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Abstract. In this work we calculate the low-energy effective action for gravity with torsion,
obtained after the integration of scalar and fermionic matter fields, using the local momentum
representation based on the Riemann normal coordinates expansion. By considering this expansion
around different spacetime points, we also compute the non-local terms together with the more usual
divergent ones. Finally, we discuss the applicability of our results to the calculation of particle
production probabilities.

PACS numbers: 0462, 0450

1. Introduction

The absence of a quantum theory of gravitation is probably one of the most important open
problems in theoretical physics. In fact, all of our knowledge about gravitation refers only to
its classical aspects which are well described by general relativity and other generalizations of
this theory with the same low-energy limit. On the other hand, the other interactions (strong
and electroweak) are well described, even at the quantum level, by the standard model, as has
been confirmed in detail over the last few years at the large electron—positron collider (LEP)
and many other experiments. Moreover, it seems reasonable to think that there may exist some
physical regime where the gravitational field could be treated classically, whereas matter is
quantized. In fact this is the only regime that can be studied now without making an extra
hypothesis beyond what has already been checked experimentally. In this very conservative
approach one considers, on the one hand, the quantum gauge and matter fields propagating on
a curved spacetime and, on the other hand, the dynamics of the classical degrees of freedom
associated with the spacetime. This is the so-called semiclassical approximation. It is clear
that spacetime curvature or torsion (see [1, 2] for a review) can affect quantum fields in different
ways. In addition, spacetime is also affected by the presence of the quantum matter fields,
as happens, for instance, in the electromagnetic field case, where fermion loops modify the
electromagnetic dynamics by means of the vacuum polarization and other effects.

In order to study these new effects due to matter field loops, it is especially appropriate to
use the gravitational effective action (EA). This EA is obtained after integrating out the matter
fields. In general, the EA will be a non-local and non-analytical functional of the metric and
the connection. The exact expression for the EA, obtained after integrating out the matter fields
Wlg,v]is notknown for arbitrary spacetime geometries. However, there are several techniques
that have been proposed for its approximate calculation, namely perturbation theory, in which
the metric tensor is divided into a flat metric and a small fluctuation. The main difficulty of this
method is that general covariance is explicitly lost [3-5]. The Schwinger—DeWitt proper time
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representation [6, 7] allows us to obtain a covariant asymptotic expansion for the EA but, since
this expansion is local, it does not allow one to describe particle creation processes. These
difficulties are intended to be solved by means of the partial resummation of the Schwinger—
DeWitt series [8]. There are also perturbative methods that respect general covariance, such
as the so-called covariant perturbation theory [9]. Finally, the local momentum representation
[10] is based on the Riemann normal coordinate expansion. This technique has the advantage
of combining the usual flat spacetime methods with formally covariant expressions. It has
allowed us to calculate the divergent local parts of the one-loop effective action for scalar
and fermionic theories. The main aim of the present work is to find a representation of the
non-local finiteparts of the effective action in this formalism.

Once we know the EA, we have all the information concerning the semiclassical
gravitational evolution. The corresponding equations of motion will modify the Einstein field
equations taking into account quantum effects. Moreover, the EA could have a hon-vanishing
imaginary part, which can be interpreted as the particle production probability [6, 11].

In this work we show our results concerning the computation of the one-loop EA after
integrating out scalar and fermionic fields by using the local momentum representation. Our
computation includes not only the divergences but also the non-local finite terms that can lead to
instabilities of the classical solutions by particle emission. As we will show, the use of normal
coordinates allows us to obtain a useful representation of the non-local form factors. Such a
representation has been successfully applied in a recent work to obtain particle production in
different cosmological contexts in a remarkably easy way [11]. In addition, the results will
shed some light about the boundary conditions on the metric tensor which permit a definition
of the effective action.

This paper is organized as follows. In section 2 we give a brief review of the Euler—
Heisenberg effective Lagrangian for quantum electrodynamics (QED). This model will be
a guide for the calculation of the corresponding gravitational EA. In section 3 we present
the method to generate the derivative expansions of the EA by means of Riemann normal
coordinates. Applying such a method to the scalar theory in the presence of gravitation, we
obtain the divergences as well as the finite non-local pieces of the EA up to quadratic terms
in the curvature. In section 4 we do the same with fermionic matter fields, obtaining the
corresponding gravitational EA up to quadratic terms in the curvature and, in this case, also in
the torsion. In particular, we apply our results to the standard model particle content. Finally,
section 5 contains the main conclusions of this work and a brief discussion on their possible
applications to the computation of particle production probabilities. We have also included
an appendix containing the dimensional regularization formulae and some normal coordinates
expansions used in the text.

2. The Euler—Heisenberg Lagrangian

The historical origin of the semiclassical EA can be traced back to the Euler-Heisenberg
Lagrangian for QED [12]. When the momentumof photons is much smaller than the
electron masa/, the one-loop effects, such as vacuum polarization, can be taken into account
by adding local nonlinear terms to the classical electromagnetic Lagrangian. Consider the
QED EA given by

eVl = / [dy][dyle s/ & ™ exp<i / d'xyip — M+ ie)l/f)

— gl [ P detip — M +ie) W
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where as usuap = y* (9, —ieA,). Using dimensional regularization (see the appendix), it
is possible to find the following expression up to quadratic terms in the photon field:

WIA] = _711 / d*x F, F*' —iTrlog((ip — M +ie))

