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ABSTRACT

Learning by doing denotes the cost reduction in production that firms achieve with their output, We
check if the known properties of deterministic models, concerning the behaviour of the firms, hold
under uncerainty. A discrete time and finite horizon medel is considered: a monopaolist, facing a
linear demand, maximizes the expected profit flow, with muitiplicative uncertainty on the cost
reduction and an upper bound for this reduction. We show analytically that some properties do hold
and some others do not,

RESUMEN

Learning by doing denota la reduccion de costes de produccion que las empresas logran mediante la
experiencia. Se amaliza si las propiedades conocidas para modelos deterministicos, relativas al
comportamiento dptimo de las empresas, se mantienen bajo incertidombre. Se considera un modelo
en tiempo discreto y horizonte finito. Un monopolista, enfrentade a una demanda fineal, maximiza
¢l flujo esperado de beneficios, con incertidumbre multiplicativa en la reduccion de costes ¥ un lfmite
superior en esta reduccion. Se prueba analiticamente que algunas propiedades del caso deterministico
se mantienen bajo incertidumbre v ofras no.
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1. Introduction _

The firms of some industries have reductions in their pr.(J(.:ll.ICtion:L.:(:)S.t simply because they
accumulate experience by repiting their activity, that is, by means of production. This is known as
learning by doing and has been observed in industries which are at an early stage of their productive
life. The first study which presents some empirical evidence on this effect is by Wright (1936), and
it is referred to the aircrafi industry. Others are those by Joskow (1993} and Lester (1993) for electric
power in naclear plants, Dick (1991) for microconductors in Japan, of Argote et al. (1990) for the

ship industry.

The first work where economic implications of learning by doing are studied is by Arrow
(1962). After Arrow’s work, there is a wide branch of the economic theory literature concerning the
behaviour of firms in an industry with learning by doing (e.g: Fudenberg and Tirole (1983), Stokey
(1986) and Dasgupta and Stiglitz (1088)). In general, all of these works consider deterministic models
and they find some properties of the optimal policy of the firms. In this paper, we study if these
properties hold when some uncertainty is introduced in the cost reduction process, Uncertainty is
introduced in such a way that the resulting problem is still a learning by doing problem: cost
reduction can only be achieved thorough production. We find that some propexties of the deterministic

problem do hold and some others do not.

We consider a model in discrete time and with finite horizon. A monopolist, facing no entry
and opperating in a market with 2 linear demand function, maximizes current and expected future
profits (risk nentrality is assumed). We take as starting point the deterministic cost reduction equation
proposed by Dasgupta and Stigltiz (1988): c(t+1)=max{r,c(f}-8g(t)}, where c(f) and g(z) are,
respectively, the unitary cost and output in period ;. We iniroduce uncertainty by letting:
e+ D=max{r,c()-f(Nq(r)} where {B(H)} is a i.i.d. sequence of random variables with known
probability distribution. This is the so-called multiplicative uncertainty (e.g.: Kendrick {1981)). Note
that the problem with multiplicative vncertainty is strictly a learning by doing problem in the sense

given above.

S e divide the «ajnélei.é i two .p'al.'ts. In the first part, we study how uncertainty changes the
o opti.rr'lal output in a:l'gi\ien f}éﬁod. In the second part, we study if the known porperties of the optimal
output’s path of the deterministic model hold under uncertainty. Both parts are different, i.e. it is a
known property of the deterministic model that output increases over time, Whether it holds under

muitiplicative uncerta'inty or not {second part) is not related to ask if, in a given period, the optimal

output in the deterministic model is greater or lower than in the stochastic model (first part).

We present analytical results showing that the effect of muktiplicative uncertainty on the
optimal output of a given period depends on the initial cost of the monopolist. Furthermore, the
known properties of the optimal output’s path. for the deterministic case are: i} in every period, output
is superior to the miopic case {that in which only current profit is maximized); ii) cutput increases
aver time; iii) in some cases (which we determine both for the deterministic and the stochastic case)
the monopolist opperates at a loss. We show anaiytically that, under multiplicative uncertainty: i}
holds, ii} does not hold for any set of parameters; iii) holds under similar conditions for the

deterministic and the stochastic case,

In the paper, Section 2 describes the model. Section 3 and 4 have, respectively, the first and

the second part of the analysis stated above. Section 5 has conclusions and some ideas for further

research.

2. The Model
First, we present the model in its deterministic version, and then we extend it to a stochastic

case. In both problems we take discrete time and two periods as tme horizon (periods 0 and 1),
and we consider 4 monopolist, facing no entry. In the derministic case, the menopolist maximizes the
present and futare discounted profits. The discount parameter is A. The demand function is linear and

constant over time, in period # the inverse demand function is:
o) = a-bg() ¢ = 0.1 @

where p(2) and g(f) are, respectively, the price and the output in period ¢. In that peried, the unitary
cost is ¢(f). There are not fixed costs. So, given g(f) and c(¢}, the present profit in peried ¢ is

{a-bg(B-c(D)q(). The change from ¢(0) to (1) is given by: e(1)=max{r,c(0)-8g(0)}. This equation
is proposed by Dasgupta and Stigiltz (1988). It assumes that the cost reduction is a linear function on
the output of the previous period while the cost remains above a certain value 7, and if the cost takes
that value, remains in it forever. Furthermore, 8 is the cost reduction that a unit of cutput generates

while 7 is not reached. Formally, the problem is:

“* We will extend the model to a time horizon T when necessary. However, we start with a two period
model Tor simplicity and becanse i also allows to stady some of the questions stated before.
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Problem I
i
MAX {3 Wa-balt)-c(hg() } 2)
qOnaty
subject to:
c(1) = max{r,c(0)-Bg{0)} &)

g{ty =0 for every t& {0,1}.
e(0) is given, and a,b,A,3,7,T are known.

