vU NGOC’S CONJECTURE ON FOCUS-FOCUS SINGULAR FIBERS
WITH MULTIPLE PINCHED POINTS

ALVARO PELAYO XIUDI TANG

ABSTRACT. We classify, up to fiberwise symplectomorphisms, a saturated neighborhood of
a singular fiber of an integrable system (which is proper onto its image and has connected
fibers) containing k > 1 focus-focus critical points. Our result shows that there is a one-
to-one correspondence between such neighborhoods and k formal power series, up to a
(Zy x Dy)-action, where Dy is the k-th dihedral group. The k formal power series determine
the dynamical behavior of the Hamiltonian vector fields associated to the components of the
momentum map on the symplectic manifold (M,w) near the singular fiber containing the &
focus-focus critical points. This proves a conjecture of San Va Ngoc from 2002.

1. INTRODUCTION

Our goal in this paper is to provide a classification of saturated neighborhoods of a
compact connected fiber F containing only non-degenerate focus-focus singular points of
integrable systems F' = M — R? on symplectic 4-manifolds up to isomorphism. Here a
point m € F being of focus-focus type means that there is an F € GL(2,R) such that if
(J,H) = Eo(F — F(m)) then the Hessians H ;(m) of J and Hy(m) of H are simultaneously
symplectically conjugate to the following matrices

0 O 0 1 01 00
0O 0 -1 0 1 0 00
Him)~ 1o 1 o ol Hu(m)~ | o o 1
1 0 0 O 0010

Eliasson’s normal form theorem (see Eliasson |9] and Vi Ngoc-Wacheux [21]) states that the
aforementioned normal form is not only achieved linearly but also nonlinearly, in the sense
that any focus-focus singular point of F' has a neighborhood such that (M,w, F') restricted
to it is isomorphic to (R*, wy, ¢) restricted to a neighborhood of the origin, where

q(x1, Y1, T2, Y2) = (T1Yy2 — Tay1, T1Y1 + TaYa).

In particular, focus-focus singular points are isolated (and F is allowed to have any finite
number of such singular points). Throughout this paper, with very few exceptions that we
point out explicitly, we assume that F' is proper onto its image with connected fibers. If all
singular points in a compact connected fiber F have focus-focus type then there are finitely
many such points, say k£ € N is the number, which is the only topological invariant of such
fibers, and then F is homeomorphic to a torus pinched k times (Zung [23, 24]).

In 2003, Vi Ngoc proved [20] that germs of integrable systems at a compact connected
fiber with exactly one non-degenerate singular point of focus-focus type are classified (up to
a (Zy X Zs)-action if one does not specify directions, as clarified in [18]) by a formal power

series s € Ry, x, where R is the space of formal power series in two variables X, Y, without
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the constant term, and Ra,x def R/(27X)Z. In his paper, he also stated a claim for the case

k > 1, which already appeared in the arXiv version of the paper in 2002, and in 2003 [20,
Section 7| with a sketch of the argument. Our proof for the general case is different than Vi
Ngoc’ s proof for k£ = 1 and in particular gives another proof for this case.

He claimed that a neighborhood of a compact connected fiber with precisely £ € N non-
degenerate critical points of focus-focus type is classified up to isomorphisms by k& formal power
series in R, with (k—1) of which measure the obstruction to construct a semiglobal momentum
map in the Eliasson normal form simultaneously at two different singular points, and the
other of which is the Taylor series of the action integral in a neighborhood of the critical
fiber, vanishing at the origin, desingularized at each singular point. Essentially, this turns
out to be the case, as we verify in the current paper. Indeed, let R, be the group of formal
power series in R with the coefficients of the Y term positive, and let Z;, = {0,1,...,k — 1}
and let Dj, stand for the k-th Dihedral group of order 2k. Our main theorem, which is more
technical so we state it later once we have introduced the necessary ingredients for its precise
formulation, will essentially say that in a small symplectic neighborhood of a focus-focus fiber
with k singular points of focus-focus type, an integrable system on a symplectic 4-manifold is
classified up to isomorphisms, by k formal power series

S € RQangﬁjagT,ia < B2 € Ry

modulo an effective (Zy x Dy)-action. Here the Dj-action controls the way in which the
focus-focus points are ordered and Zs-action reflects the direction of the natural S*-action.

Remark 1.1. Focus-focus singular points appear naturally as singularities of semitoric [15, 16]
and almost-toric systems [11, 19]. In fact, any semitoric or almost-toric integrable system
satisfies the assumptions above. An explicit example of a semitoric system which includes a
twice pinched torus for certain values of the parameters is given in [10].

This formulation however hides the fact that we give a step-by-step explicit construction of
the invariants s € Rorx and gy3, ..., 855 5=1 € Ry; for the case of k = 1, the only invariant
is sj, and this has been computed (at least some of its terms have been computed) by several
authors for important cases such as the coupled spin-oscillator system [1, 17|, the spherical
pendulum [8], and the coupled angular-momenta |2, 12|. Roughly speaking, sz measures the
global singular behavior of the Hamiltonian vector fields Xy, and Xy,, where F = (f1, f2),
near the fiber containing the focus-focus singular point. The travel times of the flows of these
vector fields exhibit a singular behavior, of logarithmic type, as they approach the singular
points. The remaining (k — 1) Taylor series g;.;+1 account for the difference between the
Eliasson normal forms at the singular points m; and m; 1.

We will attempt to make the proof as self-contained as possible, and to facilitate this we
include a section on preliminaries with a quick review of the ingredients we need for the
proof of the aforementioned classification result. We would like to point out a related recent
work by Bolsinov—Izosimov [4] where the authors give a smooth classification of semiglobal
germs at compact focus-focus leaves. The smooth invariants they define can be computed
from the symplectic invariants of the present paper, see Remark 3.15. We refer to the recent
article [14] for an introduction and review of recent progress on the symplectic geometry of

integrable systems.
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2. PRELIMINARIES

The goal of this section is twofold. First, we briefly review the basic terminology and
results which we need to state the main theorem of the paper in the following sections; this
is done with the goal of making the paper as self-contained as possible. Second, once we have
set up the basic notions, we derive some consequences and some variations of them which we
will need to prove the main theorem in the following section; most of the new content of this
section is concentrated on Section 2.2 about automorphisms of local normal forms, where we
prove technical results about local symplectomorphisms and their possible extensions.

2.1. Basic review of integrable systems. In this subsection, we recall the definition of
integrable systems and semitoric integrable systems and discuss some of the concepts and
their properties that are related to finding the semiglobal symplectic invariants.

Let (M,w) be a 2n-dimensional symplectic manifold. For a smooth map f: M — R
we denote by X; = —w!(df) the Hamiltonian vector field of f. For any smooth maps
f,9: M — R we define their Poisson bracket {f, g} = w(X}, &) and say they are Poisson
commutative if their Poisson bracket vanishes. Let B be a smooth manifold with b € B.
Let N(B,b) denote the collection of open neighborhoods of b in B. If F: M — B is a
surjection and F is a fiber of F, then let N(M, F) denote the collection of open saturated
neighborhoods of F in M with respect to F', where a subset W C M is saturated with respect
to F if F-Y(F(W)) =W.

Definition 2.1. Let (M,w) be a 2n-dimensional symplectic manifold. Let
F=(fi,....fn): M - R"

be a smooth map such that fi,..., f, are functionally independent (i.e. dfi,...,df, are
linearly independent) almost everywhere and pairwise Poisson commutative. In this case we
call F' a momentum map on M and (M,w, F') an integrable system. Let ZS be the collection
of all integrable systems.

It is worth noting that the fiber of a momentum map F' is Lagrangian near any regular
point of F' it goes through. For any regular point x € M of F, let b = F(x). Since
Xi(z), ..., X, () are linearly independent and dim T, F~!(b) = n, they span T,F~'(b). But
then {f;, f;}(z) = w(X;, X;)(x) = 0 implies that T, F~*(b) C T, M is Lagrangian. Therefore,
integrable systems are sometimes considered as singular Lagrangian fibrations.

Let B = F(M) and let U C B be an open subset. For each 8 € QY(U), its Hamiltonian
vector field X3 = —w™ ' (F*B) is a vector field on F~!1(U). When exists, let U5: F~1(U) —
F~Y(U) be the time-1 map of the flow of X3. On each fiber F'~*(b) for b € B and 3, € TiB
let Ws,: F1(b) — F~'(b) be the time-1 map of the flow of —w™(F*f,) when it exists.
Throughout this paper we use the following definition for smooth functions or forms on
subsets B C R™: let X be a smooth manifold. A map f: B — X is smooth if for any b € B
there are U € N (R",b) and a smooth f: U — X which coincides with f in BNU.

Definition 2.2. An integrable system (M,w, F') is called complete if U4 exists for any open
subset U C B and each 8 € Q'(U). Equivalently, the flow of X3 exists for all time.

A complete integrable system (M, w, F') is called vertically transitive if for smooth sections
P,Q: B— M of Fand b € B = F(M), there are U € N(B,b) and 8 € Q'(U) such that

Vg0 Ply = Q|y and moreover, if P(b) = (Q(b) then one could ask §(b) = 0.
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Remark 2.3. The completeness in Definition 2.2 is automatic when the moment map has
compact fibers, or more specifically, is proper onto its image.

Let (M,w, F) be a complete integrable system. For any open subset U C B = F(M) let
AM@E) () = {3 € QYU) | Ugrp = id}. We will use A omitting the superscripts if there is
no ambiguity.

Definition 2.4. We call A the period sheaf of (M,w, F'), which is a sheaf of abelian groups
over B. The local sections of A are period forms.

Consider the presheaf U — QY (U)/27A(U), denoted by Q' /27A of abelian groups on B.
On one hand, any global section 7 € (2!/27A)(B) yields a diffeomorphism ¥, of (M,w)
as a fiberwise translation by the representatives of stalks of 7. On the other hand, let
P,Q,R: B — M be smooth sections of F. If every b € B has a U € N(B,b) such that

T[]JDQ — {’FLI;Q & Ql(U) \IJF[IJDQ e} PlU = Q|U}

is nonempty, then 7,9 is a coset of 2rA(U) in Q'(U), whose germ at b is an element of the
stalk of Q'/27A at b. Then those TgQ, for b ranging in B and U being neighborhoods as
above, glue to a global section 7% € (Q/27A)(B). In this case we call 779 the translation
form from P to Q. The translation forms satisfy the additivity property 779 4 79F = 7P,
whenever the two forms on the left-hand side are defined.

