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Self-interactions of the lightest minimal supersymmetric standard model Higgs boson
in the large pseudoscalar-mass limit
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We investigate the decoupling properties of the Higgs-sector-induced one-loop corrections in the lightest
Higgs-boson self-couplings, in the framework of the minimal supersymmetric standard model~MSSM!. The
renormalizedn-point vertex functions with external Higgs particles in the MSSM and in the SM are derived to
the one-loop level and compared in theMA0@MZ limit. The computation has been done in a generalRj gauge
and the on-shell renormalization scheme is chosen. By a comparison of the renormalized lightest Higgs-boson
h0 vertex functions with respect to the corresponding SM ones, we find that the differences between the
predictions of both models are summarized in the lightest Higgs-boson mass correctionDMh0. Consequently,
the radiative corrections are absorbed in the Higgs-boson mass, and the trilinear and quartich0 self-couplings
acquire the same structure as the couplings of the SM Higgs boson. Therefore, decoupling of the heavy MSSM
Higgs bosons occurs and the MSSMh0 self-interactions converge to the SM ones in theMA0@MZ limit.
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I. INTRODUCTION

The expectations of the discovery of at least one li
Higgs particle at the next generation of high-energy collid
have greatly increased in recent years after the valuable
taken at the CERNe1e2 Collider LEP and Fermilab Teva
tron @1#. The standard model~SM! Higgs-boson massMHSM

is now constrained by the worldwide electroweak data to
MHSM

,195 GeV and by the direct search performed at

LEP II machine to beMHSM
.114.1 GeV, both at 95% C.L

In the minimal supersymmetric standard model~MSSM!, on
the other hand, the mass of the lightest neutral Higgs
ticle, Mh0, is predicted to be bounded from above byMh0

&135 GeV and the direct searches at LEP give a 95% C
exclusion limit ofMh0.91 GeV. This remarkable shrinkag
of the allowed mass range of these Higgs particles has
hanced even more the expectations for their discovery at
forthcoming CERN Large Hadron Collider~LHC! and the
next runs of the Fermilab Tevatron.

Assuming the hypothetical discovery of one of these t
light Higgs particles in the next generation of colliders, t
next challenge will be to measure its mass and coupling
all known particles, including its couplings to SM fermion
and SM gauge bosons, as well as the Higgs-particle s
couplings themselves. The measurement of these param
can serve to unravel the supersymmetric~SUSY! or nonsu-
persymmetric origin of this Higgs particle, and, more spec
cally, to distinguish if this is the SM,HSM, or the MSSM,
h0. Particularly relevant will be the measurement of t
Higgs-boson self-couplings in order to establish the Hig
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mechanism experimentally. The reconstruction of the nee
self-interaction potential requires a knowledge of both
trilinear and quartic self-couplings of the Higgs boson. Sin
the predictions of these self-couplings are different in the S
and in the MSSM, their experimental measurement co
provide not just an essential way to determine the mec
nism for generating the masses of the fundamental parti
but also an indirect way to test supersymmetry. In the SM
the tree level, the Higgs boson self-couplings are uniqu
determined by the Higgs-boson massMHSM

and the vacuum

expectation value of the Higgs-boson fieldv, or equivalently
the W boson massMW and the SU(2)L gauge couplingg,
sincev52MW /g. More specifically,lHHH53MHSM

2 /v and

lHHHH53MHSM

2 /v2. In contrast, in the MSSM@2#, the tree-

level trilinear and quartich0 couplings are determined by th
SU(2)L gauge couplingg, the weak angleuW , the Z boson
massMZ , the ratio of the two Higgs-boson vacuum expe
tation values, tanb5v2 /v1, and theCP-odd Higgs-boson
massMA0, that is,lhhh

0 53(gMZ/2cW) cos 2a sin(b1a) and
lhhhh

0 53(g2/4cW
2 )cos22a, with the mixing anglea andMh0

being derived quantities fromb, MA0, and MZ . For arbi-
trary values of the MSSM Higgs-sector input paramet
tanb andMA0, the values of these self-couplings are clea
different from those of their corresponding trilinear and qu
tic SM couplings. However, the situation changes in the la
pseudoscalar-mass limitMA0@MZ , yielding a particular
spectrum with heavyH0,H6,A0 Higgs bosons having simi
lar massesMA0.MH6.MH0, and a lighth0 boson having a
tree-level mass ofMh0.MZucos 2bu. This MA0@MZ limit is
referred to in the literature~and in the present work from
now on! as thedecoupling limitof the MSSM Higgs sector
@3#, because theh0 tree-level interactions with the SM fer
mions and SM gauge bosons resemble the corresp
ing SM Higgs boson interactions. Furthermore, in th
large pseudoscalar-mass limit, which also impliesa→b
©2002 The American Physical Society16-1
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2p/2, the h0 self-couplings approach, respectively,lhhh
0

.3g/2MWMh0
2 and lhhhh

0 .3g2/4MW
2 Mh0

2 and, therefore,
they converge as well to their respective SM Higgs bos
self-couplings ifMHSM

is taken to be equal toMh0. We can

therefore conclude that, at the tree level, there is decoup
of the heavy MSSM Higgs sector and by studying the lig
Higgs boson self-interactions it will be very difficult to un
ravel its SUSY origin.

In this paper we are concerned with the behavior of
self-interactions of the lightest MSSM Higgs boson beyo
the tree level, where important radiative corrections fro
various sectors are expected@4–10#. In particular, the one-
loop corrections from the quark and squark sectors
known to be large, specially in the low tanb andMA0 region
where they can amount up to 5% even for heavy squark
the TeV region@9#. We focus here on the one-loop radiativ
corrections to theh0 self-couplings from the MSSM Higgs
sector itself, and study the decoupling behavior of these
rections in the limit whereH0, H6, andA0 become quaside
generate and very heavy as compared to the electrow
scale, whileh0 remains light,Mh0&135 GeV. We address
the question above about the possible convergence or d
gence of these self-couplings to the SM ones and draw c
clusions about the important issue of the possibility of d
cerning betweenh0 andHSM in thedecoupling limitthrough
the study of their self-interactions.

From the more formal point of view of the effective fie
theory, such study corresponds to determining the lo
energy effective action describing theh0 self-interactions
that is obtained after integration of the heavy Higgs-bos
fields,H0, H6, andA0, and to deciding if these effectiveh0

self-interactions, which are valid at low energiesE!MA0,
are the same or not as the SM ones. In fact, whenev
symmetry is present in a fundamental theory and one is
terested in having this symmetry also in low-energy effect
theory, the particles to be integrated must satisfy a comp
representation of that symmetry. In our case, the MS
plays the role of the fundamental theory and it is SU(2L
3U(1)Y gauge invariant. Therefore, the SM, which is al
gauge invariant, could be obtained in principle as an eff
tive theory from the MSSM only if one integrates both of t
Higgs MSSM doublets which includeH0,H6,A0, the Gold-
stone bosons, and theh0 itself, and not only the heavy
modes. This is why we consider here the integration of
the MSSM Higgs-boson modes.

The computation of the low-energyh0 self-interactions
can be performed in two ways: either by integrating out
Higgs-boson fields in the path integral formalism@11,12#, or
by standard Feynman-diagrammatic methods. We
choose this second method here and proceed as follows
evaluate the one-particle irreducible~1PI! Green functions
with external h0 particles to one-loop level and then w
evaluate the corresponding renormalized 1PI Green fu
tions by fixing the on-shell renormalization scheme. We w
concentrate on studying the behavior of these renormal
vertex functions in thedecoupling limitwhereH0, H6, and
A0 are much heavier thanZ, while both theh0 massMh0 and
the momenta of the externalh0 particles remain at som
09501
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low-energy scale belowMA0. This will give us the values of
the low-energyh0 self-couplings that we are looking for. In
order to address the comparison with theHSM self-couplings
we follow the so-called matching procedure@13# in which
the quantities to be compared are the renormalized 1PI G
functions of the two theories. More concretely, we comp
here the renormalizedh0 1PI Green functions, in the previ
ously mentioneddecoupling limit, and the corresponding SM
renormalizedHSM 1PI functions at the one-loop level, an
we find that they are indeed equal for all the studiedn-point
functions (n51, . . . ,4). Inparticular, then53,4 cases show
explicitly the convergence of the MSSMh0 self-couplings to
the HSM self-couplings at the one-loop level that we a
looking for. We also show that all the one-loop effects fro
the heavy Higgs-boson modesH0, H6, andA0 in the low-
energyh0 self-interactions either are absorbed into a red
nition of the low-energy parameters~concretely,Mh0), or
else are suppressed by inverse powers ofMA0. Consequently,
and following the lines of the Appelquist-Carazzone theor
@14#, we conclude that the heavy Higgs bosonsH0, H6, and
A0 do decouple from the low-energyh0 self-interactions, not
just at the tree level but also at one-loop level. This indica
that it will therefore be very difficult, even with high
precision experiments, to distinguish anh0 from the SM
Higgs boson by studying their self-interactions, if the pse
doscalar boson mass turns out to be large.

