FIXED POINT INDEX IN HYPERSPACES: A CONLEY-TYPE
INDEX FOR DISCRETE SEMIDYNAMICAL SYSTEMS
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ABSTRACT

Let X be a locally compact metric absolute neighbourhood retract for metric spaces, U = X be an open
subset and f: U—— X be a continuous map. The aim of the paper is to study the fixed point index of the
map that finduces in the hyperspace of X. For any compact isolated invariant set, K = U, this fixed point
index produces, in a very natural way, a Conley-type (integer valued) index for K. This index is computed
and it is shown that it only depends on what is called the attracting part of K. The index is used to obtain
a characterization of isolating neighbourhoods of compact invariant sets with non-empty attracting part.
This index also provides a characterization of compact isolated minimal sets that are attractors.

1. Introduction and preliminary definitions

The problem of the construction of the Conley index for discrete dynamical
systems posed in Conley’s book [4] was solved by Robbin and Salamon in [19], using
shape theory, for isolated invariant sets of a diffeomorphism on a smooth manifold.
Mrozek, in [13], introduced a cohomological Conley index for isolated invariant sets
of homeomorphisms. Later, in [14], Mrozek presented a scheme for constructing
various Conley indices for locally defined maps that, in particular, extends the
previous works.

In order to assign an index to each isolated set, the notion of index pair is needed.
The independence of the choice of index pairs to introduce such indices is one of the
main themes of the above-mentioned papers.

The reader who is familiar with degree theory will note immediately that Conley
indices share similar properties with the fixed point index theory. In this paper we
shall construct, in a very general setting, an integer-valued index using the fixed point
index of the induced map on the hyperspace of X (endowed with the Hausdorff
metric). Our construction is quite natural and from the well-known properties of the
fixed point index, the independence of the choices we make for the definition will be
obvious. We will not need index pairs to introduce our index but a special class of
index pairs will be useful to compute it.

From now onwards X will denote a locally compact, metric absolute neighbour-
hood retract for metric spaces (ANR). Let us recall some notions that we will need;
most of the definitions below have been taken from [6, 14]. The reader is referred to
[3, 7, 18] for information about the fixed point index theory in ANRs.

Let U = X be an open set. By a (local) semidynamical system we mean a locally
defined continuous map f: U—— X. A function ¢:Z —— X is said to be a solution to
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f through x in N < X if f(o(i)) = a(i+1) for all ieZ, ¢(0) = x and a(i)e N for all
ieZ. The invariant part of N, Inv(N,f), is defined as the set of all xe N that admit
a solution to f through x in N.

A compact set K < X is invariant if f(K) = K. An invariant compact set K is
isolated with respect to f if there exists a compact neighbourhood N of K such that
Inv(N, f) = K. The neighbourhood N is called an isolating neighbourhood of K.

Given X, we will denote by 2% the hyperspace of non-empty compact subsets of
X endowed with the Hausdorff metric, dy;, defined by

dy(C,D) =inf{e¢ > 0:C < B(D,¢) and D < B(C,¢)}

where B(K,¢) = {xe X:d(x, K) < ¢} for any compact set K = X.

A growth hyperspace A of X is any closed subspace of 2% satisfying the following
condition: if Ce A and D e€2¥ are such that C = D and every component of D meets
C, then De A. 2% and the hyperspace C(X) of non-empty compact connected subsets
of X are growth hyperspaces of X.

The following theorem, due to D. W. Curtis, is crucial in our construction.

THEOREM 1 [6, p. 141].  If X is locally continuum-connected (connected and locally
continuum-connected), then every growth hyperspace A of X is an ANR (absolute
retract for metric spaces (AR)). Conversely, if there exists a growth hyperspace A such
that C(X) < A and A is an ANR (AR), then X is locally continuum-connected
(connected and locally continuum-connected).