Here we specify the morphisms of integrable systems we consider, and then give some
properties of such morphisms.

Definition 2.5. Let (M,w, F), (M’ ', F") be integrable systems and set B = F(M),
B ' =F (M. If G: B— B and ¢: M — M’ satisfy that F" o ¢ = G o F, then we say that
@ lifts G. A morphism from (M,w, F) to (M',w', F') is a pair (p: M — M',G: B — B’')
of smooth maps with ¢ lifting G such that ¢*w’ = w. A morphism (¢, G) is said to be an
tsomorphism if both ¢ and G are diffeomorphisms.

Remark 2.6. The concept of an isomorphism of semitoric systems [15] is more restrictive than
Definition 2.5 and is similar to an isomorphism of integrable systems preserving the direction
as in Definitions 3.1 and 3.8.

Lemma 2.7. Let (M,w, F) be a complete integrable system, let U C B = F(M) be an open
subset and let T € QYU). Then V,.: F~Y(U) — F~Y(U) is a symplectomorphism if and only
iof T is closed.

Proof. By Cartan’s formula, Ly,w = d(&; Jw) = —d(F*7). So for any t € R we have
d%\lf;;w =V Ly w=—d(V; F*r) = —d(F*7). Integrating for ¢ € [0, 1], we obtain U*w =

w —d(F*1). Since F* is injective on almost every cotangent space, d(F*7) = F*(dr) = 0 if

and only if d7 = 0. U

As a result, 2rA(U) € Z1(U), the space of closed 1-forms on U for any open U C B, and
we can naturally define din (Q'/27A)(B) with kernel (Z'/27A)(B).

Corollary 2.8. Let (M,w, F) be a complete integrable system and B = F(M). Let T €

(QY/2wA)(B). Then U,.: M — M is a symplectomorphism if and only if T is closed.
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Lemma 2.9. Let (M,w, F) and (M',w', F') be complete integrable systems and set B = F (M),
B' = F'(M’). Suppose that (M,w, F') admits a Lagrangian section P: B — M. Let p: M —
M’ and G: B — B’ be diffeomorphisms with ¢ lifting G. Then ¢ is a symplectomorphism
if and only if for any 7 € QY(B), we have p o Ugepy = W09 and P’ = oo Po G is a
Lagrangian section of F'.

Proof. For 7' € QY(B') let 7 = G*7' € Q'(B). Suppose that ¥,, = o' o Uy 0 ¢ for any
t € R and we obtain X, = ¢ X, by taking the t-derivative, which is to say that

(21)  wH(FT) = o0 (W) THE)T) = (W) THe (F) ) = (9w ).

Let b € B and © = P(b) € M. Note that P(B) only contains regular points of F. Let
V1, Ve € T, M. If Y, is vertical, namely F,), = 0, we can define 7, € T B by 7,(F.Z) =
w(h, Z) for any Z € T, M. The definition of 7, is consistent since w(Yy, Z) = 0 whenever Z

is vertical, as a result of F~!(b) being Lagrangian near z. Now we ask 7 to extend 7, and
then (2.1) implies that

(2.2) ©* W' (Y1, Vo) = w(V1, Yo).

Suppose P’ is a Lagrangian section of F’. Then if both of )i, ), are tangent to P(B), both
sides of (2.2) vanish. Hence (2.2) always holds and ¢*w’ = w.

If ¢ is a symplectomorphism, then ¢ preserves Lagrangian sections and (2.1) holds for
any 7 € QY(B). Multiplying (2.1) by ¢ and integrating for ¢t € [0, 1], we obtain ¥g., =
p oW, o, ]

The next lemma follows from Duistermaat [7].

Lemma 2.10. Let (M,w, F) and (M',w', F") be vertically transitive integrable systems. Let
B=F(M), B"=F'(M"). Suppose pp is a diffeomorphism from a Lagrangian section P of
F to a Lagrangian section P' of F' lifting a diffeomorphism G: B — B'. If (G™")*AWMw.F) C
AMWSE) Cthen op has a unique extension as a surjective local diffeomorphism p: M — M’
such that (@, G) is a morphism of integrable systems. If (G=1)*AM«F) — NMWSFD) e pagy
(p, G) is an isomorphism.

Proof. Suppose (G~1)*AM@F) ¢ AM W) - Tet Q: B — M be a smooth section of F.
Since (M,w, F) is vertically transitive, we have a translation form 779 € (Q'/27A)(B),
and then (7)79 = (G1)*7P? belongs to (Q'/27A)(B’). Since (M',w', F') is also vertically
transitive, Wi.nro: M’ — M’ is a well-defined diffeomorphism. Let ¢q = W (.yre 0 pp o
U olom) : Q(B) — M.

To show that, patching ¢¢ for all smooth sections @) of F' yields a well-defined map ¢: M —
M, let R be another smooth section of F', with pr = ¥(,/yrr 0 @p o \Ij;llR|R(B): R(B) — M'.
We need to check that for any b € B with Q(b) = R(b), we have g o Q(b) = vr o R(b). By
the vertical transitivity of (M,w, F'), we have translation forms 7%, 79% ¢ (Q! /27A)(B), and
then (7/)P2 = (G71)*rPE and (7/)9F = (G=1)*79% belong to (Q'/27A)(B’). Moreover, for any
U € N(B,b), 73" has a representative 74 with 72 7(b) = 0, and then (7)2% = (G~ 1)*7%" is
a representative of (7/)%" with (7/)%"oG(b) = 0. In particular, roR(b) = U (;neropgoQ(b) =
wg o Q(b) as well as R(b) = V. or 0 Q(b) = Q(b). Then ¢ o Q(b) = g o Q(b) defines a local
diffeomorphism ¢: M — M’ lifting G.
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The surjectivity of ¢ is due to the vertical transitivity of (M',w’, F’). Applying Lemma 2.9
locally, p*w’ = w (the completeness condition of Lemma 2.9 is not used here) and then (¢, G)
is a morphism of integrable systems.

When (G=1)*AM@F) = AMWLED) (21YPQ — (£ PR ¢ (O /27 A)(B') would imply 77¢ =
PR € (Q'/27A)(B), then pg o Q(b) = ¢g o R(b) implies Q(b) = R(b). In this case, ¢ is
injective. U

2.2. Local and semiglobal normal forms. The goal of this subsection is to recall the
existence of local action-angle coordinates a la Duistermaat |7], explicit calculations on the
Eliasson’s local normal form of focus-focus invariants, and classification of automorphisms
of the local normal form from the literature. They are collected here in a systematic and
self-contained way.

Throughout this paper, we use S! = R/277Z and T" = (S')" for n € N. Let (M,w, F) € ZS,
let B = F(M), and let B, be the set of regular values of F' in B. The next lemma follows
from the ideas in Duistermaat [7], of which we include a proof for completeness.

Lemma 2.11. If U C B, s a simply connected open set over which F' has compact and
connected fibers and admits a Lagrangian section, then there are ay,...,a, € ZY(U) such
that A(U) = &7 a;Z. Moreover, for any b € U, 2may(b), ..., 2w, (b) form a Z-basis of the
isotropy subgroup of T; B under the action of V.

Proof. Let b € B,. Consider the action of T;B on F~!(b) by W. Since F~!(b) consists of
regular points, the action is locally free, and the orbits are open. Since F~!(b) is connected,
the action is transitive. Since F~!(b) is compact, the isotropy subgroup of this action has to
be an n-lattice, with 27y, .. ., 2T, a Z-basis, in which case F~(b) is diffeomorphic to
an n-torus.

Choose a Lagrangian section P: U — F~1(U) and the map

A T*U — F~HU)
55 c T:U — \Dzﬂ-ﬁbp(b)

is smooth by the smooth dependence of ordinary differential equations on parameters, and
we have F'o A\ = 7w, where 7: T*U — U is the projection. We conclude that A is a local
diffeomorphism as it is a local diffeomorphism on each fiber of F'. In particular, we obtain a
U, € N(B,b) such that A restricted to the connected component V;;, of A= (P(U)) containing
iy is a diffeomorphism onto U,. Then there are ay,...,a, € Z'(U,) such that o;(b) = oy
and the images of a;|y,, i = 1,...,n, as sections, coincide with V.

The smooth section P is a proper map and then P(U) is closed in F~1(U,) as well as
Ly, = XY(P(U,)) in T*Uy. By shrinking U, if necessary, we could assume that in the
fundamental domain W, = {3_7 | s;c;(b1) € T.U, | by € Uy, s; € [—3, 3]} there is no other
elements of Ly, outside of O,, by the closedness of Ly, ; then A™*(P(Uy)) coincides with the
union of images of Z-spans of o;|y,, ¢ = 1,...,n. Then U, is evenly covered.

Hence |z, : Ly — P(U) for Ly = A1(P(U)) is a smooth covering map, which is a trivial
covering by the simple connectedness of U. We arrive at the conclusions in the statement. [J

Theorem 2.12 (Action-angle coordinates |3, 13|). Let U C B, be a simply connected open
subset over which F' has compact and connected fibers and admits a Lagrangian section. Let
(a1, ...,ap) be a Z-basis of A(U). There are coordinate systems (Ay,..., Ay): U — R™ and
(01,...,0p,a1,...,a,): F7YU) — T™ x R" such that
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o dA; = ay;
® a; = F*Aw
ew=> " do; Nda;.

We call A; the action integrals, a; the action coordinates and 6; the angle coordinates.

Definition 2.13. Let (x1, &1, 9, &) be the coordinates of RY. Let wy = doy Ad&; +day Ad,
be the standard symplectic form on R*. Let ¢ = (q1, ¢2): R* — R? be

q1 = 218 — 2261, g2 = 1181 + 2282
We call (R*, wo, q) the local normal form of focus-focus singular points.

Now we compute the action ¥ associated with (R* wy, q). Let z = 21 + izo, ¢ = & +i&y,
then ¢, + igy = 2(, and

X, = —wy ' dg = 120y, — 1104, + £20¢, — €10,

Xy = —wy ' dgp = =210y, — 290p, + E106, + 20,
Let ¢ = (c1,¢2) be the coordinates of R?, and let (¢;,%5) € R?. Then the action of Q'(R?) is
(2.3) Ut derttades (7, C) = (72712, e210().

