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Abstract: A new method is proposed to perform Mueller matrix polarimetry using a Full Poincaré
beam (i.e., a non-uniformly polarized beam presenting all polarization states across its section) as a
parallel polarization state generator and a charge-coupled device (CCD) camera as a detector of the
polarization state analyzer. In this way, the polarization change is measured for all possible input
states simultaneously. To obtain the Mueller matrix of the sample, the overdetermined system of equa-
tions that relates the input and output states of polarization is solved by means of the Moore–Penrose
pseudo-inverse. Preliminary numerical simulations are performed to identify and exhaustively ana-
lyze the main sources of error. In order to test the method, experimental measurements are presented
for several known samples, showing an excellent agreement between the experimentally obtained
Mueller matrices and the theoretically expected ones.

Keywords: polarimetry; polarization; full poincaré beams

1. Introduction

Sample polarimetry is a non-invasive technique to determine the linear optical be-
havior of an unknown sample [1–3]. This behavior is related to the sample composition,
structure, thickness, surface roughness, etc, and its knowledge is very useful in many
different areas, such as medical diagnostic techniques [4–11], technological materials char-
acterization and fabrication control [2,12–17], identification and counting of microplastics
in wastewater [18] or air pollution detection [19–21]. Many different Mueller matrix polari-
metric techniques have been developed up to now (see, for example, [1,2,10,22–24]).

Mueller matrix polarimetry is based on the determination of the polarization changes
occurring when a polarized light beam passes through, is reflected by, or is modified in
any other way by a sample. Several input polarization states must be tested to obtain a
complete characterization of the linear optical properties of the sample. Recently, non-
uniformly polarized beams, i.e., beams that present different polarization states across
their transverse section, have been proposed for Mueller polarimetry [25–29]. In particular,
spirally polarized beams have been used [27,28]. In that case, however, it is not possible
to find four linearly independent states of polarization across the beam profile, which is
necessary to obtain a complete characterization of a general Mueller matrix.

Non-uniformly polarized beams that contain all possible states of polarization are
known as full Poincaré beams (FPBs) [30,31]. They can be generated in an easy way
focusing a laser beam onto a uniaxial crystal [32,33] and, in combination with a point-like
Stokes polarimeter, have already been used to determine the Mueller matrix of a sample by
measuring the Stokes parameters at four selected points in the beam cross section [29,34].
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In this work, full Poincaré beams are used with a different approach. A polariza-
tion state analyzer (PSA) consisting of a linear polarizer and a quarter-wave phase plate
(QWP) [2,35,36] has been used, followed by a charge-coupled device (CCD) camera as
detector. In this way, the polarization maps of the whole beam cross section (before and
after the sample) can be measured. Since a full Poincaré beam is used as the input, all
possible polarization states are tested at once [37,38]. Every pixel of the CCD camera
potentially gives information about the polarization changes induced by the sample and
can be used to reduce the uncertainty on the reconstructed Mueller matrix. We will refer
to this technique as Full Poincaré Mueller Polarimetry (FPMP). Of course, the samples
under testing are required to be homogeneous, at least in regions not smaller than the beam
cross section.

Some numerical simulations were already carried out to identify the most significant
error sources in the experimental determination of a Mueller matrix in FPMP [39,40]. Here,
we first study, by numerical simulation, the effects of such error sources on a practical
FPMP system and then experimentally test the performance of the system for several
known samples.

This paper is organized as follows: in Section 2, the technique to obtain the Mueller
matrix of samples by means of FPBs is recalled. Section 3 is devoted to present the numerical
simulations, while in Section 4 the approach is implemented, and experimental results are
reported. A discussion of the obtained results is presented in Section 5. Finally, in Section 6,
brief concluding remarks are given.