A semidynamical system f:U—— X induces in a natural way another one
272V —— 2%,

Let K< U be a compact isolated invariant set. Let N be any isolating
neighbourhood of K. Consider an open set W such that K< W < N. Take
2w 2% —— 2% Tt is clear that Fix(2/|,w) = 2%, then Fix(2/|,w) is a compact subset
of 2. On the other hand, 2/|,» is a compact map because it admits an obvious
extension to 2. Therefore the fixed point index of 2/|,w in 2%, i,x(2/|,w,2"), is well
defined.

DerNITION 1. We define the fixed compact index of the pair (K,f) as
LK. f) = iyx(2]w,2").

REMARK 1. From the excision property of the fixed point index we obtain that
1.(K,f) does not depend on the choice of the isolating neighbourhood N of K and the
open set W.

REMARK 2. It is easy to construct examples where 1 ,.(K,f) # i (f, W). In fact, if
we consider any flow 7 in R? with an attractor K which is a closed orbit, we can take
¢t > 0 such that the period of x€ K is not a multiple of 7. Let Ne ANR be an isolating
neighbourhood of K. If f'= =, it follows that ig(f, W) = 0 because the set of fixed
points is empty but using Theorem 1, 2% is an AR (2" is homeomorphic to the Hilbert
cube, see [5] for example), then /(K. f) =1 (see Theorem 3).

REMARK 3. If X is not locally compact we still can introduce our index if we
assume f to be compact. In this sense, the Rybakowski condition, see [12, 13, 15], is
introduced to define the Conley index when the local compactness of X is not
required.
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REMARK 4. Note that similar indices can be defined if we restrict ourselves to a
particular growth hyperspace of X. In the last part of the paper we will present the
results we can obtain if we consider the growth hyperspace C,,(X) of the non-empty
compact subsets of X with at most m connected components.

On the other hand, using the fact that the spaces F,(X) of all non-empty subsets
of X consisting of at most k points, are also ANRs (see [16]) we can introduce indices
which would measure the periodic points of f. In a forthcoming paper we will give
a detailed study of these indices.

DEerINITION 2. Let /U < X—— X be a semidynamical system. A compact
isolated invariant set K < U is said to be an attractor if there exists an open
neighbourhood U, = U of K such that:

1) f™U,) < U for every m = 1.

(i) For every open neighbourhood V' of K there is m(}V)eZ such that
S"U,) < Vfor all n = m(V).

When computing the classical fixed point index of a map f: W < R*—— R" such
that Fix(f],,) is a finite subset of hyperbolic fixed points,

(W)= ) sign(JAd—/)(a)
acFix(f|y)

where J denotes the Jacobian determinant. Then each attracting fixed point
contributes +1 in the above sum.

In this paper we show that the fixed point index in the hyperspace neglects all
compact invariant sets that are not attractors.

The next section of this paper will be devoted to presenting the main properties
of the fixed compact index of a compact invariant isolated set. Some examples of the
consequences of our main result (Theorem 6) are the following corollaries.

COROLLARY 1. Let f:Uc X——> X be a semidynamical system. A continuum
isolated invariant set K is an attractor if and only if 1 .(K,f) = 1.

COROLLARY 2. Let f:U c X—— X be a semidynamical system. Let W be an
open set such that cl(W) is an isolating neighbourhood with respect to f. Then the
attracting part of Inv(cl(W),f) is non-empty if and only if i,x(2/|,w,2") #0. In
particular, i,x(2'|,w,2") # 0 implies that W contains an attractor. If Inv(cl(W),f) is
minimal, then i,x(2/,w,2") # 0 if and only if Inv(cl(W),[) is an attractor.

COROLLARY 3. Let f2U < X—— X be a semidynamical system. Let W < X be
an open subset, such that cl(W) is an isolating neighbourhood with respect to f. If
i,x(27,w, 2"y = 2"—1 then 2/ has at least r periodic attracting orbits in 2".

COROLLARY 4. Let fUc R——>R be a semidynamical system. Let K be a
compact isolated invariant set with respect to f. If I(K,f) = 2"—1 then K contains at
least r periodic orbits.

