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Abstract—Image reconstruction from amplitude-only and phase-only data in the fractional Fourier domain
applying the inverse fractional Fourier transform is analyzed on the examples of perfect edges of different con-
trasts and real-world image. © 2003 MAIK “ Nauka/lInterperiodica” .

The question of the importance of phase and ampli-
tude in the Fourier domain has been studied in many
publications[1-4]. Thereisawidespread belief that the
Fourier phaseis moreimportant than the Fourier ampli-
tude, based on the fact that the main characteristics of
natural images can be recovered from phase-only data
by applying the inverse Fourier transform (FT). Indeed,
the Fourier amplitude of natural images is mostly con-
centrated in the low-frequency region. By eliminating
the amplitude information, we stress the high frequen-
cies of the Fourier spectrum. This produces an edge-
enhancement effect. Nevertheless, it was shown in [4]
that the dominance of Fourier phase or amplitude
strongly depends on the symmetry and reality of the
input signals.

Nowadays, the fractional FT, recently introduced in
optics [5-6], plays an important role in optical signal
and image processing. Convolution and correlation
operations in the fractional Fourier domain are applied
for pattern recognition, noise reduction, watermarking,
encryption, and so on [5, 7]. Often, the application of
phase-only filters (POF) in the fractiona Fourier
domain is proposed for these tasks. Nevertheless, the
effect of POFs in fractional Fourier domains has not
been discussed in detail at present.

In this paper, we consider the possibility of image
reconstruction from amplitude-only or phase-only data
in fractional Fourier domains on the examples of per-
fect edges of different contrasts and natural real image.

The fractional FT [5] of f(X) is a generalization of
the ordinary FT

Fo(u) = RUF()I(U) = Aq(u)exp(idg(u))
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Its kernel depends on the parameter o, which can be
interpreted as arotation angle in phase space. Thus, for
a =0, the kernel corresponds to the identity transform;
for a = 12 and a = 3172, it reduces to the FT and the
inverse FT, respectively. The inverse transform to the
fractional FT for parameter a is the fractional FT for
the parameter —o: R[F(u)](X) = f(X).

The fractional FT describes, in the paraxia approx-
imation of the scalar diffraction theory, optical beam
propagation through a medium with a quadratic refrac-
tiveindex. The fractional FT of a complex field ampli-
tude f(x) can be performed by using a thin lens with
focal distance f, with the input and output planes
located at distances d = 2fsina/2 before and after the
lens, respectively [6].

The question of the importance of the phase ¢, or
the amplitude A, in a certain transform domain is usu-
aly related to the possibility of signa reconstruction
from only the phase or only the amplitude information
by applying the inverse transform. Thus, we will study
the operations R[Aq(U)](X) and R[exp(idq(u))] (),
regarding them as signal reconstruction from ampli-
tude-only and phase-only data in the fractional Fou-
rier domain. For a = 172, one gets the signal recon-
structed from the amplitude and the phase of the Fou-
rier transform of the origina signal, respectively.
Because we are interested in the reconstruction of real
and positive images, the amplitudes |[R[Ay(u)](X)|
and |R[exp(id,(u)](X)| will be analyzed. It is easy to
seethat, if asignal isshifted from the coordinate origin,
which in areal optical realization of the fractional FT
corresponds to the optical axis, by s, then the signal
reconstructed from the amplitude-only information in
the fractional a domain through the procedure
IR[AL(W)](X)] will be shifted by scos’a. In the mean-
time, the signal reconstructed from the phase informa-
tion is shift-covariant.

First, we consider the reconstruction of the perfect
edges from the amplitude-only and phase-only infor-
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Fig. 1. Reconstruction of perfect edges of different contrasts (C =1, left side; C = 0.3, right side) from the amplitude of the fractional
FT for different a: (a) origina image and (below) its line profile; (b—f) image reconstructed from the amplitude of the fractional FT
for a = (b) /20, (c) 31720, (d) 174, (€) 71720, and (f) V2.
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Fig. 2. Reconstruction of perfect edges of different contrasts (C = 1, left side; C = 0.3, right side) from the phase of the fractional
FT for different a: (a) origina image and (below) itsline profile; (b—) image reconstructed from the phase of the fractional FT for
a = (b) 1720, (c) 3120, (d) 1V4, (€) 71720, and (f) Tv2.

mation inthedifferent fractional domains. Theprogram and C = 0.3 (right side) is shown. In Figs. 1b-1f, the
for the calculation of thetwo-dimensional fractional FT  images and their line profiles reconstructed from the
is based on the algorithm proposed in [5]. In Figs. 1a amplitude-only data in the fractional FT domains for
and 2a, the image and its line profile corresponding to  the angles a = 1720, 31720, 174, 71720, and 1v2, respec-
two perfect edges of different contrasts C =1 (left side)  tively, are displayed. We observe that edges of different
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Fig. 3. Origina image: photograph of children from the
Matlab archive.

