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Abstract

A new description of the universal Whitham hierarchy in terms of a factorization problem
in the Lie group of canonical transformations is provided. This scheme allows us to give a
natural description of dressing transformations, string equations and additional symmetries
for the Whitham hierarchy. We show how to dress any given solution and prove that any
solution of the hierarchy may be undressed, and therefore comes from a factorization of a
canonical transformation. A particulary important function, related to the 7-function, appears
as a potential of the hierarchy. We introduce a class of string equations which extends and
contains previous classes of string equations considered by Krichever and by Takasaki and
Takebe. The scheme is also applied for an convenient derivation of additional symmetries.
Moreover, new functional symmetries of the Zakharov extension of the Benney gas equations
are given and the action of additional symmetries over the potential in terms of linear PDEs is
characterized.

1 Introduction

Dispersionless integrable models, see [14],[31], [32] and [l 1], appear in the analysis of various
problems in physics and applied mathematics from the theory of quantum fields, see [12] and
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[2], to the theory of conformal and quasiconformal maps on the complex plane, see [5]-[10]. The
new millennium brought new applications of these models, see [29]-[28], in different areas, as
for example integrable deformations of conformal maps e interfacial processes.

The Krichever’s universal Whitham hierarchies, see [11]-[12], are the integrable systems in-
volved in these applications. These hierarchies include as particular cases the dispersionless KP,
dispersionless modified KP and dispersionless Toda hierarchies, see [29]-[1] and [8]-[23]. The
role of twistor or string equations for studying dispersionless integrable models was empha-
sized by Takasaki and Takebe in [23]-[27]. Solutions of these string equations have attractive
mathematical properties as well as interesting physical meaning.

The objective of this paper is to formulate the factorization problem for the zero genus
Whitham hierarchy within the context of Lie groups of symplectic transformations, and to give
a natural and general formalism for string equations and additional symmetries. In particular,
we characterize an special class of string equations, related to a Virasoro algebra. It turns out
that this class determines not only the solutions of the algebraic orbits of the Whitham hierarchy
[12] but also the solutions arising in the above mentioned applications of dispersionless integrable
models [18]-[19].

The layout of the paper is as follows. In §2 we introduce the Lie algebraic splitting for Hamil-
tonian vector fields and the corresponding factorization problem for canonical transformations.
Then, in §3 we show how deformations of the factorization problem of canonical transformations
lead to solutions of the Whitham hierarchy. We remark a particular system of equations within
the hierarchy: The Boyer—Finley—Benney equations, which extend the Boyer—Finley and the
Benney equations, respectively. Here we also introduce a potential function of the hierarchy
from which all the fields of the hierarchy are gotten by appropriate derivations. In a forthcoming
paper [20] we show that this function is the z-derivative of —log 7, where 7 is the 7-function of
the hierarchy. We proof that any solution of the Whitham hierarchy may be obtained from a
factorization problem; i.e. it may be undressed. To conclude the section we extend the factor-
ization scheme to get the dressing of any given solution of the Whitham hierarchy. In section
4 we consider the string equations in the context of the factorization problem. For that aim
we introduce the Orlov—Schulman functions, and show that the factorization problem leads to
string equations. Thus all solutions of the Whitham hierarchy fulfill certain set of string equa-
tions. In [20] we show that any solution of the string equations is a solution of the Whitham
hierarchy. We finish this section by introducing some particular factorization problems and
the corresponding string equations which generalize and contains as particular cases, the string
equations of Krichever and of Takasaki—Takebe. Finally, §5 is devoted to the study of additional
symmetries of the Whitham hierarchy. First we derive the additional symmetries from the fac-
torization problem, and then characterize its action over the potential function of the hierarchy.
We compute the additional symmetries of the mentioned Boyer—Finley—Benney system and ob-
tain a set of explicit functional symmetries. In particular, for the Zakharov extension of the
Benney system we get explicit functional symmetries depending on three arbitrary functions of
variable. We conclude by considering the action of Virasoro type of additional symmetries on
our extension of the Krichever and Takasaki—Takebe string equations and showing that solutions
of string equations are invariant solutions under a Lie algebra of additional symmetries, which
contains two set of Virasoro algebras.



2 The factorization problem

2.1 Lie algebraic setting

We present a splitting which is inspired in [22] and in [15], where it was used for a better
understanding of harmonic maps and chiral models. The factorization problem technique was
applied to the dispersionless KP hierarchy in [7], and is inspired in the dressing method proposed
by Takasi and Takabe in the series of papers [23]-[27].

Given the set {q,(f)}gio c C, q(()o) = 00, of punctures in the extended complex plane, we
introduce the local parameters p;l where

Py = {p, o MZQ,
(pP—q; )", p=i€s,
and
S:={1,...,M}.
For each set of punctures we consider the set R of rational functions in p with poles at the

punctures; i.e., the functions f = f(p) of the form

M Ny

=22 d

pn=0n=0

where N, € N. In this paper we use Greek letters like 4 to denote an index that runs from 0 to

M, and Italic letters like 7, when it runs from 1 to M.

For each puncture q,30> we consider the set £, = C(p,) of formal Laurent series in p, and

the subset E; defined as

L =

{p—lcup—l]L for p =0,

Cllp—q¢"]], forp=ies.

i

Here C[[p]] denotes the set of formal power series in p. Finally, we define

M M
L:=Pc,. £ =P,
pu=0 n=0

Given an element (fo, f1,..., fum) € £, let f(, ) be the polynomial in p;l such that fu_ =
Ju—Jfu+) € E;. Then, there exists a unique rational function f € R whose principal parts at

qg)) are given by f, 4) (observe the normalization condition at co), namely

M
f= Zf(uﬂr)'
n=0

Moreover, we have a unique splitting of f,, of the form
fu=1f.+7f
with

fo=F =) f ety
vEN
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Figure 1: Graphical illustration of the splitting.

Therefore, we conclude that the following splitting
L=L &R (1)

holds.

The above construction can be extended in the following manner. Let us consider, for i € S,
the disk D; containing the point qi(o) with border the clockwise oriented circle v; := dD;, and
also the disk Dy, centered at 0, which contains all the other disks D;, i =1,..., M, with border
the counter-clockwise oriented circle vy := 0Dy. Let D := D§U (Uf‘i 1 Di) and v := U,Jl/[:o o
here D§ := C\Dy is the complementary set of the disk Dy. We will consider the completion
of L as the set of complex functions over I'. We complete the rational splitting by extending
L, as those complex functions over v, which admit analytic extensions to its interior, and for
1 = 0 such that the extension vanishes at co. Then, L~ = EB;JY[:OEE and R is the set of complex
functions on I' such that they do have an holomorphic extension to C\ D. In this context (1)
also holds. We refer to Figure 1 for a graphical illustration of the rational splitting and its
completion. Now, we shall extend the above splitting to the Lie algebra of symplectic vector
fields. In spite that normally the coordinates (p, x) are real, here we will consider that they take
complex values. This extension does not affect the standard local symplectic constructions.

The local Hamiltonian vector fields

0 0

are the divergence free vector fields A, + B, = 0, and locally there exists a Hamiltonian function
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H such that

o, ot
ox dp
The Poisson bracket in the set F of differentiable functions of p and z is locally given by

HH)= ——— = ———
{#,H} Op Ox  Ox Op
and the pair g := (F,{-,-}) is a Lie algebra. The set of inner derivations of g
adH—{H}—aHa 0H 0

ap or  owap M

may be locally identified with the set of Hamiltonian vector fields. If fact, the set of locally
Hamiltonian vector fields constitute a Lie algebra under the Lie bracket given by the Lie deriva-
tive of vector fields, and we have that

[(Xn, Xl = X 1,1y

so that the mapping H — X g is a Lie algebra homomorphism with kernel given by the constant
functions; i.e., the center of the Lie algebra of Hamiltonian functions.

