
ar
X

iv
:2

11
2.

01
92

3v
1 

 [
qu

an
t-

ph
] 

 3
 D

ec
 2

02
1

Chaos in a deformed Dicke model

Ángel L. Corps,1, 2, ∗ Rafael A. Molina,1, † and Armando Relaño2, ‡

1Instituto de Estructura de la Materia, IEM-CSIC, Serrano 123, E-28006 Madrid, Spain
2Departamento de Estructura de la Materia, Física Térmica y Electrónica & Grupo Interdisciplinar de Sistemas Complejos (GISC),

Universidad Complutense de Madrid, Av. Complutense s/n, E-28040 Madrid, Spain

(Dated: December 6, 2021)

The critical behavior in an important class of excited state quantum phase transitions is signaled by the presence
of a new constant of motion only at one side of the critical energy. We study the impact of this phenomenon in
the development of chaos in a modified version of the paradigmatic Dicke model of quantum optics, in which a
perturbation is added that breaks the parity symmetry. Two asymmetric energy wells appear in the semiclassical
limit of the model, whose consequences are studied both in the classical and in the quantum cases. Classically,
Poincaré sections reveal that the degree of chaos not only depends on the energy of the initial condition chosen,
but also on the particular energy well structure of the model. In the quantum case, Peres lattices of physical
observables show that the appearance of chaos critically depends on the quantum conserved number provided
by this constant of motion. The conservation law defined by this constant is shown to allow for the coexistence
between chaos and regularity at the same energy. We further analyze the onset of chaos in relation with an
additional conserved quantity that the model can exhibit.

I. INTRODUCTION

Symmetries have famously played an important role
throughout physics, and this is no different within the field of
quantum chaos. Quantum chaos as a whole has been shaped
to an exceptional extent by the work of Fritz Haake, whose
monograph [1] continues to be one of the main references on
the subject.

The origins of quantum chaos can be arguably traced back to
the 1950s, when Wigner introduced the random matrix theory
(RMT) in an attempt to understand the lack of states observed
in certain nuclear resonances [2]. At that time the RMT was
only being used as a mathematical tool to describe a compli-
cated system such as the atomic nucleus. But even still in
the early days of quantum chaos it became clear that two in-
gredients were needed to understand the features of quantum
systems whose classical analogue exhibits chaotic dynamics:
a combination of the RMT [3] and the symmetries satisfied by
the system under consideration. In 1984, in their seminal work,
Bohigas, Giannoni and Schmit (BGS) [4] put forward the con-
jecture that the level fluctuations of quantally chaotic systems
are universal and given by the RMT. Depending on the par-
ticular symmetries of the system, level statistics would belong
to the universality class of one of the three classical random
ensembles: the Gaussian, unitary and symplectic ensembles
[5]. This is in stark contrast to generic quantum integrable
systems, whose eigenlevels are statistically uncorrelated and
belong to the class of the Poisson point process, as put forward
by Berry and Tabor already in 1977 [6]. Examples are known
in the literature where this correspondence does not seem to
be fulfilled [7–10]. Quantum chaos as we understand it today
is deeply rooted in a connection between classical periodic
orbit theory, developed by Gutzwiller [11], and the universal
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statistics of the eigenlevels of certain random matrices. An
understanding of this elegant and simple idea, based on the
notion of universality of level fluctuations, is a big part of the
scientific legacy left by Haake. Expanding on earlier works
by Hannay, Ozorio de Almeida, Sieber and Richter [12–14],
Haake and his collaborators provided a semiclassical proof of
the BGS conjecture in 2004 [15]. They showed that univer-
sality in quantum chaos follows from the observation that in
the semiclassical limit the specific features of a system play
no role. This was later followed by a series of papers where
they laid the foundations of a full periodic-orbit theory for the
correlations in the level statistics of quantum chaotic systems
[16–18]. Quantum chaos has evolved today to include systems
for which there exists no semiclassical limit [19]. In this case, a
theory for what quantum chaos may mean beyond compliance
with RMT universal results is still lacking. Additionally, basic,
fundamental phenomena such as quantum thermalization are
directly linked to quantum chaotic eigenstates [20, 21].

One of the most powerful approaches to quantum chaos, at
least when one has direct access to the spectrum, is based pre-
cisely on the statistical analysis of the eigenlevels. But even
this method is not unsensitive to the number of conserved
quantities in a given model. One first needs to desymmetrize
the spectrum, i.e., separate the eigenvalues in symmetry sub-
spaces. This is because the eigenlevels belonging to different
symmetry sectors are uncorrelated, and thus in mixing them
all one can easily miss [22, 23] the paradigmatic feature of
quantum chaotic spectra: level correlations. The result would
appear to be a significantly less chaotic system. Moreover,
depending on the statistic considered, one may still need to
go through the so-called unfolding procedure, which is non-
trivial and can induce spurious correlations where there are
really none [24, 25]; it can even be impracticable when the
sequence of eigenlevels is too short. As a consequence, other
ways to detect quantum chaos have been developed, including
the structure of the quantum eigenstates, expectation value of
generic physical observables, eigenstate localization [26–29],
to mention a few. Here, for reasons that will be explained in the
following, we focus on Peres lattices [30], which characterize
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pictorically how the quantum numbers associated with the in-
tegrability of the model are scrambled as chaoticity increases.

