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Abstract

Let f : G — H be a homomorphism of groups. We construct a topological space
X such that its group of homeomorphisms is isomorphic to G, its group of homotopy
classes of self-homotopy equivalences is isomorphic to H and the natural map between
the group of homeomorphisms of X and the group of homotopy classes of self-homotopy
equivalences of Xy is f. In addition, we consider realization problems involving homology,
homotopy groups and groups of automorphisms.

1 Introduction

non

Alexandroff spaces are topological spaces with the property that the arbitrary intersection
of open sets is open. That sort of topological spaces was first studied by P.S. Alexandroff in [I],
where it is shown that they can also be seen as partially ordered sets. This viewpoint can be
used to express topological notions in combinatorial terms. A particular case of Alexandroff
spaces are finite topological spaces. There are two foundational papers on this subject that
were published independently in 1966 [15, [I7]. In [I7], R.E. Stong made an analysis of the
homeomorphism classification of finite topological spaces using matrices and also introduced
combinatorial techniques to study their homotopy type. In [I5], M.C. McCord studied the
singular homology groups and homotopy groups of Alexandroff spaces proving that for every
Alexandroff space X there exists a simplicial complex I(X) sharing the same homotopy
groups and singular homology groups. In fact, it is shown that there is a continuous map
fx +|K(X)] = X inducing isomorphism on all homotopy groups. The converse result is also
obtained, that is, given a simplicial complex L, there exists an Alexandroff space X' (L) having
the same singular homology groups and homotopy groups of L.

Finite topological spaces or Alexandroff spaces are a good tool to solve realization prob-
lems: given a category C' and a group G, is there an object X in C such that the group
of automorphisms of X is isomorphic to G? In [0, (I8, [], it is proved that for every finite
group G there exists a finite topological space X such that its group of homeomorphisms
is isomorphic to G. Recently, in [4], J.A. Barmak constructed a finite topological space X¢
with 4|G| points and lower cardinality than the finite topological spaces obtained in [0 [18 [5].
On the other hand, L. Babai in [2] obtained a finite topological space X¢ with 3|G| points
realizing G as a group of homeomorphisms. This topological space has the disadvantage that
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it requires to find a “good” set of generators of GG satisfying a list of non-trivial properties.
A generalization of these results for non-finite groups was made in [7], where the realization
problem for the homotopical category HTop and the pointed homotopical category HT op,
was also solved. To be precise, it was proved that for every group G there exists an Alexan-
droff space Y*G such that its group of automorphisms in the topological category Top, HT op
and HTop, is isomorphic to G.

The restriction of HT op to topological spaces with the homotopy type of a CW-complex
is denoted by H Pol. In H Pol and the pointed version H Pol,, the realizability problem has a
long history, see for instance [12]. Recently, C. Costoya and A. Viruel solved the realization
problem in H Pol, for finite groups in [9].

We introduce a bit of notation. Let X be a topological space. Let us denote by Aut(X)
the group of homeomorphisms of X. Let £(X) denote the group of homotopy classes of self-
homotopy equivalences of X. Let &,(X) denote the group of pointed homotopy classes of
pointed self-homotopy equivalences of X.

The following result answers a natural question posed by professor Jesis Antonio Alvarez
Loépez during a talk in the VIII Encuentro de Jévenes Topdlogos (A Coruna, 2019).

Lemma 1.1. Let G and H be two groups. There exists a topological space Xfl such that
Aut(X§) is isomorphic to G and £(X§) is isomorphic to H.

An immediate consequence of Lemma, is the following: for a general topological space
there is no relation between its group of homeomorphisms and its group of homotopy classes
of self-homotopy equivalences. Moreover, if G and H are two groups, then we can produce
infinitely many non-homeomorphic topological spaces having G as their group of homeomor-
phisms and having H as their group of homotopy classes of self-homotopy equivalences.

For every topological space X there is a natural homomorphism of groups 7 : Aut(X) —
E(X) sending each homeomorphism f to its homotopy class [f]. Given two groups G and H,
we consider the topological space Xg obtained in Lemma The kernel of 7 : Aut(Xg ) —
E(XH) corresponds precisely to Aut(X$). The image of 7 is the homotopy class of the
identity map. However, modifying the construction of the topological space Xg, we can
obtain a stronger version of Lemma [1.1

Theorem 1.2. Let f : G — H be a homomorphism of groups. There exists a topological
space Xy such that Aut(Xy) =G, E(Xy)=H and 7 = f.

Theorem [I.2] clearly generalizes Lemma We prefer to prove Lemma first for the
sake of exposition. Omitting Lemma the proof of Theorem becomes less intuitive. In
addition, subsequent results are obtained using the topological space given in Lemma [I.1]

Given a topological space X and a non-negative integer number n, we can consider the
n-th homology group H,(X) of X or the n-th homotopy group 7,(X) of X. It is natural
to consider more realization problems involving these groups, the group of homeomorphisms
and the group of homotopy classes of self-homotopy equivalences.

Theorem 1.3. Let G and H be finite groups and let X be a topological space with the homotopy
type of a compact CW-complex. There exists an Alexandroff space Yf] such that Aut(Yg)
s isomorphic to G, S(Yg) 1s isomorphic to H and X is weak homotopy equivalent to Yg,
which implies that Hn(YfI) is isomorphic to H,(X) and ﬂn(Yg) is isomorphic to mp(X) for
every n € N,



As an immediate consequence of Theorem we can deduce the following corollaries.

Corollary 1.4. Let H and G be finite groups and let {F;}icr be a set of finitely generated
Abelian groups, where I C N is a finite set. There exists a topological space X such that
Aut(X) is isomorphic to G, £(X) is isomorphic to H and H;(X) is isomorphic to F; for
every 1 € I.

Corollary 1.5. Let H and G be finite groups, n € N and let T be a finitely presented (Abelian)
group (if n > 1). There exists a topological space X such that Aut(X) is isomorphic G, £(X)
is isomorphic to H and 7, (X) is isomorphic to T.