We denote by gy, g, , and t, the Lie subalgebras of g such that the corresponding Lie algebras
of Hamiltonian vector fields ad g, ad g,, and ad v are built up from vector fields with coefficients
in £,, £, and R, respectively. Here, we suppose that the coefficients of the vector fields are
complex valued functions. Let us describe in more detail these Lie algebras:

1. The Lie algebra v . The components A and B of a Hamiltonian vector field

0 0
adH_A8_p+B8_x cadr

are A= —H, and B = H, with

H = Zh f:(hlglogp qZ —I—Z ))
i=1

j=1 (p— qz
and ;o = 0.
2. The Lie algebras g,,. The components A, and B, of a Hamiltonian vector field
adH, = A, 8 cadg,
" op 8

are A, = —H,, and B,, = H,, , with
,u - huO IOg pu Z h,Lm pM ) huO,m =0.
n>—oo

3. The Lie algebra g~ . The components A, and B, of a vector field

8 0

adHH—A a ua—xeg;,

are A, = —H,, and B,, = H,, , with

Hy = hoologp+ > hon(z)p™", H;= th — ),

n=1

with hOO,r =0.



Now, we define the Lie algebras

M M
s=Po. o =P,
=0 u=0

and realize that, modulo constants, the splitting (1) in this context is
adg=adg” +adr

which in turn is equivalent to
g=g +ru
The Lie algebras g;, for ¢ = 1,..., M, have a further splitting into three Lie subalgebras:
g, =0) +oi o7,

where

o = {ho@)}h, of = (@@ 0"} 07 = {ha@)r—a”) + his@)p—a”) + )

and {g¥ +g},97} C g7. The above splitting induces the following splitting into Lie subalgebras
of divergence free vector fields

adg; :adgg—i—adgil—i—adgf.

2.2 Lie group setting

We now extend the previous construction from the context of Lie algebras to the corresponding
Lie groups of canonical transformations. Associated with each Hamiltonian vector field X g =
ad H we have the corresponding Hamilton’s equations p = —H,, & = H,, that when integrated
provides us with a flow ®{7, a 1-parameter group of symplectic diffeomorphims, (p(t),z(t)) =
®H (pg, xg) for given initial conditions (p, x)|t—o = (po, zo). The exponential mapping is just the
evaluation at t = 1; i.e. exp Xy = @{il. The group of symplectic diffeomorphims is a smooth
regular Lie group with Lie algebra given by the set of Hamiltonian vector fields [9]. Symplectic
diffeormorphims are also known as canonical transformations.

It can be shown [9] that the adjoint action of the group of symplectic diffeomorphims on its
Lie algebra (i.e., the set of Hamiltonian vector fields) is given by the action of the corresponding
induced flow:

Ad eXp(SXH)(Xﬁ) = ((I)I—{s)*XH = T(I)f © XH © q>1—{s = X(<I>fls)*ﬁ = XAdeXp(sH)ﬁ’ (2)

where
l

~ ~ - = (sad H)
A&WMHHL:@ﬂﬁH:€MHH:§:—TT—H
1=0 ’
That is, modulo constants, the adjoint action of a symplectic diffeomorphism of the form
exp(X p7) acts on the Hamiltonian functions as e #:

exp(X i) Ad, gadH



The rational splitting of Lie algebras of Hamiltonian vector fields may be exponentiated to
a Birkhoff type factorization problem

exp(X,) = exp(X;)_1 oexp(X) with X, € adg,, X, €adg, and X € adr,

where we are now dealing with complex vector fields.
We will consider a particular class of Hamiltonians, namely those of the following form

[e.e]
T, := (1 = 0pu0)tuo log pu + Z tunD),- (3)
n:1+6u0
Given 4nitial canonical transformations ®,, u = 0,..., M, we consider deformations exp(X,)o

®,, which area new canonical transformations that now depend on the deformation or time
parameters

t:= (tun)-

We will consider the factorization
exp(XT,)o0®, = exp(X;)_1 oexp(X) with X, € adg, and X € adr. (4)
Equation (4) is fulfilled if the following factorization problem is satisfied
4T adGu — gmadHy gad H - (it H, €g, and H €, (5)

where,

By = exp X, X, =X, X = Xu.

The existence problem for (5) will not be treated here. Anyhow, we will assume that all
times |t,,,| and initial conditions are small enough to ensure that such factorization exists (notice
the trivial existence for 7), = 0 and G,, = 0).

Observe that given a set of initial conditions {Gu}ﬁ/fzo the factorization problem (5) consists
in finding H,, p = 0,...,M, and H as functions of ¢. Let us right-multiply both terms of
the equality (5) by a term of the form e* ¢ where G € r. On the left-hand term we have

e2dTu adGu wwhere the new initial conditions are

Gy = C(GyG) = Gyt G+ 5{Gp G + T5({Gp (G G} 4 (GG, G + -+, (6)

and C(-,-) is the Campbell-Hausdorff series in Dynkin form, so that

02 Gy ad G _ ad G, _ (7)
A solution of this new factorization problem is given by H . = H, and H=C(H,G) e, so
that H, remains invariant. Let us now left-multiply both terms of the equality by eaden (p)
with ¢, € ¢, being ¢, C g,, the Abelian subalgebra of Hamiltonians in g,, which only depend
on p. As {c,,T,} = 0 we have etden gad T gadGu — gad T @ad Gy with G, = C(c,,Gp). The
solution of the transformed factorization problem (5) is given by H, = C(c,,H, ) and H = H.

Therefore, once we have a solution (H,,, H) for an initial condition G/, it is trivial to find
solutions (H o H) for initial conditions C (¢, C(Gyyt)). The orbits edeu @ad Gu eadt (egeribe
the moduli space of solutions to the factorization problem (5). Thus, if we concentrate on the
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adGu eadr (or the Hamiltonian

right action of v, we may take G, € g, and the right coset e
C(G,, 1)) as the point in the moduli.

As we will see the factorization problem (5) for the action of symplectic diffeomorphims on
the set of functions (observables) implies the Whitham hierarchy. Therefore, the factorization
problem (4) for symplectic diffeormorphism is also associated with the Whitham hierarchy.
To get these results we will use a well known tool in the theory of regular Lie groups: the
right logarithmic derivative as defined in [9], see the Appendix. If we have a smooth curve

H : T — C®(N), assuming that 7 is the time manifold with local coordinates given by

t = (tun) and denoting Oy, := , the right logarithmic derivative is

Otun

1
56Xp(XH)(8un) = / (@Ifs)*(TtXH(E?W))ds = X(SeadH(é),m)7
0

where L I
> (ad H) ~
5eadH(8u )::/ (<I>H ) (OpunH)ds = Z (8 OunH
n —s n 1 Yun
0 pors (1+1)
In particular,
.. OT,(p) i, n#0
exp( Tu)( iz ) %};”) wil 8tun 10g(p _ qZ(O))v n=0,u=r:.

Now, we are ready to take right logarithmic derivatives, using (95), of the factorization problem

(4),
5 exp(X;) (Dn) + Sy Ad exp(X ;1) (X am,10) = 8 exp(X) (D). ®)

Dtpm

Which, using the corresponding Hamiltonian generators
X, =X Hoo X=Xy
we get, modulo constants, the following system

ad H- ad i~ (OT.(p
eI (0,,) 4 8,10 (ZHEL) 51 (p,) )
un

which may be derived directly from (5) by taking right logarithmic derivatives.