In this work we focus on a modified version of the Dicke
model [31], a prototypical model of quantum optics describing
the interaction between # identical two-level atoms (matter)
and a single bosonic mode (light). The Dicke model, formally
the simplest spin-boson system with more than one atom,
is a prototypical example of a system exhibiting a normal-
superradiant phase transition [32, 33], and it also allows for
both classical and quantum chaos [34–36] for suitable values of
its parameters. A semiclassical limit for the model can also be
obtained [37], so the quantum-classical correspondencecan be
readily analyzed. Superradiance (and also superfluorescence)
phase transitions of this type greatly benefited from the theory
by Haake with Glauber and others [38–42]. Haake’s work on
the Dicke model includes the famous paper [43], where he
expanded on the original ideas by Emary and Brandes [34],
and the peculiar equilibration properties and photon quantum
fluctuations of the system were thoroughly analyzed using a
Fokker-Planck formalism. Around the same time, a new kind
of non-analiticity in the spectrum of certain nuclear collective
models had been observed [44, 45]. This new behavior, ac-
knowledgedas a new form of quantum phase transition, termed
excited-state quantum phase transition (ESQPT) because it oc-
curred in the high-lying excited states of these models, was
considered as an independent phenomenon by Caprio, Cejnar
and Iachello for the first time in [46]. This phenomenology
had been identified mainly in integrable models. It was soon
revealed that an ESQPT is not unique to integrable systems
as it can also take place in non-integrable models. This was
shown in [47], where the connections of ESQPTs with the
onset of quantum chaos were explored for the first time in
the Dicke model. So far, most ESQPTs have been identified
in systems with an accessible semiclassical limit [48]. This
is because ESQPTs are strong quantum manifestations of the
features of the semiclassical phase space and can be obtained
by nullifying the classical Hamiltonian flow.

Many of the consequences of ESQPTs have received great
exploration in the past years [48]. How ESQPTs affect the
onset of quantum chaos is a question still not fully understood.
In [49] a (classical and quantum) constant of motion identify-
ing a large class of ESQPTs was reported. This constant of
motion establishes a strong conservation law which is obeyed
by the dynamics of systems exhibiting ESQPTs. Focusing on
a modified version of the Dicke model where the usual par-
ity symmetry is broken, we explore how this new symmetry
affects the development of chaos. By contrast with the usual
Dicke model [50], where chaos gradually develops as one goes
up in energy, we show that when there exists an asymmetry
in the classical phase space with associated ESQPTs, chaos
is influenced not only by the energy region of the spectrum
considered but also by the new conserved quantum numbers
imposed by this constant of motion.

This paper is organized as follows. Sec. II is devoted to
the model and its semiclassical limit. In Sec. II A we review
the standard Dicke model of quantum optics and introduce
a variation of the model based on a direct coupling to an
external bosonic reservoir through a deformation strength. The

semiclassical limit is analyzed in Sec. II B. The emergence of
chaos in the semiclassical limit is exemplified by means of
Poincaré sections in Sec. III. The development of quantum
chaos in the corresponding quantum version of the model is
studied in Sec. IV. In particular, in Sec. IV A we consider
two relevant photonic and atomic observables which reveal a
chaotic pattern that depends on the energy well structure of
the semiclassical limit. In Sec. IV B we analyze the low-
energy region of the spectrum where the system behaves very
approximately as an integrable model whose eigenvalues are
organized in bands as imposed by an approximate conserved
quantity. Finally, we gather the conclusions in Sec. V.

II. MODEL

A. A deformed Dicke Hamiltonian

One of the most important models to describe light-matter
interaction is the Dicke model, introduced nearly 70 years ago
[31]. The Dicke model describes the coupling between a set of
# two-level atoms (spin-1/2 particles) interacting with a single
mode electromagnetic field. The strength of the coupling
depends on a control parameter, _. The model has found
an enormous amount of applications in the study of quantum
chaos and thermalization [47, 50–56] ergodicity and scarring
[57, 58], and quantum phase transitions [34, 35, 59–62], to cite
a few. In this work, we consider a deformation of the Dicke
Hamiltonian where we include a direct coupling to an external
bosonic reservoir,