Roughly speaking, these corollaries say that for a general topological space X its group of
automorphisms in T'op or HT op does not have any relation to its n-th homology or homotopy
group and vice versa. In contrast, for the category H Pol, the situation is completely different
since £(X) contains normal subgroups that are nilpotent. For instance, given a topological
space X, we denote by E4(X) (£4(X)) the set of self-homotopy equivalences that induce the
identity map in homotopy (homology). It is trivial to check that £4(X) (£4(X)) is a normal
subgroup of £(X) and if X is a finite CWW-complex, then £4(X) (£,(X)) is a nilpotent
group. See [10] for more details. Using the construction obtained in Theorem we can find
topological spaces that do not satisfy the previous properties. From this we get that some
of the techniques used to study the group of self-homotopy equivalences for CW-complexes
cannot be adapted in a natural way to general spaces.

The organization of the paper is as follows. In Section [2] we introduce basic concepts and
results from the literature. In Section [3| we provide an example of one of the main results in
order to motivate the main ideas of the proof of Lemma In Section |4] we prove Lemma
and give some remarks. In Section [5| we prove Theorem In Section [6] we define a
sequence of topological spaces whose homotopy and homology groups are all trivial, their
group of automorphisms in Top and HTop are also trivial, but they are not homeomorphic
or homotopy equivalent to a point. Then, we prove Theorem as well as Corollary and
Corollary Finally, we give examples of topological spaces satisfying that the groups &,(+)
and £x(-) are not nilpotent in general.

2 Preliminaries

The following definitions and results can be found with more detail in [T}, 3, [15] 17, 14] .

Definition 2.1. Let X and Y be topological spaces. A continuous function f : X — Y is said
to be a weak homotopy equivalence if it induces isomorphisms on all the homotopy groups.

Definition 2.2. An Alexandroff space X is a topological space satisfying that the arbitrary
intersection of open sets is open.

If X is an Alexandroff space, then for every x € X there exists a minimal open neighbour-
hood U, given by the intersection of every open set containing x. F, denotes the set given
by the intersection of every closed set containing x. Trivially, every finite topological space is
an Alexandroff space. An Alexandroff space X is locally finite if for every x € X the set U,
is finite.



Let (X, <) be a partially ordered set or poset. If x,y € X, then we write x <y (x > y)
if and only if z < y (z > y) and there is no z € X such that z < z <y (z > z > y). We will
denote by max(X) the maximum of X if it exists. We denote by P, = (E;, S;) the cardinal
numbers E, = [{y € X|y < z}| and S, = {y € X|z < y}|. Aset S C X is called lower
(upper) if for every x € S and y < x (y > ) we have y € S.

It is not difficult to verify the following two properties:

e For a partially ordered set (X, <) the family of lower (upper) sets of < is a Ty topology
on X, that makes X a Ty Alexandroff space.

e For a Tj Alexandroff space, the relation z <; y if and only if U, C Uy (U, C Uy) is a
partial order on X.

In addition, for a set X, the Ty Alexandroff space topologies on X are in bijective corre-
spondence with the partial orders on X.

From now on, every Alexandroff space satisfies the Ty separation axiom. The following
results can be found, for instance, in [3] [14].

Proposition 2.3. If f : X — Y is a map between Alexandroff spaces, then f is continuous
if and only if f preserves the order.

From this and previous properties, the following result can be deduced.

Theorem 2.4. The category of Ty Alexandroff spaces is isomorphic to the category of partially
ordered sets.

Hence, partially ordered sets and Ty Alexandroff spaces can be treated as the same object.

Proposition 2.5. Let f,g : X — Y be continuous maps between Alexandroff spaces. If
f(z) <g(x) (f(x) > g(x)) for every x € X, then f and g are homotopic.

Remark 2.6. If X is a Ty Alexandroff space with a minimum (maximum) xx, then X is
contractible to xx. This follows from the previous proposition and the fact that the constant
map ¢: X — X given by c(x) = xx satisfies that c(x) < x (c(x) > x) for every z € X.

Definition 2.7. Given a finite poset (X, <), the height ht(X) of X is one less than the
mazimum number of elements in a chain of X. The height of a point x in a locally finite
Alezandroff space is given by ht(Uy). For a general Alexandroff space X, the height of a point
x € X is defined as oo if U, contains a chain without a minimum and ht(U,) otherwise.

Example 2.8. Let us consider the real numbers with the usual order. For every z € R the
height of x is co because the chain ... <z —n < .. <2z —2 <z —1 < x does not have a
minimum. Moreover, P, = (0,0) since there is no y € R satisfying that x < y or x > y. Let
us consider X = N U {x}, where we consider the partial order defined as follows: n < x for
every n € N. It is clear that U, is not a finite set but the height of *x is 1. Furthermore,
P, = (N[, 0).

Proposition 2.9. Let X and Y be Alexandroff spaces. If f : X — Y is a homeomorphism
and x <y, then f(z) < f(y) (f(x) = f(y)). Furthermore, for every x € X the height of x is
equal to the height of f(x) and Py = Py(y).



The following results provide a combinatorial way to study the homotopy and weak ho-
motopy type of finite topological spaces.

Definition 2.10. Let X be an Alexandroff space. A point x in X is a down beat point
(resp. up beat point) if Uy \ {x} has a mazimum (resp. F, \ {x} has a minimum). A finite
Ty topological space X is a minimal finite space if it has no beat points. A core of a finite
topological space is a strong deformation retract which is a minimal finite space.

Proposition 2.11 ([17]). Let X be an Alexandroff space and let x € X be a beat point. Then
X \ {z} is a strong deformation retract of X.

If X is a finite Ty topological space, then X has a core. We only need to remove beat
points one by one to obtain a minimal finite space.

Theorem 2.12 ([I7]). If X is a minimal finite space, then f: X — X is a homeomorphism
if and only if f is a homotopy equivalence.

Corollary 2.13. If X is a minimal finite space, then Aut(X) is isomorphic to E(X).

Remark 2.14. The result of Corollary can be stated in a stronger way. Let X be a
minimal finite space. It is easy to check that Aut(X) = E(X). For every [f] in E(X) there is
only one element in the class [f]. We can identify every homeomorphism with its homotopy
class.

Remark 2.15. Corollary[2.13 can be generalized to Alezandroff spaces. To do this, consider
the notion of being locally a core introduced in [13]. This notion generalizes the notion of
minimal finite space, that is, every minimal finite space is locally a core. Let X be locally a
core. Then a continuous map f : X — X is a homeomorphism if and only if f is a homotopy
equivalence. Moreover, we get that Aut(X) ~ E(X).