3 Dressing methods for the Whitham hierarchy

In this section we analyze how the factorization problem (5) is related with the Whitham hier-
archy and its dressing transformations. We first show that (5) leads to the Whitham hierarchy,
defining the Lax functions a zero-curvature forms. Then, we construct a potential function hgy
of this hierarchy, and as we shall show in the forthcoming paper [20] hgy = —(log 7). in terms
of the 7-function of the hierarchy. We also proof that any solution of the Whitham hierar-
chy is related to a factorization problem, via an undressing procedure. Finally, we show how
the factorization problem scheme can be extended to generate dressing transformations of the
Whitham hierarchy.



3.1 From the factorization problem to the Whitham hierarchy
We are now ready to proof that (5) is described differentially by the Whitham hierarchy

Theorem 1. Given a solution of the factorization problem (5),
adT, ,adG, _ ,—adH, ,adH — —
et et = ¢ Hoe , H,eg,, Herx,

then:
1. The Lax functions

2= p, (10)
are of the form
p+ 2?21 dop™, =0, "
2z, = d._ . 11
' T Yo dalp— @), p=i€S.
P—q
for some functions q; and dm defined in terms of the coefficients of H, .
2. The functions
zy ; n > d,0,
—log(p—¢qi), n=0, pu=i€S

where () 4+) projects in the span {log(p — ¢;), (p — qi)_l}[’il and (-)(,4) onto the span of
{p'}2,, satisfy the zero-curvature equations

O Oy

Ot 8t;m

+ {Qun, Qui} =0, (13)

moreover
Qun = 5e2H(9,,,,).
3. The Lax functions z, are subject to the Whitham hierarchy:

0z,
Otyun

= {Qun, 2} (14)

Proof. We now proceed to show that (9) implies the Whitham hierarchy. In the analysis of (9)
is convenient to distinguish between the cases p =14 # 0 and p = 0.

1. The case u=1i € S.
We factor e?d Hi' = gad Hio gad Hiy gad Hix it}

Hio = hio(z), Hij =ha(z)(p— qi(o)), His = hja(z)(p— QEO))Q + his(x)(p — q§°))3 + e

Now, we study the cases m > 0 and m = 0:



(a) m>0

We get

§ e 0 () 4 4 Hio (5 i (8y,) 4 et it (5 2t Hi (am))) + 2 = 5 (Oin)
(15)

It can be proved that
o ead Hio (am) = Oinhio,

Oin X O) ) Xi
sz ’ h —— =1,
§ e > (9, ) = 9y, hia(p — q(O))2 + (Oinhiz + hioOinhioz — Ni2 2 Oimhiz) (p — Q-(O) s

K3 7

0 (f(2)(p— g = F(@)(p — ¢\ — hio)",
yn

dx

5 ead Hil (aln) —

I 0) 0 — o)) = L = X, and i particular #1712 = X,
) 1 1 n
et Hix < © ) = < @ T hize + (hiz e+ hizhiz 02) (P = o)+ ) :
(p—q )" p—a
Therefore, defining
qi = Xi,xqgo) + hio,zs

we deduce that (15) can be written as

(8inhi2)‘x:Xi
(Xi,x)2

Oin X
XZ xT

)

am hzO +

(p— ) + (p—q)* +--+2'=0e(0;,)  (16)

with

_ 1 _1
Zi = eadH ( ©) > = pl p + E dzl p QZ >
p—q; v =0

where, for example,

(hi3,x + hi2hi2,xx)|x:Xi

di—1 = Xiz, dio = hiozle=x,, din =
Xi,x

We have assumed that 7, and G|, are small enough to ensure that the function
¢ = X; xqfo) + hjo, belongs to the interior of Uq(o) (so that X; , ~ 1 and hjp, ~ 0).
Thus, (16) implies l

v3 6™ (95m) = (27 (i4) = Qi

For example,

di_ dz_ 2d; _1d;
Ny = L Qp= 12+ =0,
P—q (r—a) P—a
m =20
In this case we have
Diohio + X? “(p— @)+ %(1’ —q)? 4+ +logz =07 (9).  (17)
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Notice that

hig.z + hioh; =X,
log 2 1= —log(p — :) + 108 (X + hoaaloc, (p — ) + Lt Rl oy
i,z
and hence
t> (5eadH(8,~70) = (log Zi)(i,-i—) =: Qo
with
Qio = —log(p — ¢).
2. pn=20
In this case we have -
6o (9,) + 25 = 5 (9y,). (18)
with -
eadH0 _ eadH0> ead(too logp), H0> _ ho1p_1 + h02p_2 4o
where tgg, which is not a time parameter, does not depend on x. Notice that
B o0
z0=e" o (p)=p+ Y dap™
=1
where, for example,
do1 := —ho1,z,  do2 := —ho2,z.
An analysis of equation (18) allows us to write
t> 5eadH(80n) = (28)(074_) =: QOm
for example
Qo2 = p° + 2do1.
From
Q= 67(9,,)
and (96) we deduce the zero-curvature conditions (13).
3. From (97) we have
0z -
5 vo_ {5eadH” (Oun)> 2}
tm
that recalling (9) reads
(92: dH
B e
and we deduce (14).
O

As a byproduct of the above proof we have the following
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Proposition 1. Guwen solutions H, and H of the factorization problem (5) such that

it ead(C 21 hoi(@)p™") gad(too logp) =0,
¢ eadhio(z) gad hir (2)(p—0,") ad(Li, ha@)p—a,")) | —j ¢S,

then

M
too = — Z tio,
i=1

and the coefficients of the Lax functions satisfy

X.
i da
i = Xiwq” + by P / =1,
q 29; 0, ; hu(w)
di -1 = Xz,
dit = (hitgoe + fu(hier, - hio))le=x, X2, =0

dor = —hoiz + for(hoi—1,-- -, ho1),

where f,; are differential polynomials.

Proof. We only need to prove (19). We will consider the equations

ot
serd o= (g ) 4 8t—22 log 20 + 002 = 6 €1 (9,),

§ead H (Oun) + 6, ((1 = 0p0)2j" + dpolog z;) = 5eadH(8;m)a 1 €S,

which are derived from (5) by taking right logarithmic derivatives.
We take the p-derivative of (20) to get

d%[& 10> (9,)] + (g%% sz ) i—? _ dip (567 (9,)].
dip[a I (D] + s (m(1 — B)l 4 5n0zii) i—? _ dip (567 (9,)]. ies.
Now,
dip[deadH( un)}

is analytic in C\D and therefore

d dH % d d H, % at(]() 1 —1
—|de® n)|dp = —§e* 70> (9,,)|d — 0020 )dzo,
7{0 dp {66 (On )] P v d [ ¢ (On )} P To (815“” 20 +10u0% > 0

7{ d [5 eadH(aW)]dp - ﬁ d [5 ad H; (aun)}dp n 51“‘]4 (n(l — Ga0)2 L+ 5n0§)dzi,

7



where we have changed of variables z, = z,(p) with I'), = z,(v,). Now, recalling that

d adH0> . -2
0" Ou)] =00, p— oo,
d {(5 et i (E?,m)] is holomorphic at D; for i € S
dp
we get o
00
= —(1 = 9,0)0no-
D (1 = 6,10)dno