Ĥ = l0̂†0̂ + l0 �̂I +
2_
√
#
�̂G (0̂† + 0̂) +

√
#

l0 9
U(0̂† + 0̂), (1)

where we set ℏ ≡ 1. The parameter l is the frequency of
the bosonic field, while l0 represents the constant splitting
of the atom eigenlevels. For simplicity, we set l = l0 = 1
throughout without loss of generality. Here, 0̂† and 0̂ are
the usual bosonic creation and annihilation operators, respec-
tively, describing the photonic part of the system. The set
Ĵ = (�̂G , �̂H , �̂G) are collective pseudo-spin operators corre-
sponding to the # two-level atoms. The total spin operator Ĵ2

is a conserved quantity, [Ĥ , Ĵ2] = 0, and its eigenvalues, de-
noted 9 ( 9 +1), can be used to separate the Hamiltonian matrix
in symmetry sectors. We will work with the maximally sym-
metric sector defined by its maximum value, 9 = #/2, which
includes the ground state, relevant for experimental realiza-
tions [62]. Finally, U ∈ R is the deformation strength. When
U = 0, one trivially recovers the standard Dicke Hamiltonian.
As soon as U ≠ 0, the behavior of the system undergoes not
only quantitative but also qualitative changes. For example, if
U = 0 the Hamiltonian Eq. (1) admits a discrete Z2 symmetry,
called parity and given by Π̂ ≡ exp [8c( 9 + �̂I + 0̂†0̂)]. This
symmetry allows to separate the eigenstates {

���=,±
〉
}= accord-

ing to its two eigenvalues, Π̂
���=,±

〉
= ±

���=,±
〉
. However, if

U ≠ 0, this operator no longer commutes with the Hamilto-
nian, [Ĥ , Π̂] ≠ 0. When U = 0, for _ > _2 (U = 0) = √

ll0/2
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the Dicke model displays an ESQPT exactly at the reduced
energy n2 = −1. If U ≠ 0, the situation is more complicated
mathematically [49].

The Dicke model is non-integrable for all values of U as
it does not possess as many conserved quantities as classical
degrees of freedom;however, some additional constants of mo-
tion can be identified in a certain region of the spectrum, where
it does behave very approximately as an integrable model (see
below).

B. Semiclassical limit and phase space

The Hamiltonian Eq. (1) has an associated classical ana-
logue which describes it in the thermodynamic limit, # → ∞.
This mean-field solution can be calculated in several ways.
One of them [58] is to take the expectation value of the quan-
tum model Ĥ in the tensor product of Glauber-Bloch coherent

states |GB〉 ≡ |@, ?〉 ⊗ |&, %〉. Here, |@, ?〉 represents Glauber
coherent states for the bosonic part,

|@, ?〉 = exp

{
− 9

4
(@2 + ?2)

}
exp

{√
9

2
(@ + 8?)0̂†

}
|0〉 , (2)

where |0〉 is the radiation vacuum, while |&, %〉 represents
Bloch coherent states which apply to the atomic part,

|&, %〉 =
(
1 − &2 + %2

4

) 9
exp

{
& + 8%√

4 − %2 − &2
�̂+

}
| 9 ,− 9〉 ,

(3)
being | 9 ,− 9〉 the state with all atoms in the ground-state. Then,
the semiclassical model admits the representation

� ≡ 〈GB| Ĥ |GB〉
l0 9

=
l

2l0
(@2 + ?2) + 1

2
(&2 + %2) + 2_@&

l0

√
1 − 1

4
(&2 + %2) − 1 +

√
2

l0
U@. (4)

The canonical variables of the classical system are therefore
x ≡ (@, ?;&, %) ∈ R4, so the semiclassical phase space is
four-dimensional, M ⊆ R4. For convenience, both in the
classical and quantum versions of the model we will use the
energy scale n ≡ �/(l0 9), which enables a direct comparison
of the quantum model with the semiclassical limit Eq. (4).

The ground-state as well as the various QPTs and ESQPTs can
be obtained from the above analytic function. Its phase space
coordinates are the critical points x∗ such that ∇�x=x∗ = 0, and
its corresponding energies are readily obtained as n∗ = � (x∗).
When U = 0 and _ > _2 (U = 0), there exists an analytical
expression for these extrema; specifically, they are of the form
x∗ = (@∗, 0, &∗, 0) where

(@∗, &∗) = (0, 0), ©­«
−

√
4_2

l2
−

l2
0

4_2
,

√
2 − ll0

2_2

ª®
¬
,
©­«
√

4_2

l2
−

l2
0

4_2
,−

√
2 − ll0

2_2

ª®
¬
. (5)

One important aspect of the case U = 0 is that the classical
Hamiltonian is symmetric under @ → −@ and & → −&;
that is, if (@, ?,&, %) is a critical point, so will also be
(−@, ?,−&, %) and both correspond to the same energy. For
this reason, the second and third critical points in Eq. (5)
yield the exact same energy, the ground-state energy. The first
critical point is associated with an ESQPT at n2 = −1. This
scenario is represented in Fig. 1(a) where we show the projec-
tion of several energy contour surfaces, n = � (@, ?, &, %), on
the (@,&) plane. Each color is linked to a given energy. We
observe that the Hamiltonian does indeed admit two symmet-
ric global energy minima, i.e., the ground-state is degenerate.
For n ≤ n2 these two wells remain spatially separated in the
phase space. Exactly at the ESQPT criticality, n = n2 , they
merge into a single one as can be observed for n > n2 .

