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Abstract

We introduce four types of S@M + 1) spin chains which can be regarded as B@y versions
of the celebrated Haldane—Shastry chain. These chains depend on two free parameters and, unlike
the original Haldane—Shastry chain, their sites need not be equally spaced. We prove that all four
chains are solvable by deriving an exact expression for their partition function using Polychronakos’s
“freezing trick”. From this expression we deduayeral properties of the spectrum, and advance a
number of conjectures that hold for a wide range of values of thedpamd the number of particles.
In particular, we conjecture that the level density is Gaussian, and provide a heuristic derivation of
general formulas for the mean and the standard deviation of the energy.
0 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The Haldane—Shastry (HS) chdin2] describes a fixed arrangement of equally spaced
spin 1/2 particles in a circle with pairwise interactions inversely proportional to the square
of the chord distance between the particles. The original interest of this model lies in the
fact that the/ — oo limit of Gutzwiller’s variational wave function for the Hubbard model
[3-5], which also coincides with the one-dinsanal version of the resonating valence
bond state introduced by Anders{8i, is an exact eigenfunction of the HS chain. The
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exact solvability of the HS chain was already proved in the original papers of Haldane
and Shastry. A few years later Fowler and Minalfighused Polychronakos’s exchange-
operator formalisnii8] to show that this model is also completely integrable. Although the
obvious relation of the HS chain with the Sutherland (scalar) modéhofype[9-11]was
already remarked by Shastry, an explicit gtit@tive connection was first established by
Polychronakos through the so-called “freezing tri¢k2]. In the latter paper it is shown

how to construct an integrable spin chain from a Calogero—Sutherland (CS) motigl of
type with internal degrees of freedom (“spif1)3—17]by freezing the particles at the clas-
sical equilibrium positions of the scalar part of the CS potential. The first integrals of the
spin chain are essentially obtained as the large coupling constant limit of the first integrals
of the corresponding CS model. Polychronakos applied this technique to the original (ra-
tional) Calogero model ofi 5 type[18], constructing in this way a new integrable spin
chain of HS type in which the spin sites were no longer equally spaced. In a subsequent
publication[19], the same author gave a heuristic argument based on the freezing trick that
relates the spectrum of the integrable spin chain with those of the corresponding scalar and
spin dynamical models.

Both the integrability and the spectrum of the Haldane—Shastry and Polychronakos spin
chains can thus be obtained from the trigonometric and rational CS spin dynamical models
of Ay type. By contrast, the spin chains associated with the spin mod&#<"gf type
[20—26] have received comparatively little attention. This is in part due to the fact that,
unlike their Ay counterparts, th&8Cy-type spin chains depend nontrivially on free pa-
rameters (one in the rational case and two in the trigonometric or hyperbolic cases). The
integrability of the spin chain associated with tR€'y rational CS model was established
by Yamamoto and Tsuchiyj21] using the Dunkl operator formalisf8,27,28] although,
to the best of the authors’ knowledge, the spectrum of this model has not been computed
so far. The Haldane—Shastry (trigopnometric) spin chaiB6fy type was discussed by
Bernard, Pasquier, and Serbf@9], but only for spin ¥2 and with the assumption that
the sites are equally spaced, which restribis pair of free parameters in the model to
just three particular values. Finkel et §5] recently discussed the integrability of the
hyperbolic HC spin chain oBCy type, but did not examine its spectrum.

In this paper we study thBCy version of the Haldane—Shastry spin chain for arbitrary
values of the spin and the coupling constants. It turns out that there are actually four dif-
ferent BCy spin chains related to the original Haldane—Shastry chain, two of which are
ferromagnetic and the other two antiferromagnetic. We prove that these chains are exactly
solvable provided that the sites are the coordinates of an equilibrium of a suitable scalar
potential, which is the same for all four chains. In particular, for generic values of the
coupling constants the sites are not equally spaced. In addition, we rigorously establish
the essential uniqueness of the equilibrium point of the scalar potential determining the
chain sites. Using Polychronakos’s freezing trick, we are able to derive an exact expres-
sion for the partition function of the models, thus establishing their solvability. From this
expression, which is the main result of this paper, we deduce several interesting general
properties of the spectrum. In the firsapk, the spectrum depends on the coupling con-
stants only through their semisuf while for generic values of the degeneracies of
the energy levels depend only on the spihand the number of particle§¥. Secondly,
although the energy levels are in general unequally spaced, $orN (and sufficiently
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large M) they cluster around an equally spaced set. In the third place, for half-integer spin
the spectra of the two types of (anti)ferromatjnehains are exactly thsame, even if their
Hamiltonians differ by a nontrivial term.