O

3.2 Some dispersionless systems within the Whitham hierarchy:
the Boyer—Finley—Benney system

We consider the equations involving the times {t;oy =: x;,tj1 =: yj,to2 =: t}i j—es. Now, we
write
Vs
Qio = —log(p — qi), Q1 = —— and Qg = p? — 2w, with  v; :=d;_1, and w:= —dp;.
— i

and the corresponding Whitham equations (13) are

o, o~ 95 (a0 2
o
R T 2
. 2 _
% _ a(qz'aw 2“’)’ (27)
% - Qa(gfi), (28)
where i # j.
Observe that equations (23) and (25) imply
a;Te;i + ;jgzl =0, b,;:=loguv;, (30)

which is the Boyer—Finley equation, which appears in General Relativity [4], or dispersionless
Toda equation for ®;, and that equations (27)-(29) form the Benney generalized gas system
[32].
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Notice also that from (24), (22), (26) and (29) we deduce the local existence of a potential

function W such that
oW oW oW

;= , v = , W= ——.
@ ox; Oy ox

Therefore, this system of equations may be simplified as follows

Wyj . .
W~ (7 =, ). = i#5 @)
Wy + (log(Wa, = W)z = 0, i # 7 (32)
Wmiri + (IOg(Wyi))w = 0, (33)
Wl‘it + (2W:c - Wi)x =0, (34)
Wyit - 2(W$1Wyz)x =0, (35)

We stress again that (33) is a form of the Boyer—Finley equation, and that (34) and (35) is
a form of Benney system. Therefore, the whole system may be understood as an extension of
these equations. This fact, have induce us to propose the name of Boyer—Finley—Benney for the
mentioned system.

3.3 On the existence of a potential for the Whitham hierarchy

In the previous section we have seen that the Boyer—Finley—Benney equations can be reformu-
lated in terms of a single field. We will show now that this is a general fact for the Whitham
hierarchy, being the potential the coefficient

h01 = —(log T)m,

as we will see in a forthcoming paper this is essentially due to the existence of a T-function for
the Whitham hierarchy [20].

The Whitham hierarchy is determined in terms of the functions z, or its coefficients d,,
as given in (11). In fact, as was stated in Proposition 1 the coefficients d,,, are determined in
terms of hy, and its z-derivatives. We will consider inversion formulae for (11)

—1 —2
P =20+ 0012y + 0022, " + -,

- _ (36)
p=ai+0oaz " +ony 4,
where the inversion coefficients 0, are polynomials in d,,,, for example
oo1 = —dp1, 002 = —dp2, 003 = —(dos + dy), (37)
o1 =d; 1, oo = dipd; _1, o3 = d;i _1dio + d7_d;1. (38)

In the following we will use the geometry illustrated in Figure 1. We first show the following

Theorem 2. The following identity holds

1 z _
§ etd Ho> (Qm)} (p) = il log (1 - ]%)nzﬁ dz,
"

+(1- (5”0)(5”0(1052; (1 — %) — % /(éo log <1 — @)z&ldm), p € C\Dy. (39)
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In the above formula we must understand that when g = 0 the second term of the r.h.s.
vanishes even if ¢y = oc.

Proof. We first introduce
5ead Ho> (aun) = cI)un = cI)un,lp_l + (I)un,2p_2 + o

and observe that

1 dd,,,
—74 I (p)dp = —mBpp s M= 1,2, 4
om £, 7 ap P s (40)

Now we consider (20) with the explicit form for ¢y
5eadH°>(8Mn) + 002y — (1 — 6,0)0n0 log 20 = (5eadH(8,m),

X (41)
5eadHi (8Mn) + (5/“'((1 - (5n0)2? + 5n0 logzi) - 6eadH(aun)7 i€S

d
which are derived from (5) by taking right logarithmic derivatives. We act with pmd— on (41)
p

to get
d n— _1,d% m d a
(42)
mi ad Hy- ; n—1 -1 % — mi ad H
L A R e A L CS)
We observe that
mde Crt
p ap
and therefore
S d dH ]
0= e @] p=3" § pr oL [se o)
7 dp{ ' ] ;;) Y dp{ !

From (42) we derive
d _ _
0= 7{ P S [0 (3,,)| dp + jq{ p(z0)™ (16,07 — (1 8,0)dm075 )0
Yo dp To

M
+ ; (7{1 pmdip [6eadH{(8Mn)]dp+ Opi %ip(zi)m(nzin—l + 5n022'_1)d2i>. (43)

Therefore, recalling (40) and

mdgi -

C g
pdpg

2

we may write (43) as follows

1 m. n— 1 p(z)™ Z p(20)
DBy = n—1 0 —— o\t — 2] .
mP . m ?éru p(zu)"nz; dz, + 0 05 <?§FM dz, s dz0>

% = 20
and (36) implies

1 1 m
— j{ p(zu)mnzﬁ_ldzu + (1 = 0,0)0n0 (qZL - — j{ Mdzo). (44)
'y To

m® = -
KL o 27 20
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where it must be understood that when p = 0 the second term of the r.h.s. vanishes. Hence, as

(0.0] 1 m
log(l—g):—Z—q—, ‘g‘>1,
p L= mp™’ p

we immediately derive (39).
As a byproduct of the above proof we get
Corollary 1. The following relation

1 d(log )5
n + (1 — 5p0)5n0 875#”

Oun = — y 001 = _(10g T)xw

holds.

Proof. We prove the Theorem in the following steps:
1. If we put m =1 in (44) we get

Ohoy 1 n— —
oty " 2mi T (nz; t+ (- 040)0n02, 1)p(2“)d2”’
n 23

where we have taken into account that
7{ p(20)75 'dzg = 0.
To

2. We use the inversion formula (36) in (46) we get

o 1 . -
Otyn 27 Jr (nzp ™"+ (1 = 80)0n0%; 1 )ojuadzy,
I=—1,0,1,... "

and the desired result follows at once.

3. From the identity

! _
§ e o (%) =™ (p)—p=—2—p
we get
Oho1 1 dzo 1
or om0 P 2w Ji, P (20)dz0 = 01

(45)

0

Observe that all the coefficients ¢, are determined in terms of ho; and its time derivatives.

Moreover, as all the coefficients d,,, are rational functions of the o, for example:

2
do1 = —oo1, doo = —002, do3 = —0o03 + 01,
2
042 03041 — Ol
di—1 = o1, dio = o din = — 3 =,
71 il

all the Lax functions may be written in terms of hg; and its t-derivatives.
Finally, we may write the contents of Theorem 2 as follows

16



Corollary 2. The following identity holds

1 q dz"

5 ad Ho~ . _ 1 1-— 1 "4
110 0| () =~ ¢ 108 (1= 7) orda
B AR g\ dlog(20(q)) =
(1 5u0)5n0<10g (1 ; ) - /(éo log (1 p) i dq>, p e C\Dy.
For example, if we exclude the times t;y from the discussion we get the suggesting formula
1 q dz"
ad Ho> - _ 1 1-2 ad
[56 (8“")} () 27 Yo 08 ( p) dgq dg

3.4 Undressing solutions of the Whitham hierarchy

In §3.1 we have proved that the differential version of the factorization problem (5) may be
described in terms of the Whitham hierarchy. Here we show the equivalence between both
descriptions by proving that any solution of the Whitham hierarchy may be formally undressed;
i.e., it comes from a convenient factorization problem.

Theorem 3. Any set of Lax functions z, and zero-curvature functions Qy, as in (11)-(12)
satisfying the Whitham hierarchy (14), may be obtained by a dressing procedure based in the

factorization problem (5) as described in Theorem 1.
Proof. If we take as given the complex numbers qi(o) and the functions g;, d,, from Proposition

1 we may determine the coefficients X; and h,, up to z-independent terms. This last fact

is clear from the construction of z, as a dressing of p,. Indeed, we have that ead Hyu DPp =
ead Hy' gad fu(p) Py = edd Hu pu, where f, € ¢,.