When U ≠ 0, the Hamiltonian function no longer admits the

symmetry � (@, ?, &, %) → � (−@, ?,−&, %), so the above
mentioned structure is distorted. In ths case it is not possible
to obtain a simple, closed expression for the various critical
points and control parameters. In the rest of this work, we
will set U = 1/4 for definiteness. Together with the choice
l0 = l = 1 (in resonance), the ESQPTs appear for couplings

_ > _2 (U = 1/4) = 1
2

√
13/16 + 5

√
17/16 ≈ 0.7247. We fo-

cus on the case _ = 3/2 > _2 , where the critical points are
x∗
�(

= (−3.339, 0, 1.322, 0), x∗1 = (2.623, 0,−1.322, 0), and
x∗2 = (0.045, 0,−0.133, 0). The corresponding energies are the
ground-state energy n�( = � (x∗

�(
) = −5.673 and the critical

energies n21 = � (x∗1) = −3.563 and n22 = � (x∗2) = −0.992.
We can obtain a physical intuition for these extrema in the
contours plots in Fig. 1(b) for the case U = 1/4. A conse-
quence of the non-vanishing deformation strength U is that the
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FIG. 1. Projection on the (@, &) plane of constant energy surfaces for the Hamiltonian function Eq. (4) with parametersl0 = l = 1 and _ = 3/2
for different values of U and reduced energy: (a) U = 0, n = −4,−3,−2,−1, 0, 1; (b) U = 1/4 and n = −4.99, −3.99, −2.99,−1.99, −0.99, 0.01
(from red to blue).

ground-state is not degenerate anymore; what we obtain are
two non-degenerate, non-equivalent minima at different ener-
gies. The second minima corresponds to x∗1, and it is located
at a higher energy than the ground state, n21 > n�( . Similarly
to the case of U = 0, the energy projection associated to the
critical point x∗2 at energy n22 merges both independent energy
wells in the (@, &) plane. In the rest of this work we will be
interested in this latter case, U ≠ 0.

III. CHAOS IN THE SEMICLASSICAL MODEL

There are several ways to identify the onset of the chaotic
regime in the classical realm. A particularly convenient pos-
sibility is given by the so-called Poincaré sections [63], which
allow for a very detailed understanding of the underlying clas-
sical motion of a Hamiltonian. Obtaining the Poincaré sec-
tions is in principle a rather straightforward procedure, but
depending on the equations of motion it can also be computa-
tionally expensive. One starts by picking an initial condition
x(C = 0) = (@(0), ?(0), &(0), %(0)) with a given energy of
interest, n = � (x(C = 0)). The classical time-evolution of the
initial condition follows the Hamilton equations, which in this
case read as follows:

d@

dC
=

m�

m?
=

l

l0
?, (6)

d?

dC
= −m�

m@
= − l

l0
@−2_&

l0

√
1 − 1

4
(&2 + %2)−

√
2

l0
U, (7)

d&

dC
=

m�

m%
= % − _@&%

2l0

√
1 − 1

4 (&2 + %2)
, (8)

d%

dC
= −m�

m&
= −&+ _@&2

2l0

√
1 − 1

4 (&2 + %2)
−

2_@
√

1 − 1
4 (&2 + %2)
l0

,

(9)
subject to the initial conditions @(C = 0) = @0, ?(C = 0) = ?0,
&(C = 0) = &0, and %(C = 0) = %0. Solving these equations
yields the trajectory at any time, x(C), and its associated energy
� (x(C)) is always conserved and equal to the initial energy,
� (x(C)) = � (x(0)) for all C. Then one considers the intersec-
tion of this function with a given hyperplane at each time C;
in this case we will intersect with % = 0. When x(C) is such
that %(C) = 0, we collect the rest of phase coordinates and we
finally represent the result in the (?, @) plane.

The two limiting behaviorsof integrable and chaotic dynam-
ics have clear characteristics. If the trajectory is regular, then
its intersection with the hyperplane will produce ordered one-
dimensional structures, often with the form of ovals (toroidal
structures). By contrast, in the chaotic regime the trajectories
can cover all the available phase space in an erratic way. In the
transition between regularity and chaos regular portions of the
phase space get distorted until they evolve into a fully disor-
dered set of points as the regular tori are destroyed according
to the KAM theorem [64].