Then (R*, wy, ¢) is a complete integrable system whose period sheaf AR« later simply
denoted by A, is the constant sheaf with stalks (dc;)Z. We will use the identifications
R* — C?, R? — C,
(21,&1,72,8) = (2, (), (c1,02) = c =1 +ic
throughout this paper.
Let R2~C, ={ce C|c#0}. Let P,Q: R? — R* be the two Lagrangian sections of ¢

defined by P(c) = (1,¢), Q(c) = (¢,1). Then let x € (Z'/27A)(R?) denote the translation
form

(2.4) k=19 = _—Slncde, — RIncde,.
Define subsets of R* ~ C? as follows:
D) ={(z,¢) eC*| z=0}, DY ={(z,{) eC* | ( =0},
=C! = {(,¢) € C* | g(2,() # 0}, Fo=1{(z¢) €C?|q(z¢) =0}.

Here DY and D? are respectively, the unstable and the stable manifolds of (0,0) under
the flow of Xy.,. For any (t,t;) € R? with {5 > 0, the origin is the only o-limit point
for the flow lines of X}, ge;44,de, in DY, and the w-limit point for the flow lines in DY. Let
pry, pry: R? — R be respectively the projection onto the first and the second component.

Definition 2.14. A singular point m € M of F' is of focus-focus type if the Hessians of
the components of ' under some symplectic coordinates of M near m and some smooth
coordinates of F/(M) near F'(m) equal those of ¢ near 0 € R* which is given in Definition 2.13.

Definition 2.15. An Eliasson local chart at a singular point m € M of F of focus-focus

type is an isomorphism (¢, E') from the integrable system (V,w, F|y) to (Vo, wo, q|v,) where
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V e Np(M,m), Vo € N,(R*0), U € N(B,0), Uy € N(R?,0), and ¢ is given in Definition 2.13.
In other words, the following diagram commutes:

(V,w) —2 (Vo wo) -

o

Uv—~r -,

Theorem 2.16 (Eliasson’s theorem [6, 9, 21]). There is an Eliasson local chart at any
singular point of focus-focus type.

Let ox, oy (R wp) — (R, wp) and Gy, Gy : R? — R? be

px(z,¢) = (iz,i¢), Gx(¢) = —¢
ov(2,C) = (T, i7), Gy(e) =z

Then ¢y, vy are symplectomorphisms lifting G x, Gy respectively (with respect to ¢) and

hence they form automorphisms of the standard local model (R*,wy, q).
Define a function

(2.5)

r: R\ DY~ C*\ DY — R,
r(z,¢) = In|z|

as a measurement of the fiberwise translation. In fact, if 7 = ¢; de; + t5 deo, we have

(2.6)

5 roW, =r —ty,
(27) roW, =r+In|q|.

Note that the integrable system (R*, wy, ¢) restricted onto R*\ D% and R*\ D? respectively
remains complete but becomes vertically transitive.

Lemma 2.17. The map ¥,.: (R}, wy) — (R, wo) as in Corollary 2.8, where k is defined in

(2.4), can be extended to a symplectomorphism W,: (R*\ D% wy) — (R*\ D2, wy).
Proof. Since the map
U, R*\ DY — R*\ DY,

(2,0) = (¢, 271,

coincides with ¥, on R? WU, is an extension of ¥, as a diffeomorphism. Since dx = 0

(2.8)

in R?, by Corollary 2.8, ¥, is symplectomorphism of (R} wy). By continuity, ¥, is a
symplectomorphism. Alternatively, one can verify W*wy = wy by explicit computations. [J
Lemma 2.18. Let G: U — U’ be a diffeomorphism where U,U" € N(R? 0) such that
G(c1,ca) = (c1,00 + O(c®)). Then G*k = Kk + O(c®)dey + O(c™®) dea as an element of
(QY/2rA) (U NR?).

Proof. For ¢ # 0,

G*k(c) — k(c) = —1In|G(c) %—(512(0) dey — arg G’ic) dey
(2.9) G(0)| 0G» oG,

Cc

— ln‘

s (¢)dey — In|c] < e, (c) — 1) des.
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By the fact of z +— In(1 + x) being analytic and ¢ G((:C 1 being flat, both components

of ln— are flat, which is to say that —1n|§|,arg? € O(c™). Since %SQ -1, %(52 € O(c™),

by Lemma A.3, we have In|- |(@ —1),In|G] %—(312 € O(c¢*). Hence the form in (2.9) has the
shape of O(c¢>)de; + O(c™) des. O

Lemma 2.19. Let G: U — U’ be a diffeomorphism where U,U" € N(R? 0) such that
G(c1,¢2) = (c1,9(c1, c2)) with 5—092 > 0. Note that G*(k|yrrz) € (Q'/2rA)(U NR?). Then
the symplectomorphism We-.: (71 (U NR?),wy) — (¢7H(U' NR?),wy) can be extended to a
symplectomorphism

(2.10) Weew: (¢7 (U)\ DY, wo) = (¢ (U") \ DY, wo)
if and only if G(c1,c2) = (¢1,c0 + O(c™)).
Proof. Notice that ¢~ 1(U NR?) = ¢~ }(U) NR? is a punctured neighborhood of Fy in R* and
SO\ DR eNRIN D, DY), ¢ (U)\ DY € Ny(R*\ D7, D).
Recall that

G*k(c) = —In|G(c) %fz( Ydey — arg G(c)dey — In|G(c) ZSQ( ) des.
Let (z,{) = P(c) = (1,¢), s0 ¢ = q(2,(). Let hy: UNC, — C and hy: U — C be
G oG oG
m(e) = 4, Pale) = S20) — 141520

Then for ¢ € U N C, we have
Wiro P(0) = (|GG GO Tha(0) ).

Suppose W, can be extended to Wgs, as (2.10). By continuity, we conclude that
lime_,0|G(c)| "2 hy(c)~! as the second complex component of Wgs,(1,0) is nonzero. For any
fixed c € UNC,, t — hy(tc) is smooth at 0 and lim; o hy(tc) # 0. The map ¢ — |t|7h2°G71(tC)
is smooth and has nonzero limit at 0. So ¢ — hy o G~ (tc) In|tc| = hy 0 G~ (tc) In|t] + C is
smooth at 0. Hence by an analogous 1-dimensional version of Lemma A.3, t — hy o G1(tc)
is flat at 0. By arbitrarity of ¢, we have hy 0o G™! € O(c™®), so hy € O(c™®). Therefore
G(c1,¢2) = (c1,c2 + O(c™)).

On the other hand, if it is known that G(cy, c2) = (1, c2+O(c™)), then h; can be extended
onto U with hy(0) # 0 and hy € O(c™). Moreover, hy In|G| € O(¢™) by Lemma A.3, so |G|™
is smooth taking value 1 at 0. Then V-, can be extended to a diffeomorphism Ugey as (2.10)

sendmg D? to D°. The pair (\I/Gwm (7) is an isomorphism since \I/G*H is a symplectomorphism
on ¢ 1 (U NR2?). O

Lemma 2.20. Let G: U — U’ be a diffeomorphism where U,U" € N(R? 0) such that
G(c1,¢2) = (c1, 9(c1, ¢2)) with 88—692 > 0. Then there is a unique symplectomorphism

et (a7 (U)\ Dy,wo) = (¢ (U") \ Dy, wo)
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lifting G characterized by vg(1,c) = (1,G(c)) for ¢ € U. Or equivalently, pq is characterized
by

(2.11) r= (%oq) (ropg)

in ¢ Y (U) with r as in (2.6). If G(c1, ) = (c1,ca+O(c™)), then oo can be uniquely extended
to a symplectomorphism
pa: (a7 (U),wo) = (¢7H(U'), wo).

Proof. The first part is a result of Lemma 2.10, as ¢ — (1,¢) and ¢ — (1,G(c¢)) are La-
grangian sections of ¢, and G*dc; = dey. If og: (¢HU) \ D% wo) — (¢ H(U') \ DY, wp) is
a symplectomorphism lifting G and (2.11), then ps(1,¢) = (1,G(c)) holds automatically.
We then show that the ¢ given by ¢s(1,¢) = (1,G(c)) has the property (2.11). In fact, if
(2,0) € e UNR?), c=q(2,¢) € UNR? and let 7/ =t} de; + thde, € QYU NR?) be so
that U (1,G(c)) = ¢a(z, (), then since ¢ 0 Y = Vo 0 9, we have Ve (1, ¢) = (2, (),
and then by (2.7), we obtain
0
r(2,Q) = 1o Waer(1,0) = == ()h(c) = =2
862
For the second part, consider

Paia” (U) = ¢ (1),

o iz o n o .29 o n
(2,¢) — (26 Feoq(2,¢)—1+i q(z,0))1 Iz\’ quZZCC Ce” 962 q(2,0)—1+izL0q(2,0))1 \z|>'

(©)- (r o W(1,G(e)) = 9 (6) - (ro (= ).

Ca

(2.12)

Since 2 s oq—1+ 1 o ¢ is flat at the origin, the exponents in (2.12) are flat at the origin
by Lemma A.3 and therefore (2.12) is smooth. By explicit calculations using Lemma 2.9, ¢g
extends ¢g. By continuity, the extension is a symplectomorphism and such an extension is
unique. 0

Lemma 2.21 (|20, Lemma 4.1, Lemma 5.1|). Let G: U — U’ be a diffeomorphism where
U, U € N(R?,0). Then there is a symplectomorphism ¢ in a neighborhood of the origin in
R4 lifting G if and only if G(c1,c2) = (e1¢1,e2co + O(c™)), with e; = £1, i =1,2.