Definition 2.16. Let X be a finite Ty topological space. A point x in X is a down weak beat
point (resp. up weak beat point) if Uy \ {x} is contractible (resp. F, \ {x} is contractible).

Proposition 2.17 ([3]). Let X be a finite Ty topological space and let x € X be a weak beat
point. Then the inclusion i : X \ {x} — X is a weak homotopy equivalence.

Definition 2.18 ([3]). Let X be a finite Ty topological space and let' Y C X. It is said that
X collapses to Y by an elementary collapse if Y is obtained from X by removing a weak beat
point. Given two finite Ty topological spaces X and Y, X collapses to'Y if there is a sequence
X = X1, X9,..., X, =Y of finite Ty topological spaces such that for each 1 < 1 < n, X;
collapse to X;11 by an elementary collapse.

Lemma 2.19. Let X and Y be Alexandroff spaces and let f : X — Y be a homeomorphism.
Then x € X is a down (up) weak beat point if and only if f(z) is a down (up) weak beat point.

Proof. There is no loss of generality in assuming that x is a down weak beat point. If = is
an up weak beat point, then the argument is similar. It is easy to see that f(Us) = Ug(y)-
Therefore, f(Ux \ {7}) = Usz) \ {f(7)} and we get the desired result.

0



We recall the notion of a Hasse diagram for a locally finite Alexandroff space X. The
Hasse diagram H(X) of X is a directed graph. The vertices of H(X) are the points of X.
There is an edge between two vertices z and y if and only if x < y and the orientation of
the edge is from the lower element to the upper element. We omit the orientation of the
subsequent Hasse diagrams and we assume an upward orientation.

Remark 2.20. It is easy to identify beat points of a finite topological space X by looking at
its Hasse diagram. A vertex x is a down beat point (resp. up beat point) if there is only one
edge that enters (exits) it, i.e., P, = (a,b), wherea =1 (b=1).

The homotopy and singular homology groups of Alexandroff spaces were studied in [15].

Definition 2.21. Let X be an Alexandroff space. Its McCord complex or order complex K(X)
1s the simplicial complex whose simplices are the non-empty chains of X. Let L be a simplicial
complex. The face poset of L, denoted by X (L), is defined to be the poset of simplices of L
ordered by inclusion.

Remark 2.22. A finite Ty topological space X is said to be collapsible if it collapses to a
point. If X is a collapsible finite Ty topological space, then K(X) is also collapsible.

The geometric realization of a simplicial complex K is denoted by |K]|.

Theorem 2.23. [17] Given an Alezandroff space X, there exists a weak homotopy equivalence
fIK(X)| — X.

Theorem 2.24. [15] Given a simplicial complex L, there exists a weak homotopy equivalence

f:|L] — X(L).

Finally, we recall some remarks and a definition. For a more complete treatment we refer
to the reader to [3].

Definition 2.25. The non-Hausdorff join X ® Y of two Alexandroff spaces X and'Y is the
disjoint union X LY keeping the given ordering within X and Y and setting y < x for every
reXandyey.

Remark 2.26. Given two Alexandroff spaces X and Y, K(X ®Y) = IC(X) « K(Y), where *

denotes the usual join of simplicial complexes. If X and Y are finite topological spaces and
one of them is collapsible, then KK(X ®Y") is collapsible.

Proposition 2.27. Let X and Y be two Alexandroff spaces. Then Aut(X ®Y) = Aut(X) x
Aut(Y').

3 Examples and motivation of the proof of Lemma [1.1

We present an example to illustrate the idea of the construction given in the proof of Lemma
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Example 3.1. Let us consider the Klein four-group Zs @Zsy, where we denote g1 = (0,0), go =
(1,0),93 = (0,1) and g4 = (1,1), and the cyclic group of two elements Zs, where we denote
hy = 0 and he = 1. We also denote G = Zg ® Zo and H = Zy for simplicity. Moreover, let



Sa = 192,93}, Sy = {ha} be generating sets of G, H respectively. We declare gy < g3. Our
goal is to find a finite Tp topological space X & such that Aut(X§) ~ G and £(X§) ~ H.

By [5, 7], there exists a finite Ty topological space X satisfying that Aut(X®) is isomor-
phic to G. In Figure [1] we have represented in blue the Hasse diagram of X. It is clear
that adding to X a minimum *, i.e., X& = X¢ U {x} with * < z for every z € X, we get
that £(XY) is trivial since X& is contractible. On the other hand, if f € Aut(X&), then we
have that f(*) = * because * is a minimum. Thus we deduce that Aut(X&) is isomorphic to
Aut(X%). Our next goal is to find a topological space X} satisfying that Aut(X}) is trivial
and £(X7};) is isomorphic to H. Again, by [7], there exists a finite T topological space X g
satisfying that £(Xp) ~ Aut(Xpy) ~ H. In Figure [l the Hasse diagram of Xy corresponds
to the red and black parts of the diagram on the right. We modify X in order to reduce the
number of self-homeomorphisms without changing the number of self-homotopy equivalences.
For this purpose we add some points to Xpg. We consider X}, = Xy U {wp,,wn,,a}, where
we have the following relations: A, ) < wp, and A, ) < wp, < a. The Hasse diagram
of X7, can be seen on the right on Figure |1, where the new points are pictured in orange.
It is easy to check that £(X};) ~ £(Xpy) ~ H. The new points are beat points so we can
remove them without changing the homotopy type of X7;. Hence, we have that X7, and Xg
have the same homotopy type. We prove that Aut(X7j;) is trivial. If f € Aut(Xj;), then
f(M)= M and f(N) = N, where M and N denote the set of maximal and minimal elements
of X7; respectively. From this, using Proposition and the fact that f preserves heights,
we deduce that f is the identity.

(91,93) (92, 93) (93,93) (94, 93)
X6 X;,
(91, 92) (94, 92)
(ha, h2)
(917 O) (947 O)
Ay 0) Ahs,0)
Shy.0) S(ha,0)

* (}11,—1) (]L27—1>
Figure 1: Hasse diagrams of X and X7

Combining X7, with X& we obtain Xfl. We identify the point * of X7, and X%, We also
extend the partial order of the two previous posets using transitivity, that is, if x € X}, and
y € X&, then we have that z < y if and only if < % < y. It is not difficult to check that Xg
satisfies the properties required at the beginning. Xg and Xy have the same homotopy type
because we can collapse X to *. We thus get that E(Xg) ~ E(Xp) ~ H. Since * is the only
point with height 1 and P, = (2,4), it follows that  is a fixed point for every f € Aut(X§).
By the continuity of f, it is easily seen that f(X¢) = X& and f(X}) = Xj;. From this, we
conclude that Aut(X§) is isomorphic to G.