COROLLARY 5. Let f:Uc X——> X be a semidynamical system. Let K be a
compact isolated invariant set with respect to f whose components are cell-like. If
I (K. f)=2"—1 then K contains at least r periodic orbits.
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COROLLARY 6. Let f:U ¢ X—— X be a semidynamical system. Let W < X be an
open subset, such that cl(W) is an isolating neighbourhood of a compact invariant set
K. If the shape index of (K., f) is the shape of a pointed space (Y, *) (see [14, 19]) and
iyx(2],w, 2"y = [ (K,f) = 2"—1 then Y has at least r+1 components.

2. Properties of the index and the main results

First of all we will state the main properties, analogous to the Conley index, of our
index. All of them follow from the corresponding properties of the fixed point index.
Only the additivity property is not obvious.

ProposITION 1 (Wazewski property). [,(K,f) # 0 implies that K # (5.

ProrosiTION 2 (additivity property). Let K be a compact isolated invariant set.
Assume that K is a disjoint sum of two compact invariant isolated sets K, and K,. Then,

IX(Kaf) = IX(K1af)+IX(K27f) +IX(K1’.f) IX(Kzaf)~

Proof. Take N = N,UN,, an isolating neighbourhood of K such that N, n
N, = (J and N, is an isolating neighbourhood for K, j = 1,2.

Choose open neighbourhoods U, = N, and U, = N, of K, and K, respectively
such that AU)NU, = F if i #}j.

Then,

Ix(Kaf) = iZ‘Y(2f|2UlU Uss 201V UZ)
and
IX(Kiaf) = izx(2f|21;i,2{;i), ie{l,2}.

Let W, =2"V0 W, =201y 2Py 2V x2%), X, =2% and X, =(2%),Vv(2¥),V
(2% x2%).

Consider the map i,:W,—— W, defined in the following way: if K/ < U,
i(K)) = K, j = 1,2; on the other hand, for K’e W, such that K’ n U, = K| # (J and
K'nU,=K,# &, i,(K') = (K{,K;)€2V1 x 2V = W,.

It is easy to see that i, is a homeomorphism.

Let

E =2v2v(Q2'x2)W,—X,
and
JeiXy— X,
be defined by j,(K)) = K] if K/ e(2¥), and j, (K], K}) = K] U K] for (K], K})€2¥ x 2*.
It follows that 2/ = j, o F, oli,.
Now denote
SHi=ioiyW—X,
where i: W,—— X, is the inclusion and
fo=2oi W,—>X,.

Then, S = {xef;'(W,):(f,0f,) (x) = x} = {xe W,:2/(x) = x} is a compact set.
Using the commutativity property of the fixed point index,

122090 = iy (o0 /i /WD) = iy (fy 05 (7))
= i(zx)l v, v (,2XX2X>(Z'O i* o020 l;l, (2’ e} 1;1)71 (2”‘ v (‘72)),
since 2/ = j, o0 F, 01y,

L e L
10030200, (o raw) = 100y O]*OEXJF;(J;L(WI)).
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On the other hand,

1014050 Fylprmramyy = Filrpripamy-
Thus,
i(z"')1 v e,V @¥xahy ({00 2oi !, (2Toi )T (27 Y)
= i(z")lv @%), v @e¥x2Y) (foiy0js0 Fy Fi' (' (WY))
= i(zX), v<2X)2v<2Xx2X)(Ex<’ F>I:1(]>l:1(l/l/1)))
=iy (B F ' W) = iy (Fy W)
= l.XQ(F;<|2Ul’ 27 + l.XZ(ElJZUZ’ 292+ ixz(Ek|2l'1x2"zs 2% 2"%)
= 1yx(21]0,, 290) +iyx(27] 50y, 22) iy 0 (27 X 210,50, 271 X 272)
= 1,x(27),0,, 290) + iyx (27| yv,, 22) + 156 (210, 21) 1y (270, 272). O
PrROPOSITION 3 (commutativity property). Let X, Y be locally compact metric
ANRs. Let
p:Uc X—>Y,
w:VctVY—X
be locally defined maps.

