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Abstract

We introduce a novel integrability-preserving discretization for a broad class of differential equations
with variable coefficients, encompassing both linear and nonlinear cases. The construction is achieved via
a categorical approach that enables a unified treatment of continuous and discrete dynamical systems.

Our theoretical framework is grounded on a generalization of G. C. Rota’s finite operator calculus, which
enables us to extend the theory of basic sequence of polynomials to the setting of Laurent polynomials.
Accordingly, we introduce the notion of an extended Rota algebra, defined as a Galois differential algebra
in which all difference operators act as derivations on the space of Laurent power series with respect to a
suitably defined functional product.

The core of our theory relies on the existence of covariant functors between the newly proposed Rota
category of Galois differential algebras and suitable categories of abstract dynamical systems.

In this setting, under certain regularity assumptions, a differential equation and its discrete analogues are
naturally interpreted as objects of the same category. This perspective enables the construction of a vast
class of integrable maps that share with their continuous analogues a wide set of exact solutions, regular or
singular and, in the linear case, the Picard-Vessiot group.
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1. Introduction
1.1. Historical background

The discretization of dynamical systems in an integrability preserving way has been the sub-
ject of intensive investigation over the past decades [47], [52], owing to its considerable impact
across a wide range of fields, including numerical analysis, discrete mathematics, algorithm the-
ory, quantum physics and statistical mechanics. The guiding principle in this line of research is
that a meaningful discretization should not merely approximate the continuous dynamics, but
rather reproduce its underlying geometric and algebraic structures. In particular, the preservation
of first integrals, Poisson or symplectic structures, and Lax representations has emerged as a key
requirement for ensuring that the discrete evolution retains the qualitative features of the orig-
inal system. This viewpoint has led to the development of geometric and structure-preserving
integrators, as well as to intrinsically discrete models that are integrable in their own right.

In this framework, discrete differential geometry and its associated algebraic structures have
played an increasingly prominent role [1], [5], [6], [14], [32], [23], [11], [15], [24], [31]. A cen-
tral insight is that integrability can often be reformulated in purely discrete terms, for instance
through multidimensional consistency, zero-curvature representations on lattices, or compatibil-
ity conditions for discrete connections. These approaches reveal that many integrable hierarchies
admit natural discretizations that are not ad hoc approximations, but instead arise from deeper
combinatorial or algebraic principles. In particular, the interplay between discrete geometry,
Poisson-Lie structures, and algebraic frameworks such as cluster-type transformations has pro-
vided a unifying language to describe a broad class of integrable discrete systems.

At the same time, the need for structurally consistent discretizations is strongly motivated by
applications in fundamental physics. Lattice formulations of field theories [30], together with
modern approaches to quantum mechanics [13] and quantum gravity [3], [19], [44], require dis-
crete counterparts of continuum equations in which key properties, such as gauge invariance,
conservation laws, or integrability features, are retained at the discrete level. In such contexts,
discretization is not simply a computational device, but a conceptual tool that may encode funda-
mental aspects of the underlying theory, particularly when a continuum description is expected
to emerge only in a suitable limit.

Closely related to these developments is the problem of symmetry-preserving discretization of
continuous models, which has also attracted considerable attention (see, e.g., [27] and references
therein). Here, the aim is to construct discrete evolutions that exactly inherit the symmetry group
of the original equations, thereby ensuring the preservation of invariant manifolds and structural
constraints. This perspective is deeply intertwined with integrability, since many integrable sys-
tems are characterized by rich symmetry algebras, and their preservation at the discrete level is
often essential for maintaining solvability.

Within this general setting, the approach developed in this paper is motivated by the idea that
integrability-preserving discretizations can be systematically constructed by merging category
theory with the finite operator theory developed by Roman, Rota and collaborators. Our results
point towards a framework in which discrete dynamics emerge naturally from structural consid-
erations, allowing one to retain integrability properties in a transparent and conceptually unified
way.

The central feature of our discretization scheme is that all operators involved—namely, the delta
operators of the Roman-Rota formalism—act as derivations on suitable Galois function algebras.
Consequently, many structural properties of categorically equivalent equations are preserved. In
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particular, a large class of solutions is retained. We emphasize that, to the best of our knowledge,
the classes of difference equations arising from our approach are novel, and not related to those
obtained with other discretization schemes.

1.2. Statement of the problem

The purpose of this paper is to introduce a unified theoretical framework which allows us
to address and solve, in a quite general sense and from a novel perspective, the longstanding
problem of the integrability-preserving discretization of a large class of dynamical systems, both
linear and nonlinear, even in the case of variable coefficients. These coefficients are expressed
in terms of either real analytic functions (regular case), or Laurent polynomials with polar sin-
gularities (singular case).

Precisely, the main theorems of this work ensure the integrability-preserving discretization of
two classes of differential equations with variable coefficients:

a) Linear ODEs of the form
aN N—-1 d
ay () gy T an-1(0) oy + o ar() -y +ao()y +g(x0) =01 (1.1)
b) Nonlinear ODEs of the form
d" N N-1
dx—my=CN(X)y +ev-1(0)y" T+ ey +co(x) (1.2)

Here y : R — R is the dependent, scalar variable; N,m € N \ {0}, ap(x), ...,an(x), g(x) and
co(x), ..., cy(x) are real analytic functions, or Laurent polynomials.

For each of the families of equations (1.1) and (1.2), we will provide two distinct discrete
analogs, designed to preserve either regular or singular solutions. All resulting equations are
defined on a regular mesh of points. In the continuum limit, these difference equations converge
to their corresponding differential equations, thereby providing a discrete approximation of the
original continuous models.

The proposed approach combines the theory of Galois differential algebras and an extension
of the theory of finite difference operators in the formulation given by G.-C. Rota [43], and S.
Roman [41], with methods from category theory. Within our framework, a continuous dynamical
system and its infinitely many discrete counterparts are regarded as distinct representations of an
underlying abstract equation, and are naturally interpreted as objects in a category of equations
associated with the given system. The morphisms of this category correspond to the various
discrete realizations of the abstract equation. Accordingly, the resulting difference equations are
said to be categorically equivalent.

The theoretical framework developed in the present work allows us to substantially general-
ize the results of [50], where discretizations were restricted to nonlinear dynamical systems, and
with constant coefficients only. In particular, our approach provides the first general treatment of
discretizations for nonlinear systems with variable coefficients. Moreover, for the novel case of
linear dynamical systems, we extend the Frobenius-type theorem presented in [39] — originally
formulated for second-order equations — to encompass differential equations of arbitrary order
with variable coefficients. Another significant novelty concerns the preservation of singular so-
lutions of polar type, not just regular ones as in the previous studies. This property is achieved
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through the introduction of suitable Laurent basic sequences of polynomials, a concept developed
in the present work.

1.3. Extended Rota algebras

We shall introduce the notion of extended Rota differential algebra as a pair (Fp, Q) where
(Fr,+, -, *) is an algebra of formal Laurent series on a mesh £ of points, endowed with an asso-
ciative and commutative product “*”’; besides, Q is a delta operator [43] that acts as a derivation
with respect to this product. This notion generalizes that of Rota algebra, introduced in [50] and
further studied in [39], [40], where standard formal power series were considered.

In particular, this standpoint allows one to consider ordinary difference operators as deriva-
tions under suitable function products. The idea of an adapted product of polynomials, ensuring
for difference operators the validity of the Leibniz rule, was proposed in the important papers
[53], [8].

An analogous polynomial product has appeared, in a different context, in the theory of linear
operators acting on polynomial spaces [20]. The collection of all Rota algebras R(F) represents
a subcategory of the category of associative algebras [29].

1.4. A categorical discretization

Given a continuous dynamical system of the form (1.1) or (1.2), we first select a specific
difference operator to serve as the discrete derivative, imposing the additional requirement that it
be a delta operator Q. The standard forward, backward and symmetric derivatives provide typical
examples of discrete delta operators; however, one can construct infinitely many alternatives.
Next, we define the Galois differential algebra in which the delta operator Q acts as a derivation,
by constructing the corresponding *-product. The original dynamical system is then defined in
the Galois algebra, where it typically assumes the form of a recurrence equation. The resulting
discretization procedure is inherently structure-preserving.

Thus, in general, we associate with the family of dynamical systems defined by eq. (1.1) a
category of linear equations Ky, ...ay.g); Similarly, the family (1.2) corresponds to a category
of nonlinear equations, denoted by j\/{m;co _____ en)- We also establish the existence of two natu-
ral functors F : R(F) — Kiq,...ay.g) and G : R(F) — /\/'{m;co’___,c,v}. Within this algebraic
framework, different discretizations of a given continuous dynamical system are represented as
morphisms within the same category. In particular, differential equations can be mapped into
difference equations while preserving the underlying differential structure. Consequently, the
integrability properties of a given continuous dynamical system are naturally inherited by its as-
sociated discrete counterparts and in particular, solutions (regular or singular) of the continuous
system are isomorphically mapped to (regular or singular) solutions of the corresponding discrete
equations.