The paper is organized as follows. In Sec. II we brie
present those aspects of the MSSM that we are intereste
fixing our notation. A discussion of the one-loop MSS
Higgs-sector contributions and the analytical results of th
contributions to theh0 self-interactions in thedecoupling
limit are included in Sec. II A. Section II B is devoted to th
on-shell renormalization procedure, where the express
for the n-point vertex function counterterms, in theMA0

@MZ limit, and also the explicit asymptotic results for th
renormalization constants are presented. Finally, in this s
section we give the renormalized vertex results in thedecou-
pling limit. A discussion of the Higgs-boson self-couplings
the SM, by giving the one-loopHSM self-coupling correc-
tions, the results for the renormalization constants by ass
ing the on-shell scheme, and finally the SM renormaliz
vertex functions, is presented in Sec. III. A comparison of
results for the renormalizedn-point functions in the two
theories is examined and discussed in detail in Sec. IV.
nally, the summary of our conclusions is presented at the
of this last section.

II. MSSM HIGGS SECTOR

The Higgs sector of the MSSM involves two scalar do
bletsH1 andH2, in order to give masses to up- and dow
type fermions in a way consistent with supersymmetry. T
two-doublet Higgs potential is given by@2#

V5m1
2H1H̄11m2

2H2H̄21m12
2 ~eabH1

aH2
b1H.c.!

1
g821g2

8
~H1H̄12H2H̄2!21

g2

2
uH1H̄2u2, ~1!
6-2
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SELF-INTERACTIONS OF THE LIGHTEST MINIMAL . . . PHYSICAL REVIEW D 66, 095016 ~2002!
with the doublet fieldsH1 andH2, the soft SUSY-breaking
termsm1 ,m2 ,m12, and the SU(2)L and U(1)Y gauge cou-
plings g,g8.

After spontaneous symmetry breaking induced throu
the neutral components ofH1 andH2 with vacuum expecta-
tion valuesv1 andv2, respectively, the MSSM Higgs secto
contains five physical states: two neutralCP-even scalars
(h0 and H0), one CP-odd pseudoscalar (A0), and two
charged Higgs-boson states (H6). All quartic coupling con-
stants are related to the electroweak gauge coupling
stants, thus imposing various restrictions on the tree-le
Higgs-boson masses, couplings, and mixing angles. In
ticular, all tree-level Higgs-boson parameters can be de
mined in terms of the massMA0 of theCP-odd Higgs boson
@MA0

2
5m12

2 (tanb1cotb)#, and the ratio of the two Higgs
boson vacuum expectation values, tanb5v2 /v1. The other
masses and the mixing anglea for the CP-even states
(h0,H0) are then fixed, and the trilinear and quartic se
couplings of the physical Higgs particles can be predicte

Our main interest is in the lighth0 self-couplings, given at
the tree level by

lhhh
0 53

gMZ

2cW
cos 2a sin~b1a!,

lhhhh
0 53

g2

4cW
2

cos22a. ~2!

In general, they are different from the tree-level couplin
of the SM Higgs boson@see Eq.~32! of Sec. III#. However,
the situation changes in the decoupling limit of the Hig
sector @3#, which implies a particular spectrum with ver
heavy and quasidegenerateH0, H6, andA0 Higgs bosons,
obeying

MH6
2 .MA0

2 F11
MW

2

MA0
2 G ,

MH0
2 .MA0

2 F11~12cos22b!
MZ

2

MA0
2 G , ~3!

and a lighth0 boson, close to the electroweak scale, with
tree-level mass of

Mh0
tree.MZucos 2bu. ~4!

This limit also impliesa→b2p/2, and thus the tree-leve
self-couplings~2! tend toward

lhhh
0 .3

g

2MW
Mh0

2 tree,

lhhhh
0 .3

g2

4MW
2

Mh0
2 tree. ~5!

Consequently, the tree-level couplings of the lightCP-even
Higgs boson approach the couplings~32! of a SM Higgs
boson with the same mass in the decoupling limit.
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However, there are large radiative corrections contrib
ing to theh0 self-couplings. TheO(mt

4) top-quark and top-
squark contributions were presented recently in@9#, with a
discussion of decoupling of heavy top-squark particles in
one-loop contributions. Now we will investigate the on
loop contributions to theh0 self-couplings originating from
the MSSM Higgs sector itself. Thereby, in principle, a
kinds of diagrams involving gauge bosons, Goldsto
bosons, light and heavy Higgs bosons, have to be taken
account. Some simplifications can be made, however, w
one studies the deviations of the MSSMh0 self-couplings
from the corresponding SM ones.

~i! The subset of diagrams with only gauge bosons flo
ing in the loops and the subset of diagrams with both ga
and Goldstone bosons give the same contributions to theh0

vertex functions as to theHSM vertex functions, which we
have checked by explicit computation. The only differenc
come from the extra sin(b2a) factors appearing in theh0

case, but these factors tend to 1 in the decoupling lim
Therefore, these kinds of diagrams do not contribute to
differences betweenh0 and HSM in the decoupling limit,
MA0@MZ , and do not need to be considered in our analy

~ii ! The contributions from loop diagrams with heav
Higgs bosons (H0,H6,A0) together with gauge bosons a
ways go with factors cos(b2a) and, therefore, they vanish i
the largeMA0 limit. We have also checked this explicitly. W
thus do not need to consider these diagrams here either

~iii ! Diagrams involving loops with MSSM heavy Higg
bosons together with Goldstone bosons or the lightest Hi
boson do not appear in the SM. Contrary to the previo
case, the vertices in these Feynman diagrams are not pro
tional to cos(b2a) and they do not vanish in the decouplin
limit. These diagrams must therefore be included explic
in our computation. Moreover, the purely MSSM hea
Higgs-boson one-loop contributions are obviously an exc
sive property of the MSSM and thus they have to be tak
into account as well. In addition, there are contributions fro
diagrams involving just Goldstone bosons and the light
Higgs boson in the loops.A priori, they do not look the same
in both models. However, as we will see in course of t
discussion, they converge to the SM ones in theMA0@MZ
limit ~see Secs. II A and III!.

For a transparent discussion, we present the details o
computation in the following subsections. First, we will giv
the one-loop results for the unrenormalized vertex functio
of the lightest Higgs bosonh0, by considering the limit
MA0@MZ in the MSSM Higgs sector. Then, we give a di
cussion of the on-shell renormalization scheme for
MSSM Higgs bosons and list the expressions for theh0 ver-
tex function counterterms and the explicit results for t
renormalization constants in the largeMA0 limit ~Sec. II B!.
Finally, the renormalized vertex results are given at the e
of Sec. II B.

A. Higgs boson self-couplings in the large-M A0 limit

From now on, the general results for then-point (n
51, . . . ,4) renormalized vertex functions will be summa
rized by the generic expression
6-3
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GRH
(n) 5G0H

(n)1DGRH
(n) 5G0H

(n)1DGH
(n)1dGH

(n) , ~6!

where the subscriptR denotes renormalized functions, th
subscript 0 refers to the tree-level functions, the one-lo
contributions are summarized inDGH

(n) , anddGH
(n) represent

the counterterm contributions. The sum of these two last c
tributions is denoted byDGRH

(n) . HereH refers to the externa
Higgs-boson particle, which corresponds to the light
CP-even Higgs bosonH[h0 in the MSSM and to the SM
Higgs bosonH[HSM in the SM case. The tree-level func
tions in the MSSM,G0h0

(n) , for n53 andn54, are the trilin-
ear and quartich0 Higgs self-couplings, already given in Eq
~2!, andG0h0

(2)
52(q22Mh0

2 tree). Obviously,G0H
(1)50.

We will present in this subsection the results for the o
loop contributionsDGh0

(n) that come from the diagrams show
generically in Fig. 1. The computation has been perform
by the diagrammatic method utilizingFEYNARTS 3 and
FORMCALC @15#, and the results are expressed in terms of
standard one-loop integrals@16#. We have made the compu
tation in a generalRj gauge and we have used dimension
regularization to compute the one-loop integrals. Some
tails of how to compute the integrals in the large mass li
MA0@MZ can be seen in@11#. In the decoupling limit, the
heavy Higgs-boson masses have similar size, up to term

FIG. 1. Generic one-loop diagrams contributing to then-point
(n51,2,3,4) functions of the Higgs boson. Heref[h0 (f
[HSM) in the MSSM (SM) case and correspondinglyS
[h0,G0,G6,H0,H6,A0 (S[HSM ,G0,G6).
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O(MZ
2/MA0

2 ) @see Eq.~3!#, and correspondingly thea angle
expansion leads toO(MZ

2/MA0
2 ) terms, such that

sin~b2a!.1, cos~b2a!.
MZ

2

MA0
2 S2bC2b ,

sin~b1a!.2C2bS 12
MZ

2

MA0
2 S2b

2 D ,

cos~b1a!.S2bS 11
MZ

2

MA0
2 C2b

2 D ,

sin 2a.2S2bS 112
MZ

2

MA0
2 C2b

2 D ,

cos 2a.2C2bS 122
MZ

2

MA0
2 S2b

2 D . ~7!

Here, and throughout this paper,C2b[cos 2b and S2b
[sin 2b.