Take f=wop and g = poy. If K < X is an isolated invariant set with respect to
f then o(K) is an isolated invariant set with respect to g and 1 (K, f) = I,(p(K), g).

COROLLARY 7. Let f:Uc X——X be a locally defined map. Assume that
fX) < Ywhere Y < X is alocally compact ANR. If K is a compact isolated invariant
set with respect to f then K is an isolated invariant set with respect to f|, and

I (K.[) = 1.(K.[1y).

ProPOSITION 4 (homotopy property). Let f:Ux A—— X be a map such that U
is an open subset of X and A = R is a compact interval. Assume that N is an isolating
neighbourhood for each partial map f,: U—— X. Then I .(Inv(N, f,), f,) does not depend
on LeA.

The next result is a first approximation to obtain the full meaning of our index.
The proof is based on the following theorem due to H. Steinlein; see [18, 22] for
details.

THEOREM 2. Let f:U < X—— X be a locally defined map. Let H < U be an open
set such that f™ is defined on H for m = p' with p prime. Assume that
Y={xeH: f"(x)=x}
is compact, () < X and f is compact in some neighbourhood of X. Then

ix(f", H) = iy(f, H) (mod p).

THEOREM 3. Let f-U <« X—— X be a locally defined map. If K < U is a compact
connected attractor for f then I (K,f) = 1.

Proof. Take a connected open set U, as in the above definition. From
Theorem 1, 2% is an AR.
Consider a prime ¢ and ¢ such that p = ¢’ > m(U,), then (27)? = 2/":2Vs —— 2%,
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It is easy to see that we are in the hypotheses of Steinlein’s theorem for H = 2%,
On the other hand,

(23 (2)%,27) = e (21)7,27) = A7) = 1

where A((27)?) denotes the Lefschetz number of (27)? (see [17]).
Therefore, for every prime ¢ we have

1 = i,x((27)?,2Y) = i,x(27,2%) = [ (K, f) (mod g).
Then I(K,f) = 1. |

From Theorem 3 and the additivity property we obtain the next corollary.

COROLLARY 8. Let f:U € X—— X be a locally defined map. Let K be a compact
isolated invariant set with respect to f which is disjoint sum of n connected attractors
K=K UK,U...UK,. Then I ,(K,f)=2"—1.

Let K be a compact invariant set with respect to the semidynamical system
f:Uc X—— X. Assume that K has a finite number of components K, K,,..., K.
Since f(K) = K, f produces a permutation of the elements of this decomposition of

K, we can order the components of K in the following way:
K=K, ,UK ,U..UK, , UK, , UK, ,U... UK, , U...UK, UK, ,U...UK,

where k,+k,+...+k,=p, and for ie{l,2,...,r} and je{l,2,...,k,—1} we have
f(K”) = Ki,j+1 and f(l(i,lci) = Kz’,l'

DerINITION 3. In the above situation we say that f decomposes K in r cycles. For
each ie{l,2,...,r}, the corresponding k; is called the length of the cycle i.

REMARK 5. Assume K|, to be a compact attractor of the semidynamical system
f:Uc X—— X. Since X is locally connected, K, has a finite number of components.
Indeed, take an isolating neighbourhood N= N, U...UN, for K, where N, is
connected and N, N K, # J for every i = 1,..., p. Consider n,e N such that for each
n=n, f"(N) < N. It is clear that for every ie{l,...,p} there exists p(i)e{l,...,p}
such that (f™)*®(N)< N,. If K= K,nN, then (f")??(K})= K} and K| <
Inv(N,, (f")?®?) = N,. On the other hand, if xeInv(N,, (f")?®), since f"(N) = N,
we have xelInv(N,f) = K,. Therefore xeK!, K;=Inv(N,(f")*?) and K] is
connected.

In general, it is known that there are non-locally connected, connected phase
spaces X that admit a global attractor with infinitely many connected components,
see [9].

