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Abstract: A method to obtain the absolute measure of the position is by 
means of the autocorrelation of two zero reference marks. In one-axis 
measurement systems one dimensional mark are used and the design of 
these marks is relatively complex. When the movement is in two-axes, two 
dimensional reference marks are required and they are even harder to 
design. We report a method of global optimization to calculate the optimal 
two dimensional zero reference marks which generate the reference signal 
with the highest central peak. This method proves to be a powerful tool for 
solving this problem. 
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1. Introduction 

The absolute measure of the position is especially important in precision engineering, 
nanoscience and nanotechnology. Actually, the increasing demand for high resolution in 
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lithography and mask-alignment has created a strong incentive for design new techniques of 
alignment. In 1972 King and Berry, Ref. [1], were the first to use the moiré technique for 
optical lithographic mask alignment. The technique consists of passing a light beam through a 
pair of gratings. The variation of light intensity in some diffracted order depends on the lateral 
displacement of a grating and this variation is registered in a photodiode. The modulation of 
the generated signal, named “moire signal”, strongly depends on the gap between the gratings. 
The signal modulation vanishes outside of the Talbot planes. Since then, several authors have 
used this technique in different forms. In Ref. [2], Chitnis et al. used a phase shifted pairs of 
gratings. In this configuration, the system improves the behavior with regards to small 
variations in the gap between gratings.  

On the other hand, in grating measurement systems (displacement transducer), a reference 
signal (or zero reference signal) is an important addition to an incremental displacement 
measurement system for achieving absolute position, an origin of a coordinate, or a machine 
home position. To acquire a zero reference signal, gratings with adjacent Zero Reference 
Codes (ZRC) have been developed since 1986, Ref. [3]. The ZRC consist of a group of 
unevenly spaced transparent and opaque slits. When a ZRC moves with respect to another, the 
two ZRCs overlap. A parallel ray beam propagates through both codes and the total amount of 
transmitted light is registered by means of a photodiode. The reference signal is the output 
from this photodiode and it is the correlation between the two ZRCs. The characterization and 
design of optimum codes to obtain suitable reference signals has been studied in Ref. [4-5]. In 
these works there is not a systematic method of calculus from which arbitrary length ZRCs 
could be obtained. In Ref. [6], we have presented an algorithm for the design of ZRC which 
generate optimum reference signal for arbitrary length of the codes by means of a direct 
search algorithm.  

In Ref. [7], Huang et al. proposed a new kind of 2-dimensional binary codes for precise 
positioning and alignment. These 2D codes are made up of unevenly located, opaque pixels 
on a transparent substrate. The system operation is similar to the one used with one-
dimensional zero reference signals. When the movement takes place on the XY plane, the 
signal is obtained as the two-dimensional correlation of the ZRCs. Therefore, two-axis 
alignment can be detected with a simple system. Despite the simplicity of the optical 
alignment system, high quality two-dimensional ZRCs are much harder to design than its one-
dimensional counterparts. In this work we demonstrate that a global optimization algorithm 
can also be used to quickly obtain two-dimensional ZRCs with optimal correlation properties. 
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Fig. 1. Two-dimensional alignment system based on two-dimensional ZRCs 

2. General considerations 

Two dimensional ZRCs consist of a set of specially coded elements that can be implemented 
as two-dimensional binary codes. In Fig. 1 we show the alignment system. The ZRCs are 
parallel to each other and at least one of them is set in an XY mobile stage. A collimated beam 
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passes through them in the perpendicular direction and the total transmitted flux is detected in 
a photodiode. The output signal depends on the relative displacements along the X and Y 
directions. In order to increase the maximum of this signal, the two codes are made identical 
so that the reference signal becomes the autocorrelation of the same repeated ZRC. 

In general, the structure of the 2D ZRC can be represented by the following matrix of 
binary data 

 { }
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, 0,1
n

ij ij

n nn

c c

c c

c c
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where n2 is the total number of elements of the ZRC, cij=1 if a transparent pixel is located at 
the ij-position, and cij = 0 elsewhere. The number of transparent pixels is n1. The sizes of the 
transparent and opaque regions in the ZRC are integer multiples of the width of a single pixel. 

We will assume that the illuminating light is a parallel ray beam and diffraction effects 
are negligible. This approach is valid when the gap between ZRCs is small with regard to the 
size of the pixels in the code and this size is greater than wavelength of the illuminating light.  