Finally, with the explicit results for the one-loop integral
we obtain the contributions to then-point functions. For a
later comparison with the SM, it is convenient to split th
results according to

DGh0
(n)

5DGh0
(n) light

1DGh0
(n)mixed

1DGh0
(n)heavy

, ~8!

whereDGh0
(n) light

refers to one-loop diagrams with Goldston

bosons (G0,G6) and the lightest Higgs bosonh0, DGh0
(n)mixed

refers to the one-loop diagrams involving heavy Higgs p
ticles (H0,H6,A0) together with theh0 boson or Goldstone

bosons flowing in the loops, and, finally,DGh0
(n)heavy

refers to
the diagrams with MSSM purely heavy Higgs contributio
~only H0, H6, andA0 in the one-loop diagrams!.

We first list thelight one-loop vertex terms. Note that fo
our study both the momenta of the externalh0 lines and the
masses ofh0,Z,W6 are quantities to be considered at t
low-energy scales belowMA0. The corresponding subset o
diagrams is depicted generically in Fig. 1 for the MSSM ca
by settingf[h0 andS[h0,G0,G6. The contributions from
the first three-point diagram and from the last two four-po
diagrams are UV finite. The residual diagrams give both
finite contribution and a divergent part. Expressed in terms
the scalar one-loop integrals@16# in the convention of@17#,

we have, forDGh0
(n) light

in the largeMA limit,
DGh0
(1)light5

gMZ

64p2cW

C2b
2 $3A0~Mh0

2
!1A0~jMZ

2!12A0~jMW
2 !%,

DGh0
(2)light5

g2

128p2cW
2

C2b
2 $3A0~Mh0

2
!1A0~jMZ

2!12A0~jMW
2 !1MZ

2C2b
2 @9B0~q2,Mh0

2 ,Mh0
2

!1B0~q2,jMZ
2 ,jMZ

2!

12B0~q2,jMW
2 ,jMW

2 !#%,
6-4
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DGh0
(3)light5

g3

256p2cW
3

MZC2b
4 $@9B0~q2,Mh0

2 ,Mh0
2

!1B0~q2,jMZ
2 ,jMZ

2!12B0~q2,jMW
2 ,jMW

2 !1~q→p!1~q→r !#

12MZ
2C2b

2 @27C0~q2,p2,r 2,Mh0
2 ,Mh0

2 ,Mh0
2

!1C0~q2,p2,r 2,jMZ
2 ,jMZ

2 ,jMZ
2!

12C0~q2,p2,r 2,jMW
2 ,jMW

2 ,jMW
2 !#%,

DGh0
(4)light

5
g4

512p2cW
4

C2b
4 $@9B0„~q1p!2,Mh0

2 ,Mh0
2
…1B0„~q1p!2,jMZ

2 ,jMZ
2
…1B0„~q1p!2,jMW

2 ,jMW
2
…1~p→r !

1~p→t !#12MZ
2C2b

2 @27C0„q
2,p2,~q1p!2,Mh0

2 ,Mh0
2 ,Mh0

2
…1C0„q

2,p2,~q1p!2,jMZ
2 ,jMZ

2 ,jMZ
2
…

12C0„q
2,p2,~q1p!2,jMW

2 ,jMW
2 ,jMW

2
…~p→r !1~p→t !1~q→t,p→r !1~q→p,p→r !1~q→p,p→t !#

12MZ
4C2b

4 @81D0„q
2,p2,r 2,t2,~q1p!2,~p1r !2,Mh0

2 ,Mh0
2 ,Mh0

2 ,Mh0
2
…

1D0„q
2,p2,r 2,t2,~q1p!2,~p1r !2,jMZ

2 ,jMZ
2 ,jMZ

2 ,jMZ
2
…

12D0„q
2,p2,r 2,t2,~q1p!2,~p1r !2,jMW

2 ,jMW
2 ,jMW

2 ,jMW
2
…1~r↔t !1~p↔r !#%. ~9!
-
ow

-

c-
in-
on

en

a-
le.
Here q, p, r, and t denote the external momenta,j is the
gauge parameter, andcW5cosuW. Notice that these contri
butions arej-gauge dependent. In addition, since they sh
an explicit dependence onb, they are different from the SM
ones for arbitrary tanb values. However, as we will see ex
plicitly in Sec. III @see Eq.~33!#, they converge to the SM
ones in theMA0@MZ limit. Thus, by identifying the light
CP-even Higgs-boson massMh0

tree.MZuC2bu with the SM
Higgs-boson massMHSM

tree , the contributions~9! acquire the
09501
structure of the unrenormalized SM one-loop vertex fun
tions ~33!. Therefore, we conclude that the contributions
volving only Goldstone bosons and the lightest Higgs bos
in the loops are the same in both models in theMA0@MZ
limit. This is equivalent to stating that the difference betwe
the one-loop unrenormalizedn-point functions of the two
theories in the decoupling limit originates only from di
grams including at least one heavy MSSM Higgs partic
These contributions correspond toDGh0

(n)heavyandDGh0
(n)mixed,

which read as follows:
DGh0
(1)heavy

5
gMZ

32p2cW
H MA0

2
~112cW

2 23C2b
2 !S De112 log

MA0
2

m0
2 D

1MZ
2F6C2b

2 S2b
2 1

1

2
~229C2b

4 14cW
4 17C2b

2 22C2b
2 cW

2 !S De2 log
MA0

2

m0
2 D G J , ~10!

DGh0
(2)heavy

5
g2

64p2cW
2 H MA0

2
~112cW

2 23C2b
2 !S De112 log

MA0
2

m0
2 D

1MZ
2F9C2b

2 S2b
2 1

1

2
~623C2b

4 112cW
4 1C2b

2 210C2b
2 cW

2 !S De2 log
MA0

2

m0
2 D G J ,

DGh0
(2)mixed

5
g2

32p2cW
2

MZ
26C2b

2 S2b
2 S De112 log

MA0
2

m0
2 D , ~11!

DGh0
(3)heavy

5
3g3

64p2cW
3

MZ~113C2b
4 12cW

4 23C2b
2 22C2b

2 cW
2 !S De2 log

MA0
2

m0
2 D ,

DGh0
(3)mixed

5
3g3

64p2cW
3

MZ6C2b
2 S2b

2 S De112 log
MA0

2

m0
2 D , ~12!
6-5
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DGh0
(4)heavy

5
3g4

128p2cW
4 ~113C2b

4 12cW
4 23C2b

2 22C2b
2 cW

2 !S De2 log
MA0

2

m0
2 D ,

DGh0
(4)mixed

5
3g4

128p2cW
4

6C2b
2 S2b

2 S De112 log
MA0

2

m0
2 D . ~13!
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Obviously, DGh0
(1)mixed

50. Herem0 denotes the scale o
dimensional regularization and the singularDe term is de-
fined, as usual, by

De5
2

e
2ge1 log~4p!, e542D. ~14!

Terms that are suppressed by inverse powers of the h
mass MA0 and thus vanish in the decoupling limit a
dropped in the expressions given above. Contrary to the o
loop contributions from diagrams with Goldstone bosons a
the lightesth0 Higgs particle~9!, the aboveh0 vertex func-
tion contributions arej-gauge independent. The Feynm
diagrams contributing to the one-loop MSSM heavy Higg

boson sector part,DGh0
(n)heavy

(n51, . . . ,4), appearing in
Eqs.~10!–~13! can be extracted from Fig. 1 by choosingf
[h0 and S[H0,H6,A0. The contributions from the firs
diagram in the three-point function and from the last tw
diagrams in the four-point function are finite and vanish
the MA0@MZ limit. The remaining diagrams are UV dive
gent and contain a logarithmic dependence on the he
pseudoscalar massMA0 and, forn51,2, a quadratic depen
dence onMA0 as well. In contrast, the mixed diagrams do n
give MA0

2 terms, but they are logarithmically dependent
MA0. The corresponding specific Feynman diagrams are
tained from Fig. 1 by takingf[h0 and accordingly to the
light and heavy particles that can be flowing in the loopsS
[h0,G0,G6,H0,H6,A0. More specifically, the mixed dia
grams that give contributions different from zero in thede-
coupling limit correspond to the third, fifth, and sixth dia
grams in Fig. 1, withh0 and H0 (S[h0,H0), G0, and A0

(S[G0,A0), andG6 andH6 (S[G6,H6), in the two in-
ternal propagators of the loops.

