REAL-VALUED LIPSCHITZ FUNCTIONS AND METRIC
PROPERTIES OF FUNCTIONS

GERALD BEER AND M. ISABEL GARRIDO

ABSTRACT. The purpose of this article is to explore the very general phenom-
enon that a function between metric spaces has a particular metric property
if and only if whenever it is followed in a composition by an arbitrary real-
valued Lipschitz function, the composition has this property. The key tools
we use are the Efremovi¢ lemma [21] and a theorem of Garrido and Jaramillo
[22] that says that a function h between metric spaces is Lipschitz if and only
if whenever it is followed by a Lipschitz real-valued function in a composi-
tion, the composition is Lipschitz. We also present a streamlined proof of
the Garrido-Jaramillo result itself, but one that still relies on their natural
continuous linear operator from the Lipschitz space for the target space to the
Lipschitz space for the domain. Separately, we include a highly applicable uni-
form closure theorem that yields the most important uniform density theorems
for Lipschitz-type functions as special cases.

1. INTRODUCTION

Analysts have little interest in topological spaces that fail to satisfy the Haus-
dorff separation property. They would also prefer to work in the framework of
completely regular Hausdorff spaces, also called Tychonoff spaces. For one thing,
in this context, such spaces have Hausdorff compactifications; in fact a topological
space can be embedded in a compact Hausdorff space if and only if it is Tychonoff.
Similarly, only in this framework does one have a compatible separated diagonal
uniformity, so that notions such as completeness and uniform continuity can be
formulated. They subsume the locally convex topological vector spaces and the
locally compact Hausdorff spaces. But perhaps most importantly, it is only in this
setting that the real-valued continuous functions determine the topology.

Given a family of real-valued functions {f; : i € I'} defined on a nonempty set Y,
the initial topology 7¢y,.icry on Y is the topology generated by the family of subsets
{f7'(V) :i € T and V is open in the real line}. This is the coarsest topology
one can place on Y such that each f; is continuous. A function A from a second
topological space into Y equipped with such an initial topology is continuous if and
only if for each i € I, f; o h is continuous [40, Theorem 8.10].

As an example, if (Y,]|| - ||) is a real normed linear space, the initial topology on
Y determined by its continuous dual is called the weak topology on Y. This will
agree with the norm topology if and only if the space is finite dimensional.
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Now given a topological space (Y, 7) and a family of continuous real-valued func-
tions {f; : 4 € I'} on Y, the initial topology determined by the family is in general
coarser than 7. The two topologies agree provided the family separates points from
closed sets, which means that whenever A is a 7-closed subset of Y and p € Y\ A4,
there exists some f; such that f;(p) lies outside of the closure of f(A) [40, Corollary
8.15]. The standard definition of complete regularity [40, pp. 94-95] implies that
the continuous functions from (Y, 7) to [0, 1] separate points from closed sets, so
any larger class of continuous functions will do so as well. In particular, a function
h into a completely regular space (Y, 7) will be continuous if and only if whenever
f is continuous and real-valued, f o h is continuous.

Now if (Y, p) is a metric space with induced metric topology 7,, then the family of
all Lipschitz functions on Y separates points from closed sets because the family of
all distance functionals y — p(y, p) where p runs over Y already does. In particular,
ifh:(X,d) — (Y, p) is a function, then h is continuous if and only if whenever f is a
real-valued Lipschitz function on Y, foh is continuous. The purpose of this article is
show that most of the important classes of functions between metric spaces behave
analogously, including the uniformly continuous functions, the Lipschitz functions,
the locally Lipschitz functions, the functions that map Cauchy sequences to Cauchy
sequences, and the class of (uniformly continuous) functions that are Lipschitz in
the small as introduced by Luukkainen [33] : there exist 6 > 0 and A > 0 such that
whenever d(z1,22) < § in X, we have p(h(x1), h(x2)) < X -d(x1,x2).

Evidently, a bounded Lipschitz in the small function h : X — Y with parameters
0 and A is already Lipschitz, for if the diameter of h(X) is M and d(x1,x2) > 6,
then p(h(z1), h(z2)) < d(zq, ). If we replace the metric p on the target space
Y by p = min{p, 1}, then h is Lipschitz in the small if and only if h regarded as a
function from X to (Y, p) is Lipschitz [23, p. 283]. For real-valued functions, the
Lipschitz in the small functions are particularly important in that such functions
are uniformly dense in the real-valued uniformly continuous functions [10, 23]. At
the end of the article, we give a uniform closure result for the real-valued continuous
functions that are Lipschitz in the small when restricted to a particular family of
subsets, provided the family is shielded from closed sets. From this single result, we
can easily identify uniformly dense subclasses of Lipschitz-type functions within the
most important classes of continuous functions. Our results argue for the primacy of
the Lipschitz in the small functions in the study of real-valued continuous functions
on metric spaces.

Along the way, we introduce and study the class of (locally Lipschitz) functions
that are Lipschitz when restricted to Bourbaki bounded subsets.

2. PRELIMINARIES

All metric spaces are assumed to contain at least two points. We denote the set
of limit points of the space (X, d) by X'. We write Sy(x,e) for the open ball of
center x and radius € > 0 in X. We write Sq(A4, €) for UgeaS4(a, €); this set is often
called the e-enlargement of A [5]. For € X and A a nonempty subset of (X, d),
we put d(z, A) := inf{d(z,a) : a € A}; clearly, Sq(A,e) = {x € X : d(z, A) < &} for
A nonempty.

We denote the usual d-diameter of a nonempty subset A of X by diamg(A). We
call nonempty subsets A and B of X near provided inf {d(a,b) : a € A, b € B} = 0;
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intuitively, nearness for two nonempty subsets means they either intersect or are
asymptotic.

A subset A of X is called bounded if it is either empty or has finite diameter;
equivalently, A is a subset of some open ball in X. A subset A of X is called totally
bounded if for each & > 0 there exists a finite subset F' of X with A C Sy(F,e).
It is called relatively compact if it has compact closure. Each relatively compact
subset of X is totally bounded, and the converse is true if and only if the metric d is
complete. If A is a nonempty subset of X and € > 0, we define S7 (A, ) recursively
by Si(A,e) = Sa(A,e) and ST (A, ) = Sa(ST(A,€),€). A subset A of X is called
Bourbaki bounded [9, 24] if for each € > 0, there exists a nonempty finite subset
F of X and n € N with A C S}(F,¢). Each totally bounded subset is Bourbaki
bounded and each Bourbaki subset is metrically bounded. Unlike boundedness
and total boundedness, Bourbaki boundedness is not an intrinsic property of the
subset. For example, in £, the standard orthonormal base {e, : n € N} is a
Bourbaki bounded subset, but the set fails to be a Bourbaki bounded subset of
itself, considered as a metric subspace of £5.