Fig. 4. Images reconstructed from amplitude-only (left side)
and phase-only (right side) data in the fractional Fourier
domain for different angles a = (a, b) 1W20; (c, d) 174,
(e, f) W2 by applying the inverse fractional FT for the cor-
responding angles.

contrast can be identified from the amplitude-only data
in the fractional FT domain for small angles a < 120
(Fig. 1b). For larger parameters a, due to dependence
of the reconstruction procedure on the shift, the image
is progressively squeezed with respect to the original
one (Figs. 1c-1e) and becomes symmetrical for the
Fourier domaina = 12 (Fig. 1f), being the inverse Fou-
rier transform of areal function.

In Figs. 2a-2f, the images of two perfect edges
reconstructed from the phase-only datain the different
fractional FT domains (origina image, a = 1720, a =
3120, a = 14, a = 71720, and o = 172, respectively)
are shown. One can seethat, for a < 174 (Figs. 2b—2d),
the location of the high-contrast edge is well defined.
For bigger values of the parameter a, both edges are
observed (Figs. 2e, 2f). At the sametime, for these val-
ues of a, additional peaksin the intensity of the recon-
structed image appear. Therefore, the right choice of
the intensity threshold is important for edge detection
based on reconstruction from the phase-only informa-
tion in the fractional FT domain (including the FT
domain).

Let us now analyze the reconstruction of a natural
image from amplitude-only and phase-only datain the
fractional Fourier domain. The original image is a pho-
tograph of children taken from the Matlab archives. It
contains 400 x 318 pixelsand is shown in Fig. 3.

In Fig. 4, images reconstructed from the amplitude
only (left side) and phase only (right side) of the frac-
tiona FT for angles a = 120 (Figs. 44, 4b), a = 174
(Figs. 4c, 4d), and a = 172 (Figs. 4e, 4f) are displayed.
We observe that, for small angles a = 120, the signifi-
cant information about the origina image can be
obtained from the amplitude-only (Fig. 4a) as well as
the phase-only (Fig. 4b) data. Note that the image
reconstructed from the amplitude of thefractional FT is
dlightly shifted toward the center with respect to the
original image, while the image localization is pre-
served for reconstruction from phase-only data in the
fractional domain. Comparing, for example, theimages
of the children in Figs. 4a and 4b, we notice that the
reconstruction from the phase data is better for high-
contrast details, while low-contrast objects, such asthe
baby’s face, are better reconstructed from the ampli-
tude. Increasing the angle of the fractional FT, we
observe that the reconstruction from the amplitude data
rapidly loses information about the original image.
Thus, in Fig. 4c, (a = 174), only the outline of the chil-
dren’s figures can be recognized. The image recon-
structed from the phase data still contains significant
information about the original image. Although some
details can not be distinguished, the faces and arms of
the children are still recognizable (Fig. 4d).

The amplitude of the FT does not permit any signif-
icant level of detail of the original image to be revealed
(Fig. 4e). In the meantime, the image reconstructed
from the FT phase (Fig. 4f) clearly shows the edges of
the original image. The reconstruction from the phase
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in the Fourier domain eliminates the information about
the intensity levels of the original image and almost
binarizes it. We observe only the edges of the original
image on the noisy background.

It has been shown that the image reconstructed from
the amplitude of the fractional FT revealsthe main fea-
tures of the original signal only for relatively small
angular parameters. Therefore, amplitude-only filters
can be applied for pattern recognition tasks in the frac-
tional Fourier domain only for a limited region of the
parameter a.

Based on the phase information in the fractional FT
domains, significant details of the image can be
obtained for ailmost all angles. This means that phase-
only filters applied in the fractional Fourier domain can
be used for optical image processing. The quality of
image reconstruction from the phase-only data in the
fractional Fourier domain depends on the image con-
trast and the parameter a.
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