We now undress, using the canonical transformation e~ 24  the Lax functions and zero-

. 0w
curvature forms: z, — p, and €, — 2, with

00, = e 2 (9,,) + e 2 Q. (48)
Then,
0= a,unpu = {Q?mapu} (49)
and
0, 090
pn vl 0 0
- —24+{Q,,,,;} =0.
8tyl atun + { puno yl} 0 (50)
From (49) we deduce that
0o _
Qun,m =0 (51)
so that (50) implies
o0 0o
Hno 9 vl (52)
Ot 8t;m

Moreover, for n > 0 we have
Qn—2, €9,

17



Thus, e~ 7 Q —pj € g, and (48) and (51) allow us to deduce

0 — _
Qun =P € & C oy

QY + log(p — Q§0)) €, Cyg; .

Hence, recalling (52) we get

Ty + fu)

g
pn Mun

for some f,, € ¢,

and we can write
5e_adf#(aum) + e adfu Q?Lm = 5eadTu(aMm)'

Therefore, if i
H, = C(ﬁ;,fu) €g,;le, e Hy — gad Hy gad fiu

where C' was introduced in (6), we have
Q,Wl — 5eadH,; (a,un) _|_eadH; 5eadTu(aun) — 5(eadH; eadTu)(a‘un)’ 2 = eadH; eadTu Dy (53)

Finally, from definition the zero-curvature connection €,,, € v and there locally exists H € t
such that

Qun = 5eadH(aun)a (54)

so that (53) and (54) leads us to the factorization (5) for some G,. O

3.5 Dressing transformations for the Whitham hierarchy

In this section we show how to dress any solution of the Whitham hierarchy by using the
factorization problem technique. Let z(Y) be Lax functions as described in (11), with coefficients
denoted by qi(l) and d,(},,)% and Q,(}%, as defined in (12), so that the Whitham hierarchy (14) is
satisfied:

azl(/l) 1) (1
8t—;m = {an%vzl(/ )}'

(1)

Let us assume that ¢, * € D; so that there exists a Hamiltonian H @) ¢ v with

Q) =511 (9,,).

Given new initial conditions G, = 0,1,..., M, the factorization problem
ead HW gad Gu _ o—ad Hy e H) H, €g,, H? e, (55)

will lead to a dressing procedure of the solution szl) of the Whitham hierachy as described below
Proposition 2. The new Lax functions

(@)

_ adHy (1)
po =€ “1

18



are of the form (11) with new coefficients qi@) and dfl) determined by H, . The functions
(2)\n
0@ _ ((z) )(u,+)’ n > du0,

pm (2) .
—loglp—¢;”), n=0,p=i=1,...,M,

(in this case (-)(;4) projects in the span {log(p — qi@)), (p — qi@))_” S

span of {p"}°_y) have zero-curvature. Moreover, the Whitham hierarchy

and (-)(0,4+) onto the

is satisfied.

Proof. We take right logarithmic derivative of (55) to obtain
5 (D) + M () = 52 (D,,) = Q). (56)

As Q,(,lyz is holomorphic in D, for all p # v, we deduce that Q,(,%z is also holomorphic in D,,
Vu # v. When p = v we have a singular behavior at p = q&l) and we obtain Q(V%z with the same

structure as in (57). If we write the factor e #+ as in Proposition 1 and X; is defined by
/Xi dz 1
e ha(z)

we get, for example, the following coefficients of Z;(?)‘

qu) = Xi,quQ) ‘ZE:Xi + hso,
2 1
dz('—)l = dz(_)llx:XiXi,x7
dz(g) = (d'fé) + hi2,xdz(~1_)1 + 2hi2dz('1—)17x)|m=Xi7
d(()zl) - d(()ll) - hOl,x-

Moreover, the analysis of (56) leads to the proof of all the other properties. For example, from
Qfﬁ% = §eadH® (Oun) we deduce the zero curvature condition for the {Qfﬁ%} O

Now, we introduce

M
HO :=T(p)ex, T:=> Tu(p)
p=0

for which
p", p =0,
(0) _ _
Q;(;Org — §eadHO® (Om) = —1og(1p -q; ), p=1i, n=0, (57)
(p—q!”)ym penomet
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ad H(©)

for this reason we say that e is a vacuum solution of the Whitham hierarchy. Indeed, its

dressing

adH qad Gy _ o—ad Hy eadH(l)7 ﬁ; S HD e
—giving H® and a new solution {Q,(},z} of the Whitham hierarchy— is just the factorization
problem (5) when we replace

)

ad Hy nad(X,, tv) _ jadHy - -
e e p) =e H, €g,.

4 String equations in the Whitham hierarchy

In this section we study the formulation of the Whitham hierarchy in terms of twistor or
string equations and the relation of this formulation with the dressing method described above.
We first introduce the Orlov—-Schulman operators for the Whitham hierarchy in terms of the
factorization problem and then obtain the string equation formulation as a consequence of the
factorization problem. In the forthcoming paper [20] we will show that, in fact, the string
equations give all solutions of the Whitham hierarchy. Then, string equations and factorization
problem are equivalent tools to formulate the Whitham hierarchy. Finally, we introduce a
very special class of string equation whose construction is based on centerless Virasoro algebra
within the Hamiltonian functions, and therefore we refer to this as the Virasoro class of string
equations.

4.1 Lax and Orlov—Schulman functions of the Whitham hierar-

chy
The Lax functions (10) may be written as
2y = e Hu eade‘pM, uw=0,1,..., M.

Observe that if we define (p,(p), z,(x,p)) by

: ) (p, ), p=0, 58)
Pus Tp) = ‘
((p — ) —a(p - qz@)2)7 p=1i€es.
we have
{p,LM mu} = 1
In terms of z,, the Orlov-Schulman function m,, is defined as follows
my, = e i T (59)
so that is canonically conjugated to z,; i.e,
{zy,mu} =1
Notice that the quasi-classical Lax equations also hold for the Orlov—Schulman functions:
om,,
={Q ny My g-

We now give a closer look to these functions
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Proposition 3. The Orlov—-Schulman functions have the form

my = Znt,mz” Ly ”O Zvlmzu , where tg1 == x (61)
n=1 “p n>2
and
- X, p=1i1=1,...,M, n=0,
Uun—i-l: _(nhin+gin(hin—17"'Jhi2))|x:Xi7 N:izla"'aM7 n>07
_(nhOn+90n(h0n—17--->h01)), /U/:O) n207

being gun differential polynomials.

Proof. From (59) we deduce that

so that

_adH, —1 n—1
my, = ey + (1 —0u0)tuoz, + Z ntunz,
n:1+6u0

Now, we evaluate

_ > — g \n—1
ead H; T; = —(XZ' +Z(nhm+§m(hm_1,...,hi2))|x:Xi<p %) )Zi_27

n—2 Xi,x
oo (62)
Mo g — & 4 toop™! Z nhon + Gon(hon—1,- - ho1))p™" "
where g,,, are differential polynomials, but as
p—q - - -
Xz'gcZ =% et hitla=x,%; 2+ O(z; *),
P =2+ hinzg +0(5)
we get (61). O
Observe that the first coefficients of m,, are
vig = — X,
Vi3 = —2h; 2|o=x;,
vo2 = —ho1
vo3 = —2hg2.
4.2 The factorization problem and strings equations
Let us define new canonical pairs (2,,m,) and (Pu, Qu) given by
Z,u _ eadH7 ad Ty, P, P,u = eadGu P, (63)
iy = e Hi Ty g Qu =0y
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Observe that
Zu = Pu(Zu),
my = (M, 2,
where the functions are defined in (58).