Let us remark that, in these results for the unrenormali
vertex functions, all the potential nondecoupling effects
09501
vy

e-
d

-

vy

t

b-

d
f

the heavy Higgs MSSM particles manifest as some diverg
contributions inD54 and some finite contributions, one o
which is logarithmically dependent on the heavy pseu
scalar Higgs-boson massMA0 and the other one is quadrat
cally dependent onMA0. Obviously, all the results displaye
up to now are, in general, UV divergent. In order to get fin
1PI Green functions and finite predictions for physical o
servables, renormalization has to be performed by add
appropriate counterterms. This is the subject of the next s
section.

B. Renormalization in the MSSM

For a systematic one-loop computation, the free para
eters of the Higgs potentialm1

2 ,m2
2 ,m12

2 ,g,g8 and the two
vacuav1 ,v2 are replaced by the corresponding renormaliz
parameters plus counterterms. This transforms the pote
V into V1dV, whereV is expressed in terms of the reno
malized parameters, anddV is the counterterm potential. By
using the standard renormalization procedure@18,19#

mi
2→ZHi

21~mi
21dmi

2!,

m12
2 →ZH1

21/2ZH2

21/2~m12
2 1dm12

2 !,

v i→ZHi

1/2~v i2dv i !,

g→Z1
WZ2

W23/2g, g8→Z1
BZ2

B23/2g8, ~15!

with Higgs-field renormalization constantsdZHi
, and by us-

ing the minimum condition on the potential at tree level, w
obtain the counterterms for then-point (n51, . . . ,4) vertex
functions. The results in thedecoupling limitare
dGh0
(1)

5
gMZ

2cW
C2bv2~sin2bdZH2

2cos2bdZH1
!2vdM12

2 1
1

4

g2

cW
2 v2C2b

2 dv2
1

8
v3C2b

2 dG2

1C2bS2b

MZ
2

MA0
2 F g2

16cW
2

S2bv3@dZH2
~2C2b21!1dZH1

~2C2b11!#

2vdC12
2 2

g2

4cW
2

C2bS2bv2dv1
1

8
v3C2bS2bdG2G ,
6-6
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dGh0
(2)

5q2F ~sin2bdZH2
1cos2bdZH1

!1
MZ

2

MA0
2 C2bS2b

2 ~dZH2
2dZH1

!G1
3

4 FC2bv2
g2

cW
2 ~sin2bdZH2

2cos2bdZH1
!

2
4

3
dM12

2 1
g2

cW
2

C2b
2 vdv2

v2

2
C2b

2 dG2G1C2bS2b

MZ
2

MA0
2 F 3g2

8cW
2

S2bv2@dZH2
~2C2b21!1dZH1

~2C2b11!#

22dC12
2 2

3g2

2cW
2

C2bS2bvdv1
3

4
v2C2bS2bdG2G ,

dGh0
(3)

5
3

4
C2bF2v

g2

cW
2 ~sin2bdZH2

2cos2bdZH1
!1

g2

cW
2

C2bdv2vC2bdG2G
1

9

4
C2bS2b

MZ
2

MA0
2 F g2

4cW
2

S2bv@dZH2
~2C2b21!1dZH1

~2C2b11!#2
g2

cW
2

C2bS2bdv1vC2bS2bdG2G ,

dGh0
(4)

5
3

4
C2bF2

g2

cW
2 ~sin2bdZH2

2cos2bdZH1
!2C2bdG2G1

9

4
C2bS2b

MZ
2

MA0
2 F g2

4cW
2

S2b@dZH2
~2C2b21!

1dZH1
~2C2b11!#1C2bS2bdG2G . ~16!

Here allO(MZ
2/MA0

2 ) contributions are still explicitly included. We have introduced the abbreviations

dG2[dg21dg825g2~2dZ1
W23dZ2

W!2g82dZ2
B ,

dM12
2 [cos2bdm1

21sin2bdm2
21S2bdm12

2 ,

vdv5v1dv11v2dv2 with v25v1
21v2

2 ,

dC12
2 [C2bdm12

2 1
S2b

2
~dm2

22dm1
2!. ~17!

Correspondingly, the tadpole counterterm for theH0 Higgs boson,dGH0
(1) , and the counterterm for the pseudosca

two-point function,dGA0
(2) , which are necessary for the MSSM on-shell renormalization, are given, in the decoupling lim

dGH0
(1)

52
gMZ

8cW
S2bv2@~211C2b!dZH2

1~11C2b!dZH1
#1vdC12

2 1
1

4

g2

cW
2 v2C2bS2bdv2

1

8
v3C2bS2bdG2

2C2bS2b

MZ
2

MA0
2 F g2

4cW
2 ~122C2b

2 !v3~sin2bdZH2
2cos2bdZH1

!1vdM12
2 2

g2

4cW
2

C2b
2 v2dv1

1

8
v3C2b

2 dG2G , ~18!

dGA0
(2)

5q2~sin2bdZH1
1cos2bdZH2

!2
1

2
~sin2bdm1

21cos2bdm2
22sin 2bdm12

2 !1
1

8

g2

cW
2 v2C2b

2

3S cW
2

g2
dG21dZH1

1dZH2
22

dv
v D . ~19!
- im-

ed
f

We note that noO(MA0
2 ) contributions to the renor

malization constantsdG2,dv, and dZHi
( i 51,2) exist.

Therefore, terms of the type O(MZ
2/MA0

2 )•dG2,

O(MZ
2/MA0

2 )•dv, or O(MZ
2/MA0

2 )•dZHi
in Eqs. ~16! and

~18! can be safely neglected.
09501
In the on-shell scheme, the counterterms are fixed by
posing the following renormalization conditions@18,21#: the
on-shell conditions forMW,Z and the electric chargee, as in
the SM; the on-shell condition for theA0 boson with the pole
massMA ; the tadpole conditions for vanishing renormaliz
tadpoles for both theH0 andh0 Higgs fields, i.e., the sum o
6-7
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the one-loop tadpole diagrams forH0,h0 and the correspond
ing tadpole counterterms is equal to zero; and the renorm
ization of tanb in such a way that the relation tanb
5v2 /v1 is valid for the true one-loop Higgs minima.

Notice that the above condition for vanishing renorm
ized tadpole diagrams ensures thatv1 ,v2 determine the mini-
mum of the one-loop potential. The relation tanb5v2 /v1 in
terms of the ‘‘true vacua’’ is maintained by the conditio
dv1 /v15dv2 /v2. By the above set of conditions, the inp
for the MSSM Higgs sector is fixed by theA0 pole massMA
and tanb, together with the standard gauge-sector in
MW,Z ande.

In order to compute the renormalization constantsdZH1
,

dZH2
, dG2, anddv, we express them in terms of the vect

boson self-energies, theA0-boson self-energy, and theA0Z
nondiagonal self-energy@18#:

dZH1
52SA08 ~MA0

2
!2

cotb

MZ
SA0Z~MA0

2
!,

dZH2
52SA08 ~MA0

2
!1

tanb

MZ
SA0Z~MA0

2
!,

dG25
g2

cW
2 FSg8~0!22

sW

cW

SgZ~0!

MZ
2

2
cW

2 2sW
2

sW
2 S SZ~MZ

2!

MZ
2

2
SW~MW

2 !

MW
2 D G ,
y

or
y

-

09501
l-

-

t

2
dv
v

52SA08 ~MA0
2

!1
tanb2cotb

MZ
SA0Z~MA0

2
!

1Sg8~0!22
sW

cW

SgZ~0!

MZ
2

2
cW

2

sW
2

SZ~MZ
2!

MZ
2

1
cW

2 2sW
2

sW
2

SW~MW
2 !

MW
2

. ~20!

Partial results for the one-loop contributions to the vec
boson self-energies can be extracted from the last articl
Ref. @11# or from the first article in Ref.@18#. We have re-
calculated explicitly all the self-energies that appear in E
~20!, and we have checked that our results agree with pr
ous ones in the literature. Here we do not present the in
mediate results, but list only the final expressions for
counterterms.

First, we found thatdZH1,2
get contributions that are sup

pressed by inverse powers of the heavy massMA0. However,
such terms of orderO(MZ

2/MA0
2 ) to dZH1,2

are relevant in

order to implement consistently theA0-boson on-shell con-

dition DGA0
(2)(MA0

2 )1dGA0
(2)(MA0

2 )50. Their expressions are
given explicitly in the Appendix.

The various contributions todv and dG2 are split again
into ‘‘light’’ and ‘‘heavy.’’ The light ones originate from dia-
grams involving Goldstone bosons and the lightesth0 Higgs
boson in the loops,
dv
v

light52
g2

128cW
2 sW

2 p2

1

MZ
2 S sW

2 @A0~Mh0
2

!1A0~jMZ
2!#22~12cW

2 24cW
4 14cW

6 !A0~jMW
2 !1

4

3
MZ

2cW
2 sW

4 B0~0,jMW
2 ,jMW

2 !