The Poincaré sections thus obtained are represented in Fig.
2. The points in each panel correspond to trajectories with a
given fixed energy. At low energies, panels (a)-(b), the system
is very approximately integrable, and we obtain an ordered
set of points where each trajectory forms a toroidal curve. At
these low energies there is a single structure in the Poincaré
section since the second minimum does not exist yet. In panel
(c) the energy is slightly above n21 where the second mini-
mum appears. Interestingly, we observe that the left structure
already shows some signatures of chaotic behavior in its outer
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FIG. 2. Poincaré sections of the classical analogue Eq. (4) in the (?, @) plane. The trajectories have been interesected with the hyperplane
% = 0. Each panel corresponds to different energies of the trajectories: (a) n = −5, (b) n = −4, (c) n = −3, (d) n = −2.5, (e) n = −2, (f) n = −1,
(g) n = −0.8, and (h) n = 1. Each color corresponds to points of the same initial condition.

region. However, the second structure on the right is com-
pletely regular, indicating that this part of the phase space is
in fact approximately integrable and shows no trace of chaos.
This is best exemplified in panel (d), where the left energy
well is almost fully chaotic but the right well is still regular. In
the rest of panels (e)-(h), we observe that as the energy of the
picked initial condition is increased, chaos starts developing
also in the right, previously regular well. When the energy
is sufficiently high [panels (f)-(h)], chaos has completely won
over regularity, and one has an ergodic mesh of points in the
Poicaré sections.

These results indicate that, at least in the classical limit of the
quantum model, the addition of the perturbation parameter U
has an important impact on the developmentof chaos. Namely,
unlike in the standard Dicke model (U = 0) [50], chaos not only
depends on the energy of the trajectories, but also on whether
the trajectory is attached to the left or the right energy well.
Thus, chaos develops in each well in an independent way.

IV. CHAOS IN THE QUANTUM MODEL

We now turn to the quantum version of the model, Eq. (1).
The results of the previous section show that the onset of clas-
sical chaos depends on additional information than just the
energy of the classical trajectory. The effect of the perturba-
tion U is to break the symmetry of the classical energy wells,
and chaos is not blind to this asymmetry. One then wonders
whether similar features can also be observed in the quantum
realm, i.e., whether chaos depends on additional conserved
quantities besides energy.

A. Peres lattices

To answer this question, we will use the so-called Peres
lattices, discussed by Peres already in the 1980s [30]. The
main idea behind Peres’ approach is the following [65]. One
chooses a generic, few-body observable Ô and then considers
its eigenstate (diagonal) expectation values with respect to a
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given Hamiltonian, $== ≡ 〈�= | Ô |�=〉. When represented as
a function of the eigenenergies, these values $== give rise to
two kinds of limiting behaviors. An ordered set of points in
the (�=, $==) plane (a ‘lattice’) is an indication of regular dy-
namics, whereas a disordered set of points is associated with
chaotic dynamics. In between these two limits, small pertur-
bations of integrability can produce distortions of the regular
lattice. Full chaos is only present when the entire structure
of the lattice has been destroyed. Therefore, Peres lattices are
an alternative way to study quantum chaos and integrability
besides the more traditional analysis of level statistics. Addi-
tionally, Peres lattices in systems with two degrees of freedom
have the advantage that, in a way, they can be thought of as
a quantum counterpart of the classical Poincaré sections, and
thus they are particularly well-suited for our work. Nonethe-
less, it should be noted that Peres lattices are not an exact
quantum analogue of the classical Poincaré sections; however,
much like Poincaré sections, Peres lattices do also provide a
useful qualitative description of the emergence of chaos in the
quantum model.

To address the main question of this section, in conjunction
with the Peres lattices we will need a mechanism to label the
quantum eigenstates in relation to the properties of the asym-
metric classical energy wells. To do so, we employ a constant
of motion recently presented in [49]. One can observe from
the classical energy surfaces in Fig. 1 that below the second
ESQPT critical energy, n22, the well structure (symmetric or
asymmetric alike) is such that a classically conserved quantity
can be defined. In particular, one can see that between the
first and second ESQPTs, n21 ≤ n ≤ n22, two separate energy
wells exist and they disconnected, meaning that a classical tra-
jectory belonging to either well cannot pass over to the other
well: each classical trajectory is trapped within only one of
these two wells. For an energy value below the first ESQPT,
n�( ≤ n ≤ n21, there exists a single energy well, and therefore
each trajectory is trivially attached to that well alone. How-
ever, above the second ESQPT critical energy, n ≥ n22 , the
topology of the classical phase space does not allow for the
above classification of trajectories since any initial condition
can explore both regions of the phase space. The classical con-
stant of motion below the second ESQPT is therefore actually
a sign, sign (@− @2), where @2 = @∗2 is the classical coordinate
corresponding to the second ESQPT critical energy n22 (i.e.,
the @ for which the curves appear to cross). It is possible to
show [49] that also in the quantum version of the model and
in the thermodynamic limit, the quantum operator