Now, we are ready to give a first version of the string or twistor equations for the Whitham
hierarchy:

Proposition 4. For any given solution of the factorization problem (5) with associated canon-
ical pairs (2,,m,), (Pu,Qu), as defined in (63), the following string equations hold

5 (5 5 . (64)
Qu(Zy,my) = Qu(Z,,my) € .
Proof. The factorization (5) implies
p,u(é,uymu) _ eadH,I eadTH eadGup — eade — 11,
65
Qu('é/“mu) — eadH; eadTH eadGu T = eade — 0. ( )
Notice that
Qg,u(p7$) = ( A,U«(p7x)7Q,u(p7x)) (66)
is a canonical transformation; i.e., o
{P/u Qu} = 17
that together with (65) ensures that
(2 s = Gu(20,100) = (I1,0), (67)
and (64) follows. O

The string equations (67) have an interesting interpretation in terms of transition functions
between different canonical pairs

(2M7mu) = quu(émmu)a Qg,uz/ = lel o QASV- (68)
Now, we define the canonical transformation
¢u(p733) = (p“(p),xu(p,ﬂj))
in terms of which the associated solutions of the Whitham hierarchy are
(2ps M) = (B, ).
We also introduce

-1 (0) 2 .
. _ _ p - +q ,—px), p=1€S,
Cbu = (PmQu) = %0%1, %1 = (7"/“6u) = {( )

(p, ), p =0,
so that

P, = pu(ﬂu(p,x), Qu(p,:n)), Qu = Qu(ﬂu(p,:n),eu(p,x)) (69)
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and
{P/M Qu} - 1
Observe that this definition is equivalent to

~

P“(p“,ﬂju) = Pu(p,:E), Qu(pua:ﬁu) = Qu(p,ﬂf)-

Then, the connection among the different Lax and Orlov—Schulman functions are given by

(Z;umu) = (bul/(zljaml/)7 ¢/u/ = wu o (Zg/u/ o %_1 = (b;l 0y

Therefore,
¢,u(z,u,mu) = ¢l/(zl/7ml/) = (H,Q)

and

Proposition 5. Given a solution of (5) and functions (P,, Q) as defined in (69) the string
equations

P,(z,my) = Pu(z,,my) €,

(70)
Qu(zuymu) = Qu(zuam,u) SR
hold Vu,v=0,1,..., M.

Notice that new initial conditions é“ of the form
2 — gadC gadGu G, =C(G,G,),

lead to

Pu = P(Panu)a @u = Q(Panu)'

Thus, the corresponding string equations are constructed in terms of the initial non-tilded ones.

4.3 A special class of string equations related to a centreless
Virasoro algebra

Consider the Hamiltonian

which generate the canonical transformation

(p,x) = (fu), 2/ f1(p)),  fu =& (1 +E€ulp))-

Observe that these Hamiltonians close a Lie subalgebra vit := {z f(p), f : C — C} as {zf(p),zg(p)} =
z(f'(p)g(p) — f(p)d'(p)) C vir. In fact, vir is a centerless Virasoro algebra with generators

lp == ap™ ! (72)

satisfying



The functions éu’ fu corresponding to the Virasoro generators (72) are

2—n 2—n 1

p p 2—n
. Con£2 . 2—n<1—|— ) L A2,
é=12-m # j = (2-mn) 5 -
logp, n=2, ep, n =

We will also use the harmonic Hamiltonian

1
R:= 5(172 +a?)

which generates the canonical transformation
(p,a;) - (—x,p).
Let us consider a splitting S =T U J, I NJ = (), and define the initial conditions

(0) .
wd {eadGi @R e
[§] =

(73)
ed Gl pe Juiol,

)

in terms G,(P as defined in (71). It is easy to realize that

(5, Q0) = (folp). )

3(p)
X P .
<_A/—7fl(p)>7 Ze[a (74)
<f2(p)7q—)7 (S J7
fi(p)
and the corresponding string equations are
folzo) = —oiocx, fils) = 52 cx, icl,
fz(zz) fo(ZO)
A . (75)
o m; mo

? —_—
fi(Zo)  fo(%0)
Taking into account the invariance described in (7) we deduce that he string equations (75)
also appear for the following set of initial conditions

(0)

ed G 1el,

eade‘ = (0) (76)
edd G’ emadR e JU{0}).

where now




We introduce the functions f,, subject to

) folp) = fo(p), p=
fu(pu) :fu(p) = £(p) :f2(1+ql,(0)>7 uw=i€esS
so that
(Po, Qo) = (— W’Mp))’
(fi(p)7_ : )7 i€l

(P, Qq) = (_ x f{(?)

Therefore, we get the string equations

= _ﬂ () — mo )
fo(z0) = ) €r,  filxz) 0] er, iel,
fo(z0) = fi(z) €, i mo

fl(z0) — Fi(z0)

These string equations reduces to Krichever type of string equations considered in [12] for
J =S and to the Takasaki-Takebe type [27] for J = 0.

(78)
er, 1€.J.

5 Additional symmetries for the Whitham hierarchy

This section is devoted to the analysis of the additional or master symmetries of the Whitham
hierarchy. For that aim we we characterize the additional symmetries in terms of deformations of
the factorization problem (5). We compute then some explicit examples of additional symmetries
leading to functional symmetries of the generalized Benney gas equations. Finally, we study its
action on Virasoro string equations.

5.1 Deformation of the factorization problem and additional
symmetries

The treatment of functional symmetries of dispersionless hierarchies as additional symmetries
was first given in [17] for the dispersionless KP hierarchy. Then, its formulation as a deformation
of a factorization problem for the r-th dispersionless Toda hierarchy was considered in [16].

In this section we allow each initial condition Hamiltonian G, to depend on a external

parameter s
G = Gu(s).

Then, the factorization problem (5) also depends on s
T 2d Guls) — gmad Hy () ad H(s) - it H,(s) €g, and H(s) €. (79)

Thus, we deduce that
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Theorem 4. Additional symmetries of the Whitham hierarchy are characterized by functions
Fl.(zu,my) as follows

0z,
s Z{ p(Zs ) M-‘r)?’zl/}a

E?m,,

am,,
Ds = Z{ (2 M) u—l—)vmu}-
Proof. Taking the right logarithmic derivative of (79) with respect to s we get
-0 0
ad ad
s (B 4 ) =000 (2) &

where

Fu(zuymy) = Fu(uymiy), By = 862G <§>
s

Observe that from the splitting

M
F,=F, +F, F:=)» F,.
v=0
with
FM_ SN F e,
and from (80) we get that

§erd i <Q> —_F;=F-F,
o7 (s1)
§ead H (_) —F
ds
Therefore, from
82M dH~ 0 om dH~ 0
B e () Bt ()
ds {oe ds 2l ds {oe ds it
we get the desired result. O
An important reduction is given by ¢, = 0 for n > N,,. If we assume that
Fu(zy,my) = cylog 2, + Z cwjzimf;, (82)
1,JEZ
and
Ny
S S T L (83)
n=1 a2

imposing F,(2,,m,) to have no terms proportional to z; for n > N,, we ensure that the

constraints are preserve. We request this for each of the products zimﬂ:

Nu—1
Z2md =2 (N tun, 2"

W, ot oz, +’U“22 +vu3z3—|— Y
— (Nytun, ot s, = 04 i 4 (N, — 1) > N,
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Hence,

m
Fu(zu,my) = culog z, + Z Qpn (%)zﬁ (84)
n=1 Npzp”

with «,, being analytic functions.
Some times is convenient to consider that only one of the initial conditions is deformed, say
the a-component:

% zéuaaa%, VYu=0,1,..., M.
In this case we get the following symmetry equations
% = 51/0488% +{(Fa(za:ma)) (1) 20}
- (85)
am”z—é 8ﬂ—k{(F(z Mma)) my}
Os va 02 a\~a e} ) (p,4) v g -

5.2 Action of additional symmetries on the potential function

Observe that if we express m,, = m(t, z,) we get F,(z,,m,(2,)) =: fu(2u). Then, inspired by
Theorem 1, we get

Theorem 5. The following relation

d(log 7), 1 Y }{ dfy,
AO8T)z _ & Yrg
B 2m/§ Fup(zu)dzu 2y

holds.