A crucial feature of the integrable maps' associated with egs. (1.1) and (1.2), according to
the procedure outlined above, is that they can be interpreted as discrete analogues of integro-
differential equations. Indeed, these maps are nonlocal recurrences possessing the general form

P(A)u(n) =Zlu(n)]. (1.3)

1 Throughout this work, the expressions “map”,“difference equation” or “discrete equation” will be used as synonyms.
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Here P(A) is a polynomial in a delta operator (typically representing a discrete derivative of a
given order), u(n) is the dependent variable of the map, » is the independent discrete variable,
and Z[u(n)] is a functional depending on all values of u ranging from an initial point up to
n. This aspect reflects the inherent nonlocality of the equation (1.3), which, in turn, originates
from the intrinsic nonlocal nature of the x-product. This property can be interpreted in light of
a fundamental no-go theorem proved in [21], which states that it is impossible to define a field
theory on an infinite lattice endowed with a nontrivial product rule that simultaneously satisfies
the Leibniz rule, translational invariance, and locality. Consequently, the structure-preserving
discretization scheme proposed in this work - based on enforcing the Leibniz rule for difference
operators - is intrinsically linked to the nonlocal character of the resulting integrable maps.

In this scenario, the most elementary instance arises in the discretization of linear differential
equations with constant coefficients. Here, the resulting discrete equations are standard, i.e., lo-
cal difference equations, depending on a finite number of lattice sites determined solely by the
order of the discrete derivative. Conversely, for dynamical systems with variable coefficients or
nonlinear dependencies, the nonlocal aspects of the theory become unavoidable and explicitly
manifest.

1.5. Main results

The general discretization theory we propose relies on the following new results.

I) We prove that the integrable maps representing discrete versions of the dynamical systems
(1.1) or (1.2) satisfy the following property: if Y pe cxx* (or - i—’,‘c) is an analytic (singu-
lar) solution of an equation of the form (1.1) (Theorem 2 and Theorem 5) or (1.2) (Theorem 3
and Theorem 6), then Z’,ZIO Lk pr(n) (or Zk_:l_s Lk pr(n)), where py(n) are the Laurent basic
polynomials associated with the chosen delta operator, for each n is a solution of the corre-
sponding discrete map. In other words, under mild assumptions, analytic (singular) solutions of
the continuous systems (1.1) or (1.2) are transformed into regular (singular) exact solutions of
the associated integrable maps (1.3). Besides, the discrete maps (egs. (5.5), (5.21) for the regu-
lar case and eqs. (8.4) and (8.14) for the singular case) associated with the original continuous
systems are derived, through our categorical approach, in a constructive and explicit way.

II) A Galois theory for the integrable maps considered in this work is developed, starting
from the novel notion of Rota category. Within this setting, we also establish the existence of
an isomorphism between the Picard—Vessiot group of a linear differential equation with constant
coefficients and that of the corresponding difference equation obtained through our categorical
approach.

In the continuum limit, when the lattice step & goes to zero, the site n goes to infinite and
the product nh remains constant, these new integrable maps reduce to the original differential
equations (as we will show in several examples).

1.6. Discussion

We recall that the time scale calculus, initiated by Hilger in [17] represents a well-established
and intriguing approach aimed at unifying discrete and continuous calculus. This unification is
achieved by defining a general domain that can be continuous, discrete, or mixed (corresponding
to time scales or, more generally, measure chains) and by introducing appropriate jump operators
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on this domain. Over the past two decades, this theory has been extensively investigated by many
authors (see, e.g., the monograph [7]), resulting in a substantial body of results and applications.

However, the theoretical framework proposed in this article is independent of, and fundamen-
tally distinct from, time scale calculus. Instead, our approach is based on the guiding principle of
preserving the Leibniz rule in discrete calculus — through the notion of Rota’s Galois algebra —
and on the use of an adapted point mesh for discretization, defined by the zeros of a set of basic
polynomials.

We emphasize that our categorical approach, in principle, allows for the reformulation of
the main theorems of this work for arbitrary discrete derivatives. This can be done by analogy
with the case of the forward difference operator, which we have analyzed explicitly due to its
prominence in applications. In particular, the extension of our theory to discretizations based on
the backward difference operator is entirely straightforward.

2. Algebraic preliminaries. Delta operators

The theory of delta operators, introduced in [43] as a foundational framework for combina-
torics, has been extensively developed in the literature (see also [42], [41]). Let P denote the
space of polynomials in a variable x € K, where K is a field of characteristic zero and let N
denote the set of non—negative integers.

Let T denote the shift operator, whose action on a function f is givenby T'f (x) = f (x + 1).

Definition 1. An operator S is said to be shift—invariant if it commutes with the shift operator 7.
A shift-invariant operator Q is a delta operator if Qx = const # 0.

We deduce immediately the following property.
Corollary 1. For every constant c € R, Qc =0.

The most common examples of delta operators are provided by the derivative D, the forward
discrete derivative A = T — 1, the backward derivative V := 1 — T~ ! and the symmetric operator
AS= I

Given a delta operator Q, a polynomial sequence {pi (x)};cN is said to be the sequence of
basic polynomials for Q if the following conditions are satisfied: (1) po(x) =1, (2) px (0) =
Oforallk >0; (3) Opk (x) =kpr—1 (x).

Notice that, for a given delta operator Q the sequence of associated basic polynomials is
unique.

2.1. Formal groups and delta operators

In this section, as a new result, we will demonstrate that the theory of delta operators admits a
natural interpretation within the framework of formal group theory [37]. Over the past decades,
formal group theory has been extensively investigated due to its central role in algebraic topology
[9], [25], cobordism theory [36], analytic number theory [18], [49], [S1], and related fields.

Following [16], [9], we remind that a commutative one—dimensional formal group law over a
commutative, unital ring A is a formal power series ®(x, y) € A[x, y] such that

1) &(x,0)=d(0,x)=x,
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2) o (P(x,y),2) =P (x, P(y, 2)).

When ®(x, y) = ®(y, x), the formal group law is said to be commutative.
Let us consider the polynomial ring Q [c1, ¢2, ...] and the formal group logarithm F (u) =

2 3 . . . . .
u—+c ”7 + cz% + -+ Let G (v) be its inverse series, i.e., the formal group exponential

v2 v3
2
G(v):v—c1?+(3c1—2cz)g+--~ .1)
so that F (G (v)) = v. The formal group law associated with these series, known as the Lazard
Universal Formal Group, is given by

D (uy,u2) =G (F(u1) + F (u2)).

It is defined over the Lazard ring L, i.e. the subring of Q [cy, ¢3, ...] generated by the coefficients
of the power series G (F (u1) + F (u#2)). For any commutative one-dimensional formal group
law over any ring A, there exists a unique homomorphism L — A under which the Lazard group
law is mapped into the given group law (universal property of the Lazard group).

In algebraic topology, delta operators are related to Thom classes and complex cobordism the-
ory [38]. In order to relate formal groups to difference delta operators, we first describe a simple
technique for generating a family of difference delta operators. More precisely, we introduce the
difference operators

lm m m
AP=E;“/<T](’ IbmeZ, l<m, m—I=p, ;Olk=0, ;kak=c 2.2)

where /1 can be interpreted as a mesh spacing and oy are constants with o, # 0, a7 % 0. We
choose ¢ = 1, to reproduce possibly the derivative D in the continuum limit. A difference oper-
ator of the form (2.2) is said to be a delta operator of order p, if it approximates the continuous
derivative up to terms of order h” [26]. Apart from the two constraints in relation (2.2), one
can arbitrarily choose m — [ — 1 more linear conditions to fix all constants «;. Consequently, by
means of the representation 7' ~ e (the “symbol” of the translation operator), each delta oper-
ator of the family (2.2) is associated with a group exponential (2.1) and then with a realization
of the one-dimensional Lazard universal formal group law. Conversely, with the identification
v ~ D, there corresponds to each formal group exponential a delta operator (see also [37], [51]).

3. Laurent basic sequences of polynomials
3.1. Definitions

In this section, we develop a novel approach to finite operator theory, by generalizing the clas-
sical notion of basic polynomials [43,41] to the case of Laurent polynomials. In the literature,
several extensions of umbral calculus (the old denomination of finite operator theory) are avail-
able. In particular, in [41], nonclassical umbral calculi are also discussed. Also, in [28] and [4],
several extensions to generalized finite differences calculi are reviewed. However, the notions of
Laurent basic sequences, dual sequences, twisted Rota algebras, etc. to the best of our knowledge
were not proposed before in the literature.
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Definition 2. Given a delta operator Q, a Laurent basic sequence is a sequence of rational func-
tions {px(x)}xez, which reduce to polynomials for k € N, defined by the following properties:

D po(x)=1
2) pr(0)=0 ke N\ {0}
3) Opi (x) =kpr—1 (x), keZ.

Thus, a Laurent basic sequence for a delta operator Q is a sequence of basic polynomials ex-
tended for k < 0 to a sequence of rational polynomials satisfying a natural “derivation” property.

Let us denote by P the space of Laurent polynomials in a variable x € K. Let Q be a
delta operator acting on PL, let D denote the set of all delta operators, and {py (x)}rcz be the
basic sequence of Laurent polynomials of order k uniquely associated with Q. Let H denote
the algebra of formal Laurent series in x. Since the polynomials {py(x)}iez for any choice
of Q form a basis of H, any f € H can be expanded as a formal Laurent series of the form
fx)= Z;?O:foo ay px(x). In this way, we can extend the action of delta operators on functions.
Let £ be a set of points on the real line, isomorphic to Z. Denote by H , the vector space of the
formal power series defined on L. The space H (and, consequently, # ) can be endowed with
an algebra structure by introducing a new, suitable product.

