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In this paper, an axionatic spproach to raticeal decision making ia
proposed, In particular, the muccesmive aggregation into & glabal
criterion of the judgements {about each altermnative] with respect to
all oviterla is analyzed Foc & given multicriteris decisico-makirkg
prohlem with weidhted criteria, Sone aggrecistion cperations ace
axiomatically juotified whon such judgemsnts are defined by & desir-
ability funceion, and an analegous treatment can b developed when
fudgemonts are dafined by a furey outranking relatiea.
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1, THTRODICTI

Maat formal models of decislon-making proceed from simpla evaluation of the
dealrebiliiy of each feasible alkermative, Such an evaluation summacides the
decision-maker's qoal. Classical Declsion Theory proposts oo find an utility
furction which masigne an chjective yalue For sach alternative, apd then the
resulting cptimization problam muat be solved. Bue though this mathematical
problem iz wel) defined, it is not olwapa mepresentative of reality: oo the
one hard, compazielon of altermatives is ravely made acconding oo & aingle
point of view, spd even prefersnces on & $ingle point of view e In many
cages modelled with difficulty By sm welliey function (ReyeWincke [11% an
the other temd, LiF we adnit & coaplex problem with multipliclty of abjectivms,
the idaa of being che best altecnative i mot clear, and mince we aoften uee
imprecise concepts in our analysis, eriteria thewselves hay Be of fuzzy nature
telin [2]2.

2= pointed met by Saaty [3], the link between furziness and malticeiteria
prcblems ia eless dve to the fact that the complewity of maperience acemired
by oar mind is fuzey (fuzziesss if peccption, fuzziness in meandngt. Moresver,
the existence of & naturel lpomrphism pétwess the clape of fuzey sets ard the
class of milticriterla declaion-making peecestores, as prowved by Blin [1], shows
the despness of wuch & link.

In thig paper, multlattolbute declsion-meking pwecblems are conoldered shen erl-
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toeria {or goalsl are to be aogregatad successively into a simgle global cri-
terian, in such & way that st each moment we can cbkain an sggregabed crite-
rion which summarizes the spproval of each alternabive undar any family of
criearia, by spplying an adecuste operation aggregaticn,

Sevmral muthors hmee dealt with aggeegakion operations in different contadts
tef. [4,5.6,7,8]]1, though the point of departure 4§ wally Ballman-Zadeh's
popar (31, In this article, logissl conneceives sapplled to probabilistic sats
(Hirota [101) me oo be studied in & more geearal context than that immeeti-
geted in Czogala et al. {4] and Czogala-Zimnarman [8].

Ih ANy omme, aggragation operaticos will allow us o conslder suseapplve raw
criterie, by amalgamating cham cne by oos, When & particuler m %
araticn has best selected as rationel for & givwee dscinion-making
classical methods in decigion-making can ba spplled in csdar wo ohg
altarnatives, by considaring she dlatriution functlon of 4 prog
cf. [4,5,10,111).

2. CRMERALIZEN AHIREGATICH OFERATICHE

Lat X be tha et of feaaible lltl:mltlvlll.nlhlhl
Each altermative can be anelyzed undsr an infinies counteble st n! .
0. IF we dencte by ¥ the spars of coservehle staten, wa shall STpom Y
aegree of mpproval of each alternative for any posalble stace [o delieed.
mach criterian. Tn other worde, an appreval Funcklion 5

n; XxDx®W -—- [0,1] .
assigne the deqree of sppreval nix,c,wd of alesrmaclve ¥ onder orives]
whar W is the true state. Tf & probability spase (W, 8,20 1s Salined mf
the mopping wix,o,- is soppeeed to be measursble for any Flead 2l
and any Eixed criterican o (thee is, [wew/uix,c,wieBlmé for any Bored
the mnit intervall, then it {s clear rhat a prebsoiliselc sat Ln the
Hirota (10]

W L p— 1 T B
has Been associnted to each criterion &, with uctx.w}-l.a{x.:.wl.
krown, thar measurability of pix,e, ) bolds £f and only if

{wewiywix, o, wiicked  Wrel0,1] '
and it must be polnted cut that when zhe probakility messors PoL8 Sl
the Eamily of all subsets of ¥, Me@fD (the ueual situation in oase 4
crete space of states), then any mappiog plx.c, ') is aesced t0 BeR