Apart from the rigorous results just mentioned, the evaluation of the partition function
for several values oM and N has led us to several conjectures regarding the spectrum.
First of all, our calculations strongly suggest that the clustering of the levels around an
equally spaced set whetis> N occurs in fact for all values of the spiM. Secondly, even
for moderately large values a¥ the level density follows a Gaussian distribution with
great accuracy. This fact, which is the main @mtyre of this paper, is reminiscent of the
analogous property of the “embedded Gaussian ensemble” (EGOE) in random matrix the-
ory [30]. It should be noted, however, that the essential requirement defining the EGOE,
namely that the ratio of the number of particles to the number of one-particle states tend
to zero as both quantities tend to infinity does not hold in our case. If the level density is
Gaussian to a very high degree of approximation (for sufficiently laryet is fully char-
acterized by the megm and standard deviatian of the energy. From a natural conjecture
on the dependence pfando on the number of particles, we have derived general formu-
las expressing these parameters as functionsafid M. We have then checked that these
formulas yield the exact values pfando for a wide range of values of the spin and the
number of particles. We have also rigorously proved (without making use of the previous
conjectures) that the standard deviationstioth types of (anti)ferromagnetic chains with
integer spin exactly coincide, even if their spectra are essentially different.

The paper is organized as follows. In Sectwe introduce the Sutherland model of
BCy type with internal degrees of freedom, and outline a proof of its integrability by
expressing the Hamiltonian in terms of an appropriate commuting family of self-adjoint
Dunkl operators. The spectrum of the latter model is determined in Se2tigrexplicit
triangularization of the Hamiltonian. In parular, we compute the ground state energy in
terms of the parameters of the model. The foyres of Haldane—Shastry spin chains of
BCy type, which are the main subject of this paper, are presented in Sdctattions
is devoted to the calculation of the spectrum of the chains introduced in the previous sec-
tion. We first provide a semi-rigorous detailegiification of the freezing trick, whose key
points are the uniqueness of the equilibrium point of the associated scalar potential together
with the knowledge of the full spectrum of the corresponding scalar and spin Sutherland
models of BCy type. From the freezing trick we directly obtain an explicit expression for
the ground state energy of the chains. We next make use of the freezing trick (which, by
itself, does not completely determine the spectrum) to compute in closed form the parti-
tion functions of all four types oBCy spin chains. In the last section we present concrete
examples for spin 2 and 1, which led us to formulate the general conjectures mentioned
above. The paper ends with a technical appendiwhich we establish the uniqueness of
the equilibrium point of the scalar potential determining the sites of the chains.

2. The spin dynamical models

In this section we shall study the integrability of ttrggonometric Sutherland spin
models ofBCy type Each of these models describes a systerw dtlentical particles
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with internal degrees of freedom (“spin”) moving on a circle, subject to one- and two-body
interactions depending on the particles’ spatial and internal coordinates. We shall denote
by S the finite-dimensional Hilbert space corresponding to the spin degrees of freedom
spanned by the statés, ..., sy), where—M < s; < M andM is a half-integer. We shall
respectively denote by;; andsS; (i, j =1, ..., N) the spin permutation and reversal oper-
ators, whose action on the basis of spin states is defined by

Sij|sl,...,Si,...,Sj,...,SN)Z|S1,...,Sj,...,Si,...,SN),
SilS1yevesSivenees SN) =81, .00y —Siy ..o, SN). (1)

These operators are represented iny (2M + 1)V -dimensional Hermitian matrices. We
shall denote byS the multiplicative group generated by the operat§jfsand S;, which
is isomorphic to the Weyl group aBy type. We shall also use the customary notation
Sij = SiSjSij.