0 \k
_ f d R+ Y S TG - A
k=1

1 e2A
= [ d*|->F"F,, — ———F"'F,,
/ x[ 4" T T 3@t e
262 2M?% 1 M?
+ F(Z—+Z(1-2— |F(-0; M?) |F,, | + O(A* 2
G2 (3D 6( D>( ))} “) @)

whereA = N, —log(M?/u?), with N, = 2/e+log 4t —y andy ~ 0.577 isthe Euler constant.
We have performed the formal Taylor expansion of the logarithm and used the expression

d4p ip(x—y
F(=0:; M?)F,, (x) = / d*y We"“ Y (p% M?)Fu(y) 3)
with
) ) 1 P2
F(p,M)=2+‘/(; dl‘log(l—mt(l—l)> (4)

In a similar way, the inverse operatofl can be defined with the usual boundary conditions
on the fields as

1 d*n .
—Fu) = f dy S L = Fu (). (5)

(2m)4 p2+ie
The expression (2) for the EA is non-local and has a regular massless limit. In fact, for small
p compared withV/, the Mandelstam functiof (p?; M?) behaves as

MZ
F(p% M?) = — |og<T> +O(M?). (6)
—p?—ie
From (2) we can see that the only contributions in the massless limit are those coming, on
the one hand, from thaA factor and, on the other hand, from the Mandelstam function. Both
logarithmic contributions are equal, up to sign, so that they cancel each other and we obtain

2

_ 4 _1‘ v _ 6— v 4
W[A] = /d x( 2 F" Fus 3(4n)2F“ F(D)Ew> +O(A% (7)

where we have used the following notation:

r@) =N, — Iog(%) (8)

to be understood, as in the previous cases, through the corresponding Fourier transform, with
the ie factor as shown in (6).

The EA (2) allows us to derive in an exact fashion the photon two-point one-loop Green
functions. This, in turn, allows us to obtain for example the vacuum polarization. The EA
can be expanded as a power seriepipM?, and also inA to obtain the well known Euler—
Heisenberg local Lagrangian [12].
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3. Integration of matter fields in a gravitational background

Consider a scalar field in a curved spacetime. The corresponding classical action is given by
¢ =3 [ d'x VEe(0 +n? +R)g ©

~123, (g™ /gdv¢). The non-minimal ternt R is included
, the classical Lagrangian is invariant under local conformal

where¢ = g"'V,d,¢ =
so that form = 0 and¢ =
transformations.

The EA for the gravitational fields that arises after integrating out real scalar matter fields
is given by the following expression in Lorentzian signature:

gWlswl = / [dg] €' STew 91 — / [d¢] exp[—%i / d*x @¢(m+m2+gR—ie)¢}

= (det0) 12 (10)

whereO,,(m?) = (-0, —m? — ER(y) +i€)8°(x, y), with §°(x, y) being the covariant Dirac
deltas®(x, y) = g7Y/2(x)8(x, y). Therefore, we can write

W(g.] = 3ilogdetO(m?®) = 1iTrlog O (m?). (11)

4
1
6

Since in this expression we have only integrated the scalars out, the gravitational field is treated
classically. Accordingly, this EA is analogous to the classical action but including the quantum
effects due to the matter fields. In addition, equation (10) is the generating functional of the
Green functions containing only scalar loops and gravitational external legs.

Let us now consider a fermion field propagating in a curved spacetime with torsion [1].
The corresponding classical action will be given by

S = /d4x VEU(ip — M)y = /d4x VEU[iy* (8, — 3IT4 S0y + 3iS,y5) — My (12)

wheresS, = ¢,.,, 7" is the torsion pseudotracy,” are the Levi-Civita spin-connection
components, anil,, are the Lorentz group generators. The fermionic EA is given by

gWlefal /[dw dv/] exp(i / d*x Vg U (ip — M+ ie)w> =det(ip — M +ie) (13)

wheree denotes the vierbein; the full connection with torsion, and collectively denotes
the possible gauge fields. Accordingly,

Wle, I, A] = —ilogdet(ip — M +ie) = —iTrlog(ip — M +ie). (14)

In the massless limityf = 0, the classical fermionic Lagrangian is also conformally invariant.

Since the above model does not possess self-interactions, the one-loop calculation is exact.
This does not mean that it is possible to explicitly calculate the EA for an arbitrary spacetime
geometry. In cases in which there is a high degree of symmetry, as in maximally symmetric
manifolds, or in the so-called conformally trivial situations, i.e. conformally flat manifolds and
conformally invariant theories, it is possible to find the explicit form of the modified Einstein
equations coming from the EA [13].

In order to consider more general geometries, we will use an approximation scheme similar
to the one used for the Euler—Heisenberg Lagrangian. It consists of treating the curvature as
a small perturbation. When we integrate massive fields out, this is equivalent to considering
that the Compton wavelength corresponding to the massive particle is much smaller than the
characteristic length scale of the gravitational field. In this framework, the expression for the
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EA will be an expansion in metric tensor derivatives over the particle mass. Such expansion

will be generated by the normal coordinates expansions adthe) and(i /2 — M) operators.

In the massless case, or if we are interested in the high-energy regime, it is possible to obtain
an alternative expansion in powers of the curvatures (Riemann and Ricci tensors and scalar
curvature), generically denoted &/

3.1. Riemann normal coordinates

Let xg be the coordinates @ in a given coordinate system and consider the set of geodesics
passing througlP that we will write asx*(t). We will choose the parameter in such a way
thatx*(0) = x§. Each of these geodesics will be characterized by the tangent ve@or at

dx®

9
dr =0

g =

(15)

and each poinfA on each geodesic by a certain value of thparameter. The Riemann
coordinateg” of A are defined ag® = £%z [14]. In a neighbourhood oP where any other
point A can be joined t@® by a unique geodesic (hormal neighbourhood), the correspondence
between tha® andy* coordinates is one to one.