Definition 3. Given a delta operator Q and the associated Laurent basic sequence {pi(x)}iez,
the * o product is defined via the relation

Pe(x) xQ pj(x) i= pij(x), k.jeZ. (3.1

Remark 1. An analogous product, for the case of the standard basic polynomial sequence asso-
ciated with the forward difference operator A, was proposed in [53] and in [20]. In what follows,
we will use the symbol * whenever the choice of the delta operator Q will be obvious. It can be
shown that the space (H, +, -, *g), equipped with the usual operations of series addition, scalar
multiplication, and the *-product (3.1), forms an associative algebra.

3.2. The natural Laurent sequence

The simplest example of a Laurent basic sequence is given by

pe(x) = xk, keZ (3.2)

for the delta operator Q = D. We shall call it the natural Laurent basic sequence. In order to
construct other nontrivial examples, we will introduce the notion of dual sequences of basic
polynomials.
3.3. Dual sequences

We denote by p,j x)=x(x—1)-...-(x —k+ 1), k € N, the sequence of basic polynomials

for the operator A =T — 1. Similarly, p, (x) :=x(x +1)-...- (x +k — 1) is the basic sequence
forv=1-T"1
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We shall introduce sequences of rational basic polynomials. To this aim, let us observe that

A 1 _ 1 _ 1 _ k
e prx4D  pr) pg @

Thus, if we define:

1
g ()= ——, keN\{0}, qq =1 (3.3)
Py (x)

we obtain
Aqif (x) = —kqf (). (3.4)
Analogously, for the operator V we have

g L o_ 1 o k
P pi) pfa—-1  phix)

Consequently, denoting by

- 1 -
‘s (x)=m, k e N\ {0}, 9y =1 (3.5

the rational functions associated with the basic polynomials for A, we obtain that

Vg, (x) = —kgq; 1 (x). (3.6)

Definition 4. The sequences { p,:r (x)}reN and {qk+ (x)}reN are said to be dual for the operator A;
similarly, {p, (x)}ren and {g; (x)}ren are dual sequences for V.

As a consequence of the previous discussion, we have proved the following

Proposition 1. The sequence

xx—1D---(x—k+1 k e N\ {0},
1 _
pr(x) = I L kelZ™, 3.7
1 k=0,

is a Laurent basic sequence for the delta operator A.

Open Problem. It would be very interesting to ascertain whether there exist infinitely many
dual sequences.

10
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3.4. The Abel-Laurent basic sequence
Consider the Abel delta operator:
A _ a
Q% =DT (3.8)

with D = %, T%f(x) = f(x 4+ a), a > 0. The Laurent basic sequence for the Abel operator is
given by

x(x —ak)k=! ke N\ {0},
piG) = ; A (3.9)
(x — ak) ke Z= U{0}.
3.5. The symmetric Laurent basic sequence
The symmetric delta operator A® := T*Trl is also relevant in several applicative contexts.
The basic Laurent polynomials associated with A® are
B2l +k—2)) ke N\ {0},
‘ 1 k=0,
pL(x) == . (3.10)
keZ™.

[ G —k—1-2j)
3.6. Lattices and Laurent basic sequences

Consider the uniform lattice in R* U {0} with sites at the integers and the Laurent sequence
(3.7). Then the values of pi(x) at the sites x =n € N, with k € Z, explicitly read

n!

(n—k)!

Mo — i) = k>0,

pr(n) = 1 (n—1)!

M5 ) =1k

k<O.

Hereafter, we shall assume that negative factorials in the denominator make the fraction vanish.
4. Category theory and dynamical systems
4.1. Twisted Rota algebras

The notion of Rota algebra has been introduced in [50], as the natural Galois differential
algebra where the discretization procedure is carried out. In this section, this notion will be gen-
eralized to the case of Laurent formal power series. We shall also develop a categorical approach.
Definition 5. A twisted Rota differential algebra is a Galois differential algebra (4, Q), where
(H,+, -, *g) is an associative algebra of Laurent formal power series, the product g is the

composition law defined by (3.1), and Q is a delta operator acting as a derivation on H:

11



M_.A. Rodriguez and P. Tempesta Journal of Differential Equations 479 (2026) 114537
) Qa+b)=9Q(a)+ Q), Qa)=1Q(a), i€k, 4.1
ii) Q(axb)=Q(a)*b+axQ(Db). “4.2)

4.2. The generalized Rota category

Definition 6. The generalized Rota category, denoted by R(#), is the collection of all Rota
algebras (H, Q), with morphisms defined by

po.0 :(H,+,,xg) — (H,+, -, x90) (4.3)
which are closed under composition.

The action of the morphism pg ¢ on formal power series is defined by

DGk — Yt (), (4.4)
k m

where {pr(X)hren and {g, (x)},eN are the basic sequences associated with @ and Q' respec-
tively. The property of closure under composition is trivial.

4.3. New categories for dynamical systems

We introduce two new definitions of categories for differential equations of the form (1.1) and
(1.2). For N € N \ {0}, define u*N :=u ... %u.
%,—J

N—times
Definition 7. For any choice of the set of functions {ag(x),...,ay(x), g(x)}, the category

Klap,...,ay,g) of linear dynamical systems of order N is the collection of all equations of the
form

lin(Q,u,xg) :=an(x)* QNy +an_1(x)* Q(N_l)y—i-...—i—al(x)* Qy+agx)*xy+g(x)=0.

4.5)

The set of correspondences
ool ’C{ao,'-naN,g} - ’C{ao,...,aN,gb (4.6)
lin(Q,y,%) — lin(Q, v, *), 4.7)

defines the class of morphisms of the category.

In other words, given a differential equation of the form (1.1), one may define a category
whose objects are the equation (1.1) together with all infinitely many of its discretizations, ob-
tained by varying Q € D and constructing the corresponding morphisms (4.7).

12
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Definition 8. For any choice of the set of functions {co(x), ..., cy (x)}, the category Nym:co.....cx)
of nonlinear dynamical systems of order m € N consists of all equations of the form

eq(Q,y,%0) = Q"y —en(x)* Y™ —en_1(x)xy* VD — ey (x) xy — co(x) =0. (4.8)

The set of correspondences

Vo, o :J\/'{mwow-,czv} - A/{m;Co-,m,CN}’ 4.9)
eq(Q,y,x) —> eq(Q', y, %), (4.10)

defines the class of morphisms of the category.
The closure of the morphisms Ag ¢’ and vg, ¢’ under composition is easily verified.

Definition 9. Two objects in the category K, ... ay .k} (OF in Np:co....cn}) are said to represent
two categorically equivalent equations. Alternatively, two equations are categorically equivalent
if there exists a morphism of categories Ao ¢’ (or vg, o) mapping one equation to the other.

A notable property of the categories introduced above is their hierarchical structure via sub-
categories, with inclusions determined by the natural identifications:

’C{QOsu-,ak} = K{a() ,,,,, ak,O,...,O}’
(N —k)—times

Mm§00»~~-,ck} = J\[{m;co,...,ck, 0,...,0}
——

(N —k)—times

fork < N.

Lemma 1. For any fixed N € N, and for any choice of the polynomials {ay, ...,an, g}, there
exists a filtration of subcategories, given by the finite sequences

K{ao} C K:{‘loﬂl} c...C ’C{ao atC...C K{ao ,,,,, an.g} (4.11)

,,,,,

and

-/\[{m;co} CMm;Co,C]} C oo C'/\/'{”UCO Ck} C oo CMm;CO ..... CN}’ (412)

.....

respectively.
Proof. For each of the subsets Ky, .. 4}, the restriction of the morphisms Lo o' over these
subsets still preserves the closure under composition and defines morphisms of subcategories.

The same argument holds for the sequence related to Njy.co.....cy}- O

As a consequence of the previous construction, one can define functors between the category
of Rota differential algebras and the categories of abstract dynamical systems defined above.

13
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Theorem 1. For any choice of the functions {ap(x), ...,an(x), g(x)}, the application

F: R(H) — K:{ao,.‘.,aN,g}, (413)
(H,+,-,x0) — lin(Q, y, %),
PQ,Q — 10,0

is a covariant functor.

Proof. A direct verification shows that F' preserves the composition of morphisms:

F(pgr,g0pg,0)=F(pgr.g)o Flpg,0)

If we denote by idg := pg ¢ the identity morphism, we also have

F(idg(A)) =idgo(F(A)),
where A € R(F). O

In the same manner one can prove that the application

G: R(H) — Mm;co,...,cN}, (414)
(H,+,-,%0) —> eq(Q, y, %),
PQ.Q —> V0.0

is a covariant functor.

The functors (4.13) and (4.14) capture the essential aspects of the proposed discretization, and
provide functorial Rota correspondences between continuous and discrete dynamical systems.
Moreover, these functors can be naturally extended to the subcategories introduced above.

Corollary 2. The restriction of the functors F and G to the subcategories defined by the filtra-
tions (4.11) and (4.12) respectively remain covariant functors.

5. Main theorems for the regular case

In this section, we present the main results of the article concerning the discretization of
ODEs admitting analytical solutions. Precisely, using the new categorical framework developed
above, we construct a class of integrable maps associated with the dynamical systems (1.1) and
(1.2), respectively. These maps are categorically equivalent to the original continuous systems
and represent them in the Galois algebra corresponding to the forward difference operator. The
discretization is performed on an equally spaced mesh.

