observa en la definicion 2 de C1, nuestros
conceptos de reflexion y preservacion necesitan de tal monotonia. Tras una serie de lemas
técnicos, llegdbamos a que las bisimulaciones reflejaban y preservaban las propiedades
logicas construidas sin negacion.

Inspirdndonos en la logica modal propuesta por Alexander Kurz [Kur98, [Kur00],
definimos una légica modal con proposiciones atémicas y, ahora si, con negacion.

Definiciéon 9 (extraido de Cl.) Sea F : Sets — Sets un funtor y AP
un conjunto de proposiciones atémicas. Sean también v : F' = P(AP) una
transformacion natural y ¢ : X — F X una coalgebra. Diremos que x satisface
la proposicion atémica p € AP,y lo denotaremos por z = p, cuando se cumpla
p € (vx oc)(zx). De este modo [p] ={z | p € (vx oc)(x)}.

Como recoge la definicion 9 de C1, la semantica de las proposiciones atémicas se obtie-
ne recurriendo a una interpretacion natural. Asi, obteniamos que dada una bisimulacién
entre = e y entonces, x € [¢]x si, y solo si, y € [¢]y, generalizando el resultado clasico
para bisimulaciones.

Para el caso de las simulaciones de Hughes y Jacobs obtuvimos resultados parciales,
puesto que para poder transferir las propiedades logicas de una coalgebra a otra fue
necesario imponer una serie de restricciones adicionales sobre los funtores y los oérde-
nes participantes en el concepto de simulacién, ya que, en general, un orden categorico
cualquiera no permite relacionar las formulas logicas entre coalgebras.

En primer lugar, como en el caso de las bisimulaciones, trabajamos con la logica de
Jacobs sobre predicados. Como primer intento usamos el concepto de orden down-closed,
que ya se definfa en [HJ04], y que dice que si se tienen dos elementos relacionados a C b
entonces b € Pred(F')(P) implica a € Pred(F)(P). Restringiéndonos a estos érdenes
demostramos que las simulaciones reflejan propiedades logicas construidas tnicamente
con los operadores V, A, (O y O. Del mismo modo que nos habfamos centrado en los
ordenes down-closed podiamos considerar la condiciéon opuesta y definir los érdenes up-
closed tales que si a C b entonces a € Pred(F')(P) implica b € Pred(F)(P). Para estos
ordenes demostramos la preservacion de propiedades pero, de nuevo, no para todos los
operadores modales de la logica.

Para demostrar un resultado que fuese valido para todos los operadores 16gicos, vimos
que necesitdbamos ademés restringir la clase de los funtores. En nuestro caso, definimos
la subclase Order, inspirandonos en la clase Poly definida en [HJ04]. La idea es trabajar
dnicamente con funtores polinomiales y con érdenes que se descompongan adecuadamente
segun la estructura de los funtores polinomiales. Es decir, es indispensable trabajar con
ordenes cuya definicion particular tenga en cuenta la estructura del funtor sobre el que
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estan definidos. Por ejemplo, sobre el funtor producto considerabamos tnicamente los
ordenes que fueran a su vez producto de dos subérdenes. Para estos funtores y érdenes de
Order demostramos que las simulaciones reflejan, y también preservan, las propiedades
logicas.

Finalmente, si incluimos las proposiciones atémicas en la ldgica, necesitamos no solo
restringir los resultados a la clase Order, sino imponer una condicién adicional al orden
para que este permita trasladar adecuadamente el conjunto de proposiciones atémicas
definida mediante la transformacion natural que veiamos en la definicion 9 de C1. De
este modo definimos la clase Down-Natural v-Order como la subclase de Order cuyos
ordenes son down-natural:

Definiciéon 10 (extraido de Cl.) Sea F' : Sets — Sets un funtor, AP un
conjunto de proposiciones atéomicas y v : F' = P(AP) una transformacion
natural. Decimos que C es un v-orden down-natural si siempre que tengamos
u C o también se tiene v(u') C v(u).

A partir de la definicion 10 de C1 obtuvimos la generalizaciéon del resultado clésico,
es decir, si una simulacién coalgebraica relaciona x e y entonces

yelely = z€lplx.

Analogamente, considerando el concepto opuesto de érdenes up-natural, para los que
basta considerar v(u) C v(u') en la definicion 10 de C1, obtuvimos el resultado de pre-
servacion de propiedades.

Estos resultados parciales fueron los que nos hicieron darnos cuenta de la necesidad
de profundizar en el estudio del concepto coalgebraico de simulacion, tratando de obtener
ideas que pudieran valer para justificar, entre otras cosas, cual era el sentido canoénico
en la simulaciéon coalgebraica. Aquella busqueda continué donde empezo, es decir, en
el articulo de Hughes y Jacobs; y todos los resultados que a continuacién comentamos
aparecen en la publicacion C2.

Comentabamos en la seccion 2.2.3| que para garantizar la transitividad de la similitud
los autores proponian quedarse iinicamente con aquellos 6rdenes que eran estables por la
derecha. Los autores de [HJ04] argiifan que la necesidad de introducir la estabilidad por la
derecha respondia a que era sensiblemente mas sencilla de comprobar que la estabilidad.
Ademés, la inmensa mayoria de los 6rdenes concretos que manejaban eran en efecto
estables por la derecha. Pero, lo que no se explicaba ni motivaba por ninguna parte era el
porqué de tal sesgo “hacia la derecha”, ni se llegaba al fondo en la relacién con el hecho
de que una propiedad mas restrictiva fuera la llave razonable para alcanzar la propiedad
(jsimétrical) de estabilidad.

Nosotros llegamos a una reveladora conclusion: de la condicion de la péagina
se puede obtener también que

Cy oRel(F)(R)o Cx = Ly oRel(F)(R). (3.1

De esta manera, si una simulaciéon es estable por la derecha para un orden C, en vez
de usar la definicién general, se puede usar de manera equivalente la igualdad |3.1| definida
arriba. Asi, el orden C puede usarse Gnicamente en uno de los lados de la definicion, por lo
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que la verificacion de propiedades se vuelve méas sencilla que cuando usamos directamente
la definicion original.

Como comentabamos en la pagina de la seccion en general, la potencia de
los dos 6rdenes a manejar no es equiparable pues de hecho hay situaciones en las que
uno de ellos no puede usarse como se deseara. Nos servird como ejemplo el caso de la
simulacién estandar entre LTS no etiquetados que comentabamos en la citada seccién,
formalizado en la forma:

c(x) Cx u Rel(Pid)(R) v Cy d(y) . (3.2)

En la ecuacion de arriba el orden Cy indica que el proceso definido por la coalgebra
d puede “deshacerse” de algunas transiciones para bisimular al proceso definido por la
coalgebra c. Esta interpretacion esta en correspondencia directa con la idea clasica de
que un proceso ¢ simula a otro p siempre que ¢ sea capaz de hacer todo lo que p puede
hacer y posiblemente algo mas. Del mismo modo, se podria considerar en principio que al
igual que ¢ puede deshacerse de las transiciones “extras” que le sobran, p podria anadirse
aquellas transiciones que le faltan para hacer lo que hace q. Esto es en efecto lo que
podria eventualmente conseguirse utilizando a la izquierda el orden Cx. Pero para ello
seria necesario que el espacio X contuviera los suficientes elementos, lo que no es siempre
cierto.

La simulacién estandar es estable por la derecha y por tanto, también estable. Esto
se traduce en que podemos prescindir del orden Cx, y usar tinicamente la potencia del
orden Cy. ;jPero, qué ocurriria si consideramos la simulacién “contraria”’; es decir, la
relacién de anti-simulaciéon o de “ser simulado por”? En ese caso tenemos la siguiente
ecuacion:

c(x) Dx u Rel(PAid)(R) v Dy d(y). (3.3)

Ahora, el orden que nos da toda la potencia necesaria es Dx que, de nuevo, nos
permite desprendernos de transiciones. Se ve de este modo que la anti-simulacién di-
ficilmente serd estable por la derecha, pues el papel que juega aqui el orden Dy a la
derecha no nos permite demostrar, en general, si dos procesos son anti-similares. Pero
es evidente que estando definida la anti-simulacién por el preorden opuesto al que ca-
racteriza a la simulacion, la misma hereda todas las buenas (y las malas, en su caso)
propiedades de su opuesto. En concreto, la composiciéon de anti-simulaciones es también
una anti-simulacién, y por tanto la anti-similitud es un preorden. De hecho, un resultado
casi inmediato que probamos es que si un orden es estable, entonces su opuesto también
lo es.

Asi llegamos a una primera generalizacion que dedujimos a partir de la definicion de
estabilidad por la derecha y el ejemplo de la anti-simulacion: del mismo modo que Hughes
y Jacobs se habian centrado en la estabilidad por la derecha, podrian haberlo hecho sobre
la condicién simétrica, es decir, sobre la estabilidad por la izquierda que se recoge en la
siguiente definicion.

Definiciéon 2 (extraido de C2.) Decimos que un funtor F con orden C es
estable por la izquierda si, para toda funcién f: X — Y, se tiene

(Ff xid)™' Cy C H Cx .
idXFf
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Una vez mas rige el principio, lo bello y elegante suele ser simétrico. La anti-simulacién
es estable por la izquierda y, es mas, un orden C es estable por la derecha si, y solo si, el
orden opuesto C°P es estable por la izquierda. De este modo obtuvimos una respuesta a
nuestra pregunta de cuél debia ser la direccién canoénica para la simulacion.

= Si queremos considerar tnicamente simulaciones que tengan el mismo sentido de
la simulacion estédndar, es decir, relaciones tales que cuando se tenga p < ¢ ello
indique que ¢ tiene “mas comportamientos posibles” que p, entonces el sentido
canoénico viene dado por la propiedad de estabilidad por la derecha.

= Si, en cambio, estamos interesados en aquellas simulaciones cuyo sentido es el de la
anti-simulacion, en este caso, relaciones tales que p < ¢ indique que ¢ tiene “menos
comportamientos posibles” que p, entonces el sentido canénico viene dado por la
propiedad de estabilidad por la izquierda.

La obtencion del criterio anterior no supuso la finalizaciéon de nuestro estudio de
la nocién canonica de simulacion. Apoyandonos en los conceptos de estabilidad por la
derecha y por la izquierda, pudimos definir otras condiciones méas generales que siguen
siendo maés fuertes que la estabilidad y que, como dice el titulo del articulo C2 en el que
recogemos estos resultados, nos indica que hay nociones de simulacién interesantes que
no cumplen la condicién de estabilidad por la derecha, pero tampoco la estabilidad por la
izquierda.

La primera de estas generalizaciones corresponde a los 6rdenes side estables, que son
los 6rdenes que se distribuyen con respecto a las acciones dando lugar a componentes
que son bien estables por la derecha o izquierda, como se define a continuacion.

Definiciéon 5 (extraido de C2.) Decimos que un orden C sobre un funtor
FA es distributivo sobre acciones si existe una familia de 6érdenes C® sobre F'
tales que

fCg < f(a) C% g(a) para todo a € A.

Siempre que C se pueda distribuir de esta manera escribiremos C = [ ], 4 E*.

Definicién 6 (extraido de C2.) Decimos que un orden distributivo sobre
acciones = sobre F4 es side stable si en la descomposicion C = HaeA C% se
tiene que cada orden es estable por la derecha, o bien, estable por la izquierda.

El segundo resultado es, en cierto sentido, parecido al anterior, pero no necesita
involucrar acciones, sino que se basa en la composicion adecuada de 6rdenes estables:

Si un orden se puede obtener como composicion de dos subordenes que conmuten
entre si, siendo uno estable por la derecha y el otro estable por la izquierda,
entonces el orden en cuestion es estable.

La ventaja de los dos conceptos anteriores es que ambos permiten combinar las par-
tes estables por la derecha y estables por la izquierda de los 6rdenes para obtener una
condicion anéloga a la condicion (3.1), en la que la parte =" del orden correspondiente
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que es estable por la derecha se usa en el lado derecho de la ecuacién y la parte C! que
es estable por la izquierda en el izquierdo. Es decir, obtenemos la igualdad:

C oRel(F)(R)oC = C'oRel(F)(R)oC". (3.4)

En el articulo C2, aparte de discutir todos estos detalles sobre la estabilidad que
nos ayudan a comprender mejor el concepto de simulacioén y arrojar luz sobre cuél debe
ser el sentido candnico del orden, definimos dos nuevos conceptos de simulaciéon. Estos
conceptos, que estan estrechamente relacionados con los sistemas modales y el testing,
fueros los que motivaron las definiciones de las generalizaciones de los drdenes side-
stable y la composicion de ordenes. Estas dos generalizaciones forman el primer pilar del
puente que hay entre los objetivos 1 y 2.1, pues no dejan de ser un marco unificado de
tratar 6rdenes mas complejos, que como muestran las nuevas semanticas de simulacién
(paginas y , nos permiten trabajar con simulaciones mas complejas. Asi, estas
definiciones también relacionan el objetivo 1 con el 2.2 y, ademas, ilustran perfectamente
este nexo de unién que existe entre las dos partes de nuestra investigacion: el estudio
desde el punto de vista mas teérico y abstracto de las simulaciones categoricas, y la
unificaciéon de las seménticas de simulacion.

En la publicacion C3 hicimos un primer estudio con la doble motivacién de compren-
der mejor la nocién de simulacién de Hughes y Jacobs, y entender cémo la maquinaria
coalgebraica podia servir para unificar ciertas definiciones clasicas de simulacién en dis-
tintos ambitos (el objetivo 2.1). Este trabajo, que cierra el bloque de las publicaciones
de corte categorico del capitulo bl es ademaés el otro pilar del puente entre los objetivos 1
y 2.1, pues en él no dejabamos de lado el estudio de las propiedades generales de la simu-
lacion. En concreto, el eje de esta publicacion fue la manera en que las transformaciones
naturales permitian trasladar (bi)simulaciones coalgebraicas entre diferentes estructuras.

Antes de enunciar el teorema mas general del articulo necesitamos presentar dos
conceptos que hacen uso de transformaciones naturales. El primero de ellos es la trans-
formaciéon de un orden funtorial en G en otro en F': dado un orden C en G, definimos el
orden inducido por una transformacion natural o : F' = G como

L& 2 < ax(z) Cg ax (')

Podemos decir que el orden C¢;~ en F es la representacion canonica en F' del orden Cg
en G.

El segundo concepto es la representacion de una coélgebra en G por otra en F': si
tenemos una G-coalgebra b : X — G X, decimos que a : X — FX es un representante
concreto o un F-representante de b si, y solo si,

b=axoa.

Igual que antes, b puede ser vista como la imagen canoénica en F' de una coalgebra en G.

El teorema en cuestion es general al tratar con simulaciones categéricas lo que, en
particular, permite que sea véalido también para la bisimulacién. Su enunciado es el que
se incluye en el siguiente teorema.

Teorema 4 (extraido de C3.) Sea « : F = G una transformacion natural
que sea un epimorfismo, Cg un ordenen Gy by : X1 — GX1, b2 : Xo = GX,
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dos coalgebras, con a; : X — FX, ay : Y — FY dos F-representantes
arbitrarios. Entonces, las Cg-simulaciones que relacionan by y bs coinciden
con las T -simulaciones entre a; y as.

De nuevo, podemos interpretar el teorema 4 de C3 como un teorema de representacion
que permite relacionar de un modo canénico las F-simulaciones con las G-simulaciones.
Ademas, en la pagina [62] presentaremos la aplicacion que nosotros le hemos dado al
resultado. En concreto, veremos como el teorema es nuestra principal herramienta para
unificar diversas nociones (clasicas) de (bi)simulacion, dentro de una misma F-codlgebra.

3.2. La unificacién dentro del mundo categérico

Para abordar el estudio de la unificacion de conceptos de simulacién clasicos nos ins-
piramos en los ejemplos concretos de las bisimulaciones ordinarias y las bisimulaciones
probabilisticas, y estudiamos la manera en la que ambas se podian definir dentro del mar-
co comin de bisimulaciones categoéricas sobre multiconjuntos. Pero, como acabamos de
comentar, al margen de esa aplicaciéon concreta al mundo de los sistemas de transiciones
(probabilisticos y estandar) también exploramos las ideas desde un punto de vista pu-
ramente categorico y obtuvimos resultados generales validos para todas las simulaciones
de Hughes y Jacobs.

Usamos como punto de partida la definicion categorica formulada por Vink y Rutten
(como vimos en la seccion , en donde consideraban el funtor D de distribuciones
probabilisticas. Pese a la elegancia que otorga esta caracterizacion, la principal pega que le
achacadbamos era que nos obligaba a abandonar el marco de los sistemas de transiciones
probabilisticos (clasicos) para movernos en el marco abstracto de las distribuciones de
probabilidad, por lo que la definicién de Vink y Rutten no es la mejor a la hora de
comparar resultados clasicos.

Es entonces cuando, para tratar de recuperar los sistemas de transiciones probabi-
listicos, y asi poder comparar adecuadamente los resultados clasicos con los categoricos,
decidimos modelizarlos con sistemas de multitransiciones, es decir, sistemas de tran-
siciones en los que pueden aparecer varias transiciones idénticas o, en otras palabras,
consideramos un multiconjunto de sucesores para cada estado, en lugar de un conjunto.
Como vefamos en la seccién la definicion cléasica de los sistemas de transiciones
probabilisticos no permitia distinguir entre varias formas distintas de llegar a un proce-
so después de ejecutar una accion. Nosotros considerabamos que esa limitaciéon no era
deseable.

Por ejemplo, si queremos definir la semantica operacional del proceso p = %a + %a,
intuitivamente tendremos dos transiciones distintas que llegan al mismo estado final
stop. Pero, si usamos la definicion original de Larsen y Skou, estamos juntando ambas
transiciones en una tnica, resultando p —, stop. Si bien es cierto que siempre se pueden
mantener ambas transiciones separadas recurriendo a dos estados finales stop; y stops
distintos, esto depende de la manera en que definamos el conjunto Pr y no parece una
solucién elegante, sino un mero “parche”. En cambio, si trabajamos con multiconjuntos,
esa distinciéon viene dada por defecto.
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Modelizamos los sistemas de multitransiciones como coalgebras del funtor M(A x X),
y los sistemas de transiciones probabilisticos como coalgebras del funtor M ([0, 1] x A x
X), donde tnicamente consideramos multiconjuntos en los que la suma de las proba-
bilidades (dadas por la primera componente) de todos sus elementos es 1. Ademas, las
definiciones de los alzamientos para el funtor M y sus particularizaciones no son compli-
cadas, lo que nos permitié mantener la simplicidad de la teoria.

Aunque la definiciéon de los sistemas de transiciones probabilisticos como coélgebras
del functor M ([0, 1] x A x X) es natural, no es perfecta. El mayor problema es que de este
modo estamos considerando transiciones etiquetadas por pares del conjunto [0,1] x A,
en donde la primera componente no tiene ningun significado especial. Este problema se
manifiesta en primer lugar al comparar la definicién de la bisimulacién probabilistica con
la bisimulacion coalgebraica para el funtor M; que vemos a continuacion.

Definicién 1 (extraido de C3.) Una bisimulacion probabilistica en una coal-
gebra p : X — M;([0,1] x A x X) es una relaciéon de equivalencia =, en X
tal qlue7 fiemlpre que 1961 =, T2, conf(x;-) :22 t;- . (1;;, a;'», x;), también se tiene
2Atj-pjlaj=a, x; € B}y =3 {17 -pj | aj = a, zj € B}, a € Ay toda clase
de equivalencia FE en X /=,.

Si consideramos la definicién de bisimulacion categoérica entre coédlgebras del funtor
My ([0,1]x Ax-), encontramos que dados X = {z}, Y = {y}, pa : X = M1([0,1]x Ax X)
con po(z) =1-(La,2) y pp: Y = My([0,1] x A x Y) con py(y) = 2 (3,a,y), entonces
no hay bisimulacion posible entre x e y. Esto quiere decir que las M;([0,1] x A x -)-
bisimulaciones no son equivalentes al concepto clasico de bisimulacién probabilistica, al
contrario de lo que ocurre con las D-bisimulaciones, como vefamos en la pagina 5] en la
seccidn

Para conseguir la deseada equivalencia usamos una transformacion natural que nos
permitiese relacionar estos dos tipos distintos de bisimulacién. En concreto, consideramos
la transformacion natural Dy, : M1([0,1] x X) — D(X) entre nuestra clase especial
de sistemas de multitransiciones y los sistemas de transiciones probabilisticos de Vink y
Rutten.

Del mismo modo, podiamos usar el marco de los multisistemas de transiciones para
trabajar con LTS estandar. Igual que antes, las bisimulaciones entre las coalgebras del
funtor P(-) y las codlgebras del funtor M(-) no coinciden directamente, por lo que para
relacionarlas adecuadamente usamos otra transformacion natural, {-} : M = P. Ademas,
aprovechando que ya tenfamos el marco comun de los sistemas de multitransiciones,
discutimos un modo de mezclar no determinismo y elecciones probabilisticas, en el que
de un modo sencillo podiamos combinar ambos formalismos.

Como deciamos en la pagina , estos resultados son una aplicacién del teorema 4
de C3 en el que aprovechamos que la bisimulacién es un caso particular de la simulacion.
En concreto, para los LTS, estamos considerando el funtor F' = M(:), G = P(:) y la
transformacion « = {-}; mientras que para los sistemas probabilisticos consideramos
F = M;([0,1] x -), G =D(-) con la transformacion o = Dy .

Por tanto, el teorema 4 de C3 puede usarse para unificar las Gp-codlgebras y las G-
coalgebras como F-coalgebras, bajo el supuesto de que existan transformaciones naturales
a1 F = G1 y as: F = (G5 que permitan relacionar sus funtores.
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En consecuencia, en la publicacion C3 haciamos un estudio de las (bi)simulaciones y
sus propiedades con un doble cardcter: nos acercAbamos un poco mas a nuestro objeti-
vo 1, e inicidbamos la unificaciéon de las seménticas clasicas dentro del marco categorico
y coalgebraico. Este segundo objetivo se complementaba con el estudio de nuevas seméan-
ticas de simulacion que, en concreto, son las nociones que obteniamos en el articulo C2
v que, hasta ahora, inicamente hemos insinuado.

3.3. El estudio de nuevas semanticas de simulaciéon

En la publicacion C2 vimos también cémo de un modo natural se podian unificar
en una misma relaciéon de simulaciéon las definiciones de simulacién clésica, la anti-
simulaciéon y la bisimulacién. A esta nueva semantica de simulacion la llamamos si-
mulacion covariante-contravariante, debido a que el orden coalgebraico que la definia
distinguia el tipo de las acciones del LTS, y estaba definido de manera que a un tipo
de acciones le aplicaba la condicion clasica de simulacion (de ahi las acciones covarian-
tes), mientras que al otro le aplicaba la condicién opuesta (las contravariantes). Ademas,
la simulacién covariante-contravariante era la motivacion para la definicion general de
aquellos 6rdenes side-stable, y por tanto, era una simulacién con buenas propiedades.

Por otro lado, al tratar de encontrar una nocién candnica de simulacién que respondie-
se del modo més coherente posible a nuestra intuicion, definimos la nocién de simulacion
conforme, llamada asi{ por nuestra inspiraciéon en las técnicas de testing. Esta simulacion
considera que un proceso p es mejor que otro ¢ siempre que p sea mas determinista que
q. De esta manera se obtiene un concepto que, creemos, estd mucho mas cerca de la
intuicién que el concepto clasico de simulacion, como veremos mas adelante (pagina .

El objetivo 2.2 forma parte del segundo gran tema de estudio de la tesis, es decir, del
estudio de las seménticas de procesos desde el punto de vista més clasico, y se basa en la
profundizacién en estos dos conceptos nuevos de simulacion: la covariante-contravariante
y la conforme. A lo largo de dos articulos fuimos reproduciendo los conceptos béasicos
necesarios para entender una nocién de simulacién: sus caracterizaciones légicas y sus
axiomatizaciones de acuerdo con el estandar de van Glabbeek. Ademas, y centrandonos
ya Unicamente en la nocion de simulacion covariante-contravariante (o abreviadamente
ce-simulacion), hemos estudiado més profundamente su relacion con otros conceptos de
simulacién proximos a ella, asi como sus féormulas caracteristicas y como estas representan
procesos (lo que Boudol y Larsen denominaron en [BLI2| representacion grdfica).

La simulacién covariante-contravariante

Empecemos viendo y discutiendo la primera de las dos nuevas nociones de simulacién:
las simulaciones covariantes-contravariantes.

Definicién 3.3.1. Dados ¢ : X — P(X)A° yd : Y — P(Y)A sistemas de transi-
ciones con el alfabeto Act, y {Act”, Act!, Act®"} una particion de este, una (Act™, Act!)-
simulacion (o simplemente una simulacion covariante-contravariante) entre ¢ y d es una
relacion S C X XY tal que para todo (x,y) € S se cumple:

= para todo a € Act” U Act® con x -2 2’ existe y —— o' con (2',y/) €S, y
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; a . a
» para todo a € Act' U Act® con y —> ' eviste v — 2’ con (2',y') € S.
Escribiremos x Soc y si existe una simulacion covariante-contravariante entre x e .

Como vimos en C2, las simulaciones covariantes-contravariantes pueden definirse como
simulaciones categoricas.

Proposicién 1 (extraido de C2.) Las (Act”, Act!)-simulaciones se pueden
definir como las simulaciones coalgebraicas para el funtor F' = P4 con el
orden funtorial 4C 4. tal que, para cada conjunto X y o, o’ : Act — P(X),
se tiene o AC 4 o' siempre que:

» Para toda a € Act” U Act® | a(a) C o/(a).
= Para toda a € Act! U Act®, a(a) 2 o/(a).

Como deciamos, la primera idea que nos llevd a definir las simulaciones covariantes-
contravariantes fue la de unificar los conceptos de simulacion estandar, anti-simulacion y
bisimulacién. De hecho, obviamente, si A = A” entonces la cc-simulaciéon coincide con la
simulaciéon estandar, mientras que si A = A! tenemos la anti-simulacion y, finalmente, si
A = A¥ la cc-simulacion coincide con la bisimulacion. De ahi también vino la nomen-
clatura que usamos para los conjuntos de acciones: A" son aquellas acciones que tienen
una condicion de estable por la derecha, Al son las acciones de la condicion de estable por
la izquierda y A’ son acciones bivariantes.

Tras la lectura de la definicién, salta a la vista que nuestro concepto de simulacion
covariante-contravariante esta ligado con las simulaciones entre sistemas con entrada y
salida que veiamos en la seccion los automatas con entrada/salida y los interface
automata. En efecto, nosotros distinguimos entre tres tipos de acciones y por ello las
simulaciones covariantes-contravariantes son también un medio adecuado para comparar
sistemas que distingan entre acciones de entrada y de salida. En nuestro contexto, y
de un modo parecido a la simulacion alternante en el caso de los interface automata,
las entradas son las acciones que deben comportarse segin el sentido de la simulacién
estandar (las acciones en A") ya que, en principio, queremos que nuestro preorden permita
el mayor namero de comportamientos posibles; mientras que las salidas (las acciones
en A'), son aquellas acciones que deben comportarse en el sentido contrario al de la
simulacion estandar, pues como ya discutiamos en la secciéon [2.1.3] més salidas implica
una mayor restriccion en el entorno (en particular se debe disponer del canal adecuado
para tratar cada una de las acciones de salida).

;Pero, en qué lugar quedan nuestras acciones bivariantes? En primer lugar, estas
acciones no se corresponden con las acciones internas de los interface automata. Nuestras
acciones bivariantes no se ocultan al entorno, sino que, intuitivamente, deben verse como
acciones con un doble caréicter: pueden verse como acciones que son tanto botones de
entrada como canales de salida; por ello, se comportan de acuerdo con la seméntica de
la bisimulacién. Es cierto que la motivaciéon aqui no resulta demasiado intuitiva y, como
discutiremos maéas adelante (en la pagina , pese a que aparentemente las acciones
bivariantes son aquellas que mejor deberian comportarse (pues estan relacionadas con un
concepto tan equilibrado como la bisimulacién), aparecen diversos problemas con ellas
cuando se usan en compania con acciones covariantes o contravariantes.
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Ya vimos (pagina que Larsen junto con el resto de sus co-autores de [LNWO7]
encontr6 una relacion entre los interface automata y los sistemas modales, por lo que era
razonable plantearse si ocurrirfa lo mismo con la simulacién covariante-contravariante.
La respuesta es atun mas satisfactoria que en el citado caso: en realidad existe una re-
lacion muy estrecha con los sistemas modales y sus refinamientos, como recientemente
estudiamos en la publicacion S1 de 2011.

En este articulo, como su propio titulo indica, estudiamos la relacién entre la cc-
simulacién y la bisimulacién parcial sobre LTS, y los refinamientos modales sobre MTS.
En el primer caso llegamos a ver que la bisimulacion parcial es sencillamente un caso par-
ticular de la cc-simulacion. Mucho més interesante es la relacién entre la cc-simulaciéon
y el refinamiento modal. El enfoque que utilizamos fue el mismo que el de Larsen para
relacionar los interface automata con los sistemas modales. Asi, construimos transfor-
maciones para relacionar nuestros sistemas de transiciones médulo la ce-simulacién con
los sistemas modales modulo el refinamiento. En concreto, fuimos capaces de construir
dos transformaciones: M que transformaba un LTS en un MTS y C que transformaba
un MTS en un LTS. Estas transformaciones mantienen la cc-simulacién y el refinamien-
to modal, asi como la logica covariante-contravariante (que veremos en la pagina y
modal.

Aunque la propia existencia de estas transformaciones conlleva ya mas buenas pro-
piedades, pone de manifiesto ademés que nuestra nociéon de cc-simulaciéon es, en cierto
sentido, equivalente a la nocién de refinamiento modal sobre MTS, si bien el estudio cate-
gorico (en el marco de las instituciones) de ambas nociones reveld que esa relacion no era
realmente “uno a uno”. Parafraseando el eslogan de Goguen y Burstall [GB92] podemos
decir que la verdad que define la logica modal de los MTS no es un mero renombramiento
de la logica covariante-contravariante.

En primer lugar, se puede decir que, de las dos transformaciones, C es la mas intuitiva
puesto que viene a decirnos que un MTS es un LTS moédulo ce-simulacion, considerando
simplemente un cambio del nombre de las acciones: las acciones b que aparecen en las
transiciones may pasan a ser ct(b) (acciones contravariantes) y las acciones a que aparecen
en una transicion must pasan a ser cv(a) (acciones covariantes). Como, ademas, por
definicion, las transiciones must son también en particular may, en realidad las acciones
a que aparecen en una transicion must se transforman en dos acciones cv(a) y ct(a),
haciendo explicito de este modo el caracter bivariante que tienen las transiciones must
en los MTS.

En cambio la transformacion M, es algo mas farragosa y mas cercana a la que se
definfa en [LNWO7]. En concreto, necesita anadir al MTS transformado un estado extra
u desde el que se pueden ejecutar transiciones may correspondientes a todas las acciones
de A, que nos devuelven al propio estado u. La transformacion incorpora por cada a-
transiciéon una a-transicion may. Ademés, para cada a-transicion con a € A" U A® se
afiade una a-transicion must. Finalmente, para cada transicion a € A" y estado p se
afiade una transicién p ——, u. Gracias a la incorporacion del estado adicional u junto
con sus transiciones may queda neutralizado el caracter may que nos vemos obligados a
incorporar al traducir las acciones de A".

Deciamos antes que explotamos las transformaciones entre LTS y MTS también den-
tro del marco categorico de las instituciones. Para ello, construimos instituciones Z.. para
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caracterizar la logica covariante-contravariante, e Z,,,;s para la légica modal. Hemos visto
que podemos definir un morfismo entre instituciones de L5 a Z.., es decir, que tenemos
una manera de pasar la l6gica modal a la légica covariante-contravariante de un modo
categorico que garantiza que esa traduccion preserva la logica. Una vez que se define
dicho morfismo, era logico que nos plantedsemos si ello podia significar que, en realidad,
Tints €ra una Subinstituciérﬂ de Z... La respuesta a esta pregunta fue negativa ya que,
de hecho, en el marco de los LTS sin acciones bivariantes existen tanto la implementa-
cion universal como la especificacion universal; mientras que en el marco modal existe
la especificacion universal, pero no una implementaciéon universal. Traducido al lenguaje
categorico, esto significa que dentro de los modelos de los LTS mo6dulo ce-simulaciéon
existe un objeto débilmente ﬁnaﬂ7 pero no asi en los sistemas modales médulo refina-
miento. Para el caso contrario conjeturamos que ni tan siquiera existe un morfismo entre
instituciones de Z.. a Tyts, 1o que (entendemos) viene a justificar que la transformacion
M es menos natural que la transformaciéon C.

Una vez que tuvimos las transformaciones C y M decidimos estudiar con detalle las
propiedades que se derivaban de ellas al componerlas. La mas intuitiva de esas compo-
siciones es C o M, que nos permitia pasar de un LTS T con acciones bivariantes a otro
LTS Co M(T) sin ellas. Este estudio se continué y expandi6 en el articulo S2.

En esa publicacion seguimos el modelo de [BL92| para, en primer lugar, construir la
formula caracteristica de un proceso, y después, estudiar el paso contrario: ver a partir
de una formula qué proceso lo representa (su representacion grdfica). Demostramos en
nuestro contexto el resultado analogo al de [BL92|: las cc-formulas consistentes y primas
se pueden representar por un proceso covariante-contravariante.

Por cuestiones técnicas este estudio se realizé en primer lugar sobre procesos sin
acciones bivariantes. Esto se hizo asi ya que es necesario que exista un proceso minimo
(con respecto a la cc-simulacion) para que su formula caracteristica sea L; pero, si hay
acciones bivariantes, no existe un proceso minimo. Esto responde al bien sabido hecho
de que la bisimulacién es una equivalencia que no se puede aproximar por una sucesion
de ordenes, por lo que las acciones bivariantes (que se rigen por las condiciones de la
bisimulacién) tampoco pueden aproximarse.

Para tratar de trasladar a los procesos generales con acciones bivariantes los resultados
probados, nuestra primera idea fue usar la composiciéon C o M, para “eliminar” las acciones
bivariantes del proceso y aplicar los resultados obtenidos. Aunque este acercamiento era
perfectamente valido, como ya comentamos antes, la transformacion M introducia un
estado extra u lo que hacia que la transformacion no resultase demasiado intuitiva. Asi,
pensamos que si inicamente estdbamos interesados en trabajar sin acciones bivariantes,
parecia mas sensato dividir cada accién ¢ € A* en un par de acciones (¢”, c!), donde ¢
era la parte covariante de ¢ y ¢ su parte contravariante.

Esta segunda trasformacion, 7T, tiene todas las buenas propiedades de la primera y la
gran ventaja de ser mucho maés sencilla (siempre que tnicamente se quiera transformar

IExisten diversas variantes de la definicién de subinstitucién como se puede encontrar en [GR02], pero
todas tienen en comun que el funtor usado para tal traslacion debe de ser una equivalencia de categorias.

2Un objeto Z es débilmente final si para cualquier objeto X existe un morfismo f : X — Z. A
diferencia de los objetos finales no se exige que dicho morfismo f sea tnico. Las equivalencias de categorias
preservan los objetos débilmente finales.

66



Resultados

A
e b
X >Y z e

a a
b b
X v z % X v Z
C ro 1

Figura 3.2: La transformacion 7 de S2, donde A" = {a}, Al = {b} y Ab" = {c}.

un LTS con acciones bivariantes en otro sin ellas) que la composicion Co M (véanse
las figuras y . Sin embargo, dentro del universo extendido en el que todas las
acciones de un LTS tienen una parte covariante y otra contravariante, se puede comprobar
que el sistema transformado usando C o M es el menor posible de entre todos aquellos
que reflejan y preservan el orden de la cc-simulacion. Esto hace que el uso de dicha
transformacion inicial resulte claramente interesante si fuésemos a trabajar en dicho
marco.

Como comentiabamos al inicio de la seccién, en realidad, antes de abordar este estudio
comparativo entre la simulaciéon covariante-contravariante y los refinamientos modales,
habiamos publicado dos contribuciones sobre dos cuestiones basicas para cualquier si-
mulaciéon: su caracterizacion logica y la axiomatizacion del preorden y de la equivalencia
inducida. La motivacion para este estudio era reproducir el estudio sistematico de las
semanticas clasicas que hizo van Glabbeek, aplicado a nuestras dos nuevas semanticas.

En S3 construimos la citada caracterizacion logica de las nociones de simulacion
covariante-contravariante y conforme. Para el caso de la cc-simulacion, el punto de partida
fue la conocida logica Lg que caracteriza a la simulacion estandar. Como veiamos en la
seccién L contiene tt, la conjuncién A\, ; ¢; y el operador modal existencial (a),
definidos de la manera usual. Ademas, como vimos en el articulo S3, a la logica Lg se le
pueden afiadir tanto la constante ff como la disyunciéon \/,.; ¢; de manera que se obtiene
la logica Lg que sin embargo sigue caracterizando a la simulacién.

Ahora bien, si Gnicamente tenemos acciones covariantes a € A", entonces la cc-
simulacién coincidirfa con la simulacién estandar, con lo que la légica Loo que carac-
teriza a la simulacién covariante-contravariante debe coincidir con Lg. Analogamente,
si unicamente hubiese acciones contravariantes b € A', entonces <cc se convierte en la
anti-simulacion, con lo que la logica que la caracteriza tendra que ser la opuesta a Lg, es
decir, sera la logica compuesta por la negacion de las formulas en Lg. Es mas: la negacion
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de tt es ff, y del operador A, el operador V (y viceversa); mientras que para el caso del
operador (a) se obtiene su dual [a], el operador modal universal.

Para obtener la logica covariante-contravariante basta con observar que los operadores
tt, ff, A y V pueden usarse con todas las formulas, mientras que los operadores moda-
les (a) y [b] se deben usar unicamente con las acciones covariantes y contravariantes,
respectivamente. Asi, obteniamos la siguiente logica.

Definicién 3 (extraido de S3.) Dado un alfabeto A, y {A", A, A¥"} una
particion suya, la clase Lo de formulas covariantes-contravariantes esta de-
finida recursivamente por:

m tty ff estén en Loc.

= Si [ esunconjuntoy ¢; € Lo paratodoi € I, entonces \,.; i € Lo,
Viervi € Lec:

» Sip€ Locyac AU AY entonces (a)p € Loc.

= Sip€ Locyac AU AY entonces [aly € Loc.

La relaciéon = se define por:

" p =t

P E Nicr i sip = @i para todo i € I.

P V,er i sip = @ para algtn i € 1.

p | (a)yp si existe algin p’ tal que p —— p' y p' |= .
p = [a]e sip’ = ¢ para todo p’ tal que p —= p'.

Una vez que teniamos una caracterizacion logica de las nuevas simulaciones, la otra
via explorada habitualmente para caracterizar las semanticas es la axiomatizacion de
los predrdenes que las definen. Eso fue lo que abordamos en S4; el ultimo articulo del
capitulo [5}

Al igual que con la caracterizacion logica, el punto de partida para la axiomatizacién
del preorden covariante-contravariante es considerar que en presencia de tnicamente las
acciones covariantes, la simulaciéon covariante-contravariante debe estar axiomatizada por
el axioma (S) : x C x + y. Analogamente, si tnicamente hay acciones contravariantes,
entonces la cc-simulacién coincide con la anti-simulacién que, evidentemente, esté axio-
matizada por el axioma (S~!) : x + y C 2. Por lo tanto, basta con distinguir el tipo de la
accion utilizada como prefijo para asi axiomatizar el preorden covariante-contravariante.
Es decir, si a, € A" y a; € Al, tenemos:

(S;') zCx+ ay.
(SL) z+ayC .

Por otro lado, las acciones bivariantes no necesitan aparecer en los axiomas anteriores
ya que se rigen por los axiomas de la bisimulacion que vefamos en la seccion 2.1.1]

68



Resultados

A la hora de axiomatizar las equivalencias inducidas, para el caso de la simulacién
covariante-contravariante nos encontramos con un sorprendente revés: en presencia de
acciones bivariantes la equivalencia inducida no es finitamente axiomatizable. De es-
te modo obteniamos el segundo ejemplo conocido de seméantica cuyo preorden puede
axiomatizarse finitamente, pero su equivalencia inducida no. Fue también interesante
descubrir que Baeten y el resto de autores de [BvBL™10| usaban el mismo conjunto de
ecuaciones que nosotros utilizamos para la demostraciéon de la no-axiomatizabilidad, para
conjeturar que la equivalencia de bisimulacién parcial no era finitamente axiomatizable
pues, recordémoslo, la bisimulacién parcial es un caso particular de nuestra simulacién
covariante-contravariante.

Las dificultades encontradas a la hora de axiomatizar la equivalencia inducida para
el caso de la semantica covariante-contravariante desaparecieron, exactamente igual que
en el caso de la representacion gréafica de procesos, una vez que nos restringimos al caso
particular que no consideraba acciones bivariantes. La técnica para la axiomatizacion de
este caso particular fue la de considerar la, ya ampliamente usada, caracterizacion

P=Ep+qeqsp.
Para el caso particular en el que A = () obtuvimos las siguientes axiomatizaciones:
(S1ZY)  ap(z 4 byy) = ar(z + byy) + arz.
(S2Y)  apz = arz + ar(z + biy).
(S30Y)  wx = ax + ay(x + byy).
(S4%)

ai(z + by) = ai(x + biy) + az.

La simulaciéon conforme
La simulacion conforme esta definida de la siguiente manera:

Definicion 3.3.2. Dados P = (P, A,—p) y Q = (Q, A, —q) dos sistemas de transicio-
nes con el alfabeto A, una simulaciéon conforme entre ellos es una relacion R C P x @
tal que siempre que pRq, se tiene:

= Para toda a € A, si p -, entonces ¢ — (es decir, I(p) C I(q)).

» Para toda a € A tal que ¢ —— ¢ y p —, entonces existe p' tal que p —— p' y
/ !
P'Rq.

Escribiremos p Scs q si existe una simulacion conforme R tal que pRq.

La simulacion conforme es también una simulacion categorica de Hughes y Jacobs,
como vemos a continuacion.

Proposicion 2 (extraido de C1.) La simulacion conforme se puede obtener
como la simulacién coalgebraica para el orden T sobre el funtor P4,
donde para cada conjunto X tenemos u E)C;D”f v si para cada u,v: A - PX

yacA:
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= 0 bien u(a) =0, o

» u(a) 2D v(a) con v(a) # 0.

Como comentabamos antes, la simulaciéon conforme considera que un proceso p es
mejor que otro ¢, siempre que o bien p pueda realizar acciones nuevas que no tenga
q (esto lo impone la primera clausula de la definicién), o bien p sea mas determinista
que ¢ (impuesto por la segunda clausula). De este modo se tiene que 0 Scg a0, pero
ap + aq Scs ap. El concepto esta ligado a la nocion de conformidad en testing, que se
resume en que una implementacion es conforme a una especificacion si esta hace todo lo
que la especificacion pide de ella, es decir, si ante todo test la implementaciéon se comporta
como la especificacion.

En cierto sentido, también se puede argiiir que la simulacién covariante-contravariante
reduce el no-determinismo, pues desde el punto de vista clasico se considera que las salidas
son elegidas por la méquina de manera no-determinista, por lo que un proceso con menos
salidas es, en este sentido, més determinista. Pero, por otro lado, también podemos ver
a la simulacion conforme como una variante de la simulacién covariante-contravariante,
donde en vez de separar a las acciones en distintos grupos, tenemos un tratamiento
comun a todas ellas, que diferencia dos casos: si esa accién ya estaba en el proceso, o
si no lo estaba. De hecho, la segunda clausula de la simulacion conforme es puramente
contravariante, con lo que este hecho de reducir el no-determinismo es comiin a ambas.

Como también tratdbamos en S3, para construir la l6gica que caracteriza a la simu-
lacién conforme, el punto de partida fue la propia logica covariante-contravariante que
vefamos en la pagina Como acabamos de observar, la simulacién conforme tiene una
segunda clausula contravariante, lo que nos hizo pensar que necesitariamos un operador
modal con un comportamiento universal. Pero ya que también se tiene 0 Scg a, a su
vez el operador debia capturar este sentido existencial. La respuesta fue combinar los
dos operadores modales de la légica Lo para obtener un nuevo operador modal a, cuya
semantica es: p |= ap sip s yp = ¢ para todo p —%5 p'. De hecho, se tiene que ay es
equivalente a (a)p A [a]¢. Y con ello obtuvimos la siguiente definicion.

Definicién 4 (extraido de S3.) La clase de formulas conformes Log se define
recursivamente por:

= tt € Leg.

= Si [ esunconjuntoy p; € Lo paratodoi € I, entonces \,.; i € Lo,
Vieryi € Lec:
= Sipe Losyac€ A, entonces ap € Log.

La relacion = esta definida por:
= pEtt
» p = Aicr @i sip = i para todo i € I.
» pl= V,cr i sipE o para algin i € I.
s pl=apsip—=yp = ¢ para todo p — p'.
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Al igual que en el caso de la simulacion covariante-contravariante, en la publicacién
S4, estudidbamos la caracterizacion axiomatica del preorden conforme. Este caso era un
poco més complejo que el de la simulaciéon covariante-contravariante pues, para empezar,
la simulacién no es una precongruencia con respecto a la suma de procesos: 0 Scg ab,
ac Sos ac, pero no se tiene ac <pg ab + ac.

La solucién que escogimos fue la misma que se tomo en [Mil89] para la bisimulacién
débil, y es la de trabajar con la precongruencia mas débil contenida en la simulacién
conforme:

pStgasiysolosipSesqel(p) 2I(q).

Lo méas importante es observar que no es necesario imponer la condicion I(p) 2 I(q) de
manera recursiva, sino inicamente en la raiz del proceso; ademéas, tampoco es necesario
imponer explicitamente I(p) C I(g), pues esto siempre se tiene por la definicién de
simulacién conforme.

La precongruencia conforme es finitamente axiomatizable y basta considerar los dos
casos que la definen: anadir acciones nuevas al proceso es siempre positivo, mientras
que anadir acciones que ya estuviesen se considera perjudicial. Es decir, obtuvimos los
siguientes axiomas:

(Scsg) I(p)NI(g) =0= apCalp+q).
(Scs,) ap+aq C ap.

De nuevo, a la hora de axiomatizar la equivalencia inducida usamos la caracterizaciéon
p=p+q<q =< p. Este caso no entrafio otras dificultades que la propia complejidad de
las demostraciones y tampoco hubo necesidad de definir una precongruencia, ya que la
equivalencia inducida ya lo era. Asi, se obtuvieron los siguientes axiomas:

(S€%) I(p)nI(q) =0 = ap=ap+a(p+q).
(S="“%) I(q) C I(p) = alp+q) = a(p+ q) + ap.

Lo mas interesante de esta axiomatizacion fue que nos permitié percatarnos de que el
axioma (Sag)p) es el que caracteriza la equivalencia de ready simulation. De este modo, la
nocién de ready conformance simulation coincide con el inverso de la ready simulation, 1o
que viene a decirnos que todas aquellas semanticas que estédn por debajo de esta coinciden
(pero con el orden revertido) con las nociones conformes correspondientes. Asi se obtiene,
por ejemplo, una nociéon mucho més intuitiva de fallos conformes, que considera que el
proceso que tiene mas fallos es peor que el que tiene menos.

De esta manera, concluiamos (por ahora) el objetivo 2.2. Creemos que con lo logrado
se ilustra suficientemente el interés de estas dos nociones de simulaciéon. La simulacion
covariante-contravariante es un sencillo pero potente ejercicio de unificacion de las quiza
dos nociones més importantes de relacion entre procesos: la simulaciéon y la bisimulacion.

Por su parte, la simulacién conforme es en nuestra opinién una nocion de simulacién
muchisimo mas intuitiva que la clasica en el sentido de que no podemos “mejorar” (simu-
lar) un proceso haciéndolo més no-determinista. Esta “debilidad” de los 6rdenes clasicos
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de simulacién se transmite a las semanticas lineales asociadas: la de trazas y la de fallos,
en las que de nuevo los procesos menos deterministas pueden mayorar a otros mas deter-
ministas. Por contra, la seméantica de trazas conformes correspondiente a la simulacién
conforme, “arregla’” satisfactoriamente ese problema.
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Capitulo 4

Conclusiones y trabajo futuro

Comentabamos en la seccién que la meta general de nuestra investigacion era la
de comprender mejor la estrecha relacion existente entre las seméanticas de procesos y el
mundo categérico de las codlgebras. Entendimos que el punto de partida mas razonable
para lograrlo era la, por aquel entonces, reciente definicion de simulacién coalgebraica
dada por Hughes y Jacobs.

Como hemos visto en las publicaciones que hemos recogido en el capitulo anterior, a
nuestro entender hemos conseguido importantes avances en el estudio de la simulacién
coalgebraica. Hemos estudiado la refexion y preservacion de propiedades logicas por las
mismas; céomo las transformaciones naturales mantienen las simulaciones; y los diversos
pormenores técnicos de la condicion de estabilidad. A lo largo de estos articulos hemos
sido capaces de trasladar al marco general categorico un buen nimero de resultados de la
simulacion clésica, y de encontrar aplicaciones concretas en relacion con las seméanticas
de procesos clasicas y nuevas variantes de las mismas. En concreto, hemos utilizado los
sistemas de multitransiciones como un marco unificador para los sistemas de transiciones
y los sistemas de transiciones probabilisticos, y hemos obtenido dos nuevas seménticas
de simulacion, de las que hemos justificado su utilidad, interés y buenas propiedades.

Por el modo en que ha sido concebida, todos los resultados de la presente tesis vienen
ya avalados por su publicaciéon previa en las actas de diversos congresos internacionales
de reconocido prestigio. Ello supone de hecho un doble aval, pues los exigentes procesos
de evaluacién y seleccion en competencia directa con otros trabajos, aportan ademéas
detallados informes de los evaluadores, que sin duda han contribuido a mejorar la cali-
dad de la presentacion, incluyendo la correccién de posibles errores u omisiones en las
versiones preliminares. Ademas, nuestro trabajo es ya desconocido por parte de la co-
munidad cientifica especializada en el area, que también ha tenido ocasién de opinar y
hacer sugerencias en relacién al mismo, que también ha contribuido a mejorar la calidad
del trabajo, y que por supuesto agradecemos muy sinceramente. De hecho contamos ya
con la referencia [AILSII] donde se construyen las formulas caracteristicas para nuestra
simulacién conforme, utilizdndose por tanto la nocion que en los trabajos de esta tesis
hemos introducido, y mostrando de esta forma el interés que ha suscitado.

Pero ciertamente la investigacion en este campo no termina con esta tesis, y la via
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de estudio que hemos abierto aqui tiene diversas posibles continuaciones. Para empezar,
podemos comentar un par de direcciones, que mas que trabajo futuro, deberiamos calificar
como “trabajo actual” pues confiamos en poder obtener nuevos resultados que puedan
ser presentados en préximas publicaciones.

Ya comentamos en la seccion [2.2.3] que existia otro modo de definir las simulaciones
desde el punto de vista coalgebraico, en este caso, por medio de relatores. Ademas, como
deciamos en la seccion Corina Cirstea habia definido un método general y cate-
gorico para obtener la logica que caracteriza a una simulaciéon. De este modo podemos
estudiar las logicas modales que caracterizan distintas nociones de simulacién desde una
perspectiva puramente categérica. En este préximo primer trabajo esperamos poder de-
finir como relatores tanto nuestras dos semanticas de simulaciéon (la cc-simulacion y la
simulacién conforme), como las nociones de refinamiento modal, la simulacién entre sis-
temas de transiciones mixtos y la bisimulacién parcial. Una vez que hayamos trasladado
estos conceptos al marco de los relatores, pretendemos reproducir el esquema de trabajo
de [Cir06] para obtener las logicas que las caracterizan.

Este proyecto tiene un doble interés. En primer lugar pretendemos mostrar y explicar
como la teoria desarrollada en [Cir06] puede aplicarse a ejemplos no estdndar, como son
nuestras dos simulaciones. En segundo lugar, por lo que sabemos, aiin no se ha trabajado
en el modelo coalgebraico con los sistemas modales y mixtos. Mas en concreto: no existen
referencias de que se tenga definida una logica que caracterice el preorden de la simulacién
entre MiTS. Pues bien, confiamos en comenzar a ir rellenando esta laguna en un futuro
proximo.

Nuestro segundo trabajo inmediato tiene como marco la extensiéon del espectro linear
time-branching time de van Glabbeek a nuestras seménticas covariante-contravariante
y conforme. Esta idea surgié cuando estabamos estudiando las axiomatizaciones de los
preordenes en el articulo S2. De hecho, ya comentédbamos en esa publicaciéon que para la
simulacién conforme la nocién de ready conformance simulation coincidia con el opuesto
de la ready simulation. Nos parecié entonces oportuno tratar de extender este resultado
obteniendo las nociones adecuadas de trazas o fallos, entre otras, para estos contextos.

Proponemos empezar entonces con las definiciones adecuadas de trazas covariantes-
contravariantes y trazas conformes. Para el caso de las trazas covariantes-contravariantes,
como esperamos no resulte sorprendente tras estudiar las técnicas que hemos utilizado
en la tesis, la idea es componer primero la nociéon de traza ordinaria (que corresponderia
al caso covariante) con la nociéon de no-trazas (para el caso contravariante). Estas tlti-
mas no son mas que aquellas secuencias de acciones que un proceso no puede ejecutar.
Combinando ambas nociones, obtenemos las trazas covariantes-contravariantes.

En el caso de las trazas conformes aparece el concepto de traza segura que corresponde
a aquellas trazas que el proceso siempre puede ejecutar, como contraposicion a las trazas
usuales, en las que, debido al no-determinismo, podemos encontrarnos con situaciones en
las que cuando el proceso trata de ejecutar una traza suya se encuentra con un camino
en el que no es capaz de culminar su ejecucion.

Partiendo de las trazas generalizadas continuaremos con el resto de las seménticas
maés conocidas: ready simulation, fallos y readiness. De nuevo, resultara especialmente
atil estudiar, en primer lugar, como estas seménticas se comportan en el caso puramente
contravariante, para después discutir la manera natural de “mezclarlo” con el caso en el

74



Conclusiones y trabajo futuro

que también hay acciones covariantes, para obtener las definiciones generales para el caso
covariante-contravariante.

Al margen de estas dos direcciones que estamos ya explorando en profundidad en la
actualidad, quedan otras vias de desarrollo que merece la pena comentar. Un tema que
barajamos introducir en nuestro estudio durante los inicios de la tesis fueron las diversas
nociones de simulacién que aparecen en [Pal05]. De entre ellas, nos parece especialmente
interesante la nocion de simulacion tartamuda, definida por Manolios en [Man01], que
generaliza la nocién de simulacion estandar al permitir que dos procesos sean similares si
después de que un proceso haga una serie de transiciones (un camino en el contexto), el
otro pueda hacer otro camino de manera que ambos “encajen”. Formalmente, dados dos
sistemas de transiciones y una relaciéon H, un camino m H-encaja con otro p, si existen
dos funciones estrictamente crecientes a,  : N — N con «(0) = 8(0) = 0 tales que para
todo 7,7,k e Nsia(i) <j<ali+1)y B() <k < B(i+ 1), se cumple que a(7)HB(k).
En consecuencia, la simulacién tartamuda es una relaciéon binaria H tal que si xHy,
entonces para cada camino m que comience en z existe un camino p que comienza en y
Yy que encaja con m.

También seria interesante estudiar las seménticas débiles de bisimulacién y simulacion.
En concreto, en los trabajos de Sokolova, Vink y Woracek [SVW04, [SAVW09], se define
va la bisimulaciéon débil desde el punto de vista coalgebraico. Para ello se comienza
extendiendo el alfabeto de acciones con las denominadas acciones internas 7. Se debe
entonces extender el comportamiento de las coalgebras para que acttien sobre palabras
en vez de sobre acciones y, finalmente, se abstraen las acciones internas. Un primer trabajo
interesante nos llevaria a estudiar si estas construcciones se mantienen una vez que se
usen los 6rdenes funtoriales.

En relacion con las simulaciones covariante-contravariante y conforme, otra promete-
dora via de estudio es seguir aprovechando las transformaciones que comentéabamos en la
pégina y que definiamos en los articulos S1 y S2. En concreto, en S1 definiamos dos
transformaciones: M y C entre MTS y LTS, que nos permitian convertir un LTS en un
MTS, y viceversa. En la publicacion S4 caracterizamos axiométicamente tanto el preor-
den como la equivalencia inducida por la simulacién covariante-contravariante. Ahora nos
proponemos estudiar de qué manera y en qué condiciones es posible trasladar las citadas
axiomatizaciones a los MTS. De esta manera podriamos caracterizar axiomaticamente el
refinamiento entre MTS.

Por otro lado, la transformacion 7 que definfamos en S2 nos permitia considerar
sistemas covariantes-contravariantes en los que no aparecen acciones bivariantes. Como
también comentdbamos en S4, la equivalencia inducida por la cc-simulacién no es fini-
tamente axiomatizable en el caso de que aparezcan acciones bivariantes mezcladas con
otras acciones covariantes o contravariantes. La transformacion 7, al permitirnos des-
prendernos de las acciones bivariantes, puede servirnos para estudiar la axiomatizacién
de la equivalencia de cc-simulacién en un contexto en el que las acciones bivariantes a se
ven sustituidas por el par asociado (a”,a').

Siguiendo esta linea referente a la axiomatizacion de nuestras nociones de simulacion,
un siguiente paso es el de incorporar a BCCSP nuevos operadores, comenzando por
el operador de composicion paralela, y estudiar de qué manera han de ser extendidas
nuestras caracterizaciones axiomaticas y logicas, para cubrir las nuevas operaciones.
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Dejamos para el final una meta que consideramos mucho mas especulativa que las an-
teriormente comentadas: estudiar la posible relacion de la formalizacion de la semantica
con coélgebras con los operadores clasicos de las semanticas de procesos. En particular,
tanto el operador de composicién paralela como el de composiciéon secuencial pueden ser
un magnifico punto de partida, que nos permitirian tener nociones categéricas de como
dos coalgebras cualesquiera pueden componerse en ciertas formas “naturales”. Ciertamen-
te, de conseguirse avances sustanciales en esta direccién estariamos estrechando mucho
mas aun la relacién entre las coédlgebras y las seméanticas de procesos.
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Capitulo 5

Publicaciones

En este capitulo incluimos las siete publicaciones que componen la tesis. Como ya
hicimos a la hora de exponer los resultados en el capitulo [3] en lugar de presentar los
articulos en orden cronolégico lo hacemos de modo temético, destacando el diferente
caracter de los mismos.