When torsion is present and it is completely antisymmetric, the geodesic equation agrees
with that obtained using the Levi-Civita connection, and therefore some given Riemann
coordinates with respect to the Levi-Civita connection will also be Riemannian with respect to
the connection with torsion [15,16]. By means of a linear real homogeneous coordinate
transformation, it is possible to write the metric tensoryatin the Minkowski form
nw-. The new coordinates are also Riemannian and they are known as Riemann normal
coordinates.

Let us consider the components of some tensor fielg, ahat we will assume to be
analytic functions in a neighbourhood of the normal coordinates ongin From their
Taylor expansion aroungy we can obtain an expression that is written as a series in
curvatures and their covariant derivatives. In particular, for the metric tensor components
we obtain [14]

gy,u(y) = Nuv + %Ruav,ﬁ(yO)yayﬁ - %Ruauﬂ;y(yO)yayﬁyy
+[2_]i)Ruavﬂ;y6(y0) + %Rauﬁ)\(yO)R)\yuﬁ(yO)]yayﬁyyya + 0(85) (16)

Here, O(3°) denotes terms with five or more derivatives and the indices in those tensors
evaluated iny, are raised and lowered with the flat metrig,. In the appendix, we have
written the expansions corresponding to the metric determinant and other useful expressions.
It is important to note that (16) is a superposition of two kinds of expansions: on one hand,
terms are organized by the number of metric derivatives but, on the other hand, those terms
with a certain number of derivatives can be classified according to the number of curvature
tensors they have.

It will also be useful to introduce the following relationo 2x, x') = y,y®*, where the
biscalaro (x, x’) represents half of the geodesic distance between dredx’ points andy®
denotes the normal coordinates of thpoint with the origin at’. However,0}o (x, x) is a
tangent vector at to the geodesic joining andx’, whose length equals the geodesic distance
between these two points and it is oriented in the— x direction. In turn,ag’o(x,x/)
is tangent to the same geodesicrgtwith the same modulus and oriented in the opposite
sense.
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In normal coordinates with the origin &t, according to the previous expressions, we can
write

A 8 /!
O’Ot(xvx):@a(xax):yav (17)

i.e.y, are components of a vector tangent at the origin.

The use of normal coordinates, apart from being basic to obtaining the derivative
expansions of the EA, allows us to work in momentum space in a similar way to the flat
spacetime. Let us consider some scalar functidn, yo) with normal coordinates with the
origin atyg. We can define its covariant Fourier transform through [10]:

d4k ; —ikx
fx,y0) = / Wf(kiyo)e . (18)

In a similar way we can introduce the covariant Dirac delta
d*
800, yo) = | ——e k. 19
(x, yo) / 2n) (19)

As long as one of the delta arguments is the coordinate origin, we will biwe yo) =
8(x, yo)g~Y?(yo) = 8(x, o). Inthe general case (arbitrary arguments) there is also a covariant
definition whose expression in arbitrary coordinates is given by [8]

d*k
(2m)4
x expik, (a" (y, yo) — a"(x, y0))) (20)

wherek,, o, (y, yo) ando, (x, yo) are tangent vectors ap and A(x, x’) is the Van Vleck—
Morette determinant, defined as(x, x') = g~2(x) det(—V, Vo (x, x))g~Y2(x"). If we
takeyo as the origin, we will have\ (x, yo) = g~?(x), this expression then reduces to

8%0x, y) = g (x) g () AY2(x, yo) AY2(y, yo) / g ()

d*
(2m)*

8%, y) = g M2(x) f exp(—ik, (x — y)). (21)
All of these definitions are valid only in normal neighbourhoods of the origin in which geodesics
do not intersect.

3.2. Derivative expansions

In normal coordinates there is a privileged point around which we perform the expansions.
In addition, the different curvature tensors are defined on the tangent plane corresponding to
that point. This fact, together with the general coordinate invariance of the EA, will allow us
to obtain a covariant derivative expansion for the effective Lagrangian around the origin. In
the following we will discuss in detail the scalar case, although the procedure is the same for
fields with different spin.

Let us start with the scalar EA (11). Using the normal coordinates expansion for the metric
tensor it is easy to split the operaidg, (m?) = (-0, —m? — ER(y) +i€)8%(x, y) into a free
part that coincides with the flat spacetime Klein—Gordon operator

Ay (m?) = (=05 — m?+i€)8%(x, y) (22)
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with 0y = #*¥9;,9; , and the interaction pag,, that includes all of the curvature dependence:
By = [-5R,(y0)y"d; + 3R" “ﬂ<yo)y yP0)0) — ER(yo) — (z—loRa”;ﬂy(yo)
+ 5 Ro" 178 (30) — 25 R" 6" iy (50) — 25 R"o" 1 (00) — 2 Ras(Y0) R* 5", (30)
+15Ro" g1 (YO) R* ,myo) + 25 Ra" 5. V0)RY, " (o) + 75 Raps” (0)
+4—0Raﬁ;vy()’0))yayﬁyy8y (——R o e (Vo) + 15Rp“ex(y0)R 5 K()’o))

X3Py Yy 82 0) — E3Rap(y0)y ¥ 18°0e, y) + - (23)

We have only written the two- and four-derivatives contributions since terms with an odd
number of metric derivatives are shown to be irrelevant for the final result. Therefore, we have
Oxy (mZ) = Axy (mZ) + Bxy

We will also assume that spacetime is asymptotically flat and this will allows us to discard
total derivatives of the curvatures in the EA. We have included the covariant Dirac delta function
8%x, y) inthe definition of the free operator so that we can use the covariant integration measure
d*x g1/?(x). Taking all this into account we can write the EA as

Wiguw] = /d4x Leosr(x) = 3iTrlog O(m?) = JiTrlog(A + B). (24)

As long as the calculations are done in normal coordinates with respect tg goént, any

term in the effective Lagrangian is evaluated in that point. For that reason the integration
involved in the Tr symbol cannot be done immediately. This, in turn, keeps us from expanding
the logarithm, which only makes sense inside the trace. A way to avoid the problem consists
of formally differentiating the EA with respect 02 [17]:

i-Tr((A +B)™h

d [
—Wilgw] = 5 Trm =3

dm?

i
=-3 Tr(A = A 1BA 1+ A BAIBA ™ — ... (25)

In the last step the inverse df+ B has been expanded. This can be done without taking the
functional trace.