It in
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For our parpoas, the following pooblem should be solwed: from the given op-
proval function, we must be able to Build a mapping

wte X x BDY xW -——-2 [D,1]
zatisfying aome logical cemditions (as sbeas, BOD} repregenta the family of
all subseta of 00, In parctiocular,

whin, fob wipia,c,w) WoeD
and if we denate Whix,bwlony (3], an agocegation cparation cught €5 be de-
Flred in such o Wy ihat for any pair of disjoint subeets pi critecia A,BeE(DI,
the probapilistic set Wy is cbeained from the probabilistic sete uy, and ug.
Pollowing the sheme of [12], we can dencobe

E‘w{x}r{u:m--—>[ﬂ.l]fu£x. -1 io measurahle Veardl
and H—Fwimxaim. Then the generalized sppeowal aggregetion cperaticom will be
defined ok & COCreSpOOKETCE

o: MxM --—> H
VA Bap, Alb—p
which aseigns the aggragated approval Ly 0 each pair of approvals wy, and
o from two digjoint and nol-empty seta of critaria, Aasoelacivity and com-
mutativity are supposed to be verificd by definition:

iuNMD{uB JHimi Yam BB

f{uh.a]ntuﬁ,m]a[pt.t:]-tup'.l‘mf[!.JB,B}D(uC,C‘.IJ
r.‘uraflatuﬂ.ﬁhfua.ﬂ‘mtua.h]
and other ethical conditicms can be requiced in aditica:
i ph:;t,w]-uﬂ[x,w]-uu,w] - umfx,w‘l-utx.w!
ii1 phix,w}lu‘;ltx.w], unt:,wﬁlu&rx.u‘a == umm{x.i‘am_;]mtx.w}

In Bacticn 4 the problem with uregual criteria will be considered. But pra-
wiously we shall study how their ralative importance can be segregated,

3. AMALGAMATING CRITERIA WETGHTS

Lot wk suppose that the set of criterla is defirmd by & membership furesion
Bt b ——==ry [0,1]

Bic) meaning the weight of criverice €. Fallpwing [13], We muat be able to

define tie weight of any gubset of criteria, in swch o way that we con expwect

that approval functicn goly depends on celiteria through their waights.

TE w dehnte Ne[0,1]wR{DY, each pair (b AN represents n set of critevia A
with celative weight k. The weight oggredation cparaticm
f: HxN =n— » H

{BeAY, AR Bl a BB, MR VA, B, AR
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amaigns the aqgregated weight BIAUR] to each paiz of welghts biR) and biB}
from two dinjolnt and nen-empty sete of critaria. Analdgoualy to the approval
aggvegation cperation, coomstativity and mssocistivicy see suppossel DY definl-
ticn, and both sogregation operations must be coonected In B rational way. In
thin smttion, some weight aggregation opecmelons are characterized.

We mhall mgpoae that beicli=Blcl, and under che following conditiong
1'% BiAI=b{Bi=h ==+ bBIAUBI-G "
3] WCANIETCA), BOENL'(H) =1 BIAUE D' (AB) A
it makes senge to B3y that & set of critevia A with weight bead is a-decislve -
ewer a set of critaria B (A)Bs=g) with weight BIB] (biAMbBIE1) L1 and only &
BIAEI=d bR+ 1-47.BLBY . '

THEREM 1.— Lot us congider welaht aggregaticn operatlons wmrifilng con
i'y, il'h and
111"} card{Alacardii’ ), bikk«b{an')
" rardiPl=cardiB"}, biBI-R(R']
Then the aggregation rule defined ae
B{AH I wicard(As Bialrcard By BIBY 1/ card BB
makes maximan the minimam decislvensss d of criteris.
Proof: Ler us camaider amy aggreqation rule b werifylng such conditions,
let ua dencte d= l'n:p,q} the deciziveness of a critericon with weight p @
a get of o criteria wirh waight o, Cn the one hand, aince dl'lfp.q‘.lvl-dl'l
due to comutativity, it i cless that dlrltp.q}q Eew Bome prbg. On the o
hard, sSsEming dlln_ll;p,qlmn for some pag, let us condlder a oet of n-l
teria B and Awla}, Ceic}, with & apd o two distinet critevia not balor
B. Taking bial=p, biBi=g and biCl=g, then
b{.ﬁ.UfBUE]]-dlrnfp,q}.pn-lll-dl,n{p,q]Lq—
-b{{MJB}u‘.'J-[l—d.Ln{q.r]].J:+-d.llnfq.r].q

vy DOAUEI=LIL'LUB')

VR Bt

where r=biAURF, Since

CELSE NN 1 SO B LT R
it must be

dlln{p.q]-tl-ci
aryl therefrre

dl ntp,q‘m{l-dl nfq,r}ﬁfn
dus ta indaction bypothezis. T dl n{q,r].{l.f{nfl]. the reslt holde) o
2, n[q,rhl."{ml‘.l. then d]. nfp,q}sln'[ml], and in amy caser

inf r::l1 p,gd £ 1 (mel}

N
)

lrntq'r”‘dl.n—l{p’q]

