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Abstract

This master’s thesis studies Contextual Modal Type Theory (CMTT), a modal type theory
in which the standard necessity and possibility modalities are relativized to variable contexts.
We present CMT'T in a bidirectional style, enabling a straightforward implementation of a
typechecker, and give operational semantics for executing contextual modal programs. Our
development begins with the simply-typed lambda calculus and gradually enriches it with
new constructs, making a stop along the way to study the modal type theory of Pfenning
and Davies. Throughout, we examine both the computational and logical aspects of the
systems presented under the lens of the Curry—Howard correspondence.

Keywords: modal logic, modal types, Curry-Howard correspondence, bidirectional type-
checking, contextual modalities, operational semantics.



Resumen

Esta trabajo fin de master estudia la Contextual Modal Type Theory (CMTT), una teoria
de tipos modales en la que las modalidades usuales de necesidad y posibilidad se relativizan
a contextos de variables. Presentamos CMTT en un estilo bidireccional, lo que permite
una implementacién directa de un typechecker, y damos una seméntica operacional para la
ejecucion de programas modales contextuales. Nuestro desarrollo parte del cdlculo lambda
simplemente tipado y lo enriquece gradualmente, haciendo una pausa en el camino para
estudiar la teoria de tipos modal de Pfenning y Davies. A lo largo del trabajo, examinamos
tanto los aspectos computacionales como los légicos de los sistemas presentados, bajo la
6ptica de la correspondencia de Curry—Howard.

Palabras clave: Iogica modal, tipos modales, correspondencia de Curry-Howard, tipado
bidireccional, modalidades contextuales, semdntica operacional.
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Introduction

Contextual Modal Type Theory (CMTT) (Nanevski, Pfenning, and Pientka, 2008) is the
type-theoretic counterpart to intuitionistic contextual modal logic, a system that extends
standard modal logic by relativizing the modalities of necessity () and possibility (O) to
explicit contexts of propositions.

From a computational perspective, one way to think about modal type theory is in terms
of code manipulation. The modality [J corresponds to closed source code—code that may
contain metavariables but no free program variables—and the constructor box e of type [JA
acts as a quotation operator, akin to quote in Lisp. This enables programs to treat code as
data while preserving type safety. The type LJA — A, for instance, reflects the idea that,
given closed source code of type A, we can compile it to obtain executable code of type
A. CMTT refines this perspective by supporting open source code—code that depends on a
specific context of assumptions. This makes modal logic a powerful framework for expressing
how programs interact with their surrounding context, with applications to computational
effects and metaprogramming.

In this work, we present a method for typechecking CMTT programs based on bidi-
rectional typechecking, a well-established technique that separates typing judgments into
checking and synthesis modes. Once the rules are formulated in this style, implementing
a typechecker becomes straightforward. With a practical typechecking method in place,
we then define an operational semantics and implement an interpreter, which enables the
execution of well-typed CMTT programs.

To reach this goal, we proceed incrementally, beginning with the foundational simply-
typed lambda calculus and gradually introducing the necessary logical and computational
constructs that culminate in the full CMTT system.

We now outline the structure of the thesis.

Chapter 1 establishes the foundational background for the rest of the work. Section 1.1
begins with a discussion of key philosophical notions—most notably, the distinction between
judgments and propositions, as analyzed by Martin-Lof. We then introduce intuitionistic
propositional logic in Section 1.2 using the system of natural deduction. For the implicational
fragment of propositional logic, the rules are as follows:
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h
I, z:Atrue, I - A true YPs

[,z:Atruet B true 1 ' A— B true '~ A true E
I'-A— B true ' B true

Using these rules, we can construct derivation trees such as the one shown below, which
constitutes evidence for the judgment - A — B — A true.

hyp,

x:Atrue,y:B true - A true Iv

r:Atruek B — A true
FA— B— A true

_>
—I*

In this way, we say that the judgment H A — B — A true is synthetic, since its evidence
must be constructed explicitly. In contrast, there are also analytic judgments, whose evidence
is already contained in the terms of the judgment itself. We can convert synthetic judgments
as the one shown before into analytic ones by introducing annotations that indicate the
inference rules to be applied when reconstructing a derivation. As annotations, we use terms
from the lambda calculus, defined by the following grammar:

ex=ux|Alr.e|e e

The inference rules can now be annotated as follows, with propositions marked in blue and
annotations in green:

h
DA Fao: A YPa

I'Nz:Ake: B . 'te;:A— B ke : A LE
Fl—/\:l;.e:/l—>B_>I I'ke e: B

Let us return now to the derivation tree for the judgment - A — B — A true we saw
earlier. Once annotated with terms, we obtain:

h
r:Ay:BFaA Pz v
T AF Xy xz:B— A —
F Ay 1z A= B A

Observe that the full structure of the derivation is now encoded in the final judgment of the
tree:

IIE

FAX. Adyz:A—-B— A

This compact representation makes the judgment evident from its terms alone, without the
need to reconstruct the full derivation tree. In this sense, we have obtained an analytic
judgment (Martin-Lof, 1994).
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The annotations introduced here not only simplify proofs in natural deduction, but also
constitute the core of the Curry-Howard correspondence, which we explore in Section 1.3.
According to this correspondence, propositions are interpreted as types, and proof terms as
programs. Thus, a judgment like

FlX. Ayz:A—-B— A

not only expresses that the proposition A — B — A is true by providing a method for proving
it, but also corresponds to a well-typed program in a functional programming language. For
example, our rule for modus ponens, — E, specifies the conditions under which function
application is valid.

Another important aspect of the Curry—Howard correspondence arises when consider-
ing the [-reduction and n-expansion rules of the lambda calculus. For the implicational
fragment, these are:

I't(\x.e)e': B = T'F[e/z]e: B
'e:A— B —p I'FXrv.ex: A— B

Analyzing their logical content brings us to the notion of harmony. This concept expresses
that the introduction and elimination rules associated with a logical connective must not be
chosen arbitrarily—they must be in balance, such that neither goes beyond nor falls short
of the other. Several formulations of harmony exist (Francez and Dyckhoff, 2012), but one
especially relevant in the context of computation requires both local soundness and local
completeness (Pfenning and Davies, 2001; Pfenning, 2009).

Local soundness ensures that elimination rules do not yield more than what is justified by
their corresponding introduction rules. This is shown by demonstrating that any derivation
containing a detour—an elimination rule applied immediately after an introduction rule—can
be replaced by a more direct derivation of the same conclusion without the detour.

Local completeness, on the other hand, guarantees that elimination rules are not too weak
with respect to the introduction rules. To demonstrate this, we show that there is a way to
apply the elimination rules so that we can reconstruct a proof of the original conclusion.

Beyond revealing a deep connection between logic and computation, the Curry-Howard
correspondence serves as a guiding principle in the design of programming languages grounded
in logic. In this context, types are not merely labels—they function as specifications that
describe what a program must satisfy. At the same time, types act as abstractions that
hide away implementation details while ensuring the preservation of essential properties.
This logical foundation enables rigorous reasoning about programs: a well-typed program
inherently carries a proof of its own correctness and reliability.

In Section 1.4, we turn to the problem of typechecking: given a context I', a term e, and
a type A, we must either construct evidence for the judgment I' - e : A or conclude that
this is not possible.

Depending on the type system in question, different typechecking methods may apply.
One of the most widely adopted approaches is bidirectional typechecking. A bidirectional
typechecker divides the process into two complementary modes: synthesis, where the type
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of an expression is inferred from its form and context, and checking, where we verify that an
expression has a given type. To formalize this approach, we extend the language with anno-
tated terms of the form (e : A), where e is an term and A is a type. These annotations serve
as local hints that facilitate synthesis in cases where inference alone would be insufficient.
We using the following two judgments:

I'Fe= A “in context T, e synthesizes type A”
I'Fe< A “in context I, e checks against type A”

Each of the typing rules is now formulated in one of these two modes. We also introduce
two additional rules: one to switch from checking to synthesis (T-sub), and one to extract
the type from an annotation (T-anno). The bidirectional rules are:

'Fe< A T-anno l'Fe= A

'F(e:A)=A FFe<=A

T-sub

MoAT'Fz= A Trvar

Iz:AFe< B -1 I'reg=A— B IF'kFey<= A
T xt.e=A—B = —° T'ke e;= B

T-app

These rules enable a straightforward implementation of a typechecker. The section con-
cludes by describing how we have implemented it in Haskell. The complete source code for
the full language is available in the repository accompanying this work (see Lopez-Aquino,
2025).

The final section of this chapter, Section 1.5, presents the operational semantics and the-
orems that guarantee that well-typed programs cannot go wrong. We conclude by outlining
the implementation of a corresponding interpreter in Haskell.

At this point, one may ask: Is it possible to extend the Curry—Howard correspondence to
logics more expressive than propositional logic? Chapter 2 shows how to do so by following
the work of Pfenning and Davies (2001), who demonstrated how the correspondence also
holds in the case of modal logic—a family of logics extending propositional logic by incorpo-
rating the modalities of necessity ([J) and possibility (¢), which allow us to reason not only
about what is true, but also about what must be true or could be true.

We present the natural deduction rules for necessity and possibility in Section 2.1. For
instance, the rules for necessity are as follows:
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h *
A uzAvalid, A';T F A true YPu
A;-F A true 01 A; T+ OA true A,uAvalid;' - B true OE®
ATF OA true ATF B true E

In this extended setting, our hypothetical judgments now take the form A;T" - A true
or A;I'F A poss. This formulation introduces a dual context: the first context, A, contains
assumptions of the form A valid, while the second, I', contains assumptions of the form
A true. The notion of necessity is captured at the judgmental level by A valid, which is
defined as shorthand for - = A true—that is, the proposition A is true under any circum-
stances. Similarly, natural deduction rules for possibility are also presented.

As in the propositional case, we annotate our natural deduction rules with proof terms.
For the fragment involving necessity, the annotated rules are as follows:

h *
A uzANTHu: A YPu
A;-Fe: A 01 A;T'Fe:0OA A,u::A;Fi—eg:BDEu
A;THboxe: A A;'Flet box u=¢; in ey : B

As before, we verify that the modal connectives satisfy the property of harmony. In the
case of necessity, in particular, we have the following local reduction and expansion rules:

A;THlet box u=boxe ine: A = A;TH[e/ule: A
A;T'Fe:OA —r A;I'Flet box u=¢€ in boxu: A

In Section 2.2, we reformulate these rules in a bidirectional style. The bidirectional typing
rules are as follows:

AjuzA A THu= A T-mvar
Aj-Fe<s A T-b AT Fe =0A AjuzA; ey <= B T-lotb
ATFboxe<0A - %% ATFlet box u=¢ in e; = B eLbox

Finally, in Section 2.3, we present the operational semantics for the extended language.

Chapter 3 completes the development by presenting the full system of Contextual Modal
Type Theory, in which the modalities of necessity and possibility are relativized to explicit
contexts. In this setting, a proposition of the form [¥]A expresses that A holds whenever
the assumptions in the context ¥ also hold. We begin by extending the natural deduction
rules for modal logic to accommodate these contextual modalities. This involves adapting
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the introduction and elimination rules for necessity and possibility presented in Chapter 2 to
make the relevant context explicit in the judgment. For example, the rules for the fragment
concerning contextual necessity are the following:

A uzAvalid[V], A" T U

h *
A uAvalid[¥], AT A true YPu
A; W= A true 01 AT [U]A true A u:Avalid[V];T' - B true O
AT [P]A true A;T'F B true E
A;T'F By true A;T'F B, true

AT Fy1:By true, - -+, 4y, By, true ctx
As in earlier chapters, we annotate these rules with proof terms that encode the structure
of derivations and support a computational interpretation of proofs. Annotating the previous
rules, we obtain the following:

A usz AV, AT Fo U
Ajuz AV, AT Fulo) @ A

hypy,

A;Uke: A o1 AT he t [P]A  AusA[YTFey: B
A;THbox W e: [U]A A;TFlet box u=e¢; in ey : B

UE"

A;TFe: By AT ke, : By
A? r }_ (Ul S~ €1y y Ym <~ em) : (:Ul:Bls ... aym:Bm)

ctx

In Section 3.2, we reformulate the typing rules using bidirectional judgments. For the
previous rules, the result is as follows:

A uszAV], AT Ho < W

Ajuz AP, AT Fulo) = A Trmvar
AUFe<=A T-box ATEe = [V][A  AuAV;TFey < B Toletb
AT F box V. ¢ < [U]A ATFlet box u=e, in e; = B etbox
ATkFe <= B AT ke, < B,

T-ctx
A,F H (yl ey Um em) - (ylzBlw"aym:Bm)

Finally, in Section 3.3, we present operational semantics rules for CMTT.



