Local strong solutions of a parabolic system related to
the Boussinesq approximation for buoyancy-driven flow
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Abstract. We propose a modification of the classical Navier-Stokes-Boussinesq system of equations,
which governs buoyancy-driven flows of viscous, incompressible fluids. This modification is motivated
by unresolved issues regarding the global solvability of the classical system in situations where viscous
heating cannot be neglected. A simple model problem leads to a coupled system of two parabolic
equations with a source term involving the square of the gradient of one of the unknowns. In the
present paper, we establish the local-in-time existence and uniqueness of strong solutions for the
model problem. The full system of equations and the global-in-time existence of weak solutions will

be addressed in forthcoming work.
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1 Introduction

The flow of a viscous, heat-conducting fluid under the force of gravity is governed by a system
of balance equations for momentum, mass, and internal energy (see [1], Ch. 4.1-4.3). In the
so-called Boussinesq approximation, the system is reduced to the Navier-Stokes equations for
a homogeneous, incompressible fluid, coupled to a semilinear heat equation (see [16] or [20]).
The main coupling term is the buoyancy force (generation of momentum due to temperature
gradients); viscous heating (heat production due to internal friction) is neglected. The resulting
initial-boundary value problems are well posed in the same sense as for the classical Navier-

Stokes equations; in particular, they have local-in-time strong solutions and global-in-time weak
solutions (see [10], [11], [17]).
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Nevertheless, in many situations, viscous heating has a significant effect on the flow and cannot
be neglected. It leads to a quadratic gradient term on the right-hand side of the heat equation,
which causes major mathematical difficulties. In the absence of thermal convection due to
buoyancy, these difficulties have been addressed and largely overcome (see, for example, [15],
Chapter 3.4, or [9], [18]); but open problems remain if both, buoyancy and viscous heating, are
relevant.

Various models have been proposed, incorporating both of the effects, while maintaining the
relative simplicity of the Boussinesq approximation (see [13] and the references therein). Kagei
et al. [13] derive a model that, besides buoyancy and viscous heating, includes “adiabatic
heating,” which gives rise to an additional term in the heat equation that balances the term
representing viscous heating. This facilitates the energy estimates, based on which the authors
establish the existence and uniqueness of strong solutions, local in time, for a Rayleigh-Bénard
convection problem (i.e. under periodicity auxiliary conditions); for small data, these solutions
are global in time, after a process of simplification of the model made by asymptotic analysis
and with a constant product of the heat capacity by the density. However, there are unresolved
issues regarding the global-in-time existence of (weak) solutions for large data. In the case of
a Newtonian fluid, the only result in this direction appears to be [12], Theorem 2.1, where a
two-dimensional Bénard problem is treated. Higher-dimensional analogues have been obtained
only for a non-Newtonian model [19].

That global existence should be an issue, in this context, is not very surprising: while the
primitive equations, supplemented with suitable boundary conditions, satisfy the principle of
conservation of energy, the simplified equations violate this principle (except in special cases,
see [19], Remark 2). We refer to [6] for a detailed discussion of this inconsistency, which may
well cause solutions to blow up in finite time (see [4] for a related problem with permanent
blow-up at the boundary).

In this paper we consider a rather simplistic model problem that may not be physically relevant,
yet captures the characteristic mathematical difficulty of the full problem. The paper enlarge
and improves the preliminar presentation made in the note [5]. Among other improvements
and as indicated above, our results apply to the case of variable thermal diffusion coefficient.
A suitable modification of the classical Boussinesq approximation allows us to establish the
local-in-time existence of strong solutions for the resulting initial-boundary value problems
under some restrictions on the size of the initial data and without the simplification made in
[13]. This sets the stage for a forthcoming analysis of the full system of equations and the
construction of global-in-time weak solutions (see [7]).

Consider a unidirectional flow of a viscous, incompressible fluid, independent of distance in the
flow direction, in a channel parallel to the constant force of gravity. The flow can be described
in terms of two scalar variables, a velocity v (scalar since the flow is unidirectional) and a

temperature ¢; both are functions of time ¢ € R, and position z € (2, where €2 denotes the
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cross-section of the flow channel (a bounded domain in R?). The functions v and 6 satisfy a

pair of parabolic PDEs of the form
pvy — pAv = pg + f(t), pcl; — div(kV0) = u|Vo* in (0,00) x Q, (1)

where p, i, ¢, and K, respectively, denote the density, viscosity, heat capacity, and thermal
conductivity of the fluid; ¢ is the gravitational acceleration (a positive constant). The function
f represents the component of the pressure gradient opposite to the flow direction, which in
this situation is independent of the spatial variable and plays the role of a given, externally
applied force. The equations must be supplemented by suitable initial conditions at time ¢t = 0
and boundary conditions on 0f2, for example, a homogeneous Dirichlet condition for v and
a homogeneous Neumann condition for ¢ in the case of mechanically impermeable, thermally

insulated channel walls (7 denotes the unit outward normal vector field on 0f2):

90
on

v=uvy, 6O=460y on{0}x. (3)