The BCy-type spin dynamical models we shall study in this section are collectively
described by a Hamiltonian of the form

HY =— Zaﬁ +a Z[sinfle.;(a —€S8;) + Sinflej(a - eS’ij)]
i i#]
+bY sinxi(b—€S)+b Y cosixi(b —€'S)), )
i i

wheree, ¢’ = +1 are two independent signs, b, b’ are real parameters greater thai2,1
andxif = x; £ x;. Here and in what follows, the sums (and products) run from ¥ to
unless otherwise constrained. The potentiglpossesses inverse-square type singular-
ities at the hyperplanes + x; = kx, x; = kn/2, with k € Z. In fact, since the nature

of these singularities makes it impossible @ore particle to overtake another or to cross
the singularities at; = k7r/2, we can regard the particles as distinguishable and take as
configuration space the set

é:{X:(xl,...,xN)eRN’0<x1<-~-<x1v<%}. 3)

The Hilbert space of the system may thus be taker asL(Z)(C) ® S, where

)

L23(C) = {f e L2(C) ‘a lim {xy & x; — ke[ £ 00

xiEx;—

, 3 him |7 F 0
x,’*)O

3 0im |y — /27 | f 0] k=01, 1<i#j < N}.
xXi—>7m/2
Note, in particular, that the physical wavefunctions vanish faster than the square root of the
distance to the singular hyperplanes in their vicinity.
Formally, the four Hamiltoniang&) can be represented as a single Hamiltorfisih=
H, for an arbitrary choice of the sigrsande’, provided that the parametersb andb’
are also allowed to take negative values less thaf?. We have preferred to use the more
explicit representatiof?) since, as we shall see in the follimg section, the spectrum of
H, depends in an essential way eande’. It can be shown that the operatdf, : H —
‘H is equivalent to any of its extensions to spaces of symmetric or antisymmetric functions
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(with respect to both permutations and sign reversals)girC) ® S, whereC is the N-
cube(—%, 2)Y andL3(C) is defined similarly taL3(C). We shall consider without loss
of generality that*, acts in the Hilbert space

Hee = Acer (LG(O) ), (4)
where A is the projection operator on states with padtynder simultaneous permu-

tations of spatial coordinates and spins ahdnder sign reversals. The latter operator is
characterized by the relations

KijAee’ = 6SijAee’a KiAee’ = E/SiAeeH (5)

wherekK;; andK; respectively denote the spatial coordinates’ permutation and sign revers-
ing operators, defined by

(Kij )X, ooy Xy oy Xy oy XN) = (X100 Xy, Xy ey XN,

(Kif)(x1, ... Xiy .o, xN) = f(X1, ..., —Xi, ..., XN).

The relationg5) suggest the definition of a mappirjg DRR—> DG, where®
denotes the algebra of scalardar differential operators angl~ & is the multiplicative
group generated by the operatdfg andK;, as follows:

(DKiyjy -+ Kij Kiy - K1) = €€ DSy -+ 81, Si, j, -+ Sig . (6)

ee’ —

whereD € D. This determines a linear map— A’ , in ® ® &, which by Eq.(5) satisfies

AAee = A Acer. ()
In particular, each of the physical Hamiltonias,, in (2) is the image under the corre-
sponding star mapping ofsingleoperatorH, given by
H==Y 02 4ay [sin?x;(a—Ki)+sin?x}(a— Kij)]
i i#]
+bY sinZxi(b— Ki)+b' Y cosx;(b' — K). (8)
i i

The integrability of the Hamiltonia(R) can be established by the same method applied
in Ref.[25] to the hyperbolic version off* _, based on the fact thadf can be expressed



558 A. Enciso et al. / Nuclear Physics B 707 [FS] (2005) 553-576

as the sum of the squares of the commuting Dunkl operators

Je =10y +a ) [(1—icotxy)Ku + (1—icotxf)Ki]
Ik
+[b(L—icotx) + b’ (1 +itanxy) | Ky — 2a Y K. (9)
<k

These operators are related to the hyperbolic Dunkl operdtoo Ref. [25] by Ji(X) =
—Jr(ixX). The commutativity of the Dunkl operatoss implies that the operators