Proof. If such a o: (V,wp) — (V’,wp) exists, by possibly shrinking U and V', both A(V:«<o:alv) (1))
and AV «0.alv) (") would have rank one, generated by de¢; on U and U’ respectively. But
since G is a diffeomorphism and G* AV «odv) (") = AVodlv)(17), we must have G(cy, ¢p) =
(e1c1,9(c1,¢2)), where e; = +1, for some smooth function g: U — R. Let W = ¢~ *(U) and
W' = ¢ (U"). Now we de facto have G*AW'wodlw) = A(Wwo.dlw) and by applying Lemma 2.10
to the vertically transitive integrable systems (W \ D2, wo, ¢|lurpo) and (W \ D2, wo, qlw\po)
respectively we can extend ¢ to a symplectomorphism @: (W, wq) — (W', wp) lifting G. Since
¢ preserves the singular fiber Fy, and the punctured fiber Fy \ {0} has two components
DY\ {0} and D? \ {0}, either ¢ preserves the two components or it exchanges them. In
the first case, (DY) = D?; in the latter case, (D) = DY. In any of the four cases above
(e; = £1, §(D2) = D or DY)), there is exactly one choice of (¢, Go) from the set (with
maps defined in (2.5))

(2'13> {(id7 id)» (QOXa GX)a (SOY, %Y)v (@Y °Yx, GY o GX)}



such that pgo @: (W \ D% wy) — (W \ D2, wp), and %CCJOOG) > 0. Now we have that

(oo @) oW, 0(poo @) =Tcheayn: (W\DS,wy) — (R*\ DY, wp)

is a symplectomorphism and go(gpoop) = (GooG)oq. By Lemma 2.19, we have GooG(cy, ¢2) =
(c1,¢9 + O(c>®)). Therefore, G(cy, c2) = (e1c1, eaca + O(c™®)), with e; = £1, i =1,2.
Conversely, if G(cy,c3) = (e1¢1, eaca + O(c™)) we assume, without loss of generality, that
e; = e3 = 1. Otherwise, we can apply a pair of maps in (2.13). Let p = @pg: ¢ 1 (U) — ¢ 1 (U")
be the symplectomorphism defined as in Lemma 2.20. Then we have go ¢ = G oq. 0

For the sake of making this paper self-contained, we now recall the known results on the
topological structure near the focus-focus fiber up to fiber-preserving diffeomorphisms; see |5,
Chapter 9.8 and Lemma 9.8] and [23, Section 3] for reference.

Definition 2.22. Let ZSg be the collection of 4-dimensional integrable systems (M,w, F) €
ZS such that F is proper onto its image and has connected fibers' one of which is a singular
fiber F = F~!(0) that contains focus-focus singular points of F'. We further assume that
there are no other singular points in a saturated neighborhood of F.

The assumptions in Definition 2.22 are not too restrictive since, by the local normal form,
focus-focus singular points are isolated. In fact, by [11, Proposition 3.21| an almost-toric
integrable system (M, w, F') (in the sense that F' is proper onto its image and all of its singular
orbits are compact and non-degenerate without hyperbolic blocks) satisfies the assumptions
of ZSy if the fibers of F' are connected. A semitoric integrable system also belongs to ZSy,
as defined in [15, Definition 2.1] in the sense that the first component of the momentum map
is proper and generates a Hamiltonian circle action on M, and the momentum map has only
non-degenerate singular points without hyperbolic blocks.

Let (M,w, F) € ISg. Let Crit(F) denote the finite set of singular points of ' in F = F~1(0)
whose cardinality is called the multiplicity of F. For k € N, let ZSE be the collection of
(M,w, F) € ZSg where F has multiplicity k. For (M,w, F) € ZSE, as shown in Zung [22,
Theorem 5.1|, F is homeomorphic to a 2-torus pinched & times along k& homologous 1-cycles
with an infinite cyclic group as the isotropy group of the T B-action on F \ Crit(F) by V¥,
where B = F(M).

Throughout this paper, we denote by Zy, k € N, the quotient group Z/kZ of residue classes
modulo k& with the induced operation from the addition on Z. Implied by [22, Theorem 5.1],
there is a line in 77 B acting on F \ Crit(F) as S*. We show that such an S'-action can be
extended onto a saturated neighborhood of F, which follows from |23, Proposition 3 and
Corollary 1].

Lemma 2.23. Let (M,w, F) € ISk and B = F(M). Then the section space A(B) of the
sheaf A is an infinite cyclic group in Z'(B), so it can be viewed as a constant sheaf associated
to Z over B. The quotient sheaf restricted to By, (A/A(B))|p,, is also a constant sheaf
associated to Z over B. In fact, to any simply connected open set U C B, we assign a
generator oy of the infinite cyclic group A(U)/AN(B)|u, such that, for any such open sets Uy
and U,, the restrictions of oy, and ay, to Uy N Uy coincide.

n this case, by the local models, F' is an open map and the fibers of F' being connected implies that the
preimage of any connected set under F is connected.
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There are some further results for the smooth structure of the neighborhoods of singular
fibers in [4].

3. SYMPLECTIC CLASSIFICATION THEOREM

In this section we state the main theorem of the paper (Theorem 3.9) formulated by the
results from Section 2. As the multiple singular points on a fiber lie in no particular order, one
must make a number of choices in the construction of the invariant. For a precise formulation
of our result we need to first deal with issues of orientations and directions. The result
announced in the introduction of the paper is stated precisely as a consequence of our main
theorem (Corollary 3.13).

3.1. Directions and singularity atlas. Fix a £ € N and recall Definition 2.22. Let
(M,w,F) € IS8k, B = F(M), and F be the singular fiber. Shrink M to a saturated
neighborhood of F if necessary. Then by Lemma 2.23 A(B) and (A/A(B))|p, can be viewed
as infinite cyclic groups.

Definition 3.1. A pair (ay, ay) is a direction of (M,w, F) if «; is a generator of A(B) and
as is an generator of (A/A(B))|g,. We call ay the J-direction and as the H-direction. We
denote by Dir(M,w, F') the set of directions of (M, w, F).

Given a direction as in Definition 3.1 we have
A(B) = ZOél, (A/A(B)) B, = ZO&Q, A(U) = ZOé1|U EB Z&2|U-

for any simply connected open set U C B, and note that «; is a 1-form on B while as|y is a
1-form on U modulo integer multiples of |y and as|y is a representative of aoly.

Remark 3.2. The use of the letters J and H is inspired by the notations in semitoric
systems where the momentum maps are usually written as (J, H) such that the flow of X is
2m-periodic.

The set Dir(M,w, F') contains 4 different directions. Recall from Section 2.2 that near any
focus-focus singular point m; € M there is an Eliasson local chart.

Definition 3.3. Let (a1, as) € Dir(M, w, F') and let (m;), ez, = Crit(F). An Eliasson local
chart (¢, E;) near m; € M is compatible with the direction (aq, az) if E;‘ de; = o and E;‘ deoy
at non-origin points are linear combinations of a; and (on an open subset any representative
of) ap with positive ap-coefficients. A collection ((v¢;, E}))jez, where (¢;, E;) is an Eliasson
local chart near m;, j € Zy, is called a singularity atlas of (M,w, F).

A singularity atlas is compatible with the direction (aq, o) if for every j € Zy, (¢, Ej) is
compatible with (aq, asy), and for any flow line of X B dey 1D F, whenever the o-limit point is
labeled mj, j € Zy, its w-limit point is labeled m,, 1.

Lemma 3.4. Given (a1, a2) € Dir(M,w, F) and mg € Crit(F), there is a unique way to
label Crit(F) = (m;) ez, such that (M,w, F) has a singularity atlas ((¢;, E}))jez, compatible
with (o, o).

Proof. By possibly composing with one of the pairs of maps in (2.13), we obtain a chart
(1, E;) near any m; compatible with (ay,as). By [22, Theorem 5.1|, the trajectories of
Xprde, In F away from Crit(F) have limits at different critical points (except when k = 1).

On two spheres in F intersecting at a critical point, the trajectories go to opposite directions
12
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FIGURE 1. Reduction of the singular fiber. The quotient space F/S!, is a
circle with k& marked points. Compare F/S! with 'y, which is the cycle graph
with vertex set Z;, and set of edges {(j,7 + 1) | j € Zi}. The automorphism
group Dy, of I'y is isomorphic to the group generated by vy and 6, (see (3.4)
to (3.6)). That is not a coincidence.

relative to that point. Hence we can sort (m;);ez, one by one such that ((¢;, E}));ez, is
compatible with (o, o). d

3.2. Construction of the invariants. Let (M, w, F, (a1, az), mg) be a marked directed
integrable system, which means that (M,w, F) € ISk with direction (a1, a3) € Dir(M,w, F)
and mark mgy € Crit(F). Let F be the singular fiber. Let (m;) ez, = Crit(F) and let
((W;: V; = 0;(V;), Ej: U — Uj))jez, be a singularity atlas? compatible with the direction
(Oél,OZQ). Let W = Fﬁl(U)

To zoom out from local to semiglobal, we will extend the isomorphism (wj_l, B 1) along
the trajectories. For j € Zj, let W; be the minimal invariant subset of M by ¥ containing
V; € N(M,m;); in other words,

(3.1) wi= U %)

a€QH(F(V;))
see Figure 2. Let W, ;.7 = W; N W, 1; then W, ;1 is a neighborhood of the orbit of ¥ in F
where Xg: g, flows from m; to m;_ 1. It is important to note that both (Wj,wo, F|w,) and
(W, 41 w0, I ]W]_]_+T) are complete but only the latter one is vertically transitive.

2The domain of E; is not a priori independent of j € Zj, but then we can replace it by the intersection U
of all these domains.
13



FIGURE 2. The set W5 consists of the shaded region in F and whole regular
fibers nearby.

We construct the first set of the invariants: we split the period form ay into the singular
part “across singular points” and the regular part. The regular part is an invariant. Recall
that local sections of A consist of closed 1-forms and then it makes sense to say whether a
local section of Q'/27A is closed, the subpresheaf of which is denoted by Z'/27A.

Lemma 3.5. The closed section

(3.2) ==Y Ejx=2may— Y Ere(Z'/2nA)(UNB)

JELk JEL

has a representative in Z'(U N B,) with a smooth extension in Z*(U), where & is as defined
in (2.4). In other words, there is a ¢ € Z'(U) such that for any b € U N B, there is a
Uy, € N(By,b) such that 5|y, € o|u, + 27A(U,).