Other assumptions for the deterministic case are:

e0y > r ()
a > o0 )
T>0; $>0; b>0; A€ (0,1 ()

Assumption (4) establishes that in problem I there can be cost reduction. Assumption (5)
ensures that output is positive in every period. Finatly, in (6) we assume that the lower bound on the
cost is positive (7>0), that a raise in the cutput reduces the future cost (§:>0), that the demand
function is decreasing (b>0) and that the discount factor belongs to (0,1].

In the stochastic case, there is multiplicative uncertainty in the cost reduction equation. More
concretely, the change from (0) to ¢(1) is given now by (1) =max{r,c(0)-B(0)g(0}}, where B(0) is
arandom variable with probability distribution: Prob{(B3(5)=8+8)=Prob(B{() =p-0)=1%4, where 8 and
& are known, This equation is a natural extension of the deterministic version given above™". We

also assume that the mMonopelist is risk neutral. The problem now can be formally expresed as:

e

s

I€we consider an arbitrary and finite mumber of realizations for B(0), the mathematical treatment is more
complex, but the conclusions are the same. So we take the simplest case.
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Problem 11

1
MAX | E{g Ma-bg()-cB)a() 01} o)
4(0),4(1)
subject to:
o(l) = max{r,c(0)-B0)g(©)} ®

Prob{B{(0)=8+8)=Prob(3(0)=-6)= 1%
g(f)=0 for every 1< {0,1},
c{0) is given, and a,b,\,B3,7,8,T are known.

For the stochastic case we keep assumptions (4) to (6) and we add a new one:

8>0; B0 >0 ®

This assumption implies that unitary cost cannot increase over time. Note also that, at period
0, if g(0)=0, the unitary cost remains costant and there is not uncertainty about future cost. That is

why problem H is still a pure learning by doing problem.

Next, we define some notation for the optimal policy of problems I and II:
Definition 1 3,(x) is the optimal output in period 0 for preblem I when c(0)=x.
Definition 2 Q,(x) is the optimal output in period 0 for problem II when ¢(0)=x.

3. Effect of the multiplicative uncertainty in a given period: Marginal and Overall
impact

In this Section we study how does uncertainty affect to the optimal fevel of output in a
concrete period. This can be done in two different ways: a} marginal impact, given that uncetainty
exists (given problem II), how does a smail change in it do change the optimal output?, b) overall
impact, what is the difference between the deterministic (problem I) and the stochastic (problem IT)

case.

In the marginal impact, we must define what we mean by a small change in the uncertainty.
Note that given any two different probability distributions for (0} such that they only differ on the

value of 8, the one with higher ¢ is a mean preserving spread of the other, that is, if 8 is constant,
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the risk increases with 8. In the marginal impact we study the variation on 0 {c(0}) when there is a

variation on 8{() in the mean preserving spread sense” . The next result summarizes our findings:
Theorem 1

For problem II, if the sufficient condition for global optimality given in lemma 2 holds (see
appendix), then we can define points §,, 6, and §; such that:
1) 78, <8, <6 <a;
i) if {0YE (85,0) or (0YE{6,,6) then G (c(0)) increases with 8;
1ii) if {0 < (6,,8,) then (.(c(0)) decreases with 8;
iv) if (0 E(7,8) then O (c(0)) does net vary with 6.

L

The proofs for all theorems are left te the appendix. This theorem shows that the sign of the
change in the optimat output of the first period (0 ,(c(®))) when the risk (#) changes, depends on the
initial cost (¢(0}). This can be explained by the fact that the probability of reaching 7 in period 1
under the optimal policy depends on <(0), but also, depending on this probability, the objective

™

function to be maximized in period O takes different functional forms™

Let us take some examples to illustrate this, First, suppose that o{0) € (+,5;). In this case ¢(()-r
is so small that it is optimal ¢(l)=r w.p.l (w.p. stands for with probability hercafter), and
furthermore this can be done by producing in period ¢ the output which maximices current profit in
that period, this output does not depend on 8, so @,(c(0)) does not vary with §. Now, if o{0)&(5,,5,)
then it is still optimal c{1)=r w.p.1, but now the output which maximizes current profit in period 0
is not enough for that, so the monopolist needs to produce more than that, in fact the monopolist
produces a quantity which ensures ¢{1}=r, and this quantity increases as ¢ increases. In the other
extreme, if c{0) € (8,,4) then it is optimal o{1)> 7 w.p.1., that is, e(1)=c(0)}-3(0gq(0) w.p.1 and 7 does
not play any role. This means that if we replace (3) in problem II by this linear equation we have
an equivalent problem (the same optimal policy and value function). It can be easily shown from
lemma 2 in the appendix that in this equivalent problem the expected profit of period 1 increases with

Qc(O)) (what is intuitive since Q(c(0)) diminishes ¢{1}) and this increment is higher as @ is higher.

e

In a two period problem, output on the second period is always the same finear function of the cost for
that period, no matter how the risk changes. In fact, it is the same function for problem ¥ and ¥I. So, we only
look at output on the first period.

This is formally presented, together with the optimal policy in lemma 2 in appendix.
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The next theorem presents the results related to the overall impact, that is, it compares the

]

optimal output of the first period in problems I and 1.