Ĉ ≡ sign (@̂ − @2) (10)

is the corresponding quantum constant of motion. This con-
stitutes a discrete Z2 symmetry, whose only two eigenvalues
are Spec Ĉ = {−1, +1}. Thus, below the second ESQPT criti-
cality, the diagonal expectation values of Ĉ in the eigenstates
of the Hamiltonian can only be�== ≡ 〈�= | Ĉ |�=〉 ∈ {−1, +1}
in the thermodynamic limit. Corrections to this behavior for
finite sizes come from quantum tunneling between wells that
is exponentially suppressed with system size [49]. Still, for
sufficiently high finite-# values this is verified up to standard

numerical precision [c.f. Fig. 3(a)]. These expectation val-
ues have a clear interpretation in terms of the geometry of
the classical phase space. The value −1 is associated to the
left energy well (where the ground-state belongs), while the
+1 eigenvalue corresponds to the right energy well. Thus, Ĉ
assings a conserved quantum number to each of the Hamilto-
nian eigenstates by which dynamics must abide. It tells us to
which of the classical energy wells a given quantum eigenstate
belongs. In the present work we are interested in revealing
how this conservation law also has an impact on chaos.

Fig. 3 shows the Peres lattices for several important observ-
ables. First, in panel (a) we represent the diagonal elements
of Ĉ defined above. We can observe that below the second
ESQPT critical energy, n22, connecting both classical energy
wells (marked by the second vertical dashed line), two values
of �== are possible, +1 and −1, in accordance with the argu-
ments given above. Below the energy beyond which the right
energy well is accessible (marked by the first vertical dashed
line), �== can only be −1, as there is only a single energy
well. Colors in this figure are used to indicate the conserved
charge provided by Ĉ: blue points correspond to eigenstates
with 〈Ĉ〉 = −1, while red points correspond to eigenstates with
〈Ĉ〉 = +1. We can also see that above a certain energy thresh-
old the expectation values show a disordered set of points, in
purple, which is an indication of chaos. The energy above
which chaos kicks in seems to be related with the energy that
connects both classical energy wells, but it is in fact unrelated:
chaos appears below n22 even in the classical Poincaré sections
[c.f. Fig. 2(f)].

It is also worthwhile to point out to the effects of this
panel (a) on thermalization. Quantum thermalization [21, 66–
69], understood as in thermalization of individual eigenstates,
refers to the phenomenon by which the long-time average of
physical observables reaches an effective equilibrium state.
This long-time average then simply fluctuates around this equi-
librium value, which coincides with a suitable microcanonical
average over a relevant energy width. When thermalization
takes place, the infinite-time average approaches this micro-
canonical average as the system size increases, leading to the
thermodynamic limit. The cornerstone of our understand-
ing of quantum thermalization is summarized in the so-called
eigenstate thermalization hypothesis (ETH) [21, 69], and it
acknowledges quantum chaos as the main mechanism for why
thermalization is possible. Simply put, if the system under
consideration is quantum chaotic, its eigenstates will behave
as the eigenstates of random matrices, and thus the diagonal
expectation values of an observable will be a smooth function
of energy. This is clearly incompatible with the expectation
value 〈Ĉ〉, which shows discrete, abrupt jumps from −1 to +1
and viceversa as a function of energy. Thus, to study thermal-
ization in these broken-parity Dicke models, one would need
to consider two subsets of the spectrum, each with a definite
value of 〈Ĉ〉: the dynamics of non-equilibrium states must
obey the conservation law established by Ĉ [49]. An applica-
tion of the generalized Gibbs ensemble may be better suited
to treat this problem [70]. This is in stark contrast with the
standard version of the Dicke model.

With this in mind, we move on to panels (b) and (c), which
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â
〉/
j

0

2

4

6

8
〈Ĵ
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FIG. 3. Peres lattices of relevant observables in the eigenstates of the quantum Hamiltonian Eq. (1). (a) Constant of motion Eq. (10); (b)
number of photons operator 0̂† 0̂; (c) atomic collective spin observable �̂I . Blue points show the expectation value in an eigenstate |�=〉 for
which 〈�= | Ĉ |�=〉 = −1, belonging to the left well of the classical phase space; red points correspond to 〈�= | Ĉ |�=〉 = +1, belonging to the
right well; points for which Ĉ is not a constant of motion are plotted in purple. Vertical dashed lines show the energy at which the right energy
well is accessible, n21 = −3.563, and the energy above which both energy wells are connected, n22 = −0.992.