En el primer bloque aparecen las tres publicaciones de corte mas categorico. La prime-
ra fue aceptada en 2007 en el congreso International Colloguium on Theoretical Aspects of
Computing (ICTAC), en ella tratamos la reflexion y preservacion de propiedades logicas
por parte de las (bi)simulaciones coalgebraicas.

La segunda de las publicaciones apareci6 en 2009, en el congreso Conference on Alge-
bra and Coalgebra in Computer Science (CALCO). En ella discutimos los resultados de
estabilidad de las simulaciones y definimos por primera vez las simulaciones covariante-
contravariante y conforme.

El dltimo articulo del bloque categérico se publicé en las actas de 2008 del congreso
International Conference on Formal Techniques for Networked and Distributed Systems
(FORTE). En él presentamos los sistemas de multitransiciones como marco unificador y
discutimos la relacion entre las transformaciones naturales y las (bi)simulaciones coalge-
braicas.

El segundo bloque incluye las cuatro publicaciones en las que estudiamos y relacio-
namos nuestras dos seménticas de simulaciéon. La primera se aceptd para el congreso
International Conference on Fundamentals of Software Engineering (FSEN) en este afio
2011, y la dedicamos a relacionar la simulacién covariante-contravariante con la bisimu-
lacion parcial y los refinamientos modales. Atin no ha aparecido publicada en el volumen
7141 de Lecture Notes in Theoretical Computer Science.

Ademaés, los miembros del comité de programa del congreso FSEN’11 han preseleccio-
nado a esta publicacion (junto con otras 7) para que los autores preparemos una version
extendida para su posible publicaciéon en un nimero especial de la revista “Science of
Computer Programming” (SCP).

La segunda ha sido aceptada para el congreso Ezpressiveness in Concurrency (EX-
PRESS) también este ano 2011. En esta publicacion reproducimos el estudio de Boudol
y Larsen con nuestra simulacion covariante-contravariante. Como en el caso anterior, los
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miembros del congreso han preseleccionado este articulo invitindonos a los autores a
preparar una version extendida para su posible publicacién en un nimero especial de la
revista “Mathematical Structures in Computer Science” (MSCS).

La tercera publicacion es de 2010 y aparecié en el congreso International Conference
on Formal Techniques for Distributed Systems (FMOODS-FORTE). Es la publicacion
en la que construimos las logicas para las dos seménticas de simulacion.

Finalmente, el articulo que cierra el capitulo se present6 en 2010 en Structural Ope-
rational Semantics (SOS) y lo dedicamos al estudio de las axiomatizaciones de nuestras
seméanticas.
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Abstract. Our objective is to extend the standard results of preser-
vation and reflection of properties by bisimulations to the coalgebraic
setting, as well as to study under what conditions these results hold for
simulations. The notion of bisimulation is the classical one, while for sim-
ulations we use that proposed by Hughes and Jacobs. As for properties,
we start by using a generalization of linear temporal logic to arbitrary
coalgebras suggested by Jacobs, and then an extension by Kurtz which
includes atomic propositions too.

1 Introduction

To reason about computational systems it is customary to mathematically for-
malize them by means of state-based structures such as labelled transitions sys-
tems or Kripke structures. This is a fruitful approach since it allows to study
the properties of a system by relating it to some other, possibly better-known
system, by means of simulations and bisimulations (see e.g., [15,14,12,3]).

The range of structures used to formalize computational systems is quite wide.
In this context, coalgebras have emerged with a unifying aim [18]. A coalgebra
is simply a function ¢ : X — F X, where X is the set of states and F' X is some
expression on X (a functor) that describes the possible outcomes of a transition
from a given state. Choosing different expressions for F' one can obtain coalgebras
that correspond to transition systems, Kripke structures, ...

Coalgebras can also be related by means of (bi)simulations. Our goal in this
paper is to prove that, like their concrete instantiations, (bi)simulations between
arbitrary coalgebras preserve some interesting properties. A first step in this
direction consists in choosing an appropriate notion for both bisimulation and
simulation, as well as a logic in which to express these properties.

Bisimulations were originally introduced by Aczel and Mendler [1], who showed
that the general definition coincided with the standard ones when particularized;
it is an established notion. Simulations, on the other hand, were defined by Hughes
and Jacobs [8] and lack such canonicity. Their notion of simulation depends on
the use of orders that allow (perhaps too) much flexibility in what it can be con-
sidered as a simulation; in order to show that simulations preserve properties, we
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WEST TIN2006-15578-C02-01 and PROMESAS S-0505/TIC/0407.
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will have to impose certain restrictions on such orders. As for the logic used for the
properties, there is likewise no canonical choice at the moment. Jacobs proposes a
temporal logic (see [9]) that generalizes linear temporal logic (LTL), though with-
out atomic propositions; a clever insight of Pattinson [17] provides us with a way
to endow Jacobs’ logic with atomic propositions.

Since our original motivation was the generalization of the results about sim-
ulations and preservation of LTL properties, we will focus on Jacobs’ logic and
its extension with atomic propositions. Actually, modal logic seems to be the
right logic to express properties of coalgebras and several proposals have been
made in this direction, among them those in [10,13,17], which are invariant under
behavioral equivalence. The reason for studying preservation/reflection of prop-
erties by bisimulations here is twofold: on the one hand, some of the operators in
Jacobs’ logic do not seem to fall under the framework of those general proposals;
on the other hand, some of the ideas and insights developed for that study are
needed when tackling simulations. As far as we know, reflection of properties by
simulations in coalgebras has not been considered before in the literature.

2 Preliminaries

In this section we summarize definitions and concepts from [8,11,9], and intro-
duce the notation we are going to use.

Given a category C and an endofunctor F' in C, an F-coalgebra, or just a
coalgebra, consists of an object X € C together with a morphism ¢: X — FX.
We often call X the state space and c the transition or coalgebra structure.

Example 1. We show how two well-known structures can be seen as coalgebras:

— Labelled transition systems are coalgebras for the functor F' = P(id)*, where
A is the set of labels.

— Kripke structures are coalgebras for the functor F' = P(AP) x P(id), where
AP is a set of atomic propositions.

It is well-known that an arbitrary endofunctor F' on Sets can be lifted to a
functor in the category Rel of relations, that is, Rel(F) : Rel — Rel. Given a
relation R C X x Y, its lifting is defined by

Rel(F)(R) = {(u,v) € FX1 X FXo | Jw € F(R). F(r)(w) = u, F(rz)(w) = v},

where r; : R — X; are the projection morphisms.

A predicate P of a coalgebra ¢ : X — F'X is just a subset of the state space.
Also, a predicate P C X can be lifted to a functor structure using the relation
lifting:

Pred(F)(P) = [1,, Rel(F)(I15(P))) = L, (Rel(F)(I1;(P))),

where ¢ = (id, id) and J[,(X) is the image of X under f, so [[; (P) = {(z,2) |
r € P}, [1,,(R) = {21 | 3z2.21Raa} is the domain of the relation R, and
[, (R) = {z2 | 3v1.21 Rx2} is its codomain.
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The class of polynomial endofunctors is defined as the least class of endofunc-
tors on Sets such that it contains the identity and constant functors, and is
closed under product, coproduct, constant exponentiation, powerset and finite
sequences. For polynomial endofunctors, Rel(F') and Pred(F') can be defined
by induction on the structure of F. For further details on these definitions see
[9]; we will introduce some of those when needed. For example, for the cases of
labelled transition systems and Kripke structures we have:

Rel(P(id)*)(R) = {(f,9) | Ya € A.(f(a),g(a)) € {(U, V) | Yu € U.3v € V.uRv A
Vv € V.3u € U.uRv}}

Pred(P(id)*)(P) = {f | Ya € A. f(a) € {U | Yu € U. Pu}}

Rel(P(AP) x P(id))(R) = {((u1,u2), (v1,v2)) | (u1 =vi.u1,v1 € P(AP)) A
(ug,v2) € {(U, V) |VYu e U.3v € V.uRv A
Vv € V.3u € U.uRv}}

Pred(P(AP) x P(id))(P) = {(u,v) | (uC P(AP)) A (v € {U | Vu € U. Pu)}

A bisimulation for coalgebras ¢c: X — FX and d : Y — FY is a relation
R C X x Y which is “closed under ¢ and d”:

if (x,y) € R then (c(x),d(y)) € Rel(F)(R) .

In the same way, an invariant for a coalgebra ¢ : X — F'X is a predicate P C X
such that it is “closed under ¢”, that is, if € P then c¢(x) € Pred(F)(P).

We will use the definition of simulation introduced by Hughes and Jacobs
in [8] which uses an order C for functors F' that makes the following diagram
commute

PreOrd

C
/ forget
\

Sets e Sets

Given an order C on F, a simulation for the coalgebras ¢ : X — FX and
d:Y — FY is a relation R C X x Y such that

if (2,y) € R then (c(x), d(y)) € Rel(F)c(R),
where Rel(F')c (R) is defined as
Rel(F)c(R) = {(u,v) | Jw € F(R). u C Fri(w) A Fra(w) C v}.

To express properties we will use a generalization of LTL proposed by Jacobs
(see [9]) that applies to arbitrary coalgebras, whose formulas are given by the
following BNF expression:

p=PCX|=p|leVeleAele=¢|Op|Cp|Op|leU¢
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O is the nexttime operator and its semantics (abusing notation) is defined as
OP = ¢ Y(Pred(F)(P)) = {z € X | ¢(x) € Pred(F)(P)}; O is the henceforth
operator defined as OP if exists an invariant for ¢, such that Q C P with x € Q
or, equivalently by means of the greatest fixed point v, OP = vS.(P A OS); ©
is the eventually operator defined as OGP = —-0-P; and U is the until operator
defined as PU Q = pS.(Q V (P A= —S)), where p is the least fixed point.

We denote the set of states in X that satisfies ¢ as [¢]x. That is, if P C X
is a predicate, then [P]x = P; if a € {=, (0,0, <} then Jap]x = af¢]x, and
if 8 € {A,V,=, U } then [p1B8p2]x = [¢1]xBlp2]x. We will usually omit the
reference to the set X when it is clear from the context. We say that an element
x satisfies a formula ¢, and we denote it by ¢,z = ¢, when x € [p]. Again, we
will usually omit the reference to the coalgebra c.

3 Reflection and Preservation in Bisimulations

These definitions of reflection and preservation are slightly more involved than
for classical LTL because the logic proposed by Jacobs does not use atomic
propositions, but predicates (subsets of the set of states). Later, we will see how
atomic propositions can be introduced in the logic.

Given a predicate P on X and a binary relation R C X x Y, we will say that
an element y € Y is in the direct image of P, and we will denote it by y € RP,
if there exists * € X with € P and zRy. The inverse image of R is just the
direct image for the relation R~

Definition 1. Given two formulas ¢ on X and b on Y, built over predicates
Py, ... P, and Q1, . .. Qn,, respectively, and a binary relation R C X x Y, we de-
fine the image of p as a formula p* onY, obtained by substituting in @ RP; for P;.
Likewise, we build =1, the inverse of 1, substituting R~*Q; for Q; in 1.

Remark 1. Tt is important to notice that ¢* coincides with ¢~ when we consider

R~ instead of R. Analogously, ¢! is just ¢* when we consider R~ instead of R.
Now we can define when a relation preserves or reflects properties.

Definition 2. Let R C X x Y be a binary relation and a and b elements such
that aRb. We say that R preserves the property ¢ on X if, whenever a = ¢,

b = p*. We say that R reflects the property ¢ on'Y if b= ¢ implies a |= ™"

Let us first state a couple of technical lemmas whose proofs appear in [6].

Lemma 1. Let F be a polynomial functor, R C X xY a bisimulation between
coalgebras ¢ : X — FX andd Y — FY, P CY, Q C X and zRy. If
d(y) € Pred(F)(P), then c¢(z) € Pred(F)(R™'P); and if c(z) € Pred(F)(Q),
then d(y) € Pred(F)(RQ).

Another auxiliary lemma we need to prove the main result of this section is the
following:
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Lemma 2. The direct and inverse images of an invariant are also invariants.

Proof. Let R be a bisimulation between ¢ : X — FX and d : Y — FY. Let
us suppose that P C X is an invariant and let us prove that so is RP; that
is, for all y € RP it must be the case that d(y) € Pred(F)(RP). If y € RP,
then there exists x € P such that xRy. Since P is an invariant, we also have
¢(x) € Pred(F)(P) and by Lemma 1 we get d(y) € Pred(F)(RP).

On the other hand, since R~ is also a bisimulation, the inverse image of an
invariant is an invariant too. O

At this point it is interesting to recall that our objective is to prove that bisim-
ulations preserve and reflect properties of a temporal logic, that is, if we have
rRy and y |= ¢ then we must also have z = ¢~!; and, analogously, if z = ¢
then y = ¢*. We will show this result for all temporal operators except for the
negation; it is well-known that negation is reflected and preserved by standard
bisimulations, but not here because of the lack of atomic propositions in the
coalgebraic temporal logic.

To prove the result for the rest of temporal operators, we will see that if
y € [¢] then we also have z € R™1[] and, analogously, if x € [¢] then y € R[¢].
Ideally, we would like to have both R™[¢] = [¢ '] and R[¢] = [¢*] but,
in general, only the inclusion C is true. Fortunately this is enough to prove
our propositions, since the temporal operators are all monotonic except for the
negation. In fact, here is where the problem with negation appears.

Lemma 3 ([6]). Let R be a bisimulation between coalgebras ¢ : X — FX and
d:Y — FY. For all temporal formulas ¢ and ¢ which do not contain the
negation operator, it follows that

Ry Sl 'Ix  and R[¥]x C [¢*]y -

Finally we can show that bisimulations reflect and preserve properties given by
any temporal operator except for the negation.

Proposition 1. Let vy be a formula over a setY which does not use the negation
operator and let R be a bisimulation between coalgebras ¢ : X — FX and
d:Y — FY. Then the property i is reflected by R.

Proof. The result is proved by structural induction over the formula v using the
first half of Lemmas 1 and 3, and Lemma 2. See [6] for further details. O

Preservation of properties is a consequence of the reflection of properties together
with the fact that if R is a bisimulation then R~ is also a bisimulation. We have
thus proved the following theorem.

Theorem 1. Let v and ¢ be formulas over sets Y and X, respectively, which
do not use the negation operator and let R be a bisimulation between coalgebras
c: X — FX andd:Y — FY. Then v is reflected by R and ¢ is preserved
by R.




236 I. Fabregas, M. Palomino, and D. de Frutos Escrig
4 Reflection and Preservation in Simulations

In [3,16] it is proved not only that bisimulations reflect and preserve properties
but also that simulations reflect them: it turns out that this result does not
generalize straightforwardly to the coalgebraic setting.

The main problem that we have found concerning this is that the coalgebraic
definition of simulation uses an arbitrary functorial order C, and in general
reflection of properties will not hold for all orders.

Let us show a counterexample that will convince us that simulations may
not reflect properties without restricting the orders. Let us take F = P(id),
X = {z1,22}, Y = {y1,y2} and the coalgebras ¢ and d defined as c(x1) =
{1, 22}, c(x2) = {22}, d(y1) = y2 and d(y2) = y2. We define u C v whenever
v C u and consider the formula ¢ = OQP, where P = {y2}, and the simulation
R = {(z1,y2)}. It is immediate to check that R is a simulation and y2 € [¢],

but 21 ¢ [¢~1].

— y2 € [¢]. Indeed, since d(y2) = yo2 then yo € [¢] = OP is equivalent to
y2 € P = {y2}, which is trivially true.

— 21 ¢ [~ '] By definition, o=t = OR™'P = O{x1}. Since c¢(z1) = {z1, 72},
it is enough to see that xo ¢ {21}, which is also true.

As a consequence, we will need to restrict the functorial orders that are in-
volved in the definition of simulation. In a first approach we will impose an extra
requirement that the order must fulfill, and later we will not only restrict the
orders but also the functors that are involved.

4.1 Restricting the Orders

The idea is that we are going to require an extra property for each pair of ele-
ments which are related by the order. In particular, we are particularly interested
in the following property (which is defined in [8]):

Definition 3. Given a functor F : Sets — Sets, we say that an order C
associated to it is “down-closed” whenever a T b, with a,b € FX, implies that

b € Pred(F)(P) = a € Pred(F)(P), for all predicates P C X .
We can show some examples of down-closed orders:

Ezample 2. 1. Kripke structures are defined by the functor F' = P(AP) x
P(id), so a down-closed order must fulfill that if (u,v) T (u/,v), then
(u',v") € Pred(F)(P) implies (u,v) € Pred(F)(P); that is, by definition
of Pred(P(AP) x P(id)), u,u’ C P(AP) and, if v € Pred(P(id))(P) = {U |
Vu € U.u € P} then v € Pred(P(id))(P). In other words, for all b € v and
b €', if b/ € P then b € P. Therefore, what is needed in this case is that
the set of successors v of the smaller pair is contained in the set of successors
v of the bigger pair, that is, if (u,v) C (u/,v") then v C v'.
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2. Labelled transition systems are defined by the functor F' = P(id)*, so the
order must fulfill the following: if u C v then Va € A. u(a) C u/(a).

Those examples show that there are not many down-closed orders, but it does
not seem clear how to further extend this class in such a way that we could still
prove the reflection of properties by simulations. Unfortunately, even under this
restriction we can only prove reflection (or preservation) of formulas that only
use the operators V, A, O and O.

To convince us of this fact, we present a counterexample with operator <. Let
X ={z1,22},Y = {y1, y2} and the functor F = P(id). We consider the following
down-closed order: v C v if u C v. We also define the coalgebras ¢ : X — FX
and d: Y — FY as c¢(z1) = {a1}, c(x2) = {z2}, d(y1) = {y1,92} and d(y2) =
{y2}. Obviously R = {(x1,y1)} is a simulation since ¢(z1) = {21} C {z1} and
{y1} T {1,592} = d(y1) and, also, {z1}Rel(F")(R){y1}. We have y1 € O{ys},
since we can reach ys from yi, but 1 ¢ OR™H{yo} = ©Of. Indeed, x1 ¢ O is
equivalent to 21 € O—f) and this is true since {x1} is an invariant such that
xr1 € {xl}, with {xl} - =(.

In order to prove reflection of properties that only use the operators Vv, A, O
and O, we will need a previous elementary result involving binary relations.

Proposition 2. Let R C X XY be a binary relation and P C'Y a predicate.
Let us suppose that uRel(F)(R)v; then, if v € Pred(F)(P) it is also true that
u € Pred(F)(R™1P).

Proof. Once again the proof will proceed by structural induction on the functor
F. See [6] for further details. O

We will also need a subtle adaptation of Lemmas 2 and 3 from the framework
of bisimulations to the framework of simulations. In particular, we can adapt
Lemma 2 to prove that if @ is an invariant and R a simulation, R~1Q is still an
invariant, whereas the first half of Lemma 3 will also be true in the framework
of simulations for formulas that only use the operators VvV, A, () and O.

Lemma 4. Let R be a simulation between coalgebras ¢ : X — FX and d :
Y — FY, with a down-closed order, and let Q C Y be an invariant. Then
R71Q is also an invariant.

Proof. Weare going toshow that forallz € R~1Q wehave ¢(z) € Pred(F)(R™1Q).
Let us take an arbitrary 2 € R~1Q; then, by definition there exists y € @ such that
xRy and, since @) is an invariant, d(y) € Pred(F)(Q). On the other hand, since R
is a simulation, ¢(z) C uRel(F)(R)v C d(y). Henceforth, since we are working
with a down-closed order and d(y) € Pred(F)(Q), then v € Pred(F)(Q). Also,
by Proposition 2 we have v € Pred(F)(R™!Q) and, using again that the order is
down-closed, it follows that c¢(x) € Pred(F)(R™'Q). O

Lemma 5 ([6]). Let R be a simulation between coalgebras ¢ : X — FX and
d:Y — FY, with a down-closed order. If ¢ is a temporal formula constructed
only with operators V, A, ) and O, then

R~ ely Sl 'x-
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Now we can state the corresponding theorem:

Theorem 2 ([6]). Let R be a simulation between coalgebras ¢ : X — FX and
d:Y — FY with a down-closed order. If p is a temporal formula constructed
only with operators V, A, (O and O, then the property ¢ is reflected by the
simulation.

Instead of considering down-closed orders, we could have imposed the converse
implication, that is, those orders that satisfy that if a € Pred(F)(P) then b €
Pred(F)(P).

Definition 4. Given a functor F' : Sets — Sets we say that an order C is
up-closed if whenever a C b then

a € Pred(F)(P) = b€ Pred(F)(P), for all predicates P .

Obviously up-closed is symmetrical to down-closed, that is, it is equivalent to
taking C°P instead of C in Definition 3. So, for example, in the case of Kripke
structures an up-closed order would satisfy (u,v) C (u/,0") if v/ C v.

The interesting thing about up-closed orders is that they allow us to prove
preservation of properties; again, this result will hold only for formulas con-
structed with the operators V, A, (O and O. We need the following auxiliary
result whose proof is analogous to the case of down-closed orders. Since if R is a
simulation for the order =, then R~ is a simulation for the oposite order TP,
we can apply Theorem 2 to get the following (see [6] for more details):

Theorem 3. Let R be a simulation between coalgebras ¢ : X — FX and
d:Y — FY carrying an up-closed order. If ¢ is a temporal formula constructed
only with the operators V, A, () and O, then R preserves the property .

4.2 Restricting the Class of Functors

As we have just seen, it is not enough to restrict ourselves to down-closed (or
up-closed) orders to get a valid result for all properties. What we want is a
necessary and sufficient condition over functorial orders that implies reflection
(or preservation) of properties by simulations. So far we have not found such a
condition, but we have a sufficient one for simulations to reflect properties (and,
in fact, also so that they preserve properties).

Recalling the structure of lemmas and propositions used to prove reflection
and preservation of properties by bisimulations, we notice that the key ingredient
was Lemma 1. With this lemma we were able to prove directly preservation
of invariants (Lemma 2) and the relation between R™! (respectively R) of a
formula and the inverse of a formula (respectively direct image of a formula).
Also, Lemma 1 was essential to prove directly reflection and preservation of
formulas built with the nexttime operator and the rest of temporal operators.

In the previous section the problem we faced was that either the second half
of Lemma 1 (for down-closed orders) or the first half of Lemma 1 (for up-closed
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orders) held, but not both simultaneously. As a consequence, the results for the
operators eventually and until did not hold. So, if we were capable of finding a
subclass of functors and orders such that they fulfill results analogous to Lemma
1 then, translating those proofs, we would get reflection and preservation of
arbitrary properties.

We are going to define a subclass of functors and orders in the way that
Hughes and Jacobs did in [8] for the subclass Poly.

Definition 5. The class Order is the least class of functors closed under the
following operations:

1. For every preorder (A, <), the constant functor X +— A with the order given
by Ex=<a4.

2. The identity functor with equality order.

3. Given two polynomial functors Fy and Fy with orders C' and C2, the product
functor Fy x Fy with order Cx given by

(u,v) Cx (v/,v) if wC'vy and vC2%0.

4. Given the polynomial functor F with order TF and the set A, the functor
FA with order Cx given by

u Cx v if u(a) CF v(a) for all a € A.

5. Given two polynomial functors Fy and Fy with orders C' and T2, the co-
product functor Fy + Fy with order Cx given by

uCx v if u=ri(uop) and v = k1 (vo) with ug £ vg
oru = ra(ug) and v = ke (vo) with ug Z2 vy .

6. Given the polynomial functor F with order T, the powerset functor P(F)
with order Cx given by

uClx v if Yacu3dbewv suchthat aCTF b
and also¥b € v3a € u  such that o CTF b.

For example the usual order for Kripke structures is not in the class Order.
Besides, in the definition of Poly in [8] the authors did not consider the powerset
functor but we do, although we are not using the usual order for this functor.

At first, to obtain that simulations not only reflect but also preserve properties
may seem a little surprising. If we think about the elements in the subclass
Order we notice that we have restricted the orders to equality-like orders, that
is, almost all possible orders in Order are the equality. However, since the class
Order is very similar to the class Poly, it has the same good properties shown
in [8] (like the stablility of the orders and functors).

Ezample 3. 1. If we consider the functor P(id), then the order C defined in
Definition 5 says that u C v if and only if for each a € u there exists b € v
such that a = b, and if for each b € v there exists a € u such that a = b.
This means that C is the identity relation. As an immediate consequence for
transition systems the only possible Order simulations are bisimulations.
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2. If we consider the functor A x id where A has a preorder < 4 different from
the identity, the order C from Definition 5 is the following: (u,v) C (u/,v’) iff
v="1v"and u <4 u'. So, if <4 is not the identity, neither is C. For example,
let us take X = {z1,22,23}, Y = {y1,y2}, AP = {p1,p2,p3} and consider
the functor F' = P(id) x P(AP) and the coalgebras ¢ : X — FX and d :
Y — FY defined by c(z1) = ({w2, 23}, {p1}), c(z2) = ({3}, {p2}), c(as) =
({22}, {ps}), d(y1) = ({y2}, {p2}) and d(y2) = ({2}, {p1}). Obviously there
is no bisimulation between z; and y; since this atomic propositions are not
the same, but taking the order C defined as (u,v) C (v/,v") iff u = ' (that
is, taking as the preorder <4p the total relation) we have that there exists
a simulation R in Order between z; and y;.

Lemma 6 ([6]). Let R C X x Y be a simulation between coalgebras ¢ : X —
FX and d : Y — FY, such that the functor F is in the class Order. Let
us also suppose that P C 'Y and xRy; then, if d(y) € Pred(F)(P) we have
c(z) € Pred(F)(R™'P).

In a similar way we have the corresponding lemma involving direct predicates.

Lemma 7. Let R C X XY be a simulation between coalgebras ¢ : X — FX
and d :' Y — FY, such that the functor F is in Order. Let us suppose also
that P C X and xRy. Then, if c(x) € Pred(F)(P), d(y) € Pred(F)(RP).

Now we can conclude that under these hypothesis simulations reflect and pre-
serve properties, simultaneously! This fact is a straightforward result from Lem-
mas 6 and 7.

Theorem 4. Let R be a simulation between coalgebras ¢ : X — FX and
d:Y — FY, with F' a polynomial functor in the class Order. Then, the
simulation R reflects and preserves properties.

5 Including Atomic Propositions

A consequence of the fact that the logic proposed by Jacobs does not introduce
atomic propositions was the need of giving non-standard definitions of reflection
and preservation of properties. Kurz, in his work [13] includes atomic proposi-
tions in a temporal logic for coalgebras by means of natural transformations.

Definition 6. Given a set AP of atomic propositions, the formulas of the tem-
poral logic associated to a coalgebra c : X — FX are given by the BNF expres-
ston:

p=pl-wleVeloAple=p|Op|Cp|Op|eUp

where p € AP is an atomic proposition.

Kurz also defines when a state z satisfies an atomic proposition p, that is, he
defines the semantics of an atomic proposition.
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Definition 7. Let F' : Sets — Sets be a functor and AP a set of atomic
propositions. Let v : F = P(AP) be a natural transformation and ¢ : X — FX
a coalgebra. We say that x satisfies an atomic proposition p € AP, and denote
it © |= p, when p € (vx oc)(x). This way [p] ={z|p € (vx oc)(z)}.

Notice that in fact this defines not only a semantics but a family of possible
semantics that depends on the natural transformation. For example, we can
define a natural transformation for the functor for Kripke structures in this way:

vx : P(AP) x P(X) — P(AP)
(P,Q) — P

With vx we have characterized the standard semantics of LTL for Kripke struc-
tures. Analogously, we could define the following interpretation: v (P, Q) =
P(AP)\ P.

Introducing in our temporal logic the semantics of the atomic propositions,
we can prove the following theorem involving bisimulations:

Theorem 5. Let R be a bisimulation between coalgebras ¢ : X — FX and
d:Y — FY. Let ¢ be a temporal formula; then, the following is true for all
ze X andy €Y such that xRy:

refolx = yelply.

Here we have captured in the same theorem the classical ideas of reflection
and preservation of properties: we have some property in the lefthand side of
a bisimulation if and only if we have the property in its righthand side. In
this case the theorem is true also for the negation operator thanks to the atomic
propositions. Intuitively, this is because now we have an “if and only if” theorem,
whereas in Theorem 1 we needed to reason separately for each implication using
monotonicity, and negation lacks it. Also notice that even though we could think
that in Theorem 1 our predicates played the role of atomic propositions, there
are some essential differences: first, predicates are not independent of each other,
unlike atomic propositions, and secondly, while atomic propositions stay the
same predicates vary with each set of states.

Proof. Once again the proof will proceed by structural induction on the formula
. We only show some of the cases (the complete proof can be found in [6]).

1. Let ¢ = p where p is an arbitrary atomic proposition. This way we have the
following diagram, for v an arbitrary natural trasformation:

x< " R 7 sy
c [e,d] d
\ Fmq \ Fmo \
FX < FR > FY
vx VR vy

Y . Y . Y
P(AP) <™ P(AP) =P(AP)
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This diagram is commutative. Indeed, since R is a bisimulation the upper
side commutes, while the lower side commutes because v is a natural trans-
formation.

So, © € [¢]x means by definition that p € (vx o ¢)(z). Since the diagram
commutes then p € (vgo e, d])(z,y) < p € (vy od)(y), that is, y € [¢]y.

2. Let us suppose ¢ = —p. In this case we must show that € —[po]x if
and only if y € —[po]ly, that is, we must see that = ¢ [po]x if and only
if y ¢ [po]y. By induction hypothesis we have = € [po]x if and only if
y € [po]y.

3. Let us suppose now that ¢ = Opo. We must prove that z € Ofpo]x is
equivalent to y € Olpo]y, that is, ¢(x) € Pred(F)([¢o]x) is equivalent to
d(y) € Pred(F)([¢o]y). The latter will be proved by structural induction
on the functor F. As an example we show the case of ' = G*4. Let us prove
only one implication since the other one is almost identical. We have

Pred(F)([¢o]x) = {f | Va € A. f(a) € Pred(G)([po]x)} -

Once again, as we have shown in other proofs, we define for each a € A and
each F-coalgebra ¢ : X — F(X) a G-coalgebra, ¢* : X — G(X) where
for each z € X we have ¢*(z) = c¢(x)(a). In this way, we have xRy and
c(x) = ¢(x)(a) € Pred(G)([eo]x). By induction hypothesis we have that
d*(y) € Pred(G)([eo]y). Since this is a valid argument for all a € A, we
obtain d(y) € Pred(F)([¢o]y)-

4. ¢ = Ogg. Assuming that = € [p]x we get that there exists

Q@ C X an invariant for ¢ with Q C [po]x and z € Q.

Now, RQ is a invariant for d and, also, such that RQ C [¢o]y with y € RQ.
Indeed, if € @ then y € RQ and if b € R(Q there must exists some
a € @ C [po]x such that aRb. So, by induction hypothesis we get that
b € [po]y

On the other hand, if y € [p]y there must exists some invariant T on Y,
such that T C [po]y with y € T, hence for proving x € [¢]x it is enough
to consider the invariant R~17. O

To obtain a similar result for simulations, we will need again to restrict the
class of functors and orders as we did in Sections 4.1 and 4.2. In particular
we are interested in the following antimonotonicity property: if v C u' then
v(u') Cv(u).

Definition 8. Let F' : Sets — Sets be a functor, AP a set of atomic propo-
sitions and v : F = P(AP) a natural transformation. We say that C is a
down-natural v-order if, whenever uw C u' then v(u') C v(u).

Obviously this definition depends on the natural transformation that we consider
in each case. For example, for Kripke structures we have the following natural
transformation: vx ((Ax, Bx)) = Ax C AP. To obtain a down-natural v-order
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the following must hold: (u,v) C (u’,v") then v((v/,v")) C v((u,v)), that is, it

will be enough to require (u,v) C (u/,v") iff v’ C u.
This way, if we combine the down-closed and the down-natural orders we get:

If (u,v)C (u,0") then o Cuandv Co'.

This characterization is not as restrictive as one could think. Indeed, if we
recall the definition of functorial order we had:

PreOrd
forget
\

Sets , > Sets
This diagram means that the functor F' and the order C almost have the same
structure and indeed, we could use a natural transformation between C and
P(AP) in Definition 7 instead of a natural transformation between F and
P(AP), that is, v :C= P(AP). Considering v in this way, an immediate conse-
quence is that if we take as order in P(AP) the relation D (as is done in [16]),
then u C v implies v(u) C v(v).

We can tackle the proof of reflection of properties (with atomic propositions)
by simulations as we did in Section 4.1, imposing to the order not only to be
down-natural but also down-closed. But, if we do that we will find the same
difficulties we faced in Section 4.1 (that is, we would not be able to prove reflec-
tion of formulas built with the operators until and eventually). Therefore, we
must restrict the class of functors and orders, as we did with the class Order in
Section 4.2, but imposing also that the orders must be down-natural.

Definition 9. The class Down-Natural v-Order is the subclass of Order
where all orders are down-natural.

Notice that we are defining a different class for each natural transformation v.
Under this condition we state the corresponding theorem involving simulations
and the reflection of properties (with atomic propositions); for the proof see [6].

Theorem 6. Let R be a simulation between coalgebras ¢ : X — FX and
d:Y — FY on the same polynomial functor F' from Sets to Sets belonging
to the class Down-Natural v-Order and let ¢ be a temporal formula. Then,
for each x € X andy € Y such that xRy:

yelely = z€lelx.

We showed above that simulations for functors in the class Order reflected
and preserved all kinds of properties. Instead, now we can only prove one im-
plication, that corresponding to the reflection of properties. This is so because
down-natural v-orders have a natural direction.

Exactly in the same way as we did with down-natural v-orders, we can define
the corresponding class of up-natural v-orders:
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Definition 10. Let F': Sets — Sets be a functor, AP a set of atomic propo-
sitions and v : F = P(AP) a natural transformation. We say that T is an
up-natural v-order if u T u' implies v(u) C v(u').

As we did for down-natural v-orders, we define a subclass of Order:

Definition 11. The class Up-Natural v-Order is the subclass of Order
where all orders are up-natural.

Theorem 7. Let R be a simulation between coalgebras ¢ : X — FX and
d:Y — FY on the same polynomial functor F in the class Up-Natural
v-Order, and let ¢ be a temporal formula. Then, for all x € X andy € Y such
that xRy:

zelelx = yeloly.

6 Conclusions

The main goal of this paper was to study under what assumptions coalgebraic
simulations reflect properties. In our way towards the proof of this result, we
were also able to prove reflection and preservation of properties by coalgebraic
bisimulations. For expressing the properties we used Jacobs’ temporal logic [9],
later extended with atomic propositions using the idea presented in [13].

That coalgebraic bisimulations reflect and preserve properties expressed in
modal logic is a well-known topic (e.g, [10,13,17]), but not so the corresponding
results for simulations. The main difficulty is that Hughes and Jacobs’ notion of
simulation is defined by means of an arbitrary functorial order which bestows
them with a high degree of freedom. We have dealt with this by restricting the
class of functorial orders (although even so we are not able of obtaining a general
result) and by restricting also the class of allowed functors.

In order to get more general results on the subject, an interesting path that we
intend to explore is the search for a canonical notion of simulation. This definition
would provide us, not only with a “natural” way to understand simulations but,
hopefully, would also give rise to “natural” general results about reflection of
properties.

Another promising direction of research is the study of reflection and preser-
vation of properties in probabilistic systems, following our results of [4] in com-
bination with the ideas presented in [7,5,2].
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Abstract. We present a study of the notion of coalgebraic simulation introduced
by Hughes and Jacobs. Although in their original paper they allow any functorial
order in their definition of coalgebraic simulation, for the simulation relations to
have good properties they focus their attention on functors with orders which are
strongly stable. This guarantees a so-called “composition-preserving” property
from which all the desired good properties follow. We have noticed that the notion
of strong stability not only ensures such good properties but also “distinguishes
the direction” of the simulation. For example, the classic notion of simulation for
labeled transition systems, the relation “p is simulated by ¢”, can be defined as
a coalgebraic simulation relation by means of a strongly stable order, whereas
the opposite relation, “p simulates ¢, cannot. Our study was motivated by some
interesting classes of simulations that illustrate the application of these results:
covariant-contravariant simulations and conformance simulations.

1 Introduction and Presentation of Our New Results

Simulations are a very natural way to compare systems defined by transition systems or
other related mechanisms based on the description of systems by means of the actions
they can execute at each of their states [11]. They can be enriched in several ways to
obtain, in particular, the important ready simulation semantics [2,8], as well as other
more elaborated ones such as nested simulations [5]. Quite recently we have studied
the general concept of constrained simulation [3], proving that all the simulation re-
lations constrained by an adequate condition have similar properties. The semantics of
these constrained simulations is also the basis for our unified presentation of the seman-
tics of processes [4], where all the semantics in the ltbt-spectrum [13] (and other new
semantics) are classified in a systematic way.

Hughes and Jacobs [6] have also developed a systematic study of simulation-like
relations, this time in a purely coalgebraic context, so that simulations are studied in
connection with bisimulations [11], the fundamental concept to define equivalence in
the coalgebraic world. Their coalgebraic simulations are defined in terms of an order C
associated to the functor F corresponding to the coalgebra ¢ : X — FX that we want
to observe. In this way they obtain a very general notion of coalgebraic simulation,
not only because all functors F are considered, including in particular the important
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class of polynomial functors, but also because by changing the family of orders Cy
many different families of simulation relations can be obtained. The general properties
of these simulations can be studied in the defined coalgebraic framework, thus avoiding
the need of similar proofs for each of the particular classes of simulations.

Certainly, this generic presentation of the notion of coalgebraic simulation has as
advantage that it provides a wide and abstract framework where one can try to isolate
and take advantage of the main properties of all the simulation-like relations. However,
at the same time it can be argued that the proposal fails to capture in a tight manner the
spirit of simulation relations because, in addition to the natural notions of simulations,
the framework also allows for other less interesting relations. This has as a result that
some natural properties of simulations cannot be proved in general, simply due to the
fact that they are not satisfied by all of the permitted coalgebraic simulation relations.
For instance, the induced similarity relation between systems is not always an order
because transitivity is not always satisfied. In order to guarantee transivity, and other
related properties of coalgebraic simulations, Jacobs and Hughes introduce in [7] the
composition-preserving property to the order C that induces the simulation relation.
In [6] they continue with the study of the topic and present stability of orders as a
natural categorical property to guarantee that an order is composition-preserving. They
also comment that stability is not easy to check and introduce a stronger condition
(that we will call right-stability) so that, whenever applicable, the checking of the main
properties of coalgebraic simulations becomes much simpler than in the general case.

Roughly speaking, given an order Cx on FX for each set X, the induced coalgebraic
simulations are defined in the same way as bisimulations for F, but allowing a double
application of C on the two sides of the defined relation. More precisely, instead of the
functor Rel(F) defining plain bisimulations, Relc(F) defined as Ey oRel(F)o Cy is
used. There are several interesting facts hidden behind the apparent simplicity of this
definition. The first one is that, in general, it only defines an order and not an equiv-
alence relation, even if it is based on bisimulations (that always define an equivalence
relation, namely, bisimilarity). The reason is that the order C appears “in the same di-
rection” on both sides of the definition, thus breaking its symmetry. However, we can
also define some equivalence relations weaker than bisimilarity by using an equiva-
lence relation = as the order C. Another interesting fact is that whenever we define a
coalgebraic simulation by using C, the inverse order 3 defines the inverse relation of
that defined by E once we also interchange the roles of the related sets X and Y (so we
could say that we are defining in fact the same relation but looking at it from the other
side). Stability is also a symmetric condition, so that whenever an order C on a func-
tor F is stable, the inverse order 3 is stable for F, too. This is quite reasonable, since
stability is imposed in order to guaratee transitivity of the generated similarity relation
and the inverse of a transitive relation is also transitive, so that whenever E generates an
“admissible” similarity relation (meaning that it is an order), the inverse order 3 must
be also admissible.

It is worth noting that the stronger condition guaranteeing stability is asymmetric. In
fact, Hughes and Jacobs prove in [6] that “right-stability” implies that

Rel(F)(R) o Cy C Cy oRel(F)(R), (1)

which in fact motivates our name for the condition.
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A second surprise was to notice that, in most cases, right-stability induces a “natu-
ral direction” on the orders defining the coalgebraic simulation. For instance, for plain
similarity over labeled transition systems, the inclusion order C induces the classic sim-
ulation relation while the reversed inclusion 2 induces the opposite “simulated by”
relation: the first one is right-stable while the second is not.

All these general results arose when trying to integrate two new simulation-like no-
tions as coalgebraic simulations definable by a stable order, so that we could obtain for
free all the good properties that have been proved in [6] for this class of relations.

The first new simulation notion is that of covariant-contravariant simulations, where
the alphabet of actions Act is partitioned into three disjoint sets Act, Act”, and Act”.
The intention is for the simulation to treat the actions in Act* like in the ordinary case,
to interchange the role of the related processes for those actions in Act”, and to impose
a symmetric condition like that defining bisimulation for the actions in Act”.

The second notion, conformance simulations, captures the conformance relations
[9,12] that several authors introduced in order to formalize the notion of possible im-
plementations. Like covariant-contravariant simulations, they can be defined as coalge-
braic simulations for some stable order which is not right-stable neither left-stable. We
show that the good properties of these two classes of orders are preserved in those or-
ders that can be seen as a kind of composition of right-stable and left-stable orders. We
use this fact to derive the stability of the orders defining both covariant-contravariant
and conformance simulations.

2 Coalgebraic Simulations and Stability

Given a category C and an endofunctor F in C, an F-coalgebra, or just a coalgebra,
consists of an object X € C together with a morphism ¢ : X — FX. We often call X
the state space and c the transition or coalgebra structure.

An arbitrary endofunctor F : Sets — Sets can be lifted to a functor in the category
Rel over Sets X Sets of relations, Rel(F) : Rel — Rel. In set-theoretic terms, for a
relation R C X; X X5,

Rel(F)(R) = {{u,v) € FX|, X FX, | 3w € F(R). F(r))(w) = u, F(r2)(w) = v}.

A bisimulation for coalgebrasc : X — FXandd : Y — FYisarelationR C X XY
which is “closed under ¢ and d”:

if (x,y) € R then (c(x), d(y)) € Rel(F)(R),

where the r; are the projections of R into X and Y. Sometimes we shall use the term
F-bisimulation to emphasize the functor we are working with.

Bisimulations can also be characterized by means of spans, using the general cate-
gorical definition by Aczel and Mendler [1]:
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R is a bisimulation iff it is the carrier of some coalgebra ¢ making the above diagram
commute. Alternatively, bisimulations can also be defined as the Rel(F)-coalgebras in
the category Rel.

We will also need the general concept of simulation introduced by Hughes and Ja-
cobs [6] using orders on functors. Let F' : Sets — Sets be a functor. An order on F
is defined by means of a functorial collection of preorders CxC FX X FX that must be
preserved by renaming: for every f : X — Y, if u Cx u’ then F f(u) Cy Ff(u’).

Given an order C on F', a C-simulation for coalgebrasc : X — FXandd : Y — FY
is arelation R € X x Y such that

if (x,y) € R then (c(x), d(y)) € Relc(F)(R),

where the lax relation lifting Relc(F)(R) is Cy o Rel(F)(R) o Cx, which can be expanded
to
Relc(F)(R) = {(u,v) | w € F(R). u Cx Fri(w) A Fry(w) Cy v}.

Alternatively, C-simulations are just the Relz(F)-coalgebras in Rel.

Sometimes, when f : X — Y and A C X we will simply write f(A) for the image
L1 (A).

A functor with order C is stable [6] if the relation lifting Rel-(F) commutes with
substitution, that is, if for every f : X — Zand g : ¥ — W, Relc(F)((f X )"'(R)) =
(Ff x Fg)"'(Relc(F)(R)).! They also define a stronger condition that we are going to
call right-stability.

Definition 1 ([6]). We will say that a functor F with order C is right-stable if, for every
function f : X — Y, we have®

@xFf'oy ¢ | ] ex. )

Ffxid

According to [6], condition (2) is equivalent to (a) F being stable and (b) for every
relation RC X X Y,
Rel(F)(R)o Ty C Ly oRel(F)(R). 3)

Right-stability was introduced by arguing that it is easier to check than plain stability,
while being satisfied by nearly all orders discussed in that paper. Surprisingly, one can-
not find in [6] a clear explanation of the reason why right-stable orders are easier to
analyze. In our opinion, the crucial fact is that from (3) we can immediately conclude
that

Cy oRel(F)(R)oCy = Ly oRel(F)(R), 4

so that the coalgebraic simulations for a right-stable order E can be equivalently defined
by means of the asymmetric definition on the right-hand side of equality (4). If the
order C can be used only on one of the sides of the definition, the verification of the

! In fact, the inclusion C always holds.
2 Again, the other inclusion is always true since £ functorial means that Ff(u) Cy Ff(v) if
ulyv.
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properties of the induced coalgebraic simulations becomes much easier than when using
the original definition.

It was quite surprising to discover that the easiest way to prove the properties of the
“simulated by” relations which come from symmetric properties such as composition-
preserving (that are also satisfied by the corresponding inverse relations “simulates”) is
to break that symmetry by considering the asymmetric definition of coalgebraic sim-
ulations that only use Cy; certainly, this is only possible when the defining order C is
right-stable.

Stability is used in [6, Lemma 5.3] to prove that lax relation lifting preserves com-
position of relations, which is needed to prove [6, Lemma 5.4(2)], the crucial fact that
the induced similarity relation is transitive; this need not be the case for the simulation
notion defined by an arbitrary order C.

3 On Stability of Simulation and Anti-simulation

Plain simulations between labeled transition systems can be defined as coalgebraic sim-
ulations considering the functor F = P4 (G* denote the funtor X > (G(X))*) with the
order C given by a C S for e, 8 : A — PX iff foralla € A, a(a) C B(a).

Lemma 1. The order £ defining plain simulations for labeled transition systems is
right-stable.

Corollary 1. Plain simulations between labeled transition systems can be defined as
the (Cy o Rel(F))-coalgebras.

It is worth examining the consequences of the removal of Cx from the original definition
of coalgebraic simulations in this particular case. Both Cy and Cy correspond to the
inclusion order, but when applied at the right-hand side it means that we can reduce
the set of successors of the simulating process ¢ when simulating the execution of a
by p. This means that starting from a set ¥’ C Y we can obtain an adequate subset
Y” € Y’. Instead, the application of Ex at the left-hand side allows to enlarge the set of
successors of the simulated process p and this produces a set X"’ larger than the given
X’: one could say that we need to consider “new” information not in X’, while going
from Y’ to Y” just “removes” some known information.

Another interesting point arises from the fact that every use of Cx at the left-hand
side can be “compensated” by removing at ¥ the added states and this is why Corol-
lary 1 was correct, because we can always avoid the introduction of new successors in
the simulated process by simply removing them at the right-hand side. However, the op-
posite procedure, to compensate the removal of states by adding them at the simulated
process side is not always possible, since in general X could be not big enough.

The anti-simulations can be defined as coalgebraic simulations by taking the reversed
inclusion order instead of C. It is interesting to note that it is not right-stable as the
following counterexample shows. Let X = {x} and Y = {y;,y»}andlet f : X — Y
be such that f(x) = y;. With these definitions the pair (¥, X) € (id x Pf)"1(2), since
Y 2 {y1} = Pf(X), but it is obvious that there is no A C X such that Y = f(A) because
f is not surjective.
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However, the order defining anti-simulations is stable as a consequence of the fol-
lowing general result.

Lemma 2. F with an order € is stable iff it is stable with the order E°.

Proof. Itis shown in [6, Lemma 4.2(4)] that Relcor (F)(R) = (Relz(F)(R?))°P. Then, on
the one hand,

(Ff x Fg) '(Relca (F)(R)) = (F f X Fg) ' (Relc(F)(R™))”
= ((Fg X Ff)"'Rel(F)(R™))”,

and on the other hand,

Relco (F)((f X 87" (R)) = (Relc(F)((f x g)'(R)))”
= (Relc(F)((g x )™ (R7))™.

Since R? C YxX is arelation whenever R C X XY is so, and f, g, and R are arbitrary,
we have shown that

Relo(F)((f X )"'(R)) = (Ff x Fg)™(Rel(F)(R))
if and only if
Relco (F)((f X 8)'(R)) = (Ff X Fg)™' (Relza (F)(R)),

and therefore F is stable for C iff it is stable for C°. ]

Corollary 2. The order £ defining anti-simulations for transition systems as coalge-
braic simulations is stable.

One could conclude from the observation above that there is indeed a natural argument
supporting plain similarity as a “right” coalgebraic similarity, definable by a right-stable
order. This criterion could be adopted to define right coalgebraic simulations, which
plain similarity would satisfy while the opposite relation “is simulated by” would not.
However, we immediately noticed that we could define “left-stable” orders by inter-
changing the roles of Ff and id in the definition of right-stable order, obtaining the
inverse inclusion in (1).

Definition 2. We will say that a functor F with order C is left-stable if, for every func-
tion f : X — Y, we have

(Ffxidy'cy ¢ | ] ex. (5)

idxFf

It is inmediate to check that an order E is left-stable iff the inverse order % is right-
stable. Moreover, left-stable orders have the same structural properties that right-stable
ones so that, in particular, they are also stable and hence composition-preserving. But
in this case it would be the inverse simulations, corresponding to the “is simulated by”
notion, that would be natural instead of plain simulations. As a conclusion, we could
use right or left-stability as a criterion to choose a natural direction for the simulation
order. But the important fact in both cases is that the simplified asymmetric definitions
(using either Cx or Cy) of coalgebraic simulations are much easier to handle than the
symmetric original definition (where both Cx and Ey have to be used).
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4 Covariant-Contravariant Simulations and Conformance
Simulations

Covariant-contravariant simulations are defined by combining the conditions “to simu-
late” and “be simulated by”, using a partition of the alphabet of actions of the compared
labeled transition systems.

Definition 3. Givenc: X — PX) " andd : Y — P(Y)“ labeled transition systems
for the alphabet Act, and {Act’, Act', Act®} a partition of this alphabet, a (Act”, Act')-
simulation between c and d is a relation S C X X Y such that for every (x,y) € S we
have:

— foralla € Act” U Act” and all x 5 X' there exists y SN v with (x',y') e S.
— foralla € Act* U Act”, and all y N Y there exists x - X with x',y)eSs.

We write X gcrSacqt ¥, and say that x is (Act”, Act')-simulated by y, if and only if there
exists some (Act”, Act')-simulation S with xS y.

A very interesting application of this kind of simulations is related with the definition of
adequate simulation notions for input/output (I/O) automata [10]. The classic approach
to simulations is based on the definition of semantics for reactive systems, where all the
actions of the processes correspond to input actions that the user must trigger. Instead,
whenever we have explicit output actions the situation is the opposite: it is the system
that produces the actions and the user who is forced to accept the produced output.
Then, it is natural to conclude that in the simulation framework we have to dualize
the simulation condition when considering output actions, and this is exactly what our
anti-simulation relations do.

Covariant-contravariant simulations can be easily obtained as coalgebraic simula-
tions, as the following proposition proves.

Proposition 1. (Act", Act')-simulations can be defined as the coalgebraic simulations
for the functor F = PA with functorial order soyScn Where, for each set X and o, o' -
Act — P(X), we have @ pepTpcp @ if:

— foralla € Act” U Act”, a(a) C o (a), and
— foralla € Act* U Act”, a(a) 2 o (a).

Note that in particular we have a(a) = o’ (a) for all a € Act”’.

Proof. Intuitively, using the order 4.~Ea.¢ on the left-hand side of Rel-(F)(R) allows
us to remove a’-transitions when @’ € Act', whereas using it on the right-hand side of
Rel=(F)(R) allows us to remove a-transitions when a € Act".

Let us suppose that we have a classic covariant-contravariant simulation .Sy
between labeled transition systems ¢ : P — P(P)*“ and d : Q — P(Q)*“ defined by
c(p)@) ={p' | p— p'Yand d(g)@) = {¢' | ¢ —> ¢'}. We must show that if p acrSacr
then there exist p* and ¢* such that

c(p) AcrEace P*Rel(PACt)(Act’SAct’)q* ActrCace d(q). (6)




228 1. Fébregas, D. de Frutos Escrig, and M. Palomino

We define p* and ¢* as follows:

— p* has the same transitions as c(p), except for those transitions p N p’ with
a’ € Act' such that there is no ¢’ with g N q and p’ acrSpacn 4.
— ¢ has the same transitions as d(g), except for those transitions g N q witha €
Act” such that there is no p’ with p =5 p’ and p’ acrSucn q'-
It is immediate from these definitions that c(p) acrCacr p* and g* acrCacn d(q), SO We are

left with checking that p*Rel(PA<)g".

Let p’ € p*(a) with a € Act". By construction of p*, since we have not dropped
any a-transitions from p*, p = p’. Using the fact that 4.rSy. is a classic covariant-
contravariant simulation, there exists ¢’ such that ¢ =5 q’ with p’ ocrSacr ¢’ and, again
by construction, ¢’ € ¢*(a) because there is some p N p’ with p’ ocrSace ¢ Similarly,
if p’ € p*(a) with @’ € Act', by construction of p* there must exist some ¢’ such that
q LN q’ with p” 4crSacr ¢’ Again, since we have not removed any a’-transitions from
d(g) in ¢*, it must be true that ¢’ € ¢*(a). Finally, if p’ € p*(a) with a € Act” we have
that p N p’ and hence there exists ¢’ such that ¢ -5 q’ with p’ acrSacr ', but also
q' €q'(a).

The argument that shows that for every ¢’ € g*(a) there exists some p’ € p*(a) with
P’ acrSacr ¢ 1s analogous.

We show now the other implication, that a coalgebraic covariant-contravariant sim-
ulation is a classic one. In this case we start from coalgebras ¢ and d that satisfy rela-
tion (6) whenever p ocrSpcr g-

If p =5 p’ for a € Act’, then p’ € p*(a) because c(p) acrCacy p* and, since
PREIP“)acrSaci)q", there is some ¢’ € g*(a) with p’ gcrSace '+ Again, the defi-
nition of 4.+C4 ¢ ensures that g*(a) € d(g)(a) and hence ¢ N q’ as required. Similarly,
if ¢ L> g fora’ € Act',then ¢’ € g*(a) because g* gcrCac d(q) and thus, as in the previ-
ous case, there exists p’ € p*(a) with p’ ocrSyce ¢ and p i) p’. Finally if p N p’ for
a € Act” (resp. q = q’), again by the definition of 4.C4.s We have p’ € p*(a) (resp.
q € g*(a)) and, from p*Rel(P2)(ucrSact)q*, it follows that there exists ¢’ € g*(a)
(resp. p’ € p*(a)) such that p’ o.rSacr ¢'; by the definition of 4.rCyer, ¢ N q’ (resp.
p—p. ]
The other new kind of simulations in which we are interested is that of conformance
simulations, where the conformance relation in [9,12] meets the simulation world in a
nice way. In the definition below we will write p 5 if p N p’ for some p’.

Definition 4. Given ¢ : X — PX)A andd : Y — PXY)* two labeled transition
systems for the alphabet A, a conformance simulation between them is a relation R C
X X Y such that whenever pRq, then:

— Foralla € A, ifp -5 we must also have q N (this means, using the usual
notation for process algebras, that 1(p) C 1(q)).

— Forall a € A such that q N q and p -5, there exists some p’ with p N p’ and
P'Rq.
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Conformance simulations allow the extension of the set of actions offered by a process,
so that in particular we will have a < a + b, but they also consider that a process can
be “improved” by reducing the nondeterminism in it, so that ap + ag < ap. In this way
we have again a kind of covariant-contravariant simulation, not driven by the alphabet
of actions executed by the processes but by their nondeterminism.

Once again, conformance simulations can be defined as coalgebraic simulations tak-
ing the adequate order on the functor defining labeled transition systems.

Proposition 2. Conformance simulations can be obtained as the coalgebraic simula-

. Conf A Conf .
tions for the order T on the functor P, where for any set X we have u Sy viffor
everyu,v:A — PXanda e A:

— either u(a) = 0, or
— u(a) 2 v(a) and v(a) # 0.

Proof. Let us first prove that " is indeed an order. It is clear that the only not imme-

diate property is transitivity. To check it, let us take u =5 v TS w: if u(a) = 0 we
are done; otherwise, we have u(a) 2 v(a) and v(a) # 0, so that we also have v(a) 2 w(a)
and w(a) # 0, obtaining u(a) 2 w(a) and w(a) # 0.

Now, we can interpret that using the order ¥ on the left-hand side of Rel=(F)(R)
allows us to remove all a-transitions except for the last one, whereas using it on the
right-hand side allows us to remove all b-transitions for b € B, where B is any set of
actions. But again, as in the proof of Proposition 1, we can compensate these additions
with the corresponding removals at the other side and the proof follows in an analogous
way. m}

Next we check that the order 4.+C4 ¢ defining covariant-contravariant simulations is
stable.

Lemma 3. Given a partition {Act’, Act', Act”’} of Act the order pcyTacq for the functor
PAC defining covariant-contravariant simulations for transition systems is stable.

Proof. 1t is clear that the order 4.C4.# can be obtained as the product of a family of
orders C¢ for the functor P, with a € Act. This is indeed the case taking Cf = Cx for
a € Act",C% = Dx fora € Act' and C§, = = for a € Act”’. Then it is easy to see that to
obtain that 4.-C 4. is stable it is enough to prove that each of the orders C“ is stable.
This latter requirement is straightforward because, for a € Act", & is right-stable;
for a € Act' the order C¢ is left-stable; and for a € Act®, C* is the equality relation,
which is both right and left-stable, for every functor F'. m}

Certainly, the order defining covariant-contravariant simulations is not right-stable nor
left-stable, but in the proof above we have used the power of these two properties thanks
to the fact that the order 4.+C4.¢ can be factorised as the product of a family of orders
that are either right-stable or left-stable. Then we can obtain the following sequence
of general definitions and results, from which Lemma 3 could be obtained as a simple
particular case.