Theorem 2
For problem I and II, if the sufficient condition for global optimality given in lemmas 1 and

2 hold (see appendix) then we can define points ¢,, ¢, ¢ and ¢, such that:
D1 <e<e<a<d;

i) Oc)=Q4e;

i) Qe > 2her)s

iv) Q) <@deak;

v} Qlen > s

As in the marginal impact result, this theorem indicates that the sign of the difference between
the optimal output in the first peried in problems I and I1, that is Q(c{03)-Q(c(0)}, depends on c(0).
Tn fact, although the theorem about marginal impact presents strenger results than the one about
overall jmpact {the first referrs to any value for o(0) in {r.a) while the second just chooses points
within this interval) both results seem to go in the same direction. It seems that overall impact in this

models can be considered as a limit case of the marginal impact with similar explanation to the ene

given for the marginal Impact.

4. ;Do the known properties for the deterministic model hold under multipiicative
uncertainty?

For problem I, the known results in the literature are (see e.g. Fudenberg and Tirole (1983)):
whenever cost reduction exists, iy optimal output in every period is greater than in the miopic case
(that in which the monopolist only maximizes current profit), i) cutput increases over time, iil) in
some petiods the monopolist could opperate at a loss, Now we check out if these properties still hold

under multiplicative uncertainty.

4.1 Is output greater than in the miopic case?
In a deterministic case, if present output reduces future cost, the monopolist will produce, in.

See previous footnote.




a given period, a greater output than the one which maximizes current profit {miopic output) to take

advantage of this fact. Next result shows that this argument still holds with multiplicative uncertainty.

Theorem 3
For problem I1, if the sufficient condition for globat optimality given in lernma 2 holds, and
o{0) > @br+{B-Ga)(2b+-6)", then 0(c(0)} is greater than in the miopic case.
=
Inthis theorem, we exclude the case where ¢(0) < (2br+(B-8)a)(2b+ 5-0)* because in this case
(0} is close enocugh o 7 30 as to have c{1}=7 w.p.1 with the miopic cutput in the first period. A
similar case occurs in the deterministic problem (see lemma I in appendix), so this makes no

difference between a determinist and a multiplicative uncertainty problem.

4.2 Dees ontput increases over time?

To answer this question we need a model where cost reduction takes several periods. To do
that, we extend problem K to a case where time horizon takes an arbitrary and finite value, say T,
so periods go from G to 7-1, and also c(f+ 1)=max{r,c(f)-8g(H)} for t=0,...,7-1 where {}5‘(:)},21,,
is a sequence of random variables i.i.d. such that Prob(B(#)=8-8)=Prob(8()=5-8)=%. In lemma
4 in appendix we identify, for this problem, when (7-1)> 7 w.p.1 under the optimat policy, and we
also present the optimal policy in this case. We use this optimal policy to stady this question. In order
t0 connect results in previous section to the ones given here, we must note that in the 7' period
problem we identify the optimal policy for the biggest possible values of c(Q) (see lenmma 4 in
appendix}, which are those that, in the two period problem (previcus sections) have optimal output

in period 0 increasing with @ and greater in the stochastic than in the deterministic case.

Furthermore, under multiplicative uncertainty, the output in every period is a random
variable, so we need to define what we mean by increasing output over time, This is done in the next

definition,

Definition 3 For problem IE with time horizon T, output is increasing in period #+1 if and only if:
I - N N
| Efg, @+1)/g (0).ct)} > 4.1

where g,7(¢) denotes eptimal output in period #. Also, output is decreasing in period #+1 if the reverse

holds with stricte inequality.

Next notation is used later in the theorem, Let:

KT =0

(ST SGa L)) S S 8|
I -ANGOK(+1,0)

(10)
K(t.8) = NK(+1,8)+

The sequence defined above has a simple interpretation. Let us consider problem IT with time
forizon T, and such that there is enough difference between ¢(0) and 7 so as to have
o(T-1)>r w.p.1 under the optimal policy (in lemma 4 in appendix it is formally presented what
encugh difference is). If in period ¢ we have the unitary cost c(f), then the expected discounted profit

flow from £ to T-1 (value function in period £) is K@) (a-c®)?, for 1=0,...,T-1.

The tesults concerning increasing output over time are presented in the next theorem.

Theorem 4
Consider problem II with time horizon 7, and such that both the global optimality condition

and the sufficient condition to have ¢(T-1)> 7 w.p. under the optimal poticy, which are specified in

lemma 4 in appendix, hold. For any t€{0,.. ., T2} satisfying:

LZNERG2,0) > 1—";‘12] B(t+1,0) an
3 ZNH{BE R (+2,8) +B(1-N) 4b

the output is decreasing in period r+1.
=

In lernma 3 in appendix we consider preblem I {deterministic case) with time horizon T and
cost evolution given by c{t+ 1y=max{r,c()-84(t)} for=0,....T-1. We identify when ¢(7-1) > 7 under
the optimal policy and we present it in this case. As we see there, the sequence K{(t,0) for 1=0,....T-1,
defined in (10) taking 8=0, is used to construc the optimal policy for that problem. Since for the
deterministic case the optimal output is always increasing, we must have that that {11) never holds
for 6=06. In effect, note that both sides in the inequality in (11) become ecqual if §=0"""",

s ginge (11) is only sufficient for decreasing output, this argument just shows that our findings are
conformable with the known properties for deterministic models rather than being a proof of these properties.
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Furthermore, (11) holds when £-8 is small and A=1™ . Since, by hypothesis,
€ (0.8), when (-8 is small we have a big risk in the probability distribution of B(r), furthermore
A=1 means that fiture periods are very important in current petiod. In a deterministic case, the
output is increasing over time since, in any two consecutive periods with cost reduction, the present
output reduces furure cost, and in the later period the cost is lower. With multiplicative uncertainty,
the cost in the fater period still could be smaller, but also, in every period, the variance of the furare
cost conditioned on present cost and output increases with the present output. This tends to diminish
current output from a certain level of conditioned variance of the future cost on: if 8 is bigh enough
(what means a big conditioned variance) and the oupint is increasing over time, we improve in terms
of the objective function by diminishing this variance; this is done by diminishing expected output

more in periods with bigger expected output, and this leads to decreasing output™ -~