Proof. The statement is valid since E¥x is an element of (Q'/27A)(U NR?) by Lemma 2.18.
For j € Zj, we can extend (%‘1 E; ') by Lemma 2.10 to morphisms between vertically

transitive integrable systems

()\j_ij_l) (W \ ngw07Q|W\DS) - (Wj,jJrT?va'Wj’j_,'_j)a

(A7 B (WA Dy, wo, alwnog) = (W 15,0, Flw, ),

respectively which must coincide in there intersection W N M,;, and then glue them to a
morphism
(A, B (Wowo, glw) — (Wi, w, Flw,)-

For j € Zj, let P;,Q;: U — M be Lagrangian sections of F' given by P;(c) = \;(1,¢),
Q;(c) = Aj(c, 1). Since @; is a symplectomorphism, by Lemma 2.9 and the definition of £ in
(2.4), the translation form 7579 = E*x is a section in (Z'/27A)(U N B,).

Note that the images of ); and P,z lie in W;. Then there are two smooth sections of ¢ in

R*\ D? mapped to @; and P,,1 by \; and let 7 € (Q! /27 A®"«0:0))(R?) be the translation
14



form between them. By explicitly calculating 7 using (2.3), it is represented by a smooth
form on R2. So, 79 +1 = G*1 € (Q'/2r AM«F))(U N B,) is represented by a smooth form
on U, too.

Since ay is a section in A(B) and k € (Z'/27A)(R?) (hence are closed), the section

o= T Ejn a0 Y 10 € (0820000 B)
JELy JELy JELg

extends to a smooth and closed representative on U (hence is in (Z'/27A)(U N B,)). O

Let R[[T;U]] be the space of formal power series generated by the elements of a basis of
T3U, or equivalently, R[[T¢U]] is the direct sum of symmetric tensor products of TfU. The
Taylor series Taylory|f] of a smooth function f: U — R at 0 may be viewed as an element in
R[[T3U]]. Recall R[[X, Y]], the R-algebra of formal power series in two variables X and Y.

R= {u(X, V)= Y uPdxrys

Let
uP9) c R}
p+q=1

be the ideal of R[[X, Y]] consisting of those with no constant term. Let X = de¢y, Y = dey be
the variables of the formal power series. Then the diffeomorphism E;: U — U, identifies two
algebras by E7: R[[X, Y]] — R[[T;U]].

Let A; be the action integral with dA; = a7 and A;(0) = 0. Let A; = Taylory[A44] €
R[[T;U]] and we have (E;')*A; = X for any j € Z. Since o defined in (3.2) is closed, by
possibly shrinking U so as to be simply connected, there is a smooth S: U — R such that
S(0) = 0 and dS represents o in Q'(U). The germ of S is unique up to adding integer
multiples of 27w A;.

Definition 3.6. We call 0 € (Q'/27A)(U N B,) the desingularized period form. We call
the coset S + 2w A Z the desingularized action integral. Let Rorx = R/(2nX)Z and let
S = Taylor,[S] + 27AZ € R[[T5U]]o/(27A1)Z. For any m;,j € Zy, let

s;(X,Y) < (B7)S.

J

We call s; € Rorx the action Taylor series at m;.

We construct the second set of the invariants: these invariants are Taylor series reflecting
the difference between the Eliasson local charts at different singular points.

Definition 3.7. For j,{ € Z; let G,y = Eyo E;l and g;, = pryoG,,. Then we have
(Gie)(c1,e2) = (c1,950(c1,¢2)). We call (gj¢)jsez, the set of momentum transitions. Let
R, = {g € R| g® > 0} be a group with the product (g; - g2)(X,Y) = g1(X, g(X,Y))
for any gi,g80 € Ry. Let gj, = Taylory[g;¢] € Ry. They satisfy the cocycle condition
8ip - 8jv = &jp- We call g, the transition Taylor series from m; to my. We call (g;¢); ez,
the transition cocycle.

The group structure of R, is explicitly verified as follows: the multiplicative identity is Y,
for g, € Ry, we solve for g;! € R, uniquely in
gl(Xa gfl(X> Y)) = Yva
and for gy, g2, 83 € R4, we have

((gl 'gz) '83)(X, Y) =gi(X, gg(X1,5gg(X, Y))) = (gl : (gz : gs))(X, Y).



3.3. Moduli spaces and main theorem.

Definition 3.8. Let ME be the collection of integrable systems in ZS% modulo isomorphisms
of saturated neighborhoods of the singular fiber. Given two marked directed integrable
systems (M, w, F (a1, az), mg) and (M',w', F', (), ap), mg), an isomorphism (¢, ) from
(M,w, F) to (M',w', F') is said to preserve the direction and the mark if p(mg) = mg and
(G*a, G*aly) = (aq, ). Let ME_ be the collection of marked directed integrable systems
modulo isomorphisms of saturated neighborhoods of the singular fiber preserving the direction
and the mark.

Let (M,w, F, (ay, as), mg) be a marked directed integrable system with (M, w, F) € ZSE.
Let (m;)jez, = Crit(F) and suppose ((¢;, E;))jez, is a singularity atlas compatible with
(a1, az). Let (s;);ez, be the k-tuple of action Taylor series and let (g;¢); ez, be the transition
cocycle. These series are constrained by the following relations:

s; =S¢ gje for j, 0 € Zy;
(3.3) gii(X,Y) =Y for j € Zy;
gﬁap : gjl = gjvp for j? g?p e Zk“

Theorem 3.9 (Main Theorem). There is a bijection
def 2
: M, = The D {(()sens (@10)s0en) € Rbox x R | (33)]

[(M,W7F7 (@17(12),7716)] — (Sﬁ7 <oy ST, 80,00+ 80,=1r---»8=1,00- - - ,gijl),

Since the projection
TE, — Ronx x RETY

((sj)jeze (85)jez.) = (0. 81 813> - - - » BraiT)
is one-to-one, equivalently, we have the following two statements:

e Injectivity/Uniqueness: two equivalence classes of semiglobal models of integrable
systems [(M,w, F, (a1, as), mg)] near a focus-focus fiber are isomorphic preserving
the direction and the mark if and only if they have the same Taylor series invariant
(S5: 85.1: 81,25 - - - ,gm,m)-

e Surjectivity/FExistence: given the abstract ingredient of a k-tuple of formal power
series (S, 857,873, - -+ 8 57-1) € Ranx X R there exists a unique equivalence class
of semiglobal models of integrable systems [(M,w, F, (a1, as2), mg)] near a focus-focus
fiber which has Taylor series invariants precisely the one we started with.

We prove Theorem 3.9 in the remaining sections. In the rest of this section, we are going to
prove that ® is a well-defined map.

Remark 3.10. When F is single pinched, we recover the Taylor series invariant (S)* from [20]
by the following relation:
T
(X, ) = (S)(¥, X) + 2X.
The addition of 7 X is due to a change in convention. In this paper, it is the first component
of the momentum map which has periodic Hamiltonian vector fields, while in [20] it is the

second one.
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3.4. The invariants are well-defined. In this subsection, we are going to show that the
output of ® does not depend on the choice of the singularity atlas, and we also want to know
how the Taylor series will change if the direction and the base point change.

Define bijections vy and 7y of Zf;, by

Yx (oo Sjy e, By ) = (, J,...,gﬂ,...),
(3.4) S;i(X,Y) =5;(=X,Y) + knX,
g;’,@(X7 Y) = gj,é(_X’ Y);
and
Yy (oS By ) = (...,s;(,...,g;:e,...),
(3.5) /((X Y)=—s_;(X,-Y),
g, e(X Y) = _gfj,fE(Xa —Y)-

Define a bijection 6, of I§®, p € Zy, by
(3.6) Op(- o ySjy o8ty ) = (e Sjaps vy Bjtpttps - - - )-

The proof of the well-definedness lemma follows from [20, Section 4] and [18, Lemma 4.55].
Lemma 3.11. The map ®: Mg, — If, is well defined.

Proof. Independence of the choice of the singularity atlas.

Let [(M,w, F, (o1, az), mg)] € Mg, and let (¢, E;))jez, and (¢}, E}))jez, be two singu-
larity atlases compatible with (041, az). Let (...,sj,...,8je,-..) and (...,s}, ..., g}, ...) be
the outputs of ®, let 0 and ¢’ be the desingularized period forms, and let (g;¢); ez, and
(95.0)j.ecz, be the set of momentum transitions, respectively, of ((¢;, £ ))geZk and (¢}, E}))jez, -
We aim to show that s’ = s; and g],e = gj¢ for j, 0 € Zy.

Since G; = E’ o E is a diffeomorphism of neighborhoods of 0 in R? with properties
that d(pr; oG,) = dcy, M > 0, and g o) o 77/}_ = (o ¢, by Lemma 2.21 we have
Gj(e1,¢9) = (e1, 0+ (9( )) “Then Lemma 2. 18, we have Gk = k + O(c>®) de; + O(c™®) dey,
and we have

g, = Taylory[pr, oG, 0 Gj o G;'] = Taylory[pr, 0G| = g0,

o —o= (2%@2 ) <27ra2 Z E )
JEZk JELy,

=Y Ej(k—Gjr) = O(c®) dey + O(c™) dep + 2manZ,

JELy
which implies that S" =S, s’ = s; for j € Z;.

Independence of the choice of the representative.
Let (M,w, F, (a1, az), mg) and (M', o', F', (o}, o), mg) be two marked directed integrable
systems related by an isomorphism (p, G) between saturated neighborhoods of F and F’

preserving the direction and the mark. That is to say that ¢(mg) = mj and (G*aj, G*ay) =
17



(0, a0). Let
(coes Sy 8ty - ) = @([(M,W,F, (Oé]_,OéQ),ma)]),

(”‘753'7"’7g;',£7"') = (I)([(M/aw/aFlv(0/1705/2)7771/6)])'

According to the first part, the above two lines do not depend on the choices of compatible

singularity atlases and we aim to show that the above two lines are equal. Let ((¢;, E;));ez,

be a singularity atlas of (M,w, F') compatible with (a1,az) and then ((¢}, E}))jez, def

(Wj 00 Ej o G71))jez, is a singularity atlas of (M',w’, F’) compatible with (o}, a5). Let
o and o’ be the desingularized period forms, and then

G'o' =21G*aly — Z( o G)'k =2man — Z Bk = o,
JELy JELy

Ejo (E’) =(E;0oG Yo (E;o GH'=Eo Efl.
Hence we have G oS' =S, s} =s;, and g}, = g for j,{ € Z. d

Lemma 3.12. The map ®: Mf, — Ik, satisfies the relations:

@ ([(M, w, P, (=, a2),mg)] ) = 1 (@ ([(M.0, F. (a1, 02),mg)] ) ).
@ ([(M, w, P, (n, —a2),mg)] ) = v (@ ([(M.w. P, (a1, 02).mg)] ) ).
o ([(M,w, P, (a1, 02),my)]) = 0,(@(1(M,w, F, (a1,02), mg)]) ), Jor p € Zy.