3 Instead of removing the above, we have preferred to maintain the sequence of results in the
order in which we got them, starting with our motivating example.
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Definition 5. We say that an order C on a functor F* is action-distributive if there is a
family of orders E* on F such that

fEg &= fla)Cg(a)forallacA.
Whenever C can be distributed in this way we will write T = [] 4 C%

Definition 6. We say that an action-distributive order C on F* is side stable if for the
decomposition T = [],ea T we have that each order C° is either right-stable or left-
stable.

By separating the right-stable and the left-stable components we obtain C = C' x 7,
where A" (resp. A') collects the set of arguments* a € A with C right-stable (resp. left-
stable). We extend C! and C" to obtain a pair of orders on FA, C! and T, defined by:

- f Ef g iff f(a) C“ g(a) for all a € A" and f(a) = g(a) for all a € A'.
- fCl giff fla) T g(a) for all a € A and f(a) = g(a) forall a € A”.

Proposition 3. The order cis left-stable, while CT is right-stable. We have C= (CloC’)
= (C7 o CY), and therefore we also have C = (C' U CT)*.

Proposition 4. For any side stable order € on FA, if we have a decomposition T =
C! x T based on a partition of A into a set of right-stable components A" and another
set of left-stable components Al, then we can obtain the coalgebraic simulations for C
as the (E; oRel(F)o Eé()-coalgebms.

Proof. By definition, Relc(F)(R) = Cy oRel(F)(R)o Cx. Since C = (C" o)) =
(c! o C™), we have:

oRel(F)(R) o C}) o E
C}) o Rel(F)(R) o Eéf (by right-stability of C")

o
O(E’Y oRel(F)(R) o Eé() (since C” and Ef commute)

oRel(F)(R) o C% (by left-stability of ')
O

The characterization above still requires the use of the order on both sides of the
Rel(F)(R) operator. However, the fact that E; (resp. Eéf) is right-stable (resp. left-stable)
makes the application of this decomposition as simple as when coping with either a right
or left-stable order.

Proposition 5. IfC = [],c4 E° and T is stable for all a € A, then C is stable.

* We have assumed here a partition {A’, A"} of the set A into two sets of right-stable and left-
stable components. Obviously, if there were some arguments a € A on which C¢ is both
right-stable and left-stable then the decomposition would not be unique, but the result would
be valid for any such decomposition.
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Proof. The result follows from the following chain of implications:

(u,v) € (Ff x Fg)'Relc(F)(R)

Ff(u) C ZRel(F)(R)w' C Fg(v)

Ff(u)(a) C* 7 (@)Rel(FY)(R)W'(a) C* Fg(v)(a), for all a

(u(a), v(a)) € (Ff x Fg)"'Relz«(F)(R), for all a

(u(a), v(a)) € Rele(F)((f x g)~'R), forall a

u(a) C* X' (@)Rel(F)((f x g)"'R)y'(a) C* v(a), for all a

(u,v) € Relc(F)(f X &'R) O

Corollary 3. Any side stable order is stable.

jrenne

Corollary 4. The order s.pCaqp defining covariant-contravariant simulations is side
stable and therefore it is stable too.

Next we consider the case of conformance simulations, for which we can obtain similar
results to those proved for covariant-contravariant simulations.

Lemma 4. The order TV defining conformance simulations for transition systems is
stable.

Proof. LetR C Zx Whbearelationand f : X — Z, g : Y — W arbitrary functions.
If (u,v) € (PAf X PAg) " (Relzcow (PA)(R)), then there exist z and w such that

PA f(u) T 7 Rel(PYHR) w 2 PAg(v). @)

We have to show that (i, v) € Relcor (P)((f X g)~' (R)), that is, there exist x and y such
that
u 9 x Rel(PY)((f x &) (R)) y TV v.

Let us define x : A — P(X) by x(a) = u(a) N f(z(a)) andy : A — P(Y) by
y(a) = g~'(w(a)). Then we have:

1. ucC x
If u(a) = 0, there is nothing to prove. Otherwise, since P4 f(u) TV zand f(u(a)) #
0, we have f(u(a)) 2 z(a) # 0 and hence u(a) 2 u(a) N f~'(z(a)) = x(a) # 0.
2. yctorfy,
If w(a) = 0, then y(a) = g~'(w(a)) = 0. Otherwise, since w ¢ PAg(v), we have
w(a) 2 g(v(a)) # 0, so that v(a) # 0 and y(a) = g~ (W(a)) 2 g~ (g(v(a))) 2 v(a).
3. x RelP)(f x &) (R)) .
For every a € A we need to show that x(a) Rel(P)((f X g)"'(R)) y(a), which means:
(a) for every p € x(a) there exists g € y(a) such that p (f X g)"'(R) g, that is,
F(p)Rg(q); and
(b) for every g € y(a) there exists p € x(a) such that p (f x g)"'(R) ¢, that is,
F(pIRg(q).
In the first case, let p € x(a); by definition of x, f(p) € z(a). Now, from z Rel(P4)(R)
w we obtain that for each p’ € z(a) there exists ¢’ € w(a) such that p’Rq’. Then, for
f(p) € z(a) there exists ¢’ € w(a) with f(p)Rq’; and by definition of y, there exists
q € y(a) with ¢’ = g(g) as required.
In the second case, let g € y(a) so that g(g) € w(a). Again, from z Rel(PA)(R) w it
follows that there is p’ € z(a) with p’Rg(g). Now, f(u(a)) 2 z(a) because u T
so there exists p € u(a) N f~'(z(a)) with f(p) = p’, as required. ]
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As in the case of covariant-contravariant simulations, conformance simulations cannot
be defined as coalgebraic simulations using neither a right-stable order nor a left-stable
order. But we can find in the arguments above the basis for a decomposition of the
involved order C?”, according to the two cases in its definition. Once again C¢ is
an action-distributive order on 4, but in order to obtain the adequate decomposition of
C" now we also need to decompose the component orders C°.

Definition 7. We define the conformance orders ¢, £, and =€ on the functor P
by:

- x1 P x5 ifx; =0 orx; = 1.

- 0 B xy ifx; D xpand x2 # 0, or x; = X3.

- x1CC x if x| £ x, or x; T x,.

Proposition 6. The two relations C° and T commute with each other:
(ECQ) o ECﬁ@) — (ECﬁ(O ° EC@),

from where it follows that (CY U T = (CD o ¢ = (TP o =), We also
have E€= (T o £, from where we conclude that C€ is indeed an order relation.

Proof. Let u (£ o £€7) y: there is some w such that u £¢~? w and w T° v. We need
to find w’ such that u T w’ and w’ £ v. If w = 0 then it must be # = 0 too, and
we can take w’ = v; otherwise, it must be v = w and we can take w' = u. The other
inclusion is similar. m]

Corollary 5. The order T defining conformance simulations can be decomposed
into []ea % where, for each a € A, we have C° = C as defined above. Then, Z€ =

[Taea @ U £ = [Tea @) 0 [14ea(€Y) = [Taea©®) 0 [Taea(©™), s0 that
we obtain TV as the composition of a right-stable order and a left-stable order that
commute with each other.

Proposition 7. For any pair of right (resp. left)-stable orders €', £2 on F, their com-
position also defines a right (resp. left)-stable order on F.

Proof. Given f : X — Y we must show that

dxFHEyosne || ©och,
(F fxid)

Let us assume that (y, x) € (id x Ff)"l(Ei, o E%,), that is, y (E! 0 £?) y = Ff(x);
then, there exists y” € FY such that y ©3 y” and y”" £y, y’. Graphically,
y o Y gy yA 8)
Ff

x
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Since Ei, is right-stable we have that (id x F f)~! gly € e pxiay ;)1(. Hence, there exists
x” € FX such that Ff(x”) = y” and x”" C} x, thus turning diagram (8) into the
following:

y gy )

’" 1
X" Ey X

Now, we can apply right-stability of C2: since we have (y,x”) € (id x Ff)™! E%, c
[ (# fxiay C- there exists x’ € FX such that Ff(x’) = y and x’ T}, x”. Thus, diagram (9)
becomes

y (10)
A

Ff
x Ef( x” E)l( X

which means that there exist x’, x” € FX such that Ff(x") =y, x’ E§ x” and x” E;( X,

or equivalently, that (y, x) € [ xia)(Ey © C3), as we had to prove. o

Proposition 8. IfC" is a right-stable order on F and C' is a left-stable order on F that
commute with each other, then their composition defines a stable order on F. Moreover,
the coalgebraic simulations for the order T = T o C! can be equivalently defined as
the (T oRel(F)(R) o C!)-coalgebras.

Proof. Let R C Z x W be arelation, f : X — Z and g : Y — W arbitrary functions,
and C = C" o . Let us suppose that (,v) € (F f X Fg)~'(Relc(F)(R)). Then, since ="
and C/ commute with each other, using Proposition 4, there exist z’, w’ such that

Ff(u) C, 7 Rel(F)(R) W' Ty, Fg(v). an

If we write z for F f(u) and w for Fg(v), then equation (11) is equivalent to

: C, Z RelH®R) w Ly w 12)

Ff Fg
u v
and we have to show that (i, v) € Relc(F)((f X g)"'(R)), that is, that there exist x and y
such that
uCh x Rel(F)((f x )" (R) y & v.
Using that C" is right-stable on the ths of equation (11), we get (W', v) € (id x Fg)™! Cw

C (rexia) Ey» so that there is some y € FY such that Fg(y) = w’, with y T} v.
Graphically, diagram (12) becomes

e C, ¢ Rel(F)YR) (13)
A
Ff Fg

< |

y v
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Analogously, applying the left-stability of order Elz we get that there is some x € FX
with F f(x) = Z’ such that u T x. Or graphically,

7 Rel(F)(R) w (14)
A A
Ff Fg
u Cf X y v

But diagram (14) is just what we had to prove, since we have found x,y such that
(x,y) € (Ff x Fg)"'(Rel(F)(R)) = Rel(F)((f x g)"'(R)) with u E& x,y E} vor, in other
words, (1, v) € Relc(F)((f x 2)"'(R)). ]

In particular, for our running example of conformance simulations we obtain the corre-
sponding factorization of the definition of coalgebraic simulations for the order £/

Corollary 6. Coalgebraic simulations for the conformance order T can be equiva-
lently defined as the (HaeA(E‘;,’ﬁw) oRel(F)(R) o HuGA(E;’(’Q))-coalgebras.

5 Conclusion

We have presented in this paper two new simulation orders induced by two criteria that
capture the difference between input and output actions and the implementation notions
that are formalized by the conformance relations.

In order to apply the general theory of coalgebraic simulations to them, we identified
the corresponding orders on the functor defining labeled transition systems. However,
it was not immediate to prove that the obtained orders had the desired good properties
since the usual way to do it, namely, by establishing stability as a consequence of a
stronger property that we have called right-stability, is not applicable in this case.

Trying to adapt that property to our situation we have discovered several interesting
consequences. We highlight the fact that right-stability is an assymetric property which
has proved to be very useful for the study of a “reversible” concept such as that of
relation, since it is clear that any structural result on the theory of relations should
remain true when we reverse the relations, simply “observing” them “from the other
side”. Two consequences of that assymetric approach followed: first we noticed that
we could use it to point the simulation orders in some natural way; secondly we also
noticed that by dualizing the right-stability condition we could obtain left-stability.

But the crucial result in order to be able to manage more complicated simulation
notions, as proved to be the case for our new covariant-contravariant simulations and
the conformance simulations, was the discovery of the fact that both of them could be
factorized into the composition of a right-stable and a left-stable component. Exploiting
this decomposition we have been able to easily adapt all the techniques that had proved
to be very useful for the case of right-stable orders.

We plan to expand our work here in two different directions. The first one is con-
cerned with the two new simulated notions introduced in this paper: once we know that
they can be defined as stable coalgebraic simulations and therefore have all the desired
basic properties of simulations, we will continue with their study by integrating them
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into our unified presentation of the semantics for processes [4]. Hence we expect to
obtain, in particular, a clear relation between conformance similarity and the classic
similarity orders as well as an algebraic characterization for the new semantics. In ad-
dition, we plan to continue with our study of stability, which has proved to be a crucial
property in order to understand the notion of coalgebraic simulation, thus making it
possible to apply the theory to other examples like those studied in this paper.
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Abstract. Our concrete objective is to present both ordinary bisimula-
tions and probabilistic bisimulations in a common coalgebraic framework
based on multiset bisimulations. For that we show how to relate the un-
derlying powerset and probabilistic distributions functors with the multi-
set functor by means of adequate natural transformations. This leads us
to the general topic that we investigate in the paper: a natural transfor-
mation from a functor F to another G transforms F-bisimulations into G-
bisimulations but, in general, it is not possible to express G-bisimulations
in terms of F-bisimulations. However, they can be characterized by con-
sidering Hughes and Jacobs’ notion of simulation, taking as the order on
the functor F' the equivalence induced by the epi-mono decomposition of
the natural transformation relating ' and G. We also consider the case
of alternating probabilistic systems where non-deterministic and proba-
bilistic choices are mixed, although only in a partial way, and extend all
these results to categorical simulations.

1 Introduction

Bisimulations are the adequate way to capture behavioural indistinguishability
of states of systems. Ordinary bisimulations were introduced [11] to cope with
labelled transition systems and other similar models and have been used to define
the formal observational semantics of many popular languages and formalisms,
such as CCS. Bisimilarity is also the natural way to express equivalence of states
in any system described by means of a coalgebra over an arbitrary functor F.
The general categorical definition can be presented in a more concrete way for
the class of polynomial functors, that are defined by means of a simple signature
of constructors and whose properties, including the definition of relation lifting,
can be studied by means of structural induction. In particular, the powerset
constructor is one of them, and therefore the class of labelled transition systems
can be studied as a simple and illustrative example of the categorical framework.

The simplicity and richness of the theory of bisimulations made it interest-
ing to define several extensions in which the structure on the set of labels of
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the considered systems was taken into account, instead of the plain approach
made by simple (strong) bisimulations. For instance, weak bisimulation takes
into account the existence of non-observable actions, while timed and proba-
bilistic bisimulation introduce timed or probabilistic features. In particular, the
original definition of probabilistic bisimulation for probabilistic transition sys-
tems had to capture the fact that one should be able to accumulate the prob-
abilities of several transitions arriving at equivalent (bisimilar) states in order
to simulate some transition or, conversely, that one should be able to distribute
the probability of a transition among several others connecting the same states.

The classical definition by Larsen and Skou [9] certainly generalizes the defi-
nition of ordinary bisimulation in a nice way, although at the cost of leaving out
the categorical scenario discussed above. However, Vink and Rutten proved in
[17] that the definition can be reformulated in a coalgebraic way. For that, they
considered a functor D defining probabilistic distributions, that appears as the
primitive construction in the definition of the corresponding probabilistic sys-
tems. Even though this is quite an elegant characterization, it forces us to leave
the realm of (probabilistic) transition systems, moving into the more abstract
one of probabilistic distributions.

We would like to directly manage probabilistic transition systems in order to
compare the results about ordinary transition systems and those on probabilistic
systems as much as possible. We have found that multi-transition systems, where
we can have several identical transitions and the number of times they appear
matters, constitute the adequate framework to establish the relation between
those two kinds of transition systems. As a matter of fact, we will see that the
use of multisets instead of just plain sets leads us to a natural presentation
of relation lifting for that construction; besides, we can add the corresponding
functor to the collection defining polynomial functors, thus obtaining an enlarged
class with nice properties similar to those in the original class.

Although a general theory combining non-deterministic and probabilistic
choices seems quite hard to develop, since it is difficult to combine both func-
tors in a smooth way [16], we will present the case of alternating® probabilistic
systems. In those systems, the classical definitions of ordinary and probabilis-
tic bisimulation can be combined to obtain the natural definition of alternating
probabilistic bisimulation, that perfectly fits into our framework based on cate-
gorical simulations on our multi-transition systems.

The functors defining ordinary transition systems and probabilistic systems can
be obtained by applying an adequate natural transformation to a functor defining
multiset transition systems. In both cases bisimulations are preserved in both di-
rections when applying those transformations. This leads us to the general theory
that we investigate in this paper: as is well-known, any natural transformation be-
tween two functors F' and G transforms F-bisimulations into G-bisimulations; in
addition, and more interesting, whenever the natural transformation relating F'

L Although we call alternating to our systems, we do not need the strict alternation
between non-deterministic and probabilistic states as appears in [4], but only that
these two kind of choices do not appear mixed after the same state.
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and G is an epi, we can reflect G-bisimulations and express them at the level of the
functor F', though this cannot be done in general just by means of F-bisimulations.
However, they can be characterized by using Hughes and Jacobs’ notion of simula-
tion [6], when we consider as the order on the functor F' the equivalence induced by
the epi-mono decomposition of the natural transformation relating F and G. Once
categorical simulations have come into play, it is nice to find that we can extend all
our results to simulations based on any order. These extensions can be considered
to be the main results in the paper, since all our previous results on bisimulations
could be presented as particular cases of them, using the fact that bisimulations are
a particular case of categorical simulations.

Although in a different direction, namely, that of exploring the relation be-
tween non-deterministic and probabilistic choices instead of the different no-
tions of distributed bisimulations, in this paper we continue the work initiated
in FORTE 2007 [3]. The goal is the exploration of ways in which the general the-
ory of categorical bisimulations and simulations can be applied to obtain almost
for free interesting results on concrete cases that, without the support of that
general theory, would need different non-trivial proofs. Therefore, our work has a
mixed flavour: on the one hand we develop new abstract results that extend the
general theory; on the other hand we apply these results to simple but important
concrete concepts, that therefore are proved to be particular cases of the rich
general theory. These are only concrete examples that we hope to extend and
generalize in the near future.

2 Basic Definitions

We review in this section standard material on coalgebras and bisimulations, as
can be found for example in [8,12,7]. Besides, we introduce some notations on
multisets and the corresponding functor M, as well as for the functor D defining
discrete probabilistic distributions.

An arbitrary endofunctor F': Sets — Sets can be lifted to a functor in the
category Rel of relations Rel(F') : Rel — Rel. In set-theoretic terms, for a
relation R C X7 x Xo,

Rel(F)(R) = {(u,v) € FX1 x FXs | Jw € F(R). F(r)(w) = u, F(r?)(w) = v}.

It is well-known that for polynomial functors F, Rel(F') can be equivalently
defined by induction on the structure of F. Since we will be making extensive
use of the powerset functor, we next present how the definition particularizes to
it:

Rel(PG)(R) = {(U,V) | Yu € U.3v € V.Rel(G)(R)(u,v) A
Vo € V.3u € U.Rel(G)(R)(u,v)} .

Multisets will be represented by considering their characteristic function y s :
X — IN; similarly, discrete probabilistic distributions are represented by dis-
crete measures pp : X — [0,1], with > pp(z) = L.
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We will use along the paper several different ways to enumerate the “elements”
of a multiset. We define the support of a multiset M as the set of elements
that appear in it: {M}x = {x € X | xm(x) > 0}. We are only interested in
multisets having a finite support, so that in the following we will assume that
every multiset is finite. Given a finite subset Y of X and an enumeration of
its elements {y1,...ym}, for each tuple of natural weights (nq,...,n,) we will
denote by >y n;-y; the multiset M given by xar(y;) = n; and xa(y) = 0 for
y ¢ Y. By abuse of notation we will sometimes consider sets as a particular case
of multisets, by taking for each finite set Y = {y1, ...y, } the canonical associated
multiset Zyi cy 1+ y; Finally, we also enumerate the elements of a multiset by
means of a generating function: given a finite set [ and x : [ — X, we denote
by {z; | i € I} the multiset M given by xu, (y) = [{¢ € I | z; = y}|. Note
that in this case sets are just the multisets generated by an injective generating
function.

We will denote by M(X) the set of multisets on X, while D(X) represents
the set of probabilistic distributions on X. Both constructions can be naturally
extended to functions, thus getting the desired functors: for f : X — Y we
define M(f) : M(X) — M(Y) by M()0)() = ya—, X(x), and D(F) -
D(X) — DY) by D(f)(P)(¥) = 3 j(2)=y P(@)-

Although the multiset and the probabilistic distributions functors are not
polynomial, this class can be enlarged by incorporating them since their liftings
can be defined with the following equations:

RelMG)(R) ={(M,N) | 3f : I — GX,g: I — GY, generating functions of
M and N s.t. Vi € 1. (f(i),g(i)) € Rel(G)(R) };

Rel(DG)(R) = {(d*,d") € D(G(X)) x D(G(Y)) | YU C G(X).VV C G(Y).
7 U) =1 (V) = Ecp & (@) = Zyev & (9)}

where II; and II are the projections of Rel(G)(R) into GX and GY’, respectively.

F-coalgebras are just functions a : X — FX. For instance, plain labelled
transition systems arise as coalgebras for the functor P(A x X). We will also
consider multitransition systems, which correspond to the functor M(A x X),
and probabilistic transition systems, corresponding to M ([0, 1] x A x X)), where
we only allow multisets in which the sum of its associated probabilities is 1.

Then, the lifting of the functor M;([0,1] x -) is defined as a particular case
of that of M by:

Rel(M4([0,1] x -)G)(R) =
{(M,N) € M1([0,1] x GX) x M1([0,1] x GY) |
af: I = 10,1l x GX,g: I — [0,1] x GY, generating functions of M and
N s.t.Vie LIL(f(i) = I (g(i)) A (I2(f (7)), I12(g(4))) € Rel(G)(R)} .

A bisimulation for coalgebras ¢: X — FX and d : Y — FY is a relation
R C X x Y which is “closed under ¢ and d”: if (z,y) € R then (c¢(x),d(y)) €
Rel(F)(R). We shall use the term F-bisimulation sometimes to emphasize the
functor we are working with.
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Bisimulations can also be characterized by means of spans, using the general
categorical definition by Aczel and Mendler [1]:
x<" R "=y
c e d
\ Fry v F'ry \
FX < FR >FY
R is a bisimulation iff it is the carrier of some coalgebra e making the above
diagram commute, where the r; are the projections of R into X and Y.

We will also need the general concept of simulation introduced by Hughes and
Jacobs [6] using orders on functors. Let I’ : Sets — Sets be a functor. An order
on F'is defined by means of a functorial collection of preorders CxC FX x FX
that must be preserved by renaming: for every f: X — Y, if u Ex ' then
Ff(u) Ey Ff(W).

Given an order C on F, a C-simulation for coalgebras ¢ : X — FX and
d:Y — FY is arelation R C X x Y such that

if (z,y) € R then (c(z),d(y)) € Rel(F)c(R),
where Rel(F)c(R) is C o Rel(F)(R) o C, which can be expanded to
Rel(F)c(R) = {(u,v) | 3w € F(R). v C Fri(w) A Fra(w) C v} .

One of the cases under this general notion of coalgebraic simulation is that of
ordinary simulation. Also, equivalence (functorial) relations, represented by =,
are a particular class of orders on F, thus generating the corresponding class of =-
simulations. As is the case for ordinary bisimulations, =-simulations themselves
need not be equivalence relations, but once we impose to the equivalence = the
technical condition of being stable [6] then the induced notion of =-similarity
becomes an equivalence itself.

Proposition 1. For any stable functorial equivalence relation =xC FX X F X,
the induced notion of =,-similarity relating elements of X for a coalgebra a :
X — FX is an equivalence relation. In particular, for the plain equality relation
=xC FX x FX, =x-similarity coincides with plain F-bisimulation.

3 Natural Transformations and Bisimulations

Natural transformations are the natural way to relate two functors. Given F' and
G, two functors on Sets, a natural transformation « : F' = G is defined as a
family of functions ax : FX — GX such that, forall f: X — Y, Gfoax =
ayoF f. We are particularly interested in the natural transformations relating M
and P, and those between the functors defining probabilistic transition systems
and probabilistic distributions. For the sake of conciseness we will often omit the
action component A when working with these functors; this does not affect the
validity of the definitions nor the results.
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Proposition 2. The support of multisets, {-}x : M(X) — P(X), gives rise
to a natural transformation {-} : M = P.
Similarly, Dy, : M1([0,1] x X) — D(X) given by

DY ni- (pisa))(@) = Y naps

induces a natural transformation Dy : My ([0,1] X -) = D(-).

Proof. Let f : X — Y. Wehave (Pfo{-}x)>_n;-xz;) =Pf({x:i}) = {f(z:)} =
{ Iy Oon - f(x) = {3y oMf)(O- ni - a;), which proves that {-} is a natural
transformation.

In the case of DMZ (DfODA4x)(Z Mg - (pi,l‘i)) = Df(z n;p; - l’i), which is
> f(wiy=y MiPi Y = Dary (3o mi - (pi, f(24))) = (Dagy 0o M1f) (3o ni - (pi, @i)); this

proves that Dy is a natural transformation. 0

Probabilistic transition systems were defined in [9] as P = (Pr, Act, Can, p),
where Pr is a set of processes, Act the set of actions, Can : Pr — P(Act)
indicates the initial offer of each process, and p,, € D(Pr) for all p € Pr,
a € Can(p). Under this definition we cannot talk about “different probabilistic
transitions” reaching the same process, that is, whenever we have a transition
P —a># p’ it “accumulates” all possible ways to go from p to p’ executing a.

In our opinion this is not a purely operational way to present probabilistic
systems. For instance, if we are defining the operational semantics of a process
such as p = éa + éa, then we would intuitively have two different transitions
reaching the same final state stop, but if we were using Larsen and Skou’s original
definition, we should mix them both into a single p —=1 stop. Certainly, we could
keep these two transitions separated under that definition if, for some reason,
we decided to introduce in the set Pr two different states stop; and stops, thus
obtaining p —%; /2 stopr and p —5 /2 stopa. But then we observe that whether
our model captures or not the existence of two different transitions depends on
the way we define our set of processes Pr.

In order to get a more natural operational representation of probabilistic
systems we define them? as M ([0, 1] x A X -)-coalgebras. Once we use “ordinary”
transitions labelled by pairs (g,a) to represent the probabilistic transitions we
have no problem to distinguish two “different” transitions p —%, p’, p —%4 p”,
if p’ # p”’. However, in such a case it would not be adequate to treat the case
p’ = p” in a different way. This is why we use M instead of P; to define our
probabilistic multi-transition systems (abbreviated as pmts).

We can easily translate the classical definition of probabilistic bisimulation
between probabilistic transition systems in [9], to our own pmts’s as follows.

2 Although Larsen and Skou defined their systems following the reactive aproach [4],
and therefore the sum of their probabilities is 1 for each action a, we prefer to
follow in this paper the generative aproach, so that the total addition of all the
probabilities is 1. This is done to simplify the notation, since all the results in this
paper are equally valid for the reactive model.
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Definition 1. A probabilistic bisimulation on a coalgebra p : X — M;(]0,1] x

A x X) is an equivalence relation =, on X such that, whenever ©1 =, 2,
taking p(z;) = Zti - (p},aj, x5), we also have Z{t]l -pjl- \ a} = a, x]l € E} =
Z{t? -p? | a? = a, 13]2 € E}, for all a € A and every equivalence class E in

X/=p.

In [17] it is proved that probabilistic bisimilarity defined by probabilistic bisim-
ulations coincides with categorical D-bisimilarity. By applying the functor Dy,
we can transform our pmts’s into their presentation as Larsen and Skou’s pts’s.
Then it is trivial to check that the corresponding notions of probabilistc bisimu-
lation coincide, and therefore they also coincide with categorical D-bisimilarity.

However, that is clearly not the case for plain categorical My ([0,1] x A x -)-
bisimulations. This is so because when we consider the functor My ([0, 1] x A x ),
probabilistic transitions are considered as plain transitions labelled with pairs
over [0,1] x A, whose first component has no special meaning. As a result, we
have, for instance, no bisimulation relating = and y if we consider X = {z},
Y ={y}, pa : X = My([0,1] x A x X) with p,(z) =1-(1,a,2) and pp : ¥ —
Mi([0,1] x A xY) with py(y) =2+ (3, a,y).

All these facts prove that our probabilistic multi-transition systems are too
concrete a representation of probabilistic distributions, which is formally cap-
tured by the fact that the components of the natural transformation Dy, are not
injective. As a consequence, by using them we do not have a pure coalgebraic
characterization of probabilistic bisimulations. By contrast, the original defini-
tion of pts’s stands apart from the operational way, mixing different transitions
into a single distribution. Besides it has to consider the quotient set X/=,, when
defining probabilistic bisimulations. Our goal will be to obtain a characterization
of the notion of probabilistic bisimilarity in terms of our pmts’s, and this will
be done using the notion of categorical simulation, as we will see in Section 4.
Next, we present a collection of general interesting results. First we will see that
bisimulations are preserved by natural transformations.

Theorem 1 ([12]). If R C X x Y is a bisimulation relating a : X — FX and
b:Y — FY, then R is also a bisimulation relating o’ : X — GX, given by
a =axoa, andb :Y — GY, given by b' = ay ob.

Corollary 1. For a and o’ = ax oa, bisimulation equivalence in a is included
in bisimulation equivalence in a’, that is, x1 =4 9 implies 11 =4 To.

A general converse result cannot be expected because in general there is no
canonical way to transform G into F'. Since the main objective in this paper is to
relate M-bisimulations with P and D-bisimulations, we searched for particular
properties of the natural transformations relating these functors which could
help us to get the desired general results covering in particular these two cases.
This is how we have obtained the concept of quotient functors that we develop
in the following.
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Definition 2. Let F' be an endofunctor on Sets and = a functorial equivalence
relation =xC FX x FX. We define the quotient functor F/= by (F/=)(X) =
FX/=x, and for any f : X — Y, u € FX, and u its equivalence class,
(F/=)(f)(u) = F(f)(u), that is well defined since = is functorial.

Definition 3. 1. We say that a functor G is the quotient of F under a func-
torial equivalence relation = whenever F/= and G are isomorphic, which
means that there is a pair of natural transformations « : F/= = G and
B:G= F/= such that Boa = Idp/= and a0 f = Idg.

2. Given a natural transformation o : F' = G, we write =* for the family of

@

equivalence relations =5 C FX x FX defined by the kernel of a: up =%
Uy < aX(u1) = O[X(UQ) .

Proposition 3. For every natural transformation o : F = G, = is functorial.

Proof. We need to show that, for any f : X — Y, whenever u; =% us, that
is, ax (u1) = ax(uz2), we also have F f(u1) =% F f(u2), that is ay (F(f)(u1)) =
ay (F(f)(uz)); this follows because ay o F(f) = G(f) o ax. O

If every component ax of a natural transformation is surjective, « is said to be
epi.

Proposition 4. Whenever « is epi, G is the quotient of F under =, just con-
sidering the inverse natural transformation o=t : G = F/= given by a)zl :
G(X) — (F/=2)(X) with o' (v) = u where ax(u) = v.

Corollary 2. P is the quotient of M under the kernel of the natural transfor-
mation {-}: M = P.

Corollary 3. D is the quotient of M1([0, 1] x -) under the kernel of the natural
transformation Dag : M1([0,1] x ) = D.

4 =%simulations Through Quotients of Bisimulations

Let us start by studying the relationships between coalgebras corresponding to
functors related by an epi natural transformation.

Definition 4. Let o : F = G be a natural transformation and a : X — FX
an F-coalgebra. We define the a-image of a as the coalgebra a, : X — GX
given by aq = ax oa.

Definition 5. Given a natural transformation o : F = G and a G-coalgebra
b: X — GX, we say that a : X — F X is a concrete F-representation of b iff
b=ax oa.

The following result follows immediately from the previous definitions.

Proposition 5. If a is epi then every G-coalgebra has an F-representation.
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Next we relate G-bisimulations with =“-simulations:

Theorem 2. Let a: F = G be an epi natural transformation and by : X1 —
GX1, by : Xo — GXo two G-coalgebras, with concrete F-representations ay :
X1 — FXy and az : Xo — FX5. Then, the G-bisimulations relating by and
by are precisely the =“-simulations relating a; and as.

Proof. Let us show® that, for every relation R C X x Xj,
Rel(F)=za(R) = {(u,v) € FX; x FX5 | (ax, (u),ax,(v)) € Rel(G)(R)} .

We have, unfolding the definition of Rel(F)=« (R) and using the fact that « is a
natural transformation:

Rel(F)za(R)={(u,v) € FX; x FX5 | 3w € FR.u =* Fri(w) A Fra(w) =
={(u,v) € FX; x FX5 | Jw € FR.ax, (u) = ax, (Fri(w)) A

ax, (V) = ax, (Fra(w

={(u,v) € FX; X FX5 | 3w € FR. ax,(u) = Gri(ag(

ax, (v) = Gra(ar(w

On the other hand,
Rel(G)(R) = {(z,y) € GX1 x GX3 | Iz € GR.Gr1(z) = x A Gra(z) =y} .

Now, if (u,v) € Rel(F)=o(R), by taking ar(w) as the value of z € GR we
have that (ax,(u),ax,(v)) € Rel(G)(R). Conversely, if (ax,(u),ax,(v)) €
Rel(G)(R) is witnessed by z, let w € FR be such that ag(w) = z, which must
exists because « is epi; it follows that (u,v) € Rel(F)=a (R).

Then, (b1(x),b2(y)) € Rel(G)(R) if and only if (a1(x), az(z)) € Rel(F)=a(R),
from where it follows that R is a G-bisimulation if and only if it is a =*-
simulation. o

Corollary 4. (i) Bisimulations between labelled transition systems are ={1-
simulations between multi-transition systems. (ii) Bisimulations between prob-
abilistic systems are just =PM -simulations between (an appropriate class of)
multi-transition systems.

Example 1. Let us illustrate this result by means of some simple examples using
the natural transformation {-} : M — P.

1. If we consider the ordinary transition systems sx : {z,2'} — P({z,z'}),
with sx(z) = {2}, sx(2') = 0, and sy : {y,v}, 95} — P{y, v}, v5})
with sy (y) = {v}, 95}, sy(y)) = 0, and sy (y,) = 0, we have a simple P-
bisimulation relating the initial states = and y, given by R = {(x,y), (', v}),

(2',5)}-

3 1t is not difficult to present this proof as a commutative diagram. Then one has to
check that all the “small squares” in the diagram are indeed commutative, in order
to be able to conclude commutativity of the full diagram. This is what we have
carefully done in our proof above.
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Denoting by s}( and s%, the canonical M-representations of sx and sy,

obtained by the embedding of sets into multisets, it is obvious that there is

no M-bisimulation relating z and y. But if we consider s (z) = {2 - 2'},

s3(2') = 0, we have now an M-bisimulation between the multi-transition
systems 53( and s%, relating = and y. And, by Theorem 2, we have that sk
is also ={"}-simulated by s}, since {s% = {s% }a = 5x and sx and sy
are P-bisimilar. Obviously, the same happens for any {-}-representation of
sx, sk with s% = {k -2/} and s% (2') = 0.

2. In the example above we got the ={"}-simulation by proving that there are
M-representations of the considered coalgebras for which the given relation
is also an M-bisimulation. However, this is not necessary as the following
shows. Let us consider ¢tx : {z} — P({z}) with ¢tx(x) = {2} and ¥ =
{B| B €N B <i}with ty(5) = {Bo(j) | Bo(j) € Y}. It is clear that
R={(z,8) | p € Y} is the (only) P-bisimulation relating  and ¢, the initial
states of tx and ty. However, in this case there exists no M-bisimulation
relating two M-representations of tx and ty, because |ty (B8)] = |B] + 1
and therefore we would need a representation t% with t% (z) = {k - x} such
that &k > [ for all [ € N, which is not possible because the definition of
multiset does not allow the infinite repetition of any of its members. Instead,
Theorem 2 shows that any two M-representations of ¢ty and ty are =03
similar.

The reason why we had an M-bisimulation relating the appropriate M-
representations of the compared P-coalgebras in our first example was because
we were under the hypothesis of the following proposition.

Proposition 6. Let a: F' = G be an epi natural transformation. Whenever a
G-bisimulation R relating by : X — GX and bs : Y — GY is near injective,
which means that [{b2(y) | (x,y) € R} <1 for all x € X and |{b1(x) | (z,y) €
R} <1 for ally € Y, there exist some F-representations of by and ba, a; :
X — FX and ay : Y — FY, respectively, such that R is also a bisimulation
relating a1 and as.

Proof. By Theorem 2, R is also a =“-simulation for any pair of F-representations
of by and by; let ay, az be any such pair. Then, for all (x,y) € R we have
(a1(z),a2(y)) € (=* oRel(F)o =%)(R), and hence there exist af(z,y) € FX,
ah(z,y) € FY such that

ay () =% d)(z,y), a5(x,y) =" az(y) and (ay(z,y), a5(z,y)) € Rel(F)(R).

We now define an equivalence relation = on R by considering the transitive
closure of:

= (z,y1) = (z,2) for all (z,y1), (z,y2) € R.

- (xlay) = (x27y) for all (xlay)a (‘T%y) €R.
Since R is near injective, it follows that if (z1,y1) = (22,y2) then by(z1) =
—a

bi(z2) and ba(y1) = b2(y2), and thus a (z1,y1) = a}(v2,y2) and a5(z1,y1) =
05(9027242)-
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We consider R/= and for each equivalence class of the quotient set we choose
a canonical representative (x,y). Obviously we have that (z,y1), (x,y2) € R
implies (x,y1) = (z,y2) and that (x1,y), (z2,y) € R implies (z1,y) = (x2,y).

Let us now define two coalgebras a} : X — FX and d : Y — FY as
follows:

— If there exists some y such that (z,y) € R we take af(z) = a/(x,y) for any
such y; otherwise, we define a(z) as a;(x).

— If there exists some z such that (z,y) € R we take ab(y) = ab(z,y) for any
such z; otherwise, a4 (y) is a2 (y).

With the above definitions,

ay(x) = ai(z,y) = ai(z,y) =" ai(z),

—

and similarly a)(y) = a2(y), so that a}, a} are F-representations of b; and bs.
Besides,
if (x,y) € R then (a}(z),a5(y)) € Rel(F)(R)

and R is an F-bisimulation relating them. a

Let us conclude this illustration of our main theorem by explaining why we
needed an infinite coalgebra to get a counterexample of the result between bisim-
ulations relating G-coalgebras and those relating their F-representations. As a
matter of fact, in the case of the multiset and the powerset functors we could
prove the result in Proposition 6 not only for near injective bisimulations but for
any relation where no element is related with infinitely many others. However,
we will not prove this fact here since it does not seem to generalize to arbitrary
natural transformations relating two functors.

Example 2. Next we present an example for the natural transformation Dy, :
M;([0,1] x X) = D(X). If we consider the two probabilistic transition sys-
tems sx and sy given by their multisets of probabilistic transitions: sx =
{(Loa,ah), (L)l sy = {3900, (L 94), (59,94)}, where cach triple
(p,x, ') represents the probabilistic transition % 2/, we have the following
D-bisimulation relating the initial states z and y: R = {(x,y)} U {(z},v}) |
i = 1,2,7 = 1,2,3}. It is easy to see that for the two M;-representations
Sg( = {3((%’%’1&)73(%733’93,2)} and S%/ = {2'((137%y/1)>2'((137yayé)a2'(é7yay/3)}a
R is also an M;-bisimulation between them, using the facts that (z/,y]) € R,
(h,y5) € R and (2),9%) € R, (z5,y5) € R. From this result we immediately
conclude that any two M-representations of sx and sy are =PM-similar.

5 Natural Transformations and Simulations

In this section we will see that all our results about bisimulations in the pre-
vious sections can be extended to categorical simulations defined by means of
an order on the corresponding functors. Therefore, our first result concerns the
preservation of functorial orders by means of natural transformations.
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Definition 6. Given a natural transformation o : F = G and Cg an order on
G, we define the induced order C°g,~ on F by: © T o' <= ax(z) Cg ax(a2').

It is immediate that Cg~ is indeed an order on F; given f : X — Y and
r, 1 € X:
r g 2 <= ax(z) Cg ax(z')
= Gf(ax(z)) Co Gf(ax(a'))
> ay(Ff(z)) Ec ay (Ff(z'))
— Ff(x) Ty Ff(a),

where the implication follows because C is functorial.

Ezample 3. Taking {-} : M = P and Cp = C, then the induced order E;}_

on M is defined as u Q;}f v iff {u} C {v}: that is, it coincides with multiset
inclusion.

Another example corresponds to the equality relation on G.
Proposition 7. The induced order =, on F' is just the relation =*.

Proof. The definition of = is just the particular case of our definition of C¢~
for the equality relation on G as an order on it. a

Orders on F' can be also translated to G through a natural transformation « :
F=d.

Definition 7. Given a natural transformation o : F = G and Cg an order on
F, we define the projected order C% on G as the transitive closure of the relation
x C% @', which holds if:

there exist x1, @} such that x = ax(x1), @ = ax(x}) and ©1 Cp 2, orz =2'.

We need to add the last condition in the definition above in order to cover the
case in which « is not an epi. Obviously, we can remove it whenever « is indeed
an epi, and in the following we will see that we only need that condition in
order to guarantee reflexivity of C% in the whole of GX, because all of our
results concerning this order will be based on its restriction to the images of the
components of the natural transformation ax.

Again, it is easy to prove that T% is indeed an order on G. By defini-
tion, it is reflexive and transitive. It is also functorial: given f : X — Y
and ¢ C% o/, with z = ax(z1) and 2’ = «(z)) such that xy Cp 2}, we
need to show Gf(x) C¢ Gf(x'). Since Gf(z) = Gf(a(x1)) = a(Ff(x1)),
Gf(z') = Gf(a(x))) = a(Ff(x})), and Ff(x1) Cp Ff(z}), the result follows
by the definition of C¢.

Theorem 3 (Simulations are preserved by natural transformations). If
R C X XY is a Cp-simulation relating a : X — FX and b:Y — FY, and
a: F = G is a natural transformation, then R is also a T%-simulation relating
' =axoa and b = ay ob.
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Proof. Let (z,y) € R: we need to show that (a'(z),b'(y)) € Rel(G)ce (R). Since
R is a Cp-simulation, (a(x),b(z)) € Rel(F)c,. (R). This means that there exists
w € FR such that a(x) Cp Fri(w) and Fro(w) Cp b(z), and hence that
there exists z = ar(w) € GR such that d’(z) C% ax(Fri(w)) = Gri(z) and
Gra(z) = ay (Fra(w)) C% O (x); therefore, (a/(x),V' (z)) € Rel(G)ca (R). O

As said before, bisimulations are just the particular case of simulations corre-
sponding to the equality relation. Obviously we have that =% is =¢ and therefore
Theorem 1 about the preservation of bisimulations by natural transformations
is a particular case of our new preservation theorem covering arbitrary Cp-
simulations.

Analogously, we now generalized Theorem 2 to arbitrary Cg-simulations.

Theorem 4. Let «: F = G be an epi natural transformation, Cg an order on
G and by : X1 — GXq, by : Xo — GX3 two coalgebras, with aq : X1 —
FXi, as : Xo — FXs arbitrary concrete F-representations. Then, the Cg-
simulations relating by and by are precisely the T -simulations relating a1 and
as.

Proof. Just like Theorem 2, the result follows from showing that, for every rela-
tion R C X7 x Xo,

Rel(F)gg— (R) = {(u,v) € FX1 x FXo | (ax, (u),ax,(v)) € Rel(G)ce (R)} .

Unfolding the definition of Rel(F' )ng (R) and using the fact that « is a natural
transformation:

Rel(F)E"G‘ (R) ={(u,v) e FX1 x FXyo | Jw e FR.u g™ Fri(w) A
Fry(w) T v}
={(u,v) € FX; X FXs | Jw € FR.ax, (u) Cg ax, (Fri(w)) A
ax, (Fra(w)) E¢ ax,(v)}
={(u,v) € FX; X FXs | Jw € FR.ax, (u) Cg Gri(ar(w)) A
Gra(ar(w)) Ea ax,(v)}.

On the other hand,
Rel(G)cy(R) = {(z,y) € GX; x GX3 |3z € GR.x Cg Gri(z) ANGra(z) Cq y} -

Now, if (u,v) € Rel(F)ng (R), by taking ar(w) as the value of z € GR we
have that (ax, (u), ax,(v)) € Rel(G)c, (R). Conversely, if (ax, (u), ax,(v)) €
Rel(G)c (R) is witnessed by z, let w € FR be such that ar(w) = 2z, which
must exist because « is epi; it follows that (u,v) € Rel(F)ng (R). O

6 Combining Non-determinism and Probabilistic Choices

Probabilistic choice appears as a quantitative counterpart of non-deterministic
choice. However, it has been also argued that the motivations supporting the use
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of these two constructions are different, so that it is also interesting to be able to
manage both together. The literature on the subject is full of proposals in this
direction [13,10,14], but it has been proved in [16] that there is no distributive law
of the probabilistic monad V over the powerset monad P. As a consequence, if we
want to combine the two categorical theories to obtain a common framework,
we have to sacrifice some of the properties of one of those monads. Varacca
and Winskel have followed this idea by relaxing the definition of the monad V/,
removing the axiom A &, A = A, so that they are aware of the probabilistic
choices taken along a computation even if they are superfluous.

We have not yet studied that general case, whose solution in [16] is technically
correct, but could be considered intuitively not too satisfactory since one would
like to maintain the idempotent law A @, A = A, even if this means that only
some practical cases can be considered.

As a first step in this direction we will present here the simple case of al-
ternating probabilistic systems, which in our multi-transition system framework
can be defined as follows:

Definition 8. Alternating multi-transition systems are defined as (M(A x -) U
M;([0,1] x A X -))-coalgebras: any state of a system represents either a non-
deterministic choice or a probabilistic choice; however, probabilistic and non-
deterministic choices cannot be mized together.

By combining the two natural transformations {-} and Dy; we obtain the nat-
ural transformation D§,, that captures the behaviour of alternating transition
systems.

Definition 9. We use the term alternating probabilistic systems to refer to the
(P(A x -)UD(A X -))-coalgebras. By combining the classical definition of bisim-
ulation and that of probabilistic bisimulations we obtain the natural definition of
probabilistic bisimulation for alternating probabilistic systems.

We define Df;, + M(A x -) UM([0,1] x A x ) = P(Ax-)UD(A x )
as D§; (M) = {-}(M), DY, (M1) = Dy(My), where M € M(A x X), M, €
Mi([0,1] x A x X).

Then we can consider the induced functorial equivalence =PM which roughly
corresponds to the application of =1} in the non-deterministic states, and the
application of =P in the probabilistic states. As a consequence of Theorem 2
we obtain the following corollary.

Corollary 5. Bisimulations between alternating probabilistic systems are just
=Pt _simulations between alternating multi-transition systems.

Ezample 4. Let X = {x, 2}, ab, 25,24}, Y = {y,vl,v5, v5, v4} and let us de-
fine (disregarding actions) the alternating multi-transition systems ax : X —
M(X )UM1([O 1] x X)and ay : Y — M(Y) UM ([0,1] xY) as ax(z) =
{1 (anl) (%,95'2)} sax (z7) = {l-a5}, ax(25) = {124}, ax (%) = ax(z}) =0,

ay(y) = {1 ( Y1) 1 (37?;2), 1- (37?93)}7 ay (1) = ay (y5) = ay (y3) = {1 - y4},
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ay(yy) = 0. ax and ay induce the canonical alternating probabilistic sys-
tems by : X — P(X)UD(X) and by : Y — P(Y)UD(Y) (for example,
bx (2) = Jai + bah and by (4}) = {44)).

Now, if we want to know if there is a bisimulation between bx and by we can
use the fact that R = {('rv y)}U{(:v;7y;) ‘ i=1,2j=1, 2,3}U{($;, yil) | i= 374}
is a =PV bisimulation between ayx and ay (using a similar argument to that
in Example 2), and apply Corollary 5 to conclude that there is a (P U D)-
bisimulation between by and by .

7 Conclusion

In this paper we have shown that multitransition systems are a common frame-
work wherein bisimulation of ordinary and probabilistic transition systems al-
most collapse into the same concept of multiset (bi)simulation. Indeed, the defin-
ition of bisimulation for the multiset functor is extremely simple, which supports
the idea that multisets are the natural framework in which to justify the use of
bisimulation as the canonical notion of equivalence between (states of) systems.

These results have been obtained by exploiting the fact that natural trans-
formations between two functors relate in a nice way bisimulations over their
corresponding coalgebras. We have illustrated these general results by means
of the natural transformations that connect the powerset and the probabilistic
distributions functors with the multiset functor.

The categorical notion of simulation proposed by Hughes and Jacobs has
played a very important role in our work; this fact, in our opinion, is far from
being casual. In particular, categorical simulations based on equivalence rela-
tions always define equivalence relations weaker than bisimulation equivalence.
Besides, as illustrated by their use in this paper, they can be used to relate
the bisimulation equivalence corresponding to functors connected by a natural
transformation.

Related to our work is [2], where probabilistic bisimulations are studied in
connection with natural transformations and other categorical notions. Even
though some connections can be found, there are very important differences;
in particular they do not consider categorical simulations nor use the multiset
functor as a general framework in which to study both ordinary and probabilistic
bisimulations. We can also mention [15], where the functor D is replaced with
a functor of indexed valuations so that it can be combined with the powerset
functor.

A direction for further study that we intend to explore concerns other classes
of bisimulations, like the forward-backward ones estudied in [5]. Besides we will
study more general combinations of non-deterministic and probabilistic choices,
comparing in detail our approach with the use of indexed valuations in [15,16]
to combine the monads defining the corresponding functors.

We are confident we will be able to study them in a common setting by
generalizing and adapting all the appropriate notions on categorical simulations.
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Abstract. This paper studies the relationships between three notions
of behavioural preorder that have been proposed in the literature: re-
finement over modal transition systems, and the covariant-contravariant
simulation and the partial bisimulation preorders over labelled transition
systems. It is shown that there are mutual translations between modal
transition systems and labelled transition systems that preserve, and
reflect, refinement and the covariant-contravariant simulation preorder.
The translations are also shown to preserve the modal properties that
can be expressed in the logics that characterize those preorders. A trans-
lation from labelled transition systems modulo the partial bisimulation
preorder into the same model modulo the covariant-contravariant simula-
tion preorder is also offered, together with some evidence that the former
model is less expressive than the latter. In order to gain more insight into
the relationships between modal transition systems modulo refinement
and labelled transition systems modulo the covariant-contravariant sim-
ulation preorder, their connections are also phrased and studied in the
context of institutions.

Introduction

Modal transition systems (MTSs) have been proposed in, e.g., [11,12] as a model
of reactive computation based on states and transitions that naturally supports

a

notion of refinement that is akin to the notion of implication in logical speci-

fication languages. (See the paper [3] for a thorough analysis of the connections
between specifications given in terms of MTSs and logical specifications in the
setting of a modal logic that characterizes refinement.) In an MTS, transitions
come in two flavours: the may transitions and the must transitions, with the
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requirement that each must transition is also a may transition. The idea behind
the notion of refinement over MTSs is that, in order to implement correctly
a specification, an implementation should exhibit all the transitions that are
required by the specification (these are the must transitions in the MTS that
describes the specification) and may provide the transitions that are allowed by
the specification (these are the may transitions in the MTS that describes the
specification).

The formalism of modal transition systems is intuitive, has several variants
with varying degrees of expressive power and complexity—see, e.g., the survey
paper [1]—and has recently been used as a suitable model for the specification
of service-oriented applications. In particular, results on the supervisory control
(in the sense of Ramadge and Wonham [15]) of systems whose specification is
given in that formalism have been presented in, e.g., [4,8].

The very recent development of the notion of partial bisimulation in the set-
ting of labelled transition systems (LTSs) presented in [2] has been explicitly
motivated by the desire to develop a process-algebraic model within which one
can study topics in the field of supervisory control. A partial bisimulation is
a variation on the classic notion of bisimulation [13,14] in which two LTSs are
only required to fulfil the bisimulation conditions on a subset B of the collec-
tion of actions; transitions labelled by actions not in B are treated as in the
standard simulation preorder. Intuitively, one may think of the actions in B as
corresponding to the uncontrollable events—see [2, page 4]. The aforementioned
paper offers a thorough development of the basic theory of partial bisimulation.

Another recent proposal for a simulation-based behavioural relation over
LTSs, called the covariant-contravariant simulation preorder, has been put for-
ward in [5], and its theory has been investigated further in [6]. This notion of
simulation between LTSs is based on considering a partition of their set of ac-
tions into three sets: the collection of covariant actions, that of contravariant
actions and the set of bivariant actions. Intuitively, one may think of the covari-
ant actions as being under the control of the specification LTS, and transitions
with such actions as their label should be simulated by any correct implemen-
tation of the specification. On the other hand, the contravariant actions may be
considered as being under the control of the implementation (or of the environ-
ment) and transitions with such actions as their label should be simulated by
the specification. The bivariant actions are treated as in the classic notion of
bisimulation.

It is natural to wonder whether there are any relations among these three
formalisms. In particular, one may ask oneself whether it is possible to offer
mutual translations between specifications given in those state-transition-based
models that preserve, and reflect, the appropriate notions of behavioural preorder
as well as properties expressed in the modal logics that accompany them—see,
e.g., [2,3,6]. The aim of this study is to offer an answer to this question.

In this paper, we study the relationships between refinement over modal
transition systems, and the covariant-contravariant simulation and the partial
bisimulation preorders over labelled transition systems. We offer mutual trans-




lations between modal transition systems and labelled transition systems that
preserve, and reflect, refinement and the covariant-contravariant simulation pre-
order, as well as the modal properties that can be expressed in the logics that
characterize those preorders. We also give a translation from labelled transition
systems modulo the partial bisimulation preorder into the same model modulo
the covariant-contravariant simulation preorder, together with some evidence
that the former model is less expressive than the latter. Finally, in order to gain
more insight into the relationships between modal transition systems modulo
refinement and labelled transition systems modulo the covariant-contravariant
simulation preorder, we phrase and study their connections in the context of
institutions [9].

The developments in this paper indicate that the formalism of MTSs may
be seen as a common ground within which one can embed LTSs modulo the
covariant-contravariant simulation preorder or partial bisimilarity. Moreover,
there are some interesting, and non-obvious, corollaries that one may infer from
the translations we provide. See Section 5, where we use our translations to show,
e.g., that checking whether two states in an LTS are related by the covariant-
contravariant simulation preorder can always be reduced to an equivalent check
in a setting without bivariant actions, and provide a more detailed analysis of the
translations. The study of the relative expressive power of different formalisms is,
however, an art as well as a science, and may yield different answers depending on
the conceptual framework that one adopts for the comparison. For instance, at
the level of institutions [9], we provide an institution morphism from the institu-
tion corresponding to the theory of MTSs modulo refinement into the institution
corresponding to the theory of LTSs modulo the covariant-contravariant simula-
tion preorder. However, we conjecture that there is no institution morphism in
the other direction. The work presented in the study opens several interesting
avenues for future research, and settling the above conjecture is one of a wealth
of research questions we survey in Section 8.

The remainder of the paper is organized as follows. Section 2 is devoted to
preliminaries. In particular, in that section, we provide all the necessary back-
ground on modal and labelled transition systems, modal refinement and the
covariant-contravariant simulation preorder, and the modal logics that charac-
terize those preorders. In Section 3, we show how one can translate LT'Ss modulo
the covariant-contravariant simulation preorder into MTSs modulo refinement.
Section 4 presents the converse translation. We discuss the mutual translations
between LTSs and MTSs in Section 5. Section 6 offers a translation from LTSs
modulo partial bisimilarity into LTSs modulo the covariant-contravariant sim-
ulation preorder. In Section 7, we study the relationships between modal tran-
sition systems modulo refinement and labelled transition systems modulo the
covariant-contravariant simulation preorder in the context of institutions. Sec-
tion 8 concludes the paper and offers a number of directions for future research
that we plan to pursue.

The proofs of all the results in the paper and further developments may be
found in the full version of this study, which is available at
http://www.ru.is/faculty/luca/PAPERS/mts-cc.pdf.




2 Preliminaries

We begin by introducing modal transition systems, with their associated notion
of (modal) refinement, and labelled transition systems modulo the covariant-
contravariant simulation preorder. We refer the reader to, e.g., [3,11,12] and [5,6]
for more information, motivation and examples.

Modal transition systems and refinement

Definition 1. For a set of actions A, a modal transition system (MTS) is a
triple (P,—¢,—0a), where P is a set of states and —,,—o C P x AX P are
transition relations such that —g C —,.

An MTS is image finite iff the set {p' | p =, p'} is finite for each p € P and
a €A

The transitions in —g are called the must transitions and those in —, are the
may transitions. In an MTS, each must transition is also a may transition, which
intuitively means that any required transition is also allowed.

In what follows, we often identify an MTS, or a transition system of any of
the types that we consider in this paper, with its set of states. In case we wish
to make clear the ‘ambient’ transition system in which a state p lives, we write
(P, p) to indicate that p is to be viewed as a state in P.

The notion of (modal) refinement T over MTSs that we now proceed to
introduce is based on the idea that if p C ¢ then ¢ is a ‘refinement’ of the
specification p. In that case, intuitively, ¢ may be obtained from p by possibly
turning some of its may transitions into must transitions.

Definition 2. A relation R C P x Q) is a refinement relation between two modal
transition systems if, whenever p R q:

— p 30 p implies that there exists some ¢ such that ¢ —o ¢’ and p’ R ¢';
— ¢S, ¢ implies that there exists some p’ such that p 5o p’ and p’ R ¢ .

We write C for the largest refinement relation.

Example 1. Consider the MTS U over the set of actions A with u as its only
state, and transitions u —, u for each a € A. It is well known, and not hard to
see, that u C p holds for each state p in any MTS over action set A. The state
u is often referred to as the loosest (or universal) specification.

Definition 3. Given a set of actions A, the collection of Boudol-Larsen’s modal
formulae [3] is given by the following grammar:

pu=L|TleANp|leVellde|{ay  (acd).

The semantics of these formulae with respect to an MTS P and a state p € P
is defined by means of the satisfaction relation |=, which is the least relation
satisfying the following clauses:




©1 A2 if (Pp) =1 and (P,p) [ 2.
©1 V2 if (Pp) =1 or (Pp) = 2.
[ale if (P,p') |= @ for allp %, p'.