4.3 When do the monopolist opperate at a loss?

There is an argument in the literature to Justify that the monopolist might opperate at a loss
in some periods in a deterministic model (e.g. Dasgupta and Stiglitz (1988)): since the monopolist will
deviate from miopic output to take advantage of the cost reduction, there might be a loss in the
current period. However, in the literature it is not specified when a current loss takes place. So, we
nwst first be able to specify when, both in the deterministic and the stochastic problem, the
monopolist will have a current loss, and then to compare the results. We work with problems Y and
IX with time horizon T as defined in Section 4.2 becuase it allows to study how losses (if exist) are

distributed over time when the cost reduction takes several periods.

First, we consider the deterministic problem. The next result indicates a sufficient condition

for the monopolist 10 opperate at a loss in a given period.

Theorem 5

Consider preblem I with time horizon T, and such that both the global optimality condition

Asan examp!e,{if (T.7,8.8,0(0),7,0,b)=(3,0.99,1,0.99,4,1,5,8) then the optimat policy for problem
I is given by lemma 4 atid (11) holds for =0, that is, output decreases in period 1 according to our definition.
Also, if we set 5=9 and Reep the other parameter values thet the optimal policy is also given by lemma 4, and
the owlput is still decreasing at =0 (see necesary and suificient condition given in the proof of the latter
theorem) although (11) does not longer hold. This emphasizes that (12) is only sufficient.

"™ This does aot occur for any value of the variance of the futare cost since, from thearem 2, when
e(1)>1 w.p.1 in problem IT we have a bigger output than in problem I when c(1)>> 1. This ambiguous role
of that variance (when small it just increases cutput, and when big it also changes some qualities of the ouiput
path} is due to the fact that the monopolist is assumed to be risk neutral.
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and the sufficient condition to have ¢(T-1)>> v under the optimal policy, which are specified in lernma

3 in appendix, hold. Given any period 1& {0,...,7-1}, the monopolist opperates at a loss in that period

when:
i1+ By b -2b1-2 12)
N(E %)' > 1+W( FaY }
if 1-(1-A2B(NB) ' > 0; on:
] +ﬁ / + b 1*2‘9& (13)
N(I%)"(lm( 5 }\)
if 1-(1-N)2B(\8)" < 0.
where j=T-t.
.. |

If A=1 assumption {12) becomes {132y > 1+b(B+b)", which always holds for ; bip
enough. This means that when A=1 and there is enough difference between ¢(0) and 7, the
monopolist opperates at  loss in the first period. Furthermore, for any A #0, the hypothesis holds

more easily as b gets smaller in terms of A and 8.

When neither (12) nor (13) hold, this result says nothing, since it only gives a sufficient
condition. So, the question which remains is: when b is big enough in terms of A and 3 (neither (12)
nor (13) hold), does the monopolist opperate at a loss? The next result gives an answer. It shows that,
precisely when & is big enough in terms of A and 3, the monopolist will never opperate at a loss, no

matters how big the difference between ¢(0) and 7 is {if ¢(0)-r is big encugh 5o as not to reach r in

T periods).

Theorem &
Consider problem I with time horizon T, and such that both the global optimality condition

and the sufficient condition to have o(7-1) > + under the optimal policy, which are specified in lenuma

Mo 1A _I 2 M oopagy 1on < 2 (14
5 < gl |p R 1 < 55

the monopolist will never opperate at a loss.

3 in appendix, hold. If:

il




As we have previously indicated, (14) holds when b is big enough in terms of A and 8. If it
occurs, the root is real, and then it can be easily shown that the first inequality always holds. Also,
the second inequality holds more easily as b gets bigger in terms of A and f (if it oceurs, the left side
of the inequality gets closer to 0, and the tight side gets closer to 1).

So theorems 5 and 6 say; first, that the monepalist opperates at a loss in the first period when
the slope of the inverse demand fanction (6) is small enough in terms of the discount parameter ()
and the cost reduction that a unit of output generates (f); and second, that the monopolist ever
opperates at a loss when b is big enough in terms of A and 8. Now we ask how do things change if
we introduce multiplicative uncertainty. The next two results show that, basically, the conclusion are
the same as in the deterministic case. This is so even although the periods where the monopolist

opperate at a loss are not exactly the same for a deterministc and a Stochastic problem.

As in the deterministic case, first we give a condition under which the monopolist opperates
at a loss in period 7. This is done in the next theorem.

Theorem 7
Consider problem IT with time horizon T, and such that both the global optimality condition
and the sufficient condition to have o(T-1)> 7 w.p.1 under the optimal policy, which are specified in

lemma 4 in appendix, hold. Given any peried t& {0,...,7-1}, the monapolist opperates at a loss in
that period when:

i+ 8y b _2b1-\
Mgl > L1325 as)
B+b+r—_
B
if 1-(1-X)2b0\3)Y' > 0; or:
8. b 21
B a6)
Bb+
B
i 1-(1-N26(\B)! <0.
where j=T%.
-

Now, we present a sufficient condition under which the monopolist never opperates at a loss.