We can also consider what we call the dual case, that is, Xg , where we have that



Figure 2: Hasse diagram of Xg.

Aut(Xg ) ~ H and & (Xg ) ~ G. We can now proceed analogously to the previous argu-
ments, i.e., we find X% and X/7. In Figure |3 we have the Hasse diagrams of X and X(,.

XH

(hh ho (h,27 h/z)

(}Lh—l) (h27—1)

Figure 3: Hasse diagrams of X and X5



Again, combining X with X o we get X g , that is, the finite topological space given by
the Hasse diagram of Figure [4| It is trivial to verify that Xg is not homeomorphic to Xg
because of their different cardinality. Furthermore, Xg and Xg are not homotopy equivalent
since £(X§) is not isomorphic to £(XH). Another way to prove the last assertion is the
following. After removing one by one the beat points of Xg we get Xpg; after removing one
by one the beat points of X g we get X. However, X« is not homeomorphic to X because of
their different cardinality. By Theorem we conclude that Xg and Xg are not homotopy
equivalent. Moreover, studying their McCord complexes it can be shown that X}GI and Xg
are not weak homotopy equivalent.

Figure 4: Hasse diagram of Xg .

4 Proof of Lemma [1.1] and remarks

Proof of Lemma [1.1. We follow the same strategy as in Example [3.1] Firstly, we find a
topological space Xj; such that £(X};) ~ H and Aut(Xj;) is trivial. Secondly, we find a
topological space X& such that Aut(XF) ~ G and £(X&) is trivial. Finally, we combine
properly both topological spaces to obtain a topological space Xg satisfying that Aut(XICj) a
G and £(X§) ~ H.

We first assume that G and H are non-trivial groups. The trivial case will be considered
later.

Construction of X& and properties. We consider a set of non-trivial generators S¢, for G.
Without loss of generality we can consider a well-order on Sy, satisfying that if max(S;) exists
and |S(;| > 1, then there exists a € Sy, satisfying a < maxz(Sg). If max(Sg;) exists and there
is no a € S¢; satisfying o < max(Sy;), then the well-order defined on S{; can be modified as
follows: max(S;) < « for every a € Sg, \ {maz(S)} and the rest of the relations defined on
S¢ \ {max(S)} unaltered. It is obvious that the new partial order defined on Sf, is indeed
a well-order and max(Sy;) does not exist. We consider S¢ = Si; U {0, —1}, where we assume
that —1,0 ¢ S¢;, and extend the well-order defined on S¢; to Sg as follows: —1 < 0 < « for
every a € Sg,. We consider

X% = (G x Sq) U {*},



where we have the following relations:
o (g,a) <(g,0)if 1 <a <J, where g € G and «,d € Sg.
e (ga,—1) < (g,a), where g € G and o € S \ {—1,0}.
e x < (g,—1), where g € G.

The rest of the relations can be deduced from the above relations using transitivity. It is easy
to check that X& is a partially ordered set.

We prove that Aut(XY) ~ G and £(X) is the trivial group. We have that £(X$) is the
trivial group because X& is contractible to *, which is a minimum. Since * is a minimum,
it follows that every self-homeomorphism must fix this point. From this we deduce that
Aut(XE) ~ Aut(XE \ {*}). In addition, X& \ {*} is the same topological space considered
in [7, Section 3] and denoted by Xg. Hence, we know that Aut(X) ~ Aut(Xq) ~ G, where
¢ : G — Aut(Xq) is given by ¢(s)(g,a) = (sg,«) and is an isomorphism of groups.

Construction of Xj; and properties. We consider a set of non-trivial generators S, for H.

There is no loss of generality in assuming that there exists a well-order on S, satisfying that if
max (S ) exists and |S%;| > 1, then there exists o € Sy satisfying o < maz(Sy). We repeat
the same construction made before, that is, we consider Sg = S%;U{0, —1}, where we assume
that —1,0 ¢ S, and extend the well-order defined on S to Sy as follows: —1 < 0 < 3 for
every € Sy.

For every h € H we take a well-ordered non-empty set W}, such that Wp, is isomorphic to
W, if and only if h = ¢. For every h € H let wy, € W}, denote the first element or minimum
of W},. We consider

Xp=HxSHU( |J  Smp YTns) U W) u{s}
(h,B)EGXSH heH
0<B<maz(Sy)

where

Sng) = {Awp): Bing) Cinpy: Dinp)}> Ting) = 1wy Enp)s Gingy Hngy Ling) Jing) b
and we have the following relations:

1. (h,B) < (h,v) if =1 < a <, where h € H and 3,7 € Sg.

2. (hB,—1) < (h,p), where h € H and g € Sy \ {—1,0}.

3. A(h,ﬁ) ~ C(h,ﬂ)aD(h,ﬂ); B(h,ﬁ) > (h, B)aC(h,ﬁ) and (h, B) >~ D(h,ﬂ)a where h € H and
BeSu\{-1}.

4. Eng) = (b B)s Iin gy Fing) = Hng)s Jngys Gng) = Linpy Jinp) and (h, B) = Hpp),
where h € H and € Sy \ {—1}.

5. % > (h,—1), where h € H.

6. We extend the partial order defined on W), to Xy declaring that A, o) < wp, where
heH.
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Ahy0)

Chio)  Dinio) Hno)  Ini0) Jini0)

Figure 5: Hasse diagram of S(j, 0y U T{,0) U Wj, where W), is a finite well-ordered set.

The remaining relations can be deduced from the above using transitivity. It is routine to
verify that X7, with the previous relations is a partially ordered set.

We proceed to show that Aut(X7;) is the trivial group and £(X7j;) ~ H. It is clear that X7},
and X7; \ {Wy|h € H} have the same homotopy type. We define r : X}, — X5 \{Wy|h € H}
given by

7"(.%): A(h,O) x e Wy
x x e X \{Wylh e H}.