Foundations: Propositions, Programs, and Types

This chapter lays the foundational groundwork for the rest of the thesis. We begin with
an exploration of judgments and propositions in the style of Martin-Lof, which provides the
formal setting for intuitionistic logic. We then present intuitionistic propositional logic using
natural deduction, ensuring that each pair of introduction and elimination rules satisfies the
conditions of local soundness and local completeness—that is, they stand in harmony.

The third section introduces the Curry-Howard correspondence, a key conceptual bridge
between logic and computation. Here, propositions are viewed as types, and proofs as
programs—an idea that underpins the rest of the thesis. We present the simply-typed lambda
calculus as the computational counterpart to intuitionistic propositional logic, explaining
how types serve as logical specifications for programs.

With this foundation in place, we turn to the problem of typechecking. We present the
bidirectional approach to typechecking, implement it in Haskell, and demonstrate how it
scales as new language features are added.

Finally, we address the execution of well-typed programs. We define a small-step op-
erational semantics for our language and prove the fundamental properties of progress and
preservation, establishing that typechecking ensures safe execution. We conclude the chapter
with a basic interpreter implementation that mirrors the operational semantics rules.

This chapter serves both as a conceptual introduction to the interplay between logic and
programming languages and as a concrete development of a minimal functional language,
setting the stage for the modal and contextual extensions to come in subsequent chapters.

1.1 Judgments and Propositions

This section introduces the fundamental philosophical notions that will be used throughout
this work: judgments, propositions, proof, truth, and verification.

The distinction between judgments and propositions is central to the work of Martin-Lof.
In terms of conceptual priority, judgments precede propositions, so we begin by addressing
them. A a judgment, when understood as an act, is an act of knowing, understanding, or
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comprehending; when understood as an object, it is a piece or object of knowledge (Martin-
Lof, 1996). If we in fact know a judgment, we call it an evident judgment.

Proving a judgment is the act of understanding it—acquiring it as a piece of knowl-
edge—and a proof is the act by which we come to possess this knowledge. In this setting, a
proof should not be confused with the formal proofs typically found in mathematical logic
textbooks. A proof here is the very act that renders a judgment evident to someone. It is,
in this sense, equivalent to an inference.

We now turn to the notion of a proposition. Consider an expression A and the judgment

A is a proposition,

which we will abbreviate as A prop. In the intuitionistic tradition, a proposition is under-
stood as expressing the expectation or intention of a verification. To know this judgment is
to know what counts as a verification of A. For example, consider the proposition:

“There was a massive power outage in Spain on April 28, 2025.”

To understand this proposition, we must know what would verify it—such as news reports,
timestamps of power loss, or operator logs. It is thus said that the meaning of a proposition
is given by what counts as a verification of it. What qualifies as a verification depends on
the content of the expression and the standards of evidence within a given domain. In logic,
in particular, we are concerned with propositions built using logical constants, and we define
their meaning by specifying rules for their verification, as we will do for propositional logic
in the next section.

Once we know what it means to verify A—that is, once we know A prop—we can consider
the judgment

A is true,

abbreviated as A true. To know this is to actually possess a verification of A, also known as
a proof of A (Martin-Lof, 1987). Notice that knowledge of the judgment A prop amounts
to knowing what to do to verify A, whereas knowledge of A true is knowing how to do it.

The next concept we consider is that of a hypothetical judgment—a judgment made under
assumptions. We write it in the form

Jiyoo Iy,

where Jy, ..., J, is a list of judgments known as antecedents and J is a judgment known as
consequent. To prove such a judgment, we assume each J; to be known, and under those
assumptions, derive J. Moreover, if we have independent proofs of the judgments J;, we can
substitute them for their uses as hypotheses in the proof of J, obtaining a proof that no
longer depends on them.

The first form of hypothetical judgment we consider is

r1:A7 true,...,r,:A, true - A true,
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where the assumptions are labeled with distinct variables z;. This judgment expresses that
the A is true whenever each A; is true. We abbreviate the list of assumptions as I and refer
to it as a context, writing the judgment more compactly as I' - A true.

With the notions introduced so far, we are now prepared to explain the meaning of the
logical connectives in propositional logic, using the system of natural deduction presented in
the next section.

1.2 Intuitionistic Propositional Logic
Let us begin by recalling that propositional formulas are given by the grammar
AB=P|L|T|AANB|AVB|A— B,

where P ranges over a set of propositional letters. Additionally, we define =A := A — 1.
To formalize the meaning of logical connectives, we use natural deduction, which was in-

troduced by Gentzen (1935) and further studied by Prawitz (1965). The system is composed

of several inference rules and is presented in Figure 1.1. Each inference rule has the form

Ji J.,
J

where Ji,...,J, are judgments called premises and J is another judgment called the con-
clusion. An inference rule of this form indicates that if each premise is known, then the
conclusion can also be asserted.

A few remarks on the natural deduction system are in order. First, observe that there
are two kinds of rules: the rule hyp,, which we refer to as a structural rule, and the re-
maining rules, which are called logical rules. Each logical rule corresponds to a single logical
connective. This modularity ensures that the definition of a connective is independent of the
others. Second, for each connective, the system provides both introduction and elimination
rules. In the introduction rules, the connective appears in the conclusion; in the elimination
rules, it appears in a premise. We may thus regard the introduction rules as defining the
meaning of the connective, and the elimination rules as governing its use.

Using these rules, we can construct derivation or proof trees—structured proofs where
each step is justified by an inference rule applied to earlier steps. The leaves of the tree
correspond to hypotheses, internal nodes to rule applications, and the root to the final
conclusion being derived.

We now turn to some examples. In the derivations that follow, we abbreviate assump-
tions of the form z:A true simply as z:A. This notation anticipates the next section, where
we introduce a new kind of judgment, e: A, asserting that e is a proof term of the proposi-
tion A. As a notational convention, we assume that A binds more tightly than V, which in
turn binds more tightly than —. In addition, — associates to the right. Hence, we write
AVBANC — D for (AV(BAC)) = Dand A— B — C for A— (B — C).
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h
I, z:Atrue, " F A true ¥Ps
S ' 1 true
['ET true ' A true LE
I'x:A true - B true 1o ' A— B true ' A true M E
TFA— B true T+ B true
' A true ' B true AT
' AAB true
' AA B true ' AAB true
' A true NEL ' B true /\En
' A true VI ' B true
' AV B true t I'HAV B true R
' AV B true I'xz:A true - C true I'y:B true - C true A
VE®Y
I'F C true
Figure 1.1: Natural deduction for propositional logic
Example 1.2.1.
e A — A true.
———h
v:AF A true _y>pITx
FA— A true
e A — B — A true.
h
x:A,y:BF A true Pz
v:AF B — A true e
FA— B — A true
e HFAANB — BAA true.

T ANBFAAB true A T ANBFAAB true AE
AN BF B true R v ANBF A true AT L
T ANBF BAA true hyp

FAAB— BAA true *

10
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e A — ——A true.
h h

rAyA—> 1LFA— 1 true YPy r:AyA— LF A true YI;x

Ay A— L L true ~

vAF(A— 1) — L true -

FA—(A—1)— L true -

Yy

x

e-F(A—-B—C)— (AANB — () true.

hyp,
2:A— B — C,y:ANBF AN B true

hyp. h
vASBoCyANBFASBoCtrue 7 — 2AS B C,yAABF 4 true o @A B> CyANBEAAD true Af’”
v:A— B—C,y:ANBF B — C true - v:A— B— C,y:ANBF B true ~>ER

2:A— B— C,y:ANBF C true
@A 5B COFAAB > C true
F(A—-B—C)— (AANB —C) true

Yy

Let us now contrast the system we have introduced with a more traditional approach:
Hilbert-style systems. Such systems rely on a set of axiom schemata together with a small
number of inference rules—often just modus ponens. As an example, consider the following
axiom schemata:

Ay A—-B— A
Ayt A-B—-C)—w(A—-B)—(A—=0)
A;: (A— B) = (-B — —A)

together with the rule of modus ponens:

A—-B A
B )
which corresponds to our implication elimination rule introduced before, —E. A proof of a
formula B in this system consists of a sequence of formulas Ay, ..., A,, B where each formula
is either an instance of an axiom schema or follows from earlier formulas by modus ponens.

For example, the following sequence is a proof of A — A. For comparison, consider the
natural deduction proof for this proposition given in Example 1.2.1.

. A= (A=A —-A)) (A= (A= A)—> (A= A)) instance of A,
22 A= (A= A) — A instance of A4
3. (A= (A—A4) = (A— A 1, 2 by modus ponens
4. A= (A— A) instance of A,
5 A— A 3, 4 by modus ponens

Writing Hilbert-style proofs tends to be less intuitive than constructing natural deduction
proof trees, as it is common to find oneself midway through a proof uncertain about which
axiom schema or inference rule to apply. In contrast, natural deduction offers more guidance:

11
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the choice of rule is usually determined by the main connective of the formula being proved
or by applying an elimination rule to formulas in the hypotheses.

Before moving on, it is worth noting that natural deduction proofs can be presented
using various notations. For example, Fitch-style proofs arrange derivations in a linear,
indented format that explicitly tracks assumptions and subproofs. Although differing in
presentation, this alternative style preserves the essential structure of natural deduction
and hence generally produces yields that are clearer and more transparent than those in
Hilbert-style systems.

The logic defined by the rules in Figure 1.1 is intuitionistic. It differs from classical logic
in several important respects—most notably, in that it does not validate certain principles
such as the law of excluded middle, expressed by the formula AV —A. In intuitionistic logic,
this formula is not derivable. This reflects a deep difference in the interpretation of truth:
in classical logic, every proposition is either true or false, independently of whether we can
establish which. In intuitionistic logic, by contrast, a proposition is considered true only
when we possess a proof of it. Asserting AV —A would thus require, for any proposition A,
a proof either of A or of ~A—yet there are several mathematical statements for which we
currently have neither.

Returning to the natural deduction rules, one may reasonably ask: how do we know that
the rules for our logical connectives actually make sense? What stops us from inventing
arbitrary connectives with ill-defined or inconsistent inference rules? To illustrate this con-
cern, consider the infamous example proposed by Prior (1960), who introduced a fictional
connective he called tonk, denoted here by @ . This connective is defined by an introduction
rule that mimics disjunction introduction on the left:

' A true
' A& B true

and an elimination rule that behaves like conjunction elimination on the right:

9

' A% B true
I'F B true

ME

These rules allow us to construct the following derivation:

hyp,

& T
aE

—I*

r:Atrue - A true

:Atrue F A ™ B true

r:Atrue - B true
FA— B true

This derivation shows that from arbitrary A we may infer any B whatsoever. Of greater
concern is the following derivation:

F T true TI:N I
F T @& 1 true __TAX E

F 1 true \E )

F A true

12
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which shows that introducing tonk causes the whole system to collapse into triviality, as
anything can be derived within it. In response to Prior’s example, Belnap (1962) observed
that introducing such a connective would be “like adding to cricket a player whose role was
so specified as to make it impossible to distinguish winning from losing.” Belnap further
argued that the idea that inference rules determine meaning is not to be dismissed on the
basis of Prior’s example because not every set of introduction and elimination rules can be
accepted uncritically—there must be constraints.