Gince the proposed mmle in chizaceerized by the fast that it decied
tokes the valus
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dl ntp,q‘.l-l.'tm—].? Wk
thon the theowem is proved, Homsemr,
B{Am Im Bickfoardihl

Ik is clesr that if we medify conditicm £ii') in coder bo get indepesdence of
the girens of criteris sets, then the welght aggregaticn opevation con be ana-
1yzed thwoogh a classlcal fuzzy connective: any aggregation operation sweh
tht
') BiAl=p{A'), BiBl=b(B"} ==}

is charsctarized by o mapping

h: [0,1] % {33:) -——- [0,1)
verifying comutativicy and ssocciativity, in auch a way that

BEMA=hib{A] BB, VA, B, ARk

AF TN P T, L]

Therefore, under condition iv'}, ¢lessical results on fuzzy connectives can be
tranalated hare. For esampla:

THFOEENM .- Lat b be a fuzey conmective verifying continuity, commutativity,
asscciativity, idempctent law and non-decteasingress. Then We can define an
asgosiated weight agoregation rule, and it muast exist an pal0,1] awh Lhat
hip,qr=mastp,gl i p,gs
hip,glsminip,g)  if p,gem
xd hip,qi=a ctharwise.
Broof: ses Pung-Fu [7], raking into sxount that conditian iv') ia equivalent
to Fing-Fu'e law of independent componenta. When ael oo a=0, they talk ghout
an Toptimiscic” rule &sd 8 “pessimistic” rule, respectiwely. When ae0,1 they
pay that the rule is & "mixed” rule. Morsower, a=h{0,13.

Analogously to Pung-Fu's spproach [7], in fubode-Prade's asticle [B] the com-
ditica of indepandent components is muppeted to be verified. Undex some corxdi-
tions ¢hil,li=l, hiD,03=0, commtarivity, assoeiativity, coatinulty and a com-
patibility ecodition with respect to tha Fareto sppreach], they dafine the
*conjunctlon cperators” (I Mp,guminlp, gl 9.7, the “disjunction cperstora”
Lif hip,q)amssip,q) ¥p,q) and she “mveraging operators” (if minfpegishlp, gl
imaip,q) Vp,o}. A4 expectsd, simiber remlts to thase of Fung-Fu [7] are
easily Found, In particular, they prin chat the ooly aasaclative averaging
cperators are the pessimiseic, optimistic and mixed rulws.

Tt mugk be pointed cur ther mamy interwsting fuzzy connectives ace special
capes of t-norma or t-gonoema Jcf. Klement [1d]1: any comtative snd aseoci-
ative fupry connective b [ called t-noom If non-decreasingness helds and
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nip,liep; when hip,0)=p holds inetesd of this last conditicon, such & fuzzy
coertive 18 called t—ocaorm. Examples of importane t-nome and b-ocnoems
can ba ween in Czogala-Zimmermenn [5] and Weber [15].

4. AMALGRMATING UNECAM, CRITERIA

Tha concept of genevalized sggregation cparation hes bean introduced in s-
timn 7. Let ug conaider now & fixed weight aqgregstion operaticn, in such &
wvay thet the weights of all suibsets of criteria ace defined. We shall SUppOM
biAlD for each non-empty et of eriteris A,
It is clenr that the ghom considerstions on fuzzy cetrectives can ba applisd
here under wane conditions: any atgeegation cparation such that
ivd By ¥, w:l-u“,tx ok, glx b, O Wl oy el H"-l-uh.m.fmﬂ

is characterized by & family of mppirgs

h, , [B.1]x [0,1] ——-=» [&,1] vhcal, WM
verifying cm;;acivity and associativity, in seah & wiy st

“,a.cm“‘-"‘}"‘x,w‘“:."‘-"""‘3‘“-""” VA, Br, ATy o, oy
ar] tharefore the folloding ramilt Deddee REEEE )

can define an ascocisted gerazalized spgregation sule, and it most be mh
that
rktp.q}-maxfp.q‘.l ir P'qsa‘x,w
hx'wtp,q}-mdn(p.q‘.l if p,qzax'w
and hx.w[F'q}“x,w otherwipe, for e ay_,wa[ﬂ.l_'l,
Procf: analogowa o theorem 2.

Vi, VweW. But in general the rmule of agoregation for esch altarnative o - r.ﬁ??‘ ;
deperid upon the pedsible states {the rule of evaluation may charge Wwith -
stare of erviroreent ).