It is trivial to show that r is continuous and satisfies that r(z) < id(z) for every z € Xy,
where id : Xj; — X}, denotes the identity map. This implies that X7, \ {Wy,|h € H} is
a strong deformation retract of Xj,. On the other hand, X}, \ {Wy|h € H} is the same
topological space considered in [7, Section 3] and denoted by Y; Therefore we know that
E(X) ~ EX ) ~ Aut(Xyy) ~ H, where ¢ : H — Aut(Xy;) given by é(t)(h, B) = (th, 5)
and ¢(t)(Sn,3) U T(n,p)) = Sth,g) U T(tn,p) is an isomorphism of groups.

The task is now to prove that Aut(X7};) is the trivial group. Let us take f € Aut(X7}).
We consider A ) for some h € H. Since Fya,  \ {An0)} has a minimum wy, it follows
that A ) is an up beat point. By Lemma we know that f(A, 0)) is also an up beat
point. Therefore, f(A, )) is of the form Ay for some ¢ € H. By Proposition w we
get that f(wp) = wy. It follows from the continuity of f that f(Wp) C W;. Since f is a
homeomorphism, we have that fjy, is also a homeomorphism. Therefore we get that h = ¢;
otherwise we would get a contradiction since W}, is homeomorphic to W; if and only if h = ¢.
Using Propositionit is easy to verify that f fixes S, o) for every h € H. On the other hand,
[7, Remark 4.2] says that if a homeomorphism ¢ : X}, \ {Wy|h € H} — Xj; \ {Wi|h € H}
coincides at one point with the identity map, then g is the identity map. Thus, we can deduce
that f is the identity map and Aut(X7};) is the trivial group.

Construction of Xg. We consider Xg =X;5U X where we are identifying the point *

of both topological spaces, i.e., the partial order of Xg preserves the relations defined on X7;
and XC':

o Ifxc Xj;andy € X then z is smaller than y if and only if < % and * < y.
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o If 2,y € Xj;, then z is smaller (greater) than y if and only if « is smaller (greater) than
y with the partial order defined on X7;.

o If 2,y € X&, then z is smaller (greater) than y if and only if 2 is smaller (greater) than
y with the partial order defined on X&.

It is evident that £(X§) is isomorphic to H because XC is contractible to * and X} is
homotopy equivalent to X 5;. It suffices to show that Aut(Xg) is isomorphic to G. We verify
that every f € Aut(X§) satisfies that f(x) € X} for every z € X} and f(z) € XC for
every © € X, Firstly, we show that  is a fixed point for every homeomorphism f. We
have ht(x) = 1. Since for every z € X& \ {*} the height of z is at least 2 or different from
1, it follows that f(x) ¢ X&\ {*} € X§. The only elements of X} that have height one
are of the form * or (h,0) or Ay oy, Fisa)s Ersa) for some h,s € H and o € Sy \ {—1}.
We can discard the maximal elements, otherwise, f~! would send a maximal element to a
non-maximal element. If f(x) = A(n0), then we get a contradiction since 4, ) is an up beat
point. If f(x) = (h,0) for some h € H, then we get that f~'(Eq,0) > f~'(h,0) = = by
Proposition By Lemma we have that f_l(E(hm) # (g,—1) for every g € G because
Eh,0) is not a down beat point. Hence, the only possibility is f(*) = *. Finally, by the
continuity of f, we get that f(z) € X& C Xﬁ for every x € X& C X}GI. This implies that
Aut(X§) is isomorphic to G.

We prove the remaining case. If G is the trivial group, then it suffices to consider X7; to
conclude. If H is the trivial group, then X satisfies the desired properties. O

Remark 4.1. If f k € Aut(X§) are such that there exists x € XC \ {*} satisfying f(z) =
k(z), then f = k. This is a consequence of the isomorphism of groups ¢ given in the proof of
Lemma. Similarly, if [f], [k] € E(X§) are such that there exists v € XG\({XEYU{Wy|h €
H}) satisfying that f(x) = k(x), where f € [f] and k € [k], then f =k and [f] = [k]. This is
a consequence of the construction of Xg and ¢ given in the proof of Lemma .

Proposition 4.2. Let G and H be groups. Then the Alexandroff space Xfl obtained in the
proof of Lemma has the weak homotopy type of the wedge sum of 3|H||Sg| circles when
H is a finite group and the wedge sum of |N| circles when H is a non-finite countable set.

Proof. We have that X g has the same homotopy type of X7;. Repeating the same arguments
used in [7, Proposition 6.1] the desired result follows. O

Remark 4.3. Let G and H be finite groups and let Xfl be the finite topological space obtained
in the proof of Lemma . We can remove {T(, g)|h € H, 3 € Sy \ {~1,0}} from X§. The
resulting poset also satisfies that its group of homeomorphisms is isomorphic to G and its group
of homotopy classes of self-homotopy equivalences is isomorphic to H. This finite topological
space has |G|(|Sa| + 2) + |H|(|Su| + 2) + 4]SH||H]| + % + 1 points. The first term
corresponds to X&\ {x}, the second term corresponds to Xj; \ {x}, the third term corresponds
to the sets Sy, g), the fourth term corresponds to the points of the sets Wy, and the last term
corresponds to the point *.

We can change the sets 1{; g) from the proof of Lemma by T& g) 8s in [7, Section 5],
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where T(’;”Z ) = {z1, T2, ..Tn13,Y1,Y2, -, Yn+3} with the following relations:

(h,B) < @1 > Y2 <x3>Ys < oo < Tpt2 > Ynt3 < Tpt3 > Ynto < Tppl < ... < x2 > y1 < (h,F),

(h,B) <@1>y2 <3 >ya < oo > Ynt2 < Tntd > Ynt3 < Tnt2 > Yl < oo <22 > Y1 < (

We consider (1) for n odd and (2) for n even. We denote this poset by X§, .

Corollary 4.4. Given two finite groups G and H, there are infinitely many (non-homotopy-
equivalent) topological spaces {X G Ynen such that Aut(X§ ) is isomorphic to G and E(XG,)
1s 1somorphic to H for every n € N.