Theorem 2 establishes a solution to the problem of the integrability-preserving discretization
of linear n-th order ODEs with analytic variable coefficients. Theorem 3 solves the analogous
problem for the case of nonlinear first-order ODEs.

14
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Remark 2. In both Theorems 2 and 3, we will define our maps in the Rota algebra (F, Q), where
F is the space of formal power series, and pi(x);cN are basic sequences for the delta operator
O = A. In section 8, when dealing with singular solutions, this picture will be extended to the
case of Laurent formal series, and Laurent basic polynomials.

5.1. Integrable maps from linear ODEs

Theorem 2. Consider the differential equation

dN N—-1 d
] = — - — — = 1
lin(d, y) aN(X)dey+aN 1(x)de_1y+ +a1(x)dxy+ao(X)y+g(X) 0, 5.1

where a;(x), i =0, ..., N and g(x) are real analytic functions at x =0 (with ay (0) # 0):

o ik o Vi
ai) =3 ok g =3 (5.2)
ki=0 =0
Assume that
o0
Y =Y gxt (5.3)

be a real solution of (5.1), analytic at x = 0. Then the difference equation
nlaig; nlye
=0, 54
;];)(n—k)vk' ””k+ze'(n—z)' 54

or, in the equivalent form, the equation

DI NEI ( )( ) k+k+ze,(z'{f£), 0. (5:5)

i=0 k;=0 k=0

defined on a regular set of points L C R indexed by the variable n € N, admits as a solution the
series

ch k), (5.6)

Proof. We start by applying the morphism (4.4) to the series (5.3); we obtain the transformation

Do axt — > k). (5.7)
k=0 k=0

The discrete transform (5.7) is finite whenever x € £, provided that the points of the mesh £
coincide with the zeros of the basic sequence of polynomials {pg(x)}ren- In the following, we

15
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choose our basic sequence to be the set of lower factorial polynomials. Consequently, £ denotes
an equally spaced set of points on the real nonnegative axis, indexed by n € N. Thus, we have

0, if n<k,

pr(n) = n! . (5.8)
m, if n zk

Let us introduce the function u : N — R defined by

n!
iy =]; o (59)

For its inverse interpolating transform, we have

k

( 1)k -1
Z T (5.10)

For the purpose of constructing the equation categorically equivalent to eq. (5.1) in K4y, .. an e}
we represent the product x” % y(x) on the set £ by the action of the morphism pj A :
(F,+,) = (F,+, xa) between the standard (Rota) algebra of power series endowed with the
pointwise product and that equipped with the forward difference operator. This morphism deter-
mines the general (umbral) correspondences

s |

— = _'r)'Asun_,, r,s €N (5.11)
which can be specialized to the following cases:
y(x) — uy,, (5.12)
n!
x"y(x) — i (5.13)
S
y(x) — A’u,. (5.14)

dxs

To prove these relations, observe that

n—+s | n+s—r |

k! k!
(n)*z R G peos(m) = Y T (). (5.15)
k=0

Then, we deduce that

16



M_.A. Rodriguez and P. Tempesta Journal of Differential Equations 479 (2026) 114537

n+s—r n+s—r k! s 16
Z G g1 Sk Phesr () = ; e el (5.16)

n!k! (=1)k=i ’
.Z(k—s)!(n—r—(k—s))!j!(k—j)!”’

k=0 j=0

B n! n+s—r [n+s—r ]kij n—r k -
“on ;(_) (k—s)(') v

j=0 /

It can be shown that (see the Appendix A):

n+s—r
> (—1)"—f'<’; ’)( ) Z( D™~ ( ) N—y (5.17)
k=j

Thus,

n! n+s—r K
( —r)! Z <Z( " l< > n— r+zj> Uj (5.18)
s—i n! s
r)! Z( D < )u" —r+i = mA Up—r.

By using the previous formulas, we deduce that eq. (5.4) is categorically equivalent to eq.
(5.1). Both in turn are representations of the abstract equation (4.5).

To conclude the proof, observe that, by means of the action of the functor F, any formal power
series y of eq. (5.1) is carried into a solution u,, of the equation

lin(Q,u,+9) =Xy allin(d,y,")).

In addition, on the mesh L, the sum Zk Lk pr(n) truncates and converts into the finite sum
(5.6). O

Remark 3. Theorem 2 can be considerably generalized by choosing an arbitrary different delta
operator Q and the corresponding basic sequence {px(x)}reN. In this case, we define the lattice

L to be the union set of all zeroes of the polynomials of the sequence { px(x)}ren. The action of
the morphism A5 ¢ will provide a different, categorically equivalent representation of eq. (5.1)

5.2. Integrable maps from nonlinear ODEs

Theorem 3. Consider a dynamical system of the form

dm al
eq(d,y) 1= ——y = ) er(x)y" =0, (5.19)
r=

17
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where N,m € N \ {0}, ¢;(x) = ZI?IO:O ,BZk,xk’ are real analytic at x =0, with By, € R, | =
0,..., N. Assume that

Yy =) gt (5.20)

be a real solution of (5.19), analytic at x = 0. Then the difference equation

7jrn!

Z( 1y ( >un+z Z Z o 4 —r i ]‘[%:o, (5.21)
=1 """

Y
SO n—sr—j1—... ]r).:

which represents eq. (5.19) on a regular set of points L C R indexed by the variable n € N,
admits as a solution the series

ty = ch -t (522)

Proof. We consider the correspondence (5.14)
YO0 = Auy = Z( ' ( )un+,, (5.23)
J

where u, is related to its inverse transform by the reciprocal eqs. (5.9) and (5.10). We will also
determine how the morphism ps A : (F,+,-) — (F, +, *a) acts on the powers of y(x). Let
k, j be the multiindices: k = (k1, ..., k), j= (1., jr)s k=D i_ 1 ki, j =Y i_, ji (see the
Appendix B for a detailed proof of eqgs. (5.24) and (5.25)):

y(x)’=(Z Emx ) ch] kX ech. &k, pr(x) (5.24)
m=0

r ki

> (= D)ki—ii B (1 =r)"In! {5 u;
-3t S | = X ST

n—j)l
jogen D)

Jji=
As usual, factorials of negative numbers in the denominators yield vanishing fractions. Then, the

last series in eq. (5.24) have a finite number of terms only.
Also, we observe that the products of the form x*y” are mapped into the terms

=x (Z é“mxm) =D 0 G XYk G s () (5.25)
m=0 k=0 k=0

00 r ki

n (_l)ki—ji
— Z—H Z T Y
= (n—s—k)!izl = Jillki — ji)!

18
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- ¥ (l—r)"fsijnlll[u._.ﬁ'

n—s—j! !
j=0. j<n—s ( P

The product of a function c(x) = Y 50 s x* times a power of y is mapped into:

cx)y = (Zﬂsxs) (Z cmx’"> = (Zﬁm) (Z Tk ~--;k,x")
s=0 m=0 s=0 k=0

D Btk X > D Bk Gk Prs ()

s, k=0 s, k=0

o0

= 3 Bolky Gy — _S), Zﬁ — ]"']_[”"’. (5.26)

¢ — | i
S0 (n s=pDb it

By combining together all the previous results, we obtain the proof that the difference equation
(5.21) is categorically equivalent to the equation

q

- (L =ry=a=int Lo,
Z( ) ’( )un+, Z Z ﬂqsqﬁﬂ“j =0 (527

|
q=0s4,j=0 i=1 Ji:

defined on L, i.e. is the image of eq. (5.19) under the action of the morphism vy A defined in
Mnl:ao,--.,aN}' In turn, both are realizations of eq. (4.8).

To prove that the series (5.22) is solution of eq. (5.21), observe that the morphism p3 A pro-
vides the correspondence

Y axk — Y apn). (5.28)
k k

The action of the functor G will carry any analytic solution y of eq. (5.19), defined on the
algebra (F+, -), into a solution u, of the corresponding equation

eq(A,u,xp) =y aleq(d, y, ),
defined on the Rota algebra (F, +, ). Once represented this equation on the lattice L, it re-
duces to eq. (5.21). Besides, the series expansion of the solution u,, truncates and converts into

the finite sum (5.22). O

The same scheme of Remark 3 can be applied to generalize Theorem 3 to arbitrary objects of

Remark 4. A direct comparison between the main results of the linear and nonlinear cases can be

easily obtained. By putting ay(x) = 1, and a;(x) = ... =a,—_1(x) =0 into eq. (5.1), it converts
into eq. (5.19) for c2(x) = ... = cny(x) = 0. We observe that, coherently, eq. (5.5) converts into
eq. (5.21).

19
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6. Integrable dynamics in the Fourier space

The integrable maps arising from the preceding construction induce an auxiliary dynamics
on the space of their Fourier coefficients, which is of independent interest. We consider here the
case of nonlinear equations with constant coefficients, which provides a prototypical illustration
of this alternative construction.

Proposition 2. Consider a dynamical system of the form

d" _ N N-1 6.1
ﬁy_clvy +cv—1y +...+c1y+co, (6.1)
where ¢y, ..., cy € R. Assume that
o0
y=2) &t (6.2)
k=0

be a real solution of (6.1), analytic at x = 0. Then ¢ satisfies the associated equation

(n+m)!
T§n+m =CN Z Cl] "'é‘lN_]é‘nfl]f..‘le_] +...

