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The phenomenon of spontaneous scalarisation of charged black holes (BHs) has recently motivated 
studies of various Einstein-Maxwell-scalar models. Within these models, different classes of BH solutions 
are possible, depending on the non-minimal coupling function f (φ), between the scalar field and 
the Maxwell invariant. Here we consider the class wherein both the (bald) electrovacuum Reissner-
Nordström (RN) BH and new scalarised BHs co-exist, and the former are never unstable against scalar 
perturbations. In particular we examine the model, within this subclass, with a quartic coupling function: 
f (�) = 1 +α�4. The domain of existence of the scalarised BHs, for fixed α, is composed of two branches. 
The first branch (cold scalarised BHs) is continuously connected to the extremal RN BH. The second 
branch (hot scalarised BHs) connects to the first one at the minimum value of the charge to mass ratio 
and it includes overcharged BHs. We then assess the perturbative stability of the scalarised solutions, 
focusing on spherical perturbations. On the one hand, cold scalarised BHs are shown to be unstable by 
explicitly computing growing modes. The instability is quenched at both endpoints of the first branch. 
On the other hand, hot scalarised BHs are shown to be stable by using the S-deformation method. Thus, 
in the spherical sector this model possesses two stable BH local ground states (RN and hot scalarised). 
We point out that the branch structure of BHs in this model parallels the one of BHs in five dimensional 
vacuum gravity, with [Myers-Perry BHs, fat rings, thin rings] playing the role of [RN, cold scalarised, hot 
scalarised] BHs.

© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Einstein-Maxwell-scalar (EMS) models described by the action

S =
∫

d4x
√−g

[
R − 2∂μ�∂μ� − f (�)Fμν F μν

]
, (1.1)

where R, Fμν, � are, respectively, the Ricci scalar, Maxwell 2-form 
and a real scalar field, have been shown to allow the phenomenon 
of spontaneous scalarisation of asymptotically flat, charged black 
holes (BHs) [1,2]. In the models where this phenomenon occurs, 
the standard electrovacuum Reissner-Nordström (RN) BH is an 
equilibrium scalar-free (or bald) solution. For sufficiently large BH 
charge to mass ratio, however, the RN BH becomes unstable against 
scalar perturbations. This perturbative instability is stalled by non-
linear effects. The process can be followed dynamically and a new 
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BH configuration forms as the endpoint of the evolution, possess-
ing a non-trivial scalar field profile. These new BH configurations 
can also be obtained as equilibrium solutions of the field equa-
tions. Under certain conditions, these scalarised (or hairy) BHs are 
the preferred vacuum.

Both the possible existence of a RN solution of (1.1) and the 
possible instability of this solution against scalar perturbations, de-
pend on the choice of the non-minimal coupling function f (φ). A 
classification of models according to the sort of BH solutions al-
lowed by the choice of f (φ) was suggested in [3]. Class I model 
BHs have always a nonvanishing scalar field; in particular, the RN 
BH is not a solution. A representative example of this class is the 
Einstein-Maxwell-dilaton model. Amongst the class of models that 
allow both the scalar-free RN solution and new scalarised BH so-
lutions, subclasses IIA and IIB models were distinguished in [3] to 
account for two different possibilities: models in which the RN BH 
is (IIA) or is not (IIB) unstable against scalar perturbations. Studies 
up to now have focused on models of subclass IIA, see e.g. [1–14]. 
The purpose of this work is to consider models of subclass IIB.
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Subclass IIB models raise immediately two questions. Firstly, 
since the RN BH is not unstable against linear scalar perturba-
tions, there is no zero mode solution. Thus, it is unclear if the 
scalarised solutions in this subclass bifurcate from RN at all, or 
if they are completely disconnected. Secondly, are scalarised solu-
tions stable or unstable? Since the RN solutions in this subclass 
are stable against scalar perturbations, stable scalarised solutions 
would imply the existence of two stable, possibly disconnected, lo-
cal ground states.