Proof. The proof is analogous to the proof of Lemma By Theorem [2.12] we have that
the topological spaces are not homotopy equivalent due to their different cardinality after
removing all the beat points one by one. O

5 Examples, remarks and proof of Theorem (1.2

The idea of this section is to modify the topological space obtained in Lemma to prove
Theorem|[1.2] Given a homomorphism of groups f : G — H, we slightly modify the topological
space Xj; defined in the proof of Lemma to get Xy. Adding new relations to Xj; we can
control the homomorphism of groups 7 : Aut(Xy) — £(Xy) given by 7(f) = [f].

Example 5.1. Let us consider the cyclic group of two elements Zo and the group of integer
numbers Z. We consider the homomorphism of groups f : Z — Zso given by f(n) = n mod 2.
We consider the topological space X%Q obtained in the proof of Lemma We remove W
and Wy from it. The resulting poset Xy corresponds to the Hasse diagram shown in black in

Figure [6]

A0

P2

Figure 6: Hasse diagram of X.

Now we add the following relations to Xy: (n,0) < A o) if f(n) =1 and (n,0) < Ay )
if f(n) = 0. In Figure [6] we have represented these relations in blue. It is easy to verify that
Xy satisfies that Aut(Xy) =7, E(Xy) =Zo and f =T.

13



Example 5.2. Let f : Zy — Zy @ Z2 be the homomorphism of groups given by f(0) = (0,0)
and f(1) = (1,0). In Figure 7| we have the Hasse diagram of Xy, where we use the same
notation introduced in Example We have that Aut(Xy) = Zo, E(X¢) = Zo © Zy and

T = f.

Figure 7: Hasse diagram of X;.

Proof of Theorem |1.2. Suppose G and H are not trivial groups since otherwise the result
follows from Lemma (1.1} Let Xﬁ be the topological space obtained in the proof of Lemma
We consider X; = X& \ {Wj,|h € H}. We keep the same relations defined on X; as a
subspace of Xg and add the following relations:

® Ago) = (9,0) if f(g) = h, where h € H and g € G.

[ ] A(h,O) -k lf h ¢ f(G)

It is easy to check that X is a partially ordered set with the above relations. The task is now
to show that £(X ) ~ H. We consider r : Xy — X given by

(z) = x xeXC
T e e xp\ (X6,

We have that r preserves the order so it is a continuous map. It is simple to verify that
r(x) < id(x) for every x € Xy, where id denotes the identity map. From this it follows that
Xy is homotopy equivalent to r(Xy¢) = X7 C Xy. On the other hand, repeating the same
arguments used in [7], it can be proved that X7, is locally a core [I3] or a minimal finite
space in case H is a finite group, which implies that £(X;) ~ £(X};) = Aut(X}). Since
P, = (|H|,|H]) and ht(x) = 1, it follows that every homeomorphism T : X}, — X7, fixes *.
Hence, the group of homeomorphisms of X7; as a subspace of X is isomorphic to the group
of homeomorphisms of the topological space X7; obtained in the proof of Lemma Thus,
E(Xy)~ H.

We proceed to show that Aut(Xy) ~ G. We consider the following auxiliary sets: Col, =
{(h,B)|B € Su} U{Shp UTnplB € Sy \ {—1,max(Sy)}}, where h € H, and ColY =
{(g,@)|a € Sg}, where g € G. If z € X¢ C Xy, then every homeomorphism 7 : X; — X/
satisfies that T'(z) € X¢. We prove the last assertion. We know that X\ {X&} does not
contain beat points. On the other hand, for every g € G we have that (g, —1) is a beat point
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of height 2. Using Proposition 2.9 and the notion of continuity we deduce that for every
T € Aut(Xy) and (g, ), where g € G and « € Sg, we have T(g, ) = (¢, ) for some ¢’ € G.

We consider ¢ : G — Aut(Xy) given by ¢(9)(¢, @) = (99, ) if ¢ € G and a € Sg,
w(9)(h,B) = (f(g9)h,B) if h € H and B € Su, ¢(9)(Snp) U T(ng) = S(s@pns) Y Lsa)ns)
defined in the natural way if h € H and 5 € Sy \ {—1, max(Sy)} and ¢(g)(*) = *. We prove
that ¢ is well-defined. We verify the continuity of ¢(g). Suppose (¢',0) < A ) for some
¢ € G and h € H. By hypothesis, f(g') = h. Therefore,

v(9)(9',0) = (99',0) < A(r(991.0) = A(0)7(6).0) = AF@)n0) = P(9)A(n0)-

It is easy to check that ¢(g) preserves the remaining relations. The inverse of ¢(g) is given by
©(g71). Hence, ¢ is well-defined. By construction, ¢ is a monomorphism of groups. Suppose
T € Aut(Xy). Proposition Remark and the fact that Tjxc € Aut(XE) imply that
every T € Aut(Xy) satisfies T(Coly) = Coly and T(Col?) = Coly for some ¢ € G and
h' € H, where g € G and h € H. We consider (g,0) < A, ) for some g € G and h € H.
We get T(Col?) = Col? for some ¢’ € G and T(Coly) = Coly for some i’ € H. By Remark
the proof of Lemma and the fact that Tjx, € Aut(XE), there exists t € G such that
T(Col®) = Col**, where s € G. Hence, ¢ = tg. By Proposition T(Ano) = A o) =
(tg,0) = T(g,0), we have b’ = f(tg) = f(t)f(g) = f(t)h. Thus, T = ¢(t) because of Remark
and the fact that Tix \(xey € Aut(X} \ {+}). By construction, for every g € G the
equality 7(g) = f(g) holds. Since every T € Aut(Xy) can be seen as T = ¢(g) for some g, it
follows that 7(T') = f(g), where f(g) = ¢(9)|x;, € E(Xy). O

Remark 5.3. Theorem [1.9 generalizes Lemma [1.1] and the results of realization obtained in
[7]. Let G and H be two groups. Using Theorem we obtain a family of topological spaces
{Xt}r.a—n satisfying that Aut(Xy) ~ G and E(Xy) ~ H.

Proposition 5.4. Let G and H be groups. If g, f : G — H are homomorphisms of groups,
then X is homotopy equivalent to X,.