As a subset of a metric space is (a) relatively compact if and only if each sequence
in it has a convergent subsequence, and (b) totally bounded if and only if each
sequence in it has a Cauchy subsequence, a subset is Bourbaki bounded if and only
if each sequence in it has a Bourbaki-Cauchy subsequence [24, Theorem 4], as we
now define, in a way paralleling the standard definition of Cauchy sequence.

Definition 2.1. A sequence (z,,) in a metric space (X, d) is called Bourbaki-Cauchy
provided for each £ > 0 there exists k£ € N and m € N such that whenever n and j
exceed k, we have z,, € ST ({z;},¢).

A metric space is called Bourbaki complete provided each Bourbaki-Cauchy se-
quence in it clusters [24]. A metric space is Bourbaki complete if and only if each
Bourbaki bounded subset is relatively compact [24, Theorem 9]; that each relatively
compact set is Bourbaki bounded is always true as each relatively compact set is
totally bounded.

We denote the continuous functions from (X, d) to (Y, p) by C(X,Y). We now
formally introduce some subclasses of C(X,Y) in order of increasing size. Suppose
f is a function from X to Y.

e f is called Lipschitz if for some A > 0, whenever {z1,22} C X, we have
o(f(z1), f(z2)) < A-d(z1,22). For additional specificity, we can say that f
is A-Lipschitz.

o f is called uniformly continuous if for each ¢ > 0 there exists § > 0 such
that d(z1,z2) < d = p(f(x1), f(x2)) < e.

e f is called Cauchy continuous [11, 16, 39] if whenever (z,) is a Cauchy
sequence in X, (f(z,)) is a Cauchy sequence in Y.

We denote these classes by Lip(X,Y), UC(X,Y) and CC(X,Y) respectively.
The classes C(X,Y) and CC(X,Y) coincide for all target spaces Y if and only if
the domain space is complete [39], while the well-studied class of domain spaces for
which C(X,Y) = UC(X,Y) properly contains the class of compact metric spaces
(see, e.g., [3, 5, 30, 36]). This class is usually called the UC-spaces or the Atsuji
spaces in the literature. The most visual way to describe a UC-space is as follows:
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X' is compact (although possibly empty), and for each € > 0 there exists § > 0
such that z ¢ Sq(X',e) = Saq(z,9) = {z}. We have CC(X,Y) = UC(X,Y) for
all target spaces Y if and only if the metric completion of (X,d) is a UC-space
[4, 31]. We mention this additional fact about Cauchy continuity connecting it to
uniform continuity that we will use in the sequel: f: X — Y is Cauchy continuous
if and only if its restriction to each totally bounded subset is uniformly continuous
14, 39].

If f € Lip(X,Y), we put L(f) := inf{f\ > 0 : f is A — Lipschitz}. Clearly,
Lip(X,R) is a vector space. However, f — L(f) on Lip(X,R) is only a seminorm
as L(f) = 0 provided f is any constant function. We describe one way to fix this
problem. Let xg € X be arbitrary; the Lipschitz norm on Lip(X,R) with respect
to the base point ¢ is defined by

| lleip := max{|f(zo)[, L(f)}  (f € Lip(X,R)).

Replacing xg by a different point yields an equivalent norm as does replacing the
maximum by a sum. It is well-know that this norm makes Lip(X,R) a Banach
space. Convergence with respect to the Lipschitz norm implies uniform convergence
on bounded subsets of X; the converse holds if and only if X is bounded and there
exists 0 > 0 such that for each x € X, Sy(z,d) = {z} [13, Theorem 3.7].

The next result due to Michael [34] alone makes (Lip(X, R), ||-||Lip) worth study-
ing. It, of course, gives another path to the construction of the completion of a
metric space. Michael used this result to give an attractive proof of the Arens-Eells
theorem [2]: each metric space can be isometrically embedded as a closed subspace
of a normed linear space.

Theorem 2.2. Let (X,d) be a metric space and equip Lip(X,R) with a Lipschitz
norm || - ||Lip with base point xg € X. For each x € X, let & : Lip(X,R) — R be
the evaluation map, i.e., (f) = f(z). Then x — & maps X isometrically into the
continuous dual of (Lip(X,R),|| - ||Lip) equipped the usual operator norm.

Recall that a function f between metric spaces is called locally Lipschitz if for
each z € X, 3J, > 0 such that f restricted to Sg(z,d,) is Lipschitz. Obviously each
locally Lipschitz function is continuous. The real-valued locally Lipschitz functions
are uniformly dense in C(X,R) [11, 22, 35].

Between the class of locally Lipschitz functions and the class of Lipschitz in the
small functions lies the class of Cauchy-Lipschitz functions which are the functions
that are Lipschitz when restricted to the range of each Cauchy sequence in X. The
real-valued Cauchy-Lipschitz functions are a uniformly dense subclass of CC(X,R)
[11, Theorem 4.5]. Pairwise coincidence of our three classes of locally Lipschitz
functions has been determined (see [10, Theorem 3.3] and [11, Theorem 3.5 and
Theorem 3.6]):

e the Cauchy-Lipschitz functions on (X, d) agree with the locally Lipschitz
functions if and only if (X, d) is a complete metric space;

e the locally Lipschitz functions on (X,d) agree with Lipschitz in the small
functions if and only if (X, d) is a UC-space;

e the Lipschitz in the small functions on (X,d) agree with the Cauchy-
Lipschitz functions if and only if the completion of (X, d) is a UC-space.
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We emphasize the following parallel facts by stating them in a proposition.

Proposition 2.3. Let (X,d) and (Y, p) be metric spaces and let f : X =Y.

(1) f is locally Lipschitz if and only if its restriction to each relatively compact
subset of X is Lipschitz.

(2) f is Cauchy-Lipschitz if and only if its restriction to each totally bounded
subset of X is Lipschitz.

The first fact is a folk-theorem; a proof in the case of real-valued functions is
given in [38, Theorem 2.1]. The second fact was established by the authors in
[11, Proposition 3.4]. Furthermore, a nonempty subset A of a metric space is
relatively compact (resp. totally bounded) if and only if each locally Lipschitz
function (resp. Cauchy-Lipschitz function) on X is Lipschitz when restricted to A
(see [10, Theorem 4.2 and Theorem 4.3]). To draw a further parallel, it is easy to
verify that a function between metric spaces is locally Lipschitz if and only if it is
Lipschitz when restricted to the range of each convergent sequence [11, Theorem
3.1].