In this paper we will consider an illustrative case of subclass 
IIB models, by taking a quartic coupling function. This will al-
low us to clarify the first question above: indeed the scalarised 
BHs are connected with the RN solution, but this occurs only at 
extremality. This is qualitatively different from subclass IIA mod-
els, wherein bifurcation occurs for non-extremal BHs that admit 
a zero mode of the scalar field. Moreover, in subclass IIA mod-
els, the scalarised BHs have no extremal limit [1,2], unless they 
carry also a magnetic charge [3]. The second question is more in-
triguing. We shall provide a partial answer, by showing that one 
of the branches of scalarised solutions (corresponding to the hot
scalarised BHs) is stable against spherical perturbations. Thus, at 
least in the spherical sector, this model allows for two stable local 
ground states. Again, this is qualitatively different from subclass IIA 
models, wherein scalarised solutions are perturbatively stable, but 
RN BHs are unstable, even restricting to the spherical sector.

The model discussed in this paper concerns electrically charged 
BHs. As such, it is unlikely to have astrophysical relevance. 
Nonetheless, it is a cousin model to the potentially astrophysically 
relevant (but technically more involved) extended-scalar-tensor-
Gauss-Bonnet model, wherein spontaneous scalarisation, as well 
as a similar space of solutions emerges [15–17]. In that case, ob-
servations may constrain the coupling function and in particular -
see e.g. [18] for one such constraint from BH shadow observations.

This paper is organised as follows. General comments on EMS 
models are given in Section 2, including a description of the equa-
tions of motion, boundary conditions and universal relations. The 
analysis of the chosen illustrative example of subclass IIB models 
is made in Section 3. This includes obtaining the domain of exis-
tence for BH solutions, the description of the cold and hot branches 
and their connection with RN at extremality. In Section 4 we per-
form the stability analysis of the scalarised solutions. For the cold 
branch, unstable quasi-normal modes are explicitly shown to exist. 
For the hot branch, a proof of stability against spherical pertur-
bations is given, using the S-deformation method [19–21]. Final 
remarks, including a curious analogy between the space of solu-
tions of this model and that of five dimensional vacuum gravity, 
are presented in Section 5.

2. The EMS model

The action of the family of EMS models we wish to consider 
is given by (1.1). We are interested in spherical BH solutions. For 
the metric, we consider the spherically symmetric ansatz parame-
terised as

ds2 = −N(r) e−2δ(r)dt2 + dr2

N(r)
+ r2(dθ2 + sin2 θdφ2) ,

with N(r) ≡ 1 − 2m(r)

r
, (2.2)

where m(r) is the Misner-Sharp mass function [22]. Spherical sym-
metry requires the scalar field to depend only on the radial coordi-
nate, � = � (r) . The Maxwell tensor is Fμν = ∂μ Aν − ∂ν Aμ , where 
the 4−vector potential has only a non-trivial spherical electrostatic 
potential, Aμ = (

At(r), 0, 0, 0
)
. A magnetic charge would also be 

compatible with spherical symmetry, but that shall not be consid-
ered here - see [3] for magnetically charged BHs in this context.
In spherical symmetry, the BH solutions of this model can be 
studied using the effective Lagrangian

Leff = e−δ(r)m′(r) − 1

2
r2e−δ(r)N(r)�′2(r) + 1

2
f (�)eδ(r)r2 A′2

t (r) .

(2.3)

Here and below a prime denotes a derivative with respect to the 
radial coordinate, e.g , �′ ≡ d�/dr; also, below, ḟ (�) ≡ df (�)/d�. 
For ease of notation we shall often omit the radial dependences.

From the Lagrangian (2.3), one obtains the field equations:

m′ = r2N�′ 2

2
+ Q 2

2r2 f (�)
, δ′ + r�′ 2 = 0 ,

A′
t = − Q e−δ

f (�)r2
, (2.4)

�′′(r) + 1 + N

rN
�′ − Q 2

r3N f (�)

(
�′ − ḟ (�)

2r f (�)

)
= 0 . (2.5)

The electric potential equation (2.4) yields a first integral which 
was used to simplify the remaining equations. The constant of 
integration is interpreted as the electric charge Q . The solutions 
of these equations will be obtained numerically. As such, the be-
haviour of the different functions near the boundaries of the in-
tegration domain (horizon and spatial infinity) need to be consid-
ered.