Proof. The result is an immediate consequence of the construction. We have that X, is
homotopy equivalent to Xj; for every homomorphism of groups f : G — H. Therefore, the
homotopy type of the topological space obtained in the proof of Theorem does not depend
on the homomorphism chosen to construct it. Thus we deduce the desired result. O

Proposition 5.5. Let G and H be groups and let f,g: G — H be homomorphisms of groups.
Then f = g if and only if Xy is homeomorphic to X,.

Proof. One of the implications is trivial. It suffices to show that if X; is homeomorphic to X,
then f = g. Since Xy is homeomorphic to X, it follows that there exists a homeomorphism
T': Xy — X,. From the construction of Xy and X, in the proof of Theorem it can be
easily deduced that T|/X§ € Aut(XE) ~ G and T|/X;; € Aut(X},) ~ H. This is due to the fact
that X& contains beat points while X7; does not have beat points. Therefore, T"XG can be
related to the action of an element T' € G and T"X* can be related to the action of an element
. H

T € H. We have (e, 1) < A(f(e),0), where e denotes the identity element in G, and we also
have

T'(e,1) = (T,1) < Azy(e).0) = T'(As(e),0)):
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which implies that g(T') = T f(e). Thus, g(T) = T because f is a homomorphism of groups.
In addition, for every h € G, we know that there exists a relation in Xy of the following form
(h, 1) =< A(f(h),o)' We have

T'(h,1) = (Th,1) < Az .00 = T (Arn).0)-

By the construction of X, we get g(Th) = g(T')g(h) = T f(h). Earlier we prove that g(T") =T,
which implies that g(h) = f(h) for every h € G. O

6 Groups of homology, homotopy and automorphisms

We first prove that the groups studied previously do not determine neither the homotopy type
nor the topological type of a topological space X in general. To do this we provide an example.
However, if the topological space X satisfies some properties, namely, X is compact and a
locally Euclidean manifold with or without boundary, then its group of homeomorphisms
determines its topological type of it, see [19] for more details.

Example 6.1. Let us consider the Alexandroff space W5 given by the Hasse diagram of
Figure [8 It is the union of Ly = {z;}i=1,. 9 and Ly = {z;}=9,.. 17, where we are identifying
the point xg9 of L; for ¢ = 1,2. For simplicity, W7 denotes L;. The topological space L
was introduced in [16, Figure 2] and has the weak homotopy type of a point. It is proved
in [§] that W7 is the smallest finite topological space having the same weak homotopy type
of a point but not contractible. It is clear that W5 does not have beat points, so Aut(Ws)
is isomorphic to £(W3). On the other hand, it is easy to show that Aut(W3) is the trivial
group. Since P, = (3,5) only for z € {x5,z13} and the heights of these points are different, it
follows that every homeomorphism must fix x5 and z13. Proposition leads to the desired
result. Furthermore, the homotopy and singular homology groups of Ws are trivial. We can
study the weak homotopy type of Wy studying the McCord complex IC(W3) or removing beat
and weak beat points. We have that x16 is a weak beat point. After removing this point, x1o
and x14 are up beat points. If we remove them, then it is easy to check that the remaining
space is homotopy equivalent to the space given by the points {z;}i=1,... 9. We continue in this
fashion. We have xg is a weak beat point. After removing this point, z7 and xg are down beat
points. Thus, X has the same weak homotopy type of a point. Therefore we have that Ws
is a topological space satisfying that Aut(Ws) ~ E(Ws) ~ 7, (W) ~ H,(Ws) ~ 0 for every
n > 0 but it is not homeomorphic nor homotopy equivalent to a point. We can generalize
this topological space by taking more copies of the topological space introduced in [16]. For
instance, we can define W3 just as L3 U Wy, where L3 = {z;};=17,.. 25 and we are identifying
the point z17 of W3 and Ws. It is easy to prove that W,, has the weak homotopy type of a
point for every n € N because z; € W,, with ¢ = 0 (mod 8) is a weak beat point.

One possible consequence of the previous construction is the following result.

Proposition 6.2. Let G and H be finite groups. There exists a topological space X such that
Aut(X) is isomorphic to G, £(X) is isomorphic to H and X is weak homotopy equivalent to
a point.

Proof. We consider the topological space Xﬁ obtained in the proof of Lemma and the
finite topological space Wy given in Example Let X denote Xg ® Wy. By Proposition
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X15 Tie L1t

Figure 8: Hasse diagram of Wj.

Example(6.1{and the proof of Lemmawe have that Aut(X) ~ Aut(X§) x Aut(Ws) ~
Aut(XfI) ~ (G. We get that X is homotopy equivalent to X7; ® W5 by removing its beat points
one by one. Since X}, ® Ws does not contain beat points by Corollary it follows that
E(XG ® W) ~ Aut(Xj; ® Wa) ~ Aut(X};) ~ H. In addition, since W is collapsible, it
follows that X has the weak homotopy type of a point by Remark [2:26] O

We motivate the proof of Theorem [I.3] with one example.

Example 6.3. Let us consider G = Z3 and H = Zy. We consider the minimal finite model
of the 2-dimensional sphere X, that is, X = {A, B,C, D, E, F'}, where A, B > C, D, E, F and
C,D > E,F. Then |[K(X)| is homeomorphic to S2.

We want to find a finite Tj topological space Yfl such that Hn(Yg) and 7Tn<YfI) are
isomorphic to H,(S?) and 7, (S?) respectively for every non-negative integer n, Aut(X ;) is
isomorphic to Zz and & (Yg) is isomorphic to Zg. The idea is to modify X to obtain a new
space satisfying that its group of homeomorphisms is trivial. We enumerate the points of X.
For each i € X with i = 1,...,|X]|, we add W; to X as in Example The Hasse diagram of
the new topological space, denoted by X', can be seen in Figure EL The Hasse diagram of X
is painted black whereas the new part is blue and purple. In purple we have the weak beat
points that are not beat points. It is clear that X’ does not have beat points so Aut(X') is
isomorphic to £(X’). A homeomorphism f sends weak beat points to weak beat points by
Lemma It is easy to deduce from this that Aut(X') is the trivial group. On the other
hand, the new structure added can be removed without changing the weak homotopy type
of the space, see Example Therefore, we have that H,(X’) is isomorphic to H,(X) and
7n(X’) is isomorphic to m,(X) for every non-negative integer n.