This leads us to the notion of harmony (Dummett, 1991)—the idea that the introduction
and elimination rules for a logical connective must be in balance. There are various interpre-
tations of what this balance should be (Francez and Dyckhoff, 2012). In this work, we adopt
the approach formulated by Davies and Pfenning (2001), which characterizes harmony in
terms of two key properties: local soundness and local completeness. These notions are also
explored in more detail in the lecture notes by Pfenning (2009).

Local soundness ensures that elimination rules do not go beyond what is justified by
their corresponding introduction rules. This is demonstrated by showing that when an
elimination rule is applied immediately after an introduction rule—that is, the derivation
contains a detour—we can obtain a derivation of the same conclusion without the detour.
To discuss this, we use the notation

D
I'F A true

to denote a derivation tree concluding with the judgment I' H A true and refer to the whole
derivation tree by D. We use the notation
/
D —p D
' A true ' A true

for a local reduction of derivation D to derivation D’. Local soundness is then witnessed
by a reduction of a derivation containing an introduction rule followed by an elimination to
another derivation without the detour. Let us consider this for conjunction. As we have two
introduction rules, we exhibit two local reductions:

D &
I'F A true ' B true AT =r D
I'FAA B true AE I'F A true
I'F A true t
D &
['FAtrue I'kBtrue ., —, &
' AA B true AFE '+ B true
I'F B true R

Coming back to the putative connective tonk, we see that local soundness fails, as there
is no way to reduce the following derivation:

13
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D
' A true & T
' AP true ”;( E
I'F B true )

Local completeness, on the other hand, ensures that the elimination rules are not too
weak with respect to the introduction rules. To demonstrate this, we show that there is a
way to apply the elimination rules so that we can reconstruct a proof of the original conclu-
sion. This is captured by a local expansion of the form

D — D
' A true ' A true
where the conclusion contains the logical connective in question, and the derivation D’ has
eliminated and then introduced the connective. The following local expansion shows local
completeness for conjunction:

D D
D — I'-AAB true ' AAB true
I'FAA B true F I'F A true /\EL I'F B true /\I/\ER
I'FAAB true

The remainder of this section will be devoted to showing local soundness and completeness
for the rest of the connectives. For implication, local soundness is witnessed by the reduction

D
I'x:AF B true L E — 5 D’
I'A— B true ' A true I'F B true

'+ B true —E

where D’ is obtained from D by substituting the uses of the hypothesis A true by £. Local
completeness, on the other hand, is guaranteed by the expansion

D — I'Nv:AF A — B true I'w:AF A true _}:I;x

I'A— B true [ z:AF B true
TFA— B true

xT

where D’ is obtained from D by adding the hypothesis A true to every judgment. For
disjunction, local soundness is witnessed by the following two reductions:

D
/
I'F A true VI, & F —p &
I'- AV B true I'z:AF C true I'y:BF C true T'F C true

T,y
'+ C true VE

14
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D
/
[k Btrue & F —p F
I' AV B true INae:AE C true Iy:BF C true VEW T'FC true

'+ C true

Local completeness is witnessed by the following expansion:

h [
D D I'z:AF A true YPa I',y:B F B true YPy
T A E T+ AV B true Ix:AF AV B true " T,y:BF AV B true *
V B true ' AV B true VE™

Finally, observe that although the constants T and L have only an introduction and elimi-
nation rule, respectively, we can still carry out the following expansions:

D

I'F T true —E I'ET true TI

D
=E T} 1 true
I'F 1 true

D

' L true 1E

Having clarified what it means for inference rules to be well-behaved—that is, in balance
through local soundness and completeness—we now turn to their computational interpreta-
tion. In the next section, we enrich our natural deduction system with proof terms, paving
the way to the Curry-Howard correspondence between logic and computation.

1.3 The Curry-Howard Correspondence

In the previous section, we illustrated how to construct derivation trees in natural deduc-
tion. While these trees make the structure of a proof fully explicit, they can be unwieldy
to construct and inspect, especially for larger proofs. A more concise alternative is to an-
notate derivations with proof terms. These terms mirror the structure of the derivation
and—crucially—the term at the conclusion of an annotated tree contains enough informa-
tion to reconstruct the entire tree. We begin by introducing the first class of proof terms we
will work with, namely expressions, defined by the following grammar:

e:=x| () |abort e| Ax.e|ej ey | (e1,e) |fst e|snd e |inl e | inr e | case(e, z1.€1, T2.€3)

Each of the previous expressions is introduced to correspond one-to-one with an inference
rule of our natural deduction system. To formalize this correspondence, we introduce the
judgment

e: A
which states that e is a proof term for the judgment A true. The inference rules for this
judgment are presented in Figure 1.2, where expressions are highlighted in green and propo-
sitions in blue.
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h
DAl F2: A VP
- TI I'Fe: L
r=0:T Fl—aborte:AJ‘E
I'z:Ake: B . 'e;: A— B FI—@:A_>E
Fl—)\:l;.e:/l—>B_>I I'Fejey: B
I'ke : A Fl—eg:B/\I
'k {e,e0): ANB
I'Fe: ANB I'Fe: ANB
TFfste:d Fhsnde: B o
I'kFe: A I'e: B
Trinle: AVE ‘1 FFinre: AVE '™
'te: AV B Iap:Abe : C I'zo:BlFey: C VEY
[k case(e,x;.e1,29.69) : C

Figure 1.2: Proof term assignment for natural deduction rules

Let us revisit the derivation tree for the judgment H A — B — A true the we saw in
the previous section:

h
r:A,y:BE A true YPa

—TY
T AF B — A true -
HFA— B— A true

Annotating it with proof terms yields:

h
r:Ay:BFa:A Pz v
T AF XNy xz:B— A ~
F Ay 1z A= B A

I.’E
Notice that the structure of the derivation is now fully captured by the tree’s last judgment
Flx. \y.x: A— B — A

This compact representation makes the judgment evident from the terms it contains, without
requiring a reconstruction of the entire derivation tree. Such a judgment is said to be
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analytic. By contrast, the judgment H A — B — A true is synthetic, since verifying
it requires constructing or referring to evidence beyond what the judgment’s terms alone
reveal (Martin-Lof, 1994).

The annotations we have seen so far not only streamline natural deduction proofs but also
lie at the core of the Curry—Howard correspondence. Under this correspondence, propositions
are regarded as types, and proof terms as programs. Thus, a judgment such as

FlX. Ayz:A—-B— A

is not only a judgment exhibiting that proposition A is true—it is also a well-typed program
in a functional programming language. In fact, the system we’ve presented corresponds to
the simply-typed lambda calculus, extended with constructs for truth, falsity, conjunction,
and disjunction. Each logical connective has a direct type-theoretic counterpart, and each
inference rule carries a computational interpretation. For example, our modus ponens rule,
—E, specifies when function application is permitted.

Before delving deeper into this correspondence, we need to introduce some notions con-
cerning terms. We begin with the notion of a free variable, defined inductively as follows:

FV(z) = {z}

FV(O) =0

FV(abort e) =FV(e)

FV(Az. e) =FV(e) \ {z}
FV(€1 ) = FV(€1) U FV(GQ)
FV<<61, 62>) - FV(Gl) U FV(@Q)
FV(fst e) = FV(e)

FV(snd e¢) =FV(e)

FV(inl e) =FV(e)

FV(inr e) =FV(e)
FV(case(e, x1.€1,29.69)) = FV(e) U (FV(e1) \ {z1}) U (FV(ez) \ {x2})

We can replace the free occurrences of a variable x in an expression ¢’ with another expression
e. This operation is called substitution, and is denoted by [e/x]e’. We define substitutions
inductively as follows:
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le/z|x =e

le/=]y =y ify#a

le/z] ) =0

le/x]abort ¢’ = abort [e/z]¢’
le/x]\y. € = \y. [e/x]e’ ify ¢ FV(e)and y # x
[e/](e1 €2) = ([e/z]er) ([e/x]e2)
[e/x](e, €2) = (le/xlex, [e/x]ez)
le/x]fst € = fst [e/x]e
le/z]snd ¢ = snd [e/z]¢’
le/x]inl ¢’ =inl [e/z]¢’
le/z]inr € =inr [e/x]e

le/x]

case(€',y1.e1,y2.65) = case([e/x]e’, yy.[e/x]e1, y2.[e/x]es)

In the last line, the side conditions are that z is neither y; nor y, and that y; ¢ FV(e)
and yo ¢ FV(e). These conditions are analogous to those in the case of lambda abstractions,
i.e. expressions of the form A\z. e, and are imposed to avoid variable capture. To illustrate
why this is necessary, consider the following example. Suppose we want to compute the
substitution [y/z](Ay.z). If we naively replace x with y, we obtain:

ly/z](Ay.x) = Ay.y.

But this is incorrect—the resulting expression has a different meaning: the original term is
a constant function returning the free variable z, while the result is the identity function.
To avoid this, we first rename the bound variable y in Ay. x to a fresh variable z obtaining
the term Az.x. Then we apply the substitution safely: [y/x](Az.z) = Az.y. This preserves
the intended semantics and avoids accidental binding of the substituted variable.

The following theorem ensures that substitution behaves well with respect to typing and
will be used later to prove other results.

Theorem 1.3.1 (Substitution Lemma for Truth). If '€’ : A and I, x:A F e : B, then
'k [¢/x]e: B.

Proof. By rule induction on the derivation of I'; z:AF e : B.
e Case hyp,. We distinguish two subcases:
— If e = z, then [¢//z]x = ¢ and we must have A = B. Since I' - ¢’ : A by

assumption, the result follows.
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— If e =y # x, then [¢//z]y = y. But then y : B must be in I", so we have ' -y : B.

e Case — IY. In this case, we have a derivation of the form

LA yCHe : D
CeAE My e’ :C— D

Using the inductive hypothesis on the judgment I',z:A,y:C F €” : D allows us to
deduce that I',y:C' - [¢//x]e” : D. Now, by the rule —I¥, we see that I' = \y. [¢/z]e”,
as desired.

e Case —E. Here, our derivation has the form

INeAFe :C— B oAbl ey: C
I''x:Abeley: B

Using the inductive hypothesis on both premises, we deduce that T' + [¢//z]e; : C — B
and I' - [¢//z]es : C. Now using the rule —E, it follows that I' - ([¢//x]e1)([€'/x]e2) : B,
as desired.

All other cases follow similarly by applying the inductive hypothesis to subterms and
reconstructing the typing derivation using the corresponding typing rule. O]

Let us now return to the correspondence between natural deduction derivations and
terms in the lambda calculus. This correspondence is more than a notational convenience:
it reflects a deep structural relationship. In particular, the rules of harmony—which ensure
that the introduction and elimination rules for each connective are properly balanced—admit
a computational interpretation as well. We begin to explore this connection by considering
the following proof tree for the judgment - (A — B) — (B — C) — (A — C) true:

h h
fiA—=B,...- A— B true YPs ..., AF A true _3;%

FASB.gB > C.oAr B = C true 0P FAS B.gB—C,o:AF B true
FA=B,gB— C.0AF C true —E
fA>BgBCFA—Ctrue '

FASBF(BoO) = (A= C) true 1
FA—B)—(B—=C)— (A—C) true

x

—1f

Now we annotate the previous derivation tree with proof terms:

h
ARz A Py

h
FASB,. FfAsB V¥
—E

FASBgB=Cudrg Boo P FASB,gB—>C oAl fz:B
fA=B,gB—CaxArFgfa:C -
ffA=-BgB—-CkFM.gfz:A=C

JfJA-BFXN. Xz gfax:(B—=C)—= (A= 0)
FAfAdgAx.gfz:(A—-B)—-(B—>C)—(A—C)

E

—I*
— 19

—1f
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In computational terms, the program Af. Ag. Az. g f x computes the composition of two
functions f and g. Now let us consider the case where both f and g are provided and have
type A — A. Intuitively, the result should also be a function having type A — A. To see this,
notice that we can modify the previous derivation tree by replacing all occurrences of B and
C by A. We then add assumptions stating that Az. z and A\y. y both have type A — A, and
apply implication elimination twice to construct a derivation tree for the following judgment:

F(Af-Ag.- Az g fz)(Az 2))(\y.y) : A — A

This derivation tree, however, contains some detours: instances where an implication is first
introduced and then immediately eliminated. Since our proof term retains all the information
of the derivation, these detours are also visible in it. The first such detour is highlighted in
green below:
F(Af-Ag.- Az g fa)( Az 2)(M\y.y) : A— A
Such an expression is called a redex (short for reducible expression) and reflects precisely
the pattern of a detour: an introduction immediately followed by an elimination. This
pattern was previously discussed in the context of local soundness, where we showed that
any derivation containing such a detour can be transformed into a simpler derivation without
it via a local reduction. For implication, the local reduction can now be rewritten using proof
terms and substitution as
(Az. e)e’ =g [¢'/x]e,

which captures the idea that all occurrences of the hypothesis x are replaced by the proof
term €.