At the horizon, the field equations can be approximated by a 
power series expansion in r −rH , that depends only on the horizon 
values of some of the functions, denoted by a subscript H (e.g., 
σH , �H ) and horizon radius rH ,

m(r) = rH

2
+ Q 2

2r2
H f (�H )

(r − rH ) + · · · ,

δ(r) = δH − �2
1rH (r − rH ) + · · · , (2.6)

�(r) = �H + �1(r − rH ) + · · · ,

At(r) = − e−δH Q

r2
H f (�H )

(r − rH ) + · · · ,

where

�1 = Q 2 ḟ (�H )

2rH f (�H )
[

Q 2 − r2
H f (�H )

] . (2.7)

At spatial infinity, on the other hand, the field equations can be 
approximated by a power series expansion in 1/r,

m(r) = M − Q 2 + Q 2
s

2r
+ · · · , δ(r) ≈ Q 2

s

2r2
+ · · · , (2.8)

�(r) = Q s

r
+ M Q s

r2
+ · · · , At(r) = V − Q

r
+ · · · ,

where we have assumed f (0) = 1. Here, M, Q , Q s denote, respec-
tively, the ADM mass, BH electric charge and the scalar “charge”. 
The latter, albeit not a gauge charge, determines the monopolar 
term, i.e. the leading decay term of the scalar field at infinity. V is 
the electrostatic potential at infinity.

Integrating the field equations with these asymptotic be-
haviours one finds a family of BH solutions. The solutions were 
constructed numerically, using a Runge-Kutta ordinary differential 
equations solver and a shooting technique. In this approach, we 
evaluate the near horizon expansion (2.6), to first order in (r − rH ), 
at r = rH + ε , with ε typically around 10−6, for global tolerance 
10−14, adjusting for the shooting parameters �H , δH , and integrat-
ing towards r → ∞. Thus, for a given coupling function f (�), the 
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input parameters are rH and Q . Then the solutions with the cor-
rect asymptotic behaviour are found for discrete values of �H , δH , 
labeled by the number of nodes, n � 0, of the scalar field. Here 
we focus on configurations with n = 0. The solutions can be phys-
ically characterised by the following dimensionless quantities: the 
charge to mass ratio, q, the reduced horizon area, aH , and the re-
duced horizon temperature, tH ,

q ≡ Q

M
, aH ≡ AH

16π M2
= r2

H

4M2
,

tH ≡ 8π MT H = 2MN ′(rH )e−δ(rH ) , (2.9)

where AH , T H are the area and temperature of the BH.
To assess the regularity of the solutions, one may consider cur-

vature invariants, such as the Ricci scalar R and the Kretschmann 
scalar (K ≡ RμνδλRμνδλ). For our solutions, they read

R = N ′

r
(3rδ′ − 4) + 2

r2

{
1 + N

[
r2δ′′ − (1 − rδ′)2]} − N ′′ , (2.10)

and

K = 4

r4
(1 − N)2 + 2

r2

[
N ′2 + (N ′ − 2Nδ′)2

]

+
[

N ′′ − 3δ′N ′ + 2N(δ′2 − δ′′)
]2

. (2.11)

To test our numerics we use three different checks. First, the fol-
lowing virial identity1

∞∫
rH

dr

{
e−δr2�′ 2

[
1 + 2rH

r

(m

r
− 1

)]}

=
∞∫

rH

dr

[
e−δ

(
1 − 2rH

r

)
1

r2

Q 2

f (�)

]
, (2.12)

provides a constraint independent from the equations of motion 
that the numerical solutions must obey. This virial identity is also 
informative in another respect. One can show that 1 + 2rH

r

(
m
r −

1
)

> 0. Thus, the left hand side of the equation is strictly positive. 
Since for Q = 0 the right hand side would vanish, one concludes 
that a nontrivial scalar field requires a nonzero electric charge.