THEOREM 4. Let f:U < X—— X be a semidynamical system. Let K be an

attractor. Then
I.(Kf)=2"—1

where r is the number of cycles of K.

Proof. Consider the cycles decomposition of K
K=K UK, ,U...UK, , UK, UK, ,U...UK, , U...UK, UK ,U...UK,
where for ie{l,2,...,r} and je{l,2,....k,— 1}, AK; ) = K, ;;, and (K, ;) = K; ;.
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From the additivity property it is enough to show that
IX(Ki,l U Kz’,2 u...u K’i.}cfaf) =1

for any ie{l,2,...,r}.

Then we can assume that K has a single cycle K=K, UK, U ... UK,.

Consider an isolating neighbourhood N of K as in Remark 5 and an open
W < N containing K. W is union of open components, W= W, U W, U ... U W,
and

= U
Ac{l,... .k}

where

W, ={Ce2":CnW,# I forevery jeA and Cn W, = J if j¢ A}.

Since W, is homeomorphic to the product |],.,2", the components of 2" are
ARs.
Now let m > k be any prime such that f™(W) < W, then
ipx(27,27) = (2", 27) = AQ).

m

In order to compute A(2’") we just have to pay attention to
HQ2"M=0®...®Q with2"—1 generators.

Consider the generators of H,(2") corresponding to the components of 2" and

assume that
S"(K; U... U Kip) =K, U..UK;

where p < k.

Then {K, ,..., Kip} is a cycle or union of cycles for /™ and

p<k, pm=nk

for some neN.

Since m is prime, m > k, we have n = n,m and p = n, k. Then n, = 1, n = m and
p = k which is a contradiction.

Consequently
Kisoon K b= (K K

and just the generator of H (W}, ) produces a non-trivial number in the trace of
the matrix of (2/")* which has the form

0

Then from Theorem 2,

ipx(27,2%) = iy(27,2%) = AQT) = (= 1) u2")* = 1 = LK, f) (mod m).
Since m > k is arbitrary, we have I (K, f) = 1. O
In order to compute the index in more general cases we will recall the notion of

index pair which is basic to construct the Conley index. A certain class of index pairs,
regular index pairs, will be useful.
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DEerINITION 4 [12].  Let N be a compact isolating neighbourhood with respect to
f:Uc X—> Xand K = Inv(N). Let (P, P,) be a pair of closed subsets of N such that
P, = P,. The pair (P, P,) is called an index pair for K if the following conditions are
satisfied:

(i) P NAP) < By
(i) AAP\R) < P;
(iii) K = IV(P\P,./) = Int(P\P).

We will say that the index pair (P, P,) is regular if
(a) there exists a set V, open in P,, such that P, c V and f{V'\P,) < B,;

(®) cl(fAAP)\P) NCl(P\P) = .

Let f:Uc X——> X be a semidynamical system and consider the induced
semidynamical system 2/:2Y < 2% —— 2%,

If K is a compact invariant isolated set with respect to f and N is an isolating
neighbourhood for K then 2% is an isolating neighbourhood for Inv(2¥,27) = 2%,

The next proposition can be easily checked.

PrOPOSITION 5. Let f:U ¢ X—— X be a semidynamical system. Let P = (P,, P,)
be a compact pair of subsets of X.
Let
(P, ={Ke2":KnP, # I}
If (P, P,) is an index pair (regular index pair) for a compact invariant isolated set

K then (2", P, is an index pair (regular index pair) for 2*.

PROPOSITION 6. Under the assumptions of Proposition S, if P, is locally continuum-
connected then 2" and () P, are finite sums of ARs.

Proof. For 2% apply the arguments of Theorem 4 for 2".
The case of [ P, is based on the fact that () P, is a growth hyperspace of P,.
Indeed, if P, = P, UP,VU...UP,, P, connected for every je{l,2,...,k} then

2% = U P,
Ac{l, ...k}
where
P,=1{Ce2":CnP;# S forevery jedand CNP, = Jif j¢ A}
and
ﬂpz = U PN an~ O
Ac{l,....k}

Let K, be a compact isolated invariant set, P = (P, P,) be an index pair for K such
that P, is a finite sum of connected components.
We can order them as follows,

P=P'U..UPMU..UPFU...UP]
where
(@) PinK,# Jand PinP,=Fif je{l,2,....k,};
(b) PinP,+ G ifj> k.