Proof. Let [(M,w, F, (a1, as), mg)] € M¥, and let ((¢;, E;)) ez, be a smgularlty atlas compat-

ible with (a1, ag). Let (¥}, EY))jez, be another singularity atlas and let mj be another mark.

We may need to reorder Cl"lt(./—") to (m))jez, by Lemma 3.4 so that (¥}, £Y) is a chart near

m’; for j € Zy and ((V}, E))jez, is compatible with some direction (0/1, 0/2) € Dir(M,w, F).
Let

(cosSjyee s Bty ) = CID([(M,w,F, (CYl,OéQ),mﬁ)]),
T @([(M,M,F, (0/1,0/2),771/6)]).

Let 0,0’ be the desingularized period forms, and (g;¢); ez, , (9j)jcez, respectively be the set
of momentum transitions of ((v;, Ej))jez,, (¢}, £%)) ez, -

Case 1: If (a,a;) = (—a1,a9) and mj = mg, then mj; = m; for j € Z;. We have
Gxk =K+ mdey (recall Gy defined in (2.5)). Since ((¢}, Gx o Ej))jez, is compatible with
(o), ay), by Lemma 3.11, it is sufficient to assume that £, = G'x o E;. Then

o' =2mal, — Z(E;)*/{ = 2may — Z E(k+mder)

JEL JELg
=0c—T g E;dcl =0 — krde,
JE€Zy
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and g} ,(c) = pryoGx o Gj 0 Gy'(c) = gj4(—2). In this case,

S =S5-— kﬂ'[Cl],
S;i(X,Y) =5;(=X,Y) + krX,
g;‘,Z(X) Y) - gj,@(_X7 Y)

Case 2: If (aj,ay) = (a1, —ag) and mg = mg, then m; = m_; for j € Z; (since the
direction of Xp:qc, is reversed). We have Gyr = —k (recall Gy defined in (2.5)). By
Lemma 3.11, it is sufficient to assume that E; =Gy o E_;. Then

o' =2mwal, — Z(E;)*ﬁ = —27ay + Z Bk = —o,

JELy, JELy
and ¢/ ,(c) = pryoGy o G_j_4 0 Gy'(¢) = —g—_;—¢(¢). In this case,

S = -5,
S(X,Y) = —s_;(X,-Y),

J

g (X, Y) = —g_j (X, =Y.

Case 3: If (o}, ay) = (a1, az) and mj = m,, for some p € Zj, then m); = m;,, for j € Zy.
By Lem/ma 3.1/1, it is suﬁﬁcient to assume that £, = Ej;,,. Then o’ = o and g}, = gj4pe4p-
Hence S = S,s’ =s.,,85 ) = 8jtp.Lip: U

3.5. Corollary of the main theorem. The bijections vx, 7y, and 6, are subject to the
relations

So they generate a (Zs x Dy)-action on If’}@; vx generates Zo, vy and 6, generate Dj. We
have:

Corollary 3.13 (Corollary of Theorem 3.9). There is a bijection

O: M — I T /(Zy x Dy)
[(Mvva)] = [(I)([(M’W’Fv (a17a2)’m6>b]

where (aq,a0) € Dir(M,w, F), mg is a singular point of F, and the (Zs x Dy)-action is
generated by vx, vy, and 0,.

Remark 3.14. As pointed out in [18] the Taylor series invariant in the case that the singular
fiber contains exactly one critical point of focus-focus is defined up to a (Zy x Zs)-action,
which accounts for the choices of Eliasson local charts in its construction. It becomes unique
in the presence of a global S'-action (i.e., semitoric systems) provided one assumes everywhere
that the Eliasson local charts preserve the S'-action and the R2-direction. In Corollary 3.13,
we have the (Zy x Dy)-action instead. When k = 1, (Zy X Dy) ~ (Zo X Zs).

19



Remark 3.15. We can recover the smooth invariant in |4, Theorem 3.7] from our symplectic
invariant (Zg x Dy) - ((S;)jezy, (8j.0)jeez,, ). To any w € Ry we assign a complex formal series
we(Z,Z) = X +iw(X,Y) by setting Z = X +iY and then let

we(Z,Z) = ii RVAARMG ec}

=1 s=0

Then LR, is the space of the Taylor series of the second components of orientation-preserving
liftable diffeomorphisms characterized by [4, Theorem 3.4 that preserves the first coordinate.
Consider the action of LR¥™" on R¥ by

(W))jez, - (80) ez = (We - g - W; ') jeez,

for (w;) ez, 0y € LR®™" and wg(X,Y) = Y. The smooth invariant is equivalent to the orbit
of

(LRE™" % (Zg x Dy)) - (g.0)j0cz,-

The Cl-invariant is equivalent to the tuple of numbers given by

01 (.10 (0,1) (1,0)
= (gg,;)5" 1 (gog ) (go ) + 2ig}”
J (1,0) 1,0 ,
(85, )c ()2 + (140

for j € Zy \ {0}, up to simultaneously multiplying a complex number of unit norm or taking
complex conjugations. Note that there are convention changes to the definitions so we said
“is equivalent to” instead of “is”. Note also that the realization theorem [4, Theorem 3.7|
ensured that every smooth focus—focus singularity is diffeomorphic to a symplectic one, so we
have quotient maps from symplectic invariants to smooth and C!-invariants.

4. PROOF OF UNIQUENESS

The goal of this section is to show Lemma 4.2, the injectivity claim of Theorem 3.9. Let
[(M,w, F, (o, a0), mg)], [(M', ', F', (o, o), mf5)] € M, such that

@([(M, w, F, (aq, as), ma)]> = @([(M’,w', F' (o, ag), m%)])

Let B=F(M), B' = F’(M’) Let F = F~1(0) and ' = (F")~*(0) be the singular fibers. Let

(my)jez, = Crit(F) and (m}) ez, = Crit(F'). We aim to show that, there are U € N'(B,0)

and U' € N(B',0), a symplectomorphlsm o: (FHU),w, F) = (F)"HU"),u, F') lifting a

diffeomorphism G': U — U’ such that (G*a}, G*ay) = (a1, az) and @(m;) = m.
The following lemma is analogous to Vu Ngoc [20, Lemma 5.1].

Lemma 4.1. Suppose (3,5 € (Q'/2n AR «0.0) (U7 N R?) for some U € N(R?,0) such that
2B =T+ ey, Eik and 2np' = 7'+ 3., Ejk for some T, 7" € QYU) and diffeomorphisms
E;: U — E;(U) CR? and 7" — 7 is a closed and flat. Then there are a diffeomorphism
G: R? — R? isotopic to the identity and a U’ € N'(R?,0) such that G(cy,c2) = (c1, ca+O(c™))
and G*3' =3 on U’.
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Proof. Let p =71 —7 € Z(U). Throughout the proof t is a variable in [0, 1]. Let 8; = 8+ tp,
and let R € O(c¢™®) be such that dR = p. Define a family of functions h;: U — R as

B AN 0 O(pry oE;) In|E;|
ht N <Bt7 862> N <27T * tp7 802> Z 662 2w ’

JEZLg

Since E)(%CZE")(O) > 0 for any j € Zj, we have h(c) — oo as ¢ — 0. Note that for any

multi-index j the partial derivative /(1/h;) is a polynomial of |E,|~" and In|E}|, j € Z
with coefficients as smooth functions, divided by the |j|-th power of h;. Thus 1/h; satisfies
(A.2) (in place of h). Since R is flat, by Lemma A.4 and using a bump function, for any
U” € N(R? 0) with U” C U, the family of functions f, & —R|U~/ht on U”NR? has a smooth
extension f;: R2 — R that is flat at the origin and has compact support. Take G = G; as G,
to be the flow of Y, = ft— on R%. Then

d ~

3 (GiBe) = GL(d(Bs, Vo) + p) = GH(A(f {5, =) +p) =Gi(—dR+p) =0
on G;'(U"). Hence Gif3; = B on U’, the intersection of G;*(U") for t € [0,1] and by the
construction Gy(cy, c2) = (¢1, o + O(c™)). O

Lemma 4.2. The map ®: Mf, — Ik is injective.

Proof. Initialization: Let ((¢;: V; — ¥;(V;),Ej: U — Uj)) ez, be a singularity atlas of
(M,w, F) compatible with (@1,012) and let ((z// Vi — w’(V’) B U — Uj))jez, be a
singularity atlas of (M’',w’, F’) compatible with (ozl, a2) Suppose the two marked directed
integrable systems share the same set of invariants ((;);jez,, (8.¢)jeez,)- For j, ¢ € Zy, recall
that G, = Ey 0 E; " and let G’y = Ejo (E})~"; then both

(B)) o' = (E;)o,  pryo(Gly— Gje)

are flat. We will construct a new system over U isomorphic to (M',w’, F') over U’ with a
singularity atlas of the system compatible with (ay, as).
Calculating a smooth representative of the difference of two singular forms

(B Yo~ (By Yo = o («E/) Yo Z<G6,j>*f~”v) - <<Eo Vo= G?ij“>

JELk JELg

. IN—1\*x _/ —1\* * ! * *
= (B0 = (B7)ya) = 3 B ((Gy, ) — Giyr)
JELk
= O0(c™)dey + O(c™) de.
We have used the fact that, by Lemma 2.18,
(Gg,)'k — G ;5 = Gy <(G6_]1 0 G,)'k — /{) = O(c*®)dey + O(c™) des.

By Lemma 4.1 and shrinking U € N(B,0), and then U; = E;(U) and U} = E}(U) for j € Zj,
are shrunk accordingly, there is diffeomorphism G; of R? such that

Gi((Ep) ) oh = (Eg ) an, Gi((Ep) ') ah = (Eg ') o
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on Us. Let G = (Ef)~' o Gio Eg: U — U' = (E)~'(U}) and then we have (G*o/, G*ay) =
(a1, ap). We calculate the Taylor series of the dlffeomorphism Gy =FE;oGo Ej’l: U — Uj,

Taylor,|G] = & (Taylor,[pr, oG’ %], Taylor,[pry oG'))
= Taylory[Ej o G o E; ']
= Taylory[E} o (Ef) ™' 0 Gyo Eyo E; ']
= Taylor,[G§ ; 0 G o G ]
= Taylor, [Gl] (X, Y).