Second, we can use the linear Smarr-like formula[25,26] for this 
family of solutions - see also [11]. This turns out to not have an 
explicit imprint of the scalar field

M = 1

2
T H AH + VQ . (2.13)

One can then compute the first law of BH thermodynamics for EMS 
BHs, that reads

dM = 1

4
T HdAH + VdQ . (2.14)

Third and last, we have noticed that all the solutions also obey a 
non-linear Smarr formula [1],

M2 + Q 2
s = Q 2 + 1

4
A2

H T 2
H . (2.15)

1 This virial identity is derived via a scaling argument, of the sort pioneered by 
Derrick [23]. See [24] for one such derivation in the context of BHs.
3. Subclass IIB solutions: the quartic coupling example

In this paper we are interested in coupling functions f (�) that: 
(i) allow the existence of both RN and scalarised BHs; (ii) the RN 
BHs are not unstable against scalar perturbations. From the Klein-
Gordon equation

�� = Fμν F μν

4
ḟ (0) , (3.16)

the first condition requires ḟ (0) = 0. The second condition, on the 
other hand, means there should be no tachyonic instablity for RN. 
A sufficient (but not necessary) condition for this to hold is

f̈ (0) = 0 . (3.17)

A possible coupling function that obeys these conditions, and 
for which � = 0 is a global minimum, is

f (�) = 1 + α�4 , (3.18)

where α is a dimensionless coupling constant. This defines an ex-
ample of subclass IIB models. In the following we shall focus on 
this illustrative example of class IIB.

3.1. Domain of existence

The domain of existence of the fundamental BH solutions (i.e.
where the scalar field has no nodes) of model (1.1) with cou-
pling (3.18), in a charge to mass ratio vs. coupling constant dia-
gram, is presented in Fig. 1 (left panel).

Fixing a generic value of α one observes the following be-
haviour. A first sequence of (cold) scalarised BHs starts from the 
extremal RN BH. They form a first branch of solutions with mono-
tonically decreasing q until a minimum value, qmin, is attained. 
This minimum value is sub-extremal (q < 1) and depends on α, 
qmin = qmin(α). In Fig. 1 the curve qmin(α) is the blue solid branch 
bifurcation line. At qmin(α) a second branch of (hot) scalarised 
solutions emerges. This branch has monotonically increasing q, ex-
tending into the over-extremal regime (q > 1). The second branch 
ends at a critical (singular) configuration wherein aH = 0, tH > 0
and q = qmax > 0. Again, qmax = qmax(α). The corresponding curve 
in Fig. 1 is the red critical line.

A complementary perspective on this domain of existence is 
given in Fig. 1 (right panel). In this plot one can appreciate the 
two branch structure of the scalarised BHs. Along the first (cold) 
branch, emerging from extremal RN, q decreases and aH increases. 
Along the second (hot) branch, emerging from the solution with 
aH > 0, tH > 0 and q = qmin, q increases and aH decreases. Fig. 1
(right panel) also makes clear the vanishing of the reduced hori-
zon area at the critical solution. Fig. 2, which shows the value of 
the scalar field at the horizon, vs. the reduced BH temperature, 
clarifies that the scalarised solutions in the cold branch continu-
ously connect to the extremal RN, which has aH = 0.25, tH = 0
and q = 1.