(a)p if (P,p') = o for somep 5o p'.

For example, the state U from Example 1 satisfies neither the formula (a)T nor
the formula [a]L. Indeed, it is not hard to see that U satisfies a formula ¢ if,
and only if, ¢ is a tautology.

The following result stems from [3].

Proposition 1. Let p,q be states in image-finite MTSs over the set of actions
A. Then p C q iff the collection of Boudol-Larsen’s modal formulae satisfied by
p is included in the collection of formulae satisfied by q.

Labelled transition systems and covariant-contravariant simulation A labelled
transition system (LTS) is just an MTS with —,=—g. In what follows, we
write — for the transition relation in an LTS.

Definition 4. Let P and Q be two LTSs over the set of actions A, and let
{A7, AL, AYY be a partition of A3. An (AT, AY)-simulation (or just a covariant-
contravariant simulation when the partition of the set of actions A is understood
from the context) between P and @Q is a relation R C P x Q such that, whenever
p R q, we have:

— Foralla € A" UAY and all p % p/, there exists some ¢ = ¢' withp’ R q'.
— Foralla € AYUAY and all ¢ = ¢, there exists some p — p’ with p’ R ¢'.

We will write p Sce q if there ezists a covariant-contravariant simulation R such
that p R q.

The actions in the set A" are sometimes called covariant, those in A' are con-
travariant and the ones in A% are bivariant. When working with covariant-
contravariant simulations, we shall sometimes refer to the triple (A", A!, A%) as
the signature of the corresponding LTS.

Ezample 2. Assume that @ € A” and b € A'. Consider the LTSs described by
the CCS [13] terms p=a+b, ¢ = a and r = b. Then r See p Sce ¢, but none of
the converse relations holds.

Definition 5. Covariant-contravariant modal logic has almost the same syntaz
as the one for modal refinement:

eu=L|TleApleVellble] (a)e (a € AU AP be Alu A,

The semantics differs for the modal operators, since we interpret formulae over
ordinary LTSs:

3 Note that any of the sets A", A' and A may be empty.




(P.p) e Blg if (P.p) ¢ for allp 5 p'.
(P,p) = (a)p if (P,p') = ¢ for somep = p'.

For example, both p and ¢ from Example 2 satisfy the formula (a)T, while r
does not. On the other hand, ¢ satisfies the formula [b]_L, but neither p nor r do.
The following result stems from [6].

Proposition 2. Let p, q be states in image-finite LTSs with the same signature.
Then p Sce q iff the collection of covariant-contravariant modal formulae satis-
fied by p is included in the collection of covariant-contravariant modal formulae
satisfied by q.

3 From covariant-contravariant simulations to modal
refinements

We are now ready to begin our study of the connections between MTSs modulo
refinement and LTSs modulo the covariant-contravariant simulation preorder.
First we show that, perhaps surprisingly, LTSs modulo <.. may be translated

into MT'Ss modulo C. Such a translation preserves, and reflects, those preorders
and the satisfaction of modal formulae.

Definition 6. Let P be an LTS with the set of actions A partitioned into A",
Al and AY. The MTS M(P) is constructed as follows:

The set of actions of M(P) is A.

The set of states of M(P) is the same as the one of P plus a new state u.
— For each transition p > p' in P, add a may transition p —, p' in M(P).
For each transition p < p' in P with a € A" U AY, add a must transition
p 5o p in M(P).

For each a in A" and state p, add the transition p . u to M(P), as well
as transitions u ¢ u for each action a € A.

The following proposition essentially states that the translation M is correct.

Proposition 3. Let P and Q be two LTSs with the same signature, and let
p€ P and g € Q. Then (P,p) See (Q,q) iff (M(P),p) T (M(Q),q).

Proof. We prove the two implications separately.

(=) Assume that R is a covariant-contravariant simulation. We shall prove
that M(R) = RU{(u,q) | q a state of M(Q)} is a refinement.

Suppose that p R ¢ and ¢ %, ¢/ in M(Q). By the definition of M(Q), the
transition ¢ — ¢ is in Q. If a € A U AY, since p R ¢ and R is a covariant-
contravariant simulation, we have that p = p’ in P for some p’ such that p’ R ¢'.
By the construction of M(P), it holds that p %, p’ and we are done. If a € A",
then p %, u and u M(R) ¢/, as required.

Assume now that p R ¢ and p g p’ in M(P). Then p % p’ in P with
a € ATUAY. As R is a covariant-contravariant simulation, it follows that ¢ — ¢




in Q for some ¢ such that p’ R ¢'. Since a € A” U A”, there is a must transition
g30 ¢ in M(Q), and we are done. To finish the proof of this implication, recall
that, as shown in Example 1, ¢ is a refinement of u for each gq.

(«=) Assume that M(R) is a refinement. We shall prove that R is a covariant-
contravariant simulation.

Suppose that p R q and ¢ = ¢’ in Q with a € A U A¥. Then ¢ 5, ¢ in
M(Q). Since M(R) is a refinement, in M(P) we have that p 5, p’ for some
p’ (different from u, because a ¢ A") such that p’ R ¢’. By the construction of
M(P), it follows that p = p’ in P and we are done.

Suppose now that p R ¢ and p = p’ in P with a € A” U A¥. Then p Zp p/
in M(P). Since M(R) is a refinement, there is some ¢’ (again, different from )
such that ¢ %o ¢’ in M(Q) and p’ R ¢'. By the construction of M(Q), it follows
that ¢ = ¢’ in Q and we are done. O

Definition 7. Let us extend M to translate formulae over the modal logic that
characterizes the covariant-contravariant simulation preorder to the modal logic
for modal transition systems by simply defining M(p) = ¢.

Proposition 4. If P is an LTS and ¢ is a formula of the logic that characterizes
covariant-contravariant simulation, then for each p € P:

(Pp) o < (M(P),p) E M(p).

4 From modal refinements to covariant-contravariant
simulations

We now show that MTSs modulo C may be translated into LTSs modulo <... As
the one studied in the previous section, our translation preserves, and reflects,
those preorders and the satisfaction of modal formulae.

Definition 8. Let M be an MTS with set of actions A. The LTS C(M), with
signature A" = {cv(a) | a € A}, A = {ct(a) | a € A} and A®* = (), is constructed
as follows:

— The set of states of C(M) is the same as that of M.

— For each transition p — p' in M, add p etle) p’ to C(M).

cv(a

— For each transition p —g p’ in M, add p v p' toC(M).

Observe that the LTSs obtained as a translation of an MTS have the following
properties:
1. A% =) and
2. there is a bijection h : A" — A! such that if p = p’ with a € A" then
h(a
P Q) p.

The following proposition essentially states that the translation C is correct.




Proposition 5. Let P and Q be two MTSs with the same action set, and let
p € P and g € Q. Then (P,p) T (Q,q) iff (C(P),p) See (C(Q),q).

Proof. We prove the two implications separately.

(=) Assume that p R g for some refinement R. If p evig) p' in C(P) then,

by construction, p g p’ in P. Since R is a refinement, there is some ¢’ in Q
with ¢ 55 ¢’ and p' R ¢'. Since ¢ evig) ¢’ is in C(Q) by construction, we are
done. Now, assume that ¢ ) ¢ in C(Q). Then ¢ =, ¢’ in Q and, since R is a

refinement, p %, p’ in P for some p’ with p’ R ¢’. By construction, p ) p s
in C(P) and we are done.

(<) Assume that p R ¢ for some covariant-contravariant simulation R. If

. t . . . . .
¢ 5. ¢ in Q then g CL[;) ¢ in C(Q) and, since R is a covariant-contravariant

simulation, p ) p' for some p’ in C(P) such that p’Rq’; hence p %, p’ in P as

required. Now, if p %5 p’ in P then p v p’ in C(P). Since R is a covariant-

contravariant simulation, there is some ¢’ in C(Q) with ¢ evig) ¢ and p' R ¢,

and therefore ¢ =g ¢ in Q. m]

Definition 9. Let us extend C to translate formulae over the modal logic for
modal transition systems with set of actions A to the modal logic that charac-
terizes covariant-contravariant simulation with signature A™ = {cv(a) | a € A},

Al = {ct(a) | a € A} and A" = 0.

- C(L)=L1.

-C(M)=T.

= CleNy) =C(p) NC(W).
— C(p V) =Clp) VC(P).
= C({a)p) = (cv(a))C(p)
= C([lalp) = [ct(a)C(p)

Proposition 6. If P is an MTS and ¢ a modal formula, then for each p € P:

(Pp) F ¢ < (C(P),p) = C(p)-

5 Discussion of the translations

In Sections 3-4, we saw that it is possible to translate back and forth between the
world of LTSs modulo the covariant-contravariant simulation preorder and MTSs
modulo refinement. The translations we have presented preserve, and reflect, the
preorders and the relevant modal formulae. There are, however, some interesting,
and non-obvious, corollaries that one may infer from the translations.

To begin with, assume that P and @ are two LTSs with the same signa-
ture with A% # (. Let p € P and ¢ € Q be such that (P,p) <. (Q,q). By
Proposition 3, we know that this holds exactly when (M(P),p) C (M(Q),q).
Using Proposition 5, we therefore have that checking whether (P, p) <.. (Q,q) is




equivalent to verifying whether (C(M(P)),p) Sce (C(M(Q)), q). Note now that
AP is empty in the signature for the LTSs C(M(P)) and C(M(Q)). Therefore
checking whether two states are related by the covariant-contravariant simula-
tion preorder can always be reduced to an equivalent check in a setting without
bivariant actions.

It is also natural to wonder whether there is any relation between a state
p in an LTS P and the equally-named state in C(M(P)). Similarly, one may
wonder whether there is any relation between a state p in an MTS P and the
equally-named state in M(C(P)). In both cases, we are faced with the difficulty
that the transition systems resulting from the compositions of the translations
are over actions of the form {cv(a),ct(a) | a € A} whereas the original systems
had transitions labelled by actions in A. In order to overcome this difficulty, let
p : {cv(a),ct(a) | a € A} — A be the renaming that, for each a € A, maps
both cv(a) and ct(a) to a. For any transition system P over the set of actions
{cv(a),ct(a) | a € A}, we write p(P) for the transition system that is obtained
from P by renaming the label of each transition in P as indicated by p.

Proposition 7.

1. Let P be an MTS and let p € P. Then (p(M(C(P))),p) C (P,p).
2. Let P be an LTS and let p € P. Then (P,p) Sece (p(C(M(P))),p).
3. In general, (P,p) T (p(M(C(P))),p) does not hold for an MTS P and a

state p € P, nor does (p(C(M(P))),p) Sece (P,p) for an LTS P and a state
peP.

Definition 10. Let P be an LTS with the set of actions partitioned into A" and
Al. The LTS P is obtained from P by renaming every a € A™ as cv(a) and every
a € Al as ct(a).

Proposition 8. Let P be an LTS over a set of actions A” U A and let Q be an
MTS over the same actions. Then the following statements hold.

1. If a relation R is a covariant-contravariant simulation between P and C(Q)
then R is a refinement between M(P) and Q.

2. If (P,p) See (C(Q),q) then (M(P),p) C (Q,q), for all states p € P and
1€Q.

8. The converse implication of the above statement fails.

6 Partial bisimulation

The partial bisimulation preorder has been recently proposed in [2] as a suitable
behavioural relation over LTSs for studying the theory of supervisory control [15]
in a concurrency-theoretic framework. Formally, the notion of partial bisimula-
tion is defined over LTSs with a set of actions A and a so-called bisimulation set
B C A. The LTSs considered in [2] also include a termination predicate | over
states. For the sake of simplicity, since its role is orthogonal to our aims in this pa-
per, instead of extending MTSs and their refinements or covariant-contravariant
simulations with such a predicate, we simply omit it in what follows.




Definition 11. A partial bisimulation with bisimulation set B between two
LTSs P and Q is a relation R C P x QQ such that, whenever p R q:

— Foralla e A, if p-= p' then there exists some q — ¢’ withp' R’ .
— Forallbe B, ifq L q' then there exists some p LN p withp' Rq'.

We write p <p q if p R q for some partial bisimulation with bisimulation set B.

It is easy to see that partial bisimulation with bisimulation set B is a particular
case of covariant-contravariant simulation.

Proposition 9. Let P be an LTS. A relation R is a partial bisimulation with
bisimulation set B iff it is a covariant-contravariant simulation when the LTS
P has signature A™ = A\ B, A = () and A® = B. Therefore, p < q iff p See q
with respect to that partition of A, for each p,q € P.

As a corollary of the above proposition, we immediately obtain the following
result, to the effect that, instead of the modal logic used in [2] to characterize the
partial bisimulation preorder with bisimulation set B, one can use the simpler,
negation-free logic for the covariant-contravariant simulation preorder.

Corollary 1. Let p,q be states in some image-finite LTS. Then p Sp q iff the
collection of formulae in Definition 5 over signature A” = A\ B, A' = 0 and
AY = B satisfied by p is included in the collection of formulae satisfied by q.

Note also that, as a corollary of Proposition 9, the translations of LTSs and
formulae defined in Section 3 can be applied to embed LTSs modulo the partial
bisimulation preorder into modal transition systems modulo refinement. In this
case, however, there is an easier transformation that does not require the extra
state u.

Definition 12. Let P be an LTS over a set of actions A with a bisimulation set
B C A. The MTS N (P) is constructed as follows:

— The set of states is that of P.
— For each transition p % p' in P, add a may transition p %, p' in N'(P).
— For each transition p LN p’ in P with b € B, add a must transition p im P

in N(P).

Proposition 10. R is a partial bisimulation with bisimulation set B between P
and Q iff R is a refinement between N (Q) and N'(P).

Proof. (=) Assume that R is a partial bisimulation with bisimulation set B
and suppose that ¢ R=! p. If p %, p’ in N(P) then p % p/ in P. Since R is a
partial bisimulation, there is some ¢ — ¢’ in Q with p’ R ¢’ and, by construction,
¢ 3. ¢ in N(Q) with ¢ R~ p'. Now, if ¢ %5 ¢/ in N(Q) then ¢ 5 ¢ in Q
with a € B. Since R is a partial bisimulation and p R ¢, there is some p — p’ in
P with p’ R ¢’ and hence p %o p’ in N(P), as required.

(<) Analogous. O

10




Remark 1. In the special case B = (), the partial bisimulation preorder is just
the standard simulation preorder. Therefore, letting 0 denote a one-state LTS
with no transitions, 0 <p p for each state p in any LTS P. Since B = §), all
the modal transition systems N (P) that result from the translation of an LTS
P will have no must transitions; for such modal transition systems, N'(P) C 0
always holds. Indeed, in that case C coincides with the inverse of the simulation
preorder over MTSs.

The drawback of the direct transformation presented in Definition 12, as com-
pared to that in Section 3, is that it does not preserve the satisfiability of modal
formulae. The problem lies in the fact that, while the existential modality (a) al-
lows any transition with a € A in the partial bisimulation framework, it requires
a must transition in the setting of MTSs.

As we have seen, it is easy to express partial bisimulations as a special case
of covariant-contravariant simulations. It is therefore natural to wonder whether
the converse also holds. We shall present some indications that the partial bisim-
ulation framework is strictly less expressive than both modal refinements and
covariant-contravariant simulations.

Let us assume, by way of example, that the set of actions A is partitioned into
A" = {a} and A = {b}—so the set of bivariant actions is empty. In this setting,
there cannot be a translation 7 from LTSs modulo <. into LTSs modulo <p
that satisfies the following natural conditions (by abuse of notation, we identify
an LTS P with a specific state p):

1. Forall p and ¢, p See g <= T(p) S5 T(9).

2. T is a homomorphism with respect to +, that is, T(p+ ¢) = T (p) + T(q),
where + denotes the standard notion of nondeterministic composition of
LTSs from CCS [13]. (Intuitively, this compositionality requirement states
that the translation is based on ‘local information’.)

3. There is an n such that 7(b™) is not simulation equivalent to 7(0), where
b™ denotes an LTS consisting of n consecutive b-labelled transitions.

Indeed, observe that, by condition 2,
Tp) =Tp+0)=T(p)+T(0) foreach p,

and therefore 7 (p) + 7(0) <p T (p). This means that 7(0) < 7 (p) for each p,
where < is the simulation preorder. In particular, 7(0) < 7(L) where L is the
process consisting of a b-labelled loop with one state, which is the least element
with respect to Sce.

Note now that L <. o™t <. b* <. 0 for each n > 0. Therefore, by
condition 1,

T(L) <p T < T®") < T(0) for cach n > 0.

Hence,
T(L) <TO") <T0)<T(L) for each n > 0.

11




This yields that, for each n > 0, 7(b") is simulation equivalent to 7(0), which
contradicts condition 3. (Note that we have only used the soundness of the
transformation 7.)

This indicates strongly that any 7 that is compositional with respect to +
and is sound, in the sense of condition 1, would have to be very odd indeed, if
it exists at all. Modulo simulation equivalence, such a translation would have
to conflate a non-well-founded descending chain of LTSs into a point modulo
simulation equivalence.

We end this section with a companion result.

Proposition 11. Assume that a € A" and b € Al. Suppose furthermore that
B = (). Then there is no translation T from LTSs modulo <. into LTSs modulo
<p that satisfies conditions 1 and 2 above.

7 Institutions and institution morphisms

In order to gain more insight into the relationships between modal transition sys-
tems modulo refinement and labelled transition systems modulo the covariant-
contravariant simulation preorder, we will now study their connections at a more
abstract level in the context of institutions [9]. When compared at the level of
institutions it turns out that the correspondence between these models is, in a
sense, not one-to-one.

Definition 13. The institution I.. = (Sign,., senc., Mod., E..), associated
to the logic for the covariant-contravariant simulation preorder, is defined as
follows.

— Sign,, has as objects triples (A, B,C) of pairwise disjoint sets and mor-
phisms f : AUBUC — A'U B ' UC" with f(A) C A', f(B) C B/, and
fe)ycce.

— senc.(A, B, C) is the set of formulae in the logic characterizing the covariant-
contravariant simulation preorder, with A the set of covariant actions, B the
set of contravariant actions, and C the set of bivariant actions. sen(f)(y)
is obtained from ¢ by replacing each action a with f(a).

— Mod..(4, B) is the category of LTS over the set of actions AU B U C,
with a distinguished state; a morphism from (P,p) to (Q,q) is a covariant-
contravariant simulation R such that (p,q) € R.

Now, if f: AUBUC — A/UB' UC’, then

Mod..(f) : Mod.(A", B',C") — Mod..(4, B,C)

maps P to Ply and R: P — Q to Ry : P|y — Q|f, where:
o The set of states of P|y is the same as that of P, and the distinguished
state remains the same.

e p5p in Py ifpfg)p’ n P.
e R|; coincides with R.
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— (P,s) Ec ¢ if (P,s) E ¢ using the notion of satisfaction associated to
the logic for the covariant-contravariant simulation preorder given in Defi-
nition 9.

Proposition 12. Z.. is an institution.

Definition 14. The institution Ly = (Sign,,;,, Senmes, Modmts, Emts), as-
sociated to the logic for refinement over modal transition systems, is defined as
follows.

— Sign,,,, is the category of sets.

— senmis(A) is the set of formulae over A in the logic presented in Definition 3.
The formula senms(f)(@) is obtained from ¢ by replacing each action a with
f(a).

— Mod,,;5(A) is the category of MTSs over the set of labels A, with a distin-
guished state. A morphism from (M,m) to (N,n) is a refinement R such
that (m,n) € R.

If f: A — B in Sign,,,, then Mods(f) : Modpts(B) — Mod s (A)
maps an MTS M to M|y and o morphism R to R|s, where:
o M]|; has the same set of states as M and the same distinguished state.

e pS.p in M|y z'fpfg><>p/ in M.
e pSop in My ifpfg)g p'in M.
e R|; coincides with R.
— Eumts is the notion of satisfaction presented in Definition 3.

Proposition 13. Z,,;s is an institution.

As the following result shows, one can translate Z,,;s into Z.. using an institu-
tion morphism. (The intuition for institution morphisms is that they are truth
preserving translations from one logical system into another.)

Proposition 14. (P, o, B) : Tints — e is an institution morphism, where:

— @ :Sign,,,, — Sign,. maps A to the triple (cv(A),ct(A), D), with:
e cv(A) ={cv(a) |a € A} and
o ct(A) = {ct(a) | a € A}.
For f : A — B, we define &(f)(cv(a)) = cv(f(a)) and &(f)(ct(a)) =
ct(f(a)).
— The natural transformation « : sen..oP = senmis translates a formula ¢
in sencc(cv(A),ct(A),D) as follows:
a(T)=T, a(L) = L.
a(p1 A p2) = a(er) A a(ps).
alpr V) = alpr) V alp2).
a((cv(a))p) = (a)alp).
o a([ct(a)lp) = [a]a(p).
— The natural transformation § : Modues = Mod,. o @ maps an MTS (M, s)
in Mod,s(A) to (C(M),s), and a morphism R to itself.
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The import of the above result is that MTSs modulo refinement and its ac-
companying modal logic can be ‘translated in a truth preserving fashion’ into
LTSs modulo the covariant-contravariant simulation preorder and its companion
modal logic. It is natural to ask oneself whether one can consider Z,,;s a ‘subin-
stitution’ of Z... There are several related notions of subinstitution that have
in common the requirement that the functor 3, which is used to translate the
models between the institutions, is an equivalence of categories.

Recall that an object in a category is weakly final if any other object has at
least one arrow into it.

Proposition 15. Mod..(4, B,0) has weakly final objects but Mod,,4s(A) does
not.

In other words, in the absence of bivariant actions, there is a universal imple-
mentation in the setting of LTSs modulo the covariant-contravariant simulation
preorder. Within that framework, there is also a universal specification, namely

the LTS (I, s) where [ is the LTS with a single state s and transitions s Y s for
every b € B. On the other hand, there is a universal specification with respect
to modal refinements, namely the MTS U from Example 1, but no universal
implementation.

Proposition 16. There is no embedding from Lpes into Lec.

A natural question to ask is whether there is an embedding from Z.. into Z,,ss.
The following proposition answers this question negatively.

Proposition 17. There exists no embedding from L. into Lpys.

We conjecture that there is not even an institution morphism from Z.. to Z,,ss.
(Compare with Proposition 14.)

8 Conclusions and future work

In this paper we have studied the relationships between three notions of be-
havioural preorders that have been proposed in the literature: refinement over
modal transition systems, and the covariant-contravariant simulation and the
partial bisimulation preorders over labelled transition systems. We have provided
mutual translations between modal transition systems and labelled transition
systems that preserve, and reflect, refinement and the covariant-contravariant
simulation preorder, as well as the the modal properties that can be expressed
in the logics that characterize those preorders. We have also offered a transla-
tion from labelled transition systems modulo the partial bisimulation preorder
into the same model modulo the covariant-contravariant simulation preorder,
together with some evidence that the former model is less expressive than the
latter. Finally, in order to gain more insight into the relationships between modal
transition systems modulo refinement and labelled transition systems modulo the
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covariant-contravariant simulation preorder, we have also phrased and studied
their connections in the context of institutions.

The work presented in the study opens several interesting avenues for future
research. Here we limit ourselves to mentioning a few research directions that
we plan to pursue in future work.

First of all, it would be interesting to study the relationships between the
LTS-based models we have considered in this article and variations on the MTS
model surveyed in, for instance, [1]. In particular, the third author recently
contributed in [7] to the comparison of several refinement settings, including
modal and mixed transition systems. The developments in that paper offer a
different approach to the comparison and application of the formalisms studied
in this article.

In [6], three of the authors gave a ground-complete axiomatization of the
covariant-contravariant simulation preorder over the language BCCS [13]. It
would be interesting to see whether the translations between MTSs and LTSs we
have provided in this paper can be used to lift that axiomatization result, as well
as results on the nonexistence of finite (in)equational axiomatizations, to the set-
ting of modal transition systems modulo refinement, using the BCCS-like syntax
for MTSs given in [3]. We also intend to study whether our translations can be
used to obtain characteristic-formula constructions [3,10,16] for one model from
extant results on the existence of characteristic formulae for the other.

The existence of characteristic formulae allows one to reduce checking the
existence of a behavioural relation between two processes to a model checking
question. Conversely, the main result from [3] offers a complete characterization
of the model checking questions of the form (M, m) = ¢, where M is an MTS
and ¢ is a formula in the logic for MTSs considered in this paper, that can be
reduced to checking for the existence of a refinement between (M,,m,) and
(M, m), where (M, my) is an MTS with a distinguished state that ‘graphically
represents’ the formula . In future work, we plan to offer a characterization of
the logical specifications that can be ‘graphically represented’ by LTSs modulo
the covariant-contravariant simulation preorder and partial bisimilarity. Such
characterizations may shed further light on the relative expressive power of the
two formalisms and may give further evidence of the fact that LTSs modulo the
covariant-contravariant simulation preorder are, in some suitable formal sense,
more expressive than LTSs modulo partial bisimilarity.

From the theoretical point of view, it would also be satisfying to settle our
conjecture that there is no institution morphism from Z.. to Zss-

Last, but not least, the development of the notion of partial bisimulation in [2]
has been motivated by the desire to develop a process-algebraic model within
which one can study topics in the field of supervisory control [15]. Recently, MTSs
have been used as a suitable model for the specification of service-oriented appli-
cations, and results on the supervisory control of systems whose specification is
given in that formalism have been presented in, e.g., [4,8]. It is a very interesting
area for future research to study whether the mutual translations between MTSs
modulo refinement and LT'Ss modulo the covariant-contravariant simulation pre-
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order can be used to transfer results on supervisory control from MTSs to LT'Ss.
One may also wish to investigate directly the adaptation of the supervisory con-
trol theory of Ramadge and Wonham to the enforcement of specifications given
in terms of LTSs modulo the covariant-contravariant simulation preorder.
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Covariant-contravariantsimulation is a combination efistard (covariant) simulation, its contravari-
ant counterpart and bisimulation. We have previously st logical characterization by means of
the covariant-contravariant modal logic. Moreover, weehmwestigated the relationships between
this model and that of modal transition systems, where twalkiof transitions (the so-called may
and must transitions) were combined in order to obtain a lsiframework to express a notion of
refinement over state-transition models. In a classic p&mrdol and Larsen established a precise
connection between trgraphicalapproach, by means of modal transition systems, antbtfieal
approach, based on Hennessy-Milner logic without negatiosystem specification. They obtained
a (graphical) representation theorem proving that a foanwzaln be represented by a term if, and
only if, it is consistent and prime. We show in this paper ttieg formulae from the covariant-
contravariant modal logic that admit a “graphical” reprea¢éion by means of processes, modulo
the covariant-contravariant simulation preorder, are #ie consistent and prime ones. In order to
obtain the desired graphical representation result, weréissrict ourselves to the case of covariant-
contravariant systems without bivariant actions. Bivatrictions can be incorporated later by means
of an encoding that splits each bivariant action into itsac@nt and its contravariant parts.

1 Introduction

Modal transition system@TSs) were introduced in [9, 10] as a model of reactive cotaten based
on states and transitions that naturally supports a nofioefmement This is connected with the use
of Hennessy-Milner Logic without negation as a specificafanguage: a specification describes the
collection of (good) properties that any implementatios k@ fulfil. More generally, a process is
considered to be better thanif the set of formulae satisfied by is included in the set of formulae
satisfied byp. The tight connections between these two ways of expressagotions of specification
and refinement were studied in [4]. There the authors talkedtd'graphical” representation (by means
of one or several MTSs) of logical specifications, and cotepfecharacterized the collection of logical
specification that can be “graphically represented”. Ttesdhe so-called prime, consistent formulae.
There are two types of modal operators in Hennessy-Milnegid:o(a) and [a], for each actiora.
Intuitively, a formula(a)¢ indicates that it must be possible to execat@nd reach a state that satisfies
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2 Graphical representation of cc-modal formulae

¢, while [a]¢ imposes that this will happen after any executioradfom the current state. It is well
known that these two operators reflect the duality, so that any process satisfyinga ¢ formulamust
include somea-labelled transition reaching a state satisfyihgwhereas the constraint expressed by a
[a]¢ formula is better understood in a negative way: a processfysag it may notcontain are-labelled
transition reaching a state that does not satjsfyn particular, the formulda] L indicates that a process
cannot executa in its initial state, and therefore, using these formulae,oan limit the set of actions
offered at any state.

In order to reflect these two kinds of constraints at the “afienal” level, MTSs contain two kinds
of transitions: thenaytransitions and theusttransitions. Then we can use MTSs both as specifications
or as implementations, and the notion of refinement impdsas in order to implement correctly a
specification, an implementation should exhibit all thesttransitions in the MTS that describes the
specification and may not include any transition that is fioted by the specification: we cannot add
any newmaytransition, although those in the specification could eitisappear, be preserved or turned
into musttransitions. The relation betweemayand mustis reflected in the formal definition of MTSs
by requiring that each must transition is also a may traorsiti

The conditions defining the notion of refinement between Madl8sously resemble those defining
simulation and bisimulation. For may transitions we havemtravariant simulation condition, express-
ing the fact that no new (non-allowed)aytransition can appear when refining a specification. Since
we impose thamusttransitions induce the correspondintaytransitions, we could think that they are
related in a “bisimulation-like” style. However, this istnihe case since the contravariant simulation
condition imposed on the may part can be covered magtransition withoutmustcounterpart. In fact,
this is crucial in order to capture the principle thahaytransition can be refined byrausttransition.

Some of the authors of this paper thought that a more direobowtion of simulation and bisim-
ulation conditions could capture in a more flexible way a#l theas on which the specification of sys-
tems by means of modal systems and modal logics is based, ehaoked for the clearest and most
general framework to express those modal constraints. Wedfthat covariant-contravariant systems
(sometimes abbreviated to cc-systems) are a possible afswes quest, combining pure (covariant)
simulation, its contravariant counterpart and bisimolati

We started the study @bvariant-contravariant simulatiom [5], and the modal logic characterizing
it was presented in [7]. (In what follows, we refer to thisilbgs cc-modal logic.) In the most general
case, we consider a partition of the set of actions into the¢ the collection of covariant actions, that of
contravariant actions, and the set of bivariant actiontuitimely, one may think of the covariant actions
as being under the control of the specification LTS, and itians with such actions as their label should
be simulated by any correct implementation of the specifinatOn the other hand, the contravariant
actions may be considered as being under the control of thkeinentation (or of the environment) and
transitions with such actions as their label should be satedl by the specification. The bivariant actions
are treated as in the classic notion of bisimulation.

We will see in this paper that, as in the MTS setting, the iest and prime formulae from the
cc-modal logic are exactly those that admit a “graphicafiresentation by means of processes modulo
the covariant-contravariant simulation preorder. Mospeach formula in the cc-modal logic can be
represented “graphically” by a (possibly empty) finite sigbrmcesses.

The proofs of these representation results are inspiretidyévelopments in [4]. There are, how-
ever, subtle differences because, in covariant-contieavasystems, each action has a single modality
(covariant, contravariant, bivariant), while in MTSs wen@@mbine bothmayandmusttransitions.

In fact, in order to obtain the desired graphical repregimtafor technical reasons we first restrict
ourselves to the case of covariant-contravariant systeitheut bivariant actions. The reason that justi-
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fies this constraint is that bivariant actions cannot be @pprated in a non-trivial way (either we have
one of them as itself, or we do not have it at all). Insteadadant and contravariant actions behave in a
more flexible way and we can obtain the desired charactenzatsult by following the lead of the work
done for MTSs.

Then we observe that bivariant actions can be seen as ther@tioh of a covariant and a contravari-
ant action. In fact, this also corresponds with the idea uis¢tl] when relating MTSs and cc-systems.
Indeed, the constraint imposed prusttransitions in MTSs, where they should always be accomganie
by theirmaycounterparts, tells us somehow that they have a “nearlydrlaint behaviour. (To be more
precise, they are first covariant, but they are also “semiit@variant because when comparing two pro-
cessep andg, anymusttransition ing should fit with either a correspondimgusttransition inp, or at
least with amaytransition there.)

We could say that the very recent development of the notiopadfial bisimulationin the setting
of labelled transition systems (LTSs) presented in [3] fspleted the spectrum of modal simulations.
Partial bisimulation combines plain bisimulation [14, Bbld simulation, also by means of a partition of
the set of actions. For the actions in the distinguishedse¢ have bisimulation-like conditions, while
for the others we only impose simulation. Note that, insteaaytransitions in MTSs corresponded to
contravariant simulation conditions, and therefore,iphlisimulation can be seen as a dual of MTSs,
and covariant-contravariant systems (cc-systems) asfgingiframework where we can combine the
refinement ideas in the theory of MTSs with the explicit cdesation of the constraints imposed by the
environment, which is possible when partial bisimulatism$ed. Once we know that the formulae from
the modal logic for cc-systems also afford a graphical regméation, we will be able to integrate the
logical formulae into the development of systems using drfi@models discussed above.

The remainder of the paper is organized as follows. Sectisml@voted to the necessary background
on covariant-contravariant simulations, whereas in 8acd we summarize the results on covariant-
contravariant modal formulae. In Section 4 we develop thelysof the graphical representation of
cc-modal formulae for processes without bivariant actiohfierwards, in Section 5, we show how we
can work with cc-systems with bivariant actions. Finallgc8on 6 concludes the paper and describes
some future research that we plan to pursue.

2 Covariant-contravariant systems

We start the technical part of the paper by defining the camésGontravariant simulation semantics for
processes. Our semantics is defined dwaelled Transition Systen{&TS) S= (P,A,—), whereP
is a set of process statesjs a set of actions and—C P x A x P is a transition relation on processes.
We follow the standard practice and write-2+ q instead of(p,a,q) €e—. Because of the covariant-
contravariant view, we assume this partitioned intoAl andA'", expressed a& = Al W A", As we have
already mentioned in the introduction, we will delay the sideration of the general case where we have
also bivariant actions in a third clag$' until Section 5.

Covariant-contravariant simulation can now be defined bs/s:

Definition 1 Let S= (P,A'wA",—) be an LTS. Aovariant-contravariant simulatiaver S is a relation
R C P x P such that, whenever,g < P and p R g, we have:

e Forallac A" and all p—25 p/, there exists some-g- ¢ with g Rd.
e Forallac A and all -5 q, there exists some g+ p' with P R d.
We will write p<ccq if there exists a covariant-contravariant simulation Risthat p R g.
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Remark 1 Note that we call the actions ¥ like that, because for those there is a “plain simulation”
from left to right; whereas for the actions M there is an “anti-simulation” from right to left.

It is well known that the relatiortc is a preorder.

In this study we will be mainly concerned with “finite” propiess of systems, which will be either
captured by (finite) logic formulae, or by finite processeat ttan be described by means of process
terms.

Definition 2 Assume that A- Al W A". Then the collection gfrocess termganged over by [ etc. is
given by the following syntax:
pi=0lwlap|p+p
where ac A. We denote the set of process termsby
The size of a process term is its length in symbols.

We note that our set” of process terms is basically the seBECSPterms introduced in [8]. The
only addition to the signature of BCCSP is the constantvhich will be used to denote the least LTS
modulo <... However, we assume a classification of the actions in twajdiiit) sets, although this is
not reflected in the syntactic structure of the terms. Ever ibnly contains finite terms, by meansof
we will obtain the full contravariant process which can exeany action at any time.

In [5, 6, 7] we used a more general definition for covariamtravariant simulations which includes
also bivariant actions, but since in the presence of thesgiait actions some technical problems appear
(in particular the process will not be the least process with respect to the covariantravariant
simulation preorder), we have preferred to first develoghediresults without bivariant actions and, in
Section 5, we will describe how they can be extended to angettith bivariant actions.

Definition 3 Theoperational semantiasf 7 is defined by the following rules:

e w2 wioralbeA,
. a_pi> pforallacA,
e p-2 p implies p+q -2 p,
o q—25 q implies p+q— (.
Observe that ip # w andp -2 P/, then the size off is smaller than the size qf
It is clear thatw is the least possible element with respect to the cc-simunlatreorder. That is, we

havew <cc p for any p.
In what follows we assume thatis finite.

3 The covariant-contravariant modal logic

Covariant-contravariant modal logic has been introdusetistudied in [7].

Definition 4 Covariant-contravariant modal logi#’ has the following syntax:
$pu=L|T[ond|oVvo[ble| (@9 (acA beA)

The operatorsL, T, A andV have the standard meaning whereas the semantics for thel mpela@tors
is defined as follows:
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pi=oj¢ if p' |= ¢ forall p - o,
p = (a)¢ if p’ = ¢ for some p-2» p.

We say that a formulg is consistenif there is some p such thatqp ¢.
Themodal depthof a formula is the maximum nesting of modal operators in it.

The covariant-contravariant logic characterizes the Gamgcontravariant simulation semantics over
image-finite processes. Before we state this result foynvedl introduce some notation. We define the
set of formulae that a procepssatisfies by? (p) = {@| p = ¢} and the logical preord€r o as follows:
pC¢ qiff Z(p) C.Z(qg). Recall that an LTS igmage finiteiff the set{p’ | p 2, p'} is finite for each
processp and actiora.

Now we have the following theorem:

Theorem 1 ([7]) If the LTS S is image finite thef.c =C .« over S.

Clearly the processes i#? are image finite.

4 Graphical representation of formulae

Whenever we have a (modal) logic characterizing some séesdior processes, we could look for a
single formula that characterizes completely the behavidua process logically; this is a so-called
characteristic formulaThis subject has been studied by many authors in the literabut we will just
refer here to the book [2] for more details and further refees to the original literature.

It is clear that, since we only allow for finite formulae witltoany fixed-point operator, we can
only treat “finite” processes, such as those definable by ioyple process algebra?. However, the
recursive definition of the characteristic formulae in witdiows gives us immediately the framework
for extending our results to finite-state processes folgvgtandard lines.

Definition 5 A formulag € . is a characteristic formuldor a process p iff g= ¢ andVq.(q = ¢ =
P Seeq)-

In what follows, we writep < @ if {peP|pE ¢} C{peP|pkE Y}. We say thatp andy are
logically equivalent, writterp = ¢, iff ¢ < @ andy < @.
Lemma 1 The following statements hold.

1. Aformulag € . is a characteristic formula for a process p iffg.(q = @ < pScc).

2. Assume thak(p) and x(q) are characteristic formulae for processes p and g, respelgti Then,
we have that

P Secd iff X () < X(p)-

3. A characteristic formula for a process p is unique up tadagequivalence.

Proof.

1. First assume thatis a characteristic formula for a procgssBy definitionva.(q = ¢ = p<Sccd)
holds. We have to prove that).(p<ccq=-q = @). To this end, assume that<lc.g. Asp|= @,
by Theorem 1 we have thgt= ¢ and we are done.

For the converse, gs<cc p we have thap = ¢ and the result follows.
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2. Assume thay (p) and x(q) are characteristic formulae for procesgeandaq, respectively. First
assume thap <.c.q and thatr = x(q). By Definition 5,9 <ccr and thusp <c.r. By the previous
clause of the Lemma, alsol= x(p). Asr was arbitrary, this shows that(q) < x(p). Next,
assume thax (q) < x(p). Asq = x(q) theng = x(p), and by definition of the characteristic
formula, p<cc0.

3. This claim follows directly from statement 2 above.

As a characteristic formula for a procegss unique up to logical equivalence, we can denote it by
X (p) unambiguously. The next lemma tells us tgép) exists for each procegse Z.

Lemma 2 The characteristic formula for a processep?? can be obtained recursively as

xp = A @x)AABCY x(0).ifp#w.

PP acAr beA' by
X(w) = T.

Proof. First we prove thap |= x(p), for eachp. This follows by a simple induction on the size pf

Next we prove that, for ang, q = x(p) implies p <ccq by induction on the size af.

First we note that ifp = w then x(w) = T andw <¢cq; hence we obtain the result. Also, for the
casep = 0, we have thak(0) is equivalent toA\p. [b] L. Thus ifq = x(0), then the procesg cannot
perform anyb € A'. This yields that &ccq.

Now, let p be a process different from 0 ang and assume that= x(p). First suppose that 2 p/
for somep’ and somea€ A". Asq = N2y aen (a)x(p'), this implies that there is songe—+ ¢f with
d E x(p'). Then, by inductionp’ <ccq'.

Next, assume tha;—b> d, for someq andb € Al. Asq = Apea [BI(V Xx(p)), we can conclude

b
p—p
thatq = x(p'), for somep’ with p LR p'. Again, by induction, we concludg <c¢cq. O

Next we consider the converse problem, we want to represientraula by a process, or at least by a
finite set of processes.
Definition 6 A formulag is represented by a (single) proces#

Vae 2. [qf= @iff p Secd).
A formulag is represented by a finite skt C &2 of processes if
vge Z.[qF @iff 3pe M. pSecd].

It is clear thatp representsp iff {p} representsp. Moreover, the empty set of processes represents
the formula L.

The following lemma connects the notion of “graphical reyergation” of formulae with that of
characteristic formula for processes.
Lemma 3 We have the following properties:

1. prepresent®iff o= x(p).

2. If M C Zis finite andg is a formula then

M representspiff 9= \/ x(p).
peM
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Proof.

1. Itfollows directly from the definitions of these two copte and Lemma 1.
2. For anyg € &2 we proceed as follows:

IpeM.pSecaeIpeMakEx(p) < a= \ x(p).
peM

Now the statement of the lemma follows easily from this faxt ®efinition 6.0

We want to characterize the set of formulae that can be reptes by a finite set of processes, and

in particular by a single process. For this purpose we intcedsome notions of normal form for logical
formulae.

Definition 7 1. Aformulag is in normal formif it has the form

o=\/(A\ @)@ A N\ o).

i€l jeJ keK;
where aIIqui and w; are also in normal form. In particularl is obtained when + 0 and T when
I={1}and 3 =K; =0.
2. Aformulay is in strong normal fornif it has the form
v=\Va.
iel
where eachy is in unary strong normal form. A formul@ is in unary strong normal forrif it is
T orit has the form

o= A@)an A b,

jed beA

where everyp; is in unary strong normal form and evegy is in strong normal form.

We note that any unary strong normal form different frdncan equivalently be written as

o= /N@jar \blV .

jed beAl  keKp

where everyy, and everng are in unary strong normal form, thus avoiding the introurcof strong
normal forms.

Remark 2 It is not hard to see that each unary strong normal form isisterg. See also Theorem 2 to
follow.

Clearly the characteristic formulae of processes are imyusttong normal form. Therefore, by
Lemma 3, it is a necessary condition for a formula to be regmble by a single process that it has an
equivalent unary strong normal form. We will show that tkigiso a sufficient condition for this to hold
for any consistent formula.
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Theorem 2 A unary strong normal form
o= N\@)an A\ v
jed beAl  keKy
is represented by the process defined recursively by

0(p) = Zaj~9<fm+z bO(W), ifo#T
Je

beA keKp
8(T) = w

In particular ¢ is the characteristic formula fo8(¢) (up to logical equivalence). Note that even if
in the formal expression above there is a summand for eaetilly only those b’s such thaty<£ 0 will
finally appear as summands 6fg).

Proof. First we prove thaB(@) = @ by induction on the modal depth @f. If ¢ = T we have that
obviously 8(¢) = w = ¢ = T. For the inductive step first we note thtp) N O(q;) forall j e J.

By induction, 6(@) = @. Next assume thai (@) o, p for someb € A' and somep. We have that
p= 6(yf) for somek € Kp. By induction8(yf) = @ and thereforé () = Viex, Y-

Next we prove that if = ¢ then8(¢) <¢cq. Towards proving this claim, assume tlogt ¢. Again
we proceed by induction on the modal depthyof

First assume thel(¢p) 2 p' for somea € A" and process terrp’. Thena = a; for somej € J and

P =0(¢). Asql= ¢, we have thay N q for someq with o |= ¢;. By induction, 8(¢;) Sccd, as
required.
Now assume that LN d for someb € Al. Asq = ¢ we have thatf = wl‘j‘ for somek € K. Now

0(p) = 8(yk) and, by the induction hypothesis, we h@@yl) Sccd, as required.
This proves thatp is the characteristic formula fof(¢) and therefore, by Lemma 3, th&@(¢)
representsp. O

Next, we will show that any formula has an equivalent stroagmal form and therefore can always
be represented by a (possibly empty) finite set of procesteglerive this result we will use several
standard equivalences between formulae.

Lemma 4 The following statements hold.
1. AandV are associative, commutative and idempotent.
. Adistributes over/, andV distributes over.
LQVT =T,V L=, AT =@, andpN L= 1.
bT=T.
. [oleA by = [bl(pAY) forbe Al
. (@eVv(@y=(a)(pVvy)foracA.
Proof. The first three collections of equalities are straightfadivand well known, so we omit their
proofs.

o BT =T. We havep = [b]T iff p =T for all p LR p'. Therefore, the condition is satisfied

oA W N

b
wheneverp LN p/, and it is vacuously true whem/—.
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o [bjoA[bjy = [b(eA ). We havep = ([blo A [bly) iff p' = ¢ for all p—b> p andp’ = ¢ for all
p— . iff P |= (@A W) forall p-2 ol iff = [b](@A ).

o (A)@V (A= (a)(pV ). We havep = (a) @V (a) iff there existsp — p’ such thatp’ = ¢ or
there exist —=» p’ such thatp” |= i, that is, iff there exists some —>» pp such thatpy |= @ or
Pp = . This holds iffp |= (a) (@ V ¢). O

Lemma 5 Every formulap has an equivalent strong normal form with no larger modalttep

Proof. First we prove by induction on the modal depth, using 1-3 ohbre 4, thatp has an equivalent
normal form with the same modal depth. To prove the mainstaie we can therefore assume tipas
in normal form. We proceed by induction on the modal deptlig). The base casad(p) =0 (p= L
andg = T) follows immediately.
Next let us assume that o -
o=\/(\@)dn A bJuh).
il jej kekK;
By Lemma 4, using 4 and 5 and the standard laws described L& be rewritten into an equivalent

formula of the form o )

o=\ (A @)eA A blup)

iel je3 beA

wheremd(y})) < sup{md(y}) | k € Ki} (we note that some of the]yj,s may have the forrfo] T, which
is equivalent toT). Therefore, by the induction hypothesis, we may assunteq{rmd Y, are in strong
normal form. Next we use Lemma 4.6 to remove all the occugemV that are guarded bye), for
somea € A’ in each\j¢; (@) @}. The result for eachis of the formAj; (Vi <a'j>(pj!" ), where eaclzpj'"
is in a unary strong normal form. By repeated use of distifiyt the whole formula can be rewritten as

o=\ (A@asn Ao\ Byo)

reR s€§ beAl  teTy

where eaclo; and B,b" is a unary strong normal form. Finally we note that the openat described
above do not increase the modal depth.

Now we will relate our result to the one in Boudol and Larsevagper [4].
Definition 8 A formulag is primeif the following holds:

VoL@ EZL o< @V @ impliesp < @ or 9 < .
Theorem 3 A formulag can always be represented by a finite set of processes. Iteapbesented by
a single process if and only if it is consistent and prime.

Proof. By Lemma5,0= @ V...V @ where eachy, 1 <i <n, is in unary strong normal form. By
Theorem 2¢ = x(p;) for somep; for each 1< i < n, and thereforep = x(p1) V...V x(pn). The first
statement now follows from Lemma 3.2.

Towards proving the second statement, first assumeghaty(p1) V...V x(pn) is prime. This
implies thatgp < x(pi) < @, for somei € {1,...,n}, which in turn implies thatp = x(pi).

Next assume thap is represented by some procgssr equivalently thatp = x(p). Now assume
thatx(p) < @ VvV @. As p = x(p), this implies thatp = @ Vv @ or equivalently that eithep = ¢ or
p E @. Without loss of generality, we can assume that ¢. Now assume that= x(p). Thenp Sccr
and by Theorem 1 this implies that= ¢. Sincer was arbitrary, this proves thgt= x(p) < ¢. Hence
@ is prime, which was to be shown. m]
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5 Considering bivariant actions

Originally [5, 6, 7], the theory of covariant-contravarizsemantics also considered bivariant actions in
AP so that we had a partition @finto {A", A', A’} (called the signature of the LTS), and the definition
of covariant-contravariant simulations imposed the felfgy two conditions:

e Forallac A" UAY and allp -2+ p/, there exists some — ¢ with p’ Rd.

e Forallac AlUAP and allg -2 ¢, there exists somp — p' with p’ Rd.

When we have in our signature bivariant actions we cannodigettly the graphical representation
results that we have presented in Section 4. This is so bedaariant actions cannot be under approx-
imated, as a consequence of the well known result that Béiityi is an equivalence relation and not a
plain preorder. In order to maintain our results we mandgtaeed that notion of approximation. We
obtain it by decomposing each bivariant actmimto a pair of actions, one covariara,, and another
contravarianta'. Technically, we define an embedding of the set of processasam arbitrary signature
A= {A",Al, AP} into that corresponding to a new signature- {A", A', 0}. The latter does not include
any bivariant action, and then we can apply to it our graphiepresentation results, that then can be
transfered to the original signature by means of the defingukbeding.

In [1] we presented transformations from LTSs to Modal Titgmrs Systems (MTSs), and vice versa,
named# and¥’, respectively. We proved that both preserve and reflectat@ri@nt-contravariant logic
and simulation preorder. Applying these two transfornmretiin a row we did not obtain the identity
function, but instead a transformatiafy = ¢ o.# that transforms an LTS with bivariant actions into
another LTS without them. Since composition preserves tioel goroperties o and.#, % also has
these properties.

Next we give a direct definition ofj.

Definition 9 Let T be an LTS with the signature=A{A", A", AP'}. The LTS%(T) with signatureA =
{A" A 0}, whereA" = {d" |d € A UA} andA' = {d' | d € A" UA UA"}, is constructed as follows:

e The set of states afp(T) is the same as the one of T plus a new state u.
|
e For each transition pi> p'in T , add a transition pd—> pin %(T).
o For each transition p-% p/ in T with d e A" UAY, add a transition p%s p in Zp(T).

| |
e For each ac A" and state p, add the transition-§—> uto %(T), as well as transitions u u,
for each action d= A.

Note that eaclt € A’ is “encoded” by means of a pair of new actiofes,c'). Moreover, as a
consequence of the general definition.#f, for eacha € A", together witha', which is its “natural”
encoding an additiona € A', coupled with it, is introduced. Finally, the behaviour bét‘extra” state
uis defined byw.

Based on this transformation, we have designed a directdarg@f LTSs over a signaturd =
{AT, Al AP} by means of LTSs over an adequate signafuse {A", Al 0}. As above, for each € A% in
the original signature, we introduce a pair of (new) actj@ssthe following definition makes precise.

Definition 10 Let T be an LTS with signature A {A", A', A%} The LTS7(T), with signatureA =
{A", A 0}, whereA" = AU {c" | ce A} andA' = A'U{c' | c € AP}, is constructed as follows:

e The set of states o (T) is the same as that of T.
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I I

a,c.b
Figure 1: The original transformation of a LTS with bivariaetions into another
without them, assuming’ = {a}, A' = {b} andA® = {c}.

e All the transitions from T with label inAJA' are in 7 (T).

o For each transition p-%+ p' in T with ce AY', we add p-= p and pi> p to 7 (T).

11

The transformation above produces an LTS without bivarétions more closely related to the
original covariant-contravariant LTS than that producgdZs (compare Figure 2 with Figure 1). Note

that the class of LTSs with signatufethat satisfy thap LN p'if and only if p L‘> p, forall p,p’ €P,

and allc € A”': is exactly the class of processes that are the representitsome LTS with signatura.
To translate modal formulae we have just to adopt the rigtdatity for each action, as the following

definition makes precise.

Definition 11 Let us extend” to translate modal formulae over the modal logic for LTS o&énto
modal formulae over the modal logic for LTS overas follows:

o« T(L)=1.

T(M)=T.

TOAY) =T (9)NT(Y).
Tvy)=T()VT ).
T{(a)p)=(a).7(¢9),ifacA.
T{o)d) = ()T (), ifcec APl

T ([0)¢) = [b].7(9),ifbeA.
Z([de) =[c]7(¢), if c € AV,
a b 7 a
X \'% z -7 X v 7
¢ ¢.d

Figure 2: The new transformatiof (T) of an LTS with bivariant actions into an-
other without them, assuminl = {a}, A' = {b} andA® = {c}.

In order to show that7 preserves and reflects the cc-simulation preorder, we c@mp4T ) with
5(T) and we prove a more general result.
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Definition 12 Given a signaturgA", A',0} and ¢ € A we define the transformatioff;" as that which
given an LTS T with that signature adds a new state u whosevimlhras that defined by, and a new
transition labelled by cfrom each state of T to u.

Proposition 1 ycr preserves and reflects the cc-simulation preorder whenieghjpb a system that does
not contain any ktransition.

Proof. We will see thaR s a cc-simulation if if and only ifRU{(u,u)} is a cc-simulation inZj* (T).
The result is immediate by simply observing that éeiransitions, witha # ¢, the leaving of any state

p with p # u are exactly the same ih and %* (T), while for any such state we always havei> uin
THT).o
d

Corollary 1 Let T be an LTS with signaturg’, A', A°}. Then, for any two states p and q of T, we
have p<ccqin .7 (T) if and only if pSceq in Zo(T).

Proof. Note that7 (T) is a {A",A,0}-LTS, while Z5(T) is an {A", Al 0}-LTS, whereA’ = {a |ac
A'UAPY andA' = Alu{a |a€ A'}. This means that we can also s&&T) as an{A", Al 0}-LTS if

we rename each € A’ into the corresponding’ € A'. Then, we can apply?a,+ for eachac A" in a
row, thus getting a transformed systefit (T). All along these applications we are under the hypothesis
of Proposition 1. Moreover, the only differences betwe®n (T) and J(T) are the collection ofl!-
transitions paired with tha'-transitions inT, with a € A". But since for any statp of .7 (T) we have

p 2, u, foralla € {a | a € A"}, we immediately conclude that the identity is a cc-simofatin both
directions (up-to the indicating renaming) between thtestaf.7 " (T) and those in%(T), from which
we finally obtain thap Sccqin 7 (T) iff p<Sccqin J(T). O

Corollary 2 Our transformation.7 preserves and reflects the cc-simulation preorder, thabiseach
LTS T and for all states p and g in T, it holds tha€g.q in T if, and only, if p<¢cqin 7(T).

Proof. We just need to combine Proposition 1 and Corollary1.

Proposition 2 .7 preserves and reflects the cc-logic, that is, for each LTS iy, state p and all
covariant-contravariant formulg in T, it holds that p= ¢ in T if, and only if, p= .7 (¢) in 7 (T).

Proof. We proved in [1] the corresponding result f6f and the transformatiorp which is defined on
logic formulae exactly as7, but renaming again eaehe A" into &'. From the definitions of7 and %
we immediately conclude that-transitions witha € A" do not play any role in the satisfaction of any
formula.7 (¢), and then the result follows from that proved in [d].

After the representation of a bivariant actiore AY as a pair(c’,c') with ¢ € A" andc € Al, we
have thatc' under-approximates, whereas” over-approximates. This means in particular that we
haved'0<¢. 0+ c0<cc'0 and, more generally¢'p <c.c p+c'q<ccq, for all processep and
g. Therefore, once we have separated the covariant and carignat characters of bivariant actions
we achieve a greater flexibility which allows us to consideori-balanced” processes where these two

characters do not go always together, thus producing ovkuader-approximations when needed.

Discussion It is interesting to compare our new transformatighwith the original transformation’,
from [1]. The first aims to obtain a representation over tignaiure{A", A' 0} that is as simple as
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possible, and this is why we do not introdugewhena € A". Instead, we can see the result of the
transformationZ, as a process in the “uniform” signatufe= {A", A' 0}, with A" = {a" |ac A" UA' U
AP andAl = {a |ae A"UAUAP. Itis true that the actionis” with b e A' do not appear it (T), but
even so we can consider af(T) as a process fok. Obviously, this is also the case f6F (T), where
the actionsa' with a € A" do not appear either. Botho(T) and.7 (T) were “good” representations of
T, as stated above, however it is clear that we do not Ha\& ) =cc .7 (T). Instead,7%(T) Sec 7 (T),
and in fact7(T) is the least process with respectgg., for the uniform signaturd that has the good
properties stated in the paper. Note that, insteadkansitions foib € Al do not need to be introduced at
all, since any addition of a covariant transitions produE€s-greater process.

Therefore, the original transformatio?y would be indeed the adequate one if we wanted to obtain
an embedding of the class of processes for any signaturéhateorresponding to the uniform signature
A defined above, where all the actions can be interpreted atfagiant and contravariant parts of the
actions in a sef.

To conclude the section we explore the set of systems for kynmmreA_: {K’,N,(I)}. Some of
them, but not all, are equivalent to the representation gstem for the original alphabét Whenever
that is not the case we would need to remove (or add) sometioasslabelled by the created actions
in {¢",c | c€ AP} in order to obtain a system that is equivalent to the reptatien of some process.
In the following proposition we give an algorithm for obtéig a system for the original signatuketo
which a given system for the signatukés equivalent, whenever such a system exists. To make p@ssib
a proof by (structural) induction, we will only present thesult for process terms ig’.

Proposition 3 Let A= {A", A, A%} be a signature and = {A", ', 0} be the associated signature with-
out bivariant actions. Let m € &7 be process terms fok such that q is the representation of some
process for the signature A. Let us assume that.pg. Then it is possible to transform p into the
representation g of some process term for A, simply by adding or removing secemsitions labelled
by actions in{c",c' | c € AP}

Proof. The proof is done by structural induction.
e If p=0orp= wwe can takepy = p.

e In the general case, we exploit the fact that wheneverA', if of Scc P thenap +ad =cc ap
(and dually, wherb € Al, b 4 bg = bq). This means that from any term férwe can remove
all the summandaq’ (resp. bp’) such thatap” is not a maximab-summand ofp’ with respect
to Scc (resp.bp’ is not a minimala-summand), obtaining &cc-equivalent process. So, we start
by removing all the non-maximal-summands witla € A", and all the non-minimatt-summands
with b € Al of any subterm op. By abuse of notation, we will still denote the obtained psby
p, and we still havep = g.