\M

Then G’(c1, c2) = (1,2 + O(c™)). Define symplectomorphisms
Fer (a7 (U;), wo0) — (a7 (U2), w0)

as in Lemma 2.20, lifting ;. Therefore, (955,1 o1}, Fj) is an Eliasson local chart at m’; for
j € Zy and ((¢g © Vi, ) ez, is a singularit]y atlas of (M',w’,G™1 o F"), both compatible
with (aq, ag). J

By replacing (M’ W', F', (o, o), mi) with (MY, W', G~ o FY, (o, aa), mf) and (¥}, Ef)) ez,
with ((gog, V5, Ej))jez, if necessary, we assume later, without loss of generahty, that
(o, ah) = (041,042) and Ejo (Ef)™' = Ejo Ej for j, ¢ € Z.

Construction of the semiglobal isomorphism: After the initialization we have marked
directed systems (M, w, F, (a1, o), my) with a singularity atlas ((¢;: V; — ¢;(V;), E;j: U —
Uj))jez,,, and (M’ ', F', (a1, ap), mg) with a singularity atlas ((¢}: V’ — @Z)’(V’) E’ U —
U))jez, such that Ejo (E})~" = Eyo Ej_1 for j, ¢ € Zy. We aim to ﬁnd a symplectomorphism
: (W,w) = (W', W) with F' oo = F, and o(m;) = m/; where W = F~(U) € Np(M, F)
and W' = (F")"Y(U") € Np/(M', F).

We construct ¢ by induction as follows. Define a symplectomorphism ¢y = (Wg)_l
Y5 (Vg,w) — (V5,w'). Recall the definition of W in (3.1); M} C M’ is defined analo-
gously. Analogous to the proof of Lemma 3.5, we can extend g to a symplectomorphism
(:56: (W67 (.U) — (‘_/Vﬁ,a w/)‘

For j € Zy\{—1}, suppose we have defined the symplectomorphism @;: (W;, w) — (W}, w'),
and we want to define ¢;,7: (W 1,w) — (I/V/Jr17 w'). Let p; 1 be a symplectomorphism
determined by the following commutative dlagram

(Vj,w) — 2 (V},w")

VR

J+1 w]l L(w;+1) 10"/);‘
(Vi w) = (V] 1,0')

b ehed

HitT

By Lemma 2.10 and analogous to the proof of Lemma 3.5, we extend i, 7 to a symplectomor-

phism zi;,7: (W, 1,w) — (W’JJ, w'). Recall W, ;.7 = W;NW, 1 and let AM]’.J.JFT = M; ﬁ]\fj’.JFT
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Define p; ;.1 such that the diagram

?j
Wijgnw) —= (W 5,0)

J G +1?

_ Hji+1
HitT

(W]{,j—O—T’ CL)/)

commutes.
- -, ~ , . -
Note that fi;,7(m;,7) = m’, 1 and oi(zr) — m’ ;asx — my,7in M, so we have t; i47(7) =
/ : : / 1 ! : _
m’ ;. As a fiberwise translation by 77 . ; € Q (U"), in the sense that p; ;.1 = \I}T},J-+T|W},J-+T’

we could extend f; ;.71 to a symplectomorphism i, ;,7 = W of (W', w’). Now let
’ ’ 5.+

Pj+1 = ﬁj_,;ﬁ © fijyr: (Wit w) = (Wig,w'),

and then ¢;,7 = ¢; in their common domain W, ; 7.

For ¢— and ¢, they coincide on regular values of F' near F, so by continuity, they
must coincide on their common domain W—5. Hence, we can glue ¢;, j € Z; to get a
symplectomorphism ¢: (W, w) — (W', w’) with the commuting diagram:

(W,w)

BN

U

5. PROOF OF EXISTENCE

The goal of this section is to show Lemma 5.3, the surjectivity claim of Theorem 3.9. Let

(...,Sj,...,gj7g,...) €I§®
We aim to show that there is (M, w, F, (a1, ), mg) such that

(5.1) @([(M,w,F, (al,a2>,m5)]) (S gl ).

The local structures of the integrable system (M, w, F) near the singular points m; are
isomorphic to the local normal form in Section 2.2. We are going to show that the isomorphism
can be extended to a complete neighborhood W; of m;. Then, we use the symplectic gluing
technique similar to [16, Section 3| to construct (M, w, F).

By Borel’s lemma, there are U € N (R? 0) and smooth maps s5: U — R and G5;: U —
R? such that Taylor,[ss] = sz and Taylor,[Gg,] = (X,gg,). We choose Gj5 = id. Let
g%fj > 0 be the Y-coefficient of g5 ;, and s} € R the Y-coefficient of sz. There are § €

(0, minjez, {1.57,g5,}) and Uy € N(R?,0) contained in U such that for any j € Z; and for
any c € U; = G ;(Uy) we have
d(pr, OGﬁ,j)

802

Osp

(5.2) lc] <3 <1, (c) > g5,; —6>0, (c) >sy —6>0.
k 302
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FOI"j S Zk, let Wj = q_l(Uj), WjJ = VVJ QR?, Uj,r = Uj QR? Let kW = H
kWe = [1;ez, Wix- Let kD =1;c,, D; C kW where
Dy ={(¢) € Wg | 2 < 11| < exp 52 (a2, O }.
D; ={(z,¢) e W; | |z] < 1,[¢] <1}, for j € Zy \ {0}.
Note that these spaces depend on §.
Define, for j,¢ € Z, diffeomorphisms G;, = Gm o G_l' U; — U, and by Lemmas 2.7
and 2.9 symplectomorphisms ¢; ;,7: W; \ Dy — W, 7\ D as

oW, | # —1;
(5.3) pyyo1 = 4 L j# -1
‘Il—dSa o (pGjya o \Ilfﬁn j == _1

Wj and

JELy,
JELk

Let G be the groupoid generated by the restrictions of ¢, ;.1 for j € Z;, to open subsets.
Recall T’y the cycle graph with k vertices. Consider its fundamental groupoid TI(T";) whose
elements are of the form [j, ¢],, where j,¢ € Zy,p € Z and j + p = ¢, The multiplication is
given by concatenation [¢, 5], - [J, ], = [J, J'|p+p- Any element [, £], of II(T';) corresponds to
an element of G :

(g, = id: Wy = W, p=0;
Plj+11 :SDJ]-H'W \DO +1\ng p=1
Plij-T-1 = i U : W \D0 — W1\ Dy, p=-1L
Oljj+aly = Pj4p=1,j45 ° " O Pit142 © Pij1: Wix = Wigpr, P22
[ Plii+ply = (‘Djjﬁj-i-m ©--+0 (:0;_153- 1 903 i g t Wir = Wiipe, p< —2.

1
Actually, G consists of restrictions of ¢; 4, for all [, £], € II(T'x) to open subsets, and G is a
groupoid of symplectomorphisms. Note that for any [j, (], € II(I'y), we have
qo e, = Gieoq.
Define a smooth function
fr: kW, = R,

8%]-

Wie 2 (2.0 > 52 (Gg a(=. O) nle

for j € Zy.

Lemma 5.1. For any j € Zy, and (z,() € W; C kW there is a p € Z such that ¢ j15),(2,C) €
Djp CkD. For any j € Zy, we have fr o @[jjip, — fL — oo uniformly as p — oo and
fr o+, — fr — —oo uniformly as p — —oo, both on Wj,.

Proof. Define functions L;: U5, — R, j € Zy, as

8 _
Ly(e) = =Inlel + 52(c) > (1= 0)nd| + (s} —9).

2
99 (
802

the inequalities hold by (5.2) for § > 0 and Uy € N (R?,0) small enough.
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Recall the definition of the function 7 in (2.6) and we have f, = (%L;‘j o Gﬁ_; oq)-ron Wj,.
By (2.7), (2.8), (2.11) and (5.3) we have, for any p € Z,

oo, — In|Gopr o g

Oca
_r—I|Gg—04q| 955 for 5 — 0
ro ()0[0717)]17 - 89515 o a_c © q’ or p _
Tt od :

on Wp,. Therefore, f1, and L; are related by
fro Po,p, — fro Pl0,p—1]p-1

6¢ 39*7T
( ey o q) (7o epz,) - (8071;1 © q) ' (7’ ° ‘P[o,pfupﬂ)

—L,ﬁoq.

on W, and then we have

f OSO7* _ fL+Zs lL °q, p>oa
L [0,7]p fL_Z—p+1L ogq, p<0.

Together with the fact that L;, j € Z;, are positive and bounded away from zero, we conclude
that fr o (45, — fr diverges to oo uniformly as p — oo and diverges to —oo uniformly as
p — —o0 for j = 0 and then for any j € Z;.

For any fixed (z,() € W5, we aim to find a p € Z such that g5 (2,() € Let
c=q(z,¢). Suppose (2,¢) € Wg,. If fr(2,() <0, thereisap € Z, p > > 1 ‘such that

=57 La(0) < ful2.0) <= D La(o)

so —Ly(c) < fro gp[ﬁﬂp(z,C) < 0 and go[aﬂp(z,g) € Dy; if otherwise fr(z,() > 0, there
isap € Z, p < 0such that pgy (z ¢) € Dy by a similar argument. Suppose otherwise
(2,0) e W\ Wg,. If ( =0 and |z | < lLorz=0 and IC| < 1, we already have (z,() € Dg. If

¢ =0and |z| > 1, then 95— ,(2,¢) = (0,{") € D=y since 0 < |¢'| < 1. If z =0 and |(| > 1,
then g1, (2,¢) = (2/,0) € Dy since 0 < || < 1. Analogously, for any (z,¢) € W;, j € Zy,
there is a p € Z such that ¢ ;15,(2,¢) is in Dj,5. O

We define an equivalence equation ~g on kW as x ~g y if and only if there is a p € G
such that y = ¢(x). Let M = kW/ ~g be the quotient space, A\: kW — M, \;: W; — M,
J € Zg be the quotient maps. Let Ag = {(z,y) € kW x kW | z ~g y}.