It is worth emphasising that there is a new sort of non-
uniqueness amongst EMS models in this case. In the dark shaded 
blue region of Fig. 1, there are three different solutions for the 
same q, two scalarised ones (cold and hot) and the standard RN. 
This is qualitatively different from the previous EMS models stud-
ied, where at most two solutions with the same q were found in 
regions of non-uniqueness, corresponding to one scalarised BH and 
one RN BH, see e.g. [1–3]. Moreover, whereas in previous IIA mod-
els the scalarised BHs were always entropically favoured for the 
same global charges, this is not the case here, as manifest from 
Fig. 1 (right panel). In fact, only in part of the second branch the 
scalarised BHs have larger area, and hence larger entropy, than the 
comparable RN BH, i.e. with the same q.
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Fig. 1. (Left panel) Domain of existence of fundamental BH solutions in EMS models with a quartic coupling (blue shaded region) in a q vs. α diagram. The domain is 
bounded by the (dashed red) critical line and the (solid blue) branch bifurcation line. In the dark shaded region there are two distinct scalarised BH solutions and a RN 
solution. In the light shaded region there is only one scalarised BH solution (hot BHs). (Right panel) Branches of scalarised BH solutions (red curves, for α = 200) and RN 
BHs (blue curve) in a reduced area vs. reduced charge diagram. The inset shows a zoom of the main panel wherein the two scalarised branches meet.
Fig. 2. Scalar field at the horizon vs. reduced temperature. One may observe the fast 
supression of �H as tH vanishes, of which the inset provides a zoom in, showing 
the scalarised BHs are continuously connected to the extremal RN solution.

Table 1
Physical properties of three q degenerate BH solutions, for α = 200 and 
q = 0.9.

Q s V aH tH �H

RN 0.0000 0.6268 0.5154 0.8457 0.0000
Branch 1 (Cold) 0.0378 0.6237 0.5128 0.8555 0.1360
Branch 2 (Hot) 0.3934 0.3660 0.5854 1.1454 0.4011

Finally, Fig. 3 shows the reduced temperature vs. charge. The 
first branch of scalarised solutions starts at zero temperature (black 
solid line). The horizon temperature monotonically increases both
along the first and second branch (red solid line). RN BHs corre-
spond to the blue dotted line. They are cooler than the BHs in the 
second branch. This diagram justifies the terminology cold/hot for 
the scalarised BHs in the first/second branch.

In Table 1 we compare the three degenerate solutions for a spe-
cific choice of α = 200 and q = 0.9. One can confirm that the 
scalarised BH in the hot branch has the largest area (and hence 
entropy), temperature, scalar charge and scalar field value at the 
horizon.

4. Stability

In the model (1.1) with coupling (3.18) the RN BH is stable 
against all perturbations, as the perturbation equations reduce to 
Fig. 3. Reduced temperature vs. reduced charge for α = 200. Scalarised BHs are cold 
in the first branch and hot in the second branch.

the same as in electrovacuum. To consider the perturbative radial
stability of the scalarised BHs, we take the following ansatz: for 
the metric

g = −N(r) e−2δ(r)
[

1 + εe−iωt Ft(r)
]

dt2

+ 1

N(r)

[
1 + εe−iωt Fr(r)

]
dr2 + r2d�2 ; (4.19)

for the EM field:

A = a0(r)
[

1 + εe−iωt F0(r)
]
dt ; (4.20)

and for the scalar field

� = �0(r) + εe−iωt�1(r) . (4.21)

It is possible to show that, using the field equations, the 
first order radial perturbations in (4.19)-(4.21) reduce to a one-
dimensional Schrödinger-like equation:

− d2 Z

dR∗2
+ Vr Z = ω2 Z , (4.22)

where R∗ is the tortoise coordinate defined by

dR∗
= eδ(r)

, (4.23)

dr N(r)
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Fig. 4. (Left panel) Effective radial perturbations potential as a function of the radial compactified coordinate for one solution in the cold branch and two solutions in the hot 
branch. (Right panel) Scaled imaginary part of the mode as a function of q for cold scalarised BHs with α = 20, 200.
the perturbation function is Z ≡ �1/r and the potential Vr is

Vr = N

r2
e−2δ

{
1 − N − 2r2�′2

0 + Q 2

f

[
2�′2

0 − 8α

r f
�3

0�
′
0

− 1

r2 f 2

(
α2�6

0(�
2
0 − 10) + 2α�2

0(�
2
0 + 3) + 1

)]}
(4.24)

We are interested in solutions that have an ingoing wave be-
haviour at the horizon and outgoing at infinity. This fixes the 
boundary conditions for the perturbation function Z .