Finally, we add a new point ¢ that connects X' to Xg ® Wy, where Xg is the space
obtained the proof of Lemma for finite groups. In Figure [J] we have the Hasse diagram of
the new topological space X ;. The relations with the point ¢ are shown in green. The Hasse
diagram of Xfl ® Ws is painted read and orange. It is easy to check that Yﬁ satisfies the
desired properties.

Proof of Theorem [1.3, If X has the same homotopy type of a point, then the result can
be deduced from Proposition [6.2] Therefore we can assume that X does not have the same
homotopy type of a point. The idea of the proof is to follow techniques similar to the ones
used in the proof of Lemma From the simplicial approximation to CW-complexes, [I1]
Theorem 2C.5.] we get that there exists a finite simplicial complex that is homotopy equivalent
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Figure 9: Hasse diagram of Yg

to X. By abuse of notation we continue to write X for the finite simplicial complex. We apply
the McCord functor X to X in order to obtain a finite Ty topological space X'(X) such that
X(X) is weak homotopy equivalent to X. We can suppose that X(X) does not have beat
points or weak beat points; otherwise we can remove them one by one until there are none
left. We denote by n = |X(X)| and label the points in X'(X), that is, X(X) = {yi }i=1..n. For
each y; € X(X) we consider W;, where Wj is the topological space obtained in Example
We consider Z = X(X) U Ui:l,...,n W;, where we are identifying the point y; with z; € W;
for every i = 1,...,n. We define the partial order on Z extending the already existing partial
orders. To do that we use transitivity, i.e., for z,y € Z, x > y if and only if one of the
following situations is satisfied:

o z,y € X(X) and z is greater than y with the partial order defined on X' (X).
o 1,y € W; for some i and x is greater than y with the partial order defined on W;.
e yc X(X), z €W, for some i and = > y;(= z1) > y.

Consider Yg = ZUXS®W,oU{t}, where X is the space obtained in the proof of Lemma
and W5 the space given in Example We extend the partial order defined on Z and

Xg ® Wa to Yf, by declaring that y; <t > x; for some h € H, where y; is a minimal point
in X(X) and x; € Wa. We prove that f € Aut(Yf]) restricted to Z is the identity. In W;
there are ¢ weak beat points that we will denote by z; with j = 1,...,7. In fact, we have that
the only weak beat points that are not beat points or do not have a bigger beat point are in
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Z. Hence, if z;- € W; is a weak beat point, we have f(z;) = zlk € Wy for some | < k < n.
By Proposition and Lemma we have that f(W;) = Wjy. But W; is homeomorphic
to Wy, if and only if i = k. By the continuity of f, f(W;) = id(W;), so fiz = id(Z), as we
wanted. It is easy to check that ¢ is also a fixed point for every homeomorphism since y; <t
and f(y;) = y;. We get Aut(Y§) ~ Aut(XG ® Wa) ~ Aut(XE) x Aut(Ws). By Proposition
Example and the Proof of Lemma Aut(Yf]) ~ Aut(X§) ~ Aut(XF) ~ G. On
the other hand, 5(??1) ~ E(ZU{t} U Xy @ Wa), but ZU {t} UXj ® Wy does not contain
beat points. Therefore, by Corollary E(ZU{t}UX} ®@Wy) =~ Aut(Z U{t} U X}, ® Wa).
From here, repeating similar arguments than the ones used before, it can be deduced that
Aut(ZU{t} U X5 ® Wy) ~ Aut(Xy;) ~ H.

Finally, |IC(Y§)| is clearly the wedge sum of [K(Z)| and |[K(X§ ® Ws)|. From Remark
we obtain that IC(XfI ® Wa) is homotopy equivalent to a point since Wa is collapsible,
which implies that IC(W3) is also collapsible, and Xg is homotopy equivalent to X7;. We also
get that [K(Z)| is homotopy equivalent to X because every W; can be removed following the
steps of Example without changing the weak homotopy type of Z. Therefore, for every
n € N, we have 7, (X) ~ m,(Z) and H,(X) ~ H,(Z). O

Proof of Corollary[1.4] It is an immediate consequence of Theorem We only need to
consider the wedge sum of Moore spaces and then apply Theorem O

Proof of Corollary [1.5. We only need to use the beginning of the construction of Eilenberg-
Maclane spaces to obtain a compact CW-complex X with m,(X) ~ H and possibly non-trivial
higher homotopy groups. Therefore, the result is an immediate consequence of Theorem

L3l O

Remark 6.4. The results obtained in this section are stated in terms of finite groups but it
may be possible to get the same results for general groups. The idea could be to use the same
constructions described in this section and the theory of [13], which is a generalization of the
theory of R.E. Stong [17].

For a compact CW-complex X, &,(X) and £4(X) are nilpotent groups, see for in-
stance [I0, Section 4]. E£x(X) (£4(X)) can be seen as the kernel of a homomorphism of
groups. We consider the functor w (H,) between H Pol and the category of groups given by
m(X) = EB?ZL(X) mi(X) (Ho(X) = @;2, Hi(X)). It is easy to check that m (H,) induces a
homomorphism of groups, 7 : £(X) — Aut(n(X)) (Hs« : £(X) — Aut(H.(X))). This sends
each self-homotopy equivalence to its induced morphism in the homotopy groups (homology
groups), where Aut(-) denotes here the group of automorphisms of a group in the category
of groups. Then, £4(X) (€+(X)) can be seen as the kernel of 7 (H.) and so it is a normal
subgroup of £(X). With the following example we prove that for a general topological space
we cannot expect the same result.

Example 6.5. Applying the construction obtained in the proof of Theorem we can get
a topological space X such that Aut(X) is trivial, £(X) = S3 and X is weak homotopy
equivalent to a circle, where S3 denotes the symmetric group on a set of 3 elements. In Figure
we present the Hasse diagram of X. By construction, every self-homotopy equivalence of
X fixes the blue, black, green and orange parts of the Hasse diagram. On the other hand,
the only part that contributes to the homotopy groups or homology groups is the black one.
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Therefore we can deduce that £4(X) = £,(X) = £(X) = S3, which implies that £4(X) and
E«(X) are not nilpotent groups.

Figure 10: Hasse diagram of X.

Remark 6.6. [t is not difficult to show that the topological spaces obtained in the proof of
Theorem satisfy that £,(X) = Ex(X) = E(X). Then it is easy to find more examples such

as Example [6.5
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