=0 on (0,00) x 09, (2)

v =0,

Since we are interested in buoyancy effects, we have to assume that the density p is a (nonin-
creasing) function of temperature. In general, also the remaining coefficients, p, ¢, and x, may
depend on temperature; but here, these are assumed to be positive constants. Now suppose
that the temperature scale is chosen such that # can be expected to fluctuate in a fairly narrow
range about the reference temperature § = 0. Then, in a first-order approximation, p should

decrease linearly with #, and we can write

p= pO(l o 049), (4)

where p, = p(0) > 0 is the density at the reference temperature and o = —p'(0)/p(0) > 0 is the
thermal expansion coefficient at the reference temperature. The force of gravity is then given
by

P9 = pog — pPocidy. (5)

The constant p,g represents the hydrostatic pressure gradient and may be absorbed into the
applied force f; the term pyafg represents the force of buoyancy. Of course, (5) makes sense
only as long as € does not deviate too much from 0, and in particular, p must remain positive.
The ansatz (4) is one of the basic assumptions of the Boussinesq approximation; but it is
used only in computing the force of gravity in accordance with (5) — everywhere else in the
governing equations, p is set equal to p,. In other words, the fluid is considered “thermally
compressible, yet mechanically incompressible” (see [20] for a rigorous justification). In the
case of a unidirectional flow parallel to gravity, as described by the system (1), this means that

we have p = py(1 — af) on the right-hand side of the first equation, but p = p, in the terms
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involving the time derivatives of v and §. This causes the characteristic difficulty alluded to
earlier (lack of energy conservation), and as far as we know, global-in-time existence of solutions
is an open problem, at least without restrictions on the size of the initial data.

It is natural to ask whether this difficulty can be circumvented by using the ansatz (4), or a
generalization thereof, not only in the force of gravity, but also in the rate of change of internal
energy (the term involving 6;). In the rate of change of momentum (the term involving v,),
which is of lesser importance in this context, we may either use (4) or set p = p,. Assuming,
for simplicity, that the constants py, u, g, ¢, K, and a are all equal to 1 and neglecting the

(nonessential) applied force f, we are led to the systems
v — Av=p(0), p0)f; —A0=|Vv|* in (0,00) x (1)

or

p(0)v, — Av = p(0), p(0)8; — A =|Vu[* in (0,00) x €, (1)

respectively, where p(f) = 1 — 6 or, more generally,

p : R — R is a nonincreasing function, being strictly positive on any interval [—1, ag] for sy

ap € (0,1) and with p(0) = 1.

Of course, we should then assume that |fy| < 1 and verify that the solutions we construct satisfy
|0] < 1, at least on a small initial time interval. We point out that some similar ideas were
successfully exploited in [3] and [8], albeit in situations without the quadratic gradient term
(see also [2]). In the above mentioned references the authors consider the case by a function

depending on the own temperature x = k(). Then, if we introduce the primitive functions

o(s) = /O " 4(0)do and B(s) /0 " p(0)do

then the assumptions x(6), p(6) > 0 lead to the fact that ¢(s) and ®(s) are nondecreasing
real functions. If, for simplicity, we assume that ¢~!is a continuous increasing function, by

introducing the new variable © := ®(0) we arrive to the equation
A(©); — ABG = |[Vv|* in (0,00) x Q, (1)

where A(s) = ®(¢(s)). Then, our results are valid also to the case in which the diffusion thermal
coefficient is not constant once we do not made assumptions on how start and end growing the
function A(s) near its "saturation values" (let us say s = —1 and s = 1).

One type of result we prove for the systems (1’) and (1") is as follows:

Let 0y € C(Q) N HY(Q) with —1 < Minfy < Maxfy = ag < 1 and vy € HZ(Q). Assume (6).
Then there exists a time Ty > 0 and 3 couple (HQ, v) in L*(0, Ty; H*(Q))? x (C([0, To); H*(2)))?
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0
for all s < 2, with 90 and dv in L*(Qr,), Qr, =)0, To[x 2, satisfying the system (BS),

ot ot
( ov
p(e)"aa—g —Av=1-6 on]0,Tp[xQ,
o0) 00— A= [V on 0. Ty [x0,
00
5, =V 0 on |0, To[x09,
| 0(0) = 0o, v(0) = vy,

with n =0 orn = 1. Moreover, —1 < Min0(t) < Max0(t) <1 for all To >t > 0.

Our method consists in introducing an z?uxiliary trlsfncated problem (TBS), for which we have
a global-in-time solution, by replacing the quadratic gradient term. For instance, in the above
system (BS), we replace |Vv|* by [Vol*x(p.1y, where {§ < 1} = {(t,z) € Qrp, 0(t,2) < 1},
to obtain the truncated system. We call the solutions of (TBS) “almost exact solutions”. If
the initial data are “small”, we obtain the same regularity properties as in the above system
(BS) for the “almost exact solutions”. In particular, # € L*(0,T; H*(Q)) x C([0,T]; H*(2))
for all s < 2, for all T > 0, and then, using the continuity of the function 6, we conclude
that the almost exact solution is a local-in-time solution for the initial problem (1) or (17).
Qualitative properties of the solution of (BS) can be derived from our method, for example,
using the truncated system associated with (BS). If we consider the maximal time for which

the truncated system has an exact solution, say,
T, = sup{Ty €]0,T], [Vu[’x(9<1y = [Vo|* in Qr,},

then we have two possibilities: either 7T}, = T, in which case the solution we found is a global-
in-time solution on Q)r; or 1;, < T, in which case there exists a time 7,, < 77 < T such that
{0(T1) = 1}| =measure{x € Q such that 6(z,71) = 1} is positive. Therefore, we have

T, = inf{T} > T, : |{0(T}) = 1}| > 0}

In [7], a new approach will be given without restrictions on the initial data. In this new paper,
we will attempt to explain the link between the degeneracy of the function p and the (eventual)
fact that T,, < T. Moreover, this new approach will be used to treat the full Navier-Stokes-
Boussinesq system of equations.