Observe that we have fixed the sign convention of the imagi-
nary part of the frequency, ωI , by choosing the time dependence 
e−iωt . Then, unstable modes (that grow in time) have ωI > 0. In-
deed, e−iωt = eiωr teωI t → ∞ as t → ∞, when ωI > 0. At spatial 
infinity, i.e. R∗ → ∞, we have Z = A+eiωR∗

. This means that in 
the case of an unstable mode of the form ω = iωI , with ωI > 0, 
Z = A+e−ωI R∗ → 0. At the horizon, i.e. R∗ → −∞, we have Z =
A−e−iωR∗

. An unstable mode satisfies Z = A−eωI R∗ → 0. Hence 
unstable perturbations satisfy Z(r = rH ) = Z(r = ∞) = 0.

With these boundary conditions, absence of any unstable 
modes would follow from the positivity of the potential - see 
e.g. [2,27–29] and below. It turns out, however, that the poten-
tial always has a negative region. For solutions in the cold branch 
the potential is strongly negative close to the horizon. We show an 
example in Fig. 4 (left panel), blue curve. For solutions in the hot 
branch, on the other hand, the potential also has a negative part; 
however, this occurs away from the horizon. Moreover, this nega-
tive region of the potential becomes smaller along the hot branch, 
when moving away from the bifurcation point, i.e. for larger q. 
This is illustrated in Fig. 4 (left panel), orange and red curves. The 
bottom line of these considerations is that the potential is not pos-
itive definite. Consequently, this analysis is inconclusive concerning 
radial stability.

In order to assess the radial stability of the scalarised solutions 
we resort to an explicit computation of possible unstable modes. 
Following the procedure used in other cases [30], we have suc-
cessfully obtained unstable modes of the previous potential, but 
only for the scalarised solutions in the cold branch. The results are 
shown in Fig. 4 (right panel), where we exhibit the positive imagi-
nary part of the mode frequency, scaled by the mass, as a function 
of q. As the figure shows, cold scalarised BHs (first branch) have 
an unstable mode (ω = iωI , with ωI > 0). The absolute value of ωI

becomes very small at both end-points of this branch: close to ex-
tremality (q → 1) and close to the bifurcation point with the hot 
branch. For hot scalarised BHs (second branch), however, we could 
not obtain numerically any unstable mode for any solution in this 
branch. This includes solutions for which the reduced area is lower 
than that of a comparable RN BH. Thus, from this analysis we can 
conclude that cold scalarised BHs are radially unstable, but nothing 
can be concluded about hot scalarised BHs.

4.1. S-deformation method

Since for hot BHs the potential is always negative in some re-
gion, unstable modes may exist, albeit we could not find them in 
the previous section. The S-deformation method [19–21], however, 
allows us to show that this is not the case, and that all solutions in 
the hot branch are in fact radially stable. Let us first briefly explain 
the procedure and then prove this statement.

Multiplying (4.22) by Z̄ (where the over bar denotes complex 
conjugation), integrating from the horizon (R∗ = −∞), to R∗ = ∞, 
and then using partial integration, we are left with

∞∫
−∞

dR∗(∣∣∣ dZ

dR∗
∣∣∣2 + Vr |Z |2

)
= ω2

∞∫
−∞

dR∗|Z |2 , (4.25)

where we have used the boundary conditions on Z for unstable 
perturbations. For unstable modes (ω2 < 0), the right side is neg-
ative. This means that for unstable modes to exist Vr cannot be 
strictly positive, a result already quoted above.