The class of subsets of a metric space on which each Lipschitz in the small
function is actually Lipschitz - called the class of small-determined subsets - has
been recently internally characterized by Leung and Tang [32]. A small-determined
subset of a metric space need not be metrically bounded; for example, in X =
{0,1} x R as a metric subspace of the Euclidean plane, both {0} x R and {1} x R
are small-determined subsets. As the entire space is not small-determined, the
small-determined subsets are not in general stable under finite union. To see this,
consider f : X — R defined by

fz) =

)

a ifz=(0,a) for some a € R
0 otherwise

This function is Lipschitz in the small where § = % and A = 1 but it fails to be
globally Lipschitz.

Metric spaces that are small-determined in themselves are particularly notable,
for it is in exactly in these spaces that Lip(X, R) is uniformly dense in UC(X,R) [23,
Theorem 7]. Each Bourbaki bounded subset is small-determined, and for bounded
subsets of a metric space, the two notions coincide [10].

One of the disappointing aspects of the class of Lipschitz in the small functions
is that it cannot be characterized as a family of functions that is Lipschitz when
restricted to a particular family of subsets, for if it could, then the small-determined
subsets would also be an adequate family of subsets for this purpose. The following
example shows that this is not so.

Ezample 2.4. A real-valued function on a metric space (X,d) that is Lipschitz
restricted to each small-determined subset may not be Lipschitz in the small. In #5
with standard orthonormal base {e, : n € N}, let X be this metric subspace:

1
X = {x € 6y : In € N with ||z — en|l2 < 5}.

A subset A of this bounded metric space is small-determined if and only if it
is Bourbaki bounded, that is, A intersects at most finitely many of the balls of
radius 1/2 that comprise the space. With these facts in mind, if f is the function
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x +— nllz — ey||2 where e, is the unique member of the orthonormal base with
[|lz — enlle < 1/2, then f restricted to each Bourbaki bounded subset is evidently
Lipschitz. However, f is not Lipschitz in the small.

Each of the seven function class we have discussed is stable under function com-
position. In the case of real-valued functions, each function class forms a vector
lattice with respect to the usual pointwise defined operations on functions.

3. RESULTS
Our first result, included for completeness, lacks any depth.

Theorem 3.1. Let (X, d) and (Y, p) be metric spaces and let h : X —Y. Then h
is bounded if and only if whenever f € Lip(Y,R), the composition f o h is bounded.

Proof. If h bounded and is followed by a Lipschitz function in composition, then we
get a bounded function, as a Lipschitz function on Y is bounded when restricted
to any bounded subset of Y. Conversely, if the range of i is not bounded, fixing
yo in Y, let f = p(-,y0) € Lip(Y,R). As f restricted to h(X) is unbounded, f o h
is unbounded. [

We next look at uniform continuity. We start with a statement of the Efremovié
lemma for metric spaces given in [5, p. 82]; for a more abstract formulation, we
refer the reader to [21, 37].

Theorem 3.2. Let (y,) and (w,) be sequences in a metric space (Y, p) such that
Vn € N, p(yn,wy) > €. Then there is an infinite subset N, of N such that

inf {p(y;,we) : (7, k) € No x N} > =,

Theorem 3.3. Let (X,d) and (Y, p) be metric spaces and let h : X — Y. Then
heUC(X,Y) if and only if whenever f € Lip(Y,R), we have foh € UC(X,R).

Proof. Necessity is obvious as each Lipschitz function is uniformly continuous, and
the uniformly continuous functions are stable under composition. For sufficiency, we
prove the contrapositive. Suppose h ¢ UC(X,Y'); by definition, for some € > 0, we
can find for each positive integer k points x, wy in X such that 0 < d(xy, wi) < 1/k
while p(h(zy), h(wy)) > €. In view of the Efremovi¢ lemma, by passing to an infinite
subset of N, we may assume without loss of generality that

(®) inf {p(h(z;), h(wy)) : (j,k) € Nx N} > 7.

Now put f := p(-, {h(wg) : k € N}) € Lip(Y,R). Then f ok fails to be uniformly
continuous as by (#), for each positive integer k, p((foh)(xx), (foh)(wy)) > 5. O

As an alternative proof of sufficiency in Theorem 3.3, we could have used the
fact that a function h between metric spaces is uniformly continuous if and only
if h preserves nearness for nonempty subsets (see, e.g. [37, p. 35]). Thus, if
h ¢ UC(X,Y) we can find nonempty near subsets A and B of X such that h(A)
and h(B) are not near with respect to p. Letting f = p(-, h(A)) we see that foh
does not preserve nearness either. But this characterization of uniform continuity
in terms of nearness is itself a consequence of the Efremovi¢ lemmal!
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Proposition 3.4. Let (X,d) and (Y, p) be metric spaces. Let B be a family of
nonempty subsets of (X, d) and put

Qg :={h e C(X,Y):VB € B, h|g is uniformly continuous}.

Then h € C(X,Y) belongs to Qg if and only if for each f € Lip(Y,R) and for each
B € B we have (f o h)|p € UC(B,R).

Proof. For sufficiency, by Theorem 3.3, for each B € B we see that h|p is uniformly
continuous. But by definition, this means that h € Q. O

Corollary 3.5. Let (X,d) and (Y, p) be metric spaces and let h : X — Y. Then
h e CC(X,Y) if and only if whenever f € Lip(Y,R), we have f o h € CC(X,R).

Proof. By [14, Proposition 4.11], a (continuous) function on X maps Cauchy se-
quences to Cauchy sequences if and only if it is uniformly continuous restricted to
each totally bounded subset of X. This means that CC(X,Y) = Qg where B is the
family of nonempty totally bounded subsets of X. Apply the last proposition. [

Let h : (X,d) — (Y,p) and let A be a nonempty subset of X. We say h is
strongly uniformly continuous on A if Ve > 0 30 > 0 such that whenever a € A
and z € X with d(a,2) < §, we have p(h(a),h(x)) < e [14, 15]. This variational
notion is stronger than the uniform continuity of the restriction of h to A even
if h € C(X,Y). Continuity itself can be explained in terms of strong uniform
continuity: h is continuous at a € X if and only if A is strongly uniformly continuous
on {a}. The standard sequential proof by contradiction that if h € C(X,Y) and
A is nonempty and compact, then h|4 is uniformly continuous shows that strong
uniform continuity on A ensues. For that matter, our proof of Theorem 3.3 goes
through to establish the next result.

Theorem 3.6. Let (X,d) and (Y, p) be metric spaces and let A be a nonempty
subset of X. Then h : X —'Y is strongly uniformly continuous on A if and only if
whenever f € Lip(Y,R), the composition f o h is strongly uniformly continuous on

A.