The lowest-order term iB is linear in the Riemann tensor and therefore it contains two
metric derivatives. The term in (25) with tw factors will be©(R?) and will contain at least
4-metric derivatives, etc. Since we are only interested in the result Gu7R?), it will be
enough to consider the first three terms in (25).

3.3. Divergent parts

In order to calculate the divergent parts of the EA, we consider the previous expansions.
Since normal coordinates allow us to perform momentum space integrations, we can use the
flat spacetime regularization techniques such as dimensional regularization. Our calculation
method is based on the local momentum representation proposed in [10], but adapted to the
EA techniques. The results agree with the well known expressions in [13].

First, we find the scalar propagatar;, given by A,,A7! = 8%x, z), where we have
used the DeWitt generalized summation convention for repeated indices. Using (21), we can
write this equation as

(xv y) — d4k —ik(y—2) /~ 8(.X,Z)
[ dve T e [ Gt ew = s @
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The G (k) function is easily obtained and finally the propagator reads

1 d*% . 1
-1_ —ik(y—z) . 27
T gl2(yy | (2t k? —m? +ie @7
The first term in the EA expansmn (25) can be immediately evaluated and it reads
i T'(A—D/2uc
»o\o /dk _m2 (47'[)D/2 (m2)1fD/2 (28)

with the notation d = dPk u¢/(27)?. When yo appears as a repeated subindex it must
be understood that the integration yg has not been done. This final integration, which
corresponds to the trace in (25), will be performed below in an explicit way. In the last step
we have used equation (A1) from the appendix. Performingithentegration we have the
lowest-order term in the effective Lagrangian:

1
Lan (o) = gym (A +3) (29)

where we have deflned = NE +log(u?/m?). As is well known, this first term will give
rise to the cosmological constant renormalization. The integration constant can be set to zero
without losing generality since it can be absorbed in the renormalization procedure as we will
show below.

Up to two metric derivatives, only the second term in (25) contributes:

) e
(Ayo) BYZAZ.\%J)(Z) - /d4y gl/Z(y) 'z gl/Z(Z)/dkm(_ngﬁ(yO)Zpaf

v e : 8(v.2) _ . e
+3R" 5 (v0)2 2P 8]0 —sR(yo>)gl/y2(y)g Y2(2) f %G 2 (30)

Integrating by parts and removing the coordinatgsroughz — id,, we can rewrite this
expression as

) . e (FR() —ER(GOD) 2 R™(0)quqv
(A ByeAL)® = /d zdpdg 72— ( G—p2—m?2  3(q—p2 _Mmz)z

i T@2-D/2
= (4n)Pl2 (m2)2-Dr2 (5 — &) R0 (31)

Inthe last step we have done thiategration first and then those corresponding to the momenta.
Finally, integrating inn? we find the effective Lagrangian contribution to ord#@?):
1
Lif(30) = =55 m*(A + D(§ — £)R(v0). (32)

Now we derive the divergences with 4-metric derivatives. In this case, there are
contributions fromd—*BA~t andA~'BA~*BA~™:

(A By:ALn) " = / d*y g/2(y) d*z g¥%(2)

/dk (20 o ﬂy(y0)+20 o yﬂ(yO) R/Lavﬂ;uy(y())

_R o ﬁy;t(yO) 45 ak(yO)R B y(y0)+ 15Raﬂﬂ)\(y0)R n y()’o)
+ 2R 52 (YOI RY ¥ 1 (Y0) + 75 Rupry” (y0) + 5 Rup:”y (30)) 2% 2P 27 0
+(25R" " 5 (V0) — 15 R, e (YOI R™ 5" (¥0)) 272 2° 295 9

o 18,2 _ . e
—E%R;aﬁ()’o)z Zﬂ]mg 1/2(Z)qu P (33)
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Removing the coordinates as before and integrating in positions and momenta we find
A-1 (4 i r3—D/2)

(Avm By A zyo) == (4m)P/2 (2)3-D/2
270le(yO)R;w(yO) t35 ( f)DR()’O)) (34)

Notice that this resultis finite. The divergences will appear when performingitirgegration.
We add to this term the lowest-order contribution from the next one, namely

(- 180RWM) (Y0) Ryuvip (Yo)

Yoy ~ Yt itz

(AL By A B ALY = / d*y g¥2(y) d*z g2(z) d*t gV2(r) d*u g% (u)

eikv
f dkdgdp ——— 7 ZR* ,(y0)2" 05 + 3R" M p(y0) 227907 — ER()0))

5(y,Z) 12 e—lq(z—t) P , 1 ; e B
a2 g 2 (=3R"p(o)u 3} + 3R s (o u” 93y

8(t,u) 12 e
—§R ()’o)) 1/20) (M)m~ (35)
In a similar fashion to the previous case we find the results for the regularized integrals:
(A2 B, AL B ALY
i I[(3-D/2) ,

_(4JT)D/2 (m?2)3-D/2 (2(6 ‘5) R(y0)? — 138R””(y0)R,w(yo)). (36)

Subtracting (34) from (36) and integrating m? we obtain the divergent Lagrangian up to
O(8%:

A
3271_2 (180RMVAp(y0)R;w)»p (yO) 180R”V()’0)Ruu(y0)