I,=> 3 p=1...N, (10)
k

form a complete set of commuting integrals of motionb& 1. From this fact it follows,
as in Ref.[25], that the corresponding operat@is)?,,, p=1,..., N, act on the Hilbert
spaceH. and form a complete set of integrals of motion of the Hamiltontgh, =
(1),

TGS end this section, we shall prove that the integrals of matigii’,, are self-adjoint.
Note first of all that, unlike the operatafs, the Dunkl operator€9) and hence the integrals
of motion (10) are self-adjoint. Since, furthermorg, and A, are self-adjoint and com-
mute with one another (in fact, commutes withk;; andK; by Lemma 4 of Ref[25]),
we have

+
(Ip):e/Aee’ = IpAee/ = (IpAee/)T = ((]p)je/Aee/) .

On the other hand, sinaé,)?,, also commutes withi.., we obtain

((Up)odAce) = (AceUp)ia) = U Ace,

from which it follows that(l,,)je,T = (Ip);, by Lemma 1 of Ref[25].

3. Spectrum of the spin dynamical models

In this section we shall compute the spectrum of the trigonometric Sutherland spin
models of BCy type (2). The results of this section will be used in Secti®ito derive
the asymptotic behavior of ¢hpartition function of these adels in the large coupling
constant limit.

The computation of the spectrum of the Hamilton{@his analogous to the correspond-
ing computation for the hyperbolic model studied in H&b], in spite of the fact that the
boundary conditions are different. The startp@nt of this computation is the invariance
under the Dunkl operators of the finite-dimensional spaces

Ri = <¢(x) exp(Zi anx/)
J

n/=—k,—k+1,...,k,j:l,...,N>, (11)
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where

B(X) = 1_[|sinxi; sinx;f | [ ]1sinxi|”| cosxi|”". (12)
i<j i
for all nonnegative integer values bf It follows that the operatof/ = I; preserves the
spacesk for all k. SinceH commutes withA../, Eq.(7) implies that

H[Ace (910))] = A [(Hp)l0)], (13)

forall ¢ € L(Z)(C) and|o) € S. Hence the Hamiltonia#i?,, leaves invariant the infinite
increasing sequence ohfie-dimensional spaces

Mk,ee’ = Aee/ (Rk ® S)» k= 0, 17 ceey (14)

and is therefore exactly solvable in the sense of TurdBii32]

We shall next construct a (nonorthonormal) baisf the Hilbert spaceg(C) in which
H is represented by a triangular infinite-dimensional matrix, thereby obtaining an exact
formula for the spectrum of this operator. To this end, note that the (scaled) exponential
monomials

F2(X) = (X) exp(Zianxj>, n=(ni,...,ny), nj€x, (15)
j

span a dense subspace of the Hilbert sﬂ%(e“). We can introduce a partial orderirgin
the set of exponential monomiglts) as follows. Given a multindex = (n1,...,ny) €
7N, we define the nonnegative and nonincreasing multiiidgky

(n]= (Inirl, .. Iniyl),  whereln;| > - > |njy|. (16)
If n,n’ € [Z"] are nonnegative and nonincreasing multiindices, we shall say that’ if
ny—nj=---=n;_1—n,_; =0andn; <n}. Fortwo arbitrary multiindices,n’ N,
by definitionn < n’ if and only if [n] < [#’]. Finally, we shall say thaf, < f, if and only
if n < n’. Note that the partial ordering is preserved by the action of the Weyl grap
i.e., if f, < fiy thenWf, < Wi, forall W € &.

We can take as the badisany ordering of the set of exponential monomidls) com-
patible with the partial ordering. This follows from the fact that

Hfy=Y 32 ifu+ Y i fw. nelZV (17)
i

n'ezZN
n'<n

wherep,.; andc;;/ are real numbers (cf. Proposition 2 of REf5]). The numbers.,, ;
(m e [ZN]) are explicitly given by
A = {Zmi +b+b' +2a(N+i+1—#m;)—20(m;)), m; >0,
—b—b'+2a(i — N), m; =0,
where we have used the following notation:

(18)