The proof of the existence of solutions for the truncated problem (TBS) is based on two ap-
proximations: we first introduce a family of smooth problems depending on a small parameter
g, and we solve it via the Galerkin process. The role of the e-family problem is to derive the
necessary regularity and to prove the maximum principle in order to pass (easily) to the limit,

proving in this way the existence of an “almost exact solution” for the truncated system.
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2 Notation, assumptions and main results

Let V = HYQ), H= H'(Q), with Q C R, be a smooth bounded set with N =2 or 3. We
shall use the following eigenfunctions which are elements of C*°(Q2) N H%(Q)

—Agpj:)\fgpjinﬁ, goj:(]on@Q, J=12,....

. N .
— A, +1p; = AN in Q, 8—7;:007109 j=1,2,....

(we note that 1, is the constant function 1). For 7' > 0, we set Qr =]0,T[xQ. We set
Vin = span{y;,j < m}, H,, = span{t;, j < m} for m > 1. We recall that U Vi (resp.

m>1

U H,,)(see e.g [22], [14].) is dense in V' (resp. in H). We will use the following orthogonal
m>1

projections P, : L?(Q) — V,,, Q. : L?*(Q) — H,,. We suppose that there are two constants

a > b and a function p such that:

p is non increasing on [b,al, p(a) > 0,p(t) > 0,a <t < b and (7)

py = max(p,0) is continuous on [b, +00].

We denote by ® a primitive of p say ®(s) = [, p(o)do.

We shall introduce the following definition of truncated problem :

Definition 1 Let T be in]0,00[. A couple (0,v) such that§ € C([0,T]; L*(2))NL2(0,T; H*(R))
with ®(0) € L*(Qr) andv € C([0,T]; L*(Q))NL*(0,T; H*(Q)) is called a "(weak in 6 and strong
inv) solution” for the following truncated system (TBS) associated to the equations (1°), if there

exist a real o and a function g, € [|[Vo*X(p<ay, [VO|*] a.€ in Qr such that

d

— | vedr + / Vo Vodr = / p(0)pdx, in D'(0,T), Yo € Hi(Q),

dt Jo Q Q

% O (0)dx + / VO - Vipdr = / gutbdx in D'(0,T), Vi € H(Q),
Q Q Q

A weak solution (0,v) is called an "exact (weak in 6 and strong in v) solution” on Qr if it

satisfies the following condition :
IVv|* = g,, a.ein Qr.

A weak solution (0,v) is called an "almost exact (weak in 0 and strong in v) solution” on Qr
if :

Gy = \Vv|2x{9<a} a.e in Qr.
An ezact (resp. almost exact solution with 0 € L*(0,T; H*(Q)) is called a (strong in 6 and

strong in v) exact solution (resp. strong-strong and almost exact solution).
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The same definition holds for the truncated system associated to the equations (1").
If there is a time Ty < T for which one those definitions are fulfilled, we will say that it is a

local exact (respectively almost exact) solution.
Remark 1. We note that
’VU\2X{9<a} = |VU’2 - WUPX{@a}
which proves the relationship with the dissipative (in 0) term [Vv|*xp-,, (for a prescribed
v).Moreover, if (0, v) is a (weak in § and strong in v) solution and «a > ., with 6., = esssup 6.
Qr
Then,
Vol X(o<ony < VU X (0<ay

and equality holds if (#,v) is an almost exact solution.

Now, we give some sufficient conditions to obtain an almost solution and an exact solution:

Proposition 1

Let 0 be a function such that (0,v) is a weak solution for the truncated system with 0 €
3 3

Lz .(0,T; W2’2(Q)), ®#) € LL (0, T;W-N(Q)) and 0o = esssupf < a. Assume that g, €

loc loc loc loc
L3(Qr). Then )
Go = |VU|2X{9<900}'
Furthermore, if 0 € C(Qr) and 0y < a— 0§ for some § > 0 then the couple (v,0) is a local exact

solution.

Proof of Proposition 1. Let us observe that 6 satisfy

P
08_559) — Al = g, in €.
3 2,3 3 0P(0) 3
If 0 € L} .(0,T;W, 2(Q)), and g, € L2(Qr) then o € L2 .(Qr). Thus by a well-known
oP(0
result (see e.g [14]) we have Af = % =0 a.e. on the set

E = {(t,x) €Qr:0(t,z) = 000}.

This means g,(t,z) = 0 a.e on E, since g, = |Vv|* on {6 < 0}, then we have the result If
# € C(Qr) then the choice of § > 0 so that 6y + & < a and the continuity of § imply that there
exists a time Ty > 0, such that 0(t,z) < a — § for all (t,z) € Qr,. Therefore, one has

|Vv\2x{9<a} = |Vv|?, in Qr,.