[hbois-Prade [6] discuss the smalgamating of mope than twe criteris by d
raoursitiky, Bnd therefore the necesaity of associscive law. If assce
no longes holds, they define, oot in an axiomatic way, spmmetslcal _
through simeltanecos combination of conaistent values, when crlterie X g
importarce, When dealing with unequal criteria, they proposs a wedghesd iy

Ar Axiomaric Approech (0 Fuzey Mwiticrilenis Analyal pi:L]

aggregation. The following wesult will chapacterize a linear combinatien, by
coneidering then under conditions 1) and ii) it makes senoe to gay that a aet
of eviteria A with approval o i m-dacisive ovar a cet of criveria B (A(Bag)
with approval wp relative o & pair {x,w) auch that Wy (o wldup (W] AF and
anly if um{xiw]-n.pi[u,uh[l_rr].uB{x,w‘.u .

THEOREM #.- Let ue conaider grlteria aggregations werifying conditiora Y and
15, Then the aggregation rule such thar

Uy % wh=tcardiat LAy Ty (%, Wi eardlBY RIE) Vi (o, w0 2 {oard (AUBS B IAUBE )
makex maximan the minimm ratin dwoipiveness niddfe) of criteria.
Proof; Iet ue dancte ﬂ-n"' p'P:9) the decisivences of & sat of ariteria A with
My i, Wiwp ovar a dla]umt gat &f criteria B with Wl wl=g (pql for an Arki-
trary sggregation rule verifying such condikfons. G shall prove chat

ini nlf’:; B{c}iPe?) § BleifT,60e) VA, Vomd
e 4

awl gince the pmpnaed rule is charsctarized by the fact that

{c] A_{c}fp gl - I'.!L'l::‘.l:'!mﬁ[e‘.l Wowh, Ve

ﬂ'lethacrranmllbeprmred On the coe hand, if we aupoose
{c},{e}fp,ql » BlC)(RlcI+Afal)
for any ose, chen
"
rr?a}'_[c}{q,p'.l © BNfa) tage)«A0e]}
due to
Typ® T = BRNanl Vel vAB
On the other hand, if we suppoes that for o oet A of n criterfa and cdd
W
n{c}.ﬂ{p.q? £ BIEU{E:::J;:EE&ME]]
for some peoy, then we can define
p{r:} [a,wli=p | pnfx,u':--p{e}rx,m-q
for a crivesion wed fewcl. Analcgously to thecren 1, it B3 wasy to prove that
i o (EonXe¥
e} el P * (ALY g e
where Zap,, o 10%:41, and in any case thers exista some criterion verifying the
reqrired retaticn against a set of nel criceria.

Two questlong arise ot this poink: 17 fixed a weight agyregeticn, when 3 it
coneiptent, {n & sense to be specified, with a criteria sgresation?, and 23
fixed & weisht agoregation, can a oriteris aggregation be Ssfined dependimg oo
the sgmegated critaria anly throwsh their weights and gizes? The second s —
tict hes positive anewer when the following conditicn {& werified:
1ii) cardiAiwcardia'y, BAM-bIA"}, el
cardiBiscavd(B' ], L{RI=h(B"], W=,
and it {s clear, fer exanple, that crlteria sggregation i of thecrem 4 verifisy
Buch 2 eondtition when thwe welght aggregaticn & of theorsm 1 1s given. But not

F o= Vo™ rmt
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any criteris agogregaricn under iii) can ba defines] theough any weight aggre-
gaticn. For wxesple, 3 13 not coopatible with neithes pessimietic, optimistic
or mixed rules. Moweower, it ooems ressonable to impose that criteris decisive-
raas increases with welght and aize:

v) oapdiAdacard(E], B{AID{EY = n::;rp.qm;:::q.m

The following tesilte are related bo the firet queation:

THECREM §.— Given & mixed welght spqreqaticn, there is no critecla sggregation
verifying comdition 1) and

W) BAUBI=bIAYDIB]  ans e VANBap
Proof: Let 18 consider a3, 1] and A, A’, B, B" Alnjoint sets of critecis sueh
that 'ph-un,ipa-u.n, and biA* 1abhiAT cacb{BIsH(B' ). Bince BrAMMI=hiMEBUOA Tua, it
Moamt B4 s » Siprn  =Hy fue to mmanimdty of cohdition 17, Realogoualy it is
Froved £hat y ey in contradiction with the previcus conmidarstion,

THECRM .- Pessimistic welqht sqgreqaticn o not conelstant with & cricaria
agoreqation verifying conditicne 1), ily, +) and w00 5

Precf: Trivial, since rf;:’;{p.q]-l sheald hold for any padz of dinjeint pese of
criteria & and H swuch that LRI <BB).