#(s) = cardi | m; = s}, £(s) =min{i | m; = s}.
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For instance, itn = (5,2,2,1,1, 1, 0) then #1) = 3 and¢(1) = 4. It will also be conve-
nient in what follows to take(s) = +oo if m; #s foralli =1,..., N. Eq.(17) implies
that the operatoH is represented in the badisby an upper triangular matrix with diago-
nal elements

2
En=7) Iy
i

From the previous formula it is straightforward to deduce the following more compact
expression for the eigenvalu&g of the operatoi :

Ey= Y (2nli+b+b +2a(N — ). (19)
i
Indeed, ifm = [n] € [ZV] andmy—_1 > my = -+ - = my4p > miy p1 > 0 thent(mpy ) = k
and#my;)=p+1forj=0,..., p,sothat
A.m’k+j =2mk+j ~|—b~|—b/~|—20(N—k—p—|—j)
=2miqp—j+b+b +2a(N—(k+p—))

and hence
k+p k+p
3702 =>"(2mi +b+b +2a(N ). (20)
i=k i=k

If, on the other handp_1 > my = --- = my = 0, Eq.(20) follows directly from (18).

This completes the proof of the formu&9).
Let us now compute the spectrum of the Hamiltoni@nin H.... Note, first of all, that
the states of the form

Acer(fulst, .. ..sn)), nelZV], (21)

span a dense subset of the Hilbert spage, by the analogous property of the functions
(15)in L%(C). The state§21), however, are not linearly independent (in particular, some
of them vanish ife or ¢’ are negative). A (nonorthonormal) basistéf., may be obtained
from the state$21) by imposing the following conditions on the spin vecter, ..., sy)

(cf. Proposition 3 of Ref[25]):

(i) si—sj>68_1, Iifn;=njandi<j; (22a)
1
(i) s > 53_1,6/, if n; =0, (22b)

whereé is Kronecker’s delta. Indeed, if; = n; with i < j we can clearly permute the
ith and jth particles (if necessary) so that> s;, leaving the stat¢21) invariant up to a
sign. If, in addition,e = —1 we must have; > s; by antisymmetry under permutations.
Likewise, if n; = 0 we can assume that > 0 after a possible reversal of the sign of the
coordinates of théth particle, which again preserves the si@) up to a sign. Moreover,

¢’ = —1 forcess; > 0 by antisymmetry under sign reversals. Note that when —1,

i.e., when the basis staté®l) are antisymmetric with respect to permutations, the first
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condition implies the following restriction on the multiindex [Z]:

2M +1, ifn; >0,
M., if n; =0,
whereM, = |[M| + 1 andM_ = [M7]. Here| x| and[x] denote respectively the integer
part of x and the smallest integer greater than or equal.tbet 5., be any ordering of
the set of state@1)—(23)compatible with the partial ordering. It follows from Eqs.(13)

and (17)that the matrix ofH, with respect to the basi8.. is upper triangular, with
eigenvalues given by

#(n;) < { (23)

Efa(nis)=Y (2ni+b+b +2a(N —))° ne[ZV]. s=(1....on). (24)
1

It is worth mentioning at this point that, although a cursory inspection of the previous
equation may suggest that the mod@}¥are isospectral, this is in general not the case.
Indeed, conditiorf23) implies that many eigenvalues of the models witk 1 are absent
from the spectrum of the models with= —1. Besides, for a fixed value ef by condition
(22b) the degeneracy of the eigenvalues also depends arhen M is an integer (see
Egs.(50) and (51)n Section5 for the minimum degeneracy of each level).

SinceE?, (n; s) is an increasing function of the components of the multiindethe
ground state of the system is obtained when each compapéaites the lowest possible
value. Thus fore = 1, ore = —1 andN < M., we haven = 0. On the other hand, when
€ = —1andN > M. condition(23)implies that

. 2M+1 oM+l My
——— —_——
n=(mog,...,mo,mo—1,...,mpo—1,...,1,...,1,0,...,0), (25)

whereN = My + (mo—1)(2M +1)+r withr =1,...,2M + 1. The ground state energy
E?., in IS €asily computed in this case using E2¢) with the multindex: given in(25).