LEMMA 1. Under the above assumptions we have the following :
() If xePl, k<i<l!land f(x)e P} then k <j< L
(2) If xe P}, | <i<k,then f(x)eP], | <j<k,
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Proof. (1) If f(P)) = P} thenf(y)er n P, for any ye PIn P,

If PI\f'(P{) # & since P; is connected there is pecl,(P;\/'(P)) N
(P) n Py).

It is easy to see that pe P, nf~'(P]). Then f(p)e P, n Pi.

(2) Assume P, 1 < i, < k,, such that f(Pj») = P withj,e{k,...,I}. From (1) there
is i, < k, such that (P)'n K,) N f(P,) = . This is a contradiction. O

REMARK 6. In the hypotheses of Lemma 1,
(P,P)=(PlU...UPUPfU...UP,P)
is also an index pair (regular if so is (P, B)),
Ky =[K,N (P} U ... UPI]U[K, N (P U ... UPD]
AK,N(PLU ... UPF)) =K, n(PLU ... U P,
K, N (P U UPl))zK N(PfU...UP).
Denote K, N (PIU ... U PRy = K&, K,N(PFU...UPH=K\K"
K and K\ K} are compact 1solated 1nvar1ant sets. We will call K the attracting
part of K.

and

THEOREM 5. Let f*X—— X be a semidynamical system. Assume that 2 is of
compact attraction. Let K, be a compact isolated invariant set with respect to f that
admits a regular index pair P = (P,, B)) such that P, is locally continuum-connected.

Then, ‘ ' )
LK. ) = T(Kp.f) = 2 =1
where q is the number of cycles of K.

Proof. We maintain the notation of Remark 6. Using the additivity property it
is enough to show that I (K\Kj,f) = 0.
=(P.P) = (PfU...UPLP)is a regular index pair for K\Kj.
Then (", (P)is a regular index pair associated with the compact invariant
isolated set 250\ with respect to 2/:2V —— 2%,
2% and () P; are compact ANRs and finite sums of ARs.
Consider the singular homology sequence of the pair (21, N P)

.. —>Hp(ﬂ P;>—>Hp(2P{)—>Hp (2'%’, N P;)—>Hp1 (ﬂ P.;)—>
..—H, (ﬂ P;) — H,2")—H, (2P£, N 1)5)

()i —m (7)o

Since H,(2") = H, ([ P;) =0 for every p>1, we have H, (2", P;) =0 for
every p > 1.

Another point of view is that 2”1/() P; is an AR because it is a pointed sum of
ARs, then 0 = H,(2"1/( P, %) = H,(2™, () P)).

Analogously 0 = H,(2"1/() P,) = H,2"1/( P}, *) = Hy(2", ) P).

Now, from [12, Theorem 4],

LU(K\KR.f) = 1,027, int 2"\ P) = A(Lyr{, ) = 0. a

If O =]];:,[0,1/n] denotes the Hilbert cube, we have the following corollary.
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COROLLARY 9. Let [U c Q—— Q be a semidynamical system. Let K, be a
compact isolated invariant set with respect to f that admits a regular index pair P =
(P, P,) such that P, is locally continuum-connected.

Then, i
LKy, /) = 1(Ky,[) = 21— 1

where q is the number of cycles of K.

In order to give the complete meaning of our index we will show that it is always
possible to find regular index pairs in the Hilbert cube. On the other hand, we will also
prove, using the commutativity property, that for the computation of the index, for
an arbitrary compact isolated invariant set in an arbitrary locally compact ANR, we
can always assume that our semidynamical system is defined in Q.