15 In_1=
li+..+in_1=n

n
+o Z & Sn—1y +c18n + €08n,0- (6.3)
11=0

Proof. As a consequence of the definition of basic sequence for {p}reN, One can easily prove
that, for each m € N \ {0}

n! (I +m)!
Ay =3 Ty (6.4)
n-=-0!" 1
=0
Also,
o0 n }’['
* .
uy” = 8ty oo 81, Py .4, () = Z TENR Z S Sy Sty ==l -
Il p=0 1=0 T el =0
Zl+u-+lp—lsl

(6.5)

Combining the previous expressions yields the stated result. O

Both the linear case and the case of dynamical systems with nonconstant coefficients can be
treated analogously. Their detailed analysis is left to the reader.
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7. Rota algebras and Picard-Vessiot theory

This section aims to extend certain fundamental results of Galois theory, established for ho-
mogeneous linear differential equations with constant coefficients, to their alter ego on L as
defined by Theorem 2 (See e.g. [12], [22], [34], [35], [46] for relevant definitions and results).

Let {ag, ...,an—1} CR. Let B(F, Q) be the space of linear operators acting on the Rota dif-
ferential algebra (F, +, -, *g) over R. We introduce the linear operator T[Q] € B(F, Q) defined
by T[Q] := ON L an_ 19N 4 ...+ a1 Q + ag. We consider the linear differential equation

T191(y) :i=y™ +ay_ 1y "V + ...+ a1y +ay =0, (7.1)

and its categorically equivalent equation
TIAIw) = ANu+ay_ 1 AN 'u+ ...+ a1 Au+ apu = 0. (7.2)

One can show that the rings Cy and Ca of constants for R(F, d) and R(F, A) coincide. The
following result holds.

Lemma 2. The morphism py a : (F,9) —> (F, A) maps isomorphically a fundamental system
of solutions S of the linear differential equation (7.1) into a fundamental system py A(S) of the
linear equation (7.2).

Proof. As a consequence of Theorem 2, power series solutions of eqs. (7.1) and (7.2) are in
one-to-one correspondence. The morphism pj o maps basic sequences into basic sequences, so
it preserves linear independence of solutions and the dimension of the associated vector space.
Then 8’ = py A(S) is a fundamental set for eq. (7.2). O

Our purpose will be to define an extension of a differential subring 7' C F for eq. (7.2) by

using the categorical approach developed before. To this aim, we construct the universal solution
algebra U of eq. (7.2). Let

AY =AY, AeMyR) (7.3)

be its matrix form, where it is understood that ¥; 1 ; = AY;;. We introduce an N x N matrix of
indeterminates Y = (Y;;) and define

1
UIAl:=F | Y, —— |, 1<i,j<N. 7.4
[A] [U det*Y} <i,j=< (7.4)
Here we introduce the modified Wronskian
Y11 Yo ... Yin
AY1 AYyp ... AY1n
2 2
det,Y :=| AYu ... AYiv | (1.5)
ANy, ANy N
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Definition 10. A Picard—Vessiot (PV) ring for the matrix equation (7.3) over the Rota algebra
(F’, A) is a simple differential ring O(+, -, ) such that

i) There exists a fundamental matrix Z € GLy (O) for eq. (7.3).
ii) The ring O is generated by F’, the entries of Z and m.

To construct a PV-ring, we introduce the notion of Rota ideal.
Definition 11. A Rota ideal for the derivation A is an ideal invariant under A.
The following result holds.

Proposition 3. Let 7 be a maximal Rota ideal of U[A]. Then the ring V[A] :=U[A]/T is a
Picard-Vessiot ring for the equation (7.3).

Proof. Because 7 is a maximal Rota ideal, the quotient ring V[A] is a simple differential ring
under the induced action of A. Then, it suffices to observe that in the quotient ring the Wronskian
(7.5) is invertible. O

We shall denote by U[d] the universal solution algebra of the matrix differential equation
Y’ = AY associated to eq. (7.1), where Y; ;1 ; = Yif i We introduce the notion of a differential
Galois group for the previous equations.

Definition 12. Given the Rota algebra (F', A), let V[A] be a Picard-Vessiot ring over F'. The
differential Galois group of V[A]over (F’, A), DGal (V J(F, A)), is the group of the differential
(F’, A)-automorphisms.

Let M denote a maximal differential ideal of eq. (7.1). The main result of this section is the
following

Theorem 4. Let W[3] := U[3]/ M be a PV-ring over (F', d) for the linear homogeneous dif-
ferential equation (7.1) and V[A] = U[A]/T be the associated PV-ring over (F', A) for the
equation (7.2). Then there exists an isomorphism of groups ® such that

DGal (WID1/(F',8)) «<=> DGal (VIAl/(F', A)). (7.6)

Proof. According to Lemma 2, given a fundamental set S of solutions of eq. (7.1), S’ = py, A (S)
is a fundamental set of solutions of eq. (7.2). This implies that the universal solution algebras
U[9] and U[A] are isomorphic. The morphism Ay o maps a (maximal) differential ideal M
into a (maximal) Rota ideal Z, so that the associated Picard-Vessiot rings are isomorphic. Then
the differential automorphisms of the Galois groups associated with egs. (7.1) and (7.2) are in
one-to-one correspondence. O

Remark 5. An analogous result holds for the equation T[V](u) =0, where V=1 — T-!. How-
ever, the previous construction does not obviously extend to an arbitrary delta operator Q. In
fact, the fundamental set of eq. T[Q](#) = O generates a linear space whose dimension is not
necessarily preserved.
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8. Main theorems for the singular case

In this Section we shall prove the main theorems of our theory of Laurent polynomial se-
quences.

In the following Theorems 5 and 6, we will define our maps in the twisted Rota algebra
(H, Q), where H is the space of Laurent formal series, and py(x)icz are Laurent basic se-
quences for the delta operator Q = A.

8.1. Linear difference equations

Theorem 5. Consider an ordinary linear differential equation of order N € N \ {0} of the form

dN dN 1
lin(9, y)—aN(X) Ny+a1v 1(X) Nyt +al(X)—y+ao(X)y+g(X) 0, B.1

where aj(x), i =0,..., N and g(x) are real functions admitting at most polar singularities at
x = 0 of the form:

a@= ) ayxl,  gloy= )yl (8.2)

j=—ti j=—t

Assume that eq. (8.1) has a solution possessing a polar singularity of order s at the origin:

N
Sk
Y@ =) % (8.3)
k=1
where s > max{{ +r, o+ ro, ..., LN + rn}. Then, the difference equation
Tm (}'l _ 1)' r

Z Y om oo e > ¥ipin) =0, (8.4)
m=0 j=—{y j=—1

lying in the positive real line, has a solution of the form

N

S -1
Up = ]; mi—k. (8.5)

Proof. Our aim is to construct the equation categorically equivalent to eq. (8.1) in K4y, an,e}»

for the class of functions (8.3). Consequently, we represent the product x” %S y(x) on the set £
by the action of the morphism py A : (H,+, ) = (H, 4, *a). This morphism determines the
correspondences detailed below.

Let us first consider the case of the higher derivatives

o0 oo

k! k!
(m) _ k—m
yoU= k:X—:oo (k —m)! Skx - Z (k m)! ———— Lk Pk—m (1), (8.6)
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m - m — k
A ank;kaA pr(n) = X_: = ),Ckpk —m(n), 8.7)
and then,
y " —s A"u, = Z(_])m l( )un+z (8.8)

i=0

These results are a natural consequence of the properties of the delta operators. By analogy, we
get

0 ! 0

k!
Y™ s p(n) % Z = G Pk (n) = Z = TPk ()
B i k! n—1)n—r—k+m—1)
T k—m T a—r— Dl —k+m—r— i’ m =7

=D K
_<”—r—1>’k§oo(’< 1Sk Phem (0 =)

(n—1)!
= (n_r)!(( ) Z (k Ty SePim (n = ))

— 1!
_ umn_,_

n—r—-1!

Therefore, taking into account relations (8.2), we obtain

an@YP@ = 3 apy—

j:_em

. — m .
mj (n_j_l)!A Un—j. (8.9)

By combining the previous formulas, we deduce the form of eq. (8.4).
To prove that the series (8.3) is solution of eq. (8.4), observe that the morphism A5 A provides
the correspondence

C px Tk —s C k (8.10)
(n)

The action of the functor F carries any solution y of eq. (8.1), defined on the algebra (#H, +, -),
into a solution u,, of the corresponding equation

lln(A9 u, *A) = )"G,A(lin(a’ Vs ))7
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defined on the extended Rota algebra (#, +, *a). Once represented this equation on the lattice
L, any finite Laurent series solution (8.3) of eq. (8.1) is carried into a solution of the form (8.5)
of the equation

lin(Q,u, Q) =iy, alin(d, y,")).
This equation, according to the previous construction, coincides with eq. (8.4). O
8.2. Nonlinear difference equations

We shall prove a theorem concerning the discretization of nonlinear equations of the form
(1.2) which preserves solutions admitting polar singularities.