We thus obtain
* 4 5.3 ) 2
§a N° —2acN ~|—§(3c —a )N

ee/,min —

1
+ §Km0[4mg(l —ak) + 6cmo + ax + 2]

1
+ 2mop |:c +mo(l—ak) — Eap:|, (26)
wherec =a — b — b’ — 2mg and
oM i1 e, M=0,1,..., 7
K= +1, p= 0, Mz%,%,.... (27)

It can be easily shown that ER6) is also valid whem = 0 if we takemg = 0. Thus

Eqg.(26)yields the ground state energy in all cases providedrihds defined by
N — My

2M +1 |

mo:Se,_llr (28)
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4. The spin chains

The Hamiltonian of the HS spin chains By type associated with the spin dynamical
models(2) discussed in the previous sections is given by

hee = Y _[sin~2 & (1—eSij)+ sin—2 EF(L—eSip]
i#]
+Z (Bsin2& + B cos?&)(L—€'S)), (29)

whereB and 8’ are positive real parameterg;‘jt =§& £ &, and§ = (&1,...,&y) is the
unique equilibrium point in the s&t of the classical potential

U) =Y (sin?x;; +sin 2x} +Z BZsin2x; + p'%cos % x;). (30)
i#]
It is important to note that the classical potenija0) is independent o¢ ande¢’, and
therefore the sites of the four chaif®9) are the same. The existence of a minimunt/of
in C for all values ofg and g’ is a consequence of the positivity and continuitylbin
C and the fact that it tends to infinity at the boundary of this set. The uniqueness of this
minimum is proved iMAppendix A Note that, in contrast, the corresponding potential for
the hyperbolic spin chain a8 Cy type treated iffi25] admits an equilibrium point only for
a certain range of values gfandg’.
The chaing29)with e = —1 (respectively = 1) are of antiferromagnetic (respectively

ferromagnetic) type. Note also that the spin chain Hamiltontans_. and —h..- are
related by

h—e,—e/ = —hee + ZV(E), (31)
where
V(x):Z(sm X 4 sin” x +ﬁZsm xi+p Zcos Xi. (32)
i#]

On the other hand, for a fixedthe two chain. 1 are essentially different. From E@9)
itimmediately follows that the eigenvalueg ; of the Hamiltoniarh.., are nonnegative.
Moreover, in the ferromagnetic case=£ 1) the ground state energy clearly vanishes, since
states symmetric under permutations with pasitynder spin reversals are annihilated by
the Hamiltonian. Eq(31)implies that the maximum energy of the antiferromagnetic chains
is 2V (&).

The integrability of the spin chaifR9) with M = 1/2 ande = ¢/ = —1 was proved
in Ref.[29] only for the special value§3/2,1/2), (3/2,3/2), and(1/2, 1/2) of the pair
(B, B, for which the corresponding sites

i i 1\ 7w 1 N
2N+1  2N+2 T2)an T
areequally spacedas in the original Haldane—Shastry chHirR2]. As we shall see below,
the discussion of the integrability of the HS spin chainsBafy type (29) for arbitrary
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values of the parameteys and 8’ is completely analogous to that of R¢25] for the
hyperbolic version ofi__.
Let us begin by defining the operatds(i = 1,..., N) andl, (p € N) by

Ji=idg +ad, =Y 3
i

The operatorsl,)*_, clearly commute with one another, singg,)’ ., (I,)?,/1 is the co-

efficient of a?P*49) in the expansion in powers af of the identity[ (1)}, (I)%..1=0.
Hence the operators

(U0 =0,) lx=e.  PEN, (33)

also commute with one another. We shall now prove that the opef8&)form a commut-
ing family of integrals of motion for the spin chain Hamiltonigg. . Note that this result
does not follow trivially from the previous assertions since, in contrast with the dynamical
case,(ll)jg, = U (&) is a constant and therefore does not coincide wjth

The starting point in the proof of the commutativity lof./ and(l,,)jg, is the following
expansion off in powers ofa:

H=-Y%"92 —aH+d’U(Xx), (34)
where
H= Z[sin_zxi;KU + sin_zx;jﬁlﬁj] + Z(ﬂ sin~2x; + g/ cos 2 x;)K;, (35)
i#] i
U is defined in Eq(30), and we have set
b b
/3 = /3/ = (36)
a a

Note thath.. = —Hj‘j + V (&), so that the integrability of.. follows from that oij‘j.