Returning to our example, we can perform a sequence of reductions as follows, where the
redex is marked at each step:

(A Ag A e g fo) Az 2)(Ay.y) =g (Ag. A\z.g (2. 2) x2)(\y. y)
=r (Mg Av. g 2)(A\y. y)
=g . (A\y.y)x
=R AI.LI.

Note that these reductions still correspond to transformations on derivation trees. More
precisely, the full reduction should be expressed as

F(Af-Ag- Az g fo)Az. 2)(M\y.y) A=A =5 FAz.ao: A— A,

where the notation =7, indicates multiple reductions.
A similar analysis can be performed for the rest of the logical connectives, obtaining the
following list:

' (A\x.e)e': B —r I'F[¢/z]e: B
[k fst (e, eq) : A =—p ['Fe A
I'Fsnd (ej,e9): B =g ['Fey: B

'k case(inl e, zy.61,29.62) : C = 'k [e/x1]e; : C
:C

'k case(inr e, x.e1,%9.69) —r ['F[e/xg)es: C
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These reductions correspond precisely to the well-known concept of [-reduction in the
lambda calculus. We will return to these ideas in greater detail in the final section of this
chapter, where we will outline a strategy for executing programs based on the reductions we
have discussed.

Similarly, we can consider local expansions from the perspective of proof terms. The list
below corresponds to n-expansions in the lambda calculus.

I'Fe:ANB =g I'(fste,snde): ANB
'+re:A—-B —p I'FXrv.ex:A— B

I'EM:AVB =g I'F case(e, x1.inl 1, zo.inr z5) : AV B
'=M:T —r 'O T

r-M:_L —g ['tabort M : L

We conclude this section with some additional remarks on the Curry-Howard correspon-
dence. Beyond revealing a deep connection between logic and computation, it can be used
as a guiding principle for designing programming languages grounded in logic: here, types
become more than mere labels—they act as specifications that describe what a program
must accomplish. At the same time, types function as abstractions, concealing unnecessary
details while ensuring that essential program properties are maintained. This foundation en-
ables powerful reasoning about our programs: well-typed programs inherently carry proofs
of their own correctness and reliability.

As we will explore in the next chapter, the correspondence extends to richer logics, en-
abling even more expressive, logic-based language features. For now, we shift focus to prac-
tical programming concerns, starting with typechecking—the process that verifies whether
programs conform to their specified types.

1.4 Typechecking Programs

Let us consider again the judgment I' - e : A. Depending on what information we have
available, different problems may arise. If, in addition to the context I', both the expression
e and the type A are given, then we may be asked to verify whether e indeed has type A
under context I'. This is the problem of typechecking.

The rules presented earlier in Figure 1.2 can be used to guide typechecking, provided
that every subexpression in e is annotated with its type. In practice, however, requiring
complete annotations would be overly verbose and impractical.

To alleviate this burden while retaining a sound and effective method for typechecking,
a widely adopted approach is bidirectional typechecking, which we now describe.

1.4.1 Bidirectional Typechecking

The core idea of bidirectional typechecking is to divide the typing process into two comple-
mentary modes: synthesis, where the type of an expression is inferred from its structure and
the context; and checking, where we verify that an expression matches a given type.
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To formalize this approach, we extend our set of expressions with explicit annotations of
the form (e : A), where e is an expression and A is a type. These annotations serve as local
hints that help guide synthesis in contexts where inference alone would be insufficient.

We follow the presentation of Dunfield and Krishnaswami (2021), which surveys and
systematizes bidirectional typechecking, although the idea itself predates this work and was
presented by Pierce and Turner (1997, 1998, 2000). We make use of the following two
judgments:

I'Fe= A Tunder context I', e synthesizes type A”

I'Fe< A 7under context I', e checks against type A”

These judgments work together to assign types to expressions in a modular and pre-
dictable way. Most of the rules in the bidirectional system correspond directly to those
presented earlier in Figure 1.2, reorganized according to whether they operate in synthesis
or checking mode. There are two exceptions. The first is the rule T-anno for annotated
expressions: when we write (e : A), we are asserting that e should have type A, so we check
that e indeed has type A, and if it does, we allow the whole expression to synthesize the
type A. The second is the subsumption rule T-sub, which serves as a bridge between the
two modes: when asked to check that e has type B, we first synthesize a type A for e and
then compare it with B. This rule allows checking to fall back on synthesis when possible,
provided the synthesized type matches the expected one.

The decision to use synthesis or checking is guided by the information available in the
typing judgment. Synthesis is used when the context I' provides sufficient information to
determine the type — for example, when typing a variable or applying a function. Checking
is used when no such information is available from the context, and we instead validate the
expression against a known type.

The set of bidirectional typing rules is given in Figure 1.3.

To illustrate how these rules behave in practice, we now turn to a few examples. These
demonstrate how bidirectional typechecking succeeds in typical cases, fails when type infor-
mation is insufficient, and how it can be guided by annotations when needed.
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l'Fe<= A
'k(e:A)=A

T-anno

I'Fe= A

TFee4 L SUb

oAl Fz= A T-var

T-unit 'Fe<= L

0«7 T'E abort ¢ — A T-abort
NxAre< B -1 'eg=A—B Fl—eg<:AT_app
TFX.ee=A—B % I'Fees— B
F|_€1<:A F}_€2<:B .
T-pair
F}_<€1,€2><:A/\B
'Fe=AAB ._ 'e=AAB .._
TFfste—sA L 15t TFsnde— B | 5nd
'Fe< A T—inl I'e<B T-inr
I'inle< AV B 'tinre< AV B
''Fe=AVB Izi:Abep <= C I'Nao:Bley<=C
T-case

'k case(e, zy.e1,xg.69) <= C

Figure 1.3: Bidirectional typechecking judgments

Example 1.4.1.

e Below we construct a derivation tree for the judgment - - Az. fst v+ < AA B — A.

T-var
T-fst
T-sub
T-1lam

Tz ANBFx=ANAB
v ANBEfst x = A
T ANBFIst z <= A
‘FXlxr.fstz<=AANB— A

e Synthesizing a type for Ax. x fails: lambda abstractions cannot synthesize a type on
their own, since there is no rule for Az. e in synthesis mode.
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e To resolve the issue in the previous case, we can provide an annotation, and construct
a derivation tree for the judgment - = (Ar.z: A - A) = A — A.

T AFx= A T-var
T-sub
rvAFx <= A T-1am
&= A—= A T
-anno

‘FAr.z: A= A)=A—- A

We now relate the bidirectional judgments I' F e= A and I' e <= A to the original
typing judgment I' - e : A by means of the following two theorems. To state them precisely,
we write |e| for the expression e stripped of any type annotations it may contain.

[ Theorem 1.4.2 (Soundness). f 'Fe= Aor'Fe<« A, then 't |e| : A. J

Proof. We proceed by mutual rule induction on the derivations of the judgments I' e = A
and I' - e <= A. To illustrate, we present three cases.

e Case T-var. Here, we have the following derivation:

DeAl'Fx= A
The desired result clearly follows.

e Case T-anno. In this case, we have a derivation of the form:

TheeA
F'F(e:A)=A

Applying the inductive hypothesis to the premise yields I' F |e] : A, as desired.

e Case T-sub. Here, the corresponding derivation has the form:

Fké;sA
I'Fe<= A

Application of the inductive hypothesis immediately yields the desired result.
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Theorem 1.4.3 (Completeness). If I' = e : A, then there exists some ¢’ such that
I'Fe' < Aande=|¢|.

Proof. By rule induction on the derivation of " - e : A. To illustrate, we show the case for
the rule —E. Here, we must have a derivation of the following form:

Fl—el:A—>B Fl_egiA
I'Feey: B

By the inductive hypothesis, there exists an expression e} such that |e}| = e; and T'
el < A — B, so there exists a derivation of the form

D,
'-ef<=A—B
Similarly, there is a term €}, such that |e}| = ey, and a derivation of the form
D,
I'Fe,«< B

Let ¢ = (¢} : A — B)ey. The following derivation shows that the desired conclusion holds
in this case:

D,
'-ef<A—B T D,
I'F(f:A—-B)=A— B anne I'Fe,«< B

T_
'k (ef:A— Blea= B °PP

'k (ef:A— Blea <= B

T-sub
O

To bring our language closer to a real functional programming language, we now ex-
tend it with additional constructs. Specifically, we introduce two base types—integers and
booleans—along with familiar operations such as arithmetic, comparison, conditionals, let-
bindings, and recursion.

The typing rules for these new constructs are given in Figure 1.4, and the corresponding
bidirectional typing rules are provided in Figure 1.5. In these figures, * and ¢ range over
syntactic operators: % € {+, —, x} for arithmetic, and 6 € {=, <, >} for comparison. These
symbols with a dot above denote the operations as they appear in the language’s syntax.
In the next section, we will use their corresponding undotted counterparts to represent the
actual semantic operations used during evaluation.
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Free variables and substitutions for the new expressions are defined as follows:

FV(m) =g

FV(true) =g

FV(false) =0

FV(ep % e3) = FV(ey) UFV(e2)

FV(e; 6 €3) = FV(e;) UFV(es)

FV(if b then e; else e;) =FV(b) UFV(e;) UFV(ey)

FV(let val © = ey in e5) =FV(ey) U (FV(e2) \ {z})

FV(fun f(z) = e) =Fv(ie)\ {f,z}

le/z|m =n

le/z]true = true

[e/x]false = false

le/2)(er # e2) = ([e/aler) # ([e/]es)

[e/x](e1 6 e9) = (le/z]er) © ([e/x]es)

[e/z](if b then e else ey) = if [e/x]b then [e/z]e; else [e/z]eq

le/z](let val y = e; in ey) = let val y = [e/x]e; in [e/z]es if y ¢ FV(e) and y # x
[e/z](fun f(y) =€) =fun f(y) = [e/z]e’ if fy ¢ FV(e) and [ # z,y #

While many of these constructs could be encoded using the core calculus—for example,
booleans as T + T, conditionals as a special instance of the case construct, or let as syntactic
sugar for function application —we choose to treat them as primitive. This avoids choosing
a particular encoding and allows us to define their typing behavior directly, which makes
examples and reasoning more transparent, even if it slightly expands the rule sets.