14cW
2 $~122cW

2 !2B22~MZ
2 ,jMW

2 ,jMW
2 !1B22~MZ

2 ,Mh0
2 ,jMZ

2!1~122cW
2 !@B22~MW

2 ,Mh0
2 ,jMW

2 !

1B22~MW
2 ,jMZ

2 ,jMW
2 !#% D , ~21!

dG2light5
g4

16cW
4 sW

2 p2

1

MZ
2 H 2cW

2 ~123cW
2 12cW

4 !A0~jMW
2 !2

1

3
cW

2 sW
4 MZ

2B0~0,jMW
2 ,jMW

2 !2~122cW
2 !

3@B22~MW
2 ,Mh0

2 ,jMW
2 !2B22~MZ

2 ,Mh0
2 ,jMZ

2!1B22~MW
2 ,jMZ

2 ,jMW
2 !2~122cW

2 !2B22~MZ
2 ,jMW

2 ,jMW
2 !#J .

~22!
‘‘Mixed’’ contributions from diagrams that contain a heav
Higgs boson together with a Goldstone boson or the lighth0

in the loops do not contribute to either of these two ren
malization constants. Such diagrams are suppressed b
factor cos(b2a) and therefore they vanish in thedecoupling
limit. Purely heavy Higgs-boson contributions todv are of
orderO(MZ

2/MA0
2 ) in theMA0@MZ limit, and therefore they

also vanish. In contrast, fordG2 we get a nonvanishing con
tribution,
-
the

dG2heavy5
g4

96p2cW
4 ~112cW

4 22cW
2 !S De2 log

MA0
2

m0
2 D .

~23!

The only remaining parameters in Eq.~16! still to be fixed
are the mass countertermsdm1

2, dm2
2, anddm12

2 . Their ex-
pressions are derived from the conditions forH0 andh0 van-
6-8
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ishing renormalized tadpole diagrams and from the on-s
condition for theA0 boson. The explicit results for thes
mass counterterms are given in Eqs.~A4!–~A6! of the Ap-
pendix. For completeness, theH0 tadpole and theA0 self-
energy one-loop results are also presented at the beginnin
the Appendix. Then, by implementing all the renormalizati
09501
ll

of

constants in Eq.~16!, we obtain the vertex function counte
terms, separated into light, mixed, and heavy contribution
the MA0@MZ limit. The one-point counterterm has alread
been used for the determination of the basic renormaliza
constants and is not required for the further discussion;
thus do not list it here:
dGh0
(2)light

52
g2

128p2cW
2

C2b
2 $A0~Mh0

2
!2A0~jMZ

2!2~2216cW
2 116cW

4 !A0~jMW
2 !18B22~MZ

2 ,Mh0
2 ,jMZ

2!

18~122cW
2 !2B22~MZ

2 ,jMW
2 ,jMW

2 !%,

dGh0
(3)light

5
3g3

256p2cW
3

1

MZ
C2b

2 S A0~Mh0
2

!1A0~jMZ
2!1

1

sW
2 ~2218cW

2 140cW
4 224cW

6 !A0~jMW
2 !

1
4

3
cW

2 sW
2 MZ

2B0~0,jMW
2 ,jMW

2 !14
1

sW
2 ~3cW

2 22!B22~MZ
2 ,Mh0

2 ,jMZ
2!

14~122cW
2 !

1

sW
2 @B22~MW

2 ,Mh0
2 ,jMW

2 !1B22~MW
2 ,jMZ

2 ,jMW
2 !

1~122cW
2 !~3cW

2 22!B22~MZ
2 ,jMW

2 ,jMW
2 !# D ,

dGh0
(4)light

5
3g4

256p2cW
4

1

MZ
2

C2b
2 S 28

cW
2

sW
2 ~123cW

2 12cW
4 !A0~jMW

2 !1
4

3
cW

2 sW
2 MZ

2B0~0,jMW
2 ,jMW

2 !

14~122cW
2 !

1

sW
2 @B22~MW

2 ,Mh0
2 ,jMW

2 !1B22~MW
2 ,jMZ

2 ,jMW
2 !2B22~MZ

2 ,Mh0
2 ,jMZ

2!

2~122cW
2 !2B22~MZ

2 ,jMW
2 ,jMW

2 !# D , ~24!

dGh0
(2)mixed

50, dGh0
(3)mixed

50, dGh0
(4)mixed

50, ~25!

dGh0
(2)heavy

52
g2

64p2cW
2 H MA0

2
~112cW

2 23C2b
2 !S De112 log

MA0
2

m0
2 D

1MZ
2F9C2b

2 S2b
2 1

1

6
~6245C2b

4 112cW
4 143C2b

2 214C2b
2 cW

2 18C2b
2 cW

4 !S De2 log
MA0

2

m0
2 D G J ,

dGh0
(3)heavy

52
g3

64p2cW
3

MZC2b
2 ~112cW

4 22cW
2 !S De2 log

MA0
2

m0
2 D ,

dGh0
(4)heavy

52
g4

128p2cW
4

C2b
2 ~112cW

4 22cW
2 !S De2 log

MA0
2

m0
2 D . ~26!
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The heavy contributions contain, in addition to the singu
De part, finite logarithmic heavy mass terms, and for t
two-point function quadratic heavy mass terms also.

The renormalized vertex functions in theMA0@MZ limit
can now be obtained simply by adding the one-loop con
butions~9!–~13! and the counterterms~24!–~26!. Since it is
just an algebraic substitution, we do not present these re
explicitly here. However, some comments are in order. Fi
the quadratic heavy mass termsO(MA0

2 ) in the two-point
result cancel once we add the one-loop result in Eq.~11! and
the counterterm~26!. Thus, there are noO(MA0

2 ) terms left
in any of the renormalizedn-point functions in the largeMA0
ve
u
e
o
in
o
W

tio

al
o
th
th

ia

no
ze
ct
a
o
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limit, but still the logarithmic dependence onMA0 remains.
Second, the renormalizedh0 Higgs-boson self-energy evalu
ated at the physical massMh0 allows us to define the MSSM
Higgs-boson mass correctionDMh0

2 such thatMh0
2

5Mh0
2 tree

1DMh0
2 andDMh0

2
5DGRh0

(2) (Mh0
2 ). Evaluating the renormal-

izedh0 two-point function atq25Mh0
2 , we get the following

one-loop mass correction for the light Higgs boson:

DMh0
2

5
g2

32p2cW
2

MZ
2~C light1Cmixed1Cheavy!, ~27!

with
C light5
1

4MZ
2

C2b
2 $2A0~Mh0

2
!14~122cW

2 !2A0~jMW
2 !12A0~jMZ

2!28B22~MZ
2 ,Mh0

2 ,jMZ
2!

28~122cW
2 !2B22~MZ

2 ,jMW
2 ,jMW

2 !1MZ
2C2b

2 @9B0~Mh0
2 ,Mh0

2 ,Mh0
2

!1B0~Mh0
2 ,jMZ

2 ,jMZ
2!

12B0~Mh0
2 ,jMW

2 ,jMW
2 !#%,

Cmixed56C2b
2 S2b

2 S De112 log
MA0

2

m0
2 D ,

Cheavy5S 113C2b
4 12cW

4 2
10

3
C2b

2 2
4

3
C2b

2 cW
2 2

2

3
C2b

2 cW
4 D S De2 log

MA0
2

m0
2 D . ~28!
ss
ns,

y

efi-
s,

-

re-
ns,
be
This mass correction is still UV divergent since we ha
not included the complete set of diagrams, restricting o
selves to the subset providing contributions that are differ
from those in the SM. We have checked explicitly that f
cancellation of the divergences in the renormalized two-po
function it is necessary to include the subset of one-lo
diagrams accounting for the gauge-boson contributions.
have also checked that when the gauge-boson contribu
are included thej gauge dependence in thelight one-loop
renormalized two-point function disappears. By including
1PI one-loop contributions, we have checked as well that
results are in agreement with the complete results for
radiative corrections to the Higgs-boson mass listed in
literature@22,23#.