2. Full Poincaré Mueller Polarimetry

The four Stokes parameters, arranged in a 4 × 1 vector, appropriately describe the
polarization state of light [2,35,36]. They can be experimentally obtained from power
measurements as [35,36]

S0 = (P0 + Pπ/2 + Pπ/4 + P−π/4 + Pλ/4,π/4 + Pλ/4,−π/4)/3,

S1 = P0 − Pπ/2,

S2 = Pπ/4 − P−π/4, (1)

S3 = Pλ/4,π/4 − Pλ/4,−π/4,

where Pβ and Pλ/4,β are the powers measured after a linear polarizer and after a QWP
followed by a linear polarizer, respectively. The subscript β refers to the angle between
the x-axis and the polarizer transmission axis, while λ/4 denotes the presence of the QWP
with its fast axis at 0 degrees with respect to the x-axis [1,2,35].

When polarized light interacts with a sample, the state of polarization changes. Ne-
glecting nonlinear effects, the polarization state of the exiting beam, Sout, is related to that
of the input one, Sin, through the expression [2,36]

Sout = M̂ Sin, (2)

where M̂ =
{

mij
}

(i, j = 0, 1, 2, 3) is the 4× 4 Mueller matrix of the specimen. Equation (2)
holds for every point in the transverse section of the beam. Then, the Stokes parameters
of the input beam, measured at N pixels of the CCD camera, can be arranged in a 4× N
matrix, Ŝin. The same procedure can be followed for the output beam and a second 4× N
matrix, Ŝout, is constructed. Then, the following set of linear equations can be written:

Ŝout = M̂ Ŝin . (3)

Since we are dealing with a full Poincaré input beam, the polarization states of this
input beam cover the entire surface of the Poincaré sphere, so that one can certainly find a set
of four points of the beam cross section whose polarization states are linearly independent

and the rank of the Ŝin matrix is maximum, i.e., 4. Therefore, the product Ŝin
(

Ŝin
)T

, where
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T denotes transpose, is invertible and the right Moore–Penrose pseudo-inverse of the
matrix Ŝin can be computed as [41](

Ŝin
)†

=
(

Ŝin
)T
[

Ŝin
(

Ŝin
)T
]−1

. (4)

Multiplying both sides of Equation (3) by this pseudo-inverse, the Mueller matrix of
the sample is obtained as

M̂ = Ŝout
(

Ŝin
)†

. (5)

This process could be performed considering the whole sensor of the CCD camera, so
that the Stokes parameters measured at any pixel could be included in the matrix–inversion
procedure. However, it may be convenient to limit the number of used pixels because some
of them could not provide accurate values of the Stokes parameters. Then, some criteria
can be adopted to choose the pixels to be used for the recovery process.

The first criterion consists of taking into account only those pixels where the measured
power exceeds a given minimum value. In particular, we choose 10% of the maximum
power across the beam section as a reasonable value in order to obtain a high signal-to-
noise ratio.

The second one concerns the polarization degree measured at every pixel, which
should always fall into the range [0, 1]. Pixels where the measured value exceeds this inter-
val denote an incorrect determination of the Stokes parameters, and should be excluded. In
particular, the input beam is totally polarized and its degree of polarization is expected to
be 1 everywhere. However, due to experimental errors, values below and over 1 can be
also found. In the present case, we choose only those pixels where the measured degree of
polarization for total polarized light is 1.0± 0.1.

Furthermore, the region of the input beam cross section used to measure the Stokes
parameters must be chosen in such a way that it includes all possible polarization states.
The selection of this region depends on the way the FPB has been generated. In the present
case, all possible polarization states can be found (twice) in a circular region with a suitable
radius centered on the beam axis [33].