Now, for anya-summand ofp with a€ A", p= p' +ap’, there is some - ¢ with p’ <ccd"
But also, sincep = g, starting withg — ¢’ there must exist some— p” with ' <cc p”, but
thenp” <S¢ p”, and sincep” was maximal we can assume thgit = p”, and then we also have
p’ =c.d". The same is true for all tHesummands withh € Al, and this means that we can apply
the induction hypothesis to all the derivativesypof

Moreover, for eactap’ summand witha = ¢ we can add tg the summand'p’ and we obtain
p=c p+C p. Indeed, we have triviallp+ ¢ p’ <. p, and to prove thap <..p+c p’ we check

q<ccP+C p. We only need to see that for any transitipa- ¢' p/ <, p there is some <, q
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with o Sccp. We use again the maximality of the summani@d’ and we obtain, as above, that
there is some’q’ summand ofj with ¢ <ccp’. But sinceqwas the representation of some process
for A, it has also a summartiq as required above.

The obtained process has alreadycitandc' transitions, withc € AP, paired at its first level, and
then we simply need to apply the induction hypothesis to lemtecthe proofo

Remark 3 Although the proposition above assumes that the conside@zkss was equivalent to the
representation of some process AQrit is easy to use it as a decision algorithm to check thatemtgp
we apply the algorithm to the given procgssind check if the obtained procepsis =.c-equivalent to
it, if that is not the case thepis not equivalent to the representation of any process &osidnatured.

6 Conclusions and future work

In [1] we studied the relationships between the notion oheafient over modal transition systems, and
the notions of covariant-contravariant simulation andigkbisimulation over labelled transition sys-
tems. Here we have continued that work by looking for the breal” representation of the covariant-
contravariant modal formulae by means of terms, as it wae doifi3] for the case of modal transition
systems. For technical reasons, we had first to restricebwas to the case in which we have no bivari-
ant actions. Afterwards, we argued that the general casércaome sense, be “reduced” to the one we
dealt with in Section 4 by defining a semantic-preservingsf@armation between covariant-contravariant
systems with bivariant actions, and covariant-contravarsystems without them.

The idea was to separate each bivariant action into its @waand its contravariant parts. As a
matter of fact, we believe that this idea might be useful mdy dor obtaining theoretical results, as we
have done here, but also for applications. Most of the studieprocess algebras and their semantics
assume the bivariant behaviour of all the actions. It is tha¢ in some studies (see for example [13]) we
have a classification of actions, as we have also done in fLjrathis paper. But now we are proposing
to exploit the relationships between the different clasgesctions.

As future work, it would be interesting to obtain a direct id@erization of the formulae that are
graphically representable in a setting with bivariant@tdi Such a direct characterization will also pave
the way towards a more general theory of “graphical chariaeti#gons” of formulae in modal logics of
processes, of which the result by Boudol and Larsen and oerspecial cases.

Of course, one of the directions in which we plan to continue siudies is that related with the
logical characterization of the semantics, and in parictiie connections between logical formulae and
terms established by characteristic formulae and graphegeesentations. The combination of these
two frameworks is also an interesting challenge. In paldiciwe plan some extensions of the recent
work by Luttgen and Vogler [11, 12] to the case of covariamttcavariant systems.
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Abstract. Covariant-contravariant simulation and conformance simu-
lation are two generalizations of the simple notion of simulation which
aim at capturing the fact that it is not always the case that “the larger
the number of behaviors, the better”. Therefore, they can be considered
to be more adequate to express the fact that a system is a correct imple-
mentation of some specification. We have previously shown that these
two more elaborated notions fit well within the categorical framework
developed to study the notion of simulation in a generic way. Now we
show that their behaviors have also simple and natural logical charac-
terizations, though more elaborated than those for the plain simulation
semantics.

1 Introduction and Some Related Work

Simulations are a very natural way to compare systems modeled by labeled
transition systems or other related mechanisms based on describing the behavior
of states by means of the actions they can execute [12]. They aim at comparing
processes based on the simple premise “you are better if you can do as much
as me, and perhaps some additional new things”. This assumes that all the
executable actions are controlled by the user (hence, no difference between input
and output actions) and does not take into account that the system will choose
in an unpredictable internal way whenever it has several possibilities for the
execution of an action; thus, the more possibilities, the less control.

In order to cope with this situation one should consider adequate versions of
simulation where the meaning of actions and the idea of preferring processes that
are less non-deterministic are taken into account. This leads to two new notions of
simulation: covariant-contravariant simulation and conformance simulation, that
we roughly sketched in [6] and presented in detail in [7], where we proved that
they can be obtained as particular instances of the general notion of categorical
simulation developed by Hughes and Jacobs [9].

The first new notion is that of covariant-contravariant simulation, where the
alphabet of actions Act is partitioned into three disjoint sets Act, Act”, and
Act”. The intention is that simulations will treat the actions in Act’ like in the
ordinary case, they will interchange the roles of the related processes for those
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TESIS TIN2009-14321-C02-01 and PROMETIDOS S2009/TIC-1465.
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actions in Act”, and they will impose a symmetric condition (like that defining
bisimulation) for the actions in Act”. The second notion, conformance simula-
tion, captures the conformance relations [10] that several authors introduced in
order to formalize the notion of possible implementations.

After showing in [7] that they can be formalized as categorical simulations, in
this paper we present their logical characterizations. We expect that they will
contribute to clarify the meaning of the corresponding simulations, shedding
light on the properties that can be established when using these two frameworks
within a specification procedure.

Certainly, the distinction between input and output actions or similar classi-
fications is not meant to be new at all and, for instance, it was present in modal
transition systems as early as the end of the eighties. It also plays a central role
in I/O-automata [11] and, more recently, appears as component of several works
on interface automata [4], where the covariant-contravariant distinction is found
when the guarantees of the specification can only be assumed if the conditions
of the specification are satisfied.

Concerning conformance simulation, the first related references are also quite
old [10] and correspond to the notion of conformance testing, which is close to
failure semantics [13]. However, it is a bit surprising that in both cases there is
lack of a basic theory where these notions are presented in a simplified scenario,
stressing their main characteristics and properties.

Let us conclude this introduction by remarking that there is a large collection
of recent papers where notions close to those studied here are either developed
or applied. We regret not having the time or space to discuss, or even to cite,
many of them and just to give a hint we point out [1,2], where several references
to other preliminary works in those directions can be found.

2 Recalling Contravariant Simulations

We consider labeled transition systems (LTS) (P, A, —p), where - pC PXAx P,
to define the operational semantics of a family of processes p € P. We say that
the LTS is finitary when for each p € P and a € A we have |{p’ | p —= p'}| < oo.
We refer to [7] for a more extensive motivation of covariant-contravariant sim-
ulations; here we only comment on the case of input/output automata. To define
an adequate simulation notion for them we observe that the classic approach to
simulations is based on the definition of semantics for reactive systems, where
all the actions of the processes correspond to input actions that the user must
trigger. Instead, the situation is the opposite whenever we have explicit output
actions: it is the system that produces the actions and the user who is forced to
accept the produced output. Then, it is natural to conclude that in the simu-
lation framework we have to dualize the simulation condition when considering
output actions, and this is exactly what our anti-simulation relations do.

Definition 1. Given P = (P, A,—p) and Q = (Q, A, —q), two labeled transi-
tion systems for the alphabet A, and {A”, A, AY} a partition of this alphabet,
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a (A", AY)-simulation (or just a covariant-contravariant simulation) between
them is a relation S C P x Q such that for every pSq we have:

— foralla e A" U Abf and all p =25 p' there exists ¢ — ¢ with p'Sq’.
— for alla € AU AY, and all ¢ = ¢ there exists p —s p' with p'Sq’.

We will write p Sco q if there exists a covariant-contravariant simulation S
such that pSq.

Conformance simulations allow the extension of the set of actions offered by a
process, so that in particular a < a+b, but they also consider that a process can
be “improved” by reducing the nondeterminism in it, so that ap+aq < ap. In this
way we have again a kind of covariant-contravariant simulation, not driven by
the alphabet of actions executed by the processes but by their nondeterminism.

Definition 2. Given P = (P, A,—p) and Q = (Q, A, —q) two labeled transi-
tion systems for the alphabet A, a conformance simulation between them is
a relation R C P x Q such that whenever pRq, then:

— Foralla € A, if p -2, then ¢ = (this means, using the usual notation for
process algebras, that I(p) C 1(q)).

— For all a € A such that ¢ = ¢' and p -, there exists some p’ with p — p'
and p'Rq’.

We will write p Scs q if there exists a conformance simulation R such that pRq.

3 Logical Characterizations of the New Semantics

3.1 Covariant-Contravariant Simulations

The class Lg characterizing the simulation semantics is defined in [3] as that
containing tt, conjunctions A;.; @; (which can be just finite or binary if we only
want to characterize finitary process) and the existential operator (a)p, whose
semantics is defined by: p = (a)y if there exists some p’ such that p - p’ and
Y Ee

If we compare it with the Hennessy-Milner logic L [8], it can be noted that
the main diference is that negation is not present. Obviously, this must be the
case to capture a strict order that is not an equivalence relation, such as Sc¢c.
However, adding both the constant ff and the disjunction Vicr i does no harm,
thus obtaining Lg which also characterizes $g. Indeed, ff is just \/y s, while
disjunctions can be moved to the top of the expression because {(a)\,c; vi =
Vier{a)es, and p |= Vo, @i iff there exists some 4 € I such that p = ¢;.

The inspiration to obtain the logic characterizing <o comes from the fact
that if we only have contravariant actions, then Sco becomes §§1, and therefore
by negating all the formulas in £g we would obtain the desired characterization.
In particular, for the modal operator (a) we would obtain its dual form [a], whose
semantics is defined by: p |= [a]p if p' |= ¢ for all p' such that p — p'.

Then, in the presence of both covariant and contravariant actions, we need to
consider the existential operator (a) for a € A” U A% and the universal operator
[a] for @ € AU A% thus obtaining the following definition.
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Definition 3. Given an alphabet A, and {A7, A', A"} a partition of this al-
phabet, the class Loo of covariant-contravariant simulation formulas over A is
defined recursively by:

— tt and ff are in Loc.

— If I is a set and p; € Loo for alli € I then /\iel vi € Loco, \/iel wi € Loc.
— Ifp € Loc and a € A" U AY then (a)p € Loc.

— Ifo € Lco and a € AL U AY then [a)p € Loc.

The satisfaction relation = is defined recursively by:

- pEtt

- p):/\iez@i ifp':% foralliel.

— p=Vig i if p = i for some i € 1.

— p |= {a) if there exists some p' such that p — p' and p' = .

—pElae ifp' = @ for allp’ such that p - p'.

Let Scc(p) denote the class of covariant-contravariant simulation formulas sat-
isfied by the process p, that is, Scc(p) = {¢ € Loc | p E ¢}. We will write
p 2cc q if Scc(p) € Sce(q)-

The case of input/output transition systems is probably the clearest example
where the covariant-contravariant duality must be applied in order to capture
the appropriate simulation order. Input actions should have a covariant behavior
reflecting the fact that a reactive system is expected to be “better” whenever it
accepts a maximal set of requests; as a consequence, its logical characterization
can only capture liveness properties. Conversely, output actions should be con-
travariant: whenever we specify a system we expect to control its behavior as
much as possible, and outputs are generative, which means not controllable by
the user. This contravariant character is captured by the universal operator [a],
which is only able to define safety properties.

Therefore, the logic Lo includes formulas that simultaneously capture live-
ness and safety at a local level, depending on the character of the actions that
are used. This is not enough to adequately state all the requirements one could
possible need: certainly, after developing a myriad of different semantics for pro-
cesses [13,5], we would not expect that just by fiddling with one of the simplest,
the simulation semantics, we would have the definite answer to treat together
covariant and contravariant actions. We are also investigating the covariant-
contravariant version of other semantics but, in order to establish which are the
basic facts to take into account, it is clear to us that the case of plain simulation
is definitely a basic keystone.

Proposition 1. p <S¢ g <= p Zcc ¢.

Proof. We will first prove the implication from left to right. Assume that we have
pSq for some covariant-contravariant simulation S: we must show that for each
v € Lo, p = ¢ implies ¢ = . We proceed by structural induction over .
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— ¢ E tt, trivially.

— Let p = {(a)p with a € A" U A®. Then there is p’ such that p — p’ with
p' | ¢. Now, since pRq and a € A" U A® there must be a ¢’ such that
q % ¢’ with p’R¢’ and, by induction hypothesis, ¢’ = ¢, that is, ¢ = (a)e.

— Let p = [a]p. Then for all p’ such that p —— p’ we have p’ |= . Let ¢/ be
such that ¢ — ¢ then, since pSq and a € A'U A% there exists p’ such that
p —% p’ and p'S¢’. By induction hypothesis, since p’ |= ¢ then ¢’ |= ¢, that
is, q = [a]p.

— Let p E Ajcrwi- Then p = ¢; for all i € I, so by induction hypothesis

q =i for all i € I and then q |= \,; @i
— p E V,er ¢i- It is analogous to the previous case.

For the other implication let us assume that p <¢c¢ ¢ and show that <¢¢ is a
covariant-contravariant simulation. Let a € A" U A" and p - p’; then there
exists ¢/ such that ¢ — ¢’ and p’ <cc ¢'. Otherwise, we have that for all ¢ —
¢, v Acc ¢, that is, we have formulas ¢, such that ¢y € Scc(p’) \ Sce(¢).
Now, taking ¢ = (a) A\, ¢q, we have p |= ¢ and, by hypothesis, also ¢ |= ¢.
That means that there exists some ¢} such that ¢ — ¢} with ¢} |= Ny #q- But
this cannot be the case since g = ¢ -

Now let a € A'U A% and ¢ %+ ¢/; similarly we must show that there exists
p' such that p —— p’ and p’ <cc ¢. By way of contradiction, if for all p — p/
we have p’ Acc ¢, there are formulas ¢, € Scc(p’) \ Sce(q’). Taking ¢ =
[a] V,, ¢p we have p = ¢ and then by hypothesis ¢ [~ ¢, but this cannot be
since ¢’ = g, for all p'. O

3.2 Conformance Simulations

Conformance simulation can be considered to be a variant of the covariant-
contravariant framework in which, instead of separating the actions in several
classes, we have a mixed uniform behavior for all the actions. This is brought
forward by the fact that if a process cannot execute a, then p <cs p + agq.
However, once we have a € I(p) the contravariant character shows since then
p+aq Scs p-

This mixed character of all the actions is now captured at the logical level
by a new modal operator a, whose semantics is defined by: p = ap if p =
and p' = ¢ for all p % p'. It is quite interesting to observe that we can
alternatively define a as “(a) A [a]”, since we have: p = ap < p | (a)p and
p E [a]p, which also reveals the mixed intended nature of all the actions in the
conformance framework.

Definition 4. The class Los of conformance simulation formulas over A is
defined recursively by:

—tte Les.
— If I is a set and ; € Log for alli € T then /\iel wi, € Los, Viel wi € Los-
— Ifp € Les and a € A then ap € Los.
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The corresponding satisfaction relation = is defined recursively by:

p Ett.

_p):/\ie[‘ﬂi if pE wi for alliel.
—PpEViervi if p = i for some i€ 1.
—plEapifp - andp = ¢ for allp - p'.

Let Scs(p) denote the class of conformance simulation formulas satisfied by the
process p, that is, Scs(p) = {p € Los | p E ¢}. We will write p <¢s q if
Scs(p) € Ses(q)-

One now expects that the liveness and safety requirements will be captured si-
multaneously and this is indeed the case since from p = ap we know both that
p is able to execute a and that, after executing it in any possible way, ¢ will be
satisfied. Therefore, conformance simulation proves to be quite a reasonable se-
mantics whenever we do not want to distinguish between reactive and generative
actions, as discussed in the previous section.

Proposition 2. p <¢g ¢ < p =<¢s q.

Proof. We first prove the implication from left to right. Assume that we have
pRq for some conformance simulation R: we must show that for each ¢ € Lo,
p = ¢ implies ¢ = . The proof will follow by structural induction over ¢, the
case for tt being trivial.

— Let p |= ag. Then, for all p —%+ p’ we have p’ = ¢ and there exists at least
one such p’. Since pRq also ¢ —, and it remains to prove that ¢’ = ¢ for
all successors ¢ —s ¢'. Let g}, be such that ¢ LN q)- Again, since pRq and
p —%, for each ¢ % ¢’ there exists some p —= p’ such that p’Rq’. So, for ¢}
there exists p{, such that p{Rq} and, since pj, | ¢, by induction hypothesis
also ¢{ = ¢. Thus ¢ = ap.

— Let p E Ajcrwi- Then p = ¢; for all i € I, so by induction hypothesis

q @i foralli eI and then ¢ = A;c; @i
— pF V,er @i It is analogous to the previous case.

For the other implication, let us assume that p <¢g ¢: we show that <¢gg is
a conformance simulation. First, if p —% then, since Scs(p) C Scs(g) and
p k= att, also ¢ = att and hence ¢ —%. Now, let ¢ —— ¢ and p —%. Let us
see that there exists some p’ such that p —— p’ and p’ <¢s ¢'. By way of
contradiction, if p’ Acs ¢ for all such p’, then for each p’ there is a formula
op € Scs(p') \ Scs(q')- Let ¢ =aV,, ¢p. It is easy to see that p |= ¢: indeed,
for each p’ such that p % p’, p’ = ¢,r. Since p <cs ¢, it must also be the case
that ¢ = ¢, that is, for each ¢” such that ¢ - ¢”, ¢ = V, ¢ps but ¢ = q
and ¢’ [= o, for any p’, contradicting the fact that ¢ = ¢. O
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4 Some Examples and a Short Discussion

We will start by illustrating the behavior of covariant-contravariant simulations
in the case in which we distinguish between input (reactive) and output (gener-
ative) actions. Consider the following expending machines:

onecoke : coin — coke — 0
cokeorlemonade : coin — ((coke — 0) + (lemonade — 0))

The classical approach would consider onecoke <g cokeorlemonade. However, if
the drinks are provided by the machine in an autonomous way then they should
be formalized as outputs, which leads us to

cokeorlemonade <c¢ onecoke.

This is justified by the fact that choices between generative actions become
internal and therefore generate (undesired) non-deterministic behavior.

At the logical level the difference between the two processes above can be
brought forward by means of the formula (coin) [lemonade] ff, which onecoke
satisfies but cokeorlemonade does not. It could be thought that the process
cokeorlemonade is being punished for offering lemonade besides coke, but this
would be an incorrect interpretation because it follows the classical reactive ap-
proach where simultaneous offers mean “the user makes his choice”; instead,
when outputs are generative it is the machine that chooses. As a consequence,
from cokeorlemonade [~ (coin)[lemonade] ff we implicitly infer that it could be
the case that after inserting a coin we did not get our favorite drink (Coke).

Let us now show the differences between covariant-contravariant and confor-
mance simulations. First, at the formal level, the fact that the modal operator a
can be defined as “(a) A[a]” does not mean that these two basic modal operators
can appear separately in a formula characterizing <cs. Obviously this cannot
be the case since separated (a) operators characterize plain simulation, and for
the process choice coke lemonade: (coin — coke — 0) + (coin — lemonade — 0)
we have

choice coke lemonade |= (coin)(lemonade)tt onecoke [~ (coin)(lemonade)tt

but choice coke lemonade <S¢ onecoke.

Now, if we consider de universal operator [a], its weakness when used alone
arises when it is trivially satisfied. For instance, we have 0 = [coin] ff but
onecoke £ [coin] ff and 0 Scs onecoke.

One could infer that conformance simulation is the definitive solution to cap-
ture all the natural requirements in an specification. Certainly, it combines co-
variant and contravariant aspects in a very balanced way, but the fact that it
treats all the actions uniformly makes it impossible to capture the difference
between input and output actions. In particular: onecoke Scg cokeorlemonade
but we have already discussed that when outputs are generative, choices always
generate non-deterministic behaviors that <cg is not punishing at all.
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On the other hand, choices between equal actions are also considered “harm-
ful” by the conformance semantics so that if p Scg ¢ then ap =¢s ap + ag. This
is sometimes a too pessimistic approach, which we can illustrate by the following
slot machine specification:

slot machine : (coin — souvenir — 0)+ (coin — ((million$ — 0) 4 (souvenir — 0)))
which becomes conformance simulation equivalent to the pluff machine
pluff machine : coin — souvenir — 0

In this case the possible return of the big pot is not taken into account at all.
Obviously, the solution comes from choosing in each case the adequate semantics
to capture accurately the desired behaviors. The bad news is that we need to
study many diferent semantics; the good news for us is...the same!, since we
are already working on them
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Covariant-contravariant simulation and conformance in generalize plain simulation and try
to capture the fact that it is not always the case that “thgelathe number of behaviors, the better”.
We have previously studied their logical characterizatiand in this paper we present the axiomati-
zations of the preorders defined by the new simulation meiatand their induced equivalences. The
interest of our results lies in the fact that the axiomaitmet help us to know the new simulations
better, understanding in particular the role of the corarant characteristics and their interplay with
the covariant ones; moreover, the axiomatizations provgieith a powerful tool to (algebraically)
prove results of the corresponding semantics. But we alsgider our results interesting from a
metatheoretical point of view: the fact that the covarieottravariant simulation equivalence is in-
deed ground axiomatizable when there is no action that @slibth a covariant and a contravariant
behaviour, but becomes non-axiomatizable whenever wetbge¢her actions of that kind and either
covariant or contravariant actions, offers us a new sulstieple of the narrow border separating ax-
iomatizable and non-axiomatizable semantics. We expeattih studying these examples we will
be able to develop a general theory separating axiomatizadal non-axiomatizable semantics.

1 Introduction and some related work

Simulations are a very natural way to compare systems defipddbeled transition systems or other
related mechanisms based on describing the behavior egdtgtmeans of the actions they can execute
[19]. They aim at comparing processes based on the simpirigge’you are better if you can do as
much as me, and perhaps some other new things”. This asstateslltthe executable actions are
controlled by the user (no difference between input anduiwptions) and does not take into account
that whenever the system has several possibilities for xeeution of an action it will choose in an
unpredictable internal way, so that more possibilities msdass control.

In order to cope with these limitations one should considiEgaate versions of simulation where
the characteristics of actions and the idea of preferriracgsses that are less non-deterministic are
taken into account. This leads to two new notions of simaitaticovariant-contravariant simulation
and conformance simulation that we roughly sketched in §@] presented in detail in [12], where we
proved that they can be presented as particular instandég general notion of categorical simulation
developed by Hughes and Jacobs [14].

Certainly, the distinction between input and output actionsimilar classifications is not meant to
be new at all and, for instance, they were present in modasitian systems as early as the end of the
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eighties. They also play a central role in I/O-automata |8 more recently appear as component of
several works on interface automata [7, 15], where one fimelsdvariant-contravariant distinction when
the guarantees of the specification can only be assumeddbtiditions of the specification are satisfied.

Concerning conformance simulation, the first related esfees are also quite old [17, 21], corre-
sponding to the notion of conformance testing, which iselusfailure semantics [4]. However, it is a
bit surprising that in both cases we lack a basic theory wiierse notions are presented in a simplified
scenario, stressing their main characteristics and piieperWe think that the theory of semantics for
processes, and particularly the simulation semantics,pierect field in which to develop that basic
theory. This has been already proved in [12], where our newilsition semantics were shown to be
categorical simulations, thus inheriting all their goodgerties for free.

In [11] we have also briefly presented the logical charazations of the two semantics. Now that we
already know quite well the behaviour of the two new notiohsimulation we can give their algebraic
presentation. By the way, although in our previous workshenunified study of process semantics the
(classical) covariant character of all the actions hadrs¢umportant consequences, mainly represented
by the extremely simple and easy to apply basic axiom for kifimn (S) x C x+y (or equivalently, just
0Cy), we have been able to borrow from [9, 1, 8] several ideas tath@uaxiomatization of process
semantics that, although not directly applicable due tcspexial characteristics of the new semantics,
can be adequately adapted.

However, not all of the simple and nice results for the algettheory of plain (covariant) simulation
can be extended to the general covariant-contravariaet t@particular, in order to obtain the maximal
genericity, when we defined covariant-contravariant satiohs in [12] we admitted not only both co-
variant and contravariant actions, but also other actiditis avbivariant nature. This decision was taken
because when presenting a general theory of categoricalations in [14], J. Hughes and B. Jacobs
already noticed that bisimulation was a particular (in fagtial) example of simulation semantics. It
was also clear that inverse simulation (namely, contram&isimulation) was also another example, and
then we were able to prove that our general covariant-caantient simulation was another categorical
simulation that smoothly combines bisimulation, plain@gant) simulation and inverse (contravariant)
simulation.

Obviously, plain bisimulation has a simple axiomatizatiasis the case for plain simulation; we will
see in this paper that the preorder defined by our covar@mtavariant simulation can also be finitely
axiomatized. When we considered the induced equivaleneéound indeed a finite axiomatization for
the case in which there are no bivariant actions (actiortscrabe considered as both input and output)
in our alphabet. The axiomatization and its completenessfwere obtained by adapting the general
techniques in [8, 9] for the covariant case to our more gérerariant-contravariant scenario. However,
as soon as a single bivariant action is introduced, and st ¢eee non-bivariant one is also present, then
the equational theory of covariant-contravariant simotaéquivalence becomes non-finitely axiomatiz-
able, and in fact the proof of this result is extraordinasigple.

Even if this is a negative result, we think that it will couite to enlight the narrow border separating
axiomatizable and non-axiomatizable process theorieghamlue expect to continue exploring in the
future.

There is a large collection of recent papers where notioasecto those studied here are either
developed or applied; a detailed comparison will appeavdiere. However, we insist on the fact that
we were not able to find a basic study where the main resultsagsegs theory had been extended to a
framework containing any contravariant characterisétfjough it is true that some small contributions
along this direction can be found in some of these papers. l&¥etp develop a thorough compilation
of the works on this topic by isolating the places where ounftational study could help to understand




I. Fabregas, D. de Frutos Escrig & M. Palomino 3

the different developments, as well as looking for appiarat and new enhancements to our theory that
could be of use to relate all the disconnected work on the &mearn, we hope that this will also provide
us with some intuition to understand those results and pedew formal techniques to obtain proofs
of those, or other interesting results in the area. So, sinepgive a hint, a sample of those works would
include [2, 3, 16, 20].

2 Preliminaries

In this section we summarize some definitions and concepis f6, 12] and introduce the notation we
are going to use.
Let us recall our two new simulation notions:

Definition 1 Given P= (P,A,—p) and Q= (Q,A,—q), two labeled transition systems (LTS) for the
alphabet A, and{A",Al, AP} a partition of this alphabet, 4A",A')-simulation (or just a covariant-
contravariant simulation) between them is a relatiog 8 x Q such that for every pSq we have:

e Forallac A"UAY and all p—2+ p’ there exists g qf with p'Sd.
e Forallac A'UAY and all -2 ¢ there exists p2s p/ with p'Sd.

We will write p<cc q if there exists a covariant-contravariant simulation Slsthat pSq.

This definition combines the requirements of plain simaolatifor some of the actions, with those of
plain “anti-simulation”, for some of the remaining actigimposing both on so-called bivariant actions.

Definition 2 Given P= (P,A,—p) and Q= (Q,A, —q) two labeled transition systems for the alphabet
A, aconformance simulation between them is a relation R P x Q such that whenever pRq, then:

e ForallacA, if p—2+, then g-2+ (this means, using the usual notation for process algelthes,
[(p) € 1 (a).
e Forall a € Asuch that 2+ o and p—2+, there exists some with p—+ p’ and gRd.

We will write p<csq if there exists a conformance simulation R such that pRq.

The first clause of the definition guarantees Qatas at least all the behaviors Bf allowing to “im-
prove” a process by extending the set of actions it offerseredis the second clause establishes that a
process can be “improved” by reducing the nondeterminisit in
Let us recall that the s@CCSP(A)of basic processes for the alphalfeis defined by theBNF-
grammar
p:i=0[ap[p+p

wherea € A. The operational semantics for BCCSP terms is defined by

a / a /

ap-p L—P A=A

p+q—p pt+q9—4q

With these operators we can only define finite processes; \@wieis well known that these operators
capture the essence of any transition system, which canflreeddy a system of equations specifying
the behavior of each state. (The axioms for recursive psasesther interesting extensions including
the communication operators, and possibly some othergefafer future work.)
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3 Axiomatization of the new simulation preorders

In this section we present a finite axiomatization of the tweopders for basic finite processes induced
by our new kinds of simulation.

3.1 Covariant-contravariant semantics

We consider a partitiorﬁA’,A‘,Abi} of the alphabef, with actions that have either a covariant nature,
or contravariant, or both at the same time. Contravarianuksition ggl is just the inverse of plain
simulation and therefore can be trivially axiomatized byeirting the axiom for plain simulation

(S) XEx+y,
thus obtaining
(Y x+yCx

In order to produce an axiomatization of covariant-corgreant simulation we need to combine in
an adequate way these two axioms, by constraining eachmftihéhe case in which the added process
y only offers actions with the corresponding covariant ortcarariant character. Hence we obtain:

(S") I(y) SA" = xEx+y.
(™M) 1(y) CA = x+yLCx
We can omit the conditions in these two axioms by considefir@generic actions, € A" anda € A':
(Sh) XCx+ay.
(S x+ayCx

Note that actions irA® do not appear in the axioms above, although they could beded in the
processes instantiating the variableandy. This is an immediate consequence of the fact that their
behavior corresponds to that governed by bisimulationhabwe need not add any new axiom to those
capturing the bisimilarity relation:

(B1) X+y=y+x
(B2) (x+y)+z=x+(y+2.
(Bs)
(Ba) x+0=x
We will use these axioms implicitly in the remainder of thaper.

X+X=X

Proposition 1 The (A", A')-simulation preorder can be axiomatically defined by meahthe set of
axioms{B1, B2, B3, B4,S},Sp}

Proof. First we prove that the axion(s},) and(S'p) are sound for théA", A')-similarity relation<cc.
Indeed:

e Forallac A" UAY if x —25 X thenx+ary — X andx’ <cc X.

e Forallac A'UAY if x+ay — X, thenx — X andx <cc X. Note thata # a; sinceA" N (A' U
APy = 0.

e Forallac A"UAY if x+ay - X thenx — X' andxX <cc X as above, because# a again.
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e Forallac AlUAP if x -2 X, thenx+ gy — X andx <cc X.
To prove completeness we consigetcc g and reason by structural induction pn

e If pis 0 thenl(g) C A", sincep cannot simulate any action il UA. Thenq = ¥ a,q, and we
can apply(Sp) to each summand in turn to get0g.

e Letusconsidep= (Y a-pr+3ap +3 app), distinguishing the summands pfvhich start with
actions in eitheA', A' or A”. We decompose in the same way to obtaig= (3 brg, + 3 big +
S bygp). Then:

— For everya, there existdy, with a, = by, such thatp, <cc g and, by induction hypothesis,
pr C . Theny a pr C 5 brqr. It could be the case that some summands by, are never
used to simulate any of the transitionsmfut then we can add all those summand by using
(Sp), to derivey a:pr C 3 bray.

— For the summands a p; andy byg we can argue in exactly the same way, but starting with
the righhand side and usir@@'p) instead of(Sp,), to conclude nov api C 3 big.

— Finally, using standard arguments for bisimulation, we eatablish a full correspondence
between the summangsa,p, andy byop, havinga, = by and py Scc b, and by induction
hypothesis we provg a,p, T 3 byap, thus concluding the proofts

3.2 Conformance semantics

Conformance simulation combines in a curious manner theiries of both ordinary (covariant) and
inverse (contravariant) simulation: the addition of neypatailities is always considered beneficial but,
when an action is already offered, new ways to execute itasgled since this leads to a more non-
deterministic process.

To capture the first situation we need a variant of the axiihcharacterizing ordinary simulation:

(Scs) 1(p)NI(q) =0= pC p+aq.
For the latter, we instantiate the axiq$i*) obtaining
(Scd) (@) S1(p) = p+aC p,
which can be equivalently stated as
(Scsp) ap+agCap.

There is, however, an important drawback: conformance laition is not a precongruence because
it is not always preserved by. Indeed, OScsab andac <csac, but notac <csab+ac. Fortunately,
to obtain a satisfactory algebraic treatment of the con&mrte order it is enough to consider the weak-
est precongruence contained in it, as is done for weak biation and the corresponding observation
congruence. Let us simply replace the axi8gs) by its guarded version

(Scsg) H(p)NI(0) =0=apCa(p+q).
Definition 3 We define the conformance precongruence relati@ﬂgq by

p<8sa <= (p<csaandi(p) 21(q)).
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Note that the conditiori(p) 2 1(q) is not imposed recursively but just on the initial stateshef t
processes, which corresponds to the fact that the (oncefiemiaxiom(Scsg) becomes sound for the
classical substitution calculus, in order to charactettiseconformance precongruensgs,

Proposition 2 If the set of actions A is infinite, then the precongruencatieh <gs is the coarsest
precongruence contained fcs.

Proof. Obviously, we havcfgsg <cs If there were a larger precongruence, there would gxistd

b
gwith p Scsqbutl(g) £ I(p): then, takinga € 1(g) \ I(p) andb € A such thatg 7/a—> we would have
ab+ p Zcsab+ ¢ (sinceab Zcsq).

Finally, both the prefix operator ang preserveggs:

olfp <CS a, thenap <& aqsincel (ap) = I (aq) = {a}, and foraq - q we haveap -2+ p with
p <c5q

o If p<lsa, thenap+r <Psaqg+r sincel (ap+r) = I(aq+r) =I(r )u{a} and forag+r 25 q
we haveap+r LI p with p ~csq and, wheneveaq+r s v with r -2 r’, we trivially have

ap+r>r.0

Proposition 3 The set of axioms#s = {B1,B2,Bs, B4,Scsg,5<§ép} is complete for the conformance
precongruence relatiorgSg

Proof. We show by induction on the depth pfthat, whenevep <gsq (resp. bp 583 bq), we have
cst- pC g (resp.acst-bp C ba).

* If0 <85, then alsag = 0 and OC 0 using(Scs,)-

e If b0 <25 bg, then we can applyScsg) with p= 0.

Let us now considep = ¢ (p) @ Pij andg= 3 5 (q) & Gik-

e If p<Bsqtheni(p) =1(q) andp <csq, so for eachyy there is somep;j with pij Scs ik and
therefore we can apply the second induction hypothesisrtolade thas; pij T &qik. It is possible
that some summands; will be paired with nogi in the step above, but then we can apply the
axiom (Sgép) to them to conclude the proof.

Assume thaprCS ba. If I(p) =1(q) then we also have <gsq and this corresponds to the
situation above. However, in this case we could hey@ C 1(q); thenq=d +r, with r the
summands ;. ¢y q)\i(p) @ik, 1 (P) = I(q) andp<gsq and hencep C . Now, we conclude the
proof by applymg the axioniScsg) to ¢ andr. O

4 Axiomatization of the new simulation equivalences

Next we discuss the axiomatizability of the equivalencesiged by covariant-contravariant and confor-
mance simulations, obtaining a finite axiomatization fa ktter, and also for the first, but only when
the setA? of bivariant actions is empty. Instead, we also presentrtiossibility result proving that
covariant-contravariant simulation is not axiomatizablee haveAP - 0 andA" UA' # 0.




I. Fabregas, D. de Frutos Escrig & M. Palomino 7

4.1 Covariant-contravariant simulation

Let us first consider the case in whi¢h = 0. In order to axiomatize the equivaleneé'C induced by
(A’,A')-simulation we apply the general procedure introduced i1 [8], based on the characterization

P=sp+q<=q<sp.
Thus we obtain:
(S12)  ar(x+bry) = a(x+bry) +ax
(S24)  ax=ax+a (x+by).
Obviously, the characterization above becomes unsound edwravariant prefixes appear because the
pure contravariant simulation satisfies

q=g'p+a<=aqs<stp.
Therefore, we must reverse the inequalities above to oltt@iradequate axioms for contravariant pre-
fixes:
(S3)  ax=ax+a(x+by).
(S4) & (x+by) =a(x+by) +ax
Now we would expect the set of axiomg. = {B1,B2,B3,B4,51%,52% 3% 54"} to axiomatize
(A", Al)-simulation equivalence. Certainly, all the axioms in thés are sound; in order to prove com-

pleteness in the absence of actiéf§ we start by stating the following lemma that gives us twdulse
derived axioms.

Lemma 1 The following equalities are derivable:

{S12.92"} 1 a (x+pr) =& (x+pr) +a(x+p)  (DSIY)

(s34} Fa(x+p) =a(x+p)+alx+p)  (DS2)
where p (resp. p) denotes any process prefixed by actions'igrésp. A); more formally, p = Siel api
(resp. p= 7318/ P))-

Proof. We only show the case ¢DS1Y). We start by proving thad, (x+ pr) = a (X+ pr) +a-x by
induction over the sizd| of |.

o If |I| =0, the result is trivial.
e If [I| =1, we immediately obtain the result by applying the axisn’! ).
e For|l| > 1, we takel = I’U{i} with |I'| = [I| — 1. Note thata, (x+ pr) = & ((x+ p.) + & pi) S0

that, applying axion{S1%), we obtain
@ (X+ Pr) = a ((x-+ P}) + 8 Pi) +a (X+ Pf) = ar(x-+ pr) +a (x+ pf)-
Using the induction hypothesis with the teex(x+ p}) leads to
& (X+ Pr) = a (X+ pr) +a (X+ Pr) +ax,
and, reusing the equaligf (x+ pr) +a (X+ p;) = a-(x+ pr) above, we obtain
a (X4 pr) = a (X+pr) +arx @

as desired.
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Now, we can analogously prove the equality
aX=ax+a (X+p). (2
Replacinga;x in equation 1 by the righthand side of equation 2 produces
ar(X+ pr) = a (X+ pr) +arx+a (x+pr)
and, applying equation 1 again, we finally obtaibs1"):

a (X+pr) = ar (X+ pr) +ar (X+ pr).

For the main proof we have to adapt the classic techniquééocompleteness of the axiomatization
of the plain simulation semantic s q implies «/s+ q= p+ @), taking into account the difference
between covariant and contravariant actions. For techréeaons we need to consider a “free” arbitrary
termr.

Proposition 4 If p <cc q then, for all processes r:
decha(g+r) =a(q+r)+a(p+r)

and
decka(p+r)=a(p+r)+a(g+r).

Proof. We proceed by induction on the depthpfWe start by decomposing bothandq as follows:
P=p+ P, q=0 +0, wherepr = Fici, api, B = Tici, &P, & = Ticl, &0 anda = Fici, G-
Then, it is clear that the depths of boph and p are less or equal than the depthpéand besides we
havep Sccq <= pr Scc O AP Scc -

Next, let us considep; <cc ¢: this is an instance of the hypothesis of the statement teeprohich
corresponds to the particular case in whi¢h) U1 (g) C Ar. Then, we need to prove both

etk a(g+r)=a(q+r)+a(p+r)

and
dicha(p+r)=a(p+r)+a(q+r).

Let us consider in detail the second statement.

o If p=0, it follows thate/s- - ar =ar+a(g+r) by an application of the equatigS2"), with
p=0,x=r, andp; = q.

o If p=7Siqdp andq= Sic;a pl, from p <cc q it follows, without loss of generality, thadtC
J=1UJ and then we takd = | UJ’ with J’ chosen such thal N1 = 0, with p/ <cc q for all
i € 1. Now, by induction hypothesis# - al o = &l d +al p[. Next we obtaing/is - Siq alo) =
Siel ai,qi’ + p and hence, by adding;cy aiqi’ to both sides,&7S: - q = q-+ p, by congruence, we
havessc - q+r=q+ p+r. Now, by applying(DS2) with x= p+r, p =0, andp; = g, we
obtaine/c-a(p+r) =a(p+r)+a(p+r+q) which, combined with the previous equation,
finally leads tae/ - a (p+r1) =& (p+r1) +a(q+r).
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The first statement above is proved in a similar way, and tles anising fromp, < g can be dealt
with analogously.
To conclude, we consider the general cps€cc 0. By applying the results obtained above, starting
from bothpr <cc g andp; <cc q, we have
ek a(gr+1) =ar (o +r)+a(pr +r)

and
et a(a+r)=a(aq+r)+a(p+r).

In particular, making equal tog, +r’ in the first equality:
deeha (@ +a+r)=a(g+a+r)+a(p+a+r).

(It is at this point that the “free” variable in the statement is needed, so as to be able to proceed by
instantiating it in a suitable manner). Now, instantiatingith p; +r’ in the second derived equation:

decta(pr+a+r)=a(p+a+r)+a(p+p+r).
If we now combine the last two equations we can obtain
ek a(@+a+r)=a(g+a+r)+a(p+p+r),
and, since’ is arbitrary, we finally get
ek a(@+r) =a(q+r)+a(p+r).
We can proceed in a similar way fey, thus obtaining
decta(p+r)=a(p+r)+a(g+r).
And this concludes the proaf]

The main theorem is now at hand.

Theorem 1 Whenever A= A" UA!, the set of axiomsyZ; = {B1,B2,B3, B4,51'E=',S2;' ,532, 542} is
complete for(A", A')-simulation equivalence.

Proof. Let p=cc g: we need to proves: - p = qg. The proof will follow by induction on the depth of
p.
o If p=0 we obviously have = 0.
o Letp="Tiqap +3jcdpl andg=Ficy dd + T jeya/q. Then,
— for eachi € |, there exists somiéc I’ with al = &’ andpl <cc df, and
— for eachi’ e I there exists somé e | with & = &" andq) <cc i
Obviously, it could be the case thag i”. Then, we could repeat the same argument with i”,
and withi, =i/, ..., to obtain a sequendgiy,iz,...). Since|l| < e, eventually we will find
im=in and, hence,
— for eachi e | we obtaini’ € 1’ andi” € | such thag} =& =&, pl <ccqf andpl’ =ccqf.
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Of course, we can repeat the same reasoning startingieth' as well as for the contravariant
summands in a dual way, to obtain the following decompagitio

p=Yap+ Yy dn+ y apl+ y g’
g ' ke ' K'ek’ mg\/\ !

and,
A= ad+ 3 ad+ 5 adds 3 ard
i’el’ ke KeK’ meM’
where:
— foralli eI, there existk € K such thag} = ak andpl <cc p¥; and
— forall me M, there exist&' € K’ such thag]" = af' andpf <cc p[™; and
— foralli’ € I, there existk € K such tha] = a¥ andq <cc d¥; and
— for all m € M/, there exist& € K’ such thag]" = & andg <cc g™ and
— forallk e K, pk=cc of; and
— forallK e K’, p¥ =cc qf.
Then we can apply the induction hypothesis to any pglirg) and also to any paifpl,d). To

conclude the proof we only need to apply Proposition 4, @kie= 0, to any such pairép}, pk)
and(p,”, p"), and analogously for the componentsyofa

The addition of bivariant actions (assuming that there bsady other actions present) changes the
picture completely. Now, it is no longer possible to axiomathe equivalence.

Theorem 2 If AP £ 0 and AUA' # 0, then(A", A')-simulation equivalence is not finitely axiomatizable.

Proof. Let us takeay,; € A% and, without loss of generalitg, € A". We consider the two families of
processes
pn=aaya0 and on=aaga0+aa;0,

where, as usual, we denote bf (with n > 0) the repeated application of the prefix operagr(n
times).

It is easy to check that, =cc gn. On the one handy, <cc an trivially; on the other hand, checking
thatgn Scc pn Simply amounts to checking that@-c a. (However, note that taking,, = af;a,0 and
O, = aa,0+ ap;0 does not lead tp; =cc d, ; indeed,p, Zcc g, because if we start with the firag;
from the second summand qf thenaﬂ(lao ZLee a{')i’lo.) Now, for any finite axiomatization?, let n
be bigger than the depth of any term appearingzZinwe are going to show that i/ is sound for=cc
then we cannot have’ - p, = gn.

We will show that if we start withp, and obtain a sequence of equivalent tepps= pi = P2 =...,
where each term is obtained from the previous one by an apiplic of a single axiom in, then no
ph can beq,. If we apply an axiom tqp, in a position different from its root, then we are transfanqi
a subprocesg’ = ajja;0, with m < n, into some equivalent procegs=cc p'. If we defineq | mas the
process obtained by “pruningj at depthm, the result will be bisimilar t@}0, sinceq cannot execute
any other action until it executes the predix mtimes and, moreover, it cannot stop in the meantime. Ina
similar way, fromg =cc p’ we also infer thaj | (m+1) ~ p'J. (m+ 1) and then the obtaineg: satisfies
pi | (n42) ~ pn. The same argument can be applied starting fromprsuch thatph | (N-+2) ~ pn,
so that this invariant is preserved as long as there is nacapiph of an axiom ine/ at the root of any
ph
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Therefore, the only possible way to break this invariangt thbviously is not satisfied b, is
to apply an axiom frome at the root of someph. In that case, the lefthand side of such an axiom
would match several prefixes of the procega];0 and then, following [13], it is easy to see that the
corresponding axiom has to be correct under bisimulation, tAs a consequence, the proceds,
resulting after the application of the axiom also satisﬁﬁ;sl 1 (n+2) ~ pn. Therefore by repeated
application of the axioms in7 we will never reach a term such gg thus concluding' ¥ p, = g. O

Note that the proof would remain valid even if we allowed dtindal axioms whose conditions only
observed the process locally, since the key fact in the pabofre is that in order to generate the choice
at g, we need to “see from the top” that the two branches below, éwifferent from each other, can
be joined to obtain a process equivalentpto But the branches cannot be joined bottom up, in a step
by step fashion, sincp, #cc d,. Therefore, a conditional axiomatization whose condgiobserve the
processes locally would suffer the same problems as a pegelgtional one.

4.2 Conformance simulation

As before, we start by applying to the axioms characterizﬁ&the general procedure presented in
[9, 1, 8]. In this case we obtain the following two axioms:

(S5 1(p)NI(g) =0=ap=ap+a(p+0).
(S=°%) 1(a) C1(p) = a(p+q) =a(p+q)+ap.

Note that we have used the contravariant version of the dumeebecause once we compare two
processes offering the same set of actions the behavigfgfs contravariant since we have

ap>isap+aq.

Therefore, we cannot apply the general results in [9, 8] tw@ithe completeness of the proposed ax-
iomatization. However, a beautiful variant of the claskspraof for plain simulation will do the job.

Theorem 3 The set of axioms/sg = {B1,B2,B3,Ba4, S&S,Sgl‘cs} is a complete axiomatization for the
simulation equivalencescs.

Proof. First note thatp =csq implies| (p) = 1(q) and p =g q, and therefore we can use eithegs or
zgs, indistinctly. Itis also routine to check the correctnebthe axioms for=cs. To prove completeness,
we show thatp ggsq implies /S5 p = p+ . Obviously, then we are done becaysecsq implies
p <sqandq s p.

We proceed by induction on the depthpf

e p=_0impliesq= 0 trivially.

o Letp<Bsqwith p—2+. Then we also havg -2+ and for allg’ with g -2+ ¢ there existp = p/
such thatp’ <csq'. Note that we cannot concluge <8< d since it is possible thd(p') ¢ 1(q),
but then we can writef = g’ +r with [ (¢) = 1(p') andI (r)N1(q") = 0. Itis clear tha’ <",
so that by induction hypothesis we obtaigg- p' = p'+q". Then, we havezSg-ap = a(p' +
) and applying(S="©%), #&F ap =a(p' +¢") +aq’, and thenz/H ap = ap +aq’. Now,
by applying(S£%) we havewgk ad’ = ad’ +a(q” +r), to conclude that/H ap = ap +aq
and thereforez - p=p+q. O
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Note that(S;l'CS) is the axiom characterizing the ready simulation equivaerfrom which we
conclude that=gs C =cs. Obviously, the reverse inclusion is false sif&&5) is not sound for=gs
For instanceab =csab+a(b+c), buta(b+c) Zrsab. In fact, we also hava(b+ c) £sab, proving
that=cs ¢ =s. In order to obtain=grs from =cs we should strengthen the definition of the latter by
considering ready conformance simulations defined as ptaiformance simulations, but only allowing
pairs of processes satisfyingp) = 1(q). If we denote by<grcsthe generated preorder we have the
following result.

Proposition 5 Sres= Sga. and thereforesrcs= =rsand Szt € Scs

~

Since (S;l‘cs) is the axiom that defines ready simulation equivalence, ritlma presented in an
equivalent way avoiding the condition and thus obtainingueepalgebraic axiom. However, it is not
clear whether axioniSES) allows such a finite pure algebraic presentation, and intfecsame happens
with the axiom(Scs) in the axiomatization of the conformance preorder. Heriamuld be the case that
both the conformance preorder and the induced equivalercaa finitely axiomatizable using pure
equational axioms, as is the case for ready trace semantics.

5 Conclusions

We have continued with the study of covariant-contravargmulation and conformance simulation
semantics started in [12, 11] by considering the axiomttimeof the preorders and equivalences that
they define.

We have showed that the desired axiomatizations can benebtdfom that of the plain simula-
tion preorder, whose completeness proof can be adaptediinpdes but elegant manner to obtain the
completeness of the new axiomatizations. Also, by applgirggitable variation of our “ready to pre-
order” techniques [9] we have obtained the axiomatizatiohthe corresponding conformance simu-
lation equivalence. Surprisingly, we also succeeded ioraatizating the equivalence for covariant-
contravariant simulations but only in the particular casereAP = 0; otherwise, we proved that the
covariant-contravariant simulation equivalence hasedrout to be the second known example of a se-
mantics whose defining preorder can be finitely axiomatibedtlthe induced equivalence cannot. The
first example of such a borderline situation can be found Jnif5s curious to notice that although the
two semantics are completely different (the semantics Isegeite simple since it is a plain semantics,
while the one in [5] is much more complicated), and in our gaieclear that the difficulties stem from
the interference between bivariant and monovariant astitve structure of the considered “counterex-
amples” in both cases is essentially the same: there is achetweeen two quite long branches which
can be can joined into a single one, but this should be donesingde step because the choice cannot
be delayed at all, even if the beginnings of the two brancheshe same. Therefore, in order to capture
the equivalence, we would need an axiom able to “see” thefétloaway) ends of the two branches,
but this is of course impossible with a finite number of axisimge the lengths of the branches in the
counterexamples can be arbitrarily long.

We expect our work on the subject to contribute to a betteerstdnding of all the complex situations
that arise when covariant and contravariant concepts sbeXhis, for example, is the case in all the
recent works on modal, input-output or interface formatisthat try to clarify the relationships betwen
specifications and implementations. In fact, it is our ititento continue with this line of research by
trying to discover, and take benefit from all the connectibaveen our work and those cited in this

paper.
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Apéndice A

Versiones extendidas mas
relevantes

En este apéndice incluimos tres versiones extendidas de nuestras publicaciones. Las
dos primeras son “Reflection and preservation of properties in coalgebraic (bi)simulations”
y “Non-Strongly Stable Orders Also Define Interesting Simulation Relations”, mientras
que la tercera, titulada “On the specification of modal systems: a comparison of three
frameworks”, es la version extendida y mejorada de nuestro articulo “Relating modal
refinements, covariant-contravariant simulations and partial bisimulations” enviada re-
cientemente a la revista “Science of Computer Programming” para su revision.

Estas tres versiones extendidas incluyen y expanden tanto demostraciones como expli-
caciones extra. Ademas, como comentabamos en la pagina [12] estas versiones extendidas
fueron nuestros trabajos de base, cuyas versiones publicadas se obtuvieron suprimiendo
algunos resultados en funcion de las limitaciones concretas de las actas de los congresos.
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Reflection and preservation of properties in
coalgebraic (bi)simulations*

Ignacio Fébregas, Miguel Palomino, and David de Frutos Escrig

Departamento de Sistemas Informaticos y Computacién
Universidad Complutense de Madrid

Abstract. Our objective is to extend the standard results of preser-
vation and reflection of properties by bisimulations to the coalgebraic
setting, as well as to study under what conditions these results hold for
simulations. The notion of bisimulation is the classical one, while for sim-
ulations we use that proposed by Hughes and Jacobs. As for properties,
we start by using a generalization of linear temporal logic to arbitrary
coalgebras suggested by Jacobs, and then an extension by Kurtz which
includes atomic propositions too.

1 Introduction

To reason about computational systems it is customary to mathematically for-
malize them by means of state-based structures such as labelled transitions sys-
tems or Kripke structures. This is a fruitful approach since it allows to study
the properties of a system by relating it to some other, possibly better-known
system, by means of simulations and bisimulations (see e.g., [14,13,11,3]).

The range of structures used to formalize computational systems is quite
wide. In this context, coalgebras have emerged with a unifying aim [17]. A coal-
gebra is simply a function ¢ : X — F X, where X is the set of states and F.X
is some expression on X (a functor) that describes the possible outcomes of a
transition from a given state. Choosing different expressions for F' one can obtain
coalgebras that correspond to transition systems, Kripke structures, automata,

Coalgebras can also be related by means of (bi)simulations. Our goal in this
paper is to prove that, like their concrete instantiations, (bi)simulations between
arbitrary coalgebras preserve some interesting properties. A first step in this
direction consists in choosing an appropriate notion for both bisimulation and
simulation, as well as a logic in which to express these properties.

Bisimulations were originally introduced by Aczel and Mendler [1], who
showed that the general definition coincided with the standard ones when partic-
ularized; it is an established notion. Simulations, on the other hand, were defined
by Hughes and Jacobs [7] and lack such canonicity. Their notion of simulation
depends on the use of orders that allow (perhaps too) much flexibility in what

* Research supported by the Spanish projects DESAFIOS TIN2006-15660-C02-01,
WEST TIN2006-15578-C02-01 and PROMESAS S-0505/TIC/0407




it can be considered as a simulation; in order to show that simulations preserve
properties, we will have to impose certain restrictions on such orders. As for the
logic used for the properties, there is likewise no canonical choice at the moment.
Jacobs proposes a temporal logic (see [8]) that generalizes linear temporal logic
(LTL), though without atomic propositions; a clever insight of Pattinson [16]
provides us with a way to endow Jacobs’ logic with atomic propositions.

Since our original motivation was the generalization of the results about
simulations and preservation of LTL properties, we will focus on Jacobs’ logic
and its extension with atomic propositions. Actually, modal logic seems to be
the right logic to express properties of coalgebras and several proposals have
been made in this direction, among them those in [9,12,16], which are invariant
under behavioral equivalence. The reason for studying preservation/reflection
of properties by bisimulations here is twofold: on the one hand, some of the
operators in Jacobs’ logic do not seem to fall under the framework of those
general proposals; on the other hand, some of the ideas and insights developed
for that study are needed when tackling simulations. As far as we know, reflection
of properties by simulations in coalgebras has not been considered before in the
literature.

2 Preliminaries

In this section we summarize definitions and concepts from [7,10,8], and intro-
duce the notation we are going to use.

Given a category C and an endofunctor F' in C, an F-coalgebra, or just a
coalgebra, consists of an object X € C together with a morphism ¢ : X — FX.
We often call X the state space and c the transition or coalgebra structure.

Example 1. We show how two well-known structures can be seen as coalgebras:

— Labelled transition systems are coalgebras for the functor F = P(id)4, where
A is the set of labels.

— Kripke structures are coalgebras for the functor F' = P(AP) x P(id), where
AP is a set of atomic propositions.

It is well-known that an arbitrary endofunctor F' on Sets can be lifted to a
functor in the category Rel of relations, that is, Rel(#') : Rel — Rel. Given a
relation R C X x Y, its lifting is defined by

Rel(F)(R) = {(u,v) € FX1 X FX5 | 3w € F(R). F(r1)(w) = u, F(r2)(w) = v},

where r; : R — X; are the projection morphisms.

A predicate P of a coalgebra ¢ : X — F'X is just a subset of the state space.
Also, a predicate P C X can be lifted to a functor structure using the relation
lifting:

Pred(F)(P) = 1., (Rel(F)(LI5(P))) = [, Rel(F)(LL5(P))),




where ¢ = (id, id) and [[,(X) is the image of X under f, so [[; (P) = {(z,2) |
r € P}, [I,,(R) = {71 | 3z2.71Rx2} is the domain of the relation R, and
]_er (R) = {z2 | 3w1.21 Rx2} is its codomain.

The class of polynomial endofunctors is defined as the least class of endo-
functors on Sets such that it contains the identity and constant functors, and is
closed under product, coproduct, constant exponentiation, powerset and finite
sequences. For polynomial endofunctors, Rel(F') and Pred(F) can be defined
by induction on the structure of F. For further details on these definitions see
[8]; we will introduce some of those when needed. For example, for the cases of
labelled transition systems and Kripke structures we have:

Rel(P(id)*)(R) = {(f,g) | Va € A.(f(a),g(a)) € {(U,V) |Yu € U.3v € V.uRv A
Yo € V.3u € U.uRv}}

Pred(P(id)*)(P) = {f | Va € A. f(a) € {U | Yu € U. Pu}}

RQI(P(AP) X P(Zd))(R) = {((71,1711,2)7 (Ul,vg)) ‘ (u1 =v1.U1,V1 € P(AP)) A
(u2,v2) € {(U,V) |Vu € U.3v € V.uRv A
Vo € V.3u € U uRv}}

Pred(P(AP) x P(id))(P) = {(u,v) | (u C P(AP)) A (v € {U | Vu € U. Pu)}

A bisimulation for coalgebras ¢: X — FX and d: Y — FY is a relation
R C X x Y which is “closed under ¢ and d”:

if (z,y) € R then (c(z),d(y)) € Rel(F)(R).

In the same way, an invariant for a coalgebra ¢ : X — F' X is a predicate P C X
such that it is “closed under ¢”, that is,

if z € P then c(z) € Pred(F)(P).

We will use the definition of simulation introduced by Hughes and Jacobs
in [7] which uses an order C for functors F' that makes the following diagram
commute

PreOrd

[
/ l/fm"get

Sets — Sets

Given an order C on F, a simulation for the coalgebras ¢ : X — FX and
d:Y — FY is arelation R C X x Y such that

if (z,y) € R then (c(z),d(y)) € Rel(F)c(R),




where Rel(F)c (R) is defined as
Rel(F)c(R) = {(u,v) | Jw € F(R). w C Fri(w) A Fra(w) C v} .