Theorem 8
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Consider problem II with time horizon T, and such that both the global optimality condition
and the sufficient condition to have c(7-1)> 7 w.p.1 under the optimal policy, which are specified in

lemma 4 in appendix, hold. If:

8. »  an
2FANT) NGB )

! ,_I,L_{b—j B2 (BB B)+0Y |-
rri MG H1-N)F) 1-A

the monopolist never opperates at a loss.
|

Note the analogy between theorem 5 and 6 and theorem 7 and 8. This suggests, as we have

indicated, that the moniopalist opperates at a Joss under similar conditions in the deterministic and in
)

the stochastic case.

6. Conclusions and further research

The firms of an infane industry (Stokey (1986)) have reductions in their production cost over
fme because they accumulate experience. This is known as Jearning by doing, and it has been
extensively studied in deterministic models, We ask if the known properties of the behaviour of firms

with learning by doing in a deterministic model hold when some uncertainty is introduced in the cost

reduction process.

A discrete time and finite time horizon model is considered, in which a monopolist, who faces
no entry and opperates in a market with linear demand, maximizes current and discounted future
profits, We take as starting point a deterministic cost reduction as in Dasgupta and Stiglitz (1988):
e(t+ 1y=max{r,c(t)-Bg(H)}, where g(t) and £(f) are, respectively, output and unitary cost in period 7,
and intreduce multiplicative uncestainty in the later equation by setting et + 1) =max{r,c(?)-8(0q()},
where {B(t)} is a i.i.d. sequence of random variables with known probability distribution. An
interesting fact of this form of uncertainty is that the model is still a learning by doing model:
Prob(c(r+ 1) < () c(8),qt) > O only if g(2) > 0, also Prob{c(z+1) > c()/c(n),q(1)) =0, When uncertainty

is introduced, the monopolist is assumed to be risk neutral.

Our analysis has two parts. In the first part, we study the influence of the muitiplicative
uncertainty on the optimal cutput in a given period. In the second pari, we study if the known

properties of the optimal output’s path of the deterministic model hold under uncertainty.

We have analytical results showing that: 1) concerning the first part, 1o introduce uncertainty,

ot to alter it in a mean preserving spread sense, changes the level of output, and the sign of this
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change depends on the initial cost; 2) concerning the second part, not all of the known properties for

2 deterministic model hold under uncertainty, as we show in the next table.

deterministic current output output monopolist monopolist never
properties greater than the increases over opperates at a opperates at a

one which time loss in the imitial | loss when b big in

maxinizes periods when & terms of A and 8

current profit small in terms of

Aand 8
multiplicative holds does not hold helds writting: holds writting:
uncertainey when b small ... A, Bandd. . A, Band 6.
properties in terms of A and
[

notes: b is the slope of the inverse demand function, A is the discount parameter, and 6 is the standard

deviation of B(7). Also, in the multiplicative uncertainty case, 8 is the mean of ().

We think of two possible interesting ways to continue this work. First, to consider different
kinds of industrial structures, with special emphasis on duopoly and a case where the probability
distribution of the perturbation (8()) is different for every firm. It it a well known property for a
deterministic model than asimetries in a dupoly (i.e. different initial costs) within a deterministic
scheme can lead 10 a monopoly, and we could ask if this is still true when the differences are
introduced onfy in the perturbation term. Second, to consider other cases of uncertainty, specially a
cage where there are unknown parameters in the distribution of probability of 8(s). If this is so, there
are two kinds of learning: one about an unkown parameter, and one reflecting the cost reduction

jtself, The key question is: How do they interact?
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APPENDIX

The next two lemmas give the optima! policy for problems I and I respectively. For the

proof of these lemmas see Alvarez and Cerdd (1997a) and (1997b). Previously some notation is

introduced. Let:

T+(B+y)na

gxy) = “—(M);

Lemma 1
For probiem 1, if 5> MK then:

r,bd'l(a—c((])) if g(quIUO) < C(O)
04c) = | FEO i 8yp0) < 0 = 56,0

by la-c(@) it ¢(0) = g(¢,,0

whete dy, =(1+2ABK)(25-2NBK), 6,,=(2)-L, and K and g(x,y) are defined as above.

Lemma 2
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For problem II, if &> M*+69K then:

[ &, (@O if g(4,,,0) < 0

ﬁ(e{ow) it 8,8 < c0) < g(d,,,0)
Qc(0) = | ¢,,(@~c0) if g0 < @ < g(o,,,0
% 209,
b fac@) i c®) < g(é,5,6)

1A

(e{03-7) it g(¢,,-0) < 0

where ¢, =(1+2AFKH(2b-ZME +)K), $,,=(1+2NB-0)K)/(2b-2MB-67)K),
b, ;=(2b)-1, and K and g(x,y} are defined as before.

|
Proof of theorem 1

We define 8 =g(¢,3.-), 8,=g(d,,-8) and &,=g(¢d, .0, with g(x,y) defined as before. The

part i follows from the fact that 7<{a and so g(x,y} is and increasing fumction in each argument, and
we have ¢, <¢,,<$,,; Now, since the hypothesis given in lemma 2 hold, £.(c(0)} is given by that
lemma. Next we show ii). First, e(0)€(6;,ayec(0)> g(¢.,,0) and then Q,(c(0)=0,,(a-c(0)), also
B¢, Ja0=4NKP, (1 +20BK)" (where 4/30 denotes partial derivative of f respect to 6), so we have
d¢, /86 >0, and so Q,(c(0)) increases with & inthis case, Second,
A0 E (8,,5,)28(, 5,-0) < c(0) < g(@,,,-0) and then O, (c(0)) = (8-8(c(0)-7), since (3-8)" increases with
# aiso does Q.c(()). To proove iil note that c(0)€(6,,6,)=c(0)E (g(d,,,-0),8(¢,,0)) and then
0.0 =(B+8)(c(0)-7) or QLc(0) =g, {a-c{0)); the first expresion in strictly decreasing in 6, the
second also is, since: 3¢, »/00=-NK(2(E+5-6) + M(B-0PK)20-NMB-6YK)?, and so 3¢,,/30< 0 and, in
any case, O{c(0)) decreases with 6, hence iii holds. To show iv, note that
AN E (7,5, y=c(0) < g, 4,-0), then QLc(0))=0,(a-c(0)) and ¢, does no depend on #, and so iv
holds.