The correspondence between the original typing judgment and the bidirectional formula-
tion, as captured by Theorems 1.4.2 and 1.4.3, continues to hold for the enriched language.
The proofs extend by applying the same inductive methods as outlined earlier, with ad-
ditional cases for the new constructs. Similarly, the Substitution Lemma (Theorem 1.3.1)
continues to hold.
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I'7n:int

I' - true : bool I'+ false : bool
I'te;:int I'tey:int I'e;:int I'key:int

I'Fepkeq:int I'te; ey :bool
I'ke :B INe:BFey: A I'f:A— B,x:Ate: B
F'kHlet val z =e; iney: A I'kfun f(z)=>e:A— B

I'b:bool e A T'kFey: A
I'+if b then e; else ey : A

Figure 1.4: Typing judgments for additional constructs

Tra—int
I' - true = bool T-true I'+ false = bool T-false
F|_€1<:il'lt F|_€2<:int FF€1<:int FF€2<:int
T- T- d
I't e % eg = int °P I'te; 0ey = bool pre
I'ey= 0B Iz:Bley<= A I'f:A— B,x:Are< B
: T-let T-fun
'Hlet val z =e; ines <= A I'Ffun f(z) =e<A—>B
'+ b« bool F}_€1<:A F}_€2<:AT_ d
[ Fif b then e, else ¢, < A con

Figure 1.5: Bidirectional typechecking judgments for additional constructs

At this point, writing out typing derivations by hand—especially for the extended lan-
guage—becomes tedious and error-prone. This motivates the implementation of a type-
checker that follows the bidirectional rules introduced so far.

1.4.2 Implementing a Typechecker

To accompany this work, we have implemented a bidirectional typechecker in Haskell. In this
section, we outline the structure of that implementation. For clarity and brevity, we restrict
attention to a minimal core language: the simply-typed lambda calculus with booleans and
integers.
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We begin by defining the types and expressions used in the implementation, as shown in
Code Snippet 1.1.

data Type

= BoolTy -- Booleans

| IntTy -- Inntegers

| Arrow Type Type -- Function types

deriving (Eq, Show)

data Term

= Var String -- Varzables

| Lam String Expr -- Lambda abstractions
| App Expr Expr —-— Application

| LitBool Bool -- True, false

| LitInt Int -- Integer literals

| Ann Expr Type -- Annotations

deriving (Eq, Show)

Code Snippet 1.1: Abstract syntax trees for types and expressions

The typechecker is organized around two functions: synth, which attempts to infer the
type of an expression, and check, which verifies that an expression has a specified type.
Their signatures and the definition of typing contexts are given in Code Snippet 1.2.

type Ctx = [(String, Type)]

-- Synthests: try to infer the type of an expression
synth :: Ctx -> Term -> Either TypeError Type

—-- Checking: verify that an expression has a given type

check :: Ctx -> Term -> Type -> Either TypeError ()

Code Snippet 1.2: Typing context and typechecking function signatures

The implementation of these functions, shown in Code Snippet 1.3, closely follows the
bidirectional typing rules presented earlier. Each clause corresponds to a specific typing rule,
and this correspondence is explicitly indicated by comments in the code.
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check :: Ctx -> Term -> Type -> Either TypeError ()

—-— T-lam
check ctx (Lam x e) t =
case t of

Arrow t1 t2 -> check ((x, tl1l) : ctx) e t2
_ —> Left (NotAFunctionType t)
-— T-sub
check modCtx ctx e ty = do
inferred <- synth modCtx ctx e
if inferred == ty
then return ()
else Left TypeMismatch

synth :: Ctx -> Term -> Either TypeError Type
-- T-true, T-false
synth _ (LitBool _) = Right BoolTy
-— T-ant
synth _ (LitInt _) = Right IntTy
—= T-app
synth _ (App el e2) = do
t <- synth ctx el
case t of
Arrow tl1 t2 -> check ctx e2 tl1 >> return t2
_ —> Left (NotAFunctionType t)

-— T-anno

synth ctx (Ann e ty) = ty <$ check ctx e ty

Code Snippet 1.3: Implementation of the core bidirectional typechecking rules

The version presented here is deliberately minimal. A complete version of the type-
checker—including support for the full language developed throughout this work—is avail-
able in the accompanying code repository.!

1.4.3 Other Approaches

The bidirectional approach we have studied so far is one of several possible approaches. The
choice of inference rules and information flow typically depends on the type system at hand.
To consider another possibility, recall our bidirectional rule for application:

1See Lépez-Aquino, 2025.
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Fl_ele%B F|_€2<:A

T-
Fl—el er <= B PP

Here, type information flows from the function, e;, to the argument, e;—we synthesize the
function type A — B for e; first, and then check ey against B. Xie and Oliveira (2018)
propose an alternative where the direction of the information flow is reversed: we first
analyze the type of the argument, and then proceed to type the function. For this purpose,
they introduce a judgment of the form:

D'YFe=A Tunder typing context I', and application context ¥, e has type A”.

Here Y is a stack of types. While analyzing an application expression, we push the type of
an argument into X to later check that the function indeed accepts arguments of that type.
This is captured by the following rule:

F}_€2:>A F|2,A|‘€1:>A—>B

T- -2
[|SFees= B °PP

As an example, suppose that we want to typecheck the program (Az. z)42. Notice that
this is not possible with our current set of bidirectional rules—we need to annotate the
lambda abstraction and instead typecheck the program (Az.z :int — int)42. Consider
the following three rules to work in tandem with T-app-2:
eA|YFe= B

T-var-2 —T— - T-int-2 _ _
['H7 = int T[S, AF hr e—> A B | ram2

NoeAFz= A

We can then typecheck the program (Ax. x) 42 as follows:

T-var-2
T-lam-2
T-app-2

T—int-2 r:int F x = int
F42 = int -] int F Az. z = int
F (Az.z)42 = int

1.5 Running Programs

The Curry-Howard correspondence invites us to view proofs as programs and propositions
as types. From this perspective, typechecking corresponds to proof verification. But what
does it mean to run a program? We define a proof as normal if it contains no detours—that
is, its annotated form has no -redexes. Running a program, then, corresponds to partially
normalizing a proof: applying local reductions to eliminate some redexes, but not necessarily
all. The precise mechanics of this process will become clearer as we develop the operational
semantics. In this section, we turn to the dynamic side of our language: how programs
compute.
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1.5.1 Operational Semantics

Before explaining how to run programs, we must define what is means for a program to be
done; this is captured by the notion of a value: an expression that represents a completed
computation and cannot be further reduced. For this purpose, we introduce the judgment
e value, where e is a closed expression, i.e., an expression with no free variables. The
inference rules for this judgment are presented in Figure 1.6 below.

Note that the rules V-1am and V-fun do not require the body e to be a value. This reflects
the fact that evaluation is only partially normalizing: we do not reduce inside function bodies,
since that would require handling free variables.

. L Y_unit
n value V-int () value V-uni
true value V-true false value V-false
—_— V- V-fun
Ao ¢ value | 130 fun f(z) = e value
_evalue .4 _evalue g .o
inl e value inr e value
e1 value ey value V-pair
(€1,€9) value

Figure 1.6: Inference rules for the judgment e value

To specify how programs execute, we define a small-step operational semantics for our
language. This takes the form of a relation e < ¢’ that describes a single computation
step from an expression e to another expression ¢/. We adopt a left-to-right call-by-value
strategy, where function arguments are fully evaluated before application, and evaluation
proceeds from left to right. The rules defining this relation are given in Figure 1.7 in the
next page. In these rules, we use v (and subscripted variants) to denote values. The symbols
% and 6 range over syntactical operators, as introduced in the last section: * € {+, - x}
for arithmetic and ¢ € {=, <, >} for comparison. Their undotted counterparts denote the
actual semantic operations.
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e — ¢
R-abort
abort ¢ — abort ¢

e — e ) ey — € . .
- ——R-bin-1 - —— R-bin-2 : R-bin-3
ek ey — eg kel vk ey > vp kel V] k Uy < UL * Vg
e <= € ey < €
! L R-pred-1 2 2 R-pred-2 : R-pred-3
€1 0€y —» €10¢€y V1 0y — V1 0e€y V1 0V = V10U
AT papp c2 = & R-lam-1 R-lam-2
“lam- lam-
e1 e > € e (Az.e1)ey — (Ax. ep)é) (Az. e1)ve — [vo/x]eq
er — ¢ ey > €
! % R-pair-1 2 2 ~ R-pair-2
(e1,e2) = (€], e2) (v1,e2) = (v1,¢€)
e — ¢
- 7 7 R-fst-1 R-fst-2
fst e — fst ¢ fst (vi,v2) — v
e — ¢
R-snd-1 R-snd-2
snd e — snd ¢ snd (vy,vs) > vy
) o . !
M—CR—inl .A?,R—inr
inr ¢ < inr e

inl e — inl ¢

e/
- R-case-1

e —
case(e, ry.e1,To.69) — case(e,x1.€1,T2.62)

R-case-3

R- -2 .
case(inl v, xq.€1,29.62) — [v/z1]e; case case(inr v, zy.e1,Ts.€2) = [v/T2]es

R-let-2

e — e A-let-1
- . —-let- .
let val z =¢; in e; < let val z =¢] in ey let val © = vy in e; — [v1/x]e;

R-fun-2

ey — €
(fun f(z) = e1)ex — (zun f(z) = e1)éh R-fun-1 (fun f(z) = e1)vey — [fun f(z) = e1/f,v2/z]ey

T €= .6/ R-cond-1
if e then e; else e; < if ¢ then e; else e,

R-cond-3

R-cond-2 if false then ¢e; else e; — e,

if true then ¢; else e — ¢;

Figure 1.7: Small-step operational semantics

Typechecking serves a practical role: it allows us to verify that a program will behave
well at runtime. The relationship between types and execution is formally captured by two
key theorems: preservation and progress. Together, they establish that well-typed programs

do not get stuck—they either are values or can take a reduction step.
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[ Theorem 1.5.1 (Preservation). If - Fe: Aand e < €/, then - ¢ : A. J

Proof. By rule induction on the derivation of e — €.

e Case R-app. We have e = ¢; ey and e — €], so € = €] e;. From the typing
assumption, we know - F e e5 : B, so we must have a derivation of the form:

-l—el:A—>B '|_€22A
‘Fee: B

Applying the inductive hypothesis on e¢; — ¢}, we get - - ¢} : A— B. Then by
applying —E again, we conclude - - €} ey : B.

e Case R-lam-1. We have e = (Az.€”) ex and ey — €}, so € = (Ax. €”) e,. From the
typing assumption, we know - F (Ax.€”) e5 : B, so we must have a derivation of the
form:

FAn e A B ey A
F(A\x.e")ey: B

By the inductive hypothesis, - F €}, : A, so by —E, - - (Azx.€¢”) e}, : B.

e Case R-lam-2. We have e = (Ax. €”) v where v is a value, so € = [v/z]e”. We know:

v AFe' B
FXr.e" i A= B o A
F(Ar.e)v: B

By the Substitution Principle, we obtain: - [v/z]e” : B, which is the desired result.

e Other cases. These follow similarly by inversion of the typing derivation and reap-
plying the typing rules, using the Substitution Principle when necessary.

Thus, in all cases, if -Fe: Aand e — €, then - ¢ : A. ]

33



Chapter 1. Foundations: Propositions, Programs, and Types

Theorem 1.5.2 (Progress). If - e : A, then either e is a value, or there exists €’ such
that e — €.

Proof. By rule induction on the derivation of - e : A.

e Case hyp,. Impossible, since variables are never typable in the empty context.
e Case —1I”. If e = \z. ¢, then e is a value by the rule V-1am.

e Case —E. We have e = ey ey, with derivation:

‘Fei:A— B ‘Fey: A
'|_€1€QIB

By the inductive hypothesis, either e; is a value or there is some ¢/ such that e; — €].
Let us consider each subcase in turn.

— If ey — €, then ey e5 < €] ey by the R-app rule.

— Suppose that e; is a value. Then e; must be of the form Az. €’ for some expression

¢’. Applying the inductive hypothesis to ey, we see that either e, is a value or
there is some ¢, such that e; < €}. In the former case, rule R-lam-2 implies
that (Ax. €')es — [ea/x]e/, whereas in the latter case rule R-lam-1 implies that

(Ax. €e')es — (Az. €')e,. Hence, the desired conclusion holds in each case.

e Other cases. The result follows similarly by inspecting the typing rule and the
corresponding evaluation rules. For example, when e = if ¢y then e; else ey, we
apply the inductive hypothesis to ey and consider two subcases:

— If eg is a vaue, then it must be either true or false. If e = if true then e; else e,
then e < e; by the R-cond-2 rule. Similarly, if e = if false then e; else es,
then e — e; by R-cond-3.