Proof. From (80) and

0= frd o (DYap=3 f vk e (2)]a

we conclude that

0= [f r et (D)]av+ f oLt cotar]

v=0

But

is holomorphic in D; and

d ad HT 2 __8h01 —1 -2 % —1 @
pdp[ée ’ (E?s)}  0s PO+ ds “ pdp7

and the stated result follows. O
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Let us assume the expansion

[ee]
Z Funp

n=—0oo

and perform a change of variables p — 2, to get

5h01 - 27{ Z funnz, 1)( Z Uulz;:l)dzu

n=—00 l=—1,0,1,...
= Z nf,uno-un =—fo-1+ Z nf,uno',un
n=0,...,M n=0,....,M
n=-—1,0,1,... n>1
Therefore, (47) gives

Ohor Ohoy Ohot

_ . 86
s fo-1+ fu— =+ Z Ju BT (86)

n>1+5u0

This will be a linear PDE for hg; if we ensure that the coefficients f,, that the dependence
on the functions v, is restricted to vp2 = —hg1, i.e. do not depend on rational functions of
ho1 and its derivatives. This is the case always for the time reduction t,, = 0 for n > N,
Vu=0,1,..., M. For example, we take

Fu:au<%>zn n:1,...,Nu.
Nl/f "

Then,

my N,—1 1 1 _N 1 ~N,—1
I o — t 1z —t.nz, M —v,902, * cee
N ZNH_I Ny + Nu wNy,—1 m + + Nu p0< L + Nu H2<p0 +

and therefore m
Y L -1 ..
a“(NuszVu—J Apo + Az, +
with

Apo = au(tun,),
N,—1
A = O‘L(tuNu)!]LTtuNu—lv

N, —2 1 (N, —1)?
Au2 = O‘,/u(tﬂNu)!]LthﬂNu_z + 20[ ( “N/‘)“]\Tti]v“_l’

/
tu() 4 1 2:7’-1-‘9:NH tl”tﬂs

(Nu_l)N” N
& 1 (tun,) N M = ) 4N

NN et
(N — 1)Nutl Np+1
(N, + 1INt et

AUNH :a:i(tﬂNu) + ”+a/(1NM)(tﬂNu)

/
Zr—i—s:NM—i-l tl”tﬂs
NN

2 Nut1
AuN,+1= a;(tuN#)i + o (tun,) . +afL wt )(

NM t/»‘Nu)

(87)
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Here Y means that if 7 = s then we multiply this contribution by 1/2. We see that all the
coefficients A, ..., Ay, N, do not depend on the functions vz, for all the others the coefficients
v,n contribute. In particular, in Ag n,+1 depends on wvps.
We have the formula
f pum = Au n—m>
and (86) reads

Oho1 Ohot Ohot
5 = Jo1tfu—pg —+ > Ayn—m 5, (88)
u=0,....M pn
1+6,0<m<n
Forn =1,...,N, —1 the coefficients A’s that appear in the above equations do not depend
on any v’s, vgp2 = —ho1 and for p = 0,n = Ny the coefficient Agn,+1 do depend linearly on
vo2 = —hoz.

Notice that (88) and (87) allows us to describe the motion of the potential hg; of the Whitham
hierarchy under additional symmetries via a linear PDEs.

5.3 Functional symmetries of the Boyer—Finley—Benney system

Let us take Ng = 2 and N; = 1, so that the involved times are {t;o =: z;,t;1 =: yj;, to2 =: t}%zl
and the PDE’ system is the one presented in §3.2. Now, we have

mo = 2tzg + @ +toozy | +v02zg o+, too =1+ ay
m; =y + 2z vz
so that
m x t z?
ao(—o) = ag(t) + ap(t) 525 + (o/o(t)ﬂ + a'o'(t)—>20_2 +o
229 2 2 8

2
u(my) = aalys) + af(g)zizt + (ad (v + ol (g) 5 )57+ -

We put C, = 0 as these symmetries corresponds to the first flows

0 . Then, in the context of
(%ci

(85) we have three different type of generators:

2

x

m
Fy ) = ap (2—0>28 = ap(t)zd + ap(t)S
20

t
Fél) = qp (%)zo = ap(t)zo + 0/0(75)E + (o/o(t)ﬂ + o/o'(t)%)zo_l 4+
5 +

20

2
Fy = ai(mg)zi = oq(yi)zi + o (yi)wiz; ' + (o (yi)viz + o (%)j) 24

Therefore,

81 (o
amO 2 0 220
OF® 1, rmg
Trg ~ 390(5)
O _ himy)

= o;\my ) zq,
8mi ¢



and

x
x t a?
(5 )0.4) = 20(t)%2 + ()5 Qo + ab(t) 5 + o (8) -

(F3) (i) = @i(¥i) Q-

Hence, the evolution of the Lax functions under these three types of symmetries is charac-

terized by the following PDE’ system
aZO 1 mo aZO 1 aZO
= 50b (52 ) + o) 5 = 3apt) 5o

— o 7
g . 83(1) 270\, 20 0 2 N oy
0 - 87:@ B ’(t)%—l (t)ﬁzl
L5~ " ar T 20 gy
020 . 1 ,/mg 020 1, Dz 1, 920 ,
@ 9s¢ 0.2) 504()(2 0)20 + ao(t)g + an(t)a:% - 5ao(t)pa_p —af(t) ===
S(] : 8»3@ o (t)%+1 /(t) %_1 /(t) %_ /,( )JL'aZZ
(% = oy )%
887; - Y yl 5%’
D R N .
509 52 = aulu) 52 j#i
0% _ i Ve 4 o ()
a_si - ai(mz)zz +az(yz)8yi,

We now analyze how the dependent variables {w, v;, qz} Z, evolve under these symmetries

(91)

e The S((] ) equations (89) implies a transformation that only involves the independent vari-

ables (x,t) characterized by the following PDEs

ow ow x4, .
83—81) - 040@)@ + Zao(t) =0,

81)1' 81)2' o
?(()1) — ao(t)% = 0,
83(()1) Oé(](t) ox + 2a0(t) - 07
and the symmetry transformation is
1) f(t)
wle,t) = w(e + F(1),1) = = (2 4+ 7)),
Ui(x7t) - ?}i(ﬂf + f(t)at)a
/

qi(z,t) — qi(z + f(t),t) — f2(75)

with f:= s(()l)ozo. For the potential W this symmetry reads

" / M
W(z,t) — W(z+ f(t),t) — ) z(z + f(t) AU Z ;.