|

Proof of theorem 2,

i
The proof has two step’zi. I the first step, we take ¢, € (7.8(¢. 5,-8)) and ¢, € (7,8(¢,,,,6)), and we show
that these values verify ii and v and also 7< ¢, < ¢;<a. In the second step, we show that there exist

values ¢, and ¢; which verify iii, iv and g{¢,.,-0} <c;<c,<g(#,,.8) (and so i holds).

First step. From definitions for g(x,y), ¢, and ¢,, we have:

16

8lgpoa-) < gl 42.0), hence, if ¢, < g(é,5,-0) then @ (c)=¢, (a-c)) and Q.(c)=4,s(a-c)) follow from
lemmas 1 and 2, but it also follows: ¢,,=4¢,,, and so ii holds. Also, from definitions of g(x,y}, #,,
and ¢, we have: g(4,,.0)>g(¢,.0), hence if ¢,>g(¢,,,0) then from lemmas 1 and 2:
Qlc)=d,fa-c) and Oflc)=¢,(a-c,). Moreover, from definitions of ¢,, and ¢,, we have:
¢4y <¢,;, and so v holds. Furthermore, since g(x,y} is increasing in its arguments and ¢,;<¢,, we

have r<.¢ <c¢;<4a.

Second step. To proove iii note that either it occurs 2) g{d,.,0)=g(d.,-8), or b)
842,01 > g($,.5,-6). If a) occurs then, it exists ¢; € [g(¢42,0).8(.2-0)] such that: O(c,)=p"(c;-7)
and Q.{c) ={8-0Y(c,-7), hence 0,(c) > QLe)). IFb) occurs, then it exists ¢, E(g(d, 1,-0),8(¢4,.0)) such
that: Qfc)=¢,4a-c,) and Qc)=¢,(a-c), and since $,,< ¢, , we have 0(c;)> @ [e,). To prove
iv note that either it ocurrs ¢ g(é,,,0) <£(¢,,,6), or d} gla,,.0)> g(¢,,,0). If c} ocours then it exits
& E(g(¢41:0),8(d,.,.) such ¢, is greater than any ¢, choosen previously, and furthermore, from
lemmas 1 and 2, ¢, verifies: Q{e;)= ¢, (a-¢;) and Q,(c;)=¢,,(a-c,), and from definitions of ¢,;, and
$,, we have: ¢, > ¢,, and hence 0(c;) < Q[cy). If d) occurs then it exists &€ [g(¢,,8),8(¢,1, 01
such that ¢; is greater that any ¢, previously choosen, and furthermore, from lemmas 1 and 2, ¢,
verifies: Oc)y=0"(c,-7) and 0 (¢;)=B+6Y(c;-7), hence O,(c;) < O[c). Finally, note that ¢, and ¢;
always satisfy c;<¢;. Moreover c¢,z=min{g{$;,,0),8($,:,-0)} >g(¢,:,-8) and
o< min{g($,,.00.8(8,2.60} > g, 1,0).

|
Proof of theorem 3

Let g, be miopic output in the first period, we have g,=(2b)"(a-c(0)). Suppose that
Qi) =g, {a-c(0)), since ¢,,>(2by" we have @,(c(0)) > ¢, Analogously, if
O(e()) =, fa-c(0)), since ¢, > (2b)" we have Q(c(0)} >q,. Now, if
2.(c(0) =B+ 0)(c(0)-7), then: Qc(0))> g, =(5+6) ' (e0)}-7) > (28) ' (@-c(O))»

o(0) > ya+(1-y)r, where y=(8+0){2b+6-+6)y". The lowest value of ¢(0) such that

Q0N =(B+8Y(c(0)-7} is: (r+(B+E)b,0)(1 +(B+6)b..)", hence, O (c(0)) > g, if

(7+{3+ 0y, ,a)(1+(8 +8)¢e.2)" z=«a+(1-y)r holds. Both sides of the later inequality are convex linear
combinations of @ and 7, and since > 7, the inequality holds if and only if

Q+{B+Od, ' <1y, of ¢,=02)", which i wue. If QL0)=(3-0Y'(c(0)-7), then:
QLe(0)) > q,8(8-0Y (c(0)-7) > 2By (a-c(0)yec(0) > oa+(1-0)7 where o=(3-§)(2b-0-+5)". But
O(c(0)y=(-8Y*(c(0)-7) only if o(0)>(r+(B-t)p, a1+ (B-8)9,.)", hence, G (c(0))> g, if:

{r+ (-0, (1 +(B-0)¢, 5 = sa+(1-0)r. Both sides of the later inequality are convex limear

combinations of a and 7, and since a>> 7, the inequality holds if only if:
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(1+(8-0)d,,) ' <1-0, or ¢, (2BY", which s true.
A
The next two lermas give the optimal policy for problems I and II respectively, with time
horizon T and cost evolution given by c(f+1)=max{r,c{}-fq(}} for problem I and
c(t+ D=max{r,c{)-B(0q(H} for problem IL. For the proof of these lemmas see Alvarez and Cerdd
(19974) and (1997b). Previously some notation is introduced. Let:

1+2A3K(r+1,6) b =10,.,T-1

g) = __1rIMOALEVLE) :
¢(.0) 2b-2NB+0DEK(t+1,0) i

R(r-1,0) = 7

ROLO860a . (g 7y

RO = = 500

with K(z,6) as defined in (10).