On the other hand, the contributions from one-loop d
grams that have at least one heavy Higgs particle (Cmixed
and Cheavy) contain, in addition to the singularDe term,
some logarithmic heavy mass terms that appear like as
decoupling effects of the heavy particles at the renormali
Green functions. These apparently nondecoupling effe
however, are not physically observable since they are
sorbed into redefinitions of the low energy parameters, m
specifically, in the redefinition of theh0 mass,

Mh0
2

5Mh0
2tree

1DMh0
2 , ~29!

with DMh0
2 given in Eq.~27!.
r-
nt
r
t

p
e
ns

l
ur
e
e

-

n-
d
s,
b-
re

By taking into account this MSSM Higgs-boson-ma
correction, we can express the renormalized vertex functio
in a generic way, as follows:

GRh0
(2)

52q21Mh0
2 tree

1DMh0
2

1CMSSM
(2) rem,

GRh0
(3)

5
3g

2MZcW
~Mh0tree

2
1DMh0

2
!1CMSSM

(3) rem,

GRh0
(4)

5
3g2

4MZ
2cW

2 ~Mh0tree
2

1DMh0
2

!1CMSSM
(4) rem, ~30!

where all the singularDe terms and the logarithmic heav
mass terms are exclusively contained inDMh0

2 . Thus, the
apparently nondecoupling terms are absorbed in the red
nition of the Mh0 Higgs-boson mass. The remaining term
CMSSM

(2) rem, CMSSM
(3) rem, andCMSSM

(4) remin Eq. ~30! come exclusively
from the light particle contributions and are finite. For in
stance, in the two-point function case we have

CMSSM
(2) rem5DGh0

(2)
~q2!2DGh0

(2)
~Mh0

2
!

with DGh0
(2) given in Eqs.~9! and~11!. For the interpretation

of the remaining terms it is crucial to have also the cor
sponding one-loop analysis of the SM self-interactio
which is done in the next section. As a result, it can
6-10
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verified that, in the largeMA0@MZ limit and by identifying

Mh0
tree2.MZ

2C2b
2 ↔MHSM

tree 2, the remaining terms coincide wit

the corresponding SM ones.

III. HIGGS-BOSON SELF-COUPLINGS IN THE SM

In the standard SU(2)L3U(1) theory, the introduction of
one scalar field doublet with nonvanishing vacuum expe
tion value breaks the gauge symmetry spontaneously to
electromagnetic subgroup U(1). The SMHiggs potential

V~w!52m2w†w1
l

4
~w†w!2 ~31!

contains the complex Higgs doubletw with hyperchargeY
51, and the parametersl and m related by the vacuum
expectation valueu^w&0u25v2/25m2/2l.

In order to establish the Higgs mechanism experimenta
the characteristic self-interaction potential of the SM has
be reconstructed once the Higgs particle has been dis
ered. This task requires the measurement of the s
couplings of the SM Higgs boson. These self-couplings
uniquely determined by the mass of the Higgs boson, wh
is related to the quartic couplingl by MHSM

5A2lv. By

introducing the physical Higgs fieldH5HSM in the neutral
component of the doublet,w05(v1H)/A2, the tree-level
09501
-
he

y,
o
v-
lf-
e
h

trilinear and quartic vertices of the Higgs fieldH can be
derived from the potentialV, yielding

lHHH5
3gMHSM

2 tree

2MW
5

3MHSM

2 tree

v
,

lHHHH5
3g2MHSM

2 tree

4MW
2

5
3MHSM

2 tree

v2
, ~32!

with g being the SU(2)L gauge coupling.
We note once again that the MSSM tree-level se

couplings~5! reach the corresponding SM couplings abo
in the decoupling limit. Here we derive the one-loop contr
butions to theHSM 1PI Green functions, and in particula
those that yield the effective triple and quartic self-couplin
Concretely, the generic diagrams from the Higgs sector c
tributing to then-point SM vertex functions (n51, . . . ,4)
are shown in Fig. 1 by choosingf[HSM and S
[HSM ,G0,G6. The general results for then-point renor-
malized vertex functions are summarized by the generic
pression~6!. The tree-level functions for the SM case (H
[HSM) and forn53,4 correspond to the expressions for t
HSM Higgs couplings already given in Eq.~32!, and the one-
loop contributions are summarized inDGHSM

(n) . The compu-

tation was done in a generalRj gauge. The results fo
DGHSM

(n) , in terms of the two-, three-, and four-point one-loo

integrals, are given by
DGHSM

(1) 5
g

64p2cW

MHSM

2

MZ
$3A0~MHSM

2 !1A0~jMZ
2!12A0~jMW

2 !%,

DGHSM

(2) 5
g2

128p2cW
2

MHSM

2

MZ
2 $3A0~MHSM

2 !1A0~jMZ
2!12A0~jMW

2 !1MHSM

2 @9B0~q2,MHSM

2 ,MHSM

2 !

1B0~q2,jMZ
2 ,jMZ

2!12B0~q2,jMW
2 ,jMW

2 !#%,

DGHSM

(3) 5
g3

256p2cW
3

MHSM

4

MZ
3 $@9B0~q2,MHSM

2 ,MHSM

2 !1B0~q2,jMZ
2 ,jMZ

2!12B0~q2,jMW
2 ,jMW

2 !1~q→p!

1~q→r !#12MHSM

2 @27C0~q2,p2,r 2,MHSM

2 ,MHSM

2 ,MHSM

2 !1C0~q2,p2,r 2,jMZ
2 ,jMZ

2 ,jMZ
2!

12C0~q2,p2,r 2,jMW
2 ,jMW

2 ,jMW
2 !#%,

DGHSM

(4) 5
g4

512p2cW
4

MHSM

4

MZ
4 $@9B0„~q1p!2,MHSM

2 ,MHSM

2
…1B0„~q1p!2,jMZ

2 ,jMZ
2
…1B0„~q1p!2,jMW

2 ,jMW
2
…

1~p→r !1~p→t !#12MHSM

2 @27C0„q
2,p2,~q1p!2,MHSM

2 ,MHSM

2 ,MHSM

2
…

1C0„q
2,p2,~q1p!2,jMZ

2 ,jMZ
2 ,jMZ

2
…12C0„q

2,p2,~q1p!2,jMW
2 ,jMW

2 ,jMW
2
…

1~p→r !1~p→t !1~q→t,p→r !1~q→p,p→r !1~q→p,p→t !#

12MHSM

4 @81D0„q
2,p2,r 2,t2,~q1p!2,~p1r !2,MHSM

2 ,MHSM

2 ,MHSM

2 ,MHSM

2
…

1D0„q
2,p2,r 2,t2,~q1p!2,~p1r !2,jMZ

2 ,jMZ
2 ,jMZ

2 ,jMZ
2
…

12D0„q
2,p2,r 2,t2,~q1p!2,~p1r !2,jMW

2 ,jMW
2 ,jMW

2 ,jMW
2
…1~r↔t !1~p↔r !#%. ~33!
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These expressions are in general different from the ones
tained in the MSSM@Eq. ~9!#. However, they acquire the
same structure as in the MSSM in theMA0@MZ limit by
identifying the light CP-even Higgs-boson mass with th

SM Higgs mass, that is,MHSM

2 ↔Mh0
tree2.MZ

2C2b
2 . Conse-

quently, the one-loop light MSSM contributions~9! converge
to the SM ones~33! in the decoupling limit. For complete
ness, we concentrate in the following on the SM vertex co
terterms by assuming the on-shell renormalization schem

On-shell renormalization in the standard model

The on-shell renormalization scheme for the SM has b
presented in previous articles@17,20,21#, to which we refer
for details. Here we need only the part for the Higgs sec
renormalization. The counterterms are derived from
Higgs potential~31!, via multiplicative renormalization,

w→Zw
1/2w,

l→ZlZw
22l, m2→~m22dm2!Zw

21 ,

v→Zw
1/2~v2dv !, ~34!

and by expandingZi→11dZi . We obtain the following
one-loop counterterms:

dGHSM

(1) 5
2MZcW

g
MHSM

2 dt

t

with t5
2MZcWMHSM

2

g
,

dGHSM

(2) 5~q22MH
2 !dZw2dMH

2 ,

dGHSM

(3) 52
3g

2MZcW
MHSM

2 S dZl2
dv
v D ,

dGHSM

(4) 52
3g2

4MZ
2cW

2
MHSM

2 dZl ~35!

with dMH
2 anddt related to the original renormalization con

stants by

dMH
2 5MH

2 S 23
dv
v

1
3

2
dZl2dZwD1dm2,

dt

t
5

dv
v

2
dm2

MHSM

2
2

1

2
dZl . ~36!

In a first step, the countertermsdt/t anddMH
2 are determined

from two on-shell conditions in the Higgs sector: the vanis
ing renormalized tadpole diagram

DGRHSM

(1) 5DGHSM

(1) 1dGHSM

(1) 50, ~37!

and the fact that pole of the renormalized Higgs propaga
lies atMHSM

2 , which implies
09501
b-

-
.

n

r
e

-

r

DGRHSM

(2) ~MHSM

2 !

5DGHSM

(2) ~MHSM

2 !1dGHSM

(2) ~MHSM

2 !50. ~38!

Solving these equations, we obtain

dt

t
52

g2

128p2cW
2

1

MZ
2 $3A0~MHSM

2 !

1A0~jMZ
2!12 A0~jMW

2 !%,

dMH
2 5

g2

128p2cW
2

MHSM

2

MZ
2 $@3A0~MHSM

2 !

1A0~jMZ
2!12A0~jMW

2 !#

1MHSM

2 @9B0~MHSM

2 ,MHSM

2 ,MHSM

2 !