This shows that the couple is a local exact solution.mg

We want to prove that :



Theorem 1

Let (0o,v0) € HY(Q) x H}(Q), b< 0y < a

For any T > 0, there exists at least a weak solution (6,v) for the truncated system (TBS)
associated to equations (1°) with b < 0 < a, v(0) = vg, 0(0) = by, g» € [[VV[*X(g<ay, [VVI] a.e
m Qr.

If p(a) > 0 then this weak solution is a strong and almost exact solution. Moreover 6 €
L2(0,T; H*(Q)) N C([0,T); H*(2)), Vs < 2.

In this case if the initial data is such that 0y < a — & with some § > 0, then this strong and
almost exact solution is a local exact solution, that is a local-in-time solution of the Boussinesq
system (1°) .

Proof. Consider a sequence p,, € Wht®([b, +00]), |pn — pilopg — 0, asm — oo Vd <
+00, p,, is non increasing on [b, +oo[. Let 0 < ¢ < 1 and define the real functions, for o € R

(a— (0 —b), —b),
(a=(0—0b)y —b)y +¢

po(0) =p ((0 =b)+ +Db), p.(o)=pylo) +e Seo) =
We shall associate the following functions, for o € R

Pem(0) = Pr((0 = b)y +0) + ¢

We note that € < p,,,, < p,,(b) +1 <k = maxpj(b) +1,0<e<p. <pd)+1.

From the Cauchy-Peano’s theorem, there exists for all m > 1 6,, € C*([0,T,,); H,,) and v, €
CY([0,T;,); Vi) for some 0 < T,, < T, satisfying : Vo € V,,, Yo € H,,, for all t € [0,T},),
0,m(0) = Qumbo, v, (0) = P, ug

c;lt U (t godx—i—/va Vgpdm—/po(ﬁ (t))edz, (8)
v ) 6 V)P )
bty + [ 0 (pmw <t>>>dl"/Qpg,mwm(t))1+s|va<t>|2Sf(9m“”d '

(9)
To show that T, = T, we need some estimates on v,, and #,,,. Those estimates will be uniform

in m.UJ

Lemma 1 For allt € [0,T},)
d
(@) 5 [ 19on®Fde + [ |8u,0Fde < (o)1, 0 D(0,T,)
Q Q

A0, (1)) 1 i
) < /yve /Q oy < 2 P 0.T)



Proof. To prove (a) we use the fact that v, € C'([0,T},); V;,), for each ¢t € (0,T,,). Then we

have :
Aun(t) € HY(Q) and, & / om(Bgde = [ 20 (1)) Voo € HI(Q),
dt Jg q Ot

and therefore, we can ¢ = —Awv,,(t). An integration by part yields

th/ Vom(OF da + / A (B)Pdr = - / o (O (1)) Aty (t)

Since 0 < py(0,,) < p(b), then by the Young’s inequality we deduce

& [1VemPds+ [ 1an0rar < (o))

(b) A similar argument holds for 6,,. Choosing ) = —A#,,(t) and noticing that g—w =0 on
n

0L, an integration by parts gives :

AOLOE 1 [ |00
2dt/ VO / pon (O )d$<2/glpa7m<em<t>>d"’“‘

But € < p_,,(0(t)), thus the Young’s inequality yields

L o [ 245 <

Lemma 1 shows that T}, = T'. Moreover, one has an uniform boundedness for v,, as m — +oc.
Indeed, since v,,(t) € Hg (), the Sobolev-Poincaré¢ inequality with estimate (a) implies that vy,
remains in a bounded set of L?(0,T; H*(2)) and in L>(0,T; H}(2)). While for 6,,,, we need to

control for instance / 0, (t, )?dx . To do this, we shall denote by c or ¢; where i is an integer

Q
greater than one, various constants independent of m and ¢, the constants depending on & will
be denoted by c..

Lemma 2 For allt € [0,T]

/ 0yt ) d <
Q

Proof. We take ¢ = 0,,(t) in relation (9). An integration by part and relation (9) yield

2 On(t, )
th/e (t,z)d /\6 (t,x) ]da:—l—/ o0 (t))é’m(t,x)d:c. (10)

The statement (b) of Lemma 1 implies that

/ /'M ml( ”“" dadt < c.(T.0y). (11)

pam



Relation (10) gives the following Gronwall inequality,

2 2 |A6m|2(ta$)
2dt/6 (t,x)dx < c. + /0 z)dr + —p&m(@m(t)) dx. (12)

From relations (11) and (12), we conclude the Lemma 2.g
The Lemma 1 and Lemma 2 show that 6, remains in a bounded set of L?(0,T; H*(2)) and in
L>(0,T; H'(Q)) as m — +o00.While for the time derivative, those uniform estimates combined

with the equations satisfied by v,, and 6,, imply :

Lemma 3 We have:

. |Ov
Z) a: g ’A'Um|L2(QT) -+ ’po(em)’LQ(QT) < c,
L*(Qr)
1
DB L omi,
at LQ(QT) p57m(0m) L2(QT) e

Proof. The time derivatives satisfy the following equations :