3. Errors Analysis

In this section, we numerically simulate an experimental Mueller matrix recovery
procedure using FPMP and a CCD camera, to obtain quantitative estimates of the errors
induced by the most significant error sources. The experimental setup is shown in Figure 1a.
The dashed rectangle shows the polarization state generator (PSG), which is described in
detail in Ref. [33]. It consists of a He-Ne laser, a polarizer with its transmission axis in the
vertical direction (P1), a microscope objective (MO) that focuses the light onto a calcite
crystal (whose optic axis is denoted by a double arrow), and a lens (L) that collimates the
exiting beam. It has been shown that, at the exit of the calcite crystal, the beam is of the
full Poincaré type [33]. Then, the FPB passes through the sample, described by the Mueller
matrix M̂T . Finally, the polarization map is measured by means of a PSA, made up of a
(removable) QWP with a fast axis along the horizontal direction, a rotatable linear polarizer
(P), and a CCD camera as power detector. To measure the input beam polarization map,
the sample is removed.

The main error sources in FPMP have been identified as [39,40]: inaccuracy in the
measurement of the power at each pixel of the CCD camera, mainly due to statistical noise;
possible fluctuations in the intensity of the input light across the beam section; inaccuracy
in the orientation of the polarizer and QWP axes; lateral and vertical displacements of the
recorded images that may occur due to possible deviations of the angle of incidence on the
sample with respect to the normal. Obviously, if the samples are not homogeneous over
a region larger than the beam cross section, there will be added uncertainties that are not
considered in this work.
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Figure 1. (a) Experimental setup; (b) theoretical images for the input beam; (c) theoretical images
with additive Gaussian noise (AGN); (d) calculated Stokes parameters from noisy images.

On the other hand, the effects of using real optical components for the PSA can be
suppressed, or minimized, by accurate calibrations of these components. Furthermore,
since the polarization state of a FPB varies from a point to another, the average values of
the Stokes parameters over the pixel area are obtained. However, due to the linearity of
Equation (3), in the absence of any other sources of error, these average values will give the
exact Mueller matrix of the sample. The effect of averaging the Stokes parameters has been
studied in the presence of other errors and turns out to be negligible when the pixel area is
small enough with respect to the considered region [29,34].

Therefore, we will focus on the effects of inaccurate power measurement, inaccurate
positioning of the axes of the optical elements, and possible shifts of the recorded images.

In our simulation, the power map that would be measured by a CCD camera located
after the PSA is theoretically calculated without the sample (input beam) (see Figure 1b).
A Gaussian random noise, with a given amplitude level, is added to the expected power
value of each pixel (see Figure 1c). From these noisy images, the Stokes parameter maps
of the input beam (Sin) and the output beam (Sout) are obtained by applying Equation (1)
(see Figure 1d). The same procedure has been carried out for the output beam taking into
account the sample.

The procedure described in the previous section is applied with these two sets of
noisy Stokes parameter maps, and the recovered Mueller matrix, say M̂S, is compared to
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M̂T . Finally, the root mean square (rms) of the 4× 4 difference matrix δ̂M = M̂S − M̂T ,
evaluated as

rms
(

δ̂M
)
=

1
4

√√√√ 3

∑
i,j=0

∣∣δMij
∣∣2 , (6)

is taken as representative of the recovering error.
To obtain a sensible estimate of the magnitude of the power inaccuracy, one can deal

with in a real FPMP experiment, we performed a study of the fluctuations of the power
measured by each pixel of the CCD camera used in our system. In this study, the experi-
mental setup shown in Figure 1a was used with the polarizer P transmission axis fixed
in the vertical direction (y-axis) and without any sample or wave plates. Then, 25 images
were recorded under the same conditions as during the experimental measurements of the
test samples, and one of them was chosen and compared with the mean of the remaining
24 images. This process was repeated 25 times for each of the images, with different power
levels. The cumulative noise in each pixel was calculated as the difference of the measured
power in each pixel for one of the images and the mean of the remaining 24 images. It
turned out that these differences follow quite well a Gaussian distribution, whose standard
deviation approximately grows linearly with the power level. The ratio of the observed
standard deviation to the mean measured power level resulted in the range of 0.007–0.01
for power levels above 1/5 of the saturation level of the CCD camera. Therefore, in the
simulations we set, the amplitude of the added Gaussian noise as 0.01.