Note that Theorem 3.6 subsumes Theorem 3.3; just take A = X. The class
of subsets of X on which each continuous function on X is strongly uniformly
continuous can be characterized in compelling ways (see, e.g., [14, Theorem 3.1
and Theorem 5.2]). We return to strong uniform continuity in the final section of
this article.

As promised in the abstract, we now give a simplified proof of the theorem of
Garrido and Jaramillo [22, pp. 140-141] which says that a function h between
metric spaces is Lipschitz if and only if for each real-valued Lipschitz function f on
the target space, the composition f o h is Lipschitz.

Theorem 3.7. Let (X,d) and (Y, p) be metric spaces and let h : X — Y. Then
h € Lip(X,Y) if and only if whenever f € Lip(Y,R), we have f o h € Lip(X,R).

Proof. Ouly sufficiency requires proof. Let zyp € X be fixed, put yg = h(zg), and
equip Lip(X,R) (resp. Lip(Y,R)) with Lipschitz norms with base point g (resp.
yo)- Define the linear transformation T : Lip(Y,R) — Lip(X,R) by T(f) = foh. It
is easy to see that T is continuous from the classical closed graph theorem of func-
tional analysis [27, p. 158], which we may apply since both the domain and target
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space are Banach spaces. Suppose f, f1, f2, f3,... is a sequence in Lip(Y,R) such
that || f, — fl|Lip — 0 while ||T(f») — gl|Lip — 0 where g € Lip(X,R). Since conver-
gence in a Lipschitz norm forces pointwise convergence, (f,) converges pointwise
to f and (T(f,)) converges pointwise to g. This means that for each z € X,

lim, oo fu(h(2)) = f(h(2)) = T(f)(x)

while
lim oo fu(A(@)) = limgoe T(fa)(@) = g(a),

from which T'(f) = g as required.
With K := ||T||op, we intend to show that h is K-Lipschitz. Fix z1 # 22 in X
and put y; = h(z1) and yo = h(z2). Let f € Lip(Y,R) be defined by

f) == p(y,y2) — p(yo, y2)-

As L(f) = 1 and f(yo) = T(f)(w0) = 0, we conclude || f|rip = max{|f(yo)|, L(f)}
=1 and |T(f)|lLip = L(T(f)). The upcoming inequality string shows that h is
K-Lipschitz.

p(h(z1), h(x2)) = p(y1,y2) = |F(y1) — f(y2)| = [f(A(z1)) — f(R(z2))]

= [(T(N)(@1) = (T()(x2)| < LT (f)) - d(1, 22)

= [T()lip - d(z1,22) < K - || f]|Lip - d(z1, 22)

= K -d(z1,22). O
The next proposition serves as a companion to Proposition 3.4

Proposition 3.8. Let (X,d) and (Y, p) be metric spaces. Let B be a family of
nonempty subsets of (X, d) and put

Ag:={h e C(X,Y):VB € B, h|g is Lipschitz}.

Then h € C(X,Y) belongs to Ag if and only if for each f € Lip(Y,R) and for each
B € B we have (f o h)|g € Lip(B,R).

Proof. For sufficiency, by Theorem 3.7, for each B € B we see that h|p is Lipschitz.
But by definition, this means that h € Ag. a

As a consequence of Proposition 2.3 we get these two corollaries of Proposition
3.8. In the first, the family of subsets B is the family of relatively compact sets,
and in the second, B is the family of totally bounded sets.

Corollary 3.9. Let (X,d) and (Y, p) be metric spaces and let h : X — Y. Then
h is locally Lipschitz if and only if whenever f € Lip(Y,R), the function f o h is
locally Lipschitz.
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Corollary 3.10. Let (X,d) and (Y, p) be metric spaces and let h : X — Y. Then
h is Cauchy-Lipschitz if and only if whenever f € Lip(Y,R), the function f o h is
Cauchy-Lipschitz.

Corollary 3.11. Let (X,d) and (Y, p) be metric spaces and let h: X =Y. Then
h is Lipschitz restricted to Bourbaki bounded subsets of X if and only if this is so
for each composition f o h where f € Lip(Y,R).

We note that if a function between metric spaces is Lipschitz in the small, then it
is bounded when restricted to each Bourbaki bounded subset [9, Theorem 3.3], and
is thus Lipschitz on each Bourbaki bounded subset. But what does Lipschitzian
comportment on Bourbaki bounded sets mean sequentially? We need an idea that
parallels the notion of a Cauchy-Lipschitz sequence.

Definition 3.12. Let h : (X,d) — (Y,p). We say that h is Bourbaki-Cauchy-
Lipschitz if it is Lipschitz restricted to the range of each Bourbaki-Cauchy sequence
in X

Proposition 3.13. Let (X,d) and (Y,p) be metric spaces. Then h : X — Y

is Bourbaki-Cauchy-Lipschitz if and only if for each monempty Bourbaki bounded
subset B of X, the restriction of h to B is Lipschitz.

Proof. As the range of each Bourbaki-Cauchy sequence is a Bourbaki bounded
subset, sufficiency is trivial. For necessity, suppose h is Bourbaki-Cauchy-Lipschitz
and let B C X be a nonempty Bourbaki bounded subset. First, we are going to
see that h|p is bounded. Otherwise, there exists a sequence (b,) in B for which
(h(by)) stays outside each metrically bounded subset of Y eventually. By passing
to a subsequence, we may assume (b,,) is Bourbaki-Cauchy [24, Theorem 4]. Then
h can’t be Lipschitz on the metrically bounded set {b, : n € N}, and so h is not
Bourbaki-Cauchy-Lipschitz. The remainder of the proof duplicates the second half
of the proof of [11, Proposition 3.4] verbatim. O

With Proposition 3.13 in mind, we can restate Corollary 3.11 in a way that
parallels the previous two corollaries: h : X — Y is Bourbaki-Cauchy-Lipschitz if
and only if for each f € Lip(Y,R), f o h is Bourbaki-Cauchy-Lipschitz.

Consistent with past lines of inquiry of the authors, we present necessary and
sufficient conditions on a metric space (X, d) so that the Bourbaki-Cauchy-Lipschitz
functions on X coincide with each of the other three classes of locally Lipschitz
functions under consideration here. We start with the largest class.

Theorem 3.14. Let (X,d) be a metric space. The following conditions are equiv-
alent:

(1) the metric space is Bourbaki complete;

(2) each locally Lipschitz function from (X,d) to an arbitrary metric space
(Y, p) is Bourbaki-Cauchy-Lipschitz;

(3) each real-valued locally Lipschitz function on (X,d) is Bourbaki-Cauchy-
Lipschitz.