— If e is not a value, there is some ej such that ey — ej, soe — if ¢ then e; else e,
by the rule R-cond-1.

A similar reasoning applies to let-bindings, pairs, case analysis, etc.

Thus, in all cases, either e is a value or e — ¢’ for some €. H
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Chapter 1. Foundations: Propositions, Programs, and Types

1.5.2 Implementing an Interpreter

In addition to the typechecker, we have also implemented an interpreter for the language,
which evaluates expressions using the small-step operational semantics defined earlier. As
before, to describe its implementation we restrict our attention to the simply-typed lambda
calculus with booleans and integers.

The core of the interpreter consists of a function eval that performs a single reduction
step according to the rules in Figure 1.7. A helper function fullEval applies eval repeatedly
until a value is reached. To determine when evaluation should stop, we use the predicate
isValue, defined in accordance with the value judgments presented in Figure 1.6.

isValue :: Term -> Bool
isValue Unit = True -- V-unit
isValue (LitBool _) = True -- V-true, V-false

isValue (LitInt _) = True —- V-int
isValue (Lam _ _) = True -- V-lam
isValue _ = False

eval :: Term -> Term

-— R-lam-2

eval (App (Lam x el) v2) | isValue v2 =
subst x v2 el

-— R-app, R-lam-1
eval (App el e2)

| not (isValue el) = App (eval el) e2

| otherwise App el (eval e2)
-— In other cases, the argument must be a wvalue
eval t = ¢t

fullEval :: Term -> Term
fullEval t =
let t' = eval t
in if t == t' then t else fullEval t'

Code Snippet 1.4: Implementation of the core operational semantics rules
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Intuitionistic Modal Logic and Its Type-Theoretic
Interpretation

In the previous chapter, we explored the Curry—Howard correspondence between intuitionis-
tic propositional logic and the simply-typed lambda calculus. A natural question now arises:
can this correspondence be extended to other logical systems, particularly those that reason
about modalities such as necessity and possibility?

This chapter addresses that question by investigating intuitionistic modal logic, a system
that introduces two modal operators—LU1 for necessity and ¢ for possibility. These modalities
allow us to reason not just about what is true, but about what must be true or might be
true, often interpreted in terms of multiple worlds or stages of computation.

2.1 Intuitionistic Modal Logic

”...there is no one fundamental logical ”One often hears that modal (or some
notion of necessity, nor consequently of other) logic is pointless because it can be
possibility. If this conclusion is valid, the translated into some simpler language in a
subject of modality ought to be banished first-order way. Take mo notice of such
from logic, since propositions are simply arguments ... What is essential is to single
true or false.” out important concepts and to investigate
their properties.”

—Russell (1905) —Scott (1970)

(Both quotes as presented by de Paiva (2015))

To explain the necessity and possibility modalities, we follow the approach of Pfenning
and Davies (2001), who offer a foundation for intuitionistic modal logic grounded in Martin-
Lof’s methodology of distinguishing judgments from propositions—an approach discussed in
the previous chapter.

We begin with the necessity modality, [J, which expresses that a proposition holds uni-
versally, regardless of context. In a modal interpretation involving multiple worlds, [JA
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asserts that A is true in every world. In a proof-theoretic setting, the notion of a “world” is

captured by the current set of assumptions; so a necessary proposition must hold under any
set of assumptions; in particular, under no assumptions at all.

This perspective leads us to the Kantian notion of a categorical judgment: a judgment
that does not rely on any truth hypotheses. It is a special case of a hypothetical judg-
ment—one with an empty context of assumptions. To formalize this, we introduce a new
judgment A valid, which expresses that A true holds without depending on any assump-
tions. Formally, we have:

e If -+ A true, then A valid.
o If A valid, then I' = A true for any context I'.

We now allow hypotheses of the form A valid to appear alongside ordinary assumptions in
hypothetical judgments, writing them as:

uy::By valid, ..., u,,::B,, valid; x1:A; true,...,z,:A, true - A true,
where the u; and x; are distinct labels. For brevity, we write this more compactly as:

A;T'F A true,

where A contains valid assumptions and I' contains ordinary assumptions.
To define the necessity modality, we now internalize the categorical judgment as a propo-
sition. This yields the following introduction rule:

A;-F A true
A;T'FOA true

The corresponding elimination rule is:

A;T'FOA true A uAvalid; '+ B true 0
A;T'F B true E

As in the previous chapter, we show that these rules are in harmony by verifying local
soundness and local completeness. Local soundness is demonstrated by the following local
reduction, which eliminates an unnecessary detour:

D
A;-F A true E &'
—
A;T'FOA true — A u::Avalid;I' - B true OE® f A;T'F B true
AT F B true E

where &’ is obtained from & by substituting D for uses of the hypothesis that A is valid.
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Local completeness, on the other hand, is witnessed by the following local expansion:

h *
D D A, u::Avalid; -+ A true prI“
I'F OA true =E  A;TFOA true A,u::Avalid; '+ OA true ——

A;T'F A true

We now turn to the possibility modality, ¢. Intuitively, to say that a proposition A is
possibly true means that there exists some world in which A holds. Unlike necessity, which
demands that A be true in all conceivable contexts, possibility is satisfied by the existence
of a single world where A is true.

We introduce a new judgment A poss, which expresses that A is possibly true. Our
hypothetical judgments now can also have the form

A;T F A poss.
This judgment is defined by the following two principles:
o If A;T'H A true, then A;T' - A poss.
o If A;T + A poss and A; A true - C poss, then A; '+ C poss.

The first rule tells us that actual truth implies possible truth. The second expresses that
possibility can be propagated: if A is possibly true and from the truth of A we can derive
the possibility of C', then C' is also possibly true.

We then internalize this judgment into a proposition ¢A, with the following natural
deduction rules:

A; T+ A poss o1 A;T'H QA true A;z:Atrue - B poss OE?
AT FHOQA true A;T'F B poss

As before, these rules satisfy local soundness and completeness. For local soundness, we
have the following reduction:

D
A;T'FH A true
A;T F A poss coerce £ =g &
A:T'F QA true 01 A; A true - B poss A;T'F B poss
A;T F B poss

Local completeness is witnessed by the following local expansion:
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h
D A;x:Atrue b A true CZZQ;CG
D — 5 A;T'F QA true A;z:Atrue - A poss g
'+ QA true A;T F A poss ¢

ATT OA true V1

Additionally, we allow the following rule, which accounts for the interaction between a
valid hypothesis and a possible truth in the conclusion:

A;T' LA true A u:Avalid;I' - B poss
A;T'+ B poss

CE!

Local soundness for this rule is witnessed by the following local reduction:
D
A;-F A true £ N ol
A;T'F A true - A u::Avalid;I' - B poss O f A;T'F B true
A;T + B poss P

The full list of natural deduction rules is presented in Figure 2.1.

h *
A uAvalid, A;T'H A true YPu

A;-F A true 01 A;T'FOA true A, u:Avalid; '+ B true
A;T'FOA true A;T'F B true

DEu

A;TF A true
A;T'F A poss

coerce

A;T'HOA true A u::Avalid; '+ B poss

LEY
A;T + B poss P

A;T'F A poss o1 AT FOQA true A;x:Atrue F B poss OE*
A;TE QA true A;T'F B poss

Figure 2.1: Natural deduction rules for necessity and possibility

Notice that we have two structural rules: hyp; and coerce, besides five logical rules. As
we did in the previous chapter, we annotate these with proof terms. For this purpose, we
introduce a new class of proof terms, which we call computations. Recall that the judgment
e : A indicates that expression e is a proof term showing evidence for the judgment A true,
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or, equivalently, that e is a program having type A, according to the rules presented in the
previous chapter. Since we now have a new judgment A poss, we introduce a new judgment
c—+ A, which indicates that computation c is a proof term showing evidence for the judgment
A poss. The annotated rules are presented in Figure 2.2.

hvp*
AuzA N THu: A YPu
A;-Fe: A 01 A;TFe:OA AutA; ey B OE
A;T'Fboxe: A A;T'Flet box u=¢; in ey : B
ATkFe: A coerce
Al'Frete+ A
AT Fe:OA AuzA;TFe+ B [
A;T'Flet box u=¢c¢inc+ B P
ATHe+ A o1 A;TFe: OA A;x:AFc+ B OE*
A;I'do c: QA ATFx+ec+B

Figure 2.2: Proof term annotations for necessity and possibility

Our proof terms follow those of Pfenning and Davies (2001), except for the terms related
to possibility, where we adopt a Haskell-inspired notation to emphasize the computational
structure of modal proofs: the construct ret e returns a value, do c¢ initiates a sequence of
computations, and x < e; ¢ expresses sequential composition with binding. Let us now look
at some examples.

Example 2.1.1.

e F\zx. \y.let box u =z in let box w =y in (v w) : (A — B) — (OA — OB).
o FAxr.let box u=xin u:0A — A.

F A\z.let box © =z in box box v : JA — OOA.

FAx.doret z: A— QA

FAlx.doy<+ z;z+ y;ret z: QO0A — QA.

F Az. Ay. let box u =z in (do z + y;ret (uz2)): (A — B) = (0A = OB).
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Since we now have a new kind of variable, we introduce a corresponding substitution
operation, called a modal substitution. We write [e/u]e’ for the result of substituting the
term e for all free occurrences of the modal variable u in e’. Together with the definition
of the set of free modal variables of a term, FMV(-), this operation is specified below. We
present only the most relevant cases; the remaining ones are defined analogously.

FMV(z) e

FMV(Az. e) = FMV(e)

FMV(e; e2) = FMV(e;) U FMV(e2)

FMV(u = {u}

FMV(box e) = FMV(e)

FMV(let box u = e; in ey) = FMV(e;) U (FMV(ey \ {u}))
FMV(ret e) = FMV(e)

FMV(do c) = FMV(c)

FMV(z < e;¢) = FMV(e) U FMV(c)

le/u]x =

[e/u]\x. € = Az. [e/u]€

[e/ull(er e2) = ([e/uler) ([e/ule2)

le/u]u =e

[e/u]v =wv provided that u # v

[e/u]box € = box [e/u]¢’

[e/u]let box v =e; in e; = let box v = [e/u]e; in [e/ules provided that v & FMV(ey), u # v
le/u]ret ¢ =ret [e/u]e’

[e/z]do € =do [e/u]e’

le/z]x + €5 ¢ = x + [e/u]e’; [e/u]c

As in the previous chapter, the following result ensures that the modal substitution
operation is well-behaved with respect to typing.

Theorem 2.1.2 (Substitution Lemma for Validity). If A;-Fe': A and A juzA;T Fe:
B, then A;T' F [¢//u]e : B.

Proof. By rule induction on the derivation of the judgment A, u::A;T'Fe: B. O

We also need a new substitution operation, ((¢/x))c, which denotes the result of sub-
stituting a computation ¢ for the free occurrences of a variable x in another computation c.
We define this by induction on ¢ as follows:
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({ret e/x))c = le/x]c
((y < esd/z))e =y e {(d/z))e
{({(let box u=-¢ in ¢/z))c =let box u=-¢ in ({(¢'/x))c

We can now express the local reductions and expansions we have seen in a more compact
way. For necessity, we have the following:

A;TFHlet box u=boxe ine: A =g A;TH[e/u]e: A
A;T'Fe:OA —r A;I'Flet box u=e in boxu: A
A;TFlet box u=boxe inc+ A = A;TH[e/u]c+ A
Whereas for possibility we have:
ATz« dod;c+B =g ATH{(d/z))e+B
AT Fe:0A —r A;T'Hdo (z <+ eret ) : QA

2.2 Typechecking Programs

We now formulate the rules in Figure 2.2 in a bidirectional way. This is shown in Figure 2.3,

where we use an additional judgment ¢ <= A, where c is an annotated computation, to mirror
the judgment |c| + A.