represent the Peres lattice of other two physically relevant ob-
servables. Panel (b) shows the case for the number of photons,
〈0̂†0̂〉. We can observe that at low enough energies, the di-
agonal expectation values form a completely regular lattice of
blue points, indicating quantum regularity. For example, at
n = −5, just slightly above the ground-state energy, this pic-
ture shows that there is apparently a strong correspondence
between the quantum case and the Poicaré section represented
in panel (a) of Fig. 2, whose trajectories are also regular. The
same applies for energy n = −4, which corresponds to panel
(b) of Fig. 2. We now focus on energy n = −3. We can see
that at this energy the right energy well is already accessible.
The red points corresponding to this energy well show again
a regular pattern, close to the ‘ground-state’ of the right well.
However, the blue points, associated to the left well which
already existed before, show some deviations from full reg-
ularity. This means that integrability is a little perturbed at

this energy but this perturbation is not enough to completely
destroy the lattice pattern. Interestingly, this can also be ob-
served in panel (c) of Fig. 2, where we observe that chaos has
already started to appear but that there are strong remnants of
regularity. This picture becomes more pronounced at energy
n = −2.5, where we observe that the red quantum expectation
values are essentially still regular, but the blue ones have now
an important perturbation, with most points being disordered
now. This is in concert with panel (d) of Fig. 2, whose left well
now shows a very small regular portion completely surrounded
by a chaotic sea; meanwhile, the right well continues to show
strong signatures of regularity. At energy n = −2, the blue
expectation values are almost fully chaotic, and the red ones,
although less chaotic than the blue, already show a strong per-
turbation of regularity. Panel (e) of Fig. 2 provides classical
corroboration of this quantum picture. As energy is increased
beyond n = −2, chaos starts to win over in both wells, until
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full chaos eventually kicks in. The same qualitative scenario
is observed for the atomic observable �̂I , indicating that this
result is independent of the part of the Hilbert space (atomic
or photonic) one looks at.

These results show that in this deformed version of the
Dicke model the addition of a term perturbating the symmetry
of the energy wells is transferred onto the quantum properties
of the model, in particular it significantly affects quantum
chaos. Besides energy, quantum chaos also depends on an
additional conserved quantity, given by the value of Ĉ in each
Hamiltonian eigenstate.

B. Integrability breaking at low energies

A visible feature in the Peres lattices of Fig. 3(b)-(c) is
the appearance of a set of independent points at low energies,
from the ground-state up to some intermediate region of the
spectrum. This band structure will allow us to provide a
quantitative description of the onset of quantum chaos.

Even though the Dicke model is non-integrable, it has been
shown [54, 55] that in the low-energy region it can be consid-
ered as very approximately integrable. This integrable region
is characterized by an additional, adiabatic constant of motion
�̂I′ , which allows to divide the spectrum of the Dicke model
into a set of 2 9 + 1 independent bands labelled by its eigen-
values. Using a Born-Oppenheimer approximation [71], one
considers that the motion of the atoms is much faster than that
of the bosons, so one freezes the slow bosonic coordinates and
solves for them. This is accomplished by replacing the boson
creation and annihilation operators by the simple semiclassical
approximation 0̂ = (1/

√
2) (@̂ + 8 ?̂). Using the ideas of Ref.

[54], the effective semiclassical Hamiltonians can be written

�<′ =
l

2
(?2 + @2) + l0

√
1 + _2

_2
2

l@2

l0 9
<′ + 2

√
l0

U@, (11)

where the 2 9+1 quantum numbers<′
= − 9 , − 9+1, . . . , 9−1, 9

are the eigenvalues of the adiabatic invariant

�̂I′ ≡
�̂I +

√
_2

_2
2

l
l0

1
2 9 (0̂ + 0̂†) �̂G√

1 + _2

_2
2

l
l0

1
2 9 (0̂ + 0̂†)2

, (12)

which behaves as a constant of motion up to not too high
energies [54]. Eq. (11) indicates that at low energies the
Dicke model, which has two semiclassical degrees of freedom
as shown in Eq. (4), can be split into a set of independent
integrable models with a single effective degree of freedom
each. Each �<′ defines a different classical energy surface; the
ground-state belongs to the surface with < = − 9 . It follows
that in the quantum case the energy levels depend on two
quantum numbers, �<′,=: <′ indicates to which band a given

energy level belongs, while = indexes its position relative to the
minimum energy within that band. The diagonal expectation
values 〈�= | �̂I′ |�=〉 ∈ {− 9 , − 9 + 1, . . . , 9 − 1, 9} can be used
to classify the quantum eigenlevels in bands.

It should be noted that the adiabatic invariant �̂I′ Eq. (12)
and the constant of motion Ĉ Eq. (10) are independent and
fundamentally unrelated. Their physical meaning is different:
�̂I′ indicates to which low-energy band a given eigenstate be-
longs, while Ĉ indicates within which classical energy well
a given eigenstate is trapped. These are not mutually exclu-
sive, as two states corresponding to different values of Ĉ can
nonetheless be found in the same energy band as indexed by
�̂I′ . Moreover, the regions of the spectrum where both op-
erators, �̂I′ and Ĉ, act as good constants of motion have a
non-empty intersection: Ĉ is a constant of motion up to the
ESQPT critical energy connecting the classical energy wells
[49], while �̂I′ is valid up to some energy value that depends
on the coupling parameters of the model [54]. At intermediate
energies below the second ESQPT and at low energies near the
ground-state, both operators act simultaneously as constants
of motion, providing two independent quantum numbers, 〈�̂I′〉
and 〈Ĉ〉, labelling the system states. It is interesting to note
that [�̂I′ , Ĉ] = 0 since both operators are diagonal in the basis
diagonalizing 0̂ + 0̂†.