Proof. (1) = (2). As we mentioned in the preliminaries, each locally Lipschitz
function is Lipschitz when restricted to relatively compact subsets. Now since
every Bourbaki bounded subset in a Bourbaki complete space is relatively compact
[24, Theorem 9], condition (2) follows from Proposition 3.13.
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(2) = (3). This is trivial.

(3) = (1). We prove the contrapositive. Suppose (X, d) fails to be Bourbaki
complete; again by [24, Theorem 9|, we can find a Bourbaki bounded subset B
that is not relatively compact. Let (b,) be a sequence in B with distinct terms
that fails to cluster in X. As {b, : n € N} is a closed discrete subset of X, by
the Tietze extension theorem we can find g € C(X,R) such that for each n €
N, g(b,) = n. Now from the uniform density of the locally Lipschitz functions in
C(X,R) [11, 22, 35], we can choose a locally Lipschitz real-valued function gy on
X such that sup,cyx |g(z) — go(x)| < 1. From this, g is unbounded on B and so
go| B cannot be Lipschitz because B is metrically bounded. Apply Proposition 3.13
to conclude that gg, while locally Lipschitz, is not Bourbaki-Cauchy-Lipschitz. O

Theorem 3.15. Let (X,d) be a metric space. The following conditions are equiv-
alent:
(1) the completion (X,d) of (X,d) is Bourbaki complete;
(2) each Bourbaki bounded subset of X is totally bounded;
(8) each Cauchy-Lipschitz function from (X,d) to an arbitrary metric space
(Y, p) is Bourbaki-Cauchy-Lipschitz;
(4) each real-valued Cauchy-Lipschitz function on (X,d) is Bourbaki-Cauchy-
Lipschitz.

Proof. The equivalence of conditions (1) and (2) was established concurrently and
independently by Aggarwal and Kundu [1, Theorem 2.7] and Garrido and Merono
[25, Proposition 3.6], and the implications (2) = (3) and (3) = (4) are obvious.
Our proof will be finished if we can establish (4) = (2).

If condition (2) fails, let B C X be Bourbaki bounded but not totally bounded.
This means that for some § > 0, B cannot be covered by a finite number of open
balls of radius § whose centers lie in B; equivalently, we can find a sequence (b,,) in B
such that n # j implies d(b,,b;) > 6. Denote the range of this sequence by By, and
define f: By — R by f(b,) = n. As By is a closed subset of the completion <X, cf)
and any (real-valued) function on By is locally Lipschitz, by the Czipszer-Gehér
extension theorem [19, 20], there exists a locally Lipschitz real-valued function f
on X that extends f. By the completeness of ci, f is Cauchy-Lipschitz [11], and so
f restricted to X is Cauchy-Lipschitz. But the restriction is not Bourbaki-Cauchy-
Lipschitz because it is not bounded on By, a Bourbaki bounded subset of X. [

Aggarwal and Kundu [1] stated condition (2) above in this sequential form: each
Bourbaki-Cauchy sequence in X has a Cauchy subsequence. We refer the interested
reader to their article for additional equivalences. For metrizable spaces that admit
a compatible metric of this type, see [29, Corollary 4.6].

The Lipschitz in the small functions are contained in the Bourbaki-Cauchy-
Lipschitz functions because each Bourbaki bounded subset is small-determined.
We delay our discussion as to when these function classes coincide until the end of
the next section when additional machinery is available to us.

4. THE CASE OF LIPSCHITZ IN THE SMALL FUNCTIONS

In view of Example 2.4, there is no hope of using Proposition 3.8 to provide
a parallel theorem for the class of Lipschitz in the small functions. Nevertheless,
we can prove that this property is determined by compositions with real-valued
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Lipschitz functions using an argument that directly invokes Theorem 3.7 upon
replacing the metric on the target space by a bounded metric.

Theorem 4.1. A function h from (X,d) to (Y, p) is Lipschitz in the small if and
only if whenever f € Lip(Y,R), the function f o h is Lipschitz in the small.

Proof. One direction is clear. For the other, with 5 = min{1, p}, we use the fact
that h: (X,d) — (Y, p) is Lipschitz in the small provided h regarded as a function
h from (X, d) to (Y, p) is Lipschitz (see condition (iii) on [23, p. 283]). To this end,
we apply the Garrido-Jaramillo result Theorem 3.7.

Let f be a real-valued function on Y that is Lipschitz with respect to p; clearly,
f is bounded. As the identity map from (Y, p) to (Y, p) is 1-Lipschitz, f is Lipschitz
with respect to p as well. By hypothesis, f o h is Lipschitz in the small, and as
foh = foh we see that foh is Lipschitz because it is a bounded function. Applying
Theorem 3.7, h is Lipschitz as required. ([l

We wish to prove a more precise result, namely, that if f o h is Lipschitz in the
small for each f € Lip(Y,R) with a common distance parameter § but a variable
Lipschitz constant parameter A, then ¢ also works for A. This is quite involved.

To formalize things, we will say that a function h between (X, d) and (Y, p) is
Lipschitz in the small with distance control § if there exists some positive A such
that p(h(z1), h(xz2)) < A-d(x1,x2) whenever d(z1,z2) < d. A weaker property that
we are forced to consider is given in the next definition.

Definition 4.2. We call a function h from (X, d) to (Y, p) bounded in the small with
distance control § if there exists M > 0 such that whenever d(z1,22) < § in X,
then p(h(z1), h(z2)) < M.

Obviously a Lipschitz in the small function with distance control § and Lipschitz
constant parameter A is bounded in the small with the same distance control: if
d(x1,22) < 0, then p(h(x1), h(x2)) < Ad.

Our next result may be viewed as a uniform local boundedness principle for
functions between metric spaces.

Proposition 4.3. Let (X,d) and (Y,p) be metric spaces and let h : X — Y.
Then h is bounded in the small with distance control 0 if and only if whenever
f € Lip(Y,R), the function f o h is bounded in the small with distance control §.

Proof. For necessity, suppose whenever d(x1, z2) < J, we have p(h(z1), h(z2)) < M.
Then if f : Y — R is A-Lipschitz, we get |(foh)(z1) — (foh)(z2)| < M whenever
d(x1,z9) < 6. Conversely, suppose h fails to be bounded in the small with distance
control . This means that we can find sequences (x,) and (w,) in X such that
for each n € N, we have d(x,,w,) < 6 while p(h(z,), h(w,)) > n. We need only
consider these two mutually exclusive and exhaustive cases for our sequences:

(a) by passing to a subsequence, one of the image sequences (h(z,,)) or (h(w,))
is bounded - say (h(wp,));

(b) each image sequence eventually is outside of each bounded subset of Y.