T-mvar

AuzAN; THFu=A

A;-Fe<s A ATFe=0A AutA;T'Fes <= B

A;T'Fboxe«< A T-box A;T'Flet box u=¢; in e; < B T-letbox

ATFe<= A
ATkrete< A

T-coerce

ATFe=0A Au:A;THe< B

T-letbox-p
A;THlet box u=¢einc< B
ATkFe<E A A;THe= QA A;x:AFc< B
: T-do " T-seq
A;T'Fdo ¢« QA A:THz <+ ec< B

Figure 2.3: Bidirectional typechecking rules for modal terms
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The following two theorems establish the correspondence between our augmented typing
an bidirectional rules.

-

Theorem 2.2.1 (Soundness). The following hold:
(i) f AT Fe<« A, then A;T - Je| : A.
(ii) f A;TFe= A, then A;TF |e| : A.

(iii) If A;T Fc <= A, then A;T - |c] = A.

—

J

Proof. The proof proceeds by mutual rule induction on the derivation of the judgments
ATFe<=AATFe=A and A;TFc< A

(i)

Case T-box. In this case, there is a derivation of the form

AibeeA
A;TFboxe<«= A

Applying the inductive hypothesis on the premise, we deduce that A;T" = |e| : A.
Then, by rule (I and since |box e| = box |e|, it follows that A;T' - |box e| : A.

Case T-letbox. The corresponding derivation here has the form:

A;FPé1:>DA A,u::A;F.I— es <= B
A;T'Flet box u=e¢e; in e < B

Using part (ii) of this theorem on the first premise and the inductive hypothesis
on the second, we obtain the necessary hypotheses to apply the rule JE* and
deduce that A;T' I |let box u = e; in es| : B, as desired.

Case T-do. Here, the corresponding derivation tree has the form:

ATFe<E A I-
A;T'Fdo c<= QA

Applying part (iii) of this theorem to the premise yields the necessary hypothesis
to use the rule ¢TI and infer that A;I' - |do ¢| : OA.

do

Case T-mvar. Here, we have the following derivation:

AuA;TFu= A

As u is in the modal context, we can apply the rule hyp; to deduce the desired
result.

43



Chapter 2. Intuitionistic Modal Logic and Its Type-Theoretic Interpretation

(iii)

e Case T-coerce.

AThHe=A
ATFrete< A

Applying part (i) of this theorem to the premise yields A;T" = |e| : A, so by rule
coerce, we obtain A;T'F |ret e| + A, as desired.

T-coerce

Case T-letbox-p. The corresponding derivation here has the form:

A;T'Fe = 0A AuiA;T e, < B
A;TFlet box u=e¢; in ey < B

Using part (ii) of this theorem on the first premise and the inductive hypothesis
on the second, we obtain the necessary hypotheses to apply the rule LJE} and
deduce that A;T" k- |let box u = e; in es| + B, as desired.

Case T-seq. In this case, the corresponding derivation has the form:

ATFe=0A AmAbc< B
ATFx<ec< B

Applying part (i) of this theorem to the first premise and the inductive hypothesis
to the second provides the necessary hypotheses to apply the rule QE* and deduce
that A;T' F |z < e;¢| + B, as desired.

T-seq

]

-

~

Theorem 2.2.2 (Completeness). The following hold:

(i) If A;T e A, there exists some ¢’ such that A;T'F e <= A and |¢/| = e.

(i) If A;T F ¢+ A, there exists some ¢ such that A;T' ¢ <= A and |¢| = c.

N

Proof.

(i) By rule induction on the derivation of the judgment A;T" ke : A.

e Case hyp;. In this case, we have a derivation of the form:

AuzA AN THu: A

We can then form the following derivation tree:
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T-mvar

AuAAN; THu= A
T-sub

AjuzA AN THu<= A

Hence, letting ¢’ = u works in this case.

e Case [JI. Here, we have a derivation of the form:

A;-FG:A
A;T'Fboxe: A

By applying the inductive hypothesis to the premise, there exists some e’ such
that A;-F e <= A. Application of the rule T-box immediately yields that A;-
box ¢ < A, so our annotated expression in this case is box ¢’.

e Case [JE". In this case, there is a derivation tree of the form:

A;Fl—.el:DA A,u::A;f‘Feg:B
A:T'Flet box u=e¢€; in ey : B

The inductive hypothesis implies the existence of €| and e}, such that |¢|| = e;,
leb| = eq, and the existence of the following derivations:

D &
AT ey <0A AjurzA;TFey, < B

We can then construct the following derivation tree:

D
AT Hep < 0OA T g
AT (ef - 0A) = 0A anne AuzA;T'-e, < B

A;T Flet box u = (¢] : JA) in e; < B T-letbox

e Case {I. In this case, we have a derivation of the form:

ATEe+ A
A;I'Fdoc: QA
Applying part (ii) of this theorem to the premise, we get that there is some ¢

such that A;T - ¢ <= A and || = ¢. Applying the rule T-do yields the desired
result.

(ii) By rule induction on the derivation of the judgment A;T' F ¢+ A.

e Case coerce. Here, we have a derivation tree of the form:
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A;FI;CZA
A;T'Fret c+ A

Applying part (i) of this theorem to the premise allows us to deduce that there
is some annotated version ¢’ of ¢ such that A;T' F ¢ <= A. Now, using the rule

T-coerce, we see that A;T' - do ¢ < A, as desired.

Case LJE,. In this case, there is a derivation tree of the form:

A;FFél:DA A,/U/::A;I‘.l_€2+B
A;T'Flet box u=e; in e; + B
Using part (i) of this theorem and the inductive hypothesis, we deduce that there

are €] and ¢, such that |e]| = ey, |ej] = ez, and the existence of the following
derivations:
D £
AT e <=0A AuzA;THey < B

We can then construct the following derivation tree:

D
AT Fep <= 0OA &
7 T-anno ;e
AT (e - 0OA) = 0OA AuzA;T-ey, < B

T-letbox-p
A;T Flet box u = (¢} : JA) in ey < B

Case QE”. Here, there is a derivation tree of the form:

A;F}—'GZOA A;x:Ai—c+B
ATFx+ec+B

Using part (7) of this theorem on the first premise, and the inductive hypothesis
on the second, we can deduce the existence of the following derivation trees:

D &
A;TFe <= 0A Ax:AFc< B
We can then construct the following derivation tree:

D
A;T'Fe<= QA &
T-anno o
A;TF (e: QA) = OA A;x:AFc< B

T-seq
ATFz<+ec<B
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]

Our typechecker implementation can be readily extended to support the augmented lan-
guage. The details for handling the modal constructs will be discussed in the next chapter,
where we turn to contextual modalities, of which simple modalities are a special case.

2.3 Running Programs

To execute programs in the extended language, we first add new inference rules for the
judgment e value.

box e value V-box

v value
_ — X V-do
ret v value V-ret do ¢ value

Figure 2.4: Additional inference rule for the judgment e value

Our operational semantics requires the addition of the following rules:

e — € _
ret ¢ < ret ¢ Rrret
’ Ly
i G —— R-seq-1 a L - R-seq-2
Tiec s xi-ee (x +do ¢1);c0 = (z+do d);co
R-seq-3
z < do ret v;c; — ((ret v/x))cy a4
er <= €
. . R-letbox-1 . R-letbox-2
let box ©u = e in ey — let box u = e/l in ey etbox let box © = box ¢ in €y —r ﬂ(ﬂ/?iﬂ(ﬂg

Figure 2.5: Operational semantics rules for modal constructs

As before, we can prove that the properties of preservation and progress still hold.

Theorem 2.3.1 (Preservation). The following hold:
(i) If -Fe:Aande — ¢, then-Feé': A.
(ii) If -Fe+Aand ¢ — ¢, then -+ + A.

Proof. (i) By rule induction on the derivation of the judgment e — ¢’

e Case R-letbox-1. Here, we have must have a derivation of the form:
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er — €]
let box u=-¢; in es — let box u = ¢} in ey

Additionally, there must be a typing derivation of the form:

Fe :0OA uzA;-Fey: B
Flet box u=¢; iney: B

Applying the inductive hypothesis to the premise in the first derivation allows us
to deduce that - €} : JA. This provides all the necessary premises to deduce that
Flet box u = ¢ in ey : B, as required.

e Case R-letbox-2. In this case, our derivation has the form

let box u=Dbox e in es — [e/u]ey

By hypothesis, we also have a derivation of the form:

Fe:A :
Fboxe:[A usA;-Fey: B
Flet box u=¢; in ey : B
By the Substitution Lemma for Validity (Theorem 2.1.2), we deduce that +
[e/u]es : B.

(ii) By rule induction on the derivation of the judgment ¢ — (.

e Case R-ret. In this case, our derivation has the form

e — ¢
ret e — ret ¢

By hypothesis, we have a derivation of the form

Fe: A
Fret e+ A

We can then use the first part of this theorem to deduce that F ¢’ : A, and use
our coerce rule to deduce that F ret ¢’ + A, as desired.

e Case R-seq-1. Here we have the following derivation:
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e — ¢
Tec — x¢€;c

By hypothesis, we must have a derivation of the form

Fe: OB  a:Ble+ A
Fr+ec+A

Applying the first part of this theorem, we deduce that - ¢ : B, which allows
us to deduce that - x < ¢’;¢+ A.

Case R-seq-2. Here, our derivation has the following form:

g —
(x —do ¢1);¢0 — (x4 do d)); e

By hypothesis, we must also have a derivation of the form

|_01.+B
Fdoc¢ : OB wr:BFe+ A
F(z<4doc);ca+ A

Here we can apply the inductive hypothesis we can deduce that - ¢] = B and so
that - do ¢ : OB, which in turn allows us to conclude that - (z <— do ¢};c2)+ A,
as desired.

Case R-seq-3. Here our derivation has the form

x < do ret v;cy — ((ret v/z))co

so by hypothesis we must have another derivation of the following form:

l—v‘:B
Fret v+ B :
Fdoretv:{OB wr:BlFe+ A
F(z <~ doret v);co + A

Here we need another substitution lemma for the substitution operation associated
to computations. Since - ret v =~ B and -;2:B F ¢ -+ A, we must have that
F ((ret v/z))ce + A, which can be easily proved by induction and is the desired
conclusion in this case.

]
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Theorem 2.3.2 (Progress). The following hold:
(i) If - e : A, then either e is a value, or there exists ¢’ such that e < ¢'.

(ii) If - F ¢+ A, then either ¢ is a value, or there exists ¢’ such that ¢ — ¢

Proof. (i) By rule induction on the derivation of the judgment - - e : A. We present some
cases.

e Case hyp;. This case is not possible, as modal variables are not typable in an
empty modal context.

e Case [JI. This case is satisfied since boxed terms are values, as specified by rule
V-box.

e Case LIE“. Here, we have a derivation of the form:

Fe A usA; ey B
Flet box u=¢; in ey : B

Applying the inductive hypothesis to the first premise yields two possible cases:
either e; is a value, or there exists €| such that e; < ¢/. In the first case, e; must
be of the form box e for some term e, so letting ¢/ = let box u = box e in e
and using rule R-letbox-2 yields the desired result. In the second case, letting
¢/ =let box u = €] in ey and using rule R-letbox-1 works.

e Case {I. This case holds since terms of the form do ¢ are values by the rule
V-do.
(ii) By rule induction on the derivation of the judgment -+ ¢ + A.

e Case coerce. Here, we have a derivation of the following form:

Fe: A
Fret e+ A
If e is a value, we can use rule V-ret to deduce the desired conclusion. Otherwise,
we must have e < ¢’ for some other term €, so we can rule R-ret to deduce
that ret e — ret €.

e Case QE”. Here, our derivation has the form

l—e;OB x:Bl—‘c+A
Fr+ec+A

20



Chapter 2. Intuitionistic Modal Logic and Its Type-Theoretic Interpretation

Applying the first part of the theorem to the first premise yields two cases: either
e is a value, or there exists €’ such that e < ¢’. In the latter case, rule R-seq-1
works. Let us consider the case where e is a value, it must be of the form do ¢,
so our derivation has the more detailed form:

l—c'+B :
Fdoc:OB z:BFc+ A
Frz+docc+ A

Applying the inductive hypothesis to F ¢ + B, we see that it must be a value or
there must be some computation ¢’ such that ¢ < ¢. In the first case, the only
option is ret v for some value v, so we can use rule R-seq-3 to obtain the desired
conclusion. Otherwise, rule R-seq-2 works.

e Case [JE,. This case is analogous to the case of [JE* presented in the first part
of the theorem.