8 2
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e In this case the S equations (90) implies a transformation characterized by the following

PDEs
8—10 _ a_w _ 1 / a_w o / tO_O " 2 "
o~ 07~ gabeg el + Pab(0) + fpall)) =0
Ov; ov; 1 ov; 1
Sag( )95% - 5046@)%' =0,

o5 w5 3
% _ L tya— tatte =0,

50 005 ~ 3o, — 5ot — 38
and the symmetry transformation is
too T (t 1
00 ( ) —{T t}S$2,

) = Ty T, T0) = 50

w(z,t
vi(@,t) — /T ()i (v/T'(t)z, T(2)),
gi(x,t) — VT () qi(\/T'(t)x, T(t)) + 211:/((;)):17

) characterized by the following relation

/T dt @
=5y,
¢ aolt)
and we have used the Schwarztian derivative
o T"(t) T"(t) 2_T’”(t) 3/T"(t)\2
{Totks = <T’(t)> _§<T/(t)> = ) _§<T/(t)> :

which must be not confused with the Poisson bracket

For the potential W this symmetry reads

with 7 = T(s\?) ¢

177(t)
Z i+ 48{T t}sz®.

= VI OW /T )z, T(1) + 5 ()

The S;-symmetry characterized by equations (91) implies a transformation that only in-

[ ] i
volves the independent variables (x,y;) as follows

ow ow
(9_31- - Oéz(yz)a—yl =0,
ov; ov .
(98]'_ z(yl)8]:07 ,77&17
ov; ov; , B
({9—32- 2(%)8 : — ;i (yi)v; =0,
dq; , dqj
0Os; Z(yl)ayi =0
Thus, if Y;(s;,y;) is defined by
Yi Qus
/ i _
v @ilYi) ’



then, we have

w(y:) — w(Yi(yi)),

UJ(yZ) — Uy ( i(yi), JFi
vi(yi) — Y (yi)vi(Yi(yi)),

qi(yi) — ai(Yi(vi)),

which in terms of the potential W reads
W(yi) = W(Yi(yi))-
If we put My = 1; i.e, we not consider the ¢-flow, the transformation is
vi = X'(2)vi (X (2)),

"

g — X'(2)qi(X (x)) + too

bd
where
/X dv
T ao(.’ﬂ) -
That in potential form is
, X//
X X - —
W X ()W (X (@) + 2

This symmetry together with the .S; symmetries described above constitute the well-known
conformal symmetries of the extended Boyer—Finley system. When the t-flow is plugged in, and
the extended Benney system appears, then this z-conformal symmetry disappears.

Nevertheless these additional symmetries, to the knowledge of the authors are not known
for the generalized Benney system [32]

dq  0(¢* —2w)

ot Ox ’

ov d(qu)

22 92 \17) 92
ot 2 ox ' (92)
gw _ v

oy Oz’

In fact, we have proven

Proposition 6. Given any three functions Y (y), f(t),T(t) and a solution (w,q,v) of (92), then
we have a new solution (w,q,v) given by

i =TT+ £0).Y ). 70) - L+ eroysto+ o) - 12 (4 1),
i = VI T0 e+ S0, Y 0. T0) + 1 ik 50) - L2,

ST
vT o(VT' () (z + f(1), Y (y), T()).

We must notice that the above functional symmetries do not respect the shallow water
reduction that appears in the limit x = —y.
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5.4 Additional symmetries of Virasoro type and its action on
string equations

As we have seen in §5.1 additional symmetries appears when deformations of the initial con-
ditions are considered. Here we will consider initial conditions as in (73) and (71) with G,(LO)

depending on a s parameter as follows:

X

GO = — (93)
o 8p.s)
so that in the string equations (78) we will have functions
fu=1 M(S)'

Notice that (93) describes a curve in the Virasoro algebra vir, and therefore describes the
more general motion for the set of initial conditions G,.
The right logarithmic derivative of the initial conditions (73) with respect to the additional

parameter s is
fs (pua S )

d
§e2dGu <&> = BuPu)Tus, Bu= _fp (Puss)’

and the corresponding additional symmetry generator is
Fy = Bu(z)my
so that

0z M
asy = Bu() + > {Fus) 2}
pn=0

Now, if we freeze times t,, = 0 for n > N, so that

N,'L o0
o n—1 —1 —-n
my = E nt“nzu +tu0zu + E VunZy,
n=1

n=2

and we require the additional symmetry to leave those times invariant, we must have

Bu(zu) = Z bulz;l'

I=—1

Let us take, for simplicity, Virasoro type generators
B, = c,,z,%‘"”, n,=1,....,N,, ¢, €C

so that 5 5
z 1— z
a—sy =cyz, M+ Z (n+ nu)tunJrnucuat—y-
u=0,....M p
n=1,...,Ny—ny

whose integration, leads to

zy(s) = Vs + 2, (t(s))"n.
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where

tul (3) = tul + (nu + 1)Scutunu+17

tuN,—n,(8) = tuN,—n, + Nuscutun,,

tﬂNu_”u"rj(s) = tﬂNu_nu'i'j’ ‘7 = 1.

Integrating
Ofu Ofu _
Js +5”(Z”)8zu =0
we get

Fuls ) = fu (" =cums + 27()) = Fulzu(#(5))).

5.5 Invariance conditions for additional symmetries and string
equations

We note from (81) that the invariance condition under an additional symmetry

M

FM_ = Z(FIJ)(V,—H —F, =0, Vi, (94)
v=0

Thus, all the functions F), must reduce to a unique function F,, = F' € r. Given a solution
of the string equations (70) we may take
FN = P/.}+TQ;11,+87

and conclude, that F,, = I’ € v, Vu. Hence, string equations determine solutions invariant under
additional symmetries characterized by the generators

o 1+r H1+s
V,u,rs - PH Q# )
which close a Poisson algebra

Vs Vs } = (r + 1)(8" +1) = (7" + 1) (5 + 1)) Vg srsr-

In particular the functions V,y generate a Virasoro algebra.

A Appendix: The right logarithmic derivative

Here we follow [9]. Given a manifold 7, a Lie group G with Lie algebra g and amap ¢ : 7 — G
we define the right logarithmic derivative §f € Q'(7, g) as the following g-valued 1-form

SP(E) = Ty (1O ) o Typ(€) VEETLT, te T,

where p9(h) = g - h is the left multiplication in the Lie group. Recall that the right Maurer—
Cartan form x € Q'(G, g) is a g-valued 1-form over G given by

kg = Ty(p? ),
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in terms of which
0 = Y*k.
Given two maps ¥, ¢ : 7 — G then
6(1 - @) = 6 + Ad1p(d¢) (95)

and therefore
S(p™h) = — Adp(dv).
It also holds for w := 0¢ and z = Ady(Z) that
dw + %[w,w] 0, (96)
dz = [0, 2] + Ad(dZ). (97)

If there is an exponential mapping exp : g — G we have the formula
Tx exp(Y) = T,u>PX . /01 Ad(exp(sX))Yds.
Thus, if ¥ = exp X with X : 7 — g we have
BU(E) = Ty (Tx exp) Ty X (€) = Ty o Tups® /0 " Ad(exp(s)) (T X(€))ds

1
/0 Ad(exp(sX))(TX(€))ds, V€ € T,T

that when we are allow to write Adexp X = >~ (ad X)"/n! —for example if G is a Banach-Lie
group— reads

(ad X)" T X
0 = Z (n+1)!

Given a smooth curve X : R — g we consider the problem
(o) =X(t), v:R—G
$(0) = e.

If there exists a solution is unique an local existence implies global existence. We write evol :
C>*(R,g) — G, with evol(X(t)) = ¢g(1) and say, following Milnor, that the Lie group is regular
is evol exists and is smooth. That is smooth curves in the Lie algebra integrates, in terms of
the right logarithmic derivative, to smooth curves in the Lie group.
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