In case (a) choose yo € Y and a > 0 such that Vn € N, h(w,) € S,(yo, ). Since
p(h(zy), h(wy)) > n for each n, whenever j # n, the triangle inequality yields

p(h(w,), hw;)) > p(h(a), h(w,)) - 2a.
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Put E = {h(wy) : n € N} and let f = p(-, E) € Lip(Y,R). Then

|(f o h)(zn) = (f o h)(wn)| = p(h(zn), E) = p(h(xn), h(wn)) — 20,

which becomes arbitrarily large with increasing n.

Case (b) is more complex. We define subsequences (x,, ) and (w,, ) recursively.
Put 2, = 1 and w,, = wy. Foreach k > 1,let Ay = {h(wn,), h(wn,), ..., h(wy, )}
and let By, = {h(zn, ), M(Tny), - .., h(xn,)}. Since enlargements of bounded sets are
bounded, we can find ngy1 > ng such that both (i) h(xp,,,) & Si(Ax,k + 1) and
(i) h(wn,,,) & Sa(Bk, k). By (i) if j < k we get

p(h(@n, ), h(wn;)) 2 (k—1) +1 =k,
and by (ii) if 7 > k we get

p(h(xy,), h(wy,)) > 5 —1>k.

By assumption, p(h(2n, ), M(wn,)) > ng > k. With E' = {h(w,,) : j € N}, for each
k € N, we have p(h(z,,), E) > k so that p(h(zy,), E) — p(h(wn, ), E) > k. Thus,
with f = p(-, ), whenever k € N

[(f o h)(2n,) = (f o h)(wn,)| = k.

In either case (a) or (b), we have produced a real-valued Lipschitz function f for
which f o h fails to be bounded in the small with distance control 9. O

Theorem 4.4. Let (X,d) and (Y, p) be metric spaces and let h : X — Y. Then
h is Lipschitz in the small with distance control § > 0 if and only if for each

f € Lip(Y, R) the composition f o h is Lipschitz in the small with distance control
d.

Proof. Necessity is obvious as usual. If we know that the composition with each
real-valued Lipschitz function is Lipschitz in the small with common distance con-
trol §, then in particular we know that each such composition is Lipschitz in the
small, and then from Theorem 4.1, h is Lipschitz in the small. This means there
are 7 > 0 and A > 0 such that

p(h(x1), h(xe)) < X-d(x1,x2) whenever d(zy,x2) < 7.

Now if § < r, we are done. Otherwise, Proposition 4.3 allows us to assert that the
following number M is finite:

M :=sup {p(h(z1), h(z2)) : {x1,22} C X and d(z1,22) < J}.

Thus, whenever r < d(x1,x2) < §, we have

p(h(a), h(az)) < M < a1 - A7),
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Summarizing h is Lipschitz in the small with distance control § and with Lipschitz
constant max{\, 2 }. O

Over the last four years, fundamental characterizations of when UC(X,R) is
stable under pointwise product have been discovered [6, 12, 17, 18]. It is surprising
to the authors that these results were not known many years ago. Our final result
of this section is another contribution in this direction. It resolves the question:
when do the Bourbaki-Cauchy-Lipschitz functions on a metric space coincide with
the Lipschitz in the small functions?

In our proof, we denote the real-valued Lipschitz in the small functions (resp.
Bourbaki-Cauchy-Lipschitz functions) by LS(X,R) (resp. BCL(X,R)).

Theorem 4.5. Let (X, d) be a metric space. The following conditions are equiva-
lent.
(1) UC(X,R) is a ring;
(2) each subset of X is either Bourbaki bounded or contains an infinite uni-
formly isolated subset - a subset B such that inf {d(b, X\{b}) : b € B} > 0;
(3) each Bourbaki-Cauchy-Lipschitz function from (X, d) to an arbitrary metric
space (Y, p) is Lipschitz in the small;
(4) each real-valued Bourbaki-Cauchy-Lipschitz function on (X,d) is Lipschitz
in the small.

Proof. The equivalence of conditions (1) and (2) is a result of Cabello-Sénchez [18].
The equivalence of conditions (3) and (4) follows from Theorem 4.1. In order to see
that condition (1) implies condition (4), we use proof by contradiction. Suppose
there exists f € BCL(X,R) that is not Lipschitz in the small. For every n € N
there exists x, and w, in X such that 0 < d(x,,w,) < %, yet

|f(xn) - f(wn)| >n: d(xn,wn)'

Clearly, lim, oo d(zn, X \{zs}) = 0 and lim,, o d(wy, X\{w,}) = 0. By condition
(2) of [12, Theorem 3.9] which characterizes UC(X, R) being a ring, both {z,, : n €
N} and {w,, : n € N} must be Bourbaki bounded subsets. But this implies f is not
Lipschitz on the Bourbaki bounded set

{z, :n e N}U{w, :n € N},
violating f € BCL(X,R).

We finally turn to (4) = (2). Condition (4) says that the two families of
real-valued functions coincide because each Bourbaki bounded subset is small-
determined [10, Theorem 4.4]. Since each Lipschitz function on a Bourbaki bounded
subset is bounded, BCL(X,R) is a ring. Thus, LS(X,R) is a ring as well. As re-

cently shown by Beer, Garrido and Garcia-Lirola [8], this condition is equivalent to
condition (2). O

5. A META-THEOREM

Our penultimate section is presented on a more abstract level, in an attempt to
pin down the essential aspects of a class of continuous functions between metric
spaces that is determined by real-valued Lipschitz functions. Let Q be a class of
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functions between metric spaces. For a given pair of metric spaces ({X,d), (Y, p))
weput QX,)Y):={f: X —>Y: feQ}

Definition 5.1. We call a class of functions Q2 between metric spaces real Lipschitz
determined if it satisfies the following three properties:
(1) for all metric spaces X, we have Lip(X,R) C Q(X,R) C C(X,R);
(2) for all metric spaces X and Y, whenever h € Q(X,Y) and f € Q(Y,R), we
have foh € Q(X,R);
(3) for all metric spaces X and Y, and h: X — Y, then h € Q(X,Y’) provided
whenever f € Lip(Y,R), we have f o h € Q(X,R).

All of the function classes within the continuous functions that we have discussed
are of this type.

Theorem 5.2. Let ) be a real Lipschitz determined class of functions. Then
has the following properties:
(a) for all metric spaces X and Y we have Lip(X,Y) C Q(X,Y) C C(X,Y);
(b) Q is stable under composition;
(c) for all metric spaces X andY and h: X =Y, then h € Q(X,Y) provided
whenever f € Q(Y,R), we have f oh € Q(X,R).