Next, we generalize (4.25) by introducing the S-deformation 
function. To do this, first rewrite (4.22) by making use of the iden-
tity

− Z̄
d2 Z

dR∗2
= − d

dR∗
(

Z̄
dZ

dR∗
)

+
∣∣∣ dZ

dR∗
∣∣∣2

. (4.26)

Then, introduce an arbitrary S function (deformation function) into 
the wave equation

− Z̄
d2 Z

dR∗2
+ Vr |Z |2 = − d

dR∗
(

Z̄
dZ

dR∗ + S|Z |2
)

+
∣∣∣ dZ

dR∗ + S Z
∣∣∣2

+
(

Vr − S2 + dS

dR∗
)
|Z |2 = ω2|Z |2 . (4.27)

Now repeat the integration. After using partial integration we get

−
[

Z̄
dZ

∗ + S|Z |2
]∞
dR −∞
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Fig. 5. (Left panel) Effective radial potential as a function of the radial compactified coordinate for several hot BH solutions. (Right panel) S-deformation function for the 
same solutions.
+
∞∫

−∞
dR∗

[∣∣∣ dZ

dR∗ + S Z
∣∣∣2 +

(
Vr − S2 + dS

dR∗

)
|Z |2

]

= ω2

∞∫
−∞

dR∗|Z |2 . (4.28)

Next, we restrict the possible S functions. We assume this func-
tion is smooth everywhere and it does not diverge at the bound-
aries. These conditions, together with the boundary condition for 
unstable perturbations make the first term of the previous expres-
sion vanish. We are left with

∞∫
−∞

dR∗
∣∣∣ dZ

dR∗ + S Z
∣∣∣2 +

∞∫
−∞

dR∗(Vr − S2 + dS

dR∗
)
|Z |2

= ω2

∞∫
−∞

dR∗|Z |2 . (4.29)

The first term in the left hand side is positive. The right hand side 
is negative, if ω2 < 0. Thus, if we show that the second term of 
the left hand side is positive or vanishes, we establish no modes 
with ω2 < 0 are possible, for this potential. Observe that this does 
not require the potential Vr to be strictly positive anymore.

In practice, the absence of unstable modes is established by 
defining the deformed potential V̂ r [19–21]:

V̂ r = Vr + dS

dR∗ − S2 . (4.30)

Then, it is enough to show that it is possible to make V̂ r = 0. This 
implies the original potential does not contain unstable modes. 
Such condition defines a Riccati-type differential equation

dS

dR∗ = S2 − Vr , (4.31)

or

dS

dy
= dr

dy

dR∗

dr
(S2 − Vr) , (4.32)

where y = 1 − rH/r, dr/dy = rH/(1 − y)2 and dR∗/dr = eδ/N . Since 
the potential is zero at r = rH (y = 0) and r = ∞ (y = 1), a solution 
of (4.32) has to satisfy S(y = 0) = S(y = 1) = 0.

We have numerically integrated (4.32), reading off the potential 
Vr from the numerical scalarised BH solutions. A few examples of 
the potential for hot scalarised BHs (interpolating between points 
with a cubic spline) are shown in Fig. 5 (left panel). The differential 
equation is solved with boundary condition S(0) = 0 in a domain 
y ∈ [0, 1]. The result of the integration is that we were able to find 
solutions for S(y) - Fig. 5 (right panel). The deformation function 
approaches zero at the right side. It was possible to obtain the 
deformation function for all hot BH solutions we have tackled. This 
includes solutions for which the reduced area is lower than that of 
a comparable RN BH - e.g. the blue curve in Fig. 5. Thus, since we 
have managed to obtain a regular S function for the BH solutions 
in the second branch, hot scalarised BHs are radially stable, even 
though the original potential is not strictly positive everywhere.

As a final remark, if the same procedure is attempted for solu-
tions in the first branch, one cannot integrate (4.32); the equation 
develops a singularity. This is consistent, of course, with the fact 
that we have numerically obtained unstable modes for cold BHs. 
Thus, it is clear that the S function cannot exist.

5. Remarks and a curious analogy

In this work we have analysed EMS models of subclass IIB, ac-
cording to the classification in [3]. In these models there are both 
RN and scalarised BHs, but the RN BHs do not suffer any pertur-
bative instability triggered by the scalar field. Our analysis focused 
on the particular case of a quartic coupling function and unveiled 
a number of qualitatively distinct features, as compared to the pre-
viously analysed EMS models of class IIA.