To express properties we will use a generalization of LTL proposed by Jacobs
(see [8]) that applies to arbitrary coalgebras, whose formulas are given by the
following BNF expression:

p=PCX|ploVelprple=¢0|Op|OCp|Op|olUp

O is the nexttime operator and its semantics (abusing notation) is defined as
OP = ¢} (Pred(F)(P)) = {z € X | ¢(z) € Pred(F)(P)}; O is the henceforth
operator defined as OP = 3Q C X. Q) is an invariant for ¢, and Q C P withx € Q
or, equivalently by means of the greatest fixed point v, OP = vS.(P A OS); ©
is the eventually operator defined as OGP = —0-P; and U is the until operator
defined as PU Q = pS.(Q V (P A= (O ~S)), where p is the least fixed point.

We denote the set of states in X that satisfies ¢ as [¢]x. That is, if P C X
is a predicate, then [P]x = P; if a € {—, (0,30, <} then [ap]x = af¢]x, and
if 8 € {A,V,=, U } then [o18p2]x = [p1]xBle2]x. We will usually omit the
reference to the set X when it is clear from the context. We say that an element
x satisfies a formula ¢, and we denote it by ¢,z |= ¢, when z € [¢]. Again, we
will usually omit the reference to the coalgebra c.

3 Reflection and preservation in bisimulations

These definitions of reflection and preservation are slightly more involved than
for classical LTL because the logic proposed by Jacobs does not use atomic
propositions, but predicates (subsets of the set of states). Later, we will see how
atomic propositions can be introduced in the logic.

Given a predicate P on X and a binary relation R C X x Y, we will say that
an element y € Y is in the direct image of P, and we will denote it by y € RP,
if there exists z € X with « € P and xRy. The inverse image of R is just the
direct image for the relation R~!.

Definition 1. Given two formulas ¢ on X and ¢ on Y, built over predicates
Py,...P, and Q1,...Q,, respectively, and a binary relation R C X x Y, we
define the image of ¢ as a formula ©* on'Y, obtained by substituting in ¢ RP;
for P;. Likewise, we build ¢)~1, the inverse of v, substituting R™'Q; for Q; in
.

Remark 1. It is important to notice that ¢* coincides with ¢~

R~! instead of R. Analogously, ¢~
R.

! when we consider

s just ¢* when we consider R~! instead of

Now we can define when a relation preserves or reflects properties.

Definition 2. Let R C X X Y be a binary relation and a and b elements such

that aRb. We say that R preserves the property ¢ on X if, whenever a |= ¢,

b = ¢*. We say that R reflects the property ¢ on'Y if b = ¢ implies a = ¢~ !.




For the sake of the clarity of the proofs we will present the results on preserva-
tion and reflection of properties with one proposition for each temporal operator
instead of one main theorem.

Let us first prove a couple of technical lemmas.

Lemma 1. Let F be a polynomial functor, R C X x Y a bisimulation between
coalgebras ¢ : X — FX andd : Y — FY, P C Y and zRy. If d(y) €
Pred(F)(P), then c(z) € Pred(F)(R™1P).

Proof. We are going to prove this result by structural induction on the functor
F.

1. F = cnst. In this case Pred(F)(P) = T and also Pred(F)(R™!P) =T, and
c(z) € Pred(F)(R™1P) trivially.

2. F = id. In this case Pred(F)(P) = P for all P and we have to prove that
c(x) € R71P, that is, that there exists some b € P with c(x)Rb. If we take
b = d(y), then we have the result because R is a bisimulation.

3. F'= F; x Fy. In this case we have

Pred(F)(P) = {(u,v) | Pred(F1)(P)(u) A Pred(F»)(P)(v)}.

Let us suppose that d(y) = (d1(y),d2(y)) and c(x) = (c1(x), c2(x)). There-
fore, if d(y) € Pred(F)(P) then we also have dy(y) € Pred(F1)(P) and
da(y) € Pred(Fy)(P). However, since R is a bisimulation between ¢ and d
and xRy, we have c(x)Rel(F)(R)d(y), where

Rel(F)(R) = {((u1,u2), (v1,v2)) | Rel(F1)(R)(u1,v1) A
Rel(FQ)(R)(UQ,Ug)} .

So, in particular, we have
c1(z)Rel(F1)(R)dy(y)

as well as
ca(z)Rel(Fz)(R)d2(y) -

That is, R is also a bisimulation for ¢; and d; and ¢; and dy. Now we
can apply our induction hypothesis and since di(y) € Pred(F1)(P), we
get c1(z) € Pred(F1)(R™IP) and, analogously ca(x) € Pred(F2)(R™1P),
so c(x) € Pred(F)(R™'P), as we wanted to prove.

4. F = F} + F5. In this case we have

Pred(F)(P) = {k1(u) | Pred(F1)(P)(u)} U {k2(v) | Pred(F2)(P)(v)}.

Let us suppose that d(y) = k1(d1(y)) = (d1(y), 1); we must have that di (y) €
Pred(F1)(P). Let us consider the constant coalgebras:

cx X - X dy :Y - F1Y
z —c(x) z = di(y)




Trivially, R is a bisimulation between cx and dy; then, if we apply the
induction hypothesis we get c1(z) € Pred(F1)(R™1P) and hence c(z) €
Pred(F)(R™!'P). Reasoning in an analogous way we get that if d(y) =
k2(d1(y)), also c(x) € Pred(F)(R™'P).

. F = G*. In this case,

Pred(F)(P) = {f | Va € A. Pred(G)(P)(f(a))}.

Now, for each a € A and F-coalgebra d : ¥ — F(Y) we can define a
coalgebra in G: d* : Y — G(Y) where, for each y € Y, d*(y) = d(y)(a);
analogously we define ¢*(z) = ¢(z)(a) for all z € X. In this way we have that
xRy and d*(y) = d(y)(a) € Pred(G)(P). Now, using the definition of the
relation lifting for the exponent functor and the fact that R is a bisimulation
between ¢ and d it follows that R is also a bisimulation between ¢* and d®.
Applying the induction hypothesis we get c?(z) € Pred(G)(R™1P). Since
this argument is valid for all @ € A, we get c(z) € Pred(F)(R™1P), as we
wanted to prove.

. F'="P(G). In this case

Pred(F)(P) = {U | Yu € U. Pred(G)(P)(u)} .

We have d(y) € Pred(F)(P), so for all b € d(y) it is true that b € Pred(G)(P)
and we want to prove that c¢(z) € Pred(F)(R™!P) or equivalently that for
all a € ¢(z) we have a € Pred(G)(R™1P). Let us take a € c¢(x) and define a
constant coalgebra:

% X - GX

z —a

Now, from our hypothesis that Ry and R is a bisimulation, by definition we
have c¢(x)Rel(F)(R)d(y). By the definition of relation lifting it follows that
there exists some b € d(y) such that aRel(G)(R)b.
Now we consider another constant coalgebra

Y = GY
z —=b

Trivially, R is a bisimulation between the coalgebras c% and d because
aRel(G)(R)b; also d% = b € Pred(G)(P), so by induction hypothesis it
follows that ¢4 = a € Pred(G)(R~1P). This argument is valid for all a €
c(z), therefore, as we wanted to prove, c(x) € Pred(F)(R™'P).

. F = G*. In this case,

Pred(F)(P) = {(u1,...,upn) | Vi < n. Pred(G)(P)(u;)} -

Let us suppose that d(y) = (d1(y),...,dn(y)) and c(z) = {(c1(x), ..., cn(x)).
Then, for each i < n we have d;(y) € Pred(G)(P). Now, we define these two
families of constant coalgebras:

X > GX &Y - GY
z — ci(x) z = di(y)




Trivially, R is a bisimulation between ¢ and d! for each i < n. Therefore,
using the induction hypothesis we get ¢;(z) € Pred(G)(R™1P) for each i < n,
that is, c(z) € Pred(F)(R™1P).

O

As a direct consequence of this lemma and the fact that the inverse of a
bisimulation, is still a bisimulation we also have the following result.

Lemma 2. Let F be a polynomial functor, R C X XY a bisimulation between
coalgebras ¢ + X — FX and d : Y — FY, P C X and zRy. If ¢(x) €
Pred(F)(P), then d(y) € Pred(F)(RP).

Another auxiliary lemma we need to prove the main result of this section is
the following:

Lemma 3. The direct and inverse images of an invariant are also invariants.

Proof. Let R be a bisimulation between c: X — FX and d: Y — FY. Let
us suppose that P C X is an invariant and let us prove that RP is too; that
is, for all y € RP it must be the case that d(y) € Pred(F)(RP). If y € RP,
then there exists x € P such that xRy. Since P is an invariant, we also have
c(x) € Pred(F)(P) and by Lemma 1 we get d(y) € Pred(F)(RP).

On the other hand, since B! is also a bisimulation, the inverse image of an
invariant is an invariant too.

At this point it is interesting to recall that our objective is to prove that
bisimulations preserve and reflect properties of a temporal logic, that is, if we
have xRy and y = ¢ then we must also have z = ¢~ !; and, analogously, if
x = ¢ then y | ¢*. We will show this result for all temporal operators except
for the negation; it is well-known that negation is reflected and preserved by
standard bisimulations, but not here because of the lack of atomic propositions
in the coalgebraic temporal logic.

To prove the result for the rest of temporal operators, we will see that if
y € [] then we also have z € R™![¢] and, analogously, if z € [¢] theny € R[]
Ideally, we would like to have both R[] = [¢ '] and R[y] = [¢*] but,
in general, only the inclusion C is true. Fortunately this is enough to prove
our propositions, since the temporal operators are all monotonic except for the
negation. In fact, here is where the problem with negation appears.

Before continuing, it is interesting to show that the other inclusion is not
true.

Let us take X = {x1,z2,23}, Y = {y1,y2}, the functor F = id and the
coalgebras ¢ : X — X and d : Y — Y defined as c(z1) = 2, c(x2) = x3,
c(xg) = w3, d(y1) = y2 and d(y2) = y2. Then, we take R as the bisimulation
between ¢ and d defined as R = {(x3,41), (z3,¥2), (¥1,y2), (22,92), (z3,y2)}. We
also consider the predicate P = {y1 } and the formula ¢ = Oyp, where o = OP.
Let us show that 21 € [~ 1] but 21 ¢ R~ ¢]:




— 21 € [¢~']. By definition of inverse of a formula we have p~! = O O
R™1P, who also, by definition of R, is equal to O O {z3}. Therefore, z; €
[e~1] if and only if 21 € O O {x1}, in other words, if c(z1) = z2 €
Pred(F)(Ofxs}) = Ofzs} that, in turn, is equivalent to c(z2) = z3 €
Pred(F)({z3}) = {x3}. That way we conclude that z; € [ ~].

— x1 ¢ R™!¢]. Let us suppose that it is not true, in other words, x1 € R™![¢].
Then, by definition of inverse predicate it would exist some y € Y such that
z1Ry with y € []. By definition of R the only possible candidate is ys.
So we get y2 € [¢] = O O {y1}, which is equivalent to d(y2) = y2 €
Pred(F)(O{w1}) = Of{yi}, that is, d(y2) = y2 € Pred(F)({y1}) = {m1}.

But the latter is a contradiction, so we have proved that z; ¢ R™1[¢].

he proof of the next is not specially difficult except for the case of the until
operator, that will need an auxiliary result that we state now but will be proved
later.

Lemma 4. Let p1, po be temporal formulas which do not contain the negation
operator and R a bisimulation between coalgebras ¢: X — FX andd:Y —
FY such that xRy. If y € [p1] U [2], then z € R[] U R~ p2].

Lemma 5. Let R be a bisimulation between coalgebras ¢ : X — FX and
d:Y — FY. For all temporal formulas ¢ which do not contain the negation
operator, it follows that

R'[ely Sl 'Ix-
Proof. We will proceed by structural induction on .

1. ¢ = P, where P C Y is a predicate. In this case R™1[¢] = R™1P = [¢~!],
by definition.

2. ¢ =1 Vs, or p =1 A pa. In both cases we trivially get the result.

3. ¢ = Q1. Let us suppose * € R™[O¢1]; then it exists y such that x Ry with
y € [Oe1] = Olp1]. Equivalently, we have xRy with d(y) € Pred(F)([e1])
so by Lemma 2 we have c¢(z) € Pred(F)(R™![¢1]). Now, by induction hy-
pothesis we know that R~'[p1] C [¢;'] and by monotony of operator
Pred(F) we obtain c(z) € Pred(F)([o;']), that is, 2 € [¢~'].

4. ¢ = Ogp;. By definition O[p;] is the greatest invariant contained in [[;] and,
henceforth by Lemma 3, R™10[¢1] is also an invariant. Also, as Ofp1] C
[¢1], is R7'0O[¢1] € R™![¢1]. By induction hypothesis R~ [¢1] € 7 '], so
R~'0O[p,] is an invariant contained in [¢; '] and thus contained in Ofp; '],
as we wanted to prove.

5. ¢ = Owp1. Let us suppose # € R™1O[p1]; then it exists some y such that xRy
with y € Ofp1], that is, y € =O-]¢1]. We recall that we must prove z €
—0-[¢; '], assuming xRy and y € -O-[p1]; using the counter-reciprocal,
we will see that zRy and = € O-[p; '] implies y € O-[¢1].

Let us take € O=[p;']. By definition, we know that it must exist an
invariant S such that S C —[p; '] with € S. Let us see that RS is an
invariant such that RS C —[¢1] with y € RS (if it is so, then we will get




y € O-Jp1]). Indeed, since S is an invariant, then RS is also an invariant
and, trivially, y € RS. Let us see now that RS C —[p1]. To prove this, let
us suppose that it is false, that is, there exists an element b € RS such that
b € [p1]. But since b € RS, then it must exist a € S C =[p; '], that is,
a ¢ [¢7']- On the other hand, since b € [¢1] and aRb then a € R~ '[p1],
that by induction hypothesis is contained in [¢; '], that is, a € [y '], but
this is a contradiction so RS C —[e1].

6. © = @1 U 3. Let us suppose that x € R™![ip1 U -], then there exists
y such that Ry with y € o1 U 2] = [p1] U [p2]. By Lemma 4 we get
x € R7 1] U R™ys] that is, for all S we must have z € R™1[p2] U
(R~ [¢1] N = O —S). By induction hypothesis, we have R~'[¢;] C [; ']
for i = 1,2, so, for all § we have z € [ ']U ([p; '] N = O —9), that is
€ [pr ' TU [3 ']

O

Once again, due to the fact that R~! is a bisimulation we also have:

Lemma 6. Let R be a bisimulation between coalgebras ¢ : X — FX and
d:Y — FY. For all temporal formulas ¢ which do not contain the negation
operator, it follows that

Rlelx C ¢ ]y -

Finally we can show that bisimulations reflect and preserve properties given
by any temporal operator except for the negation.

The firsts two cases correspond to the reflection of the predicates and the
reflection of formulas with elemental operators, whose proofs are trivial.

Proposition 1. Let ¢ be a predicate P CY and R a bisimulation between the
coalgebras ¢ : X — FX and d:Y — FY. Then the property 1 is reflected by
R.

Proposition 2. Let ) = o1 V2 or ) = o1 Aps where p1 and po are formulas
reflected by bisimulations, and let R be a bisimulation between the coalgebras
c: X — FX andd:Y — FY. Then the property 1 is reflected by R.

Now we can show more interesting cases, like the reflection with the nezttime
operator.

Proposition 3. Let v = Q¢ be a formula on a set Y such that ¢ is reflected
by bisimulations, and let R be a bisimulation between coalgebras ¢ : X —» FX
and d:Y — FY . Then the property 1 is reflected by R.

Proof. Let aRb and suppose that b = v, that is, b € O[] which, by definition,
means that d(b) € Pred(F)([¢]). We are going to show that a € QR[] or,
equivalently, c(a) € Pred(F)(R™![¢]). But the latter is straightforward from
Lemma 2.

Now, from Lemma 5 and the monotony of the nexttime operator we get

a€ Qe ). m]




The same result is true for the henceforth operator:

Proposition 4. Let ¢v = Op be a formula on Y such that ¢ is reflected by
bisimulations and let R be a bisimulation between the coalgebras ¢ : X — F(X),
d:Y — F(Y). Then, the property v is reflected by R.

Proof. Let aRb and let’s suppose that b = Oy, that is, there exists S C Y such
that S is an invariant, S C [¢] with b € S. Once again, we will show that
a € DR !¢] and then use Lemma 5 to get a € O~ 1].

In fact, we only need to show that there exists an invariant 7' C X such that
T C R71[¢] and a € T. If we take the invariant T = R~1S, then a € T since
aRb and b € S; also R71S C R[] because S C [¢]. O

Now we can state and prove the corresponding proposition for the operator
eventually.

Proposition 5. Let v = O be a formula on a set Y such that ¢ is reflected
by bisimulations and let R be a bisimulation between coalgebras ¢ : X — FX
and d:Y — FY. Then the property ¢ is reflected by R.

Proof. Let aRb and let us suppose b |= 9; by definition, b € —O-[¢]. Once
again, it will be enough to prove that a € ~O-R™'[¢]. So, let us assume that
a € O-R7[y] and let us show that b € O=[¢]. Indeed, if a € O-R~![p] then
there exists an invariant § C X such that S C =R7![y], with a € S. But
RS is an invariant such that RS C —[¢] and b € RS, so we have proved the
proposition. O

The proof of the corresponding proposition involving the until operator is a
bit more difficult because it needs to resort to some more technical lemmas and
auxiliary results. One of those will be Lemma 4, that, also, will be the base for
proving the main proposition. To prove it we will need an auxiliary definition
which will simplify the notation:

Definition 3. Given a set Y and P,Q CY, we define an operator ng_Q) as:
fg’.,Q) :PY) — P(Y)

Notice that y € [o1] U [¢2] by definition is y € uS.([p2] V ([e1] A= O —S))
that is,
Y € 1S-f{fo 1101 (%)

And, on the other hand, * € R™[1] U R™[p2] is equivalent to
2 € pS-fR-11er 1R [ea)) (5)

We will also need two classical results, the first one is a definition of U-
continuity (see for example [3]) and the second one says how to calculate least
fixed points:
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Definition 4. Given a set S and a function f : P(S) — P(S), we say that
[ is U-continuous if given an ascending chain of predicates {P; | i € IN} with
P; C P41 for each i, we have

rJry=Urm).
Proposition 6. If f: P(S) — P(S) is monotonic and U-continuous, then

uS.f(S) = U 1.

It is not hard to prove that the function fgg’@ is both monotonic and U-
continuous. First we shall see monotony: Let S; C S5 and we will see ng’Q) (51) C
fgjﬁQ)(Sg). Since S; C Sy then =Sy C —S; which, by monotony of (), implies
(O~Sy € O~Sy. That is, = (O =51 € = () —Ss; by definition of f&Q), that is
enough to show that f(L}',,Q)(Sl) - ng7Q)(SQ).

On the other hand we have to prove that fg,’ o) satisfies the following equation

fHD,Q)(UPi) :UfHD,Q)(Pi). 1)
Unfolding in both sides of (1) we get

QUPN-O(N-P)=QuUPn(J-O-P)),
so it is enough to prove
-0 (ﬂﬂpi) = Uﬁoﬂpi.
This last equation is equivalent to
O-P) =(O-P,
that is,

Pred(F)([|~P:) = [ |Pred(F)(~F;). (2)
And this last equation trivially follows from the fact that Pred(F') preserves
intersections as it is shown in [8].

Before proving Lemma 4 it will be necessary to prove another technical
lemma:

Lemma 7. Given the function fggﬁQ) :P(Y) — P(Y), the following is true

—1 U U —1
R ol lean) () € f(R-11010, R 1[0 (BS) -
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Proof. We introduce now the following simplified notation:
fi denotes f(lﬁm]]ywzﬂ)(S) ,

f2  denotes f(URfl[wl]],R*l[[m]])(S)'

So, we have:
R f1(S) = R 2] U (R el N RTH= O —9))).,

F(R7'8) = R 2] U (R 1] N~ O ~(R719))).-

Indeed it will be enough to prove that R=1(= (O =) € = O =(R™19). So,
if € R71(= () —9) then there exists some y such that xRy with y € = () =S;
and we must prove that € = () =(R~1S). Or, equivalently we can prove that
given xRy, if z € O—(R™19) then y € O—S.

We will prove this last result, by estructural induction on the functor F' in
the same way we did in Lemma 2.

1. F = cnst. In this case both Pred(F)(~R~1S) = T and Pred(F)(=S) = T,
so we get the result.

2. F = id. In this case we have to show that if c¢(z) € ~R~1S then d(y) € —S.
Let us suppose that d(y) € S. Then, since zRy, R is a bisimulation and we
are working with the identity functor, we also have ¢(z)Rd(y), and that way
c(x) € R~1S; this contradicts the hypothesis, so it must be d(y) € —S.

3. F = Fy x Fy. In this case we have c1(z) € Pred(F;)(=R™1S) and ca(z) €
Pred(F»)(—~R~19), so by induction hypothesis we get the following d; (y) €
Pred(F1)(—S) and d2(y) € Pred(F>)(—S), and then d(y) € Pred(F)(—S).

4. F = F1+F,. Without loss of generallity, let us suppose that c(z) = k1 (c1(z)),
that is, c¢(x) = (c1(z),1), so we have ci(z) € Pred(F1)(~R™1S). Let us
consider the constant coalgebras:

cx : X > 1 X dy : Y - Y
z = ci(x) z = di(y)

Trivially, R is a bisimulation between cx and dy; applying the induction
hypothesis we get di(y) € Pred(F;)(—S) and hence d(y) € Pred(F)(—S).
Reasoning in an analogous way we get that if ¢(x) = rka(c1(x)), also d(y) €
Pred(F)(=S).

5. F =G4

Pred(F)(—~R™'S) = {f | Va € A. Pred(G)(-R™'S)(f(a))}.

Now, for each @ € A and any F-coalgebra c: X — F X, we can define a new
G-coalgebra: ¢® : X — GX where, for each z € X we have ¢*(z) = ¢(z)(a);
and analogously we define d*(y) = ¢(y)(a) for each y € Y. This way we
have 2Ry and c%(z) = c(z)(a) € Pred(G)(~R~'S9)). Using the induction
hypothesis we get d*(y) € Pred(G)(—S). This argument is valid for each
a € A, so we get d(y) € Pred(F)(—S).
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6. F = P(G). In this case
Pred(F)(—~R™'S) = {U | Yu € U. Pred(G)(—~R'S)(u)} .

We have c(z) € Pred(F)(—~R71S), so for all @ € c(z) is true that a €
Pred(G)(=R~1S) and we want to prove that d(y) € Pred(F)(—S) or, equiv-
alently, that for all b € d(y) we have b € Pred(G)(—S). Let us take one
b € d(y) and we define the constant coalgebra:

d Y = GY
z —=b

Now, from our hypothesis xRy, and R is a bisimulation, so we also have
c(z)Rel(F)(R)d(y), and by definition of relation lifting it follows that there
exists some a € ¢(x) such that aRel(G)(R)b.

Now, we consider another constant coalgebra:

% X - GX
z —=a

Trivially R is a bisimulation between the coalgebras c% and d3 because
aRel(G)(R)b; also ¢% (z) = a € Pred(G)(—R~1S9), so by induction hypothesis
it follows that d% (y) = b € Pred(G)(—S). Since this argument is valid for all
b € d(y) we have proved that d(y) € Pred(F)(=5).

7. F = G*. As we have previously done, let us suppose the following c¢(z) =
(c1(x),...,cn(z)) and d(y) = (d1(y),...,dn(y)). Then, for each i < n we
have ¢;(x) € Pred(G)(~R~1S). Now, we define these two families of constant
coalgebras:

ct X - GX .Y - GY
z = ci(x) z = di(y)

Trivially, R is a bisimulation between ¢ and d! for each i < n. Therefore,
using the induction hypothesis we get d;(y) € Pred(G)(—S) for each i < n,
that is, d(y) € Pred(F)(=S).

O

At last we can prove Lemma 4:

Proof (Lemma 4). Once again we use the following notation:
fu denotes  ff,,1,fpa1)(S)

f2  denotes fngl[[wﬂ],R*l[[soz]])(S)'

Let us suppose y € [p1]U[p2], that is, y € uS.f1(S), and we have to show
that € pS.f2(S). By monotonicity and continuity of fg, Q) their least fixed

points are given by
oo

nS.11(5) = | £i0).

i=0
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oo

pS.f2(S) = £5(0).
i=0
So, since y € ;" fi(0) we have y € fi(0) for some 4. Henceforth, z €
R™Lfi(0). Also, by Lemma 7 we have

z € RTU(0) C fo(RTHH0)),
where by monotonicity of fa,

fo(RTMATH0) C folfo(RTFT2(0))) -
If we iterate this process we finally get
z € f3(R10) = f5(0).
And, that way, we get x € |J;° fi(0) = pS.f2(S). ]

With this lemma, the proposition involving reflection and the until operator
is immediate.

Proposition 7. Let ¢ and o be temporal formulas such that they are reflected
by bisimulations, v = ¢1 U @2 a temporal formula on 'Y and R a bisimulation
between coalgebras ¢ : X — FX and d : Y — FY. Then, the property 1 is
reflected by R.

Proof. Let aRb and let us suppose b = @1 U @2, that is, b € 1] U [p2]. By
Lemma 4 we also get @ € R™1[¢1] U R™![p2], and from both monotony of the
operator until and Lemma 5 we get a € [o; '] U [¢5 '] O

Preservation of properties is a consequence of the reflection of properties
together with the fact that if R is a bisimulation then R~! is also a bisimulation.
We have thus proved the following theorem.

Theorem 1. Let ¢ and ¢ be formulas over sets Y and X, respectively, which
do not use the negation operator and let R be a bisimulation between coalgebras
c: X — FX andd:Y — FY. Then v is reflected by R and ¢ is preserved
by R.

4 Reflection and preservation in simulations

In [3,15] it is proved not only that bisimulations reflect and preserve properties
but also that simulations reflect them: it turns out that this result does not
generalize straightforwardly to the coalgebraic setting.

The main problem that we have found concerning this is that the coalgebraic
definition of simulation uses an arbitrary functorial order C, and in general
reflection of properties will not hold for all orders.
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Let us show a counterexample that will convince us that simulations may
not reflect properties without restricting the orders. Let us take F = P(id),
X = {z1,22}, Y = {y1,y2} and the coalgebras ¢ and d defined as c(z1) =
{z1,22}, c(x2) = {x2}, d(y1) = y2 and d(y2) = y2. We define u C v whenever
v C u and consider the formula ¢ = QP, where P = {y2}, and the simulation
R = {(x1,y2)}. It is immediate to check that R is a simulation and yo € [¢],

but z1 ¢ [~ 1].

— yo € [¢]. Indeed, since d(y2) = ya then yo € [¢] = OP is equivalent to
y2 € P = {y2}, which is trivially true.

— 21 ¢ [p1]. By definition, ¢=! = OR™'P = O{x1}. Since c(x1) = {z1, 22},
it is enough to see that x5 ¢ {x1}, which is also true.

As a consequence, we will need to restrict the functorial orders that are
involved in the definition of simulation. In a first approach we will impose an
extra requirement that the order must fulfill, and later we will not only restrict
the orders but also the functors that are involved.

4.1 Restricting the orders

The idea is that we are going to require an extra property for each pair of ele-
ments which are related by the order. In particular, we are particularly interested
in the following property (which is defined in [7]):

Definition 5. Given a functor F' : Sets — Sets, we say that an order C
associated to it is “down-closed” whenever a T b, with a,b € F X, implies that

b € Pred(F)(P) = a € Pred(F)(P), for all predicates P C X .
We can show some examples of down-closed orders:

Example 2. 1. Kripke structures are defined by the functor ' = P(AP) x
P(id), so a down-closed order must fulfill that if (u,v) C (u’,v’), then
(u,v") € Pred(F)(P) implies (u,v) € Pred(F)(P); that is, by definition
of Pred(P(AP) x P(id)), u,u’ C P(AP) and, if v' € Pred(P(id))(P) = {U |
Vu € U.u € P} then v € Pred(P(id))(P). In other words, for all b € v and
b e, if b’ € P then b € P. Therefore, what is needed in this case is that
the set of successors v of the smaller pair is contained in the set of successors
v’ of the bigger pair, that is,

if (u,v) C (v/,v") then v Co'.

2. Labelled transition systems are defined by the functor F = P(id)*, so the
order must fulfill the following;:

if wCov then Vae A u(a)Cu(a).
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These examples show that there are not many down-closed orders, but it
does not seem clear how to further extend this class in such a way that we could
still prove the reflection of properties by simulations. Unfortunately, even under
this restriction we can only prove reflection (or preservation) of formulas that
only use the operators V, A, () and O.

To convince us of this fact, we present a counterexample with operator <. Let
X ={x1,22},Y = {y1, y2} and the functor F' = P(id). We consider the following
down-closed order: u C v if u C v. We also define the coalgebras ¢ : X — FX
and d: Y — FY as c(z1) = {z1}, c(x2) = {22}, d(y1) = {y1,y2} and d(y2) =
{y2}. Obviously R = {(z1,y1)} is a simulation since c¢(z1) = {z1} C {21} and
{y1} E {y1,92} = d(y1) and, also, {z1}Rel(F)(R){y1}. We have y1 € O{ya},
since we can reach y from yi, but 71 ¢ OCR™Yyz} = OO. Indeed, x; ¢ <Of is
equivalent to 1 € O and this is true since {x1} is an invariant such that
X € {xl}, with {1'1} - (.

In order to prove reflection of properties that only use the operators V, A, O
and O, we will need a previous elementary result involving binary relations.

Proposition 8. Let R C X XY be a binary relation and P CY a predicate.
Let us suppose that uRel(F)(R)v; then if v € Pred(F)(P) it is also true that
u € Pred(F)(R™1P).

Proof. Once again the proof will proceed by structural induction on the functor
F.

1. If F is constant, then the result follows trivially.

2. Let us suppose that F' = id, then we have uRv and also v € P and therefore,
by definition of R™'P, we get u € R™'P.

3. Let us now suppose that F = F; x Fy and let u = (u,u2) and v =
(v1,v2). By definition of the relation lifting we have both w;Rel(Fy)(R)v;
and ugRel(F)(R)vq; whereas by definition of predicate lifting, since v €
Pred(F)(P) we have vy € Pred(Fy)(P) and vy € Pred(Fz)(P). So, ap-
plying the induction hypothesis we get u; € Pred(Fy)(R™'P) and uy €
Pred(Fy)(R™!P), henceforth u € Pred(F)(R™'P).

4. If F = Fy + F5, without loss of generality let us suppose v = k1(vg) and u =
k1(up). Then, by the definition of predicate lifting we have vy € Pred(F)(P).
Also, by the definition of the relation lifting uoRel(#7)(R)vo, so by induction
hypothesis we obtain ug € Pred(F;)(R™1P), that is, u € Pred(F)(R™!P).

5. Let us suppose F = GA. If v € Pred(F)(P) then for all a € A we will
have v(a) € Pred(G)(P). But, on the other hand, since uRel(F)(R)v then
for all @ € A it is also true that u(a)Rel(G)(R) v(a). Let us consider any
ag € A; then v(ag) € Pred(G)(P) and u(ag) Rel(G)(R)v(ap), so by induction
hypothesis we get u(ag) € Pred(G)(R~1P). This is valid for any ag € 4, so
it proves that u € Pred(F)(R™1P).

6. Let us suppose F' = P(G). In this case, since v € Pred(F)(P) we have
that for each b € v, then b € Pred(G)(P). Our goal is to show that u €
Pred(F)(R™1P), that is, for all a € u it must be a € Pred(G)(R™1P). Let us
take any a € u, since uRel(F)(R)v there exists b € v such that aRel(G)(R)b.
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By induction hypothesis we get a € Pred(G)(R™1P); since this is a valid
argument for all a € u, it follows that u € Pred(F)(R™1P).

7. Let us suppose F = G*, v = (v1,...,v,) and u = (uy,...,u,). Then,
since v € Pred(F)(P) for each i < n we have that v; € Pred(G)(P).
By the definition of the relation lifting we have that for each i < n then
u;Rel(G)(R)v;, hence by induction hypothesis, for all ¢ < n it follows that
u; € Pred(G)(R™1P) and therefore u € Pred(F)(R™1P).

O

We will also need a subtle adaptation of Lemmas 3 and 5 from the framework
of bisimulations to the framework of simulations. In particular, we can adapt
Lemma 3 to prove that if Q is an invariant and R a simulation, R~1(Q is still an
invariant, whereas Lemma 5 will also be true in the framework of simulations
for formulas that only use the operators V, A, () and O.

Lemma 8. Let R be a simulation between coalgebras ¢ : X — FX and d :
Y — FY, with a down-closed order, and let Q C Y be an invariant. Then
R7'Q is also an invariant.

Proof. We are going to show that for all x € R™'Q, we also have c(z) €
Pred(F)(R™'Q). Let us take an arbitrary o € R71Q; then, by definition there
exists y € @ such that Ry and, since @ is an invariant, d(y) € Pred(F)(Q).
On the other hand, since R is a simulation, ¢(x) C uRel(F)(R)v C d(y). Hence-
forth, since we are working with a down-closed order and d(y) € Pred(F)(Q),
then v € Pred(F)(Q). Also, by Proposition 8 we have u € Pred(F)(R~'Q) and,
using again that the order is down-closed, it follows that c(z) € Pred(F)(R™'Q).

Lemma 9. Let R be a simulation between coalgebras ¢ : X — FX and d :
Y — FY, with a down-closed order. If ¢ is a temporal formula constructed
only with operators V, A, () and O, then

R 'ely e 'lx-

Proof. This time the proof will proceed by structural induction on the formula
®.

1. ¢ = P, where P C Y is a predicate. Clearly, by definition we have that
Rl =R'P=[p "]

2. @ =1 Vg, or o =1 Apa. In both cases we trivially have the result.

3. ¢ = Q1. Let us suppose that 2 € R™1[O¢:1]; henceforth there exists some
y such that xRy with y € [Op1] = Of¢1]- Equivalently we have xRy with
d(y) € Pred(F)([¢1]) and since R is a simulation we also get that c(z) C
uRel(F)(R)v C d(y). Using the fact that C is down-closed and Proposition 8
we obtain c(z) € Pred(F)(R™![¢1]). Now, by induction hypothesis we know
that R~'[¢1] C [; ']; this, together with the monotonicity of the operator
Pred(F) leads us to c(z) € Pred(F)([¢;']), that is, = € [¢~].
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4. ¢ = Oy;. By definition, O[p;] is the greatest invariant contained in [¢1]
henceforth, R~1[¢1] is also an invariant. Trivially, since O[p1] C 1] we
have R~'0[¢1] € R™[1]. By induction hypothesis, R~ ![¢1] C [1 '], so
R~'0O[1] is an invariant contained in [] '] and hence it must be contained
in the greatest invariant contained in [ '], that is, it must be contained in
Oy ', as we wanted to prove.

O

Now we can state and prove the corresponding theorem:

Theorem 2. Let R be a simulation between coalgebras ¢ : X — FX and
d:Y — FY with a down-closed order. If ¢ is a temporal formula constructed
only with operators V, N, (O and O, then the property @ is reflected by the
simulation.

Proof. Let us suppose zRy; it will be enough to prove that y € [¢] implies
x € R7[p]. As in the previous proofs, we use structural induction on the
formula ¢.

1. If p = P C Y is an arbitrary predicate then we must prove that y € P
implies x € R™'P. Since xRy, the result follows.

2. Let us suppose ¢ = 1V and let y € Jo1]U[p2]. Without loss of generality
we take y € [p1]. Then, since xRy we have z € R ![p1] € R 1] U
R~ 2], as required.

3. The case ¢ = @1 A g is similar to the previous case.

4. Let ¢ = Q1. If y € Ofea], by definition we have d(y) € Pred(F)([e1])-
Since z Ry and R is a simulation, ¢(x) C uRel(F)(R)v C d(y) and using that
C is down-closed and Proposition 8 it follows that c(z) € Pred(F)(R™[¢1]).

5. Let us suppose ¢ = Oy;: by definition, there is an invariant @ for the
coalgebra d such that y € @ and @ C J¢1]. We must prove that there exists
an invariant S for ¢ such that z € S with § € R™![¢;]. Let us take the
invariant S defined as S = R~!Q which trivially contains z. Now, since
Q C [1], we have S = R™1Q C R™[¢1], as required.

O

Instead of considering down-closed orders, we could have imposed the con-
verse implication, that is, those orders that satisfy that if a € Pred(F)(P) then
b € Pred(F)(P).

Definition 6. Given a functor F : Sets — Sets we say that an order C is
up-closed if whenever a C b then

a € Pred(F)(P) = b€ Pred(F)(P), for all predicates P .

Obviously up-closed is symmetrical to down-closed, that is, it is equivalent
to taking C°P instead of C in Definition 5. So, for example, in the case of Kripke
structures an up-closed order would satisfy

(u,v) C (u/,0") if o Cw.
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The interesting thing about up-closed orders is that they allow us to prove
preservation of properties; again, this result will hold only for formulas con-
structed with the operators V, A, O and 0. We need the following auxiliary
result whose proof is analogous to the case of down-closed orders.

It is well-known that if R is a simulation for the order C, then R™! is a
simulation for the oposite order £°P. Using this property we get the following:

Theorem 3. Let R be a simulation between coalgebras ¢ : X — FX and
d:Y — FY carrying an up-closed order. If ¢ is a temporal formula constructed
only with the operators V, A, O and O, then R preserves the property .

Proof. Let us suppose xRy and € [¢]. Let us consider S = R~!. We know that
S is a simulation between d : Y — F'Y and ¢: X — F X with the down-closed
order C% and since (z,y) € R then, (y,z) € S. Hence, we can apply Theorem
2 and since z € [¢] then, y € [~ !]. But when considering S~! = R the latter
is the same as y € [¢*] (remember Remark 1). Hence we have proved that if
x € [¢] then, y € [¢*], that is, the preservation of the property. a

4.2 Restricting the class of functors

As we have just seen, it is not enough to restrict ourselves to down-closed (or
up-closed) orders to get a valid result for all properties. What we want is a
necessary and sufficient condition over functorial orders that implies reflection
(or preservation) of properties by simulations. So far we have not found such a
condition, but we have a sufficient one for simulations to reflect properties (and,
in fact, also so that they preserve properties).

Recalling the structure of lemmas and propositions used to prove reflection
and preservation of properties by bisimulations, we notice that the key ingredi-
ents were Lemmas 2 and 1. With these lemmas we were able to prove directly
preservation of invariants (Lemma 3) and the relation between R~! (respec-
tively R) of a formula and the inverse of a formula (respectively direct image
of a formula). Also, Lemmas 2 and 1 were essential to prove directly reflection
and preservation of formulas built with the nexttime operator and the rest of
temporal operators.

In the previous section the problem we faced was that either Lemma 2 (for
down-closed orders) or Lemma 1 (for up-closed orders) held, but not both simul-
taneously. As a consequence, the results for the operators eventually and until
did not hold. So, if we were capable of finding a subclass of functors and orders
such that they fulfill results analogous to Lemmas 2 and 1 then, translating those
proofs, we would get reflection and preservation of arbitrary properties.

We are going to define a subclass of functors and orders in the way that
Hughes and Jacobs did in [7] for the subclass Poly.

Definition 7. The class Order is the least class of functors closed under the
following:

1. For every preorder (A, <), the constant functor X — A with the order given
by Cx=<4 is in Order.
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2. The identity functor with equality order is in Order.
3. Given two polynomial functors Fy and Fy with orders C' and T2, the product
functor Fy x Fy with order Ex given by

(u,v) Ex (u',v") if wC'v and w20,

is in Order.
4. Given the polynomial functor F with order CTF and the set A, the functor
FA with order Cx given by

u Cx vif u(a) CF v(a) for all a € A,

is in Order.
5. Given two polynomial functors Fy and Fy with orders C' and C2, the co-
product functor Fy + Fy with order Cx given by

wCx v if u=k1(ug) and v = k1(vo) with ug C! vg
oru = Ka(ug) and v = K2(vo) with ug C2 vg ,

is in Order.
6. Given the polynomial functor F with order CF, the powerset functor P(F)
with order Cx given by

uCx v if Yac€u3dbcv suchthat aCTFb
and also¥b € v 3a €u  such that a TF b,

is in Order.

For example the usual order for Kripke structures is not in the class Order.
Besides, in the definition of Poly in [7] the authors did not consider the powerset
functor but we do, although we are not using the usual order for this functor.

At first, to obtain that simulations not only reflect but also preserve proper-
ties may seem a little surprising. If we think about the elements in the subclass
Order we notice that we have restricted the orders to equality-like orders, that
is, almost all possible orders in Order are the equality. However, since the class
Order is very similar to the class Poly, it has the same good properties shown
in [7] (like the stability of the orders and functors). Let us see some orders and
functors that belong to Order:

Ezample 3. 1. If we consider the functor P(id), then the order T defined in
Definition 7 says that u C v if and only if for each a € u there exists b € v
such that a = b, and if for each b € v there exists a € u such that a = b.
This means that C is the identity relation. As an immediate consequence for
transition systems the only possible Order simulations are bisimulation.

2. If we consider the functor A x id where A has a preorder <4 different from
the identity, the order C from Definition 7 is the following: (u,v) C (u/,v’) iff
v=12v"and u <4 u'. So, if <4 is not the identity, neither is E. For example,
let us take X = {z1,22,23}, Y = {y1,92}, AP = {p1,p2,p3} and consider
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the functor F = P(id) x P(AP) and the coalgebras ¢ : X — FX and d :
Y — FY defined by c(z1) = ({2, 23}, {p1}), c(z2) = ({z3}, {p2}), c(z3) =
({2}, {ps)), (1) = (Lo, {p2}) and d(z) = ({2}, {1 }). Obviously there
is no bisimulation between z1 and y; since this atomic propositions are not
the same, but taking the order C defined as (u,v) C (u/,v") iff w =’ (that
is, taking as the preorder <4p the total relation) we have that there exists
a simulation R in Order between x; and y;.

Lemma 10. Let R C X XY be a simulation between coalgebras ¢ : X — FX
and d :' 'Y — FY, such that the functor F is in the class Order. Let us
also suppose that P CY and xRy; then, if d(y) € Pred(F)(P) we have c¢(z) €
Pred(F)(R™'P).

Proof. Again, the proof will be done by structural induction on the functor F'.

1.

2.

F = cnst. In this case Pred(F)(P) = T and also Pred(F)(R™!P) =T, and
c(z) € Pred(F)(R™1P) trivially.

F' = id. In this case we have that the order C coincides with the equality and
Pred(F)(P) = P for each P. Henceforth, we must check that c(x) € R~ P.
Since R is a simulation we have ¢(z) C wRv C d(y) and this is equivalent to
c(x)Rd(y), because the order is the equality.

. Let F} and F5 have orders C! and C? and consider F = F} x F, with the

order defined in Def. 7. We have

Pred(F)(P) = {(u,v) | Pred(F1)(P)(u) A Pred(F»)(P)(v)} .

)

Let us suppose that d(y) = (d1(y), d2(y)) and similarly ¢(z) = (c1(x), ca(z)).
Then, if d(y) € Pred(F)(P) we have di(y) € Pred(F1)(P) and da(y) €
Pred(F)(P). Now, as R is a simulation between ¢ and d, from xRy it
follows the existence of u = (uj,u2) and v = (v1,v2) such that ¢(z) C
(u1,uz)Rel(F)(R)(v1,v2) C d(y). By definition of C, in particular we have
both ¢;(x) T uiRel(Fy)(R)vr C! di(y) and ca(x) £2 uaRel(Fp)(R)vy C2
da(y). That is, R is also a simulation between ¢; and dj, and ¢y and ds.
Thus, we can use our induction hypothesis and since dq(y) € Pred(Fy)(P),
we get ¢;(x) € Pred(Fy)(R™!P) and, analogously, c2(z) € Pred(F2)(R™1P),
so ¢(x) € Pred(F)(R™'P), as we wanted to prove.

. Let Fy and F5 have orders C! and C? and consider F = Fy + F, with the

order given by Def. 7. In this case, we have
Pred(F)(P) = {1 (u) | Pred(F})(P)(u)} U {ra(v) | Pred(Fy)(P)(v)}.

Without loss of generality we suppose d(y) = x1(d1(y)) = (d1(y), 1); we must
have dy (y) € Pred(F1)(P). Let us consider the following constant coalgebras:

CxlX—>F1X dy:Y—)Fly
z = ci(x) z = di(y)

Since R is a simulation and the order is the disjoint sum, R is also a simu-
lation between cx and dy. Applying the induction hypothesis, we have that
c1(z) € Pred(Fy)(R™1P) and hence c(x) € Pred(F)(R™!P).
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5. Let F be a functor with orden C¥ and consider the functor F4 with the
order given by Def. 7. In this case,

Pred(F4)(P) = {f | Va € A. Pred(F)(P)(f(a))},

Rel(F4)(R) = {(f,9) | Ya € A. Rel(F)(R)(f(a),g(a))} -

Hence, there exists u and v such that c(z) C uRel(F4)(R)v C d(y). Now,
for each a € A and F“-coalgebrad : Y — F4(Y)) we can define a coalgebra
on F:d*:Y — F(Y) where, for each y € Y, d*(y) = d(y)(a); analogously
we define ¢*(x) = ¢(x)(a) for each x € X. In this way we have that Ry and
d*(y) = d(y)(a) € Pred(F)(P).

Now, using the definition of the order C we have the following
() CF u(a)Rel(F)(R)v(a) T d*(y) ,

that is, R is also a simulation between ¢® and d*. Applying the induction
hypothesis we get c*(z) € Pred(F)(R~1P). Since this argument is valid for
all a € A, we finally get c(z) € Pred(F4)(R™'P).

6. Let F be a functor with order T and let us consider the functor P(F) with
the order given by Def. 7. In this case

Pred(P(F))(P) ={U | Yu € U. Pred(F)(P)(u)} .

We have d(y) € Pred(P(F))(P) so for each b € d(y) we have that b €
Pred(F)(P), and we must prove that c(x) € Pred(P(F))(R~1P), or equiva-
lently, that for all @ € c(x) also a € Pred(F)(R™!P). Let us take an arbitrary
a € ¢(x), and we define the following constant coalgebra:

%X 5 FX
zZ —=a

Now, since zRy and R is a simulation, c¢(z) T uRel(P(F))(R)v C d(y).
By definition of C, from ¢(z) C u it follows that for each a € ¢(z) there
exists some a; € u such that a °F a1. Also, by the definition of the relation
lifting we have that for each element a; € u there exists b; € v such that
a1Rel(F)(R)b;. Again by the definition of the order, for each b; € V there
exists a b € d(y) such that by CF b.
Now we consider:
d4 Y - FY
z —b

Trivially, R is a simulation between the coalgebras c% and d3, because a CF
a1Rel(G)(R)by CF b; also d% = b € Pred(F)(P), so by induction hypothesis
it follows that ¢% = a € Pred(F)(R~!P). Since this argument is valid for
each a € c(z) we get c(z) € Pred(P(F))(R™'P).

0O

In a similar way we have the corresponding lemma involving direct predicates.
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Lemma 11. Let R C X x Y be a simulation between coalgebras ¢ : X — FX
and d : Y — FY, such that the functor F is in Order. Let us suppose also
that P C X and xRy. Then, if c(x) € Pred(F)(P), d(y) € Pred(F)(RP).

Now we can conclude that under these hypothesis simulations reflect and
preserve properties, simultaneously! This fact is a straightforward result from
Lemmas 10 and 11.

Theorem 4. Let R be a simulation between coalgebras ¢ : X — FX and
d:Y — FY, with F a polynomial functor in the class Order. Then, the
simulation R reflects and preserves properties.

5 Including atomic propositions

A consequence of the fact that the logic proposed by Jacobs does not introduce
atomic propositions was the need of giving non-standard definitions of reflection
and preservation of properties. Kurz, in his work [12] includes atomic proposi-
tions in a temporal logic for coalgebras by means of natural transformations.

Definition 8. Given a set AP of atomic propositions, the formulas of the tem-
poral logic associated to a coalgebra ¢ : X — F X are given by the BNF expres-
ston:

p=plpleVeloAple=9|Op|Cp|Dp|pU ¢

where p € AP is an atomic proposition.

Kurz also defines when a state x satisfies an atomic proposition p, that is, he
defines the semantics of an atomic proposition.

Definition 9. Let F' : Sets — Sets be a functor and AP a set of atomic
propositions. Let v : F = P(AP) be a natural transformation and ¢ : X — FX
a coalgebra. We say that x satisfies an atomic proposition p € AP, and denote
it x = p, when

p € (vx oc)(z).

This way [p] = {z | p € (vx oc)(x)}.

Notice that in fact this defines not only a semantics but a family of possible
semantics that depends on the natural transformation. For example, we can
define a natural transformation for the functor for Kripke structures in this way:

vx : P(AP) x P(X) — P(AP)
(P,Q) — P

With vx we have characterized the standard semantics of LTL for Kripke struc-
tures. Analogously, we could define the following interpretation: v (P,Q) =
P(AP)\ P.

Introducing in our temporal logic the semantics of the atomic propositions,
we can state the following theorem involving bisimulations:
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Theorem 5. Let R be a bisimulation between coalgebras ¢ : X — FX and
d:Y — FY. Let ¢ be a temporal formula; then, the following is true for all
r € X andy €Y such that xRy:

refelx <= wyeloly.

Here we have captured in the same theorem the classical ideas of reflection
and preservation of properties: we have some property in the lefthand side of
a bisimulation if and only if we have the property in its righthand side. In
this case the theorem is true also for the negation operator thanks to the atomic
propositions. Intuitively, this is because now we have an “if and only if” theorem,
whereas in Theorem 1 we needed to reason separately for each implication using
monotonicity, and negation lacks it. Also notice that even though we could think
that in Theorem 1 our predicates played the role of atomic propositions, there
are some essential differences: first, predicates are not independent of each other,
unlike atomic propositions, and secondly, while atomic propositions stay the
same predicates vary with each set of states.

Now we prove the theorem:

Proof. Once again the proof will proceed by structural induction on the formula
©.

1. Let ¢ = p where p is an arbitrary atomic proposition. This way we have the
following diagram, for v an arbitrary natural trasformation:

X R Y
ci [c,d]l d\L
Fry Fra
X FR FY

"Xi Vﬁl Wl

P(AP) <L p(AP) —L~ P(AP)

This diagram is commutative. Indeed, since R is a bisimulation the upper
side commutes, while the lower side commutes because v is a natural trans-
formation.
So, z € [¢]x means by definition that p € (vx o ¢)(z). Since the diagram
commutes then p € (vg o[, d])(x,y) < p € (vy od)(y), that is, y € [¢]y.
2. Let us suppose ¢ = —pg. In this case we must show that z € —[yo]x if
and only if y € —[yo]y, that is, we must see that x ¢ [po]x if and only
if y ¢ [wolly. By induction hypothesis we have z € [po]x if and only if
y € [eolly-
. The cases ¢ = p1 A @2 and ¢ = @1 V o are analogous to the previous case.
4. Let us suppose now that ¢ = Qpe. We must prove that € Ofeo]x is
equivalent to y € Ofpo]y, that is, ¢(z) € Pred(F)([¢o]x) is equivalent to
d(y) € Pred(F)([¢o]y)- The latter will be proved by structural induction on
the functor F.

w
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(a)
(b)

(©)

F = cnst. In this case, both Pred(F)([¢o]x) and Pred(F)([¢o]y) are
equal to T, so we trivally get the result.

F = id. In this case we must see that c¢(z) € [ypo]x is equivalent to
d(y) € [¢o]y. Now, since we have xRy then, ¢(x)Rd(y) and by induction
hypothesis on ¢, we know that, if aRb then a € [yo]x if and only if
b € [poly-

F = Fy x Fy. Let us suppose that c¢(z) = (c1(z),c2(x)) and d(y) =
(d1(y),dz2(y)). Then, if ¢(x) € Pred(F)([¢o]x) we have

c1(z) € Pred(F1)([wolx) and  co(x) € Pred(F2)([eolx) -

By induction hypothesis on Fy and Fy we get di(y) € Pred(Fy)([eo]y)
and da(y) € Pred(F2)([¢oly), so we get y € [¢]y. The other implication
is analogous.

F = Fy + F5. Let us suppose that ¢(z) = k1(c1(z)) = (c1(z), 1); in this
case we have ¢1(z) € Pred(F1)([eo]x). Let us define:

cx : X > X dy :Y - 1Y
z () z —di(y)

Trivially, R is a bisimulation between cx and dy; then, if we apply the
induction hypothesis on the functor we get di(y) € Pred(F1)([woly)
and hence d(y) € Pred(F)([¢o]y ). Analogously, if we suppose c¢(x) =
ko(c1(x)) we also get d(y) € Pred(F)([eoly).

The other implication is similar.

F = G#. Let us prove only one implication since the other one is almost
identical. We have

Pred(F)([o]x) = {/ | Va € A. Pred(G)([vo]x)(f(a))} -

Once again, as we have shown in other proofs, we define for each a € A
and each F-coalgebra ¢ : X — F(X) a G-coalgebra, ¢* : X — G(X)
where for each € X we have ¢*(z) = ¢(z)(a). In this way, we have xRy
and ¢*(z) = c¢(z)(a) € Pred(()G)([po]x). By induction hypothesis we
have that d*(y) € Pred(G)([eo]y)- Since this is a valid argument for all
a € A, we obtain d(y) € Pred(F)([¢o]y)-

F = P(G). Let us show only one of the implications. Let us suppose
d(y) € {U | Vu € U. Pred(G)([o]y)(u)}; then, for all b € d(y), we
have b € Pred(G)([¢o]y). Let us show that ¢(z) € Pred(F)([¢olx), or
equivalently, that for all a € ¢(x), a € Pred(G)([po]x)- Let us take an
arbitrary a € ¢(x) and we define the constant coalgebra:

k% X =+ GX
z —a

Now, since zRy and R is a bisimulation, then c¢(z)Rel(F)(R)d(y), so
there must exist some b € d(y) such that aRel(G)(R)b.
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So we define:
dl{/ Y - GY
z —=b

Trivially R is a bisimulation between the coalgebras ¢% and d% and
also d%(y) = b € Pred(G)([wo]y), hence by induction hypothesis it
follows that ¢% (z) = a € Pred(G)([wo] x ). This argument is valid for all
a € c(x), therefore, c¢(x) € Pred(F)([wo] x).

(g) F = G*. Applying an analogous reasoning we get the result.

. ¢ = Ogp. Assuming that = € [p]x we get that there exists

@ C X an invariant for ¢ with Q C [po]x and z € Q.

Now, RQ is a invariant for d and, also, such that RQ C [yo]y with y € RQ.
Indeed, if x € Q then y € RQ and if b € R(Q there must exists some
a € @ C [wo]x such that aRb. So, by induction hypothesis we get that
b € [po]y

On the other hand, if y € J¢]y there must exists some invariant 7" on Y,
such that T' C Jgo]y with y € T, hence for proving « € [¢]x it is enough
to consider the invariant R~17T.

. p = Opp. We must prove © € ~O-[po]x if and only if y € =O-J¢pe]y. Or
equivalently, © € O—po]x if and only if y € O—yg]y. Let us show only
one of the implications. If y € O=[yo]y then, by definition, there exists an
invariant T C Y such that T C —[¢o]ly with y € T. Once again, taking the
invariant R~1T we get by induction hypothesis that R~!T C =[y¢o]x and
x € R™IT, as required.

. = @1ldpa. We are going to proceed in a similar way as we did in Prop. 4.
We must prove y € [o1]y U [e2]y if and only if = € [p1]x U [v2]x-

The induction hypothesis give us the next property: if xRy then,

y€lpily @z €pilx Vie{1,2}.

Hence, we have both R71[p;]y C [¢i]lx and R[pi]lx C [¢:]y, for i €
{1, 2}. This way, we can equivalently prove the following: y € [v1]y U [e2]y
implies * € R [po1]ly U R~ '[p2]y and = € [o1]x U [p2]x implies y €
Rlp1]x U Rlp2]x-

Once again, we just show one of the implications. Let us show that

z € [e1]x U [p2lx = y € Rlpr]y U Rlpo]y -
Also, we consider the auxiliary function

fhg) : P(Y) — P(Y)
S —QUPN-0-S),

with the notation
.U
fi o denotes  fi1, 14 [pa]x) (S)

fQ denotes f(l{%[[tm]]y,R[hm]]y)(S) .
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Recall that f; and fo satisfy Rf1(S) C f2(RS) and that by Prop. 6 fgg Q)
is monotonic and U-continuous for any pair of predicates P and @. Also, by
Prop. 6 we have that the least fixed points are given by

puS.f1(S) = _U £

pS.f2(8) = | £0).

i=1
Hence, since € |J;° f1(0) then, for some i we have z € fi(0), soy € RfH (D).
If we consider in Lemma 7 the bisimulation R~ we get

y € Rf1(0) C fo(Rf"HD)) .

and by monotonicity of fa,

F(RATHD)) C f2(f2(RAT2(0))).

If we iterate this process we finally get
y € f2'(RO) = fo'(0).

And, that way, we get y € [J;° fi(0) = pS.f2(S).
O

To obtain a similar result for simulations, we will need again to restrict the
class of functors and orders as we did in Sections 4.1 and 4.2. In particular
we are interested in the following antimonotonicity property: if v = u' then
v(u') Cv(u).

Definition 10. Let F': Sets —> Sets be a functor, AP a set of atomic propo-
sitions and v : F = P(AP) a natural transformation. We say that T is a
down-natural v-order if, whenever u T v’ then v(u') C v(u).

Obviously this definition depends on the natural transformation that we con-
sider in each case. For example, for Kripke structures we have the following
natural transformation: vx((Ax, Bx)) = Ax C AP. To obtain a down-natural
v-order the following must hold: (u,v) C (u/,v") then v((u',v")) C v((u,v)), that
is, it will be enough to require (u,v) C (u/, ") iff v/ C w.

This way, if we combine the down-closed and the down-natural orders we get:

If (u,v) C(v/,0") then v Cuandov Co'.