For each considered ideal sample, 500 realizations of the simulated measurement
process were performed, and, in each of these, a random noise with the above characteristics
is added to the power measurements, while the other significant parameters are kept fixed.
The upper part of Figure 2 shows an example of the simulation results for air as the sample.
It can be noted that the rms for each individual realization of the simulation presents low
dispersion and its mean value is rather small, typically lower than 1.5× 10−3. Although
the differences for each individual matrix element of the obtained and the real Mueller
matrix could be larger, one can expect that, in a real experiment, the error on each of the
elements would be of the order of 1.5× 10−3, if the only source of error is the inaccuracy of
the power measurement at each pixel.

Figure 2. Root mean square of the differences between the theoretical Mueller matrix and the
calculated one from each individual realization of the simulated experiment for air as sample.
Different sources of errors are considered. Color solid lines indicate the mean value for each case and
dashed black lines are at a one standard deviation distance of the mean values.
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The second significant error source is the possible deviation of the axes of the optical
elements in the PSA from their ideal positions. Since the fast axis of the QWP does not
have to move between measurements, a fixed value of its fast axis is considered for all
realizations of the simulated experiment, thus producing a systematic error. For the case of
the orientation of the transmission axis of the linear polarizer, a random error uniformly
distributed in the interval (−∆, ∆) is considered. The theoretical Stokes parameters of the
generated FPB beam are used to calculate the simulated images for each of the six PSA
configurations but taking into account the errors in the position of the axes. On the basis
of the precision with which it is reasonable to orient the anisotropic elements used in the
experiment, the value ∆ = 0.003 rad (approximately 10′) was considered. The central part
of Figure 2 shows the result of 500 realizations of the simulated experiment, considering
only this error source and, again, the air as the sample. It can be observed that the average
value of the rms is around 1.5× 10−3. In this case, the fluctuations of the rms values are
quite large, around 1/3 of the average value.

Finally, we consider the possible image shifting between measurements. In this case,
we consider random shifts uniformly distributed in a given range for both sets of six images
(for the input and output beam). For 2 mm thick plane parallel samples, and considering
maximum deviation from the normal incidence up to 1◦ lateral shift of the images should be
lower than 25 µm. Converting this distance into number of pixels, a maximum image shift
of six pixels could be expected. Random integer numbers are generated in the (−Np, Np)
range (with Np = 6) and both horizontal and vertical shifts of each of the images were
considered. The lower part of Figure 2 shows the rms of the differences between theoretical
Mueller matrix and calculated ones for 500 simulated experiments with air as a sample.
The average of the rms values is around 2× 10−3.

The above simulation procedures have been followed for several theoretical samples:
air, a QWP, a half-wave phase plate (HWP), and a dichroic linear polarizer (LP). Two
different orientations were considered for the fast axis or the transmission axis of the
anisotropic samples. Figure 3 summarizes the results of these simulations. It can be seen
that the errors due to noise in the power measurement, to axis misalignments of the PSA
optical components, and to possible image shifts are of the same order of magnitude. For air
and phase wave plates, the average rms values are quite similar and always below 3× 10−3

considering any origin for this errors. In the case of the linear polarizer, the average rms of
the differences is always lower (around the half) than for air and phase plates.

Figure 3. Mean values and standard deviations of the rms of the differences between the theoretical
Mueller matrix and the calculated one from 500 realizations of the simulated experiment for different
samples.
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4. Experimental Results

To experimentally check the proposed method, the setup shown schematically in
Figure 1a has been used. A full Poincaré beam has been generated by using the system in
the dotted-line rectangle of the schematics in Figure 1a [33]: A He-Ne laser beam (Spectra
Physics model 117A, λ = 632.8 nm, stabilized both in power and in frequency) is focused
by a microscope objective onto the input face of a 20 mm length calcite crystal, having optic
axis along the z-direction. It has been shown that the beam at the exit surface of the crystal
presents all polarization states within a circle of a radius rM that depends on the crystal
characteristics [33].