1B0~MHSM

2 ,jMZ
2 ,jMZ

2!

12B0~MHSM

2 ,jMW
2 ,jMW

2 !#%. ~39!

Next, we need a condition to fix the field-renormalizatio
constantdZw . The conventional on-shell condition would b
to require unity residue for the physical Higgs-boson pro
gator, yielding

dZw5
g2

128p2cW
2

MHSM

2

MZ
2 $9B08~MHSM

2 ,MHSM

2 ,MHSM

2 !

1B08~MHSM

2 ,jMZ
2 ,jMZ

2!12B08~MHSM

2 ,jMW
2 ,jMW

2 !%,

~40!

which is different from zero. For our purpose of compari
the SM and MSSM vertex functions, however, this appe
to be inconvenient because in the largeMA limit of the
MSSM the Higgs field-renormalization constants vanish,
discussed in Sec. II B, and thus the external lines would ca
different normalizations in the two models. It is therefo
more natural to adopt for the SM a condition that leads to
same normalization and to require

dZw50 ~41!

instead of Eq.~40!. This is possible becausedZw is a UV-
finite quantity. With this condition we can compare the tw
models directly on the basis of the irreducible renormaliz
vertex functions.

Unlike the previous ones, thedv renormalization constan
is determined from the gauge sector. We have checked
plicitly that the result fordv in the SM corresponds to th
result fordv in the MSSM whenever theMA0@MZ limit is
considered and by identifyingMh0↔MHSM

. Thus, the ex-

pression fordv/v in the SM can be obtained from Eq.~21!
by simply replacingMh0 by MHSM

.

Finally, dZl is determined with the help of the relatio
~36!:
6-12
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dZl5
g2

128cW
2 p2

1

MZ
2 H 2A0~MHSM

2 !12A0~jMZ
2!1

4

sW
2 ~12cW

2 24cW
4 14cW

6 !A0~jMW
2 !2

8

3
cW

2 sW
2 MZ

2B0~0,jMW
2 ,jMW

2 !

1MHSM

2 @9B0~MHSM

2 ,MHSM

2 ,MHSM

2 !12B0~MHSM

2 ,jMW
2 ,jMW

2 !1B0~MHSM

2 ,jMZ
2 ,jMZ

2!#

28
cW

2

sW
2

B22~MZ
2 ,MHSM

2 ,jMZ
2!2

8

sW
2 ~122cW

2 !@B22~MW
2 ,MHSM

2 ,jMW
2 !1B22~MW

2 ,jMZ
2 ,jMW

2 !

1cW
2 ~122cW

2 !B22~MZ
2 ,jMW

2 ,jMW
2 !#J . ~42!
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The corresponding vertex counterterms follow imme
ately via substitution of the SM renormalization constants
Eq. ~35!. The SM renormalized vertex functions are eas
obtained by adding the one-loop contributions~33! and the
corresponding counterterms~35!–~42!. Remember that the
renormalized one-point SM vanishes in the present on-s
renormalization scheme. In addition, the renormalized tw
point SM function also vanishes at the physical ma
MHSM

2 ,but not at generalq2. According to the fact that the

renormalized Higgs boson self-energy evaluated at the ph
cal mass squared defines the Higgs-boson mass correc
we obtain trivially thatDMHSM

2 50 ~this is nothing other

than the on-shell mass condition, which impliesMHSM

2

5MHSM

tree2).

Together with the tree-level SM Higgs self-interactio
~32!, the renormalized trilinear and quarticHSM vertex func-
tions at the one-loop level can be written as

GRHSM

(3) 5
3g

2MZcW
MHSM

2 1CSM
(3)rem,

GRHSM

(4) 5
3g2

4MZ
2cW

2
MHSM

2 1CSM
(4)rem, ~43!

whereCSM
(3) rem andCSM

(4) rem are UV-finite functions depend
ing on the external momenta. Remember that similar fin
terms were obtained from the light contributions in t
MSSM case, summarized inCMSSM

(3) rem and CMSSM
(4) rem in Eq.

~30!. For arbitraryMA0 values, these finite contributions a
different in the two models. However, for largeMA0 and

by identifying Mh0
tree2.MZ

2C2b
2 ↔MHSM

2 , we obtain that

CMSSM
(n)rem→CSM

(n)rem (n53,4). Thus, these contributions coin
cide in theMA0@MZ limit and do not lead to difference
between the two models.

IV. DISCUSSION AND CONCLUSIONS

In order to study whether the SM Higgs sector can
considered as the low-energy effective theory of the MS
Higgs sector in theMA0@MZ limit we have compared the
predictions in the two theories of the renormalizedn-point
1PI Green functions forh0 and HSM, respectively, at the
09501
-
n

ll
-
s

si-
on,

e

e

one-loop level, and forn51, . . . ,4. Wehave examined in
full detail the veracity of the equality among these functio
by comparing them at low-energy scalesp2!MA0

2 and by
choosing a particular renormalization scheme, the on-s
scheme. This matching@13# between the two theories, vi
renormalized vertex functions, can be summarized by

GRh0
(n) MSSM~p!5GRHSM

(n) SM~p!, p!MA0

~n51, . . . ,4! ~44!

where the left-hand side must be understood as the MS
functions in theMA0@MZ limit.

It is worth emphasizing now some important points r
garding this comparison of the vertex functions of the tw
theories. First, as stated in Secs. II and III, the tree-le
self-couplings in both models@see Eqs.~5! and~32!# lead to
equal results in the SM and in the MSSM vertex functions
the decoupling limit. This implies that the tree-level contri
butions can be dropped from both sides of the matching c
ditions ~44!. Second, as explained in Sec. II, the subset
diagrams that have any number of gauge bosons in the lo
gives the same contributions in the SM and in the MSSM~in
the MA0@MZ limit ! and, therefore, these can also
dropped from both sides of the matching conditions~44!. In
fact, these kinds of contribution have not been conside
explicitly in the present computation. Third, diagrams i
volving just Goldstone bosons and the lightest Higgs bo
in the loops do contribute with nonvanishing correctio
which, in principle, are not the same in both models. Ho
ever, we have demonstrated that the one-loop contributi
given in Eqs.~9! and~33! in the MSSM and the SM, respec
tively, coincide in theMA0@MZ limit. Therefore, they do not
contribute either to the differences between the two mod
in the matching conditions~44!. In contrast, we found some
light contributions to the vertex counterterms@see Eqs.~24!
and ~35!–~42!# that are different in both models. These d
ferences in the light sector come from the fact that, wher
the dv/v contributions are the same in the SM and in t
MSSM in theMA0@MZ limit, the other renormalization con
stants, that is,dZl in the SM anddG2 in the MSSM, do not
coincide. The mass counterterms for theh0 and HSM fields
do not coincide either. Thus, what we understand bylight
6-13
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contributions in this work are also important in the diffe
ences between the renormalized vertex functions in b
theories.

Overall, we can say that the differences between the o
loop renormalized vertex functions of the two theories in
decoupling limitcome, on the one hand, from the one-lo
diagrams including at least one heavy MSSM Higgs part
and, on the other hand, from the vertex counterterms. C
cretely, Eqs.~10!–~13! give the differences between the on
loop unrenormalized vertex functions of the two theori
Consequently, they cannot be dropped in the conditions~44!.
Moreover, these different contributions have a finite pie
that depends logarithmically and quadratically on the he
Higgs-boson massMA0 and a divergent piece inD54, and
both pieces summarize the potential nondecoupling effect
the heavy Higgs-boson sector of the MSSM. It is essen
however, that these heavy Higgs particle effects can be
sorbed into redefinitions of the low-energy parameters, t
not providing any physically observable effect@14#. As we
have seen, the counterterms in the SM and in the MSSM
different in both models and therefore they also contribute
the differences between the two models in the matching c
ditions ~44!.

Putting all results together and comparing Eqs.~30! and
~43!, the differences found in the unrenormalized vert
functions are exactly compensated by theDMh0

2 contribu-
tion, and the final results for the renormalized two-, thre
and four-point functions coincide in the two models in t
largeMA0@MZ limit, as required by the matching condition
~44!. In other words, all the potential nondecoupling effe
from the heavy Higgs modes can be absorbed into the re
nition of the lightest Higgs boson massMh0 @see Eqs.~27!
and ~30!# and therefore decoupling of the heavy MSS
Higgs particles occurs. We notice that, for arbitraryMA0

value, there are other finite terms in the renormalized MS
n-point functions, summarized by the remaining pa
CMSSM

(3) rem andCMSSM
(4) rem of Eq. ~30!. However, we have shown

that in the SM similar contributions appear in the renorm
ized HSM vertex functions, summarized by the remaini
partsCSM

(3) rem andCSM
(4) rem of Eq. ~43!, which coincide with
09501
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e
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the corresponding MSSM terms in the largeMA0 limit.
Therefore, these contributions drop out as well in the mat
ing conditions~44!.