8vm
O A+ P62, (13)
9 Ab,, S (0,) | V]2
or ~ @ (pg,mwm)) O ((1 T e|wm\2>p5,m<em>) (1)

Since the projection is a contraction, relations (13), (14) with Lemma 2 imply Lemma 3. <
Proof of Theorem 1 (continuation). By Aubin-Lions-Simon’s classical compactness results
(see e.g [15], [21]), [22] , we have a couple (6°, v°) such that v,,, — v° strongly in C([0, 7], H*(Q2)N
Hi(2)) for all s < 2, and weakly in L*(0,T; H?(92)), and 6,,, — 6° strongly in C([0,T], H*(2)) for all s <
2 and weakly in L?(0, T; H*(Q2)). Moreover, we have the following weak convergences in L?(Qr)

vy, N ov°
ot ot
90, 00"
ot ot

From the uniform convergence of p. ,, to p. on any bounded interval as m goes to oo, we deduce

that : p,,,(0m) — p.(6°) uniformly in C(Q;). Due to the above convergences , one can see

easily that the couple (6%, v°) is a solution of :

ov®
ot

= Av® + py(07) (15)

9 AF S.(6°)| Vo< |?
ot p0°)  (L+e|Ver|2)p ()

(16)
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with the initial data v*(0) = vy and 6°(0) = 6. Moreover, on the boundary 052, we have that

96° (1)

the normal trace of 6°(t), t € [0,T]:
n
equivalent to the following one in D’(0,T): for all ¢ € H}(Q), for all p € H'(Q)

d
7 vagp—l-/Vv Vgpdm-/cppo(ﬁa)d

d S.(6°)|Vve|?

— (I)E 0°)d 0° - Vipdr = | ———=—1dz.

dt ( )¢$+/QV Vipdz /Ql—i—e\vvqu’bxm
Here, ®.(s) = [, p.(y )dy. For the function 6°, we need to show first the :

Lemma 4
Ifb<0g<aaein thenb <0 <aaeinQr.
Proof. We multiply the equation by p_(0°)(6° — b)_. Relation (16) gives :

o 5.(0°) Vo
0°)(0° —b)_d 0° -V —b) de= | ——=——(0°—0b)_dx.
[ S0 =) dot [ V0w ) o= [ SEEEE ) o

Since the right hand side is non negative, then one has :

_€+2f’(b)%/(( dx—/|V ) [dz >

/Q (67— b)_(t, 2))dr < / (65 — b)_)*(x)de = 0

and so a.e in Qr : 6° > b. Multiplying the equation by p_(0°)(6° — a) equation (16)

thus one has :

15 e _ € €2
/(96 o) p. (92 d:c+/ IV(6° — a), |z :/ (0" = )4 SNV,
Q ot 0 Q

1+ ¢|Voe|?

d i _
E/ / [po(0) + €] (0 — a)do + / IV (6° — a),|*dx = 0.
QJb Q
Then for all ¢ :

/Q/beg(t"”) [PO(G) + 5} (0 —a)ydode < /Q/:O(I) [po(a) + 5] (0 —a)ydodr =0

we deduce 0° < a, a.ein Q7.m

That is

and the trace of v°(t) are zero . This system is

(17)

(18)

To get some uniform a priori estimates in € on v°, we recall firstly that Lemma 1, with the

previous convergence (or using directly the above equation (15)) imply :

Corollary 1 . We have:

() 5 [IVe@Fdr+ [ 1a@Fd < (p0)F19), o D(0.7),
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<cCm
L2(Qr)

ov®
w %

Thus, we can conclude as before, by Aubin-Lions-Simon’s classical compactness results (see e.g.
[15] [21], [22]), that v® — v strongly in C([0,T], H*(2) N H}(2)) for all s < 2 and weakly in
L?(0,T; H*()). Moreover, we have the following weak convergence in L*(Qr) :

ov® av
ot 8t

Lemma 5
6° remains in a bounded set of L*(0,T; H*(Q2)) as e — 0.

Proof. We multiply the equation (16) by 6°p_(6°) to get:

07 0°S-(6°)| Vo< |2

0% o (6° VO 2d :/ dz, 19
[0S+ [ vopae = [ CEE R (19)

’ €2 € € 8‘96 2
dt | |Vo°|*dx < dt 9 p-(0°) = + max(|al; |b]) ]Vv |*dxdt,  (20)

0 0
ob° 0°
/ dt/,a8 (0°) dm—/ /dx/ op.(o)do| dt. (21)
o di

695 (0)(T,z)dx + [ 2(x)dz| (p(b) +1) < 1. (22)
Q Q

Thus relatlon (20 ) with corollary 1 give :

and

dt Oa _(69)

T
/ / IVO° |*dxdt < i + max(|al; [b])T (p(b) + 1)|Q| + / |Vvol?de = co.m
0o Ja Q

98
End of the proof of Theorem 1. Let &.(6°) = / p.(0)do, then from equation (16), we
b

have :

0. (¢F)
ot

< VO p2q) + “VU&HL?(Q)'
H-1(Q)

An interpolation argument (see e.g. [22], [14])shows that for N =2 :

HVUsHLz(Q) = |Vv€|i4(m < | Vot 2@ 0% m2@) < cv®[m2(g). (23)
Thus . )
0. (6°)
/0 ot . dt < C [|V08|%2(QT) + |U€|%Q(O,T;H2(Q)] é C3.