Proof. For the first inclusion in (a), let A € Lip(X,Y). By property (1) of Q,
whenever f € Lip(Y,R), we have f o h € Q(X,R). Invoking property (3), we get
h € Q(X,Y). For the second inclusion of (a), let h € Q(X,Y). By properties (1)
and (2) of ©, whenever f € Lip(Y,R) we get

foheQ(X,R)CC(X,R).
Thus, h followed by each real-valued Lipschitz function is continuous, and since
Lip(Y,R) separates points from closed sets, we conclude that h is continuous.

For (b) let h € Q(X,Y) and let g € Q(Y,W) where X,Y and W are metric
spaces. By property (3) of €, it suffices to show that whenever f € Lip(W,R), we
have fo (goh) € Q(X,R). However, by properties (1) and (2), f o g belongs to
Q(Y,R) and applying property (2) again, (f o g) o h belongs to Q(X,R).

Condition (c¢) immediately follows from properties (1) and (3) of . O

6. A UNIFORM CLOSURE THEOREM WITH APPLICATIONS

Let B be a family of nonempty subsets of a metric space (X, d). In this section
we will show that

Vg :={f € C(X,R):VB € B, f|p Lipschitz in the small}

is uniformly dense in

Qg :={f € C(X,R) : VB € B, f|p is uniformly continuous}

under the well-studied assumption that B be shielded from closed sets [7, 15]. From
this result, we can derive the most important uniform density results for Lipschitz-
type functions that we know of in the literature. Taken as a whole, the results of
this section show conclusively that the Lipschitz in the small functions are building
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blocks in the study of classes of continuous real-valued functions defined on a metric
space.

Definition 6.1. Let B be a family of nonempty subsets of (X, d). We say that B
is shielded from closed sets provided each B € B has a superset B; € B such that
each neighborhood of By contains an enlargement of B.

We say B is a shield for B when it has the stated property. Put in another
way, Bj is a shield for B if each nonempty closed subset of X\ B; fails to be near
B. The family of nonempty relatively compact subsets is shielded from closed sets,
as for each nonempty relatively compact set B, cl(B) serves as a shield for B. Any
family of subsets that contains X as a member is shielded from closed sets, as X is
a shield for any of its subsets. If each B € B has an enlargement contained in some
B; € B, then B is shielded from closed sets. In particular, the family of nonempty
metrically bounded subsets is shielded from closed sets as each enlargement of a
bounded set is bounded.

The family of nonempty totally bounded subsets is not in general shielded from
closed sets. For example, in the context of normed linear spaces, this is so if
and only if the space is a Banach space [15, Proposition 4.6]. More generally, if
(X,d) is a complete metric space, then the totally bounded subsets are shielded
from closed sets as the totally bounded subsets agree with the relatively compact
subsets with completeness. The next example shows that the nonempty Bourbaki
bounded subsets need not be shielded from closed sets in a complete metric space.

Ezample 6.2. Let B be the closed unit ball in ¢y and let {e, : n € N} be the
standard orthonormal base. Let X be this closed and therefore complete metric
subspace of f5:

X :=BU{e, + ej: (n,7) € N2}

1
(n+1)
It is easy to see that for each n € N, FE,, := {e, + ﬁej : j € N} is not Bourbaki
bounded. Since the family of Bourbaki bounded subsets is hereditary, if B; is a
Bourbaki bounded superset of B in X, then for each n € N, there exists z,, € E,
with z,, ¢ Bi. As d(zn,€,) < 2, {z, : n € N} is a closed subset of X\B; that is
near B.

We leave the proof of the following transparent sequential characterization of
shielding in the context of Bourbaki bounded subsets to the reader (cf. [15, Theorem
4.7)).

Proposition 6.3. Let B be a nonempty Bourbaki bounded subset of (X,d) and
suppose B C By C X. Then B is a shield for B if and only each Bourbaki-Cauchy
sequence {x,) in X\By with lim, o d(z,, B) =0 clusters.

The key fact we need about families of nonempty subsets that are shielded from
closed subsets was essentially proved in [15, Theorem 4.3]. For the convenience of
the reader, we state it now as a proposition.

Proposition 6.4. Let B be a family of nonempty subsets of (X, d) that is shielded
from closed sets. Let (Y,p) be a second metric space and let h € C(X,Y) be
uniformly continuous when restricted to each element of B. Then h is strongly
uniformly continuous on each member of B.
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Theorem 6.5. Let B be a family of nonempty subsets of (X,d) that is shielded
from closed sets. Then the uniform closure of the real-valued continuous functions
that are Lipschitz in the small on every member of B is the family of real-valued
continuous functions that are uniformly continuous on every member of B.

Proof. 1t is clear that the family of continuous functions that are uniformly con-
tinuous on members of B is uniformly closed and contains all the continuous func-
tions that are Lipschitz in the small on these subsets. Now let f € C(X,R) be
uniformly continuous on each member of B. Given ¢ > 0 we will produce a con-
tinuous v : X — R that is Lipschitz in the small on members of B such that
Ve e X, |f(x) —v(z)| < e. Our argument has antecedents in those for [26, Lemma
1.2] and [23, Theorem 1].
For each m € Z (the set of integers), put

Cp={zeX:(m—-1e< f(z) < (m+1e}.

The open cover {C,, : m € Z} of X has these properties:

o if f(z) = em for some m € Z, then = belongs to exactly one C,,, otherwise
x belongs to exactly two sets Ci,;

e by continuity, each x has a neighborhood that meets at most three C,,;

e O, NC,, = 0 provided |m —n| > 1.

If some C,, is the entire space, the constant function v(z) = me does the
job. Otherwise, each C,, is the cozero set of the 1-Lipschitz function g, (x) =
min{1,d(z, X\Cy,)}. Put s(x) = > s gm(x); clearly if x € C,, then s(z) =
Im—1(2) + gm (2) + gm+1(x) where in fact at most two of the summands are nonzero
so that s(z) < 2.

Now put pm () = gm(z)/s(z) for z € X and m € Z. Then {p,, : m € Z} is a
continuous partition of unity whose corresponding family of cozero sets is locally
finite. As a result

v(x) = Z me - pm(x)
meZ
is a globally defined continuous function. If f(z) = me for some integer m, then
f(z) =v(z). Otherwise, choosing the unique m with me < f(z) < (m+1)e, we see
that v(x) is a convex combination of me and (m + 1)e and thus |f(z) — v(z)| < e.
It remains to show that v is Lipschitz in the small on each B € B. To this end, it
suffices to work with g = Lv, that is, g(x) =3, . m - pm(z). Note that Vo € Cyp,

(@) g(@) = (m = )pm1(z) + m - pm(z) + (m + 1)pmi1(2)

=mY i Pmss(@) = P (2) + Py (z) = m — g"';zjj;“) + g”"s*(;ggﬂ)

Fix B € B; by Proposition 6.4, choose § € (0,1) such that if b € B and z €
X, d(b,z) < § = |f(x) — f(b)|] < e/2. We claim that for each b € B there exists
m € Z such that Sy(b,d) C Cp,. To see this, choose m € Z with

< f(b) <me+ S

.
m = 2

N ™
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Then if 2 € Sy(b, §), by strong uniform continuity on B and our choice of §, we get

(m —1e < f(z) < (m+ 1,

that is, Sq(b,0) C C,. In particular, g, (b) = min{1,d(b, X\C,,)} > 0 so that
s(b) > § whatever b € B may be.