Theorem 6. Consider an ordinary differential equation of order m € N \ {0} of the form

dm
eq(d.y) = ——y = Zcr(m =0, 8.11)
r=0

where N,m € N\ {0}, ¢, (x), r =0, ..., N are real functions admitting at most polar singulari-

ties at x = 0 of the form:

or '
()= Y Brxl. (8.12)
j:_er

Assume that eq. (8.11) has a solution possessing a polar singularity of order s at the origin:

N
{—k
YW= -, (8.13)
k=1
where s > max{{lo + po, - .., €N + pn}. Then, the difference equation

Z( "= ( )un+, Z Z Z ﬂr,zkl--rk,px,ﬂ(n) (8.14)

i=0 r=0 j=—4¢, k1,

with K, =Y _i_, ki, defined over a uniform lattice in the positive real line, has a solution of the
form

Z (e —1)! (8.15)
n+k—1)' ' '

Proof. The discretization runs as follows. The function y” (x), is written as a Laurent expansion
centred at the origin. Let us write formally
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—1 -1 -1
Y=l DD e x| DD e | = Y o Gpr, (1), (8.16)
ki=—o00 ky=— ki, kp=—00
where K, =Y i_ ki, and ¢, =0 for k; = —s — 1, ..., —oo. Thus,
Pr —1
()Y = D Bypimx Y Gyl pr, (1) = (8.17)
j=7f,~ k],---,k,-=—oo

or —1
Z Z Brj Sy + Sk, P+ (1).

Jj=—4; k1, kp=—00

Then, the discretized function, u,,, is written as

Uy = Sk (8.18)
k=1 pk (n)
The derivatives y(’"), m=1,...,r,are discretized according to the operator A:

un—Z( 1)’( )un+, (8.19)

The constants {_ satisfy a linear algebraic system:

A\
Untl = j—i (n+1) =2 ket Ant1k {—k
(8.20)
A\
Unts =D p] m =3 i1 Angsk bk,
where A j; = % k=1...,s,j=n+1...,n+s. Unlike in the previous theorems, where
the corresponding coefficient matrix acquires a triangular form, in the present case the solution

of system (8.20) cannot be easily written in a closed form in terms of the variables u, ;. We
obtain

ck=Y (A7) tnsi (8.21)

Thus, the discrete equation reads:

S (=Y 3 z S Bia (47, 2

i=0 r=0j=—4¢, ki, =—00Al,....,Ar=1

R “'un+;\,PK,+j(n),
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where
n! 0
P —— K i >0,
=K — ) =
P+ (1) = iy (8.23)
. K,+j<DO.

(n—K,—j—D

Let us prove that the series (8.15) is solution of eq. (8.14). To this aim, we observe that the
morphism pj A carries on

Zg_kx*k — Z;_k : (8.24)
k=1

= )

Thus, the action of the functor F carries any solution y of eq. (8.1), defined on the algebra
(H, +, -), into a solution u, of the corresponding equation

eq(A,u,xp) =y a(eq(0,y,")),

defined on the extended Rota algebra (H, 4, *a). According to the previous analysis, we repre-
sent this equation on the lattice £. Then, any finite Laurent series solution (8.13) of eq. (8.11) is
carried into a solution of the form (8.15) of the equation

eq(Qv u, *Q) = V8,A(eQ(8’ Y, ))

This equation coincides with eq. (8.14). O

Remark 6. We wish to emphasize that, in concrete examples, the applicability of the categori-
cal discretization method proposed in Theorems 5 and 6 can be considerably extended. While
generalizing the hypotheses of our theorems may not be straightforward, specific cases can nev-
ertheless be analyzed and solved rigorously.

9. Nonlocal Lie symmetries and integrable maps: some conjectures

The categorical discretization introduced in Theorems 2, 3, 5 and 6 establishes a precise struc-
tural correspondence between the space of smooth solutions of the original differential equations
and the space of solutions of the associated difference equations. This result ensures that the pas-
sage from the continuous to the discrete setting, carried out within this categorical framework,
does not merely approximate the original system but preserves its essential solution structure in
a rigorous and exact sense.

Building on this observation, it is a natural problem to ascertain to what degree such a cor-
respondence, established at the level of solutions, extends to the symmetry properties of the
systems under consideration. Specifically, we hypothesize the existence of a meaningful rela-
tionship between the Lie symmetry groups and their corresponding Lie algebras admitted by
ordinary differential equations and those admitted by their discrete counterparts. For a compre-
hensive account of the modern theory of Lie symmetries for continuous systems, see e.g. [33]. If
confirmed, this would suggest that the discretization not only preserves solutions but also retains,
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in an appropriate sense, the geometric and algebraic structures encoded by symmetries, which
play a central role in the qualitative analysis of differential equations.
We first conjecture the existence of symmetry transformations.

Conjecture 1. The integrable maps (5.4) and (8.4) (resp. (5.21) and (8.14) for the singular case)
admit a Lie group G of nonlocal diffeomorphisms that leave the map invariant and transform
solutions into solutions.

This conjecture relies on the idea that, for the ODEs considered, the determining linear
equations generating the Lie symmetries in the continuous case would be preserved by our dis-
cretization scheme, as well as their solutions. The nonlocal character of the diffeomorphisms
generating these symmetries is suggested by the intrinsic nonlocality of our *x-product.

However, in general, objects categorically equivalent do not possess isomorphic fundamental
solution sets, with the exception of linear equations with constant coefficients, as discussed in
Section 6. Consequently, the full Lie algebras generated by the symmetries postulated in the
previous conjecture, are, in general, not isomorphic. The subsequent conjecture establishes a
weaker form of correspondence between these algebras.

Conjecture 2. The Lie algebra of the generators of the Lie group G of the nonlocal symmetry
diffeomorphisms associated with the maps (5.4) and (8.4) (resp. (5.21) and (8.14)) contains a
subalgebra which is isomorphic to the Lie algebra of the classical Lie point symmetries of the
continuous dynamical system (1.1) (resp. (1.2)).
10. New integrable maps from ODEs with regular solutions

As an illustration of the usefulness of the categorical approach developed in this work, we
propose here some examples of integrable maps constructed according to the main Theorems 2
and 3, concerning differential equations admitting regular solutions. These maps are associated
with ODEs that are particularly relevant in the applications.
10.1. A discrete damped harmonic oscillator

The damped harmonic oscillator

¥ (x) + 2wy (x) + @*y(x) =0 (10.1)

in the case ¢ < 1 admits the general solution

Yeen(x) = Ae™9“" sin (\/ 1 —q?wx + ¢> . (10.2)

The discrete damped oscillator reads
Unsa +2(qw — Ditns1 + (@° —2gw + Dty =0, (10.3)
with the general solution
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. n! 17 d
Uy = ;}g(k)ma gk) = E [Wygenlzo . (10.4)

We shall consider as lattice sites the points n/, h € R. In this mesh, the operator Ay, is defined
as Apu, = W with basic polynomials

k—1
prx) =] Jx = jh). (10.5)

J=0

possessing zeros at the sites of the lattice. Thus:

0 ifn <k,

pk(nh)y =1 nh*k (10.6)
n—h)! ifn>k

and the inverse interpolating transform reads

n k k k—
n'lh 1 —1)k=i
unzkzzo(n_k)!gk, k_—kX:: T (10.7)
Therefore, the discrete damped oscillator equation is:
Unsa + 2(hqw — Dipgy + (B2w* = 2hqw + Du, = 0. (10.8)

Its continuum limit (when 7 — 0, n — oo and nh remains bounded) is the equation (10.1), as
can be easily checked.

10.2. A difference equation for the Gaussian function
We discretize the differential equation satisfied by the Gaussian function:

V(@) = —xy(x). (109)

The solution (up to a factor) has the following Taylor expansion:

2 e (=K
Yy =e T =) 2kk)v : (10.10)
k=0

According to Theorem 2, in a uniform lattice of step size h the associated integrable map
reads

Ung1 — tn +hnu,_ =0. (10.11)
It admits the solution (g = 1):
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© 1k [n/2] — Dk 2k
=y = L =Zf{)7” (10.12)
S k) & DRI (n —2h)!

where the coefficients ¢ are given by the Taylor expansion in (10.10). Here [n/2] denotes the
integer part of n/2.

Remark 7. The purpose of this simple analysis is to illustrate, in a transparent way and using
a basic example, the non-standard form of the difference equations obtained through our cate-
gorical discretization. In fact, a classical discretization of eq. (10.9) would lead to the difference
equation

lipi1 — fig +h>nit, =0. (10.13)

However, it is straightforward to verify that this equation does not admit a solution of the form
(10.12), which arises directly from the Gaussian function. The equation (10.13) admits an exact
solution which can be easily obtained (izg = 1):

n—1
=[] —kn», n=1 (10.14)
k=0

In both cases (categorical and standard discretizations), the resulting difference equations
(10.11) and (10.13) tend to the differential equation (10.10) in a straightforward way (we divide
by & and take the continuum limit, # — 0, n — oo, keeping nh constant). It can also be verified
that the discretized solutions provide a very good approximation of the exponential function.