Amongst the novel features, we have unveiled a new type of 
non-uniqueness, amongst EMS models. For some regions of the do-
main of existence there are three different BH solutions, the scalar-
free (or bald) RN BH and the scalarised (or hairy) cold and hot BHs. 
As described in the introduction this is qualitatively different from 
what occurs in subclass IIA EMS models; but it exhibits a very 
curious analogy with a model which, a priori, seems completely 
unrelated. This analogy pertains to five dimensional vacuum Ein-
stein gravity.

An influential result in BH physics was the discovery of the 
vacuum black ring in five dimensional Einstein’s gravity [31,32]. 
Black rings come in two types (fat and thin) and co-exist with the 
Myers-Perry BH [33] in five dimensional vacuum gravity, being dis-
tinguished by their event horizon topology. They carry two phys-
ical parameters, mass M and angular momentum J , but they are 
typically characterised by a set of reduced quantities: respectively, 
the reduced angular momentum, horizon area and temperature:

j = 3
√

3π J
3/2

, aH = 3
√

3 AH
3/2

,

4 2 M 16 π M
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Fig. 6. (Left panel) Branches of five dimensional vacuum gravity black rings (red curves) and Myers-Perry BHs (blue curve) in a reduced area vs. reduced angular momentum 
diagram. (Right panel) Reduced temperature vs. reduced angular momentum for the same solutions. Black rings are colder when they are fat (in the first branch) and hotter 
when they are thin (in the second branch).
tH = 4

√
π

3
T H

√
M . (5.33)

The overall factors in the above expressions are taken to agree with 
the usual conventions in the literature [34,35].

In Fig. 6 we exhibit the BHs of vacuum five dimensional grav-
ity in a reduced area (left panel) and a reduced temperature (right 
panel) vs. reduced angular momentum plot. The parallelism with 
Fig. 2 (left panel) and 3 is uncanny, with [Myers-Perry BHs, fat 
rings, thin rings] playing the role of [RN, cold scalarised, hot 
scalarised] BHs and the reduced angular momentum being mapped 
to the reduced charge.

In particular, one observes that the Myers-Perry (RN) BHs ex-
ist for a finite range of 0 � j � 1 (0 � q � 1), where the solution 
with j = 0 (q = 0) corresponds to the Tangherlini (Schwarzschild) 
BH. Black rings (scalarised BHs), on the other hand, can be over-
rotating (over-charged). At j = 1 the fat black rings and the Myers-
Perry BHs degenerate to the same (singular) extremal solution. On 
the other hand, the cold scalarised BHs connect with the (regu-
lar) extremal RN BH at q = 1. Fat black rings become thinner, with 
lower j and larger aH until a bifurcation point, where they be-
come thin black rings. Cold scalarised BHs become hotter, with 
lower q and larger aH until a bifurcation point, where they become 
hot scalarised BHs. Thin black rings (hot scalarised BHs) become 
over-spinning (over-charged). At the moment, however, no further 
weight can be given to this curious analogy.

Let us close with two questions and one remark. Firstly, how 
generic is the behaviour of the quartic coupling within class IIB? 
Secondly, are the hot scalarised BHs stable against all perturba-
tions? If so, this model would offer the remarkable situation of two 
stable BH local ground states. Or, alternatively, are these spherical 
BHs unstable against non-spherical perturbations? Either possibil-
ity provides an exceptional scenario in BH physics and answer-
ing this question is certainly a meritable research programme. A 
possible strategy to tackling these questions is to perform numer-
ical relativity simulations in this model, of the sort performed 
in [1,2,11]. But instead of starting with a RN BH and observing 
scalarisation, one wants to start with the scalarised solutions and 
address their stability. In fact, this technique can even address, in 
principle, their non-linear stability. Finally, all solutions herein are 
fundamental states, in the sense the scalar field has no nodes. We 
have checked that excited solutions also exist, with their own hot 
and cold branches. However, our results indicate that all of these 
excited solutions are unstable under radial perturbations.
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