We shall extend, to our context, the techniques of [23, Lemma 5.1]. Let
/20— Q0 be a continuous map. Given ¢ > 0, we consider

oA (e) = {A N Q,A =[]A,: for all i there exists ke N with

i-1
A, =keor A, = [ke,(k+ l)e]}.

Define the following multivalued maps 7., E: Q — 2(Q), by

T(x)=J{deA(e):xe A}
and
E(x) = (Tofo T) (x).
LEMMA 2. Consider F:1x Q x Z—— P(Q) defined as
F(e, x,n) = F"(x).

Then F is a compact valued upper semicontinuous map and for every ce€l,
E:QxZ—P(Q) is a discrete multivalued dynamical system in the sense of
Kaczynski and Mrozek [11].

Proof. First we will prove that F':Q —— 2(Q) is a proper compact valued
upper semicontinuous map and then it generates a discrete multivalued dynamical
system (see [11]).

For any ¢ > 0 there exists n(¢) e N such that 1/n(¢) < e < 1/(n(e) —1).

Then

n(e)—1 1
I(x)=PxQc [] [O,Z]XQ
n=1
with P a finite polyhedron. Therefore, for all xe Q, T(x) is a prism (see [2, page 104]).
Analogously for every xeQ,

n(e)—1
Ex)=(U..uPp)x0c [] [Oa%]XQ
n=1
where P, is a finite polyhedron for every i = 1,..., k. Moreover since k is finite, for
every xe Q, F(x) is a prism.
In particular 7’ and F are compact valued maps. It is easy to see that both maps
are upper semicontinuous.
Then, F':Q——2(Q) is a compact valued proper upper semicontinuous
multivalued map generating a discrete multivalued dynamical system.
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In order to check the upper semicontinuity of F, take an open subset U < Q.
The set

{(e,x,m)eIx QO xZ:Fle,x,n) = U}y = J {(e,x,n)eIx Q xn:Fle,x,n) < U}

nel

must be an open subset of I x Q x Z.
Then it is enough to see that

FLF 1% Q— 2(Q)

are upper semicontinuous.
The proof for F' is obvious because 7:1x Q — 2(Q), where T(e, x) = T(x), is
upper semicontinuous.
On the other hand, for (e, x,)€{(c,x)eIx Q:F '(¢,x) = U} it follows that
F(x) = Uwhen ¢ - ¢, and x — x,.

Indeed, otherwise there exist sequences {e,},, with ¢, —¢,, {x,},—>x, and
{Vutn = Vo, With y, & U for every n and such that yneli;l(xn).
Since x, € F!(y,) for every neN and F* is upper semicontinuous,

SupyeF”l"(yn){d(y’ Et(yo))} d 0 lf n— 00.

Consequently, — d(xy, £, () < d(Xy, F,, (y,)) +Sup,ep, i {d(y: E(y)} >0 if
n— oo, x,€F(y,) and y,eF, (x,) = U which is a contradiction. O

PrOPOSITION 7. Let f:Q —— Q be a semidynamical system. Then, every compact
isolated invariant set K, with respect to f, admits a regular index pair (Q,, Q,) such that
0, and Q, are prisms.

Proof. The proof is based on that of [23, Lemma 5.1], using Lemma 2 and [11,
Lemmas 2.5 and 2.6]. It is enough to follow the construction of [23] with a slight
modification of the definition of the Q,. Taking

0, = U{Ae&/(e/d)lA cP,A =P><an<(ﬁ>1[0,’11]><Q}

n=1

where P is a finite polyhedron, the result follows. O

THEOREM 6. Let U = X —— X be a semidynamical system. Let K be a compact
isolated invariant set with respect to f. Then

IX(Kaf) = IX(KA,_f) = 2q_ 1

where q is the number of cycles of K*.

Proof. Consider X to be embedded as a closed subset of a normed space B. Let
N be a compact isolating neighbourhood of K. Take a retraction r:U*¥ <« B—— X
where U¥ is an open neighbourhood of X in B. From [8], there is a compact ANR
A" such that N = 4Y = U*.