In conclusion, we have demonstrated that all the appa
nondecoupling one-loop effects from the heavy MSS
Higgs bosons are absorbed in the MSSM Higgs-boson m
Mh0, and the remaining contributions are suppressed by
verse powers ofMA0 and therefore vanish in the largeMA0

limit. Thus, theh0 self-interactions converge to theHSM self-
interactions at the one-loop level and in theMA0@MZ limit,
and the MSSMh0 self-couplings thereby acquire the sam
structure as the couplings of the SM Higgs boson whene
one identifiesMh0↔MHSM

. Equivalently, we showed tha

the heavy MSSM Higgs sector decouples from low energy
the electroweak scale, and leaves behind the SM Higgs
tor in the Higgs self-interactions also. Consequently,
would need extremely high-precision experiments for the
perimental verification of the SUSY nature of the Higgs b
son self-interactions.
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APPENDIX

In this appendix we display, first, the formulas for th
one-loop contributions to theH0 tadpole diagram and theA0

boson self-energies that are required for on-shell renorm
ization. Next we present theO(MZ

2/MA0
2 ) contributions to

the renormalization constantsdZH1,2
, which are relevant in

order to impose theA0-boson on-shell condition. Finally, re
sults for thedm1 , dm2, and dm12 mass counterterms ar
given. Here we follow the notation introduced througho
this article for light, mixed, and heavy contributions, as e
plained in Eq.~8!.

H0 tadpole andA0 boson self-energies:
DGH0
(1)light

5
gMZ

64p2cW

C2bS2b$3A0~Mh0
2

!1A0~jMZ
2!12A0~jMW

2 !%,

DGH0
(1)heavy

52
gMZ

32p2cW

C2bS2bH 3MA0
2 S De112 log

MA0
2

m0
2 D

2
1

2
MZ

2F ~6212C2b
2 14cW

2 !1~329C2b
2 12cW

2 !S De2 log
MA0

2

m0
2 D G J , ~A1!

DGA0
(2)light

~MA0
2

!52
g2

128p2cW
2 $C2b

2 A0~Mh0
2

!2~223C2b
2 !A0~jMZ

2!12~C2b
2 22cW

2 !A0~jMW
2 !

22C2b
2 S2b

2 MZ
2B0~MA0

2 ,Mh0
2 ,jMZ

2!%,
6-14
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DGA0
(2)mixed

~MA0
2

!5
g2

64p2cW
2

MZ
2~112cW

4 12C2b
4 22C2b

2 !S De122 log
MA0

2

m0
2 D ,

DGA0
(2)heavy

~MA0
2

!5
g2

64p2cW
2

C2b
2 H MZ

2S cW
2 1

1

2
S2b

2 D S De2 log
MA0

2

m0
2 D 13MA0

2 S De112 log
MA0

2

m0
2 D

1MZ
2~12C2b

2 !S 12
p

A3
D J . ~A2!

dZH1
anddZH2

counterterms:

dZH1

light52
g2

64p2cW
2

C2bS2b@MZ
2C2bS2bB08~MA0

2 ,Mh0
2 ,jMZ

2!1cotb~B012B1!~MA0
2 ,Mh0

2 ,jMZ
2!#,

dZH1

mixed5
g2

64p2cW
2

MZ
2

MA0
2 $~112cW

4 12C2b
4 22C2b

2 !2cotbC2bS2b%,

dZH1

heavy5
g2

64p2cW
2

MZ
2

MA0
2 H C2b

2 S2b
2 S 12

2p

3A3
D 1cotbC2bS2b

3 S 22
p

A3
D J ,

dZH2

light52
g2

64p2cW
2

C2bS2b@MZ
2C2bS2bB08~MA0

2 ,Mh0
2 ,jMZ

2!2tanb~B012B1!~MA0
2 ,Mh0

2 ,jMZ
2!#,

dZH2

mixed5
g2

64p2cW
2

MZ
2

MA0
2 $~112cW

4 12C2b
4 22C2b

2 !1tanbC2bS2b%,

dZH2

heavy5
g2

64p2cW
2

MZ
2

MA0
2 H C2b

2 S2b
2 S 12

2p

3A3
D 2tanbC2bS2b

3 S 22
p

A3
D J . ~A3!

dm1 , dm2, anddm12 counterterms:

dm1
2light5

g2

512p2cW
2 $16C2bA0~Mh0

2
!24C2bB22~MZ

2 ,Mh0
2 ,jMZ

2!~522C2b1C4b!22~122cW
2 !2B22

3~MZ
2 ,jMW

2 ,jMW
2 !~22111C2b22C4b1C6b!12A0~jMZ

2!@2218cW
2 1~728cW

2 !C2b22C4b1C6b#

1A0~jMW
2 !@218cW

2 28cW
4 1~17244cW

2 144cW
4 !C2b22~324cW

2 14cW
4 !C4b13C6b24cW

2 C6b14cW
4 C6b#

164MZ
2Cb

2C2b
2 Sb

4B0~MA0
2 ,Mh0

2 ,MZ
2!264MA0

2 MZ
2C2b

2 Cb
2Sb

4B08~MA0
2 ,Mh0

2 ,jMZ
2!%,

dm2
2light5

g2

256p2cW
2 $28C2bA0~Mh0

2
!1~2111C2b12C4b1C6b!B22~MZ

2 ,Mh0
2 ,jMZ

2!1~122cW
2 !2~2111C2b

12C4b1C6b!B22~MZ
2 ,jMW

2 ,jMW
2 !2MZ

2Cb
2~211C8b!B0~MA0

2 ,Mh0
2 ,MZ

2!

1MA0
2 MZ

2Cb
2~C8b21!B08~MA0

2 ,Mh0
2 ,jMZ

2!14A0~jMZ
2!@2Cb

2~224cW
2 1C4b!1Sb

2 #

22A0~jMW
2 !@Cb

2~3~122cW
2 !21~324cW

2 14cW
4 !C4b#24~122cW

2 12cW
4 !Sb

2 !%,

dm12
2light52

g2

128p2cW
2

CbSb$4C2b
2 B22~MZ

2 ,Mh0
2 ,jMZ

2!14~122cW
2 !2C2b

2 B22~MZ
2 ,jMW

2 ,jMW
2 !22A0~jMZ

2!

3~124cW
2 1C4b!2A0~jMW

2 !@2124cW
2 14cW

4 1~324cW
2 14cW

4 !C4b#1MZ
2S4b

2 B0~MA0
2 ,Mh0

2 ,MZ
2!

2MA0
2 MZ

2S4b
2 B08~MA0

2 ,Mh0
2 ,jMZ

2!%, ~A4!
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dm1
2mixed5

g2

32p2cW
2

MZ
2 sin2b~112cW

4 12C2b
4 22C2b

2 !S De132 log
MA0

2

m0
2 D ,

dm2
2mixed5

g2

32p2cW
2

MZ
2 cos2b~112cW

4 12C2b
4 22C2b

2 !S De132 log
MA0

2

m0
2 D ,

dm12
2mixed52

g2

64p2cW
2

MZ
2S2b~112cW

4 12C2b
4 22C2b

2 !S De132 log
MA0

2

m0
2 D . ~A5!

dm1
2heavy5

g2

2304p2cW
2 H 9

2
MA0

2
@1018cW

2 2C2b~2928cW
2 !16C4b23C6b#S De112 log

MA0
2

m0
2 D 1C2bS2b

2 MZ
2@9110A3p

1~22C2b1C4b!~263110A3p!#1
3

16
MZ

2@126248cW
2 1288cW

4 22~5924cW
2 140cW

4 !C2b

148cW
2 ~2112cW

2 !C4b23~1928cW
2 116cW

4 !C6b230C8b115C10b#S De2 log
MA0

2

m0
2 D J ,

dm2
2heavy5

g2

2304p2cW
2 H 9

2
MA0

2
@1018cW

2 2C2b~8cW
2 229!16C4b13C6b#S De112 log

MA0
2

m0
2 D 2C2bS2b

2 MZ
2@9110A3p

1~22C2b2C4b!~63210A3p!#1
3

16
MZ

2@126248cW
2 1288cW

4 12~5924cW
2 140cW

4 !C2b

148cW
2 ~2112cW

2 !C4b13~1928cW
2 116cW

4 !C6b230C8b215C10b#S De2 log
MA0

2

m0
2 D J ,

dm12
2heavy5

g2

2304p2cW
2

S2bH 18MA0
2

~123C2b
2 12cW

2 !S De112 log
MA0

2

m0
2 D 22C2b

2 MZ
2@45210A3p2C2b

2 ~63210A3p!#

19MZ
2@215C2b

4 14cW
4 2C2b

2 ~522cW
2 14cW

4 !#S De2 log
MA0

2

m0
2 D J . ~A6!

Thereby,Sb[sinb,Cb[cosb,C4b[cos 4b,C6b[cos 6b,C8b[cos 8b, etc., are used for abbreviations.
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