Arguing as in Ref[25] it is straightforward to show that
oU
H*/,l */Z _Ci*/,
[ 113 (P)ee] Xi:axi( P )ee

for certain operatorg, ; in ® ® K. Settingx = & in the previous identity, it follows that
( ,,)jg, commutes withh..,. Note finally that the first integralé ,,)jg, are clearly self-
adjoint, since they are equal to the coefficientadf in the corresponding self-adjoint
operatorg/,)*_, evaluated at the equilibrium poiét

5. Partition function and spectrum of the spin chains

In this section we shall compute the partition function of the HS spin chaimf
type (29) by using Polychronakos’s freezing tri¢k2,19] applied to the spin dynamical
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models discussed in the previous sections. We shall first provide a detailed heuristic justifi-
cation of the freezing trick in the present corttéur calculation relise on the computation

of the large coupling constant limit of theition functions of the spin dynamical models

(2) and the scalar Sutherland model®€ y type

Hs= — Z Bfl_ +a(a—1) Z(Sinfzxij + Sinfzxij)
i i
+b(b—1)) sin2x;i +b'()' — 1)y cos 2y (37)
i i

acting on the Hilbert spacb%(@). Using the definitior(36) of 8 and 8’ we obtain

Hs=—- 02 +a’U(X) —aV(x), (38)

with U (x) andV (x) respectively given by Eq$30) and (32) From Eqs(34) and (38)it
follows that

Hiy==Y"0% —aHi, +a’U(0 = Hs+a(V(0 —HL,), (39)
i

where H , is assumed to act in the Hilbert spatie= L3(C) ® S. Let {/; (X)}ien be a

basis of eigenfunctions afls, and Iet{|o€€/,j)}‘j.:1, with d = (2M + 1), be a basis of
eigenfunctions oh,./, so that

Hsyi (X) = Ei i (X), heer |aee’,j) =€ce,j |Uee/,j>-
The set{y; (X)|oee, j)}ieN, 1<<a IS thus a basis of the Hilbert spagg and

Hs(wi (X) |aee’,j>) = Ei i (X) |aee’,j)a

since Hs does not act on the spin variables.

From Appendix A it follows that the classical potential?U(x) — aV(x) has a
unique equilibrium point (actually, a minimumy(a) in the setC provided thata >
max(1/8,1/8’,1). The freezing trick is based on the fact that fop> 1 the eigenfunc-
tions of Hs are all sharply peaked around the equilibrigita). Sincey (a) =& + O(a™1),
fora > 1 we have

[V —HE ] (vi (Oloee, ;)
=Y ([ VX)) = HY, loeer.j) = i (0[V(E) — Hfg/]laee/,j)
=i (X) (hee'l0eer,j)) = €cer jYi (X0eer, ).
Therefore, fora > 1 the HamiltonianH, is approximately diagonal in the basis

€

{¥i(X)|oeer, ) }ieN, 1<j<a» With eigenvalues approximately given by

E*

€€’ ij

:Ei—i—ae“/.j, ieN,1<j<d, a>» 1 (40)

Taking into account thag,./ ; is independent of, we immediately obtain the following
exactexpression for the eigenvalues- ; of the spin chain Hamiltonia(29).

ecer.j = lim 1( * E;). (41)

A
a—oo g €€
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Using Eq.(40), we can easily derive the ground state enexgymin of the spin chaing29).
Indeed, clearly the ground state enet@jé,’mm given by Eq.(26) is achieved when both
E; ande. ; in EQ. (40) attain their minimum value&min ande..’ min. From Eqs(24)
and (36)it follows that bothE?,, .. andE; are polynomials of the second degreeiwith
the same leading coefﬁuent Hence

1
eee/ min = I|m (E:G/ min Emm) (42)

a—>0o0

Since Enmin is obtained by setting = 0 in Eq.(24), the coefficient of: in Enyjn vanishes.