10.3. Hypergeometric equation

The real hypergeometric differential equation

d? d
x1=-022 tle—@+b+Dx]Z —apy =0, (10.15)
dx? dx

where a, b, c € R, possesses three regular singular points {0, 1, oo} [2]. By way of example, we
shall restrict to the singularity at x = 0. Around this point, eq. (10.15) admits two algebraically
independent solutions,

s1:=2Fi(a, b; c; x), (10.16)

and a second solution s, whose explicit form depends on the particular values of the parameters.
Theorem 2 provides the following discrete version of eq. (10.15)

n+c)up4+1 — (n2+(a+b—|—2)n +ab + c)u, (10.17)
+n(a+b+2n)uy,—1 —nn — Nu,—o =0.

If we introduce the finite Gauss sum
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n

(@kb)  n!
G(a,b;c;n) = -_— , (10.18)
k; ©% (1—k)!
the solution of eq. (10.18) corresponding to s is provided by
ull .= G(a, b; c;n). (10.19)

A numerical analysis of this solution shows that this solution is in excellent agreement with
the continuous one.

Theorem 2 allows us to introduce integrable maps which discretize the differential equations
characterizing families of orthogonal polynomials. Here we shall focus on the nontrivial case of
the equation defining the classical family of Jacobi.

10.4. A discrete Jacobi equation
Applying Theorem 2, the equation

A=x)Y' W) +[B—a—(@+B+2)x]Y(xX)+mm+a+p+1)yx) =0, (10.20)
can be discretized in the form
sz = (@ = B+ Dttt + (m? =0+ n—m@+ B+ D+a—p+1)u, (1021)
+n(a + B +2n)uy—1 —nn — Du, 2 =0.
This equation admits as a solution the family of polynomials {P,,(fl’ﬂ ) (n)}meN, Where

Tla+m+1)
mNa+B+m+1)

Xi(m)l"(a+ﬂ+m+k+l)n_! k <k>(—1)ki
k Cla+k+1) 2’<i:O i) (m—=0"

k=0

PP (n) :=

Virtually all classes of orthogonal polynomials, including nonclassical and Sobolev-type ones,
can be associated with integrable maps in an analogous way. The analysis of other similar cases
is left to the reader.

10.5. A new discrete Painlevé I equation

Let us discuss the interesting case of the discretization of the classical Painlevé I equation. Let
us start with the differential equation

2

d
d—yz —cg(x)y2 —c1(x)y —co(x) =0. (10.22)

According to Theorem 3, for m =2, and N = 2, the associated difference equation is:
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Up+2 — 2Un41 + Uy

X": 8, (=)'~ =2l ujug,
) . . . .
(n—s—j1—j)! jiljpa!

S)jlsj2=0

u; . n!
- Z By~ 2P =0 (10.23)
o520 n—s—jp!ji! = n—s)!

In particular, for the Painlevé I equation
Y =6y* +x, (10.24)
we have
cox)=x, c1(x)=0, ca(x)=6. (10.25)

As is well-known, the Painlevé I equation admits an analytic solution around x = 0, with a local
expansion given by

1 1
Y0 = Qo+ i + 36027 + (20001 + 2 )+ (5604360 )t + - (10.26)

Here ¢o = y(0) and ¢ = y'(0).
Consequently, by applying Theorem 2, we can introduce the novel discrete Painlevé I equation

(=Dt Jt=2pl UjiUj,

(n—j1—j)! jiljpa!

n
Unp2 = i1+ Uy —6 Y —n=0. (10.27)

J1,72=0

To check the continuum limit of eq. (10.27), we introduce in the semi-axis x > 0 a uniform mesh
Ly, of points

X, =nh, neN, (10.28)

where 4 > 0. The continuum limit is defined by # — 0, n — oo and nh bounded.
By using formulas (10.5)—(10.7), we rewrite eq. (10.27) in terms of the mesh amplitude /. We
get

1 " (YR uu
— (Un2 = 2ttt +up) =6 Y DTt ujty oy 2o, (10.29)
h oty ==t k!

A straightforward analysis shows that in the double limit 2 — 0, n — oo (nh bounded), eq.
(10.29) reduces to the Painlevé I equation (10.24).
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The first equations n =0, 1, 2, 3 are explicitly given by:
—6h%ud +ug — 2uy +uz =0, (10.30)
—h? — 6h*uo(2uy — uo) +uy — 2us +uz =0,
213 — 6h? (u%) + Quy — duy)up + 2u%) iy —2u3 4 ug =0,

=30+ 6k (] — 2Gur — 3wz + us)utg + 6ur(uy — 1)) + s — 2y +us.

An exact solution of this equation is:

n

"
n—k)!

un=ZCkpk(n)=n! (10.31)
k=0 k

=0

Since ¢y = ug, ¢ = (w1 — ug)/ h, we have

Uy = 6h2u% —ug+2uq,
u3 = h> 4+ 6h%ug(ug + 2u1) — 2ug + 3ui,
g = T2h%ud + 41 + 12h%u1 Quo 4 u1) — 3ug + 4u;.

One can easily check that these functions satisfy the system (10.30).
11. New integrable maps admitting singular solutions

We shall construct several new maps obtained as an application of the results proposed in
Theorems 5 and 6.

11.1. A linear model with two polar singularities

The differential equation

1

. (11.1)

" 3/ ]
R S U e
X X X

admits a general solution which can be written in terms of Bessel functions, together with a
particular solution of the inhomogeneous equation, which may be chosen as:

1 1
yx) ==+ . (11.2)
X X

The corresponding difference equation can be easily obtained from Theorem 5. We have

1 1

3
Upya — 2Upt1 +ty + —Wpy2 —Upp1) + —tpp — ——— =0. (11.3)
n n nn+1)

It admits the solution
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n+2
Up=——"—"—"",
nn—+1)

constructed directly from solution (11.2):

1

1 1 1
T + 27 p-1(n) + p_a(n) = . + YT

If we introduce a step h for the lattice, the equation is:

(n+ D [(n+Dupsr — @+ 3 — Dups1 +nuy| =1,

with solution

_(n+Dh+1
(4 DA

11.2. A nonlinear dynamical system admitting a triple-pole solution
Consider the nonlinear equation:
(ax + b)?y" — 6x(ax 4+ 2b) y> =0, a,beR

which admits the solution

(x) a+b
X)=—+ —.
Y x2 X3

(11.4)

(11.5)

(11.6)

(11.7)

(11.8)

(11.9)

For sake of clarity, we shall derive its discrete version in a thorough way. This solution has the

discrete counterpart given by

-2
YO > =Y Gpe(n).

k=—3

Thus, we deduce the following relations.

-2 -2
xy* = pi(n) ( > §kpk(”)> * ( > ckpkm))

k=—3 k=—3

= 2, p3(n) + 2228 3p_a(n) + 25 p_s(n),

-2 -2
X%y = pa(n) * ( > Ckpk(’ﬂ) * ( > é“kpk(n))

k=-3 k=-3

= 2, po(n) + 2228 3p—3(n) + ¢35 p_a(n),
-2

xy" = pin)x Y k(k— Dpr—a(n) = (0 — D)(uns1 — 2y + up 1),

k=-3

34
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-2

X2y — pa(n) x Y k(k = Dapr—a(n) = (n — 1)(n = 2)(n — 2un_1 + tty_2).
k=-3

The coefficients {_» and {_3 can be written in terms of u,, u, 11 solving the linear system:

{un = 3p3() +Lapa(n) (n—1)!

, =—— k<0 11.11
Uni1 =Cap st +iapom+ly  HOTGop—pr =0 UL

whose solution reads

{;_2 = —n(n+ D0+ 2y + (1 4+ D +2)(n + 3ty 41 (11.12)

g3 =n(+ 1) +2) (0 +3)uy — (0 + D) +2)* (1 + Dt
Then, the equation (11.8) admits the following categorically equivalent discretization:

bzun+2 n 6(n+ 1(n+2)(n+3)(a(n+2)(n+4) 4+ 2bn) MZH +2batn — 1) — byun s
nn+4)
12n+1)(n+2)(a(n+3)(n+4) 4+ 2b(n + 2))
B n+4
n on(n+1)(n+2)(an+4) +2b)u2
n+4 "
+@n—1)(an—2)—4b) + bz)un —2an—1(@an—2)—bu,_

+a’(n—2)(n — Duy_n=0.

UpUp+1

It is straightforward to prove that it admits the categorical counterpart of solution (11.9):

a b
Uy = + .
nn+1) nn+1Dn+2)

(11.13)

12. Future perspectives

The categorical discretization approach developed in this article is primarily intended to pro-
vide an efficient method for constructing integrable maps from integrable continuous systems.
However, it should be emphasized that, although the general framework introduced here finds its
natural origin in the theory of integrable systems, it is not restricted to this specific field.

In fact, it can, in principle, be regarded as a general discretization approach that remains
applicable even when exact solutions of the underlying ODEs are not explicitly known. In such
cases, the resulting difference equations may be interpreted as discrete approximations of the
continuous models, and can thus be used to construct approximate solutions.

In this article, we have focused on the case of scalar ODEs as a first essential step toward
further generalizations. At present, we do not foresee any technical obstacles to extending the
framework to vector-valued ODEs, and we intend to pursue this direction in future work. Ex-
tending the categorical approach to partial differential equations also constitutes one of the main
objectives of our ongoing research. This fundamental problem could in principle be addressed
using the same ideas, mutatis mutandis.
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The relation between the present approach and the long-standing problem of the symmetry-
preserving discretization of differential equations constitutes an intriguing and worthwhile line
of research.