The beam emerging from the crystal, whose spot size width is larger than the radius
rM, is collimated by a lens and used as the input beam in our experiment. A SP620U CCD
camera is used to record the experimental images. The pixel size is 4.4 µm and the number
of effective pixels is 1600× 1200, so that the whole usable area is 7.1× 5.4 mm2, the lowest
measurable signal is 2.5 nW/cm2, and its dynamic range is over 60 dB.

Figure 4 shows the recorded images for the six selected configurations of the PSA, both
for the input beam (common to all measurements) and for the output beam for the case of
a QWP having its fast axis at π/3 with respect to the horizontal direction. The values at
each pixel (coded as a color scale) are proportional to the measured power. These values
are normalized to the maximum power measured across the input beam section.

Figure 4. Measured power maps normalized to the maximum intensity value of the input beam. Top:
input beam for all samples; Bottom: output beam in the case of a QWP with its fast axis at π/3 with
respect to the horizontal direction.

From these images, the input and output Stokes parameter maps were obtained
using Equation (1). The Stokes parameter maps for the input beam and output beam
for a particular measured sample are shown in Figure 5. From these Stokes parameter
maps, following the procedure described in Section 2, the pair of matrices Ŝin and Ŝout are
constructed for each studied sample.

Figure 5. Stokes parameters’ maps normalized to the maximum power of the input beam. Top: input
beam for all samples; Bottom: output beam in the case of a QWP with its fast axis at π/3 relative to
the horizontal direction.
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The performance of the proposed method has been tested with air, a QWP, a HWP,
and a dichroic LP. The phase wave plates and the polarizer were previously characterized,
and the parameters reported in Table 1 were obtained. The fast axis of the wave plates has
been oriented at 0 and π/3 with respect to the x-axis while the transmission axis of the
polarizer at π/2 and π/3, so that seven different Mueller matrices have been measured.
About 1 million pixels meet the criteria described in Section 2 to be taken into account in
the calculation. With our laptop (Intel i7 processor), the calculation time is about 2 s.

Table 1. Parameters of the samples. Transmittance (m00) and retardance (γ) for the wave plates and
maximum (q) and minimum (p) transmittances for the linear polarizer.

Sample Parameters

QWP m00 = 0.974 ± 0.006 γ = (0.503 ± 0.005)π
HWP m00 = 0.991 ± 0.009 γ = (0.997 ± 0.005)π

LP q = 0.520 ± 0.001 p = 0.0008 ± 0.001

The Mueller matrices obtained experimentally are compared to the theoretical ones,
calculated with the corresponding parameters and rotation angles [2,29]. Table 2 sum-
marizes the results obtained for all the samples. The experimental values of the Mueller
matrix elements are reported, together with the rms value of the difference with the
theoretical ones.

Table 2. Experimental Mueller matrices obtained for different samples (Air, QWP, HWP, LP) and
orientations (φ). The last column reports the rms of the difference between the experimental Mueller
matrices and the expected ones.

Sample (φ) M̂ rms
(

δM̂
)

Air


1.0047 −0.0037 0.0000 0.0001
−0.0004 1.0002 −0.0004 0.0000

0.0018 −0.0006 0.9980 0.0017
−0.0029 0.0020 −0.0001 0.9995

 0.0019

QWP (0)


0.9795 −0.0027 −0.0017 0.0018
−0.0073 0.9835 −0.0140 0.0082
−0.0028 −0.0057 −0.0117 0.9692