Lemma 5.2. The topological space M can be uniquely realized as a symplectic manifold with

a symplectic structure w and a smooth function F': M — R? such that for every j € Zj, the
map Aj: (Wj,wo) — (Aj(W;),w) is a symplectomorphism and Gg ;0 F o \j = q|w,.
Proof. We want to prove that M is a topological manifold with the quotient topology.

The map A; is open: for any open set V' C W;, the preimage

(V) = VU0, (VAW D) Uy g (VAWADD U | @i, (VOTT)

j
PEZ,|p|>2
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is open, so A; is an open mabp.

The map \; is locally injective: we need to prove that, for any x € W; thereis Ve N(W;, x)
such that for any p € Z\ {0}, as long as x is in the domain, the map ¢y; ;. sends z outside of
V. If k > 2, then x € Wj,. This is a consequence of Lemma 5.1. If k = 1 and x € Wg\ {0},
we have g, () € Wg, away from x. The case k = 1 and x € Wg,, \ {0} is analogous.

The subset Ag is closed in kW x kW : suppose there is a sequence of points ((z;,v:))52, C Ag
converging to (oo, Yoo) € kW x kW. Assume, without loss of generality, that (s, Yso) €
Wg x W; for some fixed j € Zj. Since W5, W; are open in kW, we can assume ((x;,v;))72, C
W5 x Wj. There is [0,pi],, € II(I'x) such that y; = @0z, (2:). If there is a subsequence
{pi,.} of pi with p;,, = po € Z, then y;,, = @), (i, ). In this case, yoo = ¥, (To0)s 50
(Zoo, Yoo) € Ag. Otherwise, by descending to a subsequence we can assume |p;| — 00, s0O
for i large, z; € W, and y; € W;,. By Lemma 5.1, we have |fr(z;) — fr(y:)| — oo, which
contradicts (2, ¥i) = (Too, Yoo)-

Since A;, j € Zj, are open and locally injective, we conclude that they are local homeo-
morphisms and M is locally Euclidean. Since \;, j € Z;, are open and Ag C kW x kW is
closed, M is Hausdorff. Since W}, j € Zy, are second countable, M = J,; A;(W;) is second
countable. We conclude that M is a topological manifold.

Noting that the maps ¢, , j, ¢ € Zj, are symplectomorphisms satisfying go p;, = G0 ¢,
there are a unique symplectic structure w on M and a smooth function F': M — R? such
that \jw = wy and Gg; 0 F'o \j = qlw;. O

Lemma 5.3. The map ®: M§, — Ik, is surjective.

Proof. Let m; = \;(0) and p; = /\J’Kjl(wj): (Aj(W;),w) = (Wj,wp) be a symplectomorphism
for j € Zj. Finally, we need to show that, the construction (M,w, F') in Lemma 5.2 lies inside
of ZSk, has a singularity atlas ((15, G5 4))jez, for singular points my, j € Zj, compatible with
some (aq,ay) € Dir(M,w, F') such that (5.1) holds.

The triple (M,w, F) is in IS§: The triple (M,w, F) is an integrable system since it is
locally an integrable system everywhere, and the only singular points of F' are m; on F,
] € Zj, which are of focus-focus type. To show that F' is proper, let K C Uy be any
compact subset. By Lemma 5.1, A(kW) = A(kD). Since ¢~'(Gy,;(K)) N D; is compact,
FHK) = Uz, Mg (G, (K)) N D;) is compact. The fibers of I are connected since ¢
has connected fibers.

Computation of AMwF): Let U C Us, be a simply connected open set. Note that
kly € (Q'/27A)(R?) and let ky € Q'(U) be a representative of k|y. Let as|y = dsg —
> jen, Gy kv € ZH(U). We have, in F~1(U),

P[0,0] |F’1(U) =V ods5 0PG50 Vony 0 O Wiy 096, 5 0 Vo 0065 0 Wy

= \If,d8672 G*: ky ¢] SOGTLG O-+-0 SOGT,E o QOG&T

. *
J€ZE 70,5

So asly € AM@FNU). Let a; = de; € QY(Us), then ay|y € AM»H)(U). On the other
hand, for any 7 € Z*(U) to be a period form, it has to satisfy W,,, = Y., for some

p € Z. Therefore, AM«F)([]) is the abelian group generated by |y, as|y. Similarly, we

have AM«F)(1J) = ;7 if U is an open neighborhood of 0.
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Computation of the invariants: For each j € Zy, (115, G ;) is an Eliasson local chart near
m; since q o p; = Gy 0 F. For j = 0, note that oy = dey and 6%2 Jag = L, so (ug,id)
is compatible with (a1, az). For j € Zy, since dGyp; has positive diagonal entries near the
origin, (p;, G ;) is compatible with (v, az). By the construction of M, any flow line of &,
with o-limit m; for some j € Zy has w-limit m, 1, so ((1;, G5 ;))jez, is a singularity atlas
compatible with (aq, as).

Now since dsg = 2mag — ) Gg ;v and s5(0) = 0, the action Taylor series at mg is

JELy,
Taylor,[sg] = s5. The transition cocycle is (Taylory[pry oG s))jez, = (8).¢))eczs- O

6. PROOF OF THE MAIN THEOREM

Theorem 3.9 follows from Lemmas 4.2, 5.3 and 3.11 put together.

Proof of Theorem 3.9. The map
D I§® — RQﬂ—X X Rﬁ__l
(sﬁa <+ +3yS°1,80,00---:80,"1)---> 81,00 - - 7g?1,?1) = (567 €01: 8132 - 7g?1,6)

is a bijection. ]

APPENDIX A. TECHNICAL RESULTS ON FLAT FUNCTIONS

Recall that Taylor,[f] € R[[T;U]] denotes the Taylor series of f: U — R at the origin for
U € N(R?0). Note how the Taylor series, as a formal power series, depends on the choice of
a basis of T;U. Note that the Taylor series only depends on the germ of the function.

Definition A.1. We call f a flat function at 0, or the function f is flat at 0, if Taylor, b[f] = 0.
Denote by O(c™) the space of flat functions at 0.

Note that, by the Faa di Bruno’s formula, the Taylor series of the composition of smooth
maps is the composition of their Taylor series. This is why the definition of flat functions is
independent of the choice of the basis of TjU.

We will use the multi-index notations in Lemmas A.2 and A.3. A multi-index j is a pair
(j1,72) where j1, 2 € Z>o. We use |j| = j1 + j2. If ¢ = (c1,¢2) € R?* then ¢ = ' If fisa
alilf

J15.J2 "
9c;t Ocy

function on an open subset of R? then 0’ f =

Lemma A.2. Let m € Zs. Let g;: R? = R be a smooth function for multi-index j with
il =m and let g(c) = 3 ;_,, 9;(c)¢/. Then the function gln|-|: R — R can be extended to
a C™-function on R? if m > 1. Furthermore, the extension is C™ if and only if g;(0) =0
for all j.

Proof. Let L,,, m € Zsg, be the C*(R?)-vector space spanned by functions of the form
(R? 5 ¢ — ¢ In]c|) for which j is a multi-index with |j| > m, extended onto R? by zero. Let

Qm, m € Z, be the C*(R?)-vector space spanned by functions of the form (R? > ¢ — |C|C—fno)

for which j is a multi-index, mg € Zo, and |j| > mg 4 m, extended onto R? by zero. By
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direct calculations,

Cgr+lcg2
e

) ( o ) C71 1072 C{1+1Cé2

a 1— 2
a—c(c] Inje|) = jic] el Infe| + 5=

B ) =9 e
which implies that if f € L,, then ‘9 f, Bos =—fe€ L, 1+Qnu 1 formZ=>=1 andif f € Q,, then
821 ' Deg 9 fc Q for m e Z. Therefore Qo C By the set of functions on R? bounded in a

neighborhood of the origin, L;,Q; C C° and then L,,, Q,, € C™~! for m > 1.

We aim to find Ly N By and let f = hln|-| € Ly for some h € C*. On one hand, if
f € Ly N By, then the boundedness requires that h(0) = 0. On the other hand, if ~(0) = 0,
then h(c) = hicy + hacy for some hy, hy € C* and then f € Ly C C°. Therefore, LyNBy = L.

In particular, given g(c) = > _,, g;(c)d?, we have gln|-| € L,, CC™ 1 if m > 1, and for
any multi-index j with [j| = m, we have

& (g(c)Inle]) € j!g;(c)In|c| + Ly + Qo.
On one hand, ¢gln|-| € C™ requires that 9’ (g(c) In|c|) € By, and hence g;(0) = 0. On the other
hand, ¢;(0) = 0 for every multi-index j with |j| = m implies that gIn|-| € L,,;;, CC™. O

Lemma A.3. For a smooth function f on R?, the function flIn|-| on R? can be smoothly
extended onto R? only when f is flat. If f is flat, the extension of fInl|-| is also flat.

Proof. Using Taylor expansion of f, for any m € N, there exist smooth functions g;: R* — R
for all multi-indices j with |j| = m + 1 such that

(A.1) Z 0] Z %gj(c)cj.

l7l= 0 7]l=m+1

By Lemma A.2 and (A.1), fIn|-| € C™ if and only if 3/ f(0) = 0 for any multi-index j with
7| < m. Therefore, fln|-| € C* if and only if f € O(c™).

Note that In|c| € O(|¢|™). If f € O(c™), then for any m € N, there exist smooth functions
g;: R? = R for all multi-index j with |j| = m + 1 such that

fOmld = 3 g€ nlel € O(lel™).
l=m+1
Hence fIn|-| € O(c™). O
Lemma A.4. If g is a flat function on R? and h is a smooth function on R? that satisfies
(A.2) Vmulti-index j Im; € Z such that hm\c|m7 |7h(c)| =0,

then f = gh on R? has a smooth extension f on R2.
Proof. We calculate the partial derivatives of f for a multi-index j and m € Z:

(A3 sl < Y ()l ta(o] -4 otn)] o

0<l<j
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as ¢ — 0. Here we use the fact that ‘g is a flat function so it is dominated by any power
of |e|. Now let f be the extension of f by f(0) = 0. Then by (A.3), g—i(()) = lim;_0 @ =0

and 3—2(0) = limg_,o L (?5’5) =0, and then f € C'. Inductively, we can show that f € C* and

any higher order derivative of f vanishes at the origin. 0
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