—4(§ - §)0R00) + (3 - §)°R00?)- (37)

Comparing with the well known Schwinger—-DeWitt expansion, we see zﬂf]%t(yo) is

proportional toa; (0, yo) and,cdm(yo) to a2(0, yp). As long as the above expressions are
scalars they will have the same form in any coordinate system, not necessarily geodesic. We
can then perform a coordinate change and integrate to obtain the corresponding EA:

LY (yo) =

W[g//_v]div == /d4x ‘Cdiv(x)- (38)

We have included i, (x) the g'/?(x) factor coming from the integration measure. It is
possible, in principle, that when doing the coordinate change, new non-covariant terms appear
provided they vanish only for geodesic coordinates. However, in the absence of gravitational
anomalies the EA is a scalar and accordingly such terms are not permitted. On the other
hand, terms with an odd number of derivatives yield terms with an odd number of momenta
in the numerator which vanish in dimensional regularization. The above are the only possible
divergences, higher-derivative terms give rise to momentum integrals with more momenta in
the denominator that turn out to be finite.

Apart from the divergences, which are purely local contributions, the EA also contains
finite non-local pieces that are responsible for the pair-creation processes. We have seen thatin
the QED case (2), the massless limit is well defined due to the cancellation between the mass
logarithmic dependence associated with the divergences and that coming from the non-local
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pieces. This fact allows us to extract some information about the non-local terms from the
knowledge of the divergences. In the next section we will use this connection to find part of
the non-local structure of the gravitational EA by means of a point-splitting procedure in the
divergences.

3.4. Non-local contributions

In the previous section we have obtained local contributions up to érdef). If we continue
the calculation to higher orders, we would obtain a power series with terms of the following

type:

V'"R”(yo)
m2ptn—4

(39)

whereV denotes the covariant derivative. This is a typical derivative (or adiabatic) expansion
which is only valid at low energies.

All the terms in (39) can be classified by the number of curvatures they contain. Those
terms with a fixed number of curvatures will give rise to a series with an increasing number
of covariant derivatives. If we could add all of these terms together, we would obtain non-local
contributions that would provide the exacipoint Green functions (with curvatures in the
external legs) [8, 9, 18]. These Green functions will be valid for any value of the maas
in the QED case (2).

In this section we propose a method that effectively carries out that resummation for the
quadratic operators, i.e we are interested in those terms of theff6RA. The basic idea is to
perform a point-splitting in the quadratic parts in curvatures in (33) and (35); at the end of the
section we will argue that this procedure gives rise to the correct resummatiodp R ?)
terms.

As we have just commented, all the terms in (39) are local and finite. The reason why
we have not obtained non-local terms as in (2) is that the normal coordinate expansions are
performed around a single poind. In (33) and (35) there are products of curvatures evaluated
at the same point, i.62(y9)R(yo). Using again the normal coordinates expansion we can
rewrite these products as

R(yOR(0) = ROYORY) + (R(y0) VR(yo)y + R(y0) VR(yo)yy + - )

+(R(0)R()R(0)yy + R(y0)) VR(YO)R(yo)yyy +--) +---. (40)

This expression allows us to split the points, the price we pay is the modification of the
coefficients of the infinite higher-order terms. We will not modify the linear parRim
(33). Let us first obtain the non-local result and then we will argue that the new ¥&tmR$
generated in (40) will exactly cancel those coming from the expansion in (25).
By means of the above point-splitting, tf&# contributions in (33) and (35) will remain

as

-1 —1\(R?) 4. 1/2 a_ 1/2 . v 8 A v
(A By:AL) = /d yge(ydzg (z)/dk m[(ERaA()’O)R 8y ()
_%sz“ﬂk(yO)Rkuuy(y) - %Rauﬂk(yO)RAyVu(y))zazﬁzyaf
5(y, 2)

~1/2
gY2(y) ¢

_%st“ex(YO)R'\avx (y)z”zsz‘sz“alia‘f]

efiqz
x f dj ——— + O(V?R?) (41)
qc-—m
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and

R?
(A By A B )™ / d*y g¥2(y) d*z g¥2(z) d* g¥/2(r) d'u gM*(u)

eik\' e—lpu
/dkdqdp > 2—17 —
x(—3R",(y0)2" 35 + 1R 5 (y0) 220207 — ER(y0))

§(v.2) _ gl
28 Y2@2) 2 2
g4(y) qc—m

u Vv € uqu ( ) —

x(=2R*,(uPdy + LR" Y s (uu? 949! — ER(1)) 08 g V2w

+O(V?R?) (42)
where, as mentioned befor@(V?R?) denotes local finite terms with two curvatures and an
arbitrary even number of derivatives. There are in principle different ways of performing
the splitting, depending on the choice of the pair of points, but all them are equivalent up to
higher-order terms as can be seen from (40).

Removing the explicit coordinates occurrences, we obtain

(R) 5 apt ( &)R(yo) v quqy
(AyOVB)~AzlleMAuvo /d4td dpe? <:(%2—2)2 — g Y (yo )( Mm2)3>

( —ER(1) 2R +g)u(p+q)y
X + =

(p+q)?—m?) 3 ((p+q)*—m?)?2
Using equations (A2)—(A4) from the appendix, neglecting higher-order terms and integrating
in m?, we obtain the following contributions to the effective Lagrangian:

£ (30 = 321712 /d4t dp € (A — F(p% m?))

) + O(V?R?). (43)

x[3(% = £)*ROOR(®) — R (0 R" ()] + O(VZR?). (44)
whereF (p?; m?) is given in (4).

Apart from the local divergent and non-local finite terms, in the dimensional regularization
procedure, finite local terms do arise. However, their coefficients will be absorbed in the
definition of the renormalized parameters and they will not be considered explicitly.