It has been argued [54, 55] that the quantum chaotic domain
emerges when the operator Eq. (12) ceases to be a constant
of motion. We can use this fact to provide a more quantitative
picture than that given by the Peres lattices, which are qual-
itative. As an indicator of quantum chaos, we consider the
dispersion of �̂I′ in the eigenstates {|�=〉}= of the quantum
Hamiltonian,

(Δ�̂I′)2
= 〈�= | �̂2

I′ |�=〉 − (〈�= | �̂I′ |�=〉)2 ≥ 0. (13)

If this dispersion vanishes, then �̂I′ is a good conserved quan-
tity. As this dispersion increases from zero, the integrability
found at low energies is perturbed and the onset of chaos be-
gins.

The dispersion Eq. (13) is shown in Fig. 4. As in Fig.
3, we have classified each quantum eigenstate according to
the quantum number assigned by Ĉ, and thus blue and red
points represent eigenstates belonging to the left, 〈Ĉ〉 = −1,
and right, 〈Ĉ〉 = +1, classical energy wells, respectively. We
can see that in both cases the dispersion (Δ�̂I′)2 vanishes near
the minimum energy of each of the two classical wells (each of
the two ‘ground-states’), indicating that those low-lying eigen-
states can be successfully classified in independent energy
bands by �̂I′ . Thus, near these two minima both wells behave
as independent integrable systems. We now focus on the states
belonging to the left energy well, with 〈Ĉ〉 = −1. The van-
ishing dispersion is preserved up to n ≈ −3.5, where (Δ�̂I′)2

stops being zero and grows. This indicates that the classifica-
tion of the eigenstates in energy bands is no longer feasible,
this perturbation being due to the appearance of chaos. As
the energy further increases, the dispersion continues to grow.
A similar scenario is obtained for the states with 〈Ĉ〉 = +1,
whose dispersion near the energy minimum of that classical
well is zero and then also starts to grow at n ≈ −2.5. The
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FIG. 4. Dispersion Eq. (13) of the adiabatic invariant �̂I′ Eq. (12) as a function of energy. Color code is the same as in Fig. 3. For the
eigenstates belonging to both classical energy wells (Δ�̂I′)2 = 0 at low energies with respect to the minimum energy of each well, meaning
that at those energies each well behaves as an set of independent integrable models. Chaos sets in as (Δ�̂I′ )2 ≠ 0. The energy value at which
this occurs is different in each of the wells. The number of atoms is # = 60.

energy value where the dispersion acquires a non-zero value
is significantly higher than the analogous point for the states
with 〈Ĉ〉 = −1.

These results provide clear, quantitative evidence that chaos
appears at quite different energies and that the dynamics of
a classical energy well decouples from the dyamics of the
other well. Below the second ESQPT critical energy, n22 , the
system effectively behaves as two independent models whose
properties need to be analyzed separately. Above this energy,
the distinction between wells no longer applies as both wells
merge into a single one.

V. CONCLUSIONS

In this work we have explored the development of both clas-
sical and quantum chaos in a version of the Dicke model of
quantum optics. By introducing a deformation strength into
the standard Hamiltonian, in the semiclassical limit one ob-
tains two non-equivalent, asymmetric energy wells at different
energies. Below a certain energy threshold, intimately associ-
ated with an excited-state quantum phase transition, classical
trajectories are trapped within each of the wells and cannot
pass over to the other one. Above the critical energy of the
second ESQPT, the two wells become connected. By means of
classical Poincaré sections we have shown that each of the two
wells are characterized by independent dynamics: at the same
energy, depending on which well a trajectory belongs it can be
either regular or fully chaotic. In the quantum realm, Peres lat-
tices of representative atomic and photonic observables reveal
an interesting connection with the classical case. The operator

Ĉ acts a conserved quantity below the second ESQPT critical
energy and assigns a conserved quantum number, ±1, to each
of the Hamiltonian eigenstates depending on which of the two
classical energy wells they are trapped. The development of
chaos is then shown to depend strongly on the conservation
law imposed by Ĉ. As a consequence, the usual theory of
quantum thermalization is invalid to describe the long-time
averaged equilibrium states reached in this family of systems.
For suitable values of the control parameters and at certain
energy values, one can thus have a system in which chaos and
regularity coexist in a completely independent fashion. The
emergence of the chaotic domain has been further analyzed by
taking into account the low-energy band structure of the model.
The energy at which this approximate integrability is broken
coincides rather well with quantum Peres lattices and classical
Poincaré sections. Our results could be experimentally tested
in trapped ions in a linear trap [72]. An applied constant (in
the reference frame rotating with the ion lattice) electric field
can induce the parity breaking term in the Hamiltonian (1).
The classical dynamics could be also simulted with electrical
circuits [73].
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