0.0062 −0.0152 −0.9694 0.0025

 0.0055

QWP
(π

3

) 
0.9801 −0.0127 −0.0014 −0.0015
−0.0016 0.2457 −0.4316 −0.8382

0.0009 −0.4359 0.7172 −0.4977
0.0034 0.8351 0.4985 −0.0098

 0.0039

HWP (0)


0.9942 −0.0039 0.0014 0.0023
−0.0023 0.9944 0.0044 −0.0007

0.0047 0.0014 −0.9849 −0.0019
0.0142 −0.0132 −0.0109 −0.9914

 0.0062

HWP
(π

3

) 
0.9961 −0.0034 0.0004 −0.0007
−0.0069 −0.4859 −0.8573 −0.0194

0.0022 −0.8633 0.4926 −0.0061
0.0055 0.0042 0.0047 −0.9915

 0.0044

LP
(π

2

) 
0.2589 −0.2591 0.0001 −0.0010
−0.2592 0.2581 −0.0003 −0.0005

0.0005 −0.0009 0.0011 −0.0004
0.0039 −0.0030 −0.0007 −0.0009

 0.0016

LP
(π

3

) 
0.2631 −0.1405 0.2168 0.0002
−0.1372 0.0698 −0.1154 0.0002

0.2287 −0.1192 0.1899 0.0032
0.0090 −0.0055 0.0008 0.0004

 0.0047
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5. Discussion

From the results shown in Table 2, it can be seen that there is excellent agreement be-
tween the measured and expected Mueller matrices for all samples analyzed. In particular,
it can be seen that the rms values of the differences given by Equation (6) are less than 0.007
for all samples. It can be noted that, for all of the considered samples except one, the rms
value of the differences between the experimental matrix and the theoretical one for each
sample are lower than in the previously published work where this kind of FPB was used
in combination with an adapted commercial Stokes polarimeter [29].

The absolute value of the differences between the experimentally measured Mueller
matrix elements, and the theoretical ones are also shown in Figure 6 for each of the samples.
It must be noted that the maximum difference for individual Mueller matrix elements is
always below 0.015 for all samples (see a vertical scale in Figure 6). For two samples (air
and linear polarizer at π/2), the maximum difference is below 0.005.

Figure 6. Absolute value of the difference of the experimental Mueller matrix and the theoretical one
for each studied sample.

The maximum absolute value of the differences for each Mueller matrix elements
obtained in the present work is also lower than in the previous one except for the linear
polarizer with its transmission axis at π/3 in which case this maximum difference is similar.

Similar levels of the rms value (0.0018) have been found for air as a calibration sample
for a Mueller matrix polarimeter that uses a similar PSA to that in the present experi-
ment [42]. For a Mueller matrix polarimeter with a PSA made up of a rotating QWP or
dual-rotating retarders and a linear polarizer, rms values on the order of 0.004–0.04 or
even higher have been reported for air and phase wave-plates as samples [11,16,43,44].
For Mueller matrix polarimeters using photoelastic modulators or liquid-crystal variable
retarders, the rms of the difference between the measured Mueller matrix and the expected
ones in the range 0.006–0.028 has been found [22,23].

6. Conclusions

Full Poincaré Mueller Polarimetry can be carried out by using different setups. In this
paper, a technique using a CCD as a detector has been presented, which takes advantage
of the simultaneous presence of all possible polarization states across the input beam
transverse section. With the proposed setup, six images are recorded, corresponding
to six specific configurations of the polarization state analyzer, for both the input and
output beam, from which the input and output Stokes parameter maps are obtained. An
overdetermined system of equations is constructed by selecting a number (possibly very
high) of pixels from these maps, which can be solved to recover the Mueller matrix of
the sample by means of the Moore–Penrose pseudo-inverse. Reconstruction errors are
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first analyzed by means of numerical simulations. Then, the proposed technique has
been experimentally tested by measuring the Mueller matrix of seven calibrated samples,
showing excellent accuracy. A reduction in the differences between measured and expected
Mueller matrix values was observed for all but one sample.
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