Lemma 3
For problem I with time horizon T, if > NP+ 1,0) for € {0,...,T-1} (global optimality

condition) and c{0)>R(0,0) hold, then the optimat output in period ¢ is ¢(¢,0)(a-¢(9) for
tE{0,...,1-1}, and also ¢(7-1)> 7 under the optimal pelicy.
=
Lemma 4
For problem I with time horizon T, if b>X @ +#)K(t+1,0) for 1€{0,...,7-1} (global
optimatity condition} and ¢(0) > R(0,8) hold, then the optimal output in period £ is ¢{2,8)(a-c(f)) for

t€{0,...,7-1}, and also (7-1)> 7 w.p.1 under the optimal policy.
|

The condition ¢(0)> R(0,8) ensures ¢{T-1)> w.p.1 under the optimal policy (and so does

2(0)> R(0,0) for the deterministic case). -.‘

Proof of theorem 4
If the conditiongfin lemma 4 hold then the optimal policy for problem II is given by that

lemma. Taking expecta’ﬁons, and notting that 1+8¢(,6) >0, we have:

E{g(t+ 1)g(t),c(D} > gyedt, 01 +B¢(t.6)" < ¢{r+1,6). Furthermore:

SO+ Bt )y =(1+2NBK(t + 1,ON2b+B-ZNPR(+1,00)" = (1 + MK +2,0) +

1501+ 2NBE(t+2,0)¢ + 1,00)2b+ B-2INHK(+2,0)+ (1 + 2ABRU+ 2.8+ L)),

where the first cquallity follows from the expression for ¢(,t) and the second from the expression

for K(8,1). Then, we have: B{g(z-+ 1)/g(0,c(0} > q(iys{1 +2ABOK(+2.00+
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Ya(1-+ DNBE(-+2,00)(s+ 1ODH2D+B-2NF K+ 2,0) + 4 (1+INGK(+ 2,80 (r-+ 1,005 <
$(¢+1,8). We can rewrite the right hand side of the later implication as:
(L+ZABOK(+2,0)+V2(1 +2NBK(t +2,00) (2 + 1,80025 + B-2MP(ONK T + 2,6)+
Y1+ 20GE(+ 2,090+ 1,00y < d(t+1,0)2
12N BK(E+2,0)-+ M8+ 1,0 +2N282K (e +- 2,00 (1 + 1,80 <
(2b-+B-20 K1+ 2,00 (1 + 18- +20BK (1 + 2,00 (1 + 1,002
TH2NBE(+2,6) < (2520 (F +0OK[+2,0)+ B(L-N)b(r+ 1,807 +2AGE(r+2,0008(t 11,6
(14+-2NBK( +2,0)(282N (P + K[ +2,8)+B8(1-NY <
G(e+ LE-M(L+2ASK(+2,00(2b-2N (5 + 01 K{2 4+ 2,6) + B(1-NY '9(r+ 1,07 So, we can write:
E{g(r+1)q(0),c} > qy=(1+ 2N0K @ +2,60)(25- 2052+ ORI +2,6) + B1-A) <
(1-A2eh(t+1,0)0(1 +20BK(+2,0)(2b- 20 (3 +WK(E+ 2,60+ BN G+ 1,8).
So if the inequallity on the right hand side of the later implication does not hold, we have decreasing
output in £+1. Now we show that (11) is a sufficient condition for this to occur. In effect:
{405 =(2bY (2b)" < (1+2MBK(1+2,00)(26-20(F + UK +2,0)-+ BOL-N) (1 +1,6),
since: (25" << (1-+2ABK(+2,0))(20-2N(B8* + K[ +2,00+ B(1-NYF v @B < p{t+1.8),
hence, the right hand side in (11) is greater than the right hand side of the inequallity on the right side
of the later implication.

]
Next result is used in the following proofs. It gives a necessary and sufficient condition for the
monopolist to opperate at a loss in a given period, within a T period probler. It can be applied for

both the stochastic and the deterministic case,

Lemuma 5
For problem II with time horizon T as defined before and such that the optimal policy is
given by lemma 4, the monopolist opperates at a loss in period t if and only if:
Kerlgy > b ©22)
2MB(br+B) +6")
This condition also stands for the deterministic case (problem I with time horizon T and optimal

policy given by lenmuna 3) by setting #=0.
|

Proof of Lemma 5
We make the proof for the stochastic case, the deterministic case is similar. From the optimal

policy given by lemma 2 we have: p(5) < c{fea-bo(,0)(a-c()) < c(f): and this can be rewriten as:
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PO < clByedf) > 5. Now, by considering the value for ¢(z,8), we bave the hypothesis given in this

lemma.
- |

Proof of theorem 5

Let the difference equation x(i+1)=z(x(®)}, for every 1=0,1,... with x(()=0; where
2(x)=Nr+ (1 +2INEx(4B-ANG)Y! for every x€ {R:4b>40Fx}. Note that x())=K(7-,0). The proof
is as follows: from lemma 5, the monopolist will opperate at a loss in period T5-1 if and only if
K(T<,0), that is x{), is greater a certain critical value; to identify a period 75+ 1 where this occurs,
we find a linear difference equation, say y(i+1)=g(y(@)), satisfying: i) x(} = y(}) for every i=0,1,..,
and ii) the hypothesis of the theorem is sufficient for y{) to be greater than the critical value given

in Lemwma 5.