When the two ZRC have relative displacements of k and l units in the X and Y directions 
respectively, the signal registered in the photodiode is proportional to 

 ,
1 1

n n

kl ij i k j l
i j

S c c + +
= =

=∑∑ , (2) 

where , 1,..., 1k l n n= − + − , and the signal Skl is the autocorrelation matrix of the two ZRC 
defined in Eq. (1). S00 is the signal obtained when the relative displacement between the ZRCs 
is zero. It is the central maximum and is equal to the number of transparent pixels, n1 
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1 1 1 1

n n n n

ij ij
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S c c n
= = = =

= = =∑∑ ∑∑ . (3) 

The secondary maximum of the signal is 
 [ ]

2 2 0
max kl

k l
Sσ

+ ≠
=  (4) 

where 2 2 0k l+ ≠  mean that 0k ≠  and 0l ≠  at the same time. 
The most important parameter that characterize a zero reference signal is the ratio 

between the secondary and the main maximum, 00K Sσ= . A good zero reference signal must 
be a single and well distinct peak, so the secondary maxima of the correlation signal must be 
low. The smaller K value, the higher the sensitivity and robustness of the zero reference 
signal. 

In absence of diffraction, the size of the pixels of the ZRC defines the width of the central 
peak of the reference signal and this width is the resolution of the alignment system. The 
diameter of the light beam limits the number of pixels in the ZRC and in turn, the sensitivity 
of the photodiode determines the minimum value for the central maximum of the signal, that 
is, the number of transparent pixels of the ZRC. According with these working requirements, 
we have n and n1 predetermined and we have to minimize the second maximum of the signal, 
σ.  

In the following section we calculate a new lower bound for the second maximum of the 
signal. In sections 4 and 5 we propose a computation method to obtain the optimum two 
dimensional ZRC with the lowest second maximum. 

3. The lower bound of the second maximum 

In one dimension displacement, a lower bound of the second maximum has been obtained by 
Yajun in Ref. [5]. In two dimensional displacements, Chen et al. Ref. [7] obtained a lower 
bound for two dimensional ZRC’s, assuming that all n1 transparent pixels are concentrated in 
one corner of the ZRC. This lower bound is very conservative, and it is given by: 
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We will obtain a new value for this bound by means of a generalization of the one 
dimensional bound from Yajun, Ref. [5]. The two dimensional autocorrelation satisfy the 
following properties: 

i. When a code moves with respect to the other a full run along the x and y 
directions, the integrated light intensity registered in the photodiode is: 
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ii. The autocorrelation of a ZRC is symmetric, , ,k l k lS S− −= . 

iii. The value of klS is equal to the number of coincident transparent pixels when a 
code is displaced k and l units in the x and y directions respectively. In this case, 
a transparent pixel (cij = 1) coincide with other transparent pixel (ci+k,,j+l = 1) if 
both elements are in the code, that is, if there is a substructure with dimension 
(k+1, l+1) in the ZRC,  
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where { }0,1X ∈ . Moreover, the value of klS  is the number of these type of 

substructures in the ZRC with dimension ( )1, 1k l+ + . Being the code 

dimension n×n, the maximum number of substructures contained in the code are 

( )( )n k n l− − , so 

 ( )( )klS n k n l≤ − − . (8) 

For large values of k  and l  (approaching n), the number of substructures 

contained in the ZRC is small and this upper bound is also small, Skl≤ 0 for k=n 
and l=n. On the other hand, when the displacements k  and l  are small 

(approaching 0), the upper bound is large and very rough, Skl≤ n2 for k=0 and 
l=0. 

iv. Considering the first maximum S00 in Eq. (3) and the second maximum σ in Eq. 
(4), we can establish another upper bound for the signal, 

 
2 2 0

kl
k l

S σ
+ ≠

≤ . (9) 

 This upper bound is a constant and obviously, σ = n1 ≤ n2. 
For k and l close to n, the lowest bound is given by Eq. (8), and for k and l close to 0, Eq. 

(9) establishes the lowest bound. A limit between two regions can be established when two 
bounds are equal. 

 1
1

l n
n k

σ= −
−

. (10) 

Then, when 1l l≤  the lowest bound is the Eq. (9), whereas if 1l l>  it is the Eq. (8). 

For some values of k1 and σ, the Eq. (10) can be negative and we only have the bound given in 
Eq. (8). These values are for  

 k n
n

σ> − . (11) 
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Finally, if k n nσ≤ − , Skl has two upper bounds, 
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On the other hand, if k n nσ> −  we only consider an upper bound, 

 ( ) ( ) 0 1klS n k n l l n= − − ≤ ≤ − . (13) 

In order to estimate a lower bound for σ, we replace the signal Skl by the upper bound in 
the Eq. (6). For this purpose, by means of property (ii), we split the Eq. (6) in three terms: 
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In order to calculate the first sum at the right of Eq. (14), we split it using Eq. (12), 
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We also split the second sum at the right of Eq. (14) according to the values of k and l, 
and using the inequalities given in Eq. (8) and Eq. (12),  
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The last sum is bounded for 
1

n n

k

n n
n k n

σ σ σ−

=

⎛ ⎞≥ −⎜ ⎟− ⎝ ⎠
∑ . Substituting the Eq. (16) and Eq. (15) 

into Eq. (14) and using Eq. (3) and Eq. (6) we obtain: 
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The second maximum of the signal must fulfill the inequality 
 1σ σ≤ , (18) 

where σ1, the lower bound for the second maximum of the signal, it is one of the 
solutions of the second order equation, Eq. (17). In particular, 
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Although there are some simple cases in which this bound is reached, we have no evidence 
that for any values of n and n1, at least one ZRC could be found for which the equality sign 
holds. 