It magk be pointed cut that conditien v'7, introduosd in [13], mesne thet sp-
proval remaing the sane Whan Dnportatcs doas not chanos. It s equivalent te
Imperoe
- - K’w -

darsfa.b‘.' 1 ¥ "h.E{P’q] 1
when copditions 1) ard ii} are supposed to be wepified. Moreover, it in mamy &2
ses that comdition v') can be relaxsd in cheoren 6, for sxsmpls by asyaming

W

4, glabiel == -:Iﬂtp.qh%
Dptimistic welght aggregation can be conEistent with critevia mogreqaticns verls
fring conditions of theorem 6, and umder these conditicos the set

A= fewh ¢ Blchm maw BldA)D

sl

verifles, in case of being non-ampty. that v, =n. for amy disjolnt sat B of
criteris {A is sald to ke akaclutely decizivel. 3imce & contains critaria with
the oam relative Dmportence, sagesgaticn operations for equal critecia can ba
applied in order to get tha sogrecoted sppreval

Other Intereoting aggregation rules for wequal criteris, weifying ocndiclons
1Y apd 13, are the following:
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]caxﬂ{a‘.l JBiAYrcard( B  BOATB]

e (Wb L, (3, W0
A "2 card (). BOR) foarai AR ELAUR)

.[ﬁn{x.w]]

]t:a.r\d{h} JBOR) FoardrAIm Y, DIAUE]

' fw wle L o~ [L-f20x %}
Yum P [eard(B) BeB} cardtal) HONB}

.[l—ﬁﬁtx,w‘.l
which are types of waighted pessimimtic rulea and weighied ocptimistis rules,
respectively, But thay &0 net hold condition wh aqgregated approval oo ke
fined by eriteria with low relative weight. Their axiomatie justificaticn can
be obtained by conaidering & multiplicative model, instesd of the atitive model
devaloped hara.

L. IRCTADIMG BEMARES

T thia papar, criteria have besh supposed to be cepresanted by projaahilistic
#2t2, to be mmalgwnated by using gensralized oqoreagat ion operaticas, which muat
take Into acoount that those oriteria relevamt for the evaluaticn are of differ-
ent importance foe the final jutgement. The sat of criteria has been defined as
& fuzzy set which milows us tH bwild soma valid system of relative weights for
each sabset of criteria, and the amalgamated scproval represents hoe well dach
alternative satiafies a given family of criteris. Buk kwo things must b= pointed
cub: on the e haed, a purely eathematical justification of an agyregation
cperation is nor sufficient, and it must be tested empirically in order to
stablish the adeguacy of the model to lman behavier (a firat analys$is in this
zenae can be sesn in [16}}. On the other hand, thoush decieion analysis depands
an the state of the anviromment, weighta of each ¢rirerion hos heon supposed to
remain ccnstant, whatever the stare or degres of approval, omd ron—-intaraction
of criteria [something that may be Aifficult en Justify) hos been aseumad {ses
[17] for & diammsion). Ancther kind of models mst be developed in crde: we
avoid this problem.

In any c&se, in this conbext it makes esivie to lodk for alternatives with highest
deqree of svpected approval, for a fimed prebabdliey diptribution on the apecs
of gtatag (gee [5]1: given a set & of criteria we miat soclwa

max [t 11

i e

whers uhrx.u'r-u{x,n.m iz the aggregated spproval of altecrative x when W ig
the state of the enviromment, and £ means the mathematical expectacion with
respect to the probability messuee F.
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Following Hirota [10}, ether classical methods in Deciaion Thecry, Like moment
aralysls, can be applied.

Finally, it mst be pointed cut that here we have considered approval Functlon
takiry valuss on the wiit interval. Rnalogowd treatment mist be tried in & mers
general trpglegical Eramwerk. Morscver, here we have demloped Bn sqgregation
sprroach Insteed of mn order-fooussed approach {see Ilmermarn [18] for o etudy
of thege bwo distinet families of sppecashea). But meeults chrained in this
paper are oamily trénslsted to the eregatien of Roy's cutrarking selat{ons
(19}, by comaldaring approval funchions

ur: (ExXrADHEW =i (2,1}
in mweh & way chat spch Value ulx,y.cW] representa the degres to which mlber-
natiwe x outranks altepnstive y undes celteria o and seate w. In this contexk,
ganty’s procedure (sem (31} for cheaining a ratio sosle of importance omp b
usaful, In any cass, general considecatlons aboot dacislon-making in manscwnant
(see [20], for example! musk be takan inen account under both approhched .
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