Let g(x)=(4B)" + N1+ B(20)")x for every x € {R:4b > dnGx}. Note that z(x) = g(x). We show,
by finite induction on i, that the sequence given by y(i+1)=g(¥(D) for every i=0,1,... with y(§)=0
satisfies x({)= (i} for every i=0,1,... In effect for i=0 later inequaltity holds; now suppose it holds
for i, that is x()=y(#), then x(i+1) =y(i+1) since z(x)=g(x) for every x in the domain, and so:
i+ D=z = g(x()) > g(¥()y=y(i+1); where later inequallity follows from the fact that g is an

increasing function,

Now we show that the hypothesis of the theorem is sufficient for y(f) to be greater than the
critical vatue given in lenmma 5. The particular solution to the linear equation
i+ 1y=g(v()} is y(i) =(dB(1-A)-2MEY(1-X{(1+B(2bY"}). Hence, y(7) is greater than the criticat value
given by lemma 5 if: BRA3G+E)' < @BEA-N2ZAEY (N +HB2BYYY). Later inequallity can be
rewriten as:-b(b+B)" > (1-(1-N2BNEY P (1-N(3 +8(2b)"Y); and depending on the sign of
1-(1-N2b(\3)" we get the hypothesis of the theorem,

Proof of theorem 6 :

Let the differencg equation x(i+ 1)=z(x()), for every i=0,1,... be defined as in the proof of
theorem 5. From lemma 5, the monopotlist will never opperate at a loss if x({) remains lower than
the critical value given in that femma for any i=0,1,...We show, in two steps, that the hypothesis of

the theorem is sufficient for that.
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First step. We show that if the hypothesis holds, then there is a value, say x", such that it is
a solution to the equation: x=z(x) and also z(0)<x"<H2AB(B+A)! (later term is the critical value

given in lemma 5). We also proove that z is an increasing function. In effect, the two possible

. ’ 2. M . 23
x zmz[b:F b I__X(ZbﬂS) 1 % 23

Since z(0)=(4bY"; 2(0)<x < B2A3(h+B)Y" becomes the hypothesys of the theorem by multipliying

solutions to x=z(x) are:

by 208 and by taking as x the lowest possible solution to x=z(x). Moreover:
2 ()= A+4NG(1 +2ABx)4b +B-20E20)(4b-4NGM)?, (where prime denotes derivatives) and so z°(x) >0

for any x in the domain of z.

Second step. We show that if x” is a solution to x=z{(x), such that z(0) <x" < BNGE+BY,
then: x(i) <x" and so x{(#) <BEM(H-B))? for any i=0. In effect: for i=0 it holds. Let x(7) <x" hokd
for £, then x({+ 1) =z(x(i)) <z(x"y=x", where the inequality follows from the fact that z is an increasing
function,

|
Proof of theorem 7

Let the difference equation x{i+I}=mx(@), for every i=0,1,... with x(0)=0; where
m{x)=hx+(1+2ABxY(4b-4NF*+67x)" for every x€ {R:db> 4MB*+6%x}. Note that m(h) = K(T-,6).
The proof is similar to theorem 5: the monopolist opperates at a loss in period 7+j-1 if and only if
K(T-},8), that is x{f), is greater than ihe critical value given in lemima 5, to identify a period T+1
where this occurs, we find a linear difference equation, say y(i + 1)=g(y(1)}, satisfying: i} x(i) <y(#)
for every i=0,1,..., and ii) the hypothesis of the theorem is sufficient for y() to be greater than the

critical value given in lemama 5.

Let g(x) =(4bY" +71+5(25)")x, for every x & {R:4b> 482+ 0P)x}. For this linear difference
equation, we have, in a similar way to the proof of theorem 5, that x()=y(f) for every i=0,1,...
is satisfied. Also, the particular solution to this equation. is: y{i)=(4b(L-N-2M8) (1-N(1 +B2BY"Y).
Hence, y{j} is greater than the critical value given by lemma 5 if:

BNB(b+ B)+ 601 < (4b(1-N)-203)'(1-N(1 +5(2b)"Y), and from last inequality, depending on the
sign of 1-(1-A2B(A3)", we have the hypothesis of the theorem.

Proof of theorem 8
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Let the difference equation x(i +1)=mix(i)), for every i=0,1,... be defined as in the proof
of theorem 7. From lemma 5, the monopolist never opperates at a loss if x(i) is lower than the
critical value given in that lemma for any i=0,1,...We show, in two steps, in a similar way to the

proof of theorem @, that the hypothesis of the theorem is sufficient for that.

First step. We show that if the hypothesis holds then it exists x™ such that X =m(x") and also
m{) < x" < BMBE+BY+67)" (later term is the critical value given in lemma 5). We also show that

m is an increasing function. In effect, the two possible solutions to x=m{x) are:

. 1-) fz 2 8
= o N [PF B (BREBY ] — P 29
* 2)\(32-»(1—)\)6’)[ 1‘7\(’8( B)+63 1 2F+(1-N8)

Since m0y=(b)"; m0y<x"<BZNBB+B)+6%)' becomes the hypothesys of the theorem by
multipliying by 2A\3 and by taking as x” the lowest possible solution to x=m(x). Moreover:
M=+ (1 2ZABZAB2E-NBEH02) + MB+ (2B 202+ 60x)7, and so m’(x) >0 for any x in

the domain of m.

Second step. We show that for x° given in the previous step: x(f<x" and so
D) < BMB(H+H)+69)" holds for any 1=0. In effect: for i=0 it holds. Let x{({}<x" hold for 7, then

xi+1)y=mlx(@)) <m(x)=x", where the inequality arises because 7 is an increasing function,
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