]

As with the typechecker, our interpreter can be extended to incorporate the operational
semantics rules discussed so far. We defer this discussion to the next chapter, where we
examine contextual modalities.
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Contextualizing Modalities: Exploring Contextual Modal
Type Theory

In the previous chapter, we studied intuitionistic modal logic and its computational inter-
pretation via the Curry—Howard correspondence. We saw how the modalities of necessity
and possibility allow reasoning not only about what is true, but also about what must or
might be true.

We now bring this development to its culmination by introducing Contextual Modal Type
Theory (CMTT), in which modalities are relativized to explicit contexts. In this setting, a
judgment of the form [W]A true asserts that A holds whenever all assumptions in ¥ hold
and no others. This generalizes the judgment [JA true, which, in the contextual setting,
corresponds to [-|A true.

The chapter begins by adapting the natural deduction rules for modal logic to incorporate
contextual modalities. We then present a bidirectional formulation of these rules, which
enables the extension of our typechecker to handle contextual modal programs. Finally, we
extend the operational semantics accordingly and show how to execute programs in this
enriched setting.

3.1 Intuitionistic Contextual Modal Logic

Modal logic, with its notions of necessity and possibility, extends propositional logic to
reason not only about what is true, but also about what must be true or could be true.
In many situations, however, the truth of a proposition depends on the context in which
it is formulated. That is, it is not enough to know whether a proposition is true or false
in absolute terms; it is necessary to consider the hypotheses under which the proposition
is evaluated. As Nanevski, Pfenning, and Pientka (2008) emphasize, the notion of context
is fundamental in fields such as linguistics, artificial intelligence, and logic, and it plays a
central role when one acknowledges that the truth of propositions depends on the conditions
under which they are stated.

The logic given by the rules in Figure 3.1 incorporates the notion of context into intu-
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itionistic modal logic. In this setting, contexts are identified with the sets of propositions
that hold within them, and they become an explicit part of the logical language.

A usAvalid[V], AT 0
A uAvalid[V], AT F A true YPu

A; U A true I A; T+ [U]A true A u:Avalid[¥];T'F B true .
AT F [U]A true AT+ B true E

AT HWT A;TH A true

AT+ Aposs(¥) coerce

A;TF WA true A uzAvalid[U];T F B poss(O)
A;T + Bposs(O)

CE!

A; T+ Aposs(¥) . AT H(U)A true A; U 2:A true - B poss(O)
A;TH(U)A true A;T + B poss(©)

QE”

A; T+ By true AT+ B, true .
A;TFy:By true, -+, ym: B, true crx

Figure 3.1: Natural deduction rules for contextual modalities

Let us consider a few example derivations.

Example 3.1.1. e - [A]A true.

hyp,

z:Atrue - A true 01

- [A]A true

e [C,C]A — [C]A true.

: hyp,
u::A valid[C]; z:C true - C true

J;
w::Avalid[C]; z:C true - C true ztihyp
hyp u::Avalid[C]; 2:C true - A true DIu
x:[C, C]A true - [C,C]A true * w:zAvalid[C];#:[C, C]A true F [C]A true
z:[C, C]A true F [C]A true HE
F[C,C]A — [C]A true

x
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e - [C]A — [D][C]A true.

» X - hyp,
u::Avalid[C]; z:C true F C true

[
w::Avalid[C]; 2:C true F C true zzzhyp
u:Avalid[Cl; z:C true - A true “
hyp u:Avalid[Cl;z:D true F [C]A true —
z:[C)A true - [C]A true * wunAvalid|C); 2:[C]A true - [D][C]A true
x:[C]A true - [D][C]A true
F [C]A — [D][C]A true

|:| Eu

We interpret this logic as a type theory by annotating the natural deduction rules with
proof terms, giving rise to Contextual Modal Type Theory. The typing rules are given in
Figure 3.2.

A uszAN), AT o U

h *

A usz AP, AT Fulo) @ A YPu
A;UhRe: A O1 AT e [V]A AjuzAW];THey: B .
A;THbox We: [V]A A;TFlet box u=e; in ey : B E

ATHo: U A;THe: A

AN I‘et<o'. p> - A<\I/> coerce

A TRe: VA AjuzAY];TF e+ B(O)

U

A;T Flet box u = ¢ in ¢+ B(O) b
AT e+ A(D) o1 AThHe: (WA A; U, 2:AF c+ B(O) OE®
A;THdoc: (W)A AT H W2+ e;c+ B(O)
AT ke : By AT ke, : B,

ctx
A/ 'k (!/l Ap P Ym 6771) : (!/1131 ~~~~~ !/m,:Bm)

Figure 3.2: Proof term annotations for contextual modalities
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3.2 Typechecking Programs

In Figure 3.3, we present the bidirectional formulation of the typing rules presented in the
previous section.

A us AU AT o< U
A us AP, AT Fulo) = A

T-mvar

A;Uke<= A T-box AT e = [V]A AuzAP);IC'F ey < B
A;TFbox U e < [U]A ° A;T+let box u=e; in ey < B

T-letbox

ATFo<=T ATHe<= A
A;T I ret(o,e) < A(D)

T-coerce

ATFe=[V]A  AuzA[U];TFc< B(O)

T-letbox-p
A;T I let box u = e in ¢ <= B(O)
AT F e < A(D) ATFe= (I)A AU 2:AlF c< B(O)
: T-do . T-seq
A;I'Fdo ¢« (V) A AT H Uz« e;c < B(O)
ATHe <= B AT+ e, < By,
T-ctx

Avr F (yl el Ym em) ~ (ylZBlv----,ym:Bm)

Figure 3.3: Bidirectional rules for contextual modalities

To extend our typechecker, we begin by updating the signatures of the synth and check

functions, and by introducing a new function checkPoss to handle rules of the form ¢ <
A(¥). We also add a checkSubs function to implement rules of the form o < W. The
updated set of signatures is shown in Code Snippet 3.1.
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type Ctx = [(String, Type)]

type ModCtx = [(String, (Type, Ctx))]

type Subs = [(String, Term)]

synth :: ModCtx -> Ctx -> Term -> Either TypeError Type
check :: ModCtx -> Ctx -> Term -> Type -> Either TypeError ()

checkSubs :: ModCtx -> Ctx —-> Subs -> Ctx -> Either Error ()

checkPoss :: ModCtx -> Ctx -> Term -> Type -> Ctx -> Either Error ()

Code Snippet 3.1: Typing contexts and typechecking function signatures

The synth function remains the main entry point. To typecheck a program, we supply a
sufficiently annotated term e and call synth with empty contexts as its first two arguments.
In other words, we determine whether -;- = e = A holds for some type A. Depending on
the bidirectional rules, synth may then invoke other functions to complete the typechecking
process. Code Snippet 3.2 shows two cases in the definition of check.

check :: ModCtx -> Ctx -> Term -> Type —-> Either TypeError ()
-— T-bozx
check modCtx ctx (Box psi e) t =
case t of
BoxTy psi' ty
| eqCtx psi psi' -> check modCtx psi' e ty

| otherwise -> Left(DifferentContexts psi psi')
_ —> Left (NotABoxType t)
-- T-letboz

check modCtx ctx (LetBox u el e2) t = do
t1l <- synth modCtx ctx el
case tl1 of
BoxTy psi ty -> check ((u, (ty, psi)) : modCtx) ctx e2 t
-> Left (NotABoxType t1)

Code Snippet 3.2: Implementation of the rules T-boxand T-letbox
As in the previous chapter, the theorems relating our original typing judgments with
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their bidirectional formulations (cf. Theorems 2.2.2 and 2.2.1) continue to hold and can be
proved by straightforward induction on derivations.

3.3 Running Programs

This final section presents the missing pieces we need to run contextual modal programs.
We begin with additional rules for the judgment e value.

V-b
box U. e value ox
o value e value V-ret V-do
ret(o, e) value do ¢ value
e; value s en value
V-subs
(y1 < €1y, Ym < €m) value

Figure 3.4: Additional inference rule for the judgment e value

In addition to the values listed above, empty substitutions are also considered values.
Our operational semantics rules are similar to those in the previous chapter, but now take
into account contexts and substitutions:

ret(o, e(; : :ét(a/,e) Roret-1 ret(o, e(; : f‘let(a7 e') R-ret-2
y

Uz« e;f: :; (\EI;I —ese firseat ¥ x + do (:1;2 : iﬁ.] +do d};c Rrseq-2

U 2 < do ret(vy,vy);co — {(ret(o,v)/(¥,x)))cy Rrseq-3
e R-box-1 R-box-2
let box u =¢; in e; — let box v =¢} in ey let box u =box V.e in e; — [V.e/u]ey

/ !

(1 < 61‘;; : Zlh —.0) R-subs-1 (y1 vl,o(g : ((fy1 —vy,0') R-subs-2

Figure 3.5: Operational semantics rules for contextual modal constructs

The substitution operations must now take the context ¥ into account. A substitution
o is so named because it performs a simultaneous substitution on a term. Their definitions
are given by Nanevski, Pfenning, and Pientka (2008) and are implemented in the source
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code accompanying this project. As in the previous chapter, theorems of progress and
preservation hold for the contextual calculus and can be proved by induction on derivations.
Once the substitutions are in place, implementing the interpreter amounts to writing down
the operational semantics rules. Code Snippet 3.3 shows the implementation of the rules
R-box-1 and R-box-2, where modSubstitute is a function implementing contextual modal
substitution.

eval :: Term -> Term
-— R-boxz-1, R-boz-2
eval (LetBox u el e2) =
case eval el of
Box ctx e3 —> modSubstitute e2 u ctx e3
el' —> LetBox u el' e2

-— In other cases, the argument must be a wvalue

eval t = t

fullEval :: Term —-> Term
fullEval t =

let t' = eval t

in if t == t' then t else fullEval t'

Code Snippet 3.3: Implementation of rules R-box-1 and R-box-2
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Conclusions and Future Work

This thesis has contributed to the study of modal logic and type theory from a computational
perspective, addressing both theoretical and practical aspects. First, the modal type system
proposed by Davies and Pfenning (2001) was reformulated as a bidirectional type system.
This presentation makes the implementation of a typechecker straightforward by separating
typing judgments into checking and synthesis modes. Building on this, we presented Con-
textual Modal Type Theory (CMTT) in a bidirectional style, capturing both modalities of
contextual necessity and possibility.

In both the modal and contextual modal systems, we defined operational semantics
that specify how well-typed programs can be evaluated. To explore these systems, we im-
plemented both a typechecker and an interpreter in Haskell. The full implementation is
available in the public repository accompanying this thesis (Lépez-Aquino, 2025).

These contributions establish a solid foundation for further research in more expressive
modal systems. One especially promising direction is the study of Effectful Contextual Modal
Type Theory (ECMTT), proposed by Zyuzin and Nanevski (2021). ECMTT extends CMTT
by incorporating algebraic effects and handlers, enriching the expressiveness of the type
system while maintaining its modal foundation. A natural continuation of this work would
be to develop a bidirectional formulation of ECMTT and to discover its logical counterpart
via the Curry-Howard correspondence. This would involve identifying a suitable Kripke
semantics and a corresponding proof system that reflect its type-theoretic structure.
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