In the same form as before we obtain from (42)

327_[2/d4td e””(A F(p m ))

*[ 156 R""™ (Y0) Ruvap (1) + 555 R (yO) Ry (1) ] + O(VZR?). (45)
Adding both contributions in (44) and (45) and including the zero and two derivatives divergent

contributions given in (29) and (32), we can write the non-local EA in a slightly different
notation:

1
Wlgn] = 55 [ dxvalim*(a+3) ~mia + (3 - ) REO)
FA (TR () Ry (8) — oo R* ()R, () + 3(2 — £)°R(0)?)
1o R () F (01 m2) Ry (x) — 155 R™ (X)) F (O; m?) Ry, (x)

—(
+3(

2
5(2R '(vo) =

80
L _£)’R()F(@; m)Rx)) + Om?RY)] + O(RY). (46)



4068 A Dobado axdl A L Maroto

Here theF (OJ0; m?) operator action should be understood through the expressions (44) and
(45) as we did in the QED case (2); in addition we have neglected local finite terms and total
derivatives. On the other hand, we see that the quadratic divergences agree with those obtained
in the previous section.

Consider now the massless limit of the EA in (46). For small masses comparegl, With
Mandelstam function behaves as shown in (6). As in the QED case, the term proportional to
log(m?), associated with the divergences in (46), has the same coefficient but with the opposite
sign to that coming from the Mandelstam function. Therefore, they exactly cancel. This allows
us to obtain the regular massless limit:

1
Wigwl = 35 / dx /g (g5oR"™ (T (D) Ruvip (x) — ggoR™ ()T (D) R, (x)

+1 (1 —&)’R@T(DRX)) + O(RY) (“7)

whereI'(0) is given in (8). This result is what one would expect on dimensional grounds
[19], however, we have in addition an explicit representation, completely analogous to the flat
spacetime case, for the form factors. In principle, the result in (46) cannot be considered,
strictly speaking, as th@(R?) contribution in the curvature expansion since in the calculation
we have not considered those terms with two curvatures and an arbitrary number of covariant
derivatives, denoted b§(V?R?). We have obtained a non-local expression, but the infinite
O(V?R?) terms could in principle modify it. However, we have seen in the previous section
that the divergences have a logarithmic dependene€¢whose calculation is unambiguous).

In addition, we showed in section 2 in the QED case that the coefficients @ffogn the
divergent part have to be the same as those afgi®gin the non-local pieces, in order to

have a regular massless limit. In (47) we have seen that our result does indeed possesses
a regular massless limit. Since til&V?R?) terms are finite, they could only modify the
finite local and non-local part, but not the divergences. However, such a modification in the
non-local part could spoil the regularity of the massless limit. Accordingly, we conclude that
the O(V?R?) terms can only modify the local finite pieces and those proportionaftdout

not the non-local ones containing l@e?). For that reason, the result in (46) includes all the
quadratic curvature contributions except for those containing an arbitrary mass power denoted
by O(m?R?).

A compatible result has been obtained using partial resummation of the Schwinger—
DeWitt expansion [8] and also by means of the so-called covariant perturbation theory [9],
in this case it was possible to derive the cubic terms in curvatures for asymptotically flat
manifolds. Notice, however, that the boundary conditions that normal coordinates impose on
the metric tensor are slightly more general than the asymptotically Minkowskian condition.
In fact, we have only required that the curvatures and their covariant derivative vanish at
infinity. This condition includes, for instance, those Robertson—Walker manifolds in which
the expansion rateé/a asymptotically vanishes in the future, although the scale factor itself
a(t) does not tend to a constant. This kind of manifold is known to accept the definition
of the so-called adiabatic vacua [13]. In [11] the possibility of defining such vacua was
extremely useful for the interpretation of the effective action as the vacuum persistence
amplitude.

To summarize, the procedure we have just presented makes possible a partial resummation
of the higher-order terms in the EA, within the mentioned limits. NeglectXi@?) terms
implies that (46) will be a good approximation f&VR > R2. In a similar fashion,
when we neglectO(m?R?) terms we are assuming th&VR > m?R. However, if
we are only interested in the two point Green functions with external curvature legs, the
massless limit in (47) is exact. The renormalization of the EA can be done following the
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standard procedure in the classical references [2, 13]. Here we will only mention that from

the viewpoint of the Appelquist and Carrazone decoupling theorem [20], the scalar field

does not decouple from gravity since there are new terms in the EA (46) which are not

present in the Einstein—Hilbert action and they are not suppressed by powers of the particle
massn.

4. Integration of the standard model matter fields: the EA for torsion

Up to now we have only worked with scalar fields. However, in order to include the effect of the
matter content present in the SM in the gravitational EA, we have to deal with the integration
of fermionic fields. In this case we can proceed in a similar way using (14) in order to obtain
the EA for the gauge fields and gravitation by integrating out the SM matter fields. The main
novelty is that, in addition to the gravitational field (the vierbein), fermions also couple to the
pseudotrace of the torsion as was discussed at the beginning of the previous section. The SM
matter Lagrangian in a curved spacetime with torsion can be written as [21]

Ly =+/g(Qi1DP2 - MQ+LiP" — M")L) (48)
where
pe = V“DE = y"(a, + Qg + 537/5), pt = y“D,ﬁ = y"(8, + Qf; + Sﬁyg,) (49)

with M2 and M’ the mass matrices of quarks and leptons. We have followed the notation in
[21]. In the following we will concentrate only on the gravitational couplings, so that we have
neglected the gauge field contributions in the operators.