This characterization is not as restrictive as one could think. Indeed, if we
recall the definition of functorial order we had:

PreOrd

\Lfm‘get

Sets — Sets
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This diagram means that the functor F' and the order C almost have the same
structure and indeed, we could use a natural transformation between C and
P(AP) in Definition 9 instead of a natural transformation between F and
P(AP), that is, v :C= P(AP). Considering v in this way, an immediate conse-
quence is that if we take as order in P(AP) the relation D (as is done in [15]),
then w C v implies v(u) C v(v).

We can tackle the proof of reflection of properties (with atomic propositions)
by simulations as we did in Section 4.1, imposing to the order not only to be
down-natural but also down-closed. But, if we do that we will find the same
difficulties we faced in Section 4.1 (that is, we would not be able to prove reflec-
tion of formulas built with the operators until and eventually). Therefore, we
must restrict the class of functors and orders, as we did with the class Order in
Section 4.2, but imposing also that the orders must be down-natural.

Definition 11. The class Down-Natural v-Order is the subclass of Order
where all orders are down-natural.

Notice that we are defining a different class for each natural transformation
v.

Under this condition we state and prove the corresponding theorem involving
simulations and the reflection of properties (with atomic propositions).

Theorem 6. Let R be a simulation between coalgebras ¢ : X — FX and
d:Y — FY on the same polynomial functor F from Sets to Sets belonging
to the class Down-Natural v-Order and let ¢ be a temporal formula. Then,
for each x € X and y € Y such that xRy:

yelely = zellx.
Proof. We will prove the theorem by structural induction on .

1. Let ¢ = p where p is an atomic proposition. Let us suppose that y € [p]y,

so p € (vy od)(y). Since R is a simulation there must exists u and v such
that ¢(z) C uRel(F)(R)v C d(y). We must prove that = = p, that is,
p € vx(c(x)). Since we are supposing that z C 2" implies v(z’) C v(z), we
have that p € vy (v); so it will be enough to show that p € vx(u) and use
that we are dealing with a down-natural order.
Let us show that vx(u) = vy(v). By definition, Rel(F)(R) is the image
of (Fri,Fry) : FR — FX x FY. Hence, since uRel(F)(R)v, there exists
some w € FR such that (u,v) = (F'r1(w), Fra(w)); so p € vy (v) = vp(w) =
vx(u), as the following diagram shows:

Frqy Fro
FX FR FY

in l yyl

P(AP) <4 p(AP) L~ P(AP)
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2. The cases ¢ = 1 A 2 are ¢ = 1 V @y trivial.

3. Let us suppose that ¢ = Qpo. We must prove that y € Ofpo]y im-
plies z € Olpo]x, that is, that d(y) € Pred(F)([¢o]y) implies c¢(z) €
Pred(F)([¢o]x)- Once again this will be proved applying structural induc-
tion over the functor F.

(a)
(b)

F = enst. In this case both Pred(F)([¢o]y) = T and Pred(F)([¢o]x) =
T, so we trivially get the result.

F = id. In this case we have that both C and Pred(F’) are the identity.
Hence, we must show that ¢(z) € [¢o]x. Since R is a simulation we have
¢(xz) C uRv C d(y), that is, c(z)Rd(y). By induction hypothesis over ¢
we have that, if zRy, y € [wo]y implies z € [po]x, and that way we
obtain ¢(z) € Pred(F)([vo] x)-

Let Fy and F, be two functors with down-natural orders C! and C2 and
let us consider F' = Fy x F; with the down-closed order given by Def. 7.
In this case we have

Pred(F)(P) = {(u,v) | Pred(F1)(P)(u) A Pred(F»)(P)(v)} .

Let us suppose d(y) = (d1(y),dz2(y)) and c(z) = (c1(z), ca(x)). Hence-
forth, if d(y) € Pred(F)([eoly) then di(y) € Pred(F1)([po]y) and
da(y) € Pred(F2)([¢o]y). Now, since R is a simulation between ¢ and
d then, given xRy, it follows the existence of u = (uj,u2) and v =
(v1,v2) such that c¢(z) T (u1,u2)Rel(F)(R)(v1,v2) C d(y). By defini-
tion of C we have ¢1(z) T uiRel(F))(R)vy C! di(y) and co(w) T2
usRel(F2)(R)vz £2 da(y). That is, R is also a simulation between c;
and dq, and ¢y and dy. Since both orders C! and T2 are down-natural,
we can apply the induction hypothesis over F' and obtain that ¢1(x) €
Pred(F1)([po]x) and ca(z) € Pred(F2)([wo]x ), hence we obtain c(z) €
Pred(F)([po]x), as we wanted to prove.

Let Fy and F, be two functors with down-natural orders C! and C2 and
let us consider F' = F} + F» with the order given by Definition 7.
Without loss of generality let us suppose that d(y) = ki1(di(y)) =
(d1(y),1); we have dy(y) € Pred(F1)([¢o]y). Let us consider now the
following constant coalgebras:

cx : X > X dy : Y - 1Y
z +—ci(x) z —di(y)

Since R is a simulation and the order is the disjoint sum, we also have
that R is a simulation between cx and dy with down-natural orders;
hence, by induction hypothesis we have ¢1(x) € Pred(F1)([¢o]x) and in
this way, c(x) € Pred(F)([¢o]x)-

Let F be a functor with a down-natural order C¥ and let us consider the
functor F4 with the order given by Def. 7. Since R is a simulation, there
exists u and v such that c(z) C uRel(F4)(R)v C d(y). Now, for each
a € A and each F4-coalgebra d : Y — FA(Y) we define a coalgebra
over F' this way: d* : Y — F(Y) where, for each y € Y, d*(y) = d(y)(a);
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analogously we define ¢*(x) = ¢(z)(a) for all z € X. In this way we have
xRy and d*(y) = d(y)(a) € Pred(F)([o]y ).

Now, by definition of C we have c?(x) CF u(a) Rel(F)(R)v(a) CF d*(y),
that is, R is a simulation between ¢* and d*. By induction hypothesis we
have ¢*(x) € Pred(F)([¢o]x)- Since this argument is valid for all a € A,
we have that c¢(z) € Pred(F4)([¢o]x)-

(f) Let F be a functor with a down-natural order C¥ and let us consider
the functor P(F) with the order given by Def. 7. In this case we have
d(y) € Pred(P(F))([¢oly), so for all b € d(y) we will have that b €
Pred(F)([¢o]y), and we have to prove that c(z) € Pred(P(F))([¢olx),
or equivalently, that for all a € ¢(z) we have a € Pred(F)([¢o] x)- Let us
take an arbitrary a € c¢(x) and define the following constant coalgebra:

%X - FX
zZ = a

Since xRy and R is a simulation we have c¢(z) C uRel(P(F))(R)v C d(y).
By definition of C, it follows that since ¢(z) C u, then for each a € ¢(x)
there exists a; € u such that a CF a;. Also, by the definition of relation
lifting it follows that for each element a; € w there exists an element
b1 € v such that a1Rel(F)(R)b1. Again, by the definition of the order it
follows that for each by € V there exists a b € d(y) such that b; CF b.
Now, we define the following:

& Y = FY
z —b

Trivially, R is a simulation between ¢% and d%, and also d% = b €
Pred(F)([¢o]y); hence by induction hypothesis over F' it follows ¢% =
a € Pred(F)([wo]x)- Since this is a valid argument for each a € c(x), it
follows that c¢(x) € Pred(P(F))([¢o]x)-

4. ¢ = Ogpg. Suppose that y € [¢]y: there exists an invariant Q C Y such that
Q C [eoly and y € Q. Now, recall that the functors of the class Order
satisfied Lemmas 10 and 11; hence, R~'Q is an invariant too. Furthermore
R71Q C [wo]x with x € R71Q. Indeed, since y € Q then z € R~'Q; on the
other hand, if @ € R~'(Q there must exist some b € Q C [o]y such that
aRb. Hence, by induction hypothesis, a € [¢o]x so z € [po]x as requested.

5. ¢ = Oywp. We must prove that y € =O-]pg]y implies z € =O-[p]x, or
equivalently, that @ € O-[po]x implies y € O-[po]y. Indeed, as in the
previous case there exists an invariant 7 C X such that 7' C —[po]x with
xz € T. Once again, RT is an invariant such that RT C Y, RT C —[eo]y
and y € RT, as required.

6. ¢ = p1ldps. We are going to prove that y € [p1]y U [p2]y implies x €
[oa]x U [io2] x-

As we showed in the proof of Theorem 5, the induction hypothesis provides
us with the following property: if xRy then

y € [pily = v € [pilx Vie{1,2}.
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Hence, we have that R™[¢;]y C [wi]x, for i € {1,2}. So we must prove
that y € [e1]y U [p2]y implies = € R [p1]y U R~ o]y -
Once again we define

fihg)  PY) — P(Y)
S = QUPN-0O-S),

with the following notation:

f1  denotes f(lﬁm]]y Te21v) (9

f2  denotes fgg—l[[w]]y,R—lllwz]]y)(S)'

Recall that since Lemmas 11 and 10 are satisfied, we can guarantee that f;
and f, satisfy the relation R71f1(S) C fo(R™1S). On the other hand, since
fgg o) is monotonic and U-continuos we have that

oo

pS.f1(8) = F(0)

i=1

pS.f2(S) = U £50).

Hence, since y € |J;° f1(0) then, for some i we have y € fi(0), so,y € Rfi(0),
and also

z € RTUA0) C fo(RTIATHD).
By monotonicity of f,,
F2(RTHATTH0)) € fo(fo(RTATD)))
If we iterate this process we finally get
z € fo'(RO) = f2"(0).

And that way z € |J;° f4(0) = pS.f2(S), as required.
0O

We showed above that simulations for functors in the class Order reflected

and preserved all kinds of properties. Instead, now we can only prove one im-
plication, that corresponding to the reflection of properties. This is so because
down-natural v-orders have a natural direction.

Exactly in the same way as we did with down-natural v-orders, we can define

the corresponding class of up-natural v-orders:

Definition 12. Let F' : Sets —> Sets be a functor, AP a set of atomic propo-
sitions and v : F = P(AP) a natural transformation. We say that C is an
up-natural v-order if u C u’ implies v(u) C v(u').
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Also, as we did for down-natural v-orders, we must define a subclass of Or-
der:

Definition 13. The class Up-Natural v-Order is the subclass of Order
where all orders are up-natural.

Theorem 7. Let R be a simulation between coalgebras ¢ : X — FX and
d:Y — FY on the same polynomial functor F in the class Up-Natural
v-Order, and let ¢ be a temporal formula. Then, for allz € X andy € Y such
that xRy:

relolx = yelely.

6 Conclusions

The main goal of this paper was to study under what assumptions coalgebraic
simulations reflect properties. In our way towards the proof of this result, we
were also able to prove reflection and preservation of properties by coalgebraic
bisimulations. For expressing the properties we used Jacobs’ temporal logic [§],
later extended with atomic propositions using the idea presented in [12].

That coalgebraic bisimulations reflect and preserve properties expressed in
modal logic is a well-known topic (e.g, [9,12,16]), but not so the corresponding
results for simulations. The main difficulty is that Hughes and Jacobs’ notion of
simulation is defined by means of an arbitrary functorial order which bestows
them with a high degree of freedom. We have dealt with this by restricting the
class of functorial orders (although even so we are not able of obtaining a general
result) and by restricting also the class of allowed functors.

In order to get more general results on the subject, an interesting path that we
intend to explore is the search for a canonical notion of simulation. This definition
would provide us, not only with a “natural” way to understand simulations but,
hopefully, would also give rise to “natural” general results about reflection of
properties.

Another promising direction of research is the study of reflection and preser-
vation of properties in probabilistic systems following our results of [4] in com-
bination with the ideas presented in [6,5,2].
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Non-Strongly Stable Orders Also Define
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Abstract. We present a study of the notion of coalgebraic simulation
introduced by Hughes and Jacobs. Although in their original paper they
allow any functorial order in their definition of coalgebraic simulation, for
the simulation relations to have good properties they focus their atten-
tion on functors with orders which are strongly stable. This guarantees
a so-called “composition-preserving” property from which all the desired
good properties follow. We have noticed that the notion of strong sta-
bility not only ensures such good properties but also “distinguishes the
direction” of the simulation. For example, the classic notion of simulation
for labeled transition systems, the relation “p is simulated by ¢”, can be
defined as a coalgebraic simulation relation by means of a strongly stable
order, whereas the opposite relation, “p simulates ¢”, cannot. Our study
was motivated by some interesting classes of simulations that illustrate
the application of these results: covariant-contravariant simulations and
conformance simulations.

1 Introduction and presentation of our new results

Simulations are a very natural way to compare systems defined by transition
systems or other related mechanisms based on the description of systems by
means of the actions they can execute at each of their states [11]. They can be
enriched in several ways to obtain, in particular, the important ready simulation
semantics [2,8], as well as other more elaborated ones such as nested simulations
[5]. Quite recently we have studied the general concept of constrained simulation
[3], proving that all the simulation relations constrained by an adequate condition
have similar properties. The semantics of these constrained simulations is also
the basis for our unified presentation of the semantics of processes [4], where all
the semantics in the ltbt-spectrum [13] (and other new semantics) are classified
in a systematic way.

Hughes and Jacobs [6] have also developed a systematic study of simulation-
like relations, this time in a purely coalgebraic context, so that simulations are
studied in connection with bisimulations [11], the fundamental concept to define

* Research supported by the Spanish projects DESAFIOS TIN2006-15660-C02-01,
WEST TIN2006-15578-C02-01, PROMESAS S-0505/TIC/0407 and UCM-BSCH
GR58/08,/910606.




equivalence in the coalgebraic world. Their coalgebraic simulations are defined in
terms of an order C associated to the functor F' corresponding to the coalgebra
c: X — FX that we want to observe. In this way they obtain a very general
notion of coalgebraic simulation, not only because all functors F' are considered,
including in particular the important class of polynomial functors, but also be-
cause by changing the family of orders C x many different families of simulation
relations can be obtained. The general properties of these simulations can be
studied in the defined coalgebraic framework, thus avoiding the need of similar
proofs for each of the particular classes of simulations.

Certainly, this generic presentation of the notion of coalgebraic simulation
has as advantage that it provides a wide and abstract framework where one can
try to isolate and take advantage of the main properties of all the simulation-like
relations. However, at the same time it can be argued that the proposal fails to
capture in a tight manner the spirit of simulation relations because, in addition
to the natural notions of simulations, the framework also allows for other less
interesting relations. This has as a result that some natural properties of sim-
ulations cannot be proved in general, simply due to the fact that they are not
satisfied by all of the permitted coalgebraic simulation relations. For instance,
the induced similarity relation between systems is not always an order because
transitivity is not always satisfied. In order to guarantee transivity, and other
related properties of coalgebraic simulations, Jacobs and Hughes introduce in
[7] the composition-preserving property to the order C that induces the sim-
ulation relation. In [6] they continue with the study of the topic and present
stability of orders as a natural categorical property to guarantee that an or-
der is composition-preserving. They also comment that stability is not easy to
check and introduce a stronger condition (that we will call right-stability) so
that, whenever applicable, the checking of the main properties of coalgebraic
simulations becomes much simpler than in the general case.

Roughly speaking, given an order Cx on F'X for each set X, the induced
coalgebraic simulations are defined in the same way as bisimulations for F', but
allowing a double application of C on the two sides of the defined relation. More
precisely, instead of the functor Rel(F') defining plain bisimulations, Relc (F')
defined as Cy oRel(F') o Cx is used. There are several interesting facts hidden
behind the apparent simplicity of this definition. The first one is that, in general,
it only defines an order and not an equivalence relation, even if it is based on
bisimulations (that always define an equivalence relation, namely, bisimilarity).
The reason is that the order C appears “in the same direction” on both sides
of the definition, thus breaking its symmetry. However, we can also define some
equivalence relations weaker than bisimilarity by using an equivalence relation =
as the order C. Another interesting fact is that whenever we define a coalgebraic
simulation by using C, the inverse order J defines the inverse relation of that
defined by C once we also interchange the roles of the related sets X and Y
(so we could say that we are defining in fact the same relation but looking at it
from the other side). Stability is also a symmetric condition, so that whenever
an order C on a functor F' is stable, the inverse order 1 is stable for F', too. This




is quite reasonable, since stability is imposed in order to guaratee transitivity
of the generated similarity relation and the inverse of a transitive relation is
also transitive, so that whenever C generates an “admissible” similarity relation
(meaning that it is an order), the inverse order J must be also admissible.

It is worth noting that the stronger condition guaranteeing stability is asym-
metric. In fact, Hughes and Jacobs prove in [6] that “right-stability” implies
that

Rel(F)(R)o Ex C Cy oRel(F)(R), (1)
which in fact motivates our name for the condition.

A second surprise was to notice that, in most cases, right-stability induces
a “natural direction” on the orders defining the coalgebraic simulation. For in-
stance, for plain similarity over labeled transition systems, the inclusion order C
induces the classic simulation relation while the reversed inclusion O induces the
opposite “simulated by” relation: the first one is right-stable while the second is
not.

All these general results arose when trying to integrate two new simulation-
like notions as coalgebraic simulations definable by a stable order, so that we
could obtain for free all the good properties that have been proved in [6] for this
class of relations.

The first new simulation notion is that of covariant-contravariant simulations,
where the alphabet of actions Act is partitioned into three disjoint sets Act',
Act”, and Act®®. The intention is for the simulation to treat the actions in Act
like in the ordinary case, to interchange the role of the related processes for
those actions in Act”, and to impose a symmetric condition like that defining
bisimulation for the actions in Act®.

The second notion, conformance simulations, captures the conformance rela-
tions [9,12] that several authors introduced in order to formalize the notion of
possible implementations. Like covariant-contravariant simulations, they can be
defined as coalgebraic simulations for some stable order which is not right-stable
neither left-stable. We show that the good properties of these two classes of or-
ders are preserved in those orders that can be seen as a kind of composition of
right-stable and left-stable orders. We use this fact to derive the stability of the
orders defining both covariant-contravariant and conformance simulations.

2 Coalgebraic simulations and stability

Given a category C and an endofunctor F' in C, an F-coalgebra, or just a coal-
gebra, consists of an object X € C together with a morphism ¢ : X — FX.
We often call X the state space and c¢ the transition or coalgebra structure.

For example, labeled transition systems are coalgebras for the functor F' =
P(id)*, where A is the set of labels. Sometimes we will denote P4 for P (id)4.

An arbitrary endofunctor F' : Sets — Sets can be lifted to a functor in
the category Rel over Sets x Sets of relations, Rel(F) : Rel — Rel. In set-
theoretic terms, for a relation R C X7 x Xo,

Rel(F)(R) = {{u,v) € FX1 x FX5 | 3w € F(R). F(r1)(w) = u, F(r2)(w) = v}.




For example, in the case of labeled transition systems we have that

Rel(P(id)*)(R) = {(f,g) | Va € A.(f(a),g(a)) € {(U,V) |Yu € U.3v € V.uRv A
Vv € V.3u € U.uRv}}

A bisimulation for coalgebras c: X — FX and d: Y — FY is a relation
R C X x Y which is “closed under ¢ and d”:

if (z,y) € R then (c(x),d(y)) € Rel(F)(R),

where the r; are the projections of R into X and Y. Sometimes we shall use the
term F-bisimulation to emphasize the functor we are working with.

Bisimulations can also be characterized by means of spans, using the general
categorical definition by Aczel and Mendler [1]:

X.(TI—RL)Y

I

FX<~—FR—>FY

R is a bisimulation iff it is the carrier of some coalgebra e making the above
diagram commute. Alternatively, bisimulations can also be defined as the Rel(F')-
coalgebras in the category Rel.

We will also need the general concept of simulation introduced by Hughes and
Jacobs [6] using orders on functors. Let F' : Sets — Sets be a functor. An order
on F' is defined by means of a functorial collection of preorders CxC F X x F X
that must be preserved by renaming: for every f : X — Y, if u Ex v then
Ff(u) Gy Ff(u).

Given an order C on F, a C-simulation for coalgebras ¢ : X — FX and
d:Y — FY is arelation R C X x Y such that

if (z,y) € R then (c(x),d(y)) € Relz (F)(R),

where the lax relation lifting Relc (F)(R) is Cy oRel(F)(R) o Cx, which can
be expanded to

Relc (F)(R) = {(u,v) | 3w € F(R). u Cx Fri(w) A Fra(w) Cy v}.

Alternatively, C-simulations are just the Relc (F')-coalgebras in Rel.

Sometimes, when f: X — Y and A C X we will simply write f(A) for the
image [](A).

A functor with order C is stable [6] if the relation lifting Relc(F) com-
mutes with substitution, that is, if for every f : X — Z and g : ¥ —
W, Relc (F)((f x g)"Y(R)) = (Ff x Fg)~}(Relc (F)(R)).! They also define a
stronger condition that we are going to call right-stability.

! In fact, the inclusion C always holds.




Definition 1 ([6]). We will say that a functor F with order C is right-stable
if, for every function f: X — Y, we have?

@dxFf)~cy ¢ J] cEx. (2)

According to [6], condition (2) is equivalent to (a) F' being stable and (b) for
every relation R C X x Y,

Rel(F)(R)o Cx C Cy oRel(F)(R). (3)

Right-stability was introduced by arguing that it is easier to check than
plain stability, while being satisfied by nearly all orders discussed in that paper.
Surprisingly, one cannot find in [6] a clear explanation of the reason why right-
stable orders are easier to analyze. In our opinion, the crucial fact is that from
(3) we can immediately conclude that

Cy oRel(F)(R)o CEx = Ey oRel(F)(R), (4)

so that the coalgebraic simulations for a right-stable order C can be equivalently
defined by means of the asymmetric definition on the right-hand side of equality
(4). If the order C can be used only on one of the sides of the definition, the
verification of the properties of the induced coalgebraic simulations becomes
much easier than when using the original definition.

It was quite surprising to discover that the easiest way to prove the properties
of the “simulated by” relations which come from symmetric properties such
as composition-preserving (that are also satisfied by the corresponding inverse
relations “simulates”) is to break that symmetry by considering the asymmetric
definition of coalgebraic simulations that only use Cy; certainly, this is only
possible when the defining order C is right-stable.

Stability is used in [6, Lemma 5.3] to prove that lax relation lifting preserves
composition of relations, which is needed to prove [6, Lemma 5.4(2)], the crucial
fact that the induced similarity relation is transitive; this need not be the case
for the simulation notion defined by an arbitrary order C.

3 On stability of simulation and anti-simulation

Plain simulations between labeled transition systems can be defined as coal-
gebraic simulations considering the functor F = P4 (G4 denote the funtor
X = (G(X))4) with the order C given by o C 8 for o, 8 : A — PX iff for all
a€ A, ala) C B(a).

Lemma 1. The order C defining plain simulations for labeled transition systems
s right-stable.

2 Again, the other inclusion is always true since C functorial means that Ff(u) Cy
Ffw)ifulx v.




Proof. We have to prove that given any f : X — Y condition (2) holds. Let us
take a € A, and any pair (yq, 7.) € (idx Pf)~! Cy, that is, (v, 2.) € {(B, A) €
PY x PX | B C f(A)}. We have to prove that (ya,7a) € [Ipsyiq Cx, that is,
if (Ya,za) € {(f(A),A) € PY x PX | A’ C A}, or equivalently, if there is some
2!, € PX such that 2/, C x, and f(z)) = y,. But, since (y,, 7,) € (idxPf)™1 Cy
we have that y, C f(z,), that is, there must exist the inverse image of y,, that
is, there is some z/, € PX such that f(z/,) = y,. But, since the direct image of
a set over a function is monotonic and f(z}) C f(z,) then, also, z], C z,, as we
had to prove. O

Corollary 1. Plain simulations between labeled transition systems can be de-
fined as the (Cy oRel(F))-coalgebras.

It is worth examining the consequences of the removal of C x from the original
definition of coalgebraic simulations in this particular case. Both Cx and Cy
correspond to the inclusion order, but when applied at the right-hand side it
means that we can reduce the set of successors of the simulating process ¢ when
simulating the execution of a by p. This means that starting from a set Y/ CY
we can obtain an adequate subset Y C Y’. Instead, the application of Cx at
the left-hand side allows to enlarge the set of successors of the simulated process
p and this produces a set X" larger than the given X’: one could say that we
need to consider “new” information not in X', while going from Y’ to Y just
“removes” some known information.

Another interesting point arises from the fact that every use of Cx at the
left-hand side can be “compensated” by removing at Y the added states and this
is why Corollary 1 was correct, because we can always avoid the introduction
of new successors in the simulated process by simply removing them at the
right-hand side. However, the opposite procedure, to compensate the removal of
states by adding them at the simulated process side is not always possible, since
in general X could be not big enough.

The anti-simulations can be defined as coalgebraic simulations by taking the
reversed inclusion order instead of C. It is interesting to note that it is not right-
stable as the following counterexample shows. Let X = {z} and Y = {y1, 92}
and let f : X — Y be such that f(xz) = y;. With these definitions the pair
(Y, X) € (id x Pf)~1(D), since Y D {y1} = Pf(X), but it is obvious that there
isno A C X such that Y = f(A) because f is not surjective.

However, the order defining anti-simulations is stable as a consequence of the
following general result.

Lemma 2. F with an order T is stable iff it is stable with the order C°P.

Proof. 1t is shown in [6, Lemma 4.2(4)] that Relze (F))(R) = (Relc (F)(R°P))°P.
Then, on the one hand,
(Ff x Fg)~ (Relga (F)(R)) = (Ff x Fg)~' (Relc (F)(R®"))*”
= ((Fg x Ff)"'Relc(F)(R))°",




and on the other hand,

Relco (F)((f x 9)7'(R)) = (Relc(F)((f x g) " (R)*")"”

= (Relc(F)((g x f)~H(R)))’".
Since R°? C Y x X is a relation whenever R C X x Y is so, and f, g, and R
are arbitrary, we have shown that

Relc (F)((f x 9)"'(R)) = (Ff x Fg)~"(Relc (F)(R))
if and only if
Relco (F)((f x 9)"'(R)) = (Ff x Fg)~'(Relco (F)(R)),
and therefore F' is stable for C iff it is stable for C”°P. O

Corollary 2. The order C°P defining anti-simulations for transition systems as
coalgebraic simulations is stable.

One could conclude from the observation above that there is indeed a natural
argument supporting plain similarity as a “right” coalgebraic similarity, definable
by a right-stable order. This criterion could be adopted to define right coalgebraic
simulations, which plain similarity would satisfy while the opposite relation “is
simulated by” would not. However, we immediately noticed that we could define
“left-stable” orders by interchanging the roles of F'f and id in the definition of
right-stable order, obtaining the inverse inclusion in (1).

Definition 2. We will say that a functor F with order C is left-stable if, for
every function f: X — Y, we have

(Ffxid)~'Cy € ][] Cx. (5)
WdXFf

It is inmediate to check that an order C is left-stable iff the inverse order
C°P is right-stable. Moreover, left-stable orders have the same structural prop-
erties that right-stable ones so that, in particular, they are also stable and hence
composition-preserving. This is not surprising at all, since the coalgebraic sim-
ulations defined by C°P are indeed the opposite of those defined by C and thus
they should have the same structural properties.

But in this case it would be the inverse simulations, corresponding to the “is
simulated by” notion, that would be natural instead of plain simulations. As a
conclusion, we could use right or left-stability as a criterion to choose a natural
direction for the simulation order. But the important fact in both cases is that
the simplified asymmetric definitions (using either Cx or Cy) of coalgebraic
simulations are much easier to handle than the symmetric original definition
(where both Ex and Cy have to be used).




4 Covariant-contravariant simulations and conformance
simulations

Covariant-contravariant simulations are defined by combining the conditions “to
simulate” and “be simulated by”, using a partition of the alphabet of actions of
the compared labeled transition systems.

Definition 3. Given ¢ : X — P(X)4° and d : Y — P(Y)A labeled tran-
sition systems for the alphabet Act, and {Act™, Act', Act®} a partition of this
alphabet, a (Act”, Act')-simulation between ¢ and d is a relation S C X x Y
such that for every (x,y) € S we have:

— foralla € Act"UAct” and all 2 -2 ' there exists y — o' with (z,y') € S.
— foralla € Act'UAct®, and ally - y' there exists x — ' with (2/,y') € S.
Y Yy Yy

We write & acirSacn y, and say that x is (Act™, Act')-simulated by y, if and
only if there exists some (Act”, Act!)-simulation S with xSy.

A very interesting application of this kind of simulations is related with the
definition of adequate simulation notions for input/output (I/O) automata [10].
The classic approach to simulations is based on the definition of semantics for
reactive systems, where all the actions of the processes correspond to input
actions that the user must trigger. Instead, whenever we have explicit output
actions the situation is the opposite: it is the system that produces the actions
and the user who is forced to accept the produced output. Then, it is natural
to conclude that in the simulation framework we have to dualize the simulation
condition when considering output actions, and this is exactly what our anti-
simulation relations do.

Covariant-contravariant simulations can be easily obtained as coalgebraic
simulations, as the following proposition proves.

Proposition 1. (Act™, Act!)-simulations can be defined as the coalgebraic simu-
lations for the functor F = PA with functorial order aeyrC oo where, for each
set X and o, : Act — P(X), we have & ge1rC gop & if:

— for all a € Act” U Act”, a(a) C o/(a), and

— for all a € Act' U Act®, a(a) 2 o/(a).

Note that in particular we have a(a) = o/(a) for all a € Act®.

Proof. Intuitively, using the order acrC 4. on the left-hand side of Relc (F)(R)
allows us to remove a/-transitions when a’ € Act!, whereas using it on the right-
hand side of Relc (F')(R) allows us to remove a-transitions when a € Act”.

Let us suppose that we have a classic covariant-contravariant simulation
ActrSacrt between labeled transition systems ¢ : P — P(P)4° and d : Q —
P(Q)*" defined by c(p)(a) = {p' | p == p'} and d(q)(a) = {¢' | ¢ = ¢'}. We
must show that if p 4crSacp ¢ then there exist p* and ¢* such that

C(p) Act"EActl p*Rel(PACt)(ACt”SAct’)q* Act"EActl d(Q) (6)

We define p* and ¢* as follows:




— p* has the same transitions as c¢(p), except for those transitions p 2 p/ with

a’ € Act' such that there is no ¢’ with ¢ LN q and P’ acerSace ¢'- That is,
p*(a) = {p' € c(p)(a) | If a € Act' then exists some ¢’ € d(q)(a). P’ ActrSace €'}
— ¢* has the same transitions as d(q), except for those transitions ¢ = q
with @ € Act” such that there is no p’ with p == p’ and p’ acerSaep ¢'- Thus,
q*(a) = {¢ € d(g)(a) | If a € Act” then exists some p’ € ¢(p)(a). p" actrSacst ¢'}

It is immediate from these definitions that ¢(p) actrC ocr p* and ¢* acerC g0 d(q),
so we are left with checking that p*Rel(PA)q*.

Let p’ € p*(a) with a € Act". By construction of p*, since we have not
dropped any a-transitions from p*, p —— p’. Using the fact that qerSau is a
classic covariant-contravariant simulation, there exists ¢’ such that ¢ — ¢’ with
P ActrSacrt ¢, and, again by construction, ¢’ € ¢*(a) because there is some p —

P’ with p’ actrSaes ¢’ Similarly, if p’ € p*(a) with o’ € Act!, by construction of

’

p* there must exist some ¢’ such that ¢ —— ¢’ with p’ AcerSac ¢'. Again, since
we have not removed any a'-transitions from d(q) in ¢*, it must be true that
¢ € ¢*(a). Finally, if p’ € p*(a) with a € Act® we have that p % p’ and hence
there exists ¢’ such that ¢ — ¢/ with p’ AcirSacx ¢, but also ¢ € ¢*(a).

The argument that shows that for every ¢’ € ¢*(a) there exists some p’ €
p*(a) with p’ g4ctrSaep ¢’ is analogous.

‘We show now the other implication, that a coalgebraic covariant-contravariant
simulation is a classic one. In this case we start from coalgebras ¢ and d that
satisfy relation (6) whenever p g4crSpcp .

If p % p/ for @ € Act”, then p' € p*(a) because ¢(p) actrCacu p* and,
since p*Rel(PA2%)(actrSaert)q*, there is some ¢’ € ¢*(a) with p’ acerSacs ¢
Again, the definition of 4T 4.p ensures that ¢*(a) C d(q)(a) and hence ¢ -

¢’ as required. Similarly, if ¢ AN q' for o' € Act!, then ¢’ € ¢*(a) because
q* ActrC acp d(q) and thus, as in the previous case, there exists p’ € p*(a) with
D' ActrSacr ¢ and p LN p'. Finally if p —% p’ for a € Act (resp. ¢ —= ¢), again
by the definition of g.rC 4. we have p' € p*(a) (resp. ¢ € ¢*(a)) and, from
P*Rel(PA) (4ctrSacrr )", it follows that there exists ¢’ € ¢*(a) (vesp. p’ € p*(a))
such that p’ acerSace ¢'; by the definition of acgrC gept, ¢ — ¢’ (resp. p — p').

O

The other new kind of simulations in which we are interested is that of
conformance simulations, where the conformance relation in [9,12] meets the
simulation world in a nice way. In the definition below we will write p —= if
p — p’ for some p'.

Definition 4. Given ¢ : X — P(X)* and d : Y — P(Y)? two labeled
transition systems for the alphabet A, a conformance simulation between
them is a relation R C X XY such that whenever pRq, then:

— Foralla € A, if p = we must also have ¢ — (this means, using the usual
notation for process algebras, that I(p) C 1(q)).




— Foralla € A such that ¢ — ¢ and p —, there exists some p' with p —— p'
and p'Rq'.

Conformance simulations allow the extension of the set of actions offered by
a process, so that in particular we will have a < a + b, but they also consider
that a process can be “improved” by reducing the nondeterminism in it, so
that ap + ag < ap. In this way we have again a kind of covariant-contravariant
simulation, not driven by the alphabet of actions executed by the processes but
by their nondeterminism.

Once again, conformance simulations can be defined as coalgebraic simula-
tions taking the adequate order on the functor defining labeled transition sys-
tems.

Proposition 2. Conformance simulations can be obtained as the coalgebraic
simulations for the order T on the functor P4, where for any set X we
have u Eg(mf v if for every u,v: A — PX and a € A:

— either u(a) =0, or

— u(a) D v(a) and v(a) # 0.

Proof. The proof is similar to that of Proposition 1. Let us first prove that
Eg""f is indeed an order. It is clear that the only not immediate property is
transitivity. To check it, let us take u E)C;O"f v Egonf w: if u(a) = ) we are done;
otherwise, we have u(a) 2 v(a) and v(a) # 0, so that we also have v(a) 2 w(a)
and w(a) # 0, obtaining u(a) 2 w(a) and w(a) # 0.

Now, we can interpret that using the order T on the left-hand side of
Relc (F)(R) allows us to remove all a-transitions except for the last one, whereas
using it on the right-hand side allows us to remove all b-transitions for b €
B, where B is any set of actions. First, let us suppose that we have a classic
conformance simulation R® between the transition systems A = (P, A, — )
and A = (Q, A, —4), with pR®q. We will show that RC is also a coalgebraic
conformance simulation.

As usual, take ¢ : P — P(P)4 and d : Q — P(Q)* defined by c(p)(a) =
| p -5 p'}and d(q)(a) = {¢' | ¢ - ¢'}. We must show that if pR®q then
there exist p* and ¢* such that

c(p) E7 p"Rel(P(id)*) (R )g" £ d(q). (7)
We define p* and ¢* in the following way:

— p* has the same transitions as ¢(p) except for those p — p’ such that there
is no ¢/ with ¢ = ¢’ and p’R%¢'.
— ¢*(a) is the same as d(q)(a) except when d(g)(a) # 0 and c¢(p)(a) = 0, in
which case ¢*(a) = ()
Since either ¢*(a) = d(q)(a) or ¢*(a) = 0, it is obvious that ¢* T d(q).
To check that c(p) T p* we must ensure, for each a € A, that we do not
remove every a-transition of p*, that is, p*(a) # 0. But since RC is a classic
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conformance simulation, if p — then ¢ — ¢’ for some ¢’ and, moreover, there
must exist an a-successor p’ such that p’ R%¢’. By construction of p*, p’ € p*(a).

Let us see now that p*Rel(P4)(RC)q*, that is, p*(a)Rel(P)q*(a) for every
a € A. First, assume that p’ € p*(a); then, by construction of p*, there is some
¢’ such that ¢ = ¢’ and p’R%¢’. But, since p —, we have by construction that
q*(a) = d(q)(a) > ¢, as we needed to prove. Analogously, assume ¢’ € ¢*(a).
Since ¢*(a) # 0, by construction we have ¢*(a) = d(¢)(a) and ¢(p)(a) # 0,
and therefore ¢ — ¢’ and also p —. Now, using the fact that R is a classic
conformance simulation, there exists p’ such that p —— p’ with p’R¢¢’ and thus
p’ € p*(a), as required.

We show now the other implication, that a coalgebraic conformance simula-
tion is a classic one. In this case we start from coalgebras ¢ and d that satisfy
relation (7) whenever pR®q.

First, we will show that if p = then ¢ —— as well. Indeed, p — means that
c(p)(a) # 0 and, since c¢(p) T p*, it follows that p*(a) # (. By definition of
Rel(P#) this implies that ¢*(a) # 0 and, since ¢* 9™ d(q), d(q)(a) # 0, so
g = as we wanted to show.

In the second place, let us assume that ¢ — ¢’ and that p —. Since
g T d(q), either ¢*(a) = 0 or ¢*(a) 2 d(g)(a) > ¢’; arguing as above,
p — leads to g*(a) # 0, so the latter must hold. Now, from p*Rel(P4)q¢* it
follows that there exists p’ € p*(a) with p’RCq’ and, since c¢(p) T p* and
c(p)(a) # 0, we have c(p)(a) 2 p*(a) 3 p/, that is, p — p’ as required. O

Next we check that the order gq4rC 4. defining covariant-contravariant sim-
ulations is stable.

Lemma 3. Given a partition {Act™, Act!, Act®} of Act the order acirC aept for
the functor PA defining covariant-contravariant simulations for transition sys-
tems is stable.

Proof. 1t is clear that the order sqC 4.4 can be obtained as the product of a
family of orders C® for the functor P, with a € Act. This is indeed the case
taking C% = Cx for a € Act", C% = Dx for a € Act! and C% = =x for
a € Act®. Then it is easy to see that to obtain that se;rC 4. is stable it is
enough to prove that each of the orders C“ is stable.

This latter requirement is straightforward because, for a € Act™, C% is right-
stable; for a € Act! the order C® is left-stable; and for a € Act®, C® is the
equality relation, which is both right and left-stable, for every functor F'. |

Certainly, the order defining covariant-contravariant simulations is not right-
stable nor left-stable, but in the proof above we have used the power of these two
properties thanks to the fact that the order a.+C 4.u can be factorised as the
product of a family of orders that are either right-stable or left-stable. Then we
can obtain the following sequence of general definitions and results, from which
Lemma 3 could be obtained as a simple particular case.’?

3 Instead of removing the above, we have preferred to maintain the sequence of results
in the order in which we got them, starting with our motivating example.
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Definition 5. We say that an order C on a functor F4 is action-distributive
if there is a family of orders C* on F such that

fCg < f(a) C* g(a) for all a € A.

Whenever C can be distributed in this way we will write C = HaeA ce.
Definition 6. We say that an action-distributive order C on F4 is side stable
if for the decomposition C = HaeA C* we have that each order T% is either
right-stable or left-stable.

By separating the right-stable and the left-stable components we obtain C =
C! x C7, where A” (resp. A') collects the set of arguments* a € A with C® right-
stable (resp. left-stable). We extend C! and C7 to obtain a pair of orders on F*,
C! and C7, defined by:

" g iff f(a) E% g(a) for all a € A” and f(a) = g(a) for all a € Al
Vg iff f(a) T g(a) for all a € A and f(a) = g(a) for all a € A™.

Proposition 3. The order C! is left-stable, while T is right-stable. We have
C=(C'oC™) = (CT o CY), and therefore we also have C = (T U CT)*,

Proof. In first place it is obvious that C7 (resp. C!) is right-stable (resp. left-
stable) since it is defined either by a right-stable (resp. left-stable) order or the
equality relation.

Now, let us show that = = (C! o C7). Let us suppose that f C g then, by
definition, f(a) C* g(a) for all a € A. Let us show that there is some h such that
fE™ hand h C! g. We define h(a) the following way: if a € A" h(a) = g(a); and
if a € A' h(a) = f(a). Defined like this it is obvious that f T h and h C! g.
For example if a € A" then since f C g, f(a) C g(a) = h(a) and if a € Al
f(a) = h(a), that is, f C" h.

Now, if we take f (C! o C7) g there is some h € F4 such that f C™ h and
h C! g. That is, on one hand if a € A" then, by definition, f(a) C® h(a) and
h(a) = g(a), on the other hand if a € A' f(a) = h(a) and h(a) C* g(a). So, we
have that f C g.

The prove for (C! o CT)=(C"o C!) is similar. 0O

Proposition 4. For any side stable order C on FA, if we have a decomposition
C =C! x " based on a partition of A into a set of right-stable components A"
and another set of left-stable components Al, then we can obtain the coalgebraic
simulations for C as the (C}, oRel(F) o C%)-coalgebras.

% We have assumed here a partition {A', A"} of the set A into two sets of right-stable
and left-stable components. Obviously, if there were some arguments a € A on which
C? is both right-stable and left-stable then the decomposition would not be unique,
but the result would be valid for any such decomposition.
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Proof. By definition, Relc (F)(R) = Cy oRel(F)(R)o Cx. Also, since C =
(CToCh) = (;l o CT), we have:

Cy oRel(F)(R) o Cx = (£} o Cf) o Rel(F)(R) o(Ck o L)
=L o(C} oRel(F)(R)o Ck)o LYy
= (C} o C§) oRel(F)(R) o Cly

(by right-stability of £7)
=} o(C} o Rel(F)(R)o C})
(since C" and C! commute)
—C{ oRl(F)(R)oCTh
(by left-stability of C!)
O

The characterization above still requires the use of the order on both sides
of the Rel(F)(R) operator. However, the fact that C}. (resp. C;) is right-stable
(resp. left-stable) makes the application of this decomposition as simple as when
coping with either a right or left-stable order.

Proposition 5. If C = HaeA C% and C% is stable for all a € A, then C 1is
stable.

Proof. The result follows from the following chain of implications:

(u,v) € (Ff x Fg)~'Relc (F)(R
C 2'Rel(F)(R)w' C Fg(v)
(a) C* Z'(a)Rel(F*)(R)w' (a) T Fg(v)(a), for all a
a)) € (Ff x Fg)™1Relca (F)(R), for all a
(u(a),v(a)) € Relca (F)((f x g)"'R), for all a
u(a) £ «'(a)Rel(F)((f x 9) "' R)y'(a) £ v(a), for all a
(u,0) € Rel=(F)((f x 9) ') .

MR

Corollary 3. Any side stable order is stable.

Corollary 4. The order agcirC acpt defining covariant-contravariant simulations
is side stable and therefore it is stable too.

Next we consider the case of conformance simulations, for which we can
obtain similar results to those proved for covariant-contravariant simulations.

Lemma 4. The order T defining conformance simulations for transition
systems is stable.

Proof. Let R C Z x W be a relation and f: X — Z, g: Y — W arbitrary
functions. If (u,v) € (PAf x PAg)~!(Relzcons (P4)(R)), then there exist z and
w such that

PAf(u) T 2 Rel(PA)(R) w T PAg(v). (8)
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We have to show that (u,v) € Relgcor (PA)((f % g)~!(R)), that is, there exist
x and y such that

u B 2 Rel(P)((f x 9)"H(R)) y 9" w

Let us define x : A — P(X) by x(a) = u(a)Nf~(z2(a)) and y : A — P(Y)
by y(a) = g~ (w(a)). Then we have:

1. ou T g,
If u(a) = 0, there is nothing to prove. Otherwise, since P4 f(u) CC 2
and f(u(a)) # 0, we have f(u(a)) 2 z(a) # 0 and hence u(a) 2 u(a) N

“H(2(a)) = x(a) #
2. yC EConf ’U
If w(a) = 0, then y(a) = g~ (w(a)) = 0. Otherwise, since w = PAg(v),
we have g(v(a)) # 0, so that v(a) # @ and y(a) = g~ (w(a)) D

w(a ) 2
“Hg(v(a))) 2 v(a).
32 RAPA(f x g)- ()
For every a € A we need to show that x(a) Rel(P)((f x g)~Y(R)) y(a),
which means:
(a) for every p € z(a) there exists ¢ € y(a) such that p (f x g)~*(R) ¢, that
is, f(p)Rg(q); and
(b) for every g € y(a) there exists p € z(a) such that p (f x g)~!(R) g, that
is, f(p)Rg(q)-
In the first case, let p € z(a); by definition of z, f(p) € z(a). Now, from
z Rel(P#)(R) w we obtain that for each p’ € z(a) there exists ¢’ € w(a)
such that p’Rq’. Then, for f(p) € z(a) there exists ¢’ € w(a) with f(p)R¢’;
and by definition of y, there exists ¢ € y(a) with ¢’ = g(q) as required.
In the second case, let ¢ € y(a) so that g(q) € w(a). Again, from z Rel(P4)(R)
w it follows that there is p’ € z(a) with p’Rg(q). Now, f(u(a)) D z(a) be-
cause u L 2, so there exists p € u(a) N f~(z(a)) with f(p) = p/, as
required. O

As in the case of covariant-contravariant simulations, conformance simula-
tions cannot be defined as coalgebraic simulations using neither a right-stable
order nor a left-stable order. But we can find in the arguments above the basis
for a decomposition of the involved order T ¢°™ | according to the two cases in its
definition. Once again C°°™ is an action-distributive order on P4, but in order
to obtain the adequate decomposition of T now we also need to decompose
the component orders C?.

Definition 7. We define the conformance orders Eoﬁw, ECV); and T on the
functor P by:

CO %y ifz1 =0 or 1 = 2.
CO0 gy ifxy Dxg and xo £ 0, or 1 = 2.
ECﬁ@ EC@ T

— T
- x

— 21 C% zy if 21 To O Ty
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C -0

Proposition 6. The two relations CY and C commute with each other:

(ECQ) ° ECﬁQ)) — (gC’ﬁ@ ° EC@)’

from where it follows that (CC? U CC~0)* = (CC0 o 2C0) = (EC0 o O,
We also have CC€= (ECV’ o Ecw), from where we conclude that CC is indeed
an order relation.

Proof. Let u (E€? o Z¢7?) v: there is some w such that u £¢™? w and w T v.
We need to find w’ such that u C€? w’ and w’ Z¢7? v. If w = O then it must
be u = () too, and we can take w’ = v; otherwise, it must be v = w and we can
take w’ = u. The other inclusion is similar. O

Proposition 7. The order €% is right-stable whereas the order T is left-
stable.

Proof. Let us see in first place that C€? is right-stable. Let (v,u) € (id x
Ff)~1 % that is, by definition of C¢? we have that v = () or v = F f(u). We
must prove that (v,u) € ]_[(foid) C Y that is, that there is some «’ such that
v = Ff(u') and v T u. In first place since (v,u) € (id x Ff)~! £ then
v=~0orv=Ff(u) so, in the first case v’ = () and in the second we can take
u' = u.

Now we are going to see that CTC¢7? is left-stable, so let us suppose that
(u,v) € (Ff xid)~" £, In this case either Ff(u) = v or Ff(u) D v with
v # . We have to find some v’ such that v CT¢™? o' with Ff(v') = v. If
Ff(u) = v it is trivially true for v’ = w; but in the other case since v C F f(u)
there must be some v C u such that Ff(v') = v. O

Corollary 5. The order T defining conformance simulations can be de-
composed into [[,c4 &% where, for each a € A, we have E* = CY as defined

above. Then, CO0 = [T,y (C%™ U £%9)* = [[,4(C ) o[, A(C"0) =
HGGA(g“vQ)oHGGA(E“ﬁ@), so that we obtain TY™ as the composition of a
right-stable order and a left-stable order that commute with each other.

Proposition 8. For any pair of right (resp. left)-stable orders C', C? on F,
their composition also defines a right (resp. left)-stable order on F.

Proof. Given f: X — Y we must show that

(idx Ff) " CyoCy) € [ (ExoC%).
(F fxid)

Let us assume that (y,x) € (idx Ff)"1(Ci o C%), that is, y (Ct o C2) ¢ =
Ff(x); then, there exists y” € FY such that y £2 ¢” and y” Ci- /. Graphically,

v oYy S 9)

IFf

T
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Since Ci- is right-stable we have that (id x Ff)~! Ci. C H(foid) CL. Hence,
there exists ¥/ € FX such that Ff(z"”) = y” and 2" C% z, thus turning
diagram (9) into the following:

v 5y (10)

IFf

o CEkx @
Now, we can apply right-stability of C2: since we have (y,z") € (id x Ff)~t C2 C

- E%, there exists 2’ € FX such that Ff(2') = y and 2/ C% z”. Thus,
(Ffxid) =X X
diagram (10) becomes
Yy
[

2 1
¥ Tk 2" Ck @

(11)

which means that there exist 2/,2” € FX such that Ff(z/) = y, o’ C% 2"
and z” T , or equivalently, that (y,2) € [z (Ck o EX), as we had to
prove. O

Proposition 9. If C" is a right-stable order on F and C' is a left-stable order
on F' that commute with each other, then their composition defines a stable order
on F. Moreover, the coalgebraic simulations for the order T = C" o C! can be
equivalently defined as the (C" o Rel(F)(R) o C!)-coalgebras.

Proof. Let R C Z x W be a relation, f : X — Zand g : Y — W
arbitrary functions, and T = C" o C'. Let us suppose that (u,v) € (Ff x
Fg)~Y(Relc (F)(R)). Then, since C" and C! commute with each other, using
Proposition 4, there exist 2, w’ such that

Ff(u) B ' Rel(F)(R) w' Ty Fg(v). (12)

If we write z for F'f(u) and w for Fg(v), then equation (12) is equivalent to

z w
u v

and we have to show that (u,v) € Relc (F)((f x g)~(R)), that is, that there
exist x and y such that

CL 2 Rel(F)(R) o' Cj (13)

u B @ Rel(F)((f x 9) "' (R)) y T} v.

Using that C" is right-stable on the rhs of equation (12), we get (w',v) €
(id x Fg)~! Ch C ]_[(ngid) L}, so that there is some y € FY such that
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Fg(y) = v, with y C} v. Graphically, diagram (13) becomes
z CL 2 Rel(F)(R) w (14)
FfT IFg
u y Cy v

Analogously, applying the left-stability of order C!, we get that there is some
r € FX with Ff(x) = 2’ such that u C} z. Or graphically,

z/ Rel(F)(R) w/ (15)
FfI IF!]
u Ch o y By w

But diagram (15) is just what we had to prove, since we have found z,y such
that (z,y) € (Ff x Fg)~'(Rel(F)(R)) = Rel(F)((f x 9)""(R)) with u C =,
y C% v or, in other words, (u,v) € Relc (F)((f x g)"1(R)). O

In particular, for our running example of conformance simulations we obtain
the corresponding factorization of the definition of coalgebraic simulations for
the order CCon:

Corollary 6. Coalgebraic simulations ([or the conformance order T can be
equivalently defined as the (J],c4(Ey ) o Rel(F)(R) o HaeA(Eg(’@))—coalgebms.

5 Conclusion

We have presented in this paper two new simulation orders induced by two
criteria that capture the difference between input and output actions and the
implementation notions that are formalized by the conformance relations.

In order to apply the general theory of coalgebraic simulations to them, we
identified the corresponding orders on the functor defining labeled transition
systems. However, it was not immediate to prove that the obtained orders had
the desired good properties since the usual way to do it, namely, by establishing
stability as a consequence of a stronger property that we have called right-
stability, is not applicable in this case.

Trying to adapt that property to our situation we have discovered several
interesting consequences. We highlight the fact that right-stability is an assy-
metric property which has proved to be very useful for the study of a “reversible”
concept such as that of relation, since it is clear that any structural result on
the theory of relations should remain true when we reverse the relations, simply
“observing” them “from the other side”. Two consequences of that assymetric
approach followed: first we noticed that we could use it to point the simula-
tion orders in some natural way; secondly we also noticed that by dualizing the
right-stability condition we could obtain left-stability.
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But the crucial result in order to be able to manage more complicated sim-
ulation notions, as proved to be the case for our new covariant-contravariant
simulations and the conformance simulations, was the discovery of the fact that
both of them could be factorized into the composition of a right-stable and a
left-stable component. Exploiting this decomposition we have been able to eas-
ily adapt all the techniques that had proved to be very useful for the case of
right-stable orders.

We plan to expand our work here in two different directions. The first one is
concerned with the two new simulated notions introduced in this paper: once we
know that they can be defined as stable coalgebraic simulations and therefore
have all the desired basic properties of simulations, we will continue with their
study by integrating them into our unified presentation of the semantics for
processes [4]. Hence we expect to obtain, in particular, a clear relation between
conformance similarity and the classic similarity orders as well as an algebraic
characterization for the new semantics. In addition, we plan to continue with
our study of stability, which has proved to be a crucial property in order to
understand the notion of coalgebraic simulation, thus making it possible to apply
the theory to other examples like those studied in this paper.
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Abstract

This paper studies the relationships between three notions of behavioural pre-
order that have been proposed in the literature: refinement over modal transi-
tion systems, and the covariant-contravariant simulation and the partial bisim-
ulation preorders over labelled transition systems. It is shown that there are
mutual translations between modal transition systems and labelled transition
systems that preserve, and reflect, refinement and the covariant-contravariant
simulation preorder. The translations are also shown to preserve the modal
properties that can be expressed in the logics that characterize those preorders.
A translation from labelled transition systems modulo the partial bisimulation
preorder into the same model modulo the covariant-contravariant simulation
preorder is also offered, together with some evidence that the former model
is less expressive than the latter. In order to gain more insight into the re-
lationships between modal transition systems modulo refinement and labelled
transition systems modulo the covariant-contravariant simulation preorder, their
connections are also phrased and studied in the context of institutions.

1. Introduction

Modal transition systems (MTSs) have been proposed in, e.g., [16, 17] as a
model of reactive computation based on states and transitions that naturally
supports a notion of refinement that is akin to the notion of implication in log-
ical specification languages. (See the paper [6] for a thorough analysis of the
connections between specifications given in terms of MTSs and logical specifica-
tions in the setting of a modal logic that characterizes refinement.) In an MTS,
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transitions come in two flavours: the may transitions and the must transitions,
with the requirement that each must transition is also a may transition. The
idea behind the notion of refinement over MTSs is that, in order to implement
correctly a specification, an implementation should exhibit all the transitions
that are required by the specification (these are the must transitions in the
MTS that describes the specification) and may provide the transitions that are
allowed by the specification (these are the may transitions in the MTS that
describes the specification).

The formalism of modal transition systems is intuitive, has several variants
with varying degrees of expressive power and complexity—see, e.g., the survey
paper [3]—and has recently been used as a suitable model for the specification
of service-oriented applications. In particular, results on the supervisory control
(in the sense of Ramadge and Wonham [20]) of systems whose specification is
given in that formalism have been presented in, e.g., [7, 11].

The very recent development of the notion of partial bisimulation in the set-
ting of labelled transition systems (LTSs) presented in [4, 5] has been explicitly
motivated by the desire to develop a process-algebraic model within which one
can study topics in the field of supervisory control. A partial bisimulation is a
variation on the classic notion of bisimulation [18, 19] in which two LTSs are
only required to fulfil the bisimulation conditions on a subset B of the collec-
tion of actions; transitions labelled by actions not in B are treated as in the
standard simulation preorder. Intuitively, one may think of the actions in B as
corresponding to the uncontrollable events—see [4, page 4]. The aforementioned
paper offers a thorough development of the basic theory of partial bisimulation.

Another recent proposal for a simulation-based behavioural relation over
LTSs, called the covariant-contravariant simulation preorder, has been put for-
ward in [8], and its theory has been investigated further in [9]. This notion
of simulation between LTSs is based on considering a partition of their set of
actions into three sets: the collection of covariant actions, that of contravariant
actions and the set of bivariant actions. Intuitively, one may think of the covari-
ant actions as being under the control of the specification LTS, and transitions
with such actions as their label should be simulated by any correct implemen-
tation of the specification. On the other hand, the contravariant actions may
be considered as being under the control of the implementation (or of the envi-
ronment) and transitions with such actions as their label should be simulated
by the specification. The bivariant actions are treated as in the classic notion
of bisimulation.

It is natural to wonder whether there are any relations among these three for-
malisms. In particular, one may ask oneself whether it is possible to offer mutual
translations between specifications given in those state-transition-based models
that preserve, and reflect, the appropriate notions of behavioural preorder as
well as properties expressed in the modal logics that accompany them—see,
e.g., [4, 6, 9]. The aim of this study is to offer an answer to this question.

In this paper, we study the relationships between refinement over modal
transition systems, and the covariant-contravariant simulation and the partial
bisimulation preorders over labelled transition systems. We offer mutual trans-




lations between modal transition systems and labelled transition systems that
preserve, and reflect, refinement and the covariant-contravariant simulation pre-
order, as well as the modal properties that can be expressed in the logics that
characterize those preorders. We also give a translation from labelled transition
systems modulo the partial bisimulation preorder into the same model modulo
the covariant-contravariant simulation preorder, together with some evidence
that the former model is less expressive than the latter. Finally, in order to gain
more insight into the relationships between modal transition systems modulo
refinement and labelled transition systems modulo the covariant-contravariant
simulation preorder, we phrase and study their connections in the context of
institutions [12].

The developments in this paper indicate that the formalism of MTSs may
be seen as a common ground within which one can embed LTSs modulo the
covariant-contravariant simulation preorder or partial bisimilarity. Moreover,
there are some interesting, and non-obvious, corollaries that one may infer
from the translations we provide. See Section 5, where we use our transla-
tions to show, e.g., that checking whether two states in an LTS are related by
the covariant-contravariant simulation preorder can always be reduced to an
equivalent check in a setting without bivariant actions, and provide a more de-
tailed analysis of the translations. The study of the relative expressive power
of different formalisms is, however, an art as well as a science, and may yield
different answers depending on the conceptual framework that one adopts for
the comparison. For instance, at the level of institutions [12], we provide an
institution morphism from the institution corresponding to the theory of MTSs
modulo refinement into the institution corresponding to the theory of LTSs
modulo the covariant-contravariant simulation preorder. However, we conjec-
ture that there is no institution morphism in the other direction. The work
presented in the study opens several interesting avenues for future research, and
settling the above conjecture is one of a wealth of research questions we survey
in Section 9.