Now, the objective is the calculation the ZRCs whose autocorrelation has the minimum 
second maximum, for this, we will use the DIRECT algorithm.  
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4. Direct algorithm 

DIRECT is an algorithm developed by Donald R. Jones et al. Ref. [8] for finding the global 
minimum of a multivariate function subject to simple bounds, using no derivative 
information. DIRECT is a sampling algorithm, that is, the algorithm samples points in the 
domain of the function, and uses the information it has obtained to decide where to search 
next. The name DIRECT comes from “DIviding RECTangles”, which describes the way the 
algorithm moves towards the minimum. The first step in the algorithm is to transform the 
search space in a unit hypercube. The function is then sampled at the center of this hypercube. 
The hypercube is then divided into smaller hyperrectangles whose center-points are also 
sampled. Normally, the Lipschitz constant of the objective function is utilized for determining 
the next rectangle to sample. As the Lipschitz is not known, DIRECT identifies a set of 
“potentially optimal” rectangles corresponding to all the combinations of Lipschitz constants 
and rectangles sizes in each iteration. All “potentially optimal” rectangles are further divided 
into smaller rectangles whose centers are sampled. This method does not have a natural way 
of defining convergence and DIRECT typically terminates when a user-supplied limit of 
function evaluations is reached. Unless the global minimum value is known, there is no way 
to assure that it is reached. In practice, if the optimal value does not change when increasing 
the number of evaluations we can consider it a global minimum. 

5. Description of the modeling and results 

We will apply DIRECT algorithm to the design of an optimum ZRC. For this application, the 
objective function is, 

 ( ) { }
2 2 ,

0 1 1

min , ( ) max ,
n k n l

kl kl ij i k j l
k lbinary i j

f f S S c c
− −

+ +
+ ≠∈ = =

= =∑∑
c

c c  (20) 

where ( )f = σc  is the second maximum of the autocorrelation signal, c is a binary matrix and 
the constraint is  

 1
1 1

n n

ij
i j

c n
= =

=∑∑ , (21) 

the constraint is the maximum of the signal which is equal to the number of transparent pixels 
in the ZRC, Eq. (3). 
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Fig. 2. Height of the second maximum of the autocorrelation with n=10. The continuous graph 
is the reached with DIRECT, the dotted one is a lower bound calculated theoretically in Eq. 
(19) and the dash-dot one is the bound showed in Eq. (5). 
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A comparison between the theoretical lower bound of σ given by the Eq. (19), the 
conservative lower bound given by Chen et al. (Eq. (5)), and the value of the second 
maximum reached with DIRECT is shown in Fig. 2. The optimizations were done with 100 
elements, n = 10, and a variable number of slits in the interval from 1 to 99. From this figure, 
it can be seen that in few cases it is possible to reach the theoretical lower bound and this 
takes place when the number of transparent pixels is small. In Fig. 3, we show the optimum 
autocorrelation signal for a ZRC with 10x10 elements and 50 slits. 
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Fig. 3. Optimum reference signal for n=10 and n1=50. 
 

Another advantage of the DIRECT method is that the algorithm finds some equivalent 
solutions with the same second maximum. Among these solutions, it is possible the selection 
of the ZRCs by taking into consideration other secondary (optical) criteria: sensibility to 
diffraction, sensibility to non-uniformity of the light beams, Ref. [6].  

5. Conclusions 

The design of optimum 2D zero reference marks is a very demanding task in term of 
computing, due to the quadratic growth of the number of pixels as a function of the code 
dimension. At the present, there is not a systematic method to calculate zero reference marks 
which generate the optimum reference signal. We have obtained a new theoretical lower 
bound for the amplitude of secondary peak in the autocorrelation signal, which is a measure of 
the quality of the ZRC. In one dimension, the previous techniques may tackle the design of 
one dimensional ZRC’s up to 25 elements. In two dimensional codes this capacity establishes 
a limit for the dimension of the ZRC to just 5x5 elements. The application of the DIRECT 
algorithm allows expanding the design capability for greater values of 10x10 elements. We 
have demonstrated that the technique is also valid for two dimensional ZRC, which are 
necessary for two-dimensional alignment. We demonstrate that the algorithm obtains many 
two dimensional ZRC with the same optimal value of the objective function. This allows for a 
selection in order to obtain codes with other optimal properties.  
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