In order to obtain the torsion contribution to the EA up@sS?), we first consider a
flat spacetime with torsion and afterwards we will include the effect of curvature. From the
above Lagrangian we see that torsion behaves as the electromagnetic field in QED, without
considering thes coupling, which does not affect the calculation of terms with an even number
of fields, in the massless limit. Using the result in (2) and changihg-> —% Sys, we obtain
in this limit
Ny

W[S] = —(iN, + Np; + N.N,) ——
[ ] (2 Df ‘1) 192(4:7)2

/ d*x S¥'T(D)S,, + O(SH (50)
whereI' (O) is defined in (8) N/ is the number of familiesy, the number of neutrinosy s

that of Dirac fermions, and/, the number of quark flavours,,, = 9,.S, — 3,5,.. Due to the
absence of right neutrinos, there could be, in principle, parity-violating terms. However, it can
be shown that those terms are total derivatives.

In order to introduce the spacetime curvature, we recall that the SM matter sector is locally
conformally invariant (for massless fermions); this is also the case for the counterterms [22]
(see [2, 23] where the renormalization procedure has been studied for manifolds with torsion).
When including the curvature, apart from those in (50), there could be quadratic terms in torsion
in the generic formR.S2. However, such terms are not conformally invariant. Therefore, the
ones obtained above are the only possible divergences. Next we will confirm these results with
an explicit calculation of the divergences in a spacetime with curvature.

The SM Dirac operators in Euclidean space are not Hermitian because of the electroweak
gauge couplings and the absence of the right neutrinos. However, in Euclidean space the EA
divergences are real [18], thus it is enough to calculate WRe I'] = — log det©), where
O = (P+M'P+M)andp and M denotes the joint Euclidean Dirac operator and the
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mass matrix for quarks and leptons. The heat-kernel expansion together with dimensional
regularization [13, 24] allows us to obtain

1 Trlog(0) = 2(4”“;) - trZMD 21 (n / d*x /2 an(O, x). (51)

The well known heat-kernal coefficienis are given for the above operators by
ao(0, x) =1, a1(0,x) = tR — X

az(0, x) = %z[D;u Dv][Dﬂv Dv] + %[D;u [DH, X]] + %Xz — %RX

— 2R, M+ AR+ 1 (Ryupo " — Ry R™) (52)

where, when we neglect the gauge fields contributions, the operator can be written as
O =D,D"+X + M2,

with
X = ysS", +28,8" = Zly", y'lldy, d.]

and

D/A=8;L+Qu_%y5[yu» 18, —du_‘VS[V;u 18,
Writing the result in Lorentzian signature we have (see also the previous works [2, 23]):

Waale, 11 = - z S Nigyy [t VEIMA(3A+ ) = MPA + D(~ R+ )

2
(384S“"SW - 1440RWP0RMW - mR R™ + mR )] (53)

where} . denotes the sum over the different families gnd= >, s +Nc D_,,qrks OVEr
the dlfferent flavours in each family, including quarks and leptons. On the other Naisl,
the number of spinor components: 2 for neutrinos and 4 for the rest of the ferndifyrexe
the different fermion masses, = N, + Iog(MZ/MiZ) andu the renormalization scale.

This formula is compatible with the flat spacetime result in (50). There B fibterm,
as commented before, and we have discarded total derivatives. Following similar steps as for
the scalar case, i.e. including kag/ M?) factors and taking the massless limit, we obtain the
finite non-local contributions depending on curvature and torsion from the divergences. In the
specified limit we have

Wle, f] M / d4

— o Ripe TR — 2R, T(DR™) + O(R?) + O(S°) (54)

wherel’ () is given in (8) and?(S%) denotes terms with three or more torsion fields. Finally,
due to the presence of chiral fermions, the EA could contain an abnormal parity sector,
responsible for the gauge and gravitational anomalies. However, as the previous result has
been derived from the real part of the EA (with normal parity), this sector is not taken into
account.

The renormalization procedure in this case will require, not only the introduction of
quadratic terms and a constant, but also a kinetic and mass terms for the torsion field.
Accordingly, the starting classical action should be

So =/dx¢g<’1

384SWF(D)SW + 288RF(D)R

A
e azR"™™ Ry03p + a3R™ Ry, + asR? + asS,, S™ + a652>. (55)
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Table 1. Renormalization constants for the SM case.
Co Cy Co C3

2 7 7 2 1
=X X NiME2 =33 NiME/12 g NeNe+ 5iNg s NyNe+ 35Ny

Cy Cs Ce

1 1 1 1 2
_?GNch_Tng _RNch_@Nf Z/‘ZiNiMi/sz

The divergences can be absorbed by a redefinition of the constants:

1 -
aj — a; =al(pn) — @CJ»NE + finite constants j=0,...,6 (56)
whereag = —2A /(16w G) anda; = 1/(16w G). The values of; are shown in table 1.
The scale dependence of the renormalized constants is derived from the renormalization
group equation [2, 23], in an analogous way to the scalar case. Consequently, if at a given scale
w, the constants have certain valuggu), their values at a different scalé will be given by

roo r Ci 'u’z
a; (W) = a; (W) + 25 |09<M,2> (57)
where theC; constants are those appearing in table 1. In particular, the renormalized Newton
constaniG” (i) has a scale dependence and therefore its value should be specified for a given
w. ThusG will depend on the size of the system we are considering and this could have
enormous importance in cosmology (see [25]).

In the renormalized EA we can generate a torsion kinetic term by meansS)ffarite
normalization as followsS’, = Zgl/z(M)Sv,whereag(u) = —%Z;l(u). Thusinthe massless
limit we have

W[s] = /d4x V&(—3$,,5™ + non-local terms ©(S5%)). (58)

Consequently, the physical torsion figlgwill behave as an Abelian gauge field. Therefore, we
have generated a kinetic term for torsion even when starting from a theory without propagating
torsion.