The remainder of the paper is organized as follows. Section 2 is devoted to
preliminaries. In particular, in that section, we provide all the necessary back-
ground on modal and labelled transition systems, modal refinement and the
covariant-contravariant simulation preorder, and the modal logics that char-
acterize those preorders. In Section 3, we show how one can translate LTSs
modulo the covariant-contravariant simulation preorder into MTSs modulo re-
finement. Section 4 presents the converse translation. We discuss the mutual
translations between LTSs and MTSs in Section 5. As described in Section 6,
the translation from MTSs and their modal logic to the realm of LTSs mod-
ulo the covariant-contravariant simulation preorder can be used to transfer the
characteristic-formula result from [6] to one for LTSs modulo the covariant-
contravariant simulation preorder. Section 7 offers a translation from LTSs
modulo partial bisimilarity into LTSs modulo the covariant-contravariant sim-
ulation preorder. In Section 8, we study the relationships between modal tran-
sition systems modulo refinement and labelled transition systems modulo the
covariant-contravariant simulation preorder in the context of institutions. Sec-




tion 9 concludes the paper and offers a number of directions for future research
that we plan to pursue.

This article is a substantially expanded version of the conference paper [1].
Apart from including the proofs of all the technical results, which were an-
nounced without proof in the conference publication with the exception of three
propositions, as well as further remarks and explanations, the following contri-
butions are new in this version of the paper:

e the discussion of the translation MC from Boudol-Larsen modal formulae
to covariant-contravariant formulae presented on pages 9-10;

e the discussion of the translation C~! from covariant-contravariant formu-
lae to Boudol-Larsen modal formulae presented on page 13;

e the material in Section 6; and

e the material on page 28 regarding a conjecture from [1].

2. Preliminaries

We begin by introducing modal transition systems, with their associated no-
tion of (modal) refinement, and labelled transition systems modulo the covariant-
contravariant simulation preorder. We refer the reader to, e.g., [6, 16, 17]
and [8, 9] for more information, motivation and examples.

2.1. Modal transition systems and refinement

Definition 1. For a set of actions A, a modal transition system (MTS) is a
triple (P, —¢,—g), where P is a set of states and —,,—g C P x A X P are
transition relations such that —5 C —,.

An MTS is image finite iff the set {p’ | p =, p'} is finite for each p € P and
a € A.

The transitions in — are called the must transitions and those in —, are the
may transitions. In an MTS, each must transition is also a may transition,
which intuitively means that any required transition is also allowed.

In what follows, we often identify an MTS, or a transition system of any of
the types that we consider in this paper, with its set of states. In case we wish
to make clear the ‘ambient’ transition system in which a state p lives, we write
(P, p) to indicate that p is to be viewed as a state in P.

The notion of (modal) refinement C over MTSs that we now proceed to
introduce is based on the idea that if p C ¢ then ¢ is a ‘refinement’ of the
specification p. In that case, intuitively, ¢ may be obtained from p by possibly

e removing some of its may transitions and/or

e turning some of its may transitions into must transitions.




Definition 2. A relation R C P x( is a refinement relation between two modal
transition systems if, whenever p R g¢:

e p 55 p’ implies that there exists some ¢’ such that ¢ =5 ¢’ and p’ R ¢';
e ¢, ¢ implies that there exists some p’ such that p 2, p’ and p’ R ¢'.

We write C for the largest refinement relation.

Example 1. Consider the MTS U over the set of actions A with u as its only
state, and transitions u . u for each a € A. It is well known, and not hard to
see, that u C p holds for each state p in any MTS over action set A. The state
u is often referred to as the loosest (or universal) specification.

Definition 3. Given a set of actions A, the collection of Boudol-Larsen’s modal
formulae [6] is given by the following grammar:

pu=L]TloAne|leVelldel{a)p  (a€A).

The semantics of these formulae with respect to an MTS P and a state p € P
is defined by means of the satisfaction relation |, which is the least relation
satisfying the following clauses:

We say that a formula is existential if it does not contain occurrences of [al-
operators, a € A.

For example, the state w in the MTS U from Example 1 satisfies neither the
formula (a)T nor the formula [a] L. Indeed, it is not hard to see that (U,u)
satisfies a formula ¢ if, and only if, ¢ is a tautology.

The following result stems from [6].

Proposition 1. Let p,q be states in image-finite MTSs over the set of actions
A. Then p C q iff the collection of Boudol-Larsen’s modal formulae satisfied by
p is included in the collection of formulae satisfied by q.




2.2. Labelled transition systems and covariant-contravariant simulation

A labelled transition system (LTS) is just an MTS with —,=—g. In what
follows, we write — for the transition relation in an LTS.

Definition 4. Let P and @ be two LTSs over the set of actions A, and let
{A7, AL, A%} be a partition of A'. An (A", A')-simulation (or just a covariant-
contravariant simulation when the partition of the set of actions A is understood
from the context) between P and @Q is a relation R C P x @ such that, whenever
p R q, we have:

e Forallae A" U A and all p 5 ¢/, there exists some ¢ — ¢’ with p’ R ¢'.
e For all a € A'UAY and all ¢ % ¢/, there exists some p — p’ with p’ R ¢'.

We will write p <.. ¢ if there exists a covariant-contravariant simulation R such
that p R q.

The actions in the set A™ are sometimes called covariant, those in A' are con-
travariant and the ones in A® are bivariant. When working with covariant-
contravariant simulations, we shall sometimes refer to the triple (A", Al, A%) as
the signature of the corresponding LTS, and we will say that such a system is a
covariant-contravariant LTS.

Example 2. Assume that a € A” and b € A!. Consider the LTSs described by
the CCS [18] terms p =a+b, ¢ = a and r = b. Then r <. p <cc ¢, but none
of the converse relations holds.

Definition 5. Covariant-contravariant modal logic has almost the same syntax
as the one for modal refinement:

pu=L|TleAe|eVellbe] (ayy (aeATUAbi,beAlUAbi).

However, the semantics differs for the modal operators, since we interpret
formulae over ordinary LTSs:

(P,p) = [blg if (P,p') |= ¢ for all p % p/.

(P,p) = {a)p if (P,p') = ¢ for some p = p.

For example, both p and ¢ from Example 2 satisfy the formula (a)T, while r
does not. On the other hand, ¢ satisfies the formula [b] L, but neither p nor r
do.

The following result stems from [9].

Proposition 2. Let p, q be states in image-finite LTSs with the same signature.
Then p <cc q iff the collection of covariant-contravariant modal formulae satis-
fied by p is included in the collection of covariant-contravariant modal formulae
satisfied by q.

INote that any of the sets A™, Al and A" may be empty. Our use of the word ‘partition’
is therefore non-standard.




3. From covariant-contravariant simulations to modal refinements

We start our study of the connections between MTSs modulo refinement and
LTSs modulo the covariant-contravariant simulation preorder, by showing that
LTSs modulo <.. may be translated into MTSs modulo C. Such a translation
preserves, and reflects, those preorders and the satisfaction of modal formulae.
This result is, at first, a bit surprising, since covariant-contravariant systems
look more expressive than modal systems because they contain three different
kinds of actions, which moreover are totally independent from each other, while
modal systems only contain two kinds of transitions, which besides are strongly
related, since any must transition is also a may one.

Definition 6. Let P be a covariant-contravariant LTS with signature {A”, A!, A%},
Then the associated MTS M(P) is constructed as follows:

e The set of actions of M(P) is A= A" U Al U A",
e The set of states of M(P) is that of P plus a new state u.
e For each transition p % p’ in P, add a may transition p %, p’ in M(P).

e For each transition p = p/ in P with a € A” U A%, add a must transition
p g p in M(P).

e For each a in A” and state p, add the transition p %, u to M(P), as well
as transitions u —, u for each action a € A.

e There are no other transitions in M(P).
The following proposition essentially states that the translation M is correct.

Proposition 3. A relation R is a covariant-contravariant simulation between
LTSs P and Q iff M(R) is a refinement between M(P) and M(Q), where
M(R) = RU{(u,q) | ¢ a state of M(Q)}.

PROOF. We prove the two implications separately.

(=) Assume that R is a covariant-contravariant simulation. We shall prove
that M(R) is a refinement.

Suppose that p R ¢ and ¢ %, ¢’ in M(Q). By the definition of M(Q), the
transition ¢ = ¢ is in Q. If a € A" U AY, since p R ¢ and R is a covariant-
contravariant simulation, we have that p — p’ in P for some p’ such that p’ R ¢'.
By the construction of M(P), it holds that p %, p’ and we are done. If a € A",
then p %, u and u M(R) ¢/, as required.

Assume now that p R ¢ and p %5 p’ in M(P). Then p % p’ in P with
a € A" U A¥. As R is a covariant-contravariant simulation, it follows that
g > ¢ in Q for some ¢ such that p’ R ¢/. Since a € A" U A%, there is a
must transition ¢ %5 ¢’ in M(Q), and we are done. To finish the proof of this
implication, recall that, as shown in Example 1, each state ¢ is a refinement of
u.




(<) Assume that M(R) is a refinement. We shall prove that R is a covariant-
contravariant simulation.

Suppose that p R ¢ and ¢ = ¢’ in Q with a € A' U AY. Then ¢ >, ¢ in
M(Q). Since M(R) is a refinement, in M(P) we have that p %, p’ for some
p’ (different from u, because a ¢ A") such that p’ R ¢’. By the construction of
M(P), it follows that p = p’ in P and we are done.

Suppose now that p R g and p = p’ in P with a € A” U A%, Then p S5 p/
in M(P). Since M(R) is a refinement, there is some ¢’ (again, different from
u) such that ¢ %5 ¢/ in M(Q) and p’ R ¢’. By the construction of M(Q), it
follows that ¢ = ¢’ in @ and we are done. O

Remark 1. As witnessed by the proof of the above proposition, the role of the
transitions p % u in M(P) with a € A", where u is the loosest specification
from Example 1, is to satisfy ‘for free’ the proof obligations that are generated,
in the setting of modal refinement, by representing A"-labelled transitions in an
LTS P by means of must transitions in M(P). This is in the spirit of the devel-
opments in [15], where the standard simulation preorder is cast in a coalgebraic
framework by phrasing it in the setting of bisimilarity. The coalgebraic recast-
ing of simulation as a bisimulation is done in such a way that the added proof
obligations that are present in the definition of bisimilarity are automatically
satisfied.

Corollary 4. Let P and Q be two LTSs with the same signature, and let p € P
and q € Q. Then (P,p) Sece (Q,q) iff (M(P),p) T (M(Q),q).

Definition 7. Let us extend M to translate formulae over the modal logic that
characterizes the covariant-contravariant simulation preorder to the modal logic
for modal transition systems by simply defining M(p) = ¢.

Proposition 5. If P is an LTS and ¢ is a formula of the logic that characterizes
covariant-contravariant simulation, then for each p € P:

(Pop) ¢ = (M(P),p) E M(p).

PROOF. By structural induction on ¢. The only non-trivial cases are the ones
corresponding to the modal operators, which we detail below. (In all the follow-
ing proofs, the steps labelled ‘TH’ are those that use the induction hypothesis.)

o {(a)p, with a € A™ U A¥.

(P,p) = {a)p <= thereisp > p in P with (P,p') = ¢

B thereis p 5g p' in M(P) with (M(P),p") E M(p)
= (M(P),p) F (@) M(y)
=  (M(P),p) E M((a)¢)




e [a]p, with a € AL U A%,

(Pp) Elde <= (Pp)Egforallp%yp in P
PN (M(P),p') |E M(yp) for all p 5, p' in M(P)
(note that p %, u only for a € A”)
= (M(P),p) = [dM(p)
= (M(P),p) = M([alp)

O

It is natural to wonder whether it is possible to provide a version of Propo-
sition 5 for formulae in Boudol-Larsen modal logic. In particular, it would be
interesting to characterize the collections of formulae in Boudol-Larsen modal
logic whose satisfaction is preserved by M, in a suitable technical sense. In
order to address this question, let {A", Al Abi} be the signature of some LTS
Pandlet A= A"U AU AP,

Define the transformation MC from Boudol-Larsen formulae over A to covariant-
contravariant formulae over the signature { A", A!, A%} as follows:

Definition 8. MC is the unique homomorphism satisfying:

[ {a)MC(yp) if a € ATU A¥
o MC((a)p) = { s otherwise

| [aIMC(yp) if a € AlUAY
o MC([alp) = { T otherwise

The interplay between the transformation function M between LTSs and
MTSs, and the function MC operating on Boudol-Larsen formulae is fully de-
scribed by the following results.

Proposition 6. Let P an LTS over signature {A", A', A%} and let p € P.
Suppose that o is a formula in Boudol-Larsen modal logic over A = ATUA'UAY,
Then the following statements hold:

L If (M(P),p) | ¢ then (P,p) E MC(y).
2. If (P,p) |E MC(y) and (either o is existential or A” = 0)) then (M(P),p) E
®.

PROOF. We prove the two statements separately.

1. We proceed by induction on the structure of ¢ and focus on the cases
involving the modal operators.




e Case ¢ = (a)¢’. Assume that (M(P),p) = (a)¢’. This means that
there is some p’ such that p %5 p’ in M(P) and (M(P),p") =
¢’. By the definition of M, a € A" U A¥ and p % p’. Moreover,
by the inductive hypothesis, (P,p) | MC(¢’). Therefore, (P,p) =
(@) MC(¢'), and since a € A" U A" (P, p) = MC({a)¢').

e Case ¢ = [a]¢’. Assume that (M(P),p) E [a]¢’. If a € A" then
there is nothing to prove, since MC(p) = T. Assume therefore that
a € AU A", We will prove that (p,p) = [a]MC(¢'). To this end,
suppose that p = p in P with a € A'UA". By the definition of M we
have that p %, p’ in M(P). Since (M(P),p) = [a]¢', it follows that
(M(P),p') = ¢'. The Inductive hypothesis yields (P, p') = MC(y’),
which was to be shown.

2. Assume that (P,p) = MC(p) and (either ¢ is existential or A” = ). We
show that (M(P),p) = ¢ by induction on the structure of ¢. Again, the
only interesting cases are those dealing with the modal operators.

e Case p = (a)¢'. Since (P,p) = MC(yp), we have that a € A” U A%
and that p % p’ for some p’ such that (P,p’) = MC(y'). Since ¢’ is
either existential or A" = (), we may apply the inductive hypothesis
to infer that (M(P),p’) |= ¢’. By the definition of M, we have that
p m ustp’. Therefore (M(P), p) k= (a)¢’, which was to be shown.

e Case ¢ = [a]¢’. Since ¢ is not existential, we have that A" = (. So
MC([aly’) = [a]MC(¢') and (P,p) E [a)MC(¢’) by assumption.
Let p %, p' in M(P). As a € A" U A% it follows that p = p’ in P.
Therefore (P,p’) E MC(¢’). By induction, (M(P),p’) = ¢’. Since
p =, p’ was chosen arbitrary, it follows that (M(P),p) = [a]¢’, and
we are done. a

Remark 2. The proviso that ¢ is existential or A” = () is necessary in statement
2 of the above proposition. To see this, assume that a € A" and consider
the Boudol-Larsen formula [a] L. Then the LTS described by the covariant-

contravariant system term 0 satisfies T = MC([a]L). On the other hand, 0 %, u
holds in M(0), and therefore (M(0),0) }~= [a] L. This point is related to some
observations we shall present in Section 8.

Remark 3 (Open question). Is there a (compositional) translation from Boudol-
Larsen logic to covariant-contravariant modal logic such that

(P,p) = » implies (M(P),p) F ¢

for all LTSs P, states p € P and formulae ¢?
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4. From modal refinements to covariant-contravariant simulations

We next show that MTSs modulo C may be translated into LTSs modulo
<cc- As the one studied in the previous section, our translation preserves, and
reflects, those preorders and the satisfaction of modal formulae. This is, to our
mind, a less surprising result than the one presented in the previous section,
even if in order to obtain it we have to introduce two “copies” of each action
a € A: one covariant cv(a) € A" to represent must transitions, and another
contravariant ct(a) € A! to represent may transitions. As a matter of fact, we
do not need the additional generality that is offered by the possibility of also
having bivariant actions in the signature to adequately represent any MTS.

Definition 9. Let M be an MTS with set of actions A. The LTS C(M), with
signature A” = {cv(a) | a € A}, A" = {ct(a) | @ € A} and A® = 0, is
constructed as follows:

e The set of states of C(M) is the same as that of M.

e For each transition p =, p’ in M, add p Ct(—g) p’ to C(M).

e For each transition p =g p’ in M, add p evig) p' to C(M).
e There are no other transitions in C(M).

Observe that the LTSs obtained as a translation of an MTS have the following
properties:

1. A¥ = () and

2. there is a bijection h : A” — A! such that if p = p’ with a € A" then
h(a) ’
- p.

The latter requirement corresponds to the fact that each must transition in an
MTS is also a may transition.
The following proposition states that the translation C is correct.

Proposition 7. A relation R is a refinement between P and Q iff R is a
covariant-contravariant simulation between C(P) and C(Q).

PROOF. We prove the two implications separately.

(=) Assume that p Rq. If p evig) p’ in C(P) then, by construction, p %4 p’
in P. Since R is a refinement, there is some ¢/ in Q with ¢ =g ¢’ and p’ R ¢'.
Since ¢ Cv%(a) ¢ is in C(Q) by construction, we are done. Now, assume that
q ) ¢ in C(Q). Then ¢ %, ¢’ in Q and, since R is a refinement, p %, p’ in P

for some p’ with p’ R ¢’. By construction, p ) p’ is in C(P) and we are done.
(<) Assume that p R ¢. If ¢ %, ¢/ in Q then ¢ ) ¢ in C(Q) and, since R

. . . . . t .
is a covariant-contravariant simulation, p C—(? ) p’ for some p’ in C(P) such that
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p'Rq’; hence p %, p’ in P as required. Now, if p 5 p’ in P then p evig) p' in
C(P). Since R is a covariant-contravariant simulation, there is some ¢’ in C(Q)
with ¢ evlg) ¢ and p’ R ¢, and therefore ¢ =5 ¢’ in Q. O
Corollary 8. Let P and Q be two MTSs with the same action set, and let p € P
and q € Q. Then (P,p) C (Q.q) iff (C(P),p) See (C(Q),q)-

Remark 4. It is easy to see that the mapping C is injective. Therefore, given
an LTS P that is in the range of C, we may write C~1(P) for the unique MTS
whose C-image is P.

Again, we can also extend the translation C to also translate modal formulae.
However, in this case, the change of alphabet requires a simple, but non-trivial,
definition of the extension.

Definition 10. Let us extend C to translate formulae over the modal logic
for modal transition systems with set of actions A to the modal logic that
characterizes covariant-contravariant simulation with signature A” = {cv(a) |

ac A}, Al = {ct(a) | a € A} and A® = 0.

Proposition 9. If P is an MTS and ¢ is a Boudol-Larsen modal formula, then
for each p € P:

(P.p) v < (C(P),p) FC(p).

PRrROOF. By structural induction on ¢, with the only non-trivial cases being
those that correspond to the modal operators:

o [a]p, with a € A.

(P,p) F [l (P.p)) =g forallp %, p/ in P
(C(P).p) | Cy) for all p ™% pf in C(P)

(C(P),p) = [ct(a)IC(p)

11=1
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e (a)p, with a € A.

(P,p) = (a)p (P,p) | ¢ for some p %p p’ in P
(C(P),p") EC(p) for some p evig) p’ in C(P)

(C(P),p) = (cv(a))C(p)

IR

O

Remark 5. In fact, it is very easy to see that the translations M and C also
preserve, and reflect, the satisfaction of formulae in the extensions of the logics
from Definitions 3 and 5 with infinite conjunctions and disjunctions.

It is natural to wonder whether it is possible to provide a version of Propo-
sition 9 for formulae in covariant-contravariant modal logic over the signature
A" = {cv(a) | a € A}, A" = {ct(a) | a € A} and A” = . To this end, let
C~! denote the inverse of C over Boudol-Larsen modal formulae defined in the
obvious way. We then have that:

Proposition 10. Let P be an MTS over the set of actions A, and let ¢ be a
covariant-contravariant modal formula over the signature A™ = {cv(a) | a € A},
Al = {ct(a) | a € A} and A" = (. Then, for each p € P.

(P.p) =C ' (p) < (C(P),p) E ¢

PRrROOF. By Proposition 9,

(P.p) ECTH(p) <= (C(P),p) ECCTH(p))
The claim now follows since C(C1(p)) = ¢. O

The above observation is in contrast with the result we established earlier in
Proposition 6. This may be taken to be a first indication that the translation
from MTSs to LTSs, and the accompanying one for the associated modal logics,
is “more natural” than the one from LTSs to MTSs provided in Section 3. We
will explore this issue in more detail in Section 8.

5. Discussion of the previous translations

In Sections 3-4, we saw that it is possible to translate back and forth between
the world of LTSs modulo the covariant-contravariant simulation preorder and
MTSs modulo refinement. The translations we have presented preserve, and re-
flect, the preorders and the relevant modal formulae. There are, however, some
interesting, and non-obvious, corollaries that one may infer from the transla-
tions.

To begin with, assume that P and @ are two LTSs with the same signa-
ture, with A% # (). Let p € P and ¢ € Q be such that (P,p) <. (Q,q). By
Corollary 4, we know that this holds exactly when (M(P),p) C (M(Q),q).

13




Using Corollary 8, we therefore have that checking whether (P, p) <. (@, q) is
equivalent to verifying whether (C(M(P)),p) See (C(M(Q)),q). Note now that
AP is empty in the signature for the LTSs C(M(P)) and C(M(Q)). Therefore,
checking whether two states are related by the covariant-contravariant simula-
tion preorder can always be reduced to an equivalent check in a setting without
bivariant actions.

It is also natural to wonder whether there is any relation between a state
p in an LTS P and the equally-named state in C(M(P)). Similarly, one may
wonder whether there is any relation between a state p in an MTS P and the
equally-named state in M(C(P)). In both cases, we are faced with the difficulty
arising from the fact that the transition systems resulting from the compositions
of the two translations are over the alphabet {cv(a),ct(a) | a € A}, whereas the
original system P had transitions labelled by actions in A. In order to overcome
this difficulty, we consider the renaming p : {cv(a),ct(a) | @ € A} — A that
maps both cv(a) and ct(a) to a, for each a € A. Besides, for any transition
system P over the set of actions {cv(a),ct(a) | a € A}, we write p(P) for
the transition system that is obtained from P by renaming the label of each
transition in P as indicated by p. Then we have the following proposition:

Proposition 11.

1. Let P be an MTS and p € P. Then we have (p(M(C(P))),p) C (P,p).

2. Let P be an LTS and p € P. Then we have (P,p) Sce (p(C(M(P))),p).

3. In general, (P,p) C (p(M(C(P))),p) does not hold for an arbitrary MTS
P and any state p € P; nor does (p(C(M(P))),p) Sce (P,p), for an
arbitrary LTS P and any state p € P.

PRrROOF. We limit ourselves to detailing the proof for the second statement and
to offering counter-examples proving the third one. The proof of the first claim
follows similar lines to the one for the second, and in fact is even simpler.

In order to prove the second claim, it suffices to show that the identity rela-
tion over P is a covariant-contravariant simulation between P and p(C(M(P))).
To this end, assume first that p — p’ in P for some a € A" UA". Then p S5 p/
in M(P). Therefore, p vig) p' in C(M(P)) and p % p' in p(C(M(P))).

Assume now that p = p’ in p(C(M(P))) for some a € A' U A*. This means
that either p evig) p orp ) p" in C(M(P)). We consider these two possibilities
separately.

e Suppose that p ) p' in C(M(P)). Then p %g p’ in M(P). This means
that p = p/ in P and a € A” U A¥. By our assumption, it must be the
case that a € A%, and we are done.

e Suppose that p ) p' in C(M(P)). Then p %, p' in M(P). Since
a € AU AY by our assumption, we have that p’ # u in M(P), because
u can only be reached via A"-labelled may transitions. Therefore, p’ € P

and p > p'.
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This completes the proof of the second claim.

We now argue that, in general, (P, p) C (p(M(C(P))),p) does not hold for an
MTS P and a state p € P. Let P be the MTS over the alphabet A = {a}, with
p as its only state and with no transitions. State p has an outgoing a-labelled
may transition in p(M(C(P))), which cannot be matched by p in P. Therefore,

(P,p) & (p(M(C(P))), p)-
To complete the proof we now argue that, in general, (p(C(M(P))),p) S

~oCC
(P,p) does not hold for an LTS P and a state p € P. Let P be an LTS with
A" = {a}, p as its only state, and with no transitions. The sets A’ and A”
can be arbitrary and play no role in the counter-example. Then it is immediate
to see that state p has a transition p % u in p(C(M(P))), but this transition

cannot be matched by p in P. O

We shall now present a result on the relationships between the translations
M and C for LTSs without bivariant actions.

Definition 11. Let P be an LTS with its alphabet partitioned into A" and Al
Then the LTS P is that obtained from P by simply renaming every a € A" as
cv(a) and every a € Al as ct(a).

Proposition 12. Let P be an LTS over an alphabet A” U Al and let Q be an
MTS over the same alphabet. Then the following statements hold.

1. If a relation R is a covariant-contravariant simulation between P and
C(Q), then R is a refinement between M(P) and Q.

2. If (P,p) Scc (C(Q),q) then (M(P),p) C (Q,q), for all states p € P and
q€e€Q.

3. The converse implication of the above statement fails.

PrOOF. We limit ourselves to detailing a proof of the first statement and to
offering a counter-example showing the third. The second statement is an im-
mediate corollary of the first.

To prove the first statement, assume that p R ¢ and that R is a covariant-

contravariant simulation between P and C(Q). If ¢ %, ¢/ in Q then ¢ °ug) q

in C(Q). Since R is a covariant-contravariant simulation between P and C(Q),

there is some p’ in P with p etlg) p' and p’ R ¢'. Therefore, p = p’ in P with

ac A and p %, p' in M(P) with p’ R ¢, as required. Now, if p %4 p/ in

M(P) then p % p/ in P with a € A" and p CV—((;) p’ in P. Since R is a covariant-
contravariant simulation between P and C(Q), there is some ¢’ in C(Q) with
cv(a)

=’ ¢ and p' R ¢, and therefore ¢ %4 ¢ in Q, as required.

To see that the converse implication of the second statement in the proposi-
tion fails in general, let P be an LTS with A" = {a}, with p as its only state and
with no transitions. In this case A’ can be arbitrary and plays no role in the
counter-example. Let Q be a one-state MTS with the transition ¢ —, ¢. Then
we have (M(P),p) C (@, q). On the other hand, (P, p) .. (C(Q),q), because

q Ctgl) q in C(Q) and ct(a) is a contravariant action, whereas the LTS P has no

transitions. O
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6. Characteristic formulae for processes

In this section, we show that the translation C can be used to transfer char-
acteristic formulae from the setting of MTSs modulo refinement to that of LTSs
modulo the covariant-contravariant simulation preorder. For consistency with
the developments in [6], we focus on characteristic formulae for finite, “essen-
tially loop-free” structures. Following [6, 9], we consider two signatures: the
first generates terms describing a family of MTSs, and the second generates
terms denoting a family of LTSs.

Definition 12 ([6]). Given a set of actions A, the set Tp(A) of MTS process
terms is given by
tux=0|wlat|alt|t+t.

where a € A.
We define the ‘universal MTS’ associated with T/ (A) as follows:

o Its set of states is just Tas(A).

e For each term a.t we have the transition a.t — ¢; besides, for each a € A,
we have w =, w.

e For each term alt, and o € {0, o} we have alt %, t.

e For each term t; +t3, a € A and o € {0, 0} we have t; +ta S, ¢/, if and
only if, we have t; =, t' for some i € {1,2}.

Note that w denotes the MTS U from Example 1 and is the only source of
loops in the MTS we have just described. So, abstracting from the self-loops at
the leaves labelled with w, terms in Tjs(A) may be viewed as describing finite
synchronization trees, in the sense of Milner.

Definition 13. Let (A7, A, (}) be a signature and let A = A" U A'. The set
Tr(A) of LTS process terms is given by

tu=0|wlat|t+1,

where a € A.
We define the ‘universal LTS’ associated with 77,(A) as follows:

o Its set of states is just 7. (A).

e For each term at we have the transition at — ¢; besides, for each a € A,
we have w = w.

e For each term t; + t2 and each a € A, we have t; + to LN t’, if and only if,
we have t; % t' for some i € {1,2}.
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The translation C from MTSs over the alphabet A to LTSs over the signature
({cv(a) | a € A}, {ct(a) | a € A}, () can be extended to terms in T (A) yielding
terms in Tz ({cv(a),ct(a) | a € A}) as the unique homomorphism that is the
identity over constants and satisfies the following equalities:

Cla't) = cv(a).C(t)+ct(a).C(t) and
Clat) = ct(a).C(¥).

Then we have the following results:
Lemma 13. Let t be an MTS term. Then the following statements hold:

1. Ift 2ot for some MTS term t' then C(t) ) C(t).
2. Ift 5o t' for some MTS term t' then C(t) e C(t).

3. IfC(t) vy, for some LTS term u then t <5 t' for some MTS term t'
such that u = C(t').

4. If C(t) Uy, for some LTS term u then t <, t' for some MTS term t'
such that u = C(t').

PRrROOF. The first two statements can be proven by induction on the proof of
the relevant transition. The third and the fourth statement can be easily shown
by induction on the structure of ¢. O

It is not hard to see that the LTS associated with C(t), where ¢ is an MTS
term, is the LTS one obtains by considering the MTS for term ¢, defined as in
Definition 12, and applying the translation C from Definition 9 to it. Therefore,
the following result follows essentially from Proposition 9. (One can also give a
simple proof of this result using Lemma 13 above.)

Proposition 14. For an MTS term t and a modal formula @,

te g« Clt) EClp).

The above result can be used to transfer characteristic formulae for MTS
terms modulo refinement to characteristic formulae for their image LTS terms
via C.

We begin by recalling the definition of characteristic formulae for MTS terms
modulo refinement from [6, 16].

Definition 14 ([6, 16]). For each term t € Tps(A), the characteristic formula
x(t) is defined as follows:

x6)= N\ on N laa®), (1)

HES(t) acA

where the set of formulae §(t) and the formulae 7, (¢) are given inductively thus
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As usual, an empty conjunction stands for T.
The correctness of the above construction was proved by Larsen in [16].
Proposition 15. Let t,t' € Tar(A). Then t Tt iff t' | x(t).

Note that the formula x(w) is logically equivalent to T. Moreover, for each
term t € Tpr(A), we have that, up to logical equivalence,

N o= Alax) [t 5ot}
pEI(t)

Consider now the second conjunction in the formula (1). If ¢ can perform an
a-labelled may transition leading to a term that is equivalent to w with respect
to the kernel of C, then, up to logical equivalence,

[a]7a(t) = T.

For each term ¢, let A; be the subset of A consisting of all the actions a such
that each a-labelled may transition from ¢ leads to a term that is not equivalent
to w with respect to the kernel of C. Then, up to logical equivalence,

Nlaa(®) = N [a] \{x(@) [t %o ).

acA a€A;
In summary, working up to logical equivalence, we can rewrite the formula (1)
thus:
a, a,
AL@x) [t 53V A o\ Ix(®) [t 50t}
a€A,

Proposition 16. C(x(t)) is a characteristic formula for C(t), for each t €
Tm(A).

PRrROOF. By Propositions 15 and 14, C(t) = C(x(t)). Now, assume that s =
C(x(t)) for some s € Tr,({cv(a),ct(a) | a € A}). We shall show that C(t) Sec s.
(Observe, in passing, that, since the map C is not surjective, the term s might
not be the image of any MTS term.) To this end, it suffices to show that the

relation
R={(C(t),s) | s EC(x(1),s € TL({cv(a),ct(a) | a € A}),t € Ta(A)}

is a covariant-contravariant simulation.
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To see this, note, first of all, that, in the light of the above discussion,

C(x(®) = Aflev@Nex(®) |t %o t'h v A\ let(@)] \V{C(®) [ 5o ).

a€A,

The claim can now be easily shown using Lemma 13 and the fact that C(w) =
w See §', for each s” € Tp({cv(a),ct(a) | a € A}). O

This last result can be used as an alternative to [2, Lemma 2] to prove
the existence of characteristic formulae for LTS terms that are in the range of
C. Indeed, for those terms, the characteristic formula derived using the above
proposition coincides with the one offered by the direct construction given in
the above-cited reference.

7. Partial bisimulation

The partial bisimulation preorder has been proposed in [4] as a suitable be-
havioural relation over LTSs for studying the theory of supervisory control [20]
in a concurrency-theoretic framework. Formally, the notion of partial bisimu-
lation is defined over LTSs with a set of actions A and a so-called bisimulation
set B C A. The LTSs considered in [4] also include a termination predicate |
over states. For the sake of simplicity, and since its role is orthogonal to our
aims in this paper, instead of extending MTSs and their refinements and/or
covariant-contravariant simulations with such a predicate, we simply omit this
predicate in what follows.

Definition 15. A partial bisimulation with bisimulation set B between two
LTSs P and Q is a relation R C P x ) such that, whenever p R g:

e For all a € A, if p = p/ then there exists some ¢ — ¢ with p’ R ¢'.

e For all b e B, if ¢ LA q' then there exists some p LA p’ with p’ R ¢'.
We write p <p ¢ if p R q for some partial bisimulation with bisimulation set B.

It is easy to see that partial bisimulation with bisimulation set B is a par-
ticular case of covariant-contravariant simulation.

Proposition 17. Let P be an LTS. A relation R is a partial bisimulation with
bisimulation set B iff it is a covariant-contravariant simulation for the same LTS
when it is seen as a covariant-contravariant LTS with signature A™ = A\ B,
Al = () and AY = B. As a consequence we have p Sp q iff p Sce q, for each
p,q € P.

PrOOF. Immediate from the definitions. O

Remark 6. Note that, in the light of the discussion in Section 5, after having
changed the signature of the LTS P in the manner described in the statement
of the above result, checking whether p <p ¢ holds in P can always be reduced
to verifying whether p <., ¢ holds in C(M(P)). This check does not involve
any bivariant action.
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As a corollary of the above proposition, we immediately obtain the following
result, that indicates us that, instead of the modal logic used in [4] to charac-
terize the partial bisimulation preorder with bisimulation set B, one can use the
simpler, negation-free logic for the covariant-contravariant simulation preorder.

Corollary 18. Let p,q be states in some image-finite LTS. Then p Sp q iff the
collection of formulae in Definition 5 over the signature A” = A\ B, Al =
and AY = B satisfied by p is included in the collection of formulae satisfied by
q.

Note also that, as a corollary of Proposition 17, the translations of LTSs and
formulae defined in Section 3 can be applied to embed LTSs modulo the partial
bisimulation preorder into modal transition systems modulo refinement. In this
case, however, there is an easier alternative transformation that does not require
the extra state u.

Definition 16. Let P be an LTS over a set of actions A with a bisimulation
set B C A. Then the MTS N(P) is constructed as follows:

e The set of states is that of P.
e For each transition p % p’ in P, we add a transition p =, p’ in N'(P).

e For each transition p LN p' in P with b € B, we add a transition p —b>D p

in N(P).
e There are no other transitions in N (P).

Proposition 19. R is a partial bisimulation with bisimulation set B between
P and Q iff R71 is a refinement between N'(Q) and N (P).

PROOF. (=) Assume that R is a partial bisimulation with bisimulation set B
and suppose that ¢ R~ p. If p %, p’ in N(P) then p % p’ in P. Since R is a
partial bisimulation, there is some ¢ = ¢ in Q with p’ R ¢’ and, by construction,
q 3, ¢ in N(Q) with ¢ R~ p’. Now, if ¢ 3¢ ¢ in N(Q) then ¢ % ¢/ in Q
with @ € B. Since R is a partial bisimulation and p R g, there is some p — p’
in P with p’ R ¢’ and hence p %5 p’ in N(P), as required.

(<) Analogous. O

Remark 7. In the special case B = (), the partial bisimulation preorder is just
the standard simulation preorder. Therefore, for the LTS defined by the term
0 we have, 0 <p p for each state p in any LTS P. Since B = (), all the modal
transition systems A (P) that result from the translation of an LTS P will have
no must transitions; for such modal transition systems, A (P) C 0 always holds.
Indeed, in that case C coincides with the inverse of the simulation preorder over
MTSs.
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The drawback of the direct transformation presented in Definition 16, as com-
pared to that in Section 3, is that it does not preserve the satisfiability of modal
formulae. The problem lies in the fact that, while the existential modality (a) al-
lows any transition with @ € A in the partial bisimulation framework, it requires
a must transition in the setting of MTSs.

As we have seen, it is easy to express partial bisimulations as a special case of
covariant-contravariant simulations. It is therefore natural to wonder whether
the converse also holds. We shall present some indications that the partial
bisimulation framework is strictly less expressive than both modal refinements
and covariant-contravariant simulations.

Let us assume, by way of example, that the set of actions A is partitioned
into A” = {a} and A' = {b}—so the set of bivariant actions is empty. In
this setting, there cannot be a translation 7 from LTSs modulo <. into LTSs
modulo <p that satisfies the following natural conditions (by abuse of notation,
we identify an LTS P with a specific state p):

1. Forall pand ¢, p Sceq <= T(p) S T(q).

2. T is a homomorphism with respect to +, that is, T(p+¢q) = T (p) + T(q),
where + denotes the standard notion of nondeterministic composition of
LTSs from CCS [18]. (Intuitively, this compositionality requirement states
that the translation only uses ‘local information’.)

3. There is an n such that 7(b™) is not simulation equivalent to 7(0), where
b™ denotes an LTS consisting of n consecutive b-labelled transitions.

Indeed, observe that, by condition 2,
T@) =Tp+0)=T(p)+T(0) foreach p,

and therefore T(p) + 7(0) <p T (p). This means that 7(0) < 7 (p) for each p,
where < is the simulation preorder. In particular, 7(0) < 7(L) where L is the
process consisting of a b-labelled loop with one state, which is the least element
with respect to <cc.

Note now that L <. "t <. b" <. 0 for each n > 0. Therefore, by
condition 1,

T(L)SB T(bn+1) SpTO") <pT(0) foreachn>0.

Hence,
T(L) <TO) <T0)<T(L) for each n > 0.

This yields that, for each n > 0, 7(b™) is simulation equivalent to 7(0), which
contradicts condition 3. (Note that we have only used the soundness of the
transformation 7T.)

This is clearly indicating that any 7 that is compositional with respect to
+ and is sound, in the sense of condition 1, would have to be very odd indeed,
if it exists at all. Modulo simulation equivalence, such a translation would have
to conflate a non-well-founded descending chain of LTSs into a single point,
modulo simulation equivalence.

We end this section with a companion result.
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Proposition 20. Assume that a € A” and b € A'. Suppose furthermore that
B = 0. Then there is no translation T from LTSs modulo <. into LTSs modulo
<p that satisfies conditions 1 and 2 above.

PROOF. Assume, towards a contradiction, that 7 is a translation from LTSs
modulo <. into LT'Ss modulo <p that satisfies the conditions in the statement
of the proposition. Recall that, when B is empty, <p is the simulation preorder
(see Remark 7). Therefore, using condition 2, for each p and ¢, we have that

Tp) S Tp)+T(@)=Tp+q).

This means, in particular, that 7(a) <p 7 (a 4+ b). By condition 1, it follows
that a <. a 4+ b. This is, however, false since b is in A'. Therefore 7 cannot
exist. O

8. Institutions and institution morphisms

In order to gain more insight into the relationships between modal tran-
sition systems modulo refinement and labelled transition systems modulo the
covariant-contravariant simulation preorder, we will now study their connections
at a more abstract level, in the context of institutions [12]. When compared at
the level of institutions it turns out that the correspondence between these
models is, in a sense, not one-to-one.

Definition 17. The institution Z.. = (Sign,,, sen¢., Mod,., E..), associated
with the logic for the covariant-contravariant simulation preorder, is defined as
follows.

e Sign, . has as objects triples (A, B, C) of pairwise disjoint sets and mor-
phisms f: AUBUC — AU B U with f(A) C A, f(B) C B/, and
fcycc.

o senc.(A, B,C) is the set of formulae in the logic characterizing the covariant-
contravariant simulation preorder, with A the set of covariant actions, B
the set of contravariant actions, and C the set of bivariant actions. For
each signature morphism f and formula ¢, the formula sen(f)(y) is ob-
tained from ¢ by replacing each action a with f(a).

e Mod..(A, B, C) is the category of LTSs over the set of actions AUBUC,
with a distinguished state; a morphism from (P, p) to (Q, ¢) is a covariant-
contravariant simulation R such that (p,q) € R.

Now, if f: AUBUC — A’U B’ UC(C’ is a signature morphism, then
Mod,.(f) : Mod..(A", B',C") — Mod..(4, B,C)
maps P to Ply and R: P — Q to Ry : P|y — Q|y, where:
— The set of states of P|y is the same as that of P, and the distinguished

state remains the same.

22




—p5p in P|; ifpfg)p’ in P.
— R|y coincides with R.

o (P,s) e ¢ if (P,s) = ¢ using the notion of satisfaction associated
with the logic for the covariant-contravariant simulation preorder given in
Definition 5.

Proposition 21. Z.. is an institution.

PROOF. It is a routine exercise to check that all defined notions are indeed
categories and functors. As for the satisfaction condition, if f: AUBUC —
A"UB' UC" in Sign,,, (P',s) € Mod..(A',B',C"), and ¢ € sen..(A, B,C),
then

cer

(P',8) Ece sence(f)(p) <= Modc(f)(P',5) Fee ¢

can be proved by structural induction on ¢. We consider the possible forms ¢
may have.

e T and L are trivial.

e For 1 A pa:

(P',8) Fee sence(f)(p1 Ap2) <= (P',8) Fee senee(f)(p1) A sence(f)(p2)

TH
— (P/|fvs) ':CC 1 and (Pl|f7s) ':cc P2
<

(P'|5,8) Fee 1 A p2.
e Analogously for ¢1 V 3.
e For (a)p, with a € AUC:
(P',5) Fee sence(f)((a)p)
= (Ps) e (fla)sence(f)(®)
= there is s 1 pin P’ with (P',p) Ece senc(f)(p)

W™ ere is 5 % pin P'|; with (P'|f,p) Ece ¢
= (Pls) Fee (a)e
e For [a]p, with a € BUC:
(P, 8) Eee sence(f)([a]e)

(P',5) Fee [f(@)]sence(f)(¢)
(P',p) e senc(f)(p) for all s s
def P’|¢, IH , a . y
=L (P'|f,p) Ecc g for all s = p in P'|;
= (Ply9) Fe lae

)pinP/
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This completes the proof. O

Definition 18. The institution Z,,;s = (Sign,,;s, Senmts, Modmis, Emts), as-
sociated with the logic for refinement over modal transition systems, is defined
as follows.

e Sign,,. is the category of sets.

® senmis(A) is the set of formulae over A in the logic presented in Defini-
tion 3. The formula sen.s(f)(y) is obtained from ¢ by replacing each
action a with f(a).

e Mod,,;s(A) is the category of MTSs over the set of labels A, with a
distinguished state. A morphism from (M, m) to (N, n) is a refinement R
such that (m,n) € R.

If f: A— BinSign,,,, then Mod s (f) : Mod s (B) — Mod,is(4)
maps an MTS M to M|y and a morphism R to R|f, where:

M|y has the same set of states as M and the same distinguished
state.

~

pSep in Mlyifp g)op’ in M.

—pSgp in Myifp S)Dp’ in M.

~

— R| coincides with R.
® =t 1s the notion of satisfaction presented in Definition 3.
Proposition 22. 7,,;s is an institution.

PROOF. Again, let us just prove the satisfaction condition

(Mlvs) ):mf,s Senmtxs(f)(@) < MOdmtS(f)(Mlvs) ':mts ®,

for f: A — B in Sign,,,, (M’,s) € Mods(B), and ¢ € senms(A), by
induction on . We consider the possible forms ¢ may have.

e T and L are trivial.

o For ¢ A pa:

(Afly 5) ':mts Senmts(f)(@l A 902)

= (M',5) Emts senmis(f)(p1) A senmes(f)(p2)

ITH
— (Mllfvs) ':mts 1 and (]W/‘ﬂs) ':mts 02

— (M/|fa5) FEmts 91 A 2.

e Analogously for ¢1 V ¢s.
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(Mlv 5) FEmts senms(f)((@)p)
(M, 8) Emts (f(a))senmes(f)(p)

there is s fg)m pin M’ with (M, p) Emzs s€nmis(f)(©)
™ here is s Sopin M| with (M'[;,p) FEmes ¢
- (M'|5,5) Emts (a)p-

(M, 8) Emis senmts (H)([a)e)
( ) ':mts [ ( )]Senmts(f)(QO)

M',D) Emts senmis(f)(p) for all s fg)o pin M’

(
def g IH (M'|£,p) Emis ¢ for all s 54 pin M'[;
— (M'[7,5) Emes [ale. o

—
=

As the following result shows, one can translate Z,,,;s into Z.. using an institution
morphism [13]. (The intuition for institution morphisms is that they are truth
preserving translations from one logical system into another.)

Proposition 23. (®,«, ) : Zyyes — Zee is an institution morphism, where:
e ®:Sign,,,. — Sign,. maps A to the triple (cv(A),ct(A),D), with:

— cv(A) ={cv(a) |a € A} and

— ct(A) = {ct(a) | a € A}.

For f : A — B, we define ®(f)(cv(a)) = cv(f(a)) and ®(f)(ct(a)) =
ct(f(a)).

e The natural transformation « : senc. o ® = senpyys translates a formula ¢
in senq.(cv(A),ct(A),D) as follows:

—a(T)=T, a(l)= 1.

= af([ct(a)]p) = [a]a(p).

e The natural transformation 5 : Mod,;s = Mod..o® maps an MTS
(M, s) in Modms(A) to (C(M),s), and a morphism R to itself.
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PRrROOF. For A in Sign,,,., (M,s) in Mod;1s(A), and ¢ in sen..(P(A)), we
prove the satisfaction condition

(M, s) s alp) == B(M,s) [=ee ¢

by induction on ¢. The only non-trivial cases correspond to formulae of the
form (cv(a))p and [ct(a)]e.
e For (cv(a))p, we reason thus:
(M, s) | al(evla))p) <= (M,s) | (a)a(p)
<= thereis s %5 pin M with (M,p) = a(p)
<= there isscva(a)pin C(M) with (C(M),p) E ¢
<= (C(M),s) = (cv(a))p.

e For [ct(a)]yp, we argue as follows:

(M, 5) = a([ct(a)lp) <= (M,s) = [a]a(p)
— (M,p) E alyp) for all s S, pin M
LN (C(M),p) E ¢ for all s L>)p1n(,’( M)
= (C(M),s) = [ct(a)]p.
This completes the proof. O

The import of the above result is that MTSs modulo refinement and their ac-
companying modal logic can be ‘translated in a truth preserving fashion’ into
LTSs modulo the covariant-contravariant simulation preorder and their com-
panion modal logic. It is natural to ask oneself whether one can consider Z,,;s a
‘subinstitution’ of Z... There are several related notions of subinstitution that
have in common the requirement that the functor 8, which is used to translate
the models between the institutions, is an equivalence of categories.

Recall that an object in a category is weakly final if any other object has at
least one arrow into it.

Proposition 24. Mod..(A4, B,0) has weakly final objects but Mod ,;s(A) does
not.

PROOF. First, consider the pair (F,s) where F' is the LTS with a single state s
and transitions s % s for every a € A. (Note that, if A is empty, then (F,s) is
just the LTS 0.) It is immediate to check that (F,s) is a weakly final object of
Mod..(4, B, ).

Now, assume that (F’,s’) is weakly final in Mod,,:s(A) and consider the
following two MTSs:

e (M,m), with m the only state in M and transitions m 5 m (and m %,
m) for every a € A.
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e (N,n), with n the only state in N and no transitions.

The existence of a morphism, that is a refinement, from (M,m) to (F',s’)
implies that, for every a € A, there must be transitions of the form s’ % s/
in F’ for some s,; therefore, there are also transitions s —, s/,. But then, the
morphism from (N, n) to (F',s') requires the existence of transitions n 2, n in
N, which do not exist by the definition of N. Hence, there is no weakly final
object in Mod,,;5(A). O

In other words, in the absence of bivariant actions, there is a universal imple-
mentation in the setting of LT'Ss modulo the covariant-contravariant simulation
preorder. Within that framework, there is also a universal specification, namely
the LTS (I, s) where I is the LTS with a single state s and transitions s Y s for
every b € B. On the other hand, there is a universal specification with respect
to modal refinements, namely the MTS U from Example 1, but no universal
implementation.

Proposition 25. There cannot exist an embedding (D, o, B) from Zps into Lee
such that ®(A) does not have bivariant actions for some A.

PRrROOF. If such an embedding existed then 4, which is the natural transfor-
mation translating MTSs into LTSs and refinement relations into covariant-
contravariant simulations, would be an equivalence between Mod,,;s(A) and
Mod..(®(A)). Since equivalences of categories preserve weakly final objects,
the result follows from Proposition 24. ]

We will now argue that Z,,:s cannot be embedded into Z.. even in the presence
of bivariant actions. Recall that an object in a category is weakly initial if there
is at least one arrow from it into any other object.

Proposition 26. Mod,,;s(A) has weakly initial objects but Mod..(4, B,C)
does not if C # ).

PROOF. Consider the MTS (I, s) defined by s %, s for all a € A. We have
already seen that it is weakly initial.

Now, assume that (I, s") is weakly initial in Mod..(A, B,C) and let ¢ € C.
We define the following LTSs:

e (P,p) with p = p, and
e (Q,q) with a single state ¢ and no transitions.

A morphism from (I’,s’) to (P, p) requires a transition s’ < s” in I’ for some
s”. But then, a morphism from (I’,s') to (Q,q) requires a transition ¢ — g,

which does not exist by definition. Therefore, (I’,s") cannot exist. O

Proposition 27. There cannot exist an embedding (P, o, 8) from Lpis into L.
such that ®(A) has bivariant actions for some A.
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PROOF. Such an embedding (4, if it existed, would be an equivalence of cat-
egories between Mod,,;1s(A) and Mod..(®(A)). This cannot hold by Propo-
sition 26 because equivalences of categories preserve weakly initial objects.
O

A natural question to ask is whether there is an embedding from Z.. into Z,,;s.
The following proposition answers this question negatively.

Proposition 28. There ezists no embedding from Z.. into Ips.

PROOF. If such an embedding (®, a, 8) existed, B4, p,0) would be an equiva-
lence between Mod..(4, B,0) and Mod,,:s(®(A4, B, 0)), which is not possible
by Proposition 24 because equivalences preserve weakly final objects. O

In [1] we conjectured that there is not even an institution morphism from Z,
to Zynts; we now make this claim precise.

If we are not concerned about how contrived this morphism can be, then a
trivial one can indeed be defined. Let ® map any signature to the singleton set

{1}, f map any LTS to a MTS with a single state s and transitions s Lo s and

s 5o s, and a be recursively defined by a([1]e) = ale), a({l)e) = a(e), and
as expected in the remaining cases. It is then a simple exercise to check that
(P, o, B) satisfies the conditions to be an institution morphism, however trivial
and artificial it may be.

Taking Proposition 23 as a model, and recalling the good properties of the
function M studied in Section 3, a “natural” morphism from Z.. to Z,,ss would
be expected to satisfy S(M,s) = (M(M),s). We now argue that such a mor-
phism cannot exist.

Assume that (A, B,C) € Sign,,, let a € A be any covariant action, and
[a] L a Boudol-Larsen modal formula: how should «([a]l) be defined? By the
requirements of institution morphisms, the following equivalence must hold for
all LTS M:

(M, s) e af[a]lLl) <= B(M,s) Emes [a]L.
The right-hand side is true iff (M(M),s') Ems L for all s %, s in M(M)
which, by construction, only holds if there is no s’ in M with s % s in M.
Therefore, a([a] L) has to be such that:

o (M,s) =ce a[a] L) if there is no s % s’ in M, but
o (M,s) Feee af[a]L) if there is s % 5" in M.

The immediate candidate would be [a]L itself, now considered as a covariant-
contravariant modal formula, but this is not possible since in this framework the
modality [] requires a contravariant action. Actually, no such formula can be
defined which means that no institution morphism with 3(M, s) = (M(M), s)
can exist.

Note also that, although not necessary for our negative results above, we
could have associated a more general institution Z,_ to the logic for the covariant-
contravariant simulation preorder as follows:
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e Sign/_ has as objects triples (4, B, C) of pairwise disjoint sets and mor-
phisms are relations R C (A x A")U (B x B")U (C x ).

e sen’ (A, B, C) is the set of formulae in the logic characterizing the covariant-
contravariant simulation preorder, with A the set of covariant actions,
B the set of contravariant actions, and C' the set of bivariant actions.
For each morphism R and formula ¢, the formula sen’ (R)(¢) is ob-
tained from ¢ by “replacing” each action a with every a’ such that aRa’.
More precisely, sen’..(R)(¢) is defined recursively so that (a)¢’ becomes

Vara (@) sent (R)(¢") and [ble" becomes A, gy, [b']sent. (R) ().

e Mod. (A, B,C) is the category of LTSs over the set of actions AUBUC,
with a distinguished state; a morphism from (P, p) to (Q, ¢) is a covariant-
contravariant simulation S such that (p,q) € S.

Now, if R : (A4,B,C) — (A, B',C") is a Sign/, -signature morphism,
then
Mod’.(R) : Mod’,.(4’,B",C") — Mod..(A, B,C)

maps P to R(P) and a simulation S : P — @ to R(S) : R(P) — R(Q),
where:

— The set of states of R(P) is the same as that of P, and the distin-
guished state remains the same.

- p3 p'in R(P) if aRa’ and p g p’in P.
— R(S) coincides with S.

o (P,s) .. ¢if (P,s) E ¢ using the notion of satisfaction associated
with the logic for the covariant-contravariant simulation preorder given in

Definition 5.

That is, signature morphisms become arbitrary relations that “preserve” the
modality of the actions.

Obviously, the institution Z,,;s could be subjected to an analogous general-
ization; then, it would be a simple exercise to translate to this new setting the
results proved in Propositions 21-28.

9. Conclusions and future work

In this paper we have studied the relationships between three notions of
behavioural preorders that have been proposed in the literature: refinement
over modal transition systems, and the covariant-contravariant simulation and
the partial bisimulation preorders over labelled transition systems. We have
provided mutual translations between modal transition systems and labelled
transition systems that preserve, and reflect, refinement and the covariant-
contravariant simulation preorder, as well as the the modal properties that can
be expressed in the logics that characterize those preorders. We have also offered
a translation from labelled transition systems modulo the partial bisimulation
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preorder into the same model modulo the covariant-contravariant simulation
preorder, together with some evidence that the former model is less expressive
than the latter. Finally, in order to gain more insight into the relationships
between modal transition systems modulo refinement and labelled transition
systems modulo the covariant-contravariant simulation preorder, we have also
phrased and studied their connections in the context of institutions.

The work presented in the study opens several interesting avenues for future
research. Here we limit ourselves to mentioning a few research directions that
we plan to pursue in future work.

First of all, it would be interesting to study the relationships between the
LTS-based models we have considered in this article and variations on the MTS
model surveyed in, for instance, [3]. In particular, the third author recently
contributed in [10] to the comparison of several refinement settings, including
modal and mixed transition systems. The developments in that paper offer a
different approach to the comparison and application of the formalisms studied
in this article.

In [9], three of the authors gave a ground-complete axiomatization of the
covariant-contravariant simulation preorder over the language BCCS [18]. It
would be interesting to see whether the translations between MTSs and LTSs
we have provided in this paper can be used to lift that axiomatization result, as
well as results on the nonexistence of finite (in)equational axiomatizations, to
the setting of modal transition systems modulo refinement, using the BCCS-like
syntax for MTSs given in [6] and used in Section 6 of this paper. We also intend
to study whether our translations can be used to obtain characteristic-formula
constructions [6, 14, 21] for one model from extant results on the existence of
characteristic formulae for the other. In the setting of the finite LTSs that are
the image of MTS terms via C, this has been achieved in Section 6 of this study.

The existence of characteristic formulae allows one to reduce checking the
existence of a behavioural relation between two processes to a model checking
question. Conversely, the main result from [6] offers a complete characteriza-
tion of the model checking questions of the form (M, m) | ¢, where M is an
MTS and ¢ is a formula in the logic for MTSs considered in this paper, that
can be reduced to checking for the existence of a refinement between (M, m,)
and (M, m), where (M,, m,,) is an MTS with a distinguished state that ‘graph-
ically represents’ the formula . In [2], we offered a characterization of the
logical specifications that can be ‘graphically represented’ by LT'Ss modulo the
covariant-contravariant simulation preorder and partial bisimilarity. This result
applies directly to LTSs whose signature contains no bivariant actions. Such a
characterization may shed further light on the relative expressive power of the
two formalisms and may give further evidence of the fact that LTSs modulo the
covariant-contravariant simulation preorder are, in some suitable formal sense,
more expressive than LTSs modulo partial bisimilarity.

Last, but not least, the development of the notion of partial bisimulation
in [4, 5] has been motivated by the desire to develop a process-algebraic model
within which one can study topics in the field of supervisory control [20]. Re-
cently, MTSs have been used as a suitable model for the specification of service-
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oriented applications, and results on the supervisory control of systems whose
specification is given in that formalism have been presented in, e.g., [7, 11].
It is a very interesting area for future research to study whether the mutual
translations between MTSs modulo refinement and LTSs modulo the covariant-
contravariant simulation preorder can be used to transfer results on supervi-
sory control from MTSs to LTSs. One may also wish to investigate directly
the adaptation of the supervisory control theory of Ramadge and Wonham to
the enforcement of specifications given in terms of LTSs modulo the covariant-
contravariant simulation preorder.
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