A thorough investigation of this relationship will be carried out in future research, encom-
passing both ordinary differential equations (ODEs) and partial differential equations (PDEs)
(for instance, by extending some of the results of [48] to the categorical framework) in order to
assess its theoretical implications as well as its practical applicability.

An interesting direction for future research is the extension of the present theory to the case of
q-difference equations. A coherent Galois approach to this class of equations has been developed
in [10], [45]. We hypothesize that a functorial correspondence can also be envisaged for this case,
allowing a unified treatment of the Galois theory for differential equations and their categorically
equivalent g-difference equations.

As a broader objective of our work, we conjecture that the study of quantum field theories on
a lattice - one of the most significant developments in high-energy physics in recent decades -
could be further enhanced through a categorical approach. Work along these research directions
is currently underway.
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Appendix A. Some combinatorial relations

The following identities are used in the proofs of the main theorems:

) - +s
e FOL)
Ig k ; k) \r —k r
- _1\s—k S n+k _(n
12( . (k) (m +s) B <m) (A.2)
n+s—r 1 k—j (=T k B S | s—ilS 5 N A
Z (_ ) <k_s> <]> _Z(_ ) <l> n—r-+i,j- ( . )

k=j i=0
Appendix B. The inverse transform

We revise here the construction of the inverse transform. Consider the A operator and its
sequence of basic polynomials computed in the lattice L. If

n

- n!gy
= Gl =) —— (B.1)
k; k Z (n —k)!

k=0
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then the Fourier coefficients ¢ are given by [50]:

k k— i
(—D)*Ju;
=2 -2

A crucial point in the proof of this property is that the expression of u,, in terms of the sequence
of basic polynomials has a finite number of addends in the sum, since these polynomials have
their zeros at the lattice points. However, when we consider a series of Laurent polynomials, the
expansions have generically an infinite number of terms (in the Laurent part):

00 i n .
Up = — + Lk p, (n). (B.3)

This formula cannot be inverted as in the case of eq. (B.2) and, consequently, the coefficients {_x
do not have a general expression as functions of u,,.

Appendix C. Categorical correspondences

Here we show explicitly some technical details, relevant in the proofs of the main theorems,
of the way the categorical correspondence acts on several algebraic and differential structures.

Differentials and products

o] n—r-+s k!

k!
:];)(k )'gkxk-i_r P — Z ),Ekpk+r s(nh)

n—r+s k+r—s
nlklh
=5 G Sk (.1

) —k—r+s)!

Using the identity (A.2) we get

n'rsnr—IrY > n—r+i
> >y = l/d()( L )ck (C2)

k=0 i=0

s n—r+i

_n'hrs S—i (n—r+4+1i)!
r)'Z( D () 2 n—rti-it

k=0
nth" 1 nlh" .
= r)' hv Z( 1)~ l( )un r+i = mAzun—r-

Proof of equations (5.24) and (5.25) in Theorem 3.
Let us write the term y(x)" as a multiple series. We get

o0 ki ka
YO =DMk D Ty Z $ky—a—ky—y Z o~k Sk (C3)
=0 k=0 k3=0

ky—1=0
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We will express the coefficients ¢ in terms of u; by means of the inverse transforms of egs.
(10.7), suitably iterated. First, we observe that there is no dependence from the mesh spacing 4,

since the terms involving / satisfy the identity

w_1 1 1 Lo, o
W plks e ok ks (C4)
Starting from the last sum in (C.3), we get
kr—1
Z é-krflfkr g‘kr (CS)
) lkr 1— k kr . —k ' )
( 1) r—1—Jr—1 r ( 1) r—Jr
RN
]‘ZOJ;OJZ—OJr N A AT A S Tt
_J ~1=0 — 11 k=1 — Jjr—1 — k)l kr — ji)! Uira i
ky kr—1—jr-1 i
- Z' e
Jr—1=0  j= Jr=11Jr!
kr—1—jr—1 1
X .
k§< (kr—1 — Jr—1 — k)!(kr — jr)!
Since
krIXfrl 1 k1= jr—1—Jyr
j ) : _ (C.6)
k =] (kr—l - ]r—l _kr)!(kr - Jr)! (kr—l — ]r—l — ]r)!

then we have

rlkrl]rl(l)k)ljrljrzkrljrljr

Wj_Ujy
Z St ke Gl = Z Z Jrfll]r!(krfl — Jr=1 _Jr)! . €7

Jjr—1=0  j»=0
The sums in the next term
kr—a kr—2—kr—1 (_l)kr—z_jr—Z_kr—]
> X . W s ©8)
Jr=2kr—2 — jr—2 — kr—1)!

kr—1=0 j,—2=0

k-1 kp—1— Jr— l(_l)krflfjrfl7jr2kr717jr717jruj ujr

r—1
X ; ; . :
Z Z Jr=11rkr—1 — Jr—1 — jr)!

Jr—1=0  j,=0

can be appropriately ordered in the following way;
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kr—2 kr—2—kr—1 kr—1 kr—1—jr—1 kr—2 kr—2—jr—2kr—2— —Jr—1 kr—2—jr—2
kr—1=0 jr—2=0 j,—1=0 =0 Jr=2=0 jr—1=0 Jr=0 kr—1=jr+jr-1

Thus, we can rewrite the expression (C.8) as

kr—2 kr—2—jr—2kr—2—jr—2—Jjr—1 k. —
1)kr—2 Jr=2—Jr—1— .]lu JUj, U
Z =D Jr2%jr—1%jr (C9)
Jr—2=0jr—1=0 Jr=0 Jr_z.Jr_l-Jr.
k’_zif’_z 2krfl_jrfl_jr
X . . . .
Ko 1= jrtir1 (kr—1 — jr—1— Jr)!kr—2 — jr—2 — kr—1)!
The last sum can be easily computed:
kr—2_jr—2 zkrflfjrflfjr 3kr727jr727jr717jr
> : : : = : : — (C.10)
PR (kr—1 = jr—1 — j)Wkr—2 — jr—2 — kr—1)! (kr—2 = jr—2 — jr—1 — jr)!
r—1=Jr+Jjr-1

and substituting it into eq. (C.9), we obtain the term:

kr—2 kr—2—jr—2kr—2—jr—2—Jjr-1

—1 kr—2—jr—2—jr—1—Jr 3kr72_./'r72_./'r71_jru . u: u;:
YOY Y et e

R — - Jr=2jr—1jrtkr—2 = jr—2 — jr—1 — ji)!

The comparison between the relations (C.7) and (C.11) allows us to deduce, by analogy, the
general relation

ki—1
D Gk Z Cky—g—ky— IZ Cky—1—k Sk = (C.12)
k=0 kr—1=0

. —2 -1 .
ki1 ki—1—ji—1 ki =30 i k=2 i

(- _2),{1—1_2{:171]}’ r ;
Y oy > ik, )

k=Y 1! !
ji-i=0 =0 Jr-1=0 jr=0 kit = 2ier-r )t 50 i

In particular, for [ =2, we obtain

ki ki—ji k=X i i k=X i (_r)kl—Zleji d uj; C.13
)P IR Z (kl—ZLlji)!Eﬁ' 1

J1=0 j»=0 Jr—1=0

By moving the first sum to the end, we arrive at the correspondence

n k1 —Jj1 kl— i= 1]: ki— , |jz k_z'j .o
(_r)l i=1Ji Mj,-
= T IDITED SR I v S | Y
J1=0 j»=0 Jr—1=0 Jjr=0 1 i=1Jt) g JE
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Finally, since

no ok ki—ji k=G ki=XisUi k=X i
Z > Z Yo > Z = (C.15)
=0j1=0 j2=0 J3=0 Jr—1=0

. . -2 .
n n—jin—Cj1+j2) "‘Zf:] Ji n—

e D3

J1=0 jo=0 Jj3=0 Jr—1=0 Jjr=0 k1=2f:1 Ji
we are led to the sum
> =) (onr o (C.16)
NS CRDICED Y ETATENCES ST '

Consequently, collecting together all the intermediate steps, our final result is:

. o -2 . -1,
n o n—jin—(itj)  m=XiliJi n=>i_ i

=it di T .
w-3 3 Y 0y 3 n!((nl—rZ)?:]ji)l!].Uu'_'h' (C.17)

|
=0 =0 j=0 =0 =0 1

By following the same technique, the series expansion of the function x™y(x)" can be written
as:

00 ki ky
XyE) =Y TN Y kg Z Sky 2=k Z Sk y—i Sl (C.18)
k=0 kr=0 ks=0

r 1—0

Its categorically equivalent is:

ki+m ki ka
m r n'h :
X"y ()" — Z — Z Ty D Choky - (C.19)
(n m —ki)! P
kr 2
Z Sy —ky 1 Zik, 1~k Sy -
kr I—
By using the previous results, we get:
x"y(x) — (C.20)
n—m ki ki—ji ki—j1 ki—Ji1 (—r)li=Xic1 i

m — - - Uj
~ Z(n—m PIPILEPD Z(kl—z,;lj,-)!gf-/!'

Jl_o ]2_0 jrfl:0 jr:()
If we set n — m as the n in the previous section, as a final result we obtain
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09 n<m

xmy(x)r N n—mn—m n—m l’l'(l _ r)n_m_zl;lji r (C21)

Yy Y [1%. nzn

=3 ! :
o Y S S Lt LD S D Ml B

Data availability
No data was used for the research described in the article.
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