5. Conclusions and discussion

In this work we have dealt with the computation of the low-energy effective action for gravity
obtained when matter fields, both scalar and fermionic, are integrated out. As a much simpler
exercise, we have started by reviewing the low-energy EA for the electromagnetic field obtained
when the electronic field is integrated out. Special attention has been paid to the non-local
terms which are related to the particle production probabilities.

In order to integrate the scalar fields to compute the EA for gravity, we have used the
normal coordinate expansion. This method has been used previously to compute the divergent
terms of the EA. By comparison of this kind of expansion around different spacetime points,
we have been able to extend the previous work to also obtain the non-local finite terms of the
EA up to quadratic terms in the curvature. In particular, we have arrived at the conclusion
that the scalar field does not decouple from the EA in the large-mass limit in the Appelquist—
Carrazone sense. Finally, we have also discussed the meaning of the expansion in the massless
limit.
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In order to be able to consider the matter field content present in the standard model we
have also studied the case of fermionic matter. The main novelty in this case is that this kind
of field can also couple to the torsion pseudotrace in addition to the gravitational field. Thus
we have obtained the low-energy EA for the gravitational field and the torsion including the
divergent and the non-local finite terms up to quadratic terms in the curvature and the torsion.
We have discussed the renormalization of this EA and we have found that a kinetic term is
generated for the torsion pseudotrace. This result is quite interesting since in the standard
Einstein—Cartan action [1], the torsion does not propagate.

Finally, we would like to stress that the results obtained in this work can be useful
for the study of some interesting physical effects. In particular, the low-energy EA can be
applied for the study of the quantum stability of classical solutions of the Einstein equations
of motion. More specifically, the non-local terms of the EA which have been computed here,
are complex in general. Classical solutions that give rise to an imaginary part when the EA
is evaluated on them, are unstable by particle radiation even if they are stable at the classical
level. Moreover, the imaginary part of the EA evaluated on classical solutions, can be used to
compute particle production rates and spectra, thus providing an alternative method to the more
commonly used one based on the Bogolyubov transformations. The expression that we have
obtained for the non-local form factors is particularly appropriate for the calculation of particle
production probabilities in cosmological spacetimes. The boundary conditions imposed by the
normal coordinates expansion, allow one to apply this method not only to asymptotically flat
manifolds, but also to some other cosmological manifolds where the expansion rate vanishes
asymptotically. Work has been done in this direction and it will be presented elsewhere [11].
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Appendix

Dimensional regularization formulae

In dimensional regularization [26], the spacetime dimension is taken b et — € and the
poles are parametrized through which was defined in section 2. We will use the notation
dg = ufdPq/(2r)P wherep is the renormalization scale. Some useful expressions are:

(@ ("I +D/2T(m —r — D/2)u
/dq g2—R2|"  (4m)P/2 T(D/2)T (m)(R2)yn—r-D/2 (A1)
1
Li(p, m? E/dé
( ) (q2 _ mz)Z((q + p)2 _mz)
(_ 1P D/2-3
= (4 )D/ZF(B D/Z)/ dt(l—t)( m?+ p2r(1— )) (A2)

2

m i/J/E m2
/ L(p. )d2 4 )2<N 2—|OgF—F(p2;m2)>
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B (p,m?) E/dé %4
(q2 —m?)*((q + p)? — m?)

(-DP~

= D 2F(4 D/Z)/ dr (l ) ( m2+p2t(l— t))D/2_4
2(4m)P7 -
sl pp + orv " 2+ p%t(1—1)
P8 @ - Dj2)
m? v l'Me 13 m2 U
/ [; (p’ )dm = 12(47)2 (N E _|OgF _ F(pz; m2)>gﬂ +(’)(p2)
V0B
Iﬂvvtﬂ(p’mZ) E/dq q"q"q%q
3 (q2 - m2)4((q +p)? — m2)
(— 1)P/2 1 ; o .
6(4 )D/2F(5_D/2)/o dt (1— £)%(=m? + p2r(1—1))
gavgﬂlt + gtxugﬁu + g"‘ﬁg“” (A4)

2
6— D)(8— D) +0(p7)

e e 7 m? 2m? 4m?
/ Ig ﬁ(p,mz) dm2: 96(47-[)2 (Ne+§—logﬁ— (1—7 F(pz, mz)—7

X(gowgﬂp. +goz,ugt3v +gaﬂgy_v) + O(pZ)

where F(p?; M?) is given in (4). These expressions have been obtained in the Minkowski
spacetime. We have not explicitly included the tarms accompanying the momenta in order
to avoid the confusion with terms coming from dimensional regularization.

Normal coordinates expansions

We will show the Riemann normal coordinate expansions for different objects up to order
O(3%. We will take the pointy, as the coordinates origin. For the inverse metric tensor we
have

g () =" — FR 5 (30)y Y’ + R o 5y (3O) ¥y
=35 R" o piys (o) + %meyo)m“a(yo)]y”y Y'Y +0@%.  (A5)
The metric determinant = | detg,,| has the following expansion:
8(y) =1+ 3Rus(50)y* Y’ — ERapy y* ¥’ y"
(15 Rap Rys = g5 Roape Ry s + 2Rapys) Y3 73" + O(99). (A6)
For the square root of the metric determinant and its inverse we have
g72(y) = 1+ ERup(00)y*y* — 5 Rupiy Y P y"
+(HRupRys — ToRiapc Ry s + 25 Rapiys) vy ¥ y° + 0(3°), (A7)
g7V2(3) = 1= ERup(y0) "y’ + F5Rupiy ' y”

+(7i2RatﬂRy6 + r&)RkaﬂKRkyKS - %Raﬁ;y(?)yay yyy5 + 0(85) (A8)
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