Let V' be an open subset of X such that K < V< N and f(V) = N.

Define W = r(V)n A" and consider the map

fi=fory: We AY —— A",
Using the commutativity property we have (K, f) = I ,~(K,f,).
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Now we can assume that AV = Q. Take a retraction
N -
r U «c Q— AN

where U4" is an open neighbourhood of 4" in Q.
Let Z = r;'(W) < U4" and define

g:f1°r1|Z:ZC 0—0.

Using again the commutativity property we have I,~(K, f;) = I,(K, g). Then, from
Theorem 5 and Proposition 7,

I(K.f) = Io(K.g) = I(K*, ) = 2"—1. O

REMARK 7. Using Proposition 7 and the proof of Theorem 6 it can be proved
that the shape index (see [14]) of any compact isolated invariant set in any locally
compact ANR is always the shape of a P-like compactum Y. More precisely, Y is the
inverse limit of a sequence {(P,,g,)},.n Where, for every neN, P, is a single finite
polyhedron P and g, is a single continuous map g: P—— P (see [20] for a proof).

CoroLLARY 10 (product property). Letf:Uc X— X, g:V < Y—> Y be two
semidynamical systems. Let K, and L, be compact isolated invariant sets with respect
to f and g respectively.

Then, K,x L, is a compact isolated invariant set with respect to fxg:UxV <
XXY—>XxY and

Loy (KX Ly, fxg) =2"—1

where p and q are the number of cycles of Ky and L, respectively.

Now let us take another growth hyperspace of X that we can use to introduce
analogous indices.

Let C,,(X) be the set of all non-empty compact subsets of X having at most m
connected components. It is easy to see that C,,(X) is a growth hyperspace of X.

If /: U €« X—— X is a semidynamical system, then f induces another one

C,.(N):C,(U) = C,(X)— C,(X).

Let K< U be a compact isolated invariant set. Let N be any isolating
neighbourhood of K. Consider an open set W such that K« W < N.

Take C,,(f):C,(W)— C,(X). It is clear that Fix(C,,(/) ¢, ) = C,(K).

Then the fixed point index of C,(f) in C,(X), i ) (C,(f),C,(W)), is well
defined.

DEerINITION 5. We define the m-fixed compact index of the pair (K, f) as
I;?(K,f) = i(:,,L(X)(CnL(f) |Cm(W)’ Cm(W))'

ReEMARK 8. The properties of these indices are similar to the properties of the
fixed compact index of the pair (K,f) listed in Propositions 1-4 except for the
additivity property. In this case we can obtain the next result for m = 1, 2.

PrOPOSITION 8 (additivity property). Let K be a compact isolated invariant set.
Assume that K is a disjoint sum of two compact invariant isolated sets K, and K,.
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Then,
LK, f) = LK, f) + (K. f)

UK. f) = (K, ) + (Ko, ) + L (KoL ) T (K, f).
Even though we do not have an additivity property for all me N we can compute

those indices to obtain the corresponding results analogous to the /(K. f).
We now present the main results.

and

THEOREM 7. Let U < X —— X be a semidynamical system. Let K be a compact
attractor.
Then

where [, is the number of unions of cycles of K whose lengths sum < m.

THEOREM 8. Let U < X —— X be a semidynamical system. Let K be a compact
isolated invariant set with respect to f.
Then,
IR(K.f) = I3(K* ) =1,

where 1, is the number of unions of cycles of K* whose lengths sum < m.

REMARK 9. From Theorems 6 and 8, if we have a compact isolated invariant set
K with respect to a semidynamical system f: U < X —— X, there is m, € N such that
IUK, ) = 1.(K.f) for every m = m,.

ReEMARk 10. Let ffUc X—— X and g:V < Y—— Y be two semidynamical
systems and K, and K, be compact isolated invariant sets with respect to f and g
respectively. Then, I¥(K,,f) = I}(K,, g) for m < rif and only if the number of cycles
of length m, for m < r, of K} and K} coincide.
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