If N = 3 then for all ¢ € Hj ()
/ Vo Pd < []oae Vo o (24)
Q

12



Using an interpolation argument (see e.g. [22], [14]) we have
|VUE|%3(Q) < C4|UE|H2(Q)|U€‘L6(Q) < 05’U€|H2(Q)-

Therefore,

l 0%.(6)
ot

< ¢ || VO L2) + [v°| 2@
H-1(Q) -

i

Thus, in any case ®.(6°); remains in a bounded set of L?(0,7; H~*(Q)). Since, we have

which implies

0%, (6°) |?
o o)

dt < Cr.

Vo = [ (00100 e < (p0)+ 17 [ 90 P <
Qr Qr

the Aubin-Lions-Simon’s compactness result implies the existence of a function w satisfying
®.(6°) converges to w strongly in C([0,T]; L?(2)) and a.e. in Q7. Therefore, fbeg p(o)do + €b°
converges to w strongly in C([0,7]; L*(2)) and a.e in Qr and

a 0o(z)
0<w< / p(o)do, w(0,x) = / p(o)do.
b b

Since the restriction of ® to [b, a], that is the map @ : [b,a] — R* given by ®g(0) = [, p(s)ds,

a
is a continuous bijection from [b, a] onto [0, / p(s)ds} and its inverse ®," is continuous, we
b

deduce that : "
Pyt </ p(a)da) =0 — o, (w)
b

almost everywhere on Q7. Then, we can define §=®;*(w). Thus 6 € L*(0,T; H'(Q)) and b <
0 < a a.e. in Qr. Hence, we have the following convergences : §° — 6§ weakly in L?(0,T; H'(Q)),
.(6°) — ®(0) strongly in C([0,T]; L*(2)) and a.e. in Q7. Therefore py(6°) — py(#) in any
LP(Qr), p < +oc and S.(6°) — 1 on {0 < a}.

To show that }LI%/Q 10(t, x) — O(to, z)|[Pdx = 0, it suffices to show the case p = 1. We may
assume that to = 0. We know that

lim/ |w(t,z) —w(0,z)|dx = 0,
Q

thus
lim [ | (w(t, z)) — @y (w(0, z))|dw = 0,
—0.Ja

(arguing by contradiction and using the continuity of ®;'), that is

0=1lim [ |0(t,z) — ;" (w((0,z))|dr and &5 (w(0,x)) = y(z).

13



Passing to the limit in equation (17) and (18), we deduce that (v, #) is a solution of

vgodx—l—/VvVgo /go,o(e)d:z;,
dt o

d

7 w—b—/VQVftbdx—/wgvdx

with g, € [\VUPX (6<a} ]Vvﬂ which proves the required question.
We first note that p(a) > 0 implies that p_(6) > p(a) > 0.

From relation (16) one has

]AH‘E]Q |VoE 2| A6
0° ) 2
2th/|V | dx —l—/ () ——dx (25)

From which we deduce

52 52
th/we do + o b) /|A9 dz < 2p

Since v¢ belongs to a bounded set of L?(0,T; H*(Q)) N L>(0,T; Hi(2)), we know that if N=2
|Vo¢| belongs to a bounded set of L*(Qr). This show that

“|4da. (26)

T
/ / |AG° Pdxdt + sup/ |VO° (t, x)|?dr < c. (27)
o Ja t Ja

If N = 3, the same estimate holds for the gradient of v according to the Ladyzenskaja and al

result (see [14]) since the equation is linear in divergence form :

‘VUE‘L4(QT) Sc

then (27) holds. Therefore, 5 remains in a bounded set of L?(0,T; L?(£2). We conclude using
standard compactness result: (v, 6°) converges to (v,6) in strongly C([0,T]; H3(2))? for all
s < 2 and weakly in L?(0,T; H*(2))%. This allows to pass easily to the limit in the equation.
If g < a — 6 with some § > 0, then this weak solution is a local exact solution since one has

— 3
0 € C([0,T); H°(Q2)) C C(Qy) for s > 2 .Thus, we may apply the first proposition to arrive to

the conclusion.g

3 Some Extensions and Qualitative Properties

The following corollary is directly related to the model of p given in relation (4). Assuming for

simplicity that o = p, = 1.

Corollary 2
Let =1 < 0y < 1, (6p,v0) € HY(Q) x HY(Q). Then for all T > 0, there exist a function 6 €

14



L30,T; HY(Q)), -1 <0 <1 with 0 € C([0,T); L*(Q)), v € C([0, T]; H}(Q)) N L*(0,T; H*())
satisfying Vo € H}(Q),Vy € HY(Q) that
% Qv(t,x)go(:c)dzv + /Q Vo(z)Vo(t, z)dx = / o(x)(1—0(t,z))dz

Q

and

———/ (1-0)? dx+/V¢( IVO(t, z)(t, x dx—/¢ )gu(t, x)dx, in D'(0,T)
with g, € [|[VU|*x19<1y, VU] ,0(0) = vo, 0(0) = 6o,
Proof. We choose b=—1, a=1, p(c)=1—0, 0 € R.g