We intend to show that whenever b; and by are distinct points of B with
d(bi,bs) < &, we have [g(by) — g(b2)| < 13d(z,y). As a first step to realizing
this inequality, taking m with {by,bs} C C,,, we compute

(&) [s(b1) = s(b2)l =1 225__1 gmai(b1) = 35 Gunrj(b2)] < 3d(b, ba).

Now using ({), (&), the fact that each gy is 1-Lipschitz, and Vb € B, § < s(b) < 2,
we finally get

_ | 9m=1(b1) | Gmi1(b1) | gm-1(b2)  gm+1(b2)
l9(b1) = g(b2)] = s(b1) s(b1) s(b2) s(b2)

< = lom-1(00)5(b2) = g1 (52)500)| + 5519m 41 01)5(02) = g1 (b))
< 5%|5(b2)(9m71(b1) — gm-1(b2))| + %lgmfl(bg)(s(bl) — s(by))|

+ S 15(02) g (01) = g ()] + 55l 11(62)(5(00) — 5(62))

| —

10

< 52

5 (2d(b1, b2) + 3d(b1, b2) + 2d(b1, b2) + 3d(b1,b2)) = —d(b1,b2)

(=)

as asserted. d
If we take B = {X} we get the following known result [10, 23].

Corollary 6.6. Let (X,d) be a metric space. Then the uniform closure of the
real-valued Lipschitz in the small functions on X is UC(X,R).

As we have noted, the family of nonempty bounded subsets of a metric space
is shielded from closed sets. Also, a function that is Lipschitz in the small on
bounded subsets is globally locally Lipschitz and thus is globally continuous. From
these facts, we get this second corollary that we have not seen in the literature.

Corollary 6.7. Let (X,d) be a metric space. Then the uniform closure of the
real-valued functions that are Lipschitz in the small on bounded subsets of X is the
family of real-valued functions that are uniformly continuous on bounded subsets.

The next corollary can also be proved using the fact that each open cover of a
metric space has a Lipschitz partition of unity subordinated to it [11, 23, 35].

Corollary 6.8. Let (X,d) be a metric space. Then the uniform closure of the
real-valued locally Lipschitz functions on X is C(X,R).
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Proof. Obviously, the uniform limit of a sequence of locally Lipschitz functions
is continuous (but not necessarily locally Lipschitz). For the converse, let f €
C(X,R). Then f is uniformly continuous restricted to each relatively compact
subset of X and as the family of relatively compact subsets is shielded from closed
sets, for each & > 0, there exists a (continuous) function v that is Lipschitz in the
small on each nonempty relatively compact subset such that Vo € X, |v(z)—f(x)| <
. By continuity, whenever B is nonempty and relatively compact, v(B) is bounded,
and so v|p is actually Lipschitz on B. But by Proposition 2.3, a function that is
Lipschitz on each relatively compact subset is locally Lipschitz. (Il

As a common special case of each of the last two corollaries, each continuous real-
valued function on Euclidean space R™ can be uniformly approximated by functions
that are Lipschitz on bounded subsets.

As we have mentioned, the family of nonempty totally bounded subsets is not in
general shielded from closed sets. Still, we can use the last corollary to show that
the uniform closure of the Cauchy-Lipschitz real-valued functions is CC(X,R) by
passing to the completion of the metric space (cf. [11, Theorem 4.5]).

Corollary 6.9. Let (X,d) be a metric space. Then the uniform closure of the
real-valued Cauchy-Lipschitz functions on X is CC(X,R).

Proof. Tt is easy to check that CC(X,R) is uniformly closed, and clearly each
Cauchy-Lipschitz function maps Cauchy sequences to Cauchy sequences. Let f €
CC(X,R) be arbitrary. Let (X, d) be the completion of (X,d). Since X is dense in
(X,d), we can extend f to f € CC(X,R) C C(X,R) [39]. Let ¢ > 0; by Corollary
6.8 we can find a locally Lipschitz function & on X such that Vi € X, |f(2)—9(2)| <
e. Put v := 0|x and let B be a nonempty totally bounded subset of X. Since the
X-closure of B is compact, by Proposition 2.3, the restriction of ¥ to the closure
is Lipschitz, and so v|p is thus Lipschitz. Applying Proposition 2.3 again, v is a
Cauchy-Lipschitz function that e-approximates f. O

We state the following special case of Theorem 6.5 as a theorem rather than a
corollary. Tt follows from Theorem 6.5 using the facts that (ii) a bounded Lipschitz
in the small function is already Lipschitz, and (ii) if one of two functions that are
at a finite uniform distance from one another is bounded, so is the other.

Theorem 6.10. Let B be a family of nonempty subsets of (X,d) that is shielded
from closed sets. Then the uniform closure of the real-valued continuous functions
that are both bounded and Lipschitz on every member of B is the family of real-
valued continuous functions that are both bounded and uniformly continuous on
every member of B.

Letting B = {X} we obtain this classical result that appears in the monograph
of Heinonen [28, Theorem 6.8].

Corollary 6.11. The bounded uniformly continuous real-valued functions on a
metric space (X,d) form the uniform closure of the bounded real-valued Lipschitz
functions on the space.

We don’t know if our next corollary is the best possible result, as we don’t have a
counterexample showing that the hypothesis that the family of Bourbaki bounded
subsets be shielded from closed sets is necessary. It follows from these facts: (i) a
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function is Bourbaki-Cauchy-Lipschitz if and only if it is Lipschitz restricted to each
nonempty Bourbaki bounded subset, and (ii) a function that is Lipschitz restricted
to a nonempty Bourbaki bounded subset B must be bounded on B.

Corollary 6.12. Suppose the family of monempty Bourbaki bounded subsets of
(X, d) is shielded from closed sets. Then the uniform closure of the real-valued
Bourbaki- Cauchy-Lipschitz functions is the family of functions that are bounded
and uniformly continuous when restricted to Bourbaki bounded subsets.

It is left to the reader to verify that a continuous function that is uniformly
continuous on a Bourbaki bounded subset need not be bounded on that subset.
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