We may also find an almost exact solution for the truncated system associated to the equations
(1") if we assume that p(a) > 0 and N = 2. Then we have :

Theorem 2 (An almost exact solution(1") N=2)
Let p, 0o, vg be as in theorem 1. Assume N=2 and that p(a) > 0. Then, we have a reqular
solution (0,v) satisfying also
p(0) %~ Ao = p(6),
90 (28)
p(0) % — 0 = [VoPX gy

with
(v,0) € L*(0,T; H*(Q))* x C([0,T], H*(2))?, s <2
00 Ov —
50 7 v L*(Qr),
U(O) = o, 9(0) == 90,
00
\%(t)

=o(t) =0 on I and a.e. in (0,7T).

Proof : Using the same function p. and mimicking the above method given in the proof of

theorem 1, we have from relations (15) and (16) the

Theorem 3 There exists (0°,v°) € L*(0,T; H*(Q2))? x C([0,T); HY(Q))? satisfying : b < 6° <
a, in D'(Qr) and a.e. in Q

o Avf L P po(0°)
ot p(6F) (96)
oA S(6°)|Vve|?

Ot p(07) T (L+e[Ver)p.(6)

06°
on

with (t) =v°(t) =0 on 09 for a.et € (0,T), v°(0) = vy, 6°(0) = 0.

15



Next, we shall need some uniform a priori estimates in €. The fact that b < 6° < a follows from

Lemma 4.

Lemma 6 2‘)/Qp5(0€) (@U > dx+—/ [Voe|? < /po(ﬁs) < p(0)|Q] < 400.

zz)/ |AvF |2 dzdt < ¢
Qr

JOv°
Proof. Using Galerkin’s approximation of v¢, one has : 5% / |Voe|?dx = / T
)

D'(0,T) and also a.e. in (0.7"). Thus multiplying the first equation of the above Lemma 6 by

£

p.(6%) ;t , we then have :

(o’ 1d co g N
Ap€(9)<at) dx+ﬁ/ﬂ|vv|dx_/9p0(9)atdx. (29)

By the Cauchy Schwarz’s inequality, one has :

/on(ef) (%f) dr < %/ J(67)dz + 1/ (%)2%(95)@. (30)

Since p.(0°) = po(6°) + &, we deduce from relations (29) and (30) that :

Lo (5

To prove the second statement ii), we recall that

> da:+—/ Vo Pz < /po(ef)dxgp(bmy < foo.
Q

£ a/U &
A = . (0) % — (),
therefore,
1> & 8 © g
AV L2Qr) < |Pe(07) 5, +1po(0%)L2(@r)- (31)
Qr)
Since p.(6°) < p(b) + 1 then, relation (31) ylelds
] N % 3
| AV r2(gp) < (p(b) +1) p(0°) \ 5 ) dudt] +p(b)|Qrl. (32)

Using the first statement i), we deduce the result.m
End of the proof of Theorem 2. As consequence of the above theorem, v* remains in a
bounded set of L2(0,T; H*(2)) N L>=(0,T; H}(2)). Assuming that p(a) > 0, then we have :

p.(0°) = p(a) > 0 since b < 0° < a.

Thus we deduce from Lemma 6 that

v\ ”
p(a)/ ((%) dxdt < ¢
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Therefore, applying the well-known compactness results, there exists a function v € L*(0,T; H*(Q))N
C([0,T); H}(Q)) such that v° — v strongly in C([0, T]; H*(Q)NH(Q)) for all s < 2 and weakly

in L2(0,T; H*(2)).

The estimate on 6° remains the same as for Lemma 5. That is 6° remains in a bounded set of
L2(0,T; H*(€)). Moreover, we also have the uniform boundedness of aait in L2(Qr). Indeed
since p.(0°) = p(a) > 0, relation (27) shows that 6° remains in a bounded set of L2(0, T’; H%(2)).

By relation (23), if N = 2 on has:

/ | Vo |{dadt < C’UE|%2(07T;H2) <e. (33)

T

Therefore, the equation
90°  S.(6°)| Vo< |?

AO° = p (6° -
pe( )8t 1+5’vv€’2’
yields
868 & 12
pla) |2 < A2y + VO |1a(g,) S €
L*(Qr)

1)

06
This shows that #° remains in a bounded set of L?(0,T; H*)NC([0,T]; H*(2)) and remains
a bounded set of L*(Qr). Thus, we have a function 0, §° — 6 strongly in C([0,77]; H*($2)) for
all s < 2, and converging weakly in L(0,7T; H%(92)). As before, we can easily pass to limit in

the equations given in Theorem 3 via the Proposition 1 that :

(p(G)% — Av = p(0) a.e. in Qr,
0 .
(Q)E — Af = |Vv|2X{9<a} a.e. in Qr
(0,0) € L2(0, T5 HAQ))? x (C[0,T]; HY(Q))?, s <2

a—(t) =o(t) =0 on 9N and for a.e. t € (0,T),
n
U(O) = 1o, 9(0) = 00..

As a Corollary of the above theorem, we can come back to the original equation :
Corollary 3 . Let N=2, 0, € C(Q)NH(Q) with —1 < Mln 0o < Max 0y = ag < 1-0, for some
Q

§ >0 and vy € H} (). Then there is a couple (0,v) in LQ(O,T, H?*(Q))? x (C[0,T]; H*(Q2))? for
all s < 2, with 90 and dv in L*(Qr) satisfying :

ot ot
ov .
(1_9)%—Av—1 0, in Qr
0
) (1- E — A0 = [Vu*xq<1y in Qr,
%:’U:O OTL(O,T) XaQa
L 0(0) = 0o, v(0) = vy,
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J
whenever n = 0 or n = 1. Moreover, —1 < Min(t) < Max0(t) < 1 — 3 for allt > 0. This
Q Q

solution is a local strong and exact solution, that is a solution of (1°) or (17).

4 Uniqueness of the Solution of (BS)

An example of results showing the continuous dependence with respect to the initial data and,

in particular, the uniqueness of the strong solution for the system (1), is the following.

Proposition 2 Let N = 2, n = 0 in Corollary 3. Consider two solutions (v;,0;) satisfying
—1<b<b;<a<]l fori=1,2. Then,

T
V01— 02) (1) + 181 — 02 () < (19 (02(0) — va(0) + 161(0) — Ba(0)) exp ( / g(a)da)
0
with
T
| st0)da < a1 (14 [F0r(0) e+ [Vea(0)2s + [V0,(0) 2+ 98:(0)22).
0

In particular the couple (0,v) solution of the system (BS) is the unique solution on Qr.

Proof. Let (0;,v;), 1 = 1,2 be two couples satisfying the equations, regularities of Corollary 3
with the additional conditions |0;|.c < 1 — 9 < 1. To simplify our computations, we shall set

w = vy — Vg, u=0; — 0Oy, and denote | - |, the norm in LP(€2). Then, w and u satisfies :

wy — Aw = 05 — 04 (34)
A91 AQQ . |VU1|2 |VU2|2
“TT e, 16, 1-6, 1-6 (35)
Multiplying equation (34) by —Aw, we then have :
d 2 2 2
o1 Vwly +[Awly < clul;. (36)

Multiplying equation(35) by w, one has :

— 0,)° 2 _ 2 RV 2
li|u|i2_/ ubu :/ Aby (61 — 02) dot [V | = [V, dﬂH—/ (01 — 02)%| V| .
2dt 0 0 ( g

Ql— 1 1—01)(1—92) O 1—91 (1_01)(1_02)
(37)
Since 0 < 1 — |fp|eo < 1, we deduce from relation (37), after integration by part, that :
d, o 2
—lulfa + 1 [ |[Vul|dz (38)
dt o
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< c/ \VGﬂ\VuHu]d:c—l—c/ ]AﬁgHu\zdx—i-c/ |Vwl||V (v —vg)Hu|da:+c/ Vg |*[ul*dx
0 Q Q Q

=L+ L+1s+ I

We have the following estimates using usual interpolation arguments (see [22], [14]), for all

0 >0,

L o= §/|veﬂﬁmmuux

Q
|VU|L2|V¢91|L4|U|L4
(S‘VU‘%Q + 05|V01]%4]u\%4
0|Vulze + c5| VO 14| Vul p2]u] 2
(5|VU|%Q + C5|VQ1|%4|U|%2

NN IN N

L g/\AeﬂmP¢c

Q
c|Abs| 12 |u|i4
dA%mmm“wg+wmg

C‘A@g’g"&|i2 + C§|A92‘%2|U|%Q + (5|VU|%2

NCININ

&
I

C/Q |Vw||V(v1 — vg)||u|dz

c|Vw|p2|V (v + ve)|pa]ulpa

S|Vw|3z + cs|V(v1 + va) |34 ]ul7a

0|V wlda + csl V (0r + v) Fafulz2 fulze + [Vl 2

S|Vw|2s + cs| V(v + vo)|2alul2e + cs|V(v1 + vo)|1alulre + 6| V|2

INCINCINN

Iy = c/|va|2|u|2dx
Q
C‘VU2|%4|U’%4

| Vuafalul 2 | ul 2 + [Vul2

N ININ

c|Vva[falul7z + ¢5/Vva|7alul7> + 6] Vulg

Thus relation (38) becomes :

dt

Choosing § > 0 (enough small) and adding relation (36) and (??), one has for ¢;; > 0 :
d
pr [|Vw|%2 + |u|%2] + e [|Vu|%2 + |Aw|%2} < g(t) [|u|%2 + |Vw|%z}

19

(39)

(40)

(41)

d
—|U|%2 + (Clg — 45)|Vu|%2 < C§(|V(91|i4 + |A02|%2 + |Vv1|i4 + |VU2|A£4 + 1) |U|%2 + 5|Vw|%2



with g(t) = c12 [|V91|‘]§4 + A2, + |Vur]ia + [Vuelfs + 1] Then ¢(t) € L'(0,T) due to the
regularity of (0, v) say (6,v) € L*(0,T; H*(Q))*n C([0,T]; H*(Q2)).
Thus, this Gronwall inequality shows that :

IVl (t) + ulfa(t) < ([Tl + fuof?) exp ( / Tg<a>do) =0

61 = (92 and V1 = V. <>
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