From the previous equation, it follows that min is the coefficientof in E , min’ namely
(ct. Eq.(26))
€ce’,min = M0 [4N2 +4(28 — DN + %(K — 2mo(6f + 2mok — 3))
—2p(2B +mok — 1) — pz], (43)
wherek, p andmg are defined in Eq$27) and (28)and we have set
B= %(ﬁ +B). (44)

Note that (as remarked in the previous section) the ferromagnetic ground state energy van-
ishes, sinceng =0 whene = 1.

We emphasize that E¢41) cannot be used directly to compute in full the spectrum of
hee, since it is not clear a priori which eigenvalues@f , and Hs can be combined to
yield an eigenvalue di... The importance of Eq41)lies on the fact that it can be used
as the starting point for the exact computation of the partition function of the spin chain

heer, Which in turn completely determines the spectrum.

Letus denote bys, Z* , andZ.. the partition functions of the scalar Sutherland Hamil-
tonian(37), the Sutherland spin dynamical mog2), and the spin chain Hamiltonig29),
respectively. From Eq40)it follows that Z*_ (T) >~ Zs(T)Z.(T /a), and hence

Zee(T) = lim LG’(C‘T)
=i

93 ( 400 ZS(aT)

Recall that the spectrum of the Hamiltoni&j,, of the spin dynamical model is given by

Eq.(24), wheren € [Z"] is a nonnegative nonincreasing multiindex (satisfying conditions
(23)if € = —1), ands = (s1,...,sn8), —M < 5; < M, satisfieg22a)—(22b) The leading
terms in the expansion a@f?, (n; s) are therefore

(45)

El (nis)~a’Eo+8ay ni(B+N —i), (46)
whereEg=4}; (B + N —i)?is a constant independentof The eigenvalueg (n) of the
scalar Sutherland Hamiltoniaks are given by the right-hand side of E@4), where the
multindexn € [Z"] is now unrestricted. ThuB () also satisfies Eq46)for a > 1.

Let us start by computing the largdimit of the denominator in E((45). Note, first of
all, that the constanko can be dropped from both?,, (r; s) and E(n) without affecting
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the value ofz../(T). Using the asymptotic expansion B{n) and setting
g =g &/ (47)
we immediately obtain
ZsaT)~ Y qRimiPN=i, (48)
nelZN]

Definingp; =n; —n;jy1,1<i < N — 1, andpy = ny we have

an, (B+N—i) _ qu,ww i _ qu, YL (BHN—i) _ l_[qu,(ﬁ+N 1G+1)

i i<j J J
and hence
Zs(aT) ~ Z qu,(ﬁw 3G+D) _ 1—[ Z gPiB+N=3(+D)
P1-pN 20 i i pi>0
=Tl —g/ ey, (49)

i
Let us compute next the partition functiéy_, (aT) of the Sutherland spin dynamical

model(2) for a > 1. To this end, it is convenient to represent the multiindex [ZV]
appearing in Eq(46) as

k1 k2 ke

n=(mq,...,m1,mo,...,m2, ..., My, ..., M), (50)

wherem1 > mp > --- > m, > 0, andk; = #(m;) € N satisfiesk1 + --- + k, = N (together
with condition(23), if e = —1). Thus

r ky+-tki—1+ki

E:‘e/(n;s)z&thi Z B+N—))

i=1  j=kit+-+ki—1+1

r 1 k i—1
:8aZmiki</§+N— 573 —Zk ) 8aZmlv,

‘ ]

Let k = (ki, ..., k), and denote byl (k, m,) the cardinal of the set of spin quantum
numbers satisfying conditiong22a)—(22b¥or the multindex(50), namely

2M +1+6 — -
deo(k,my) = + 1401k =D\ 2M 4+ 1+ 81 ¢(ky — 1) om0
k1 i,
(51a)
2M + 1+ 681 (ky — 1 2M + 14681 (k1 —1
d“,(k’o):( + +k1,e(1 ))( + 1401k —1 ))
1 ky—1
5 (Mg/ +5lk, e(hkr — 1)). o1
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The partition functionz?, (aT) is therefore given by

,
Z:e’(aT) = Z Z dee/(k,m,)l_[qmivi
i=1

kePy m1>-->m; >0

)
=Y Y delm)]]e™"
i=1

kePy m1>-->m,>0

r—1
+ Z Z dee (k, O)l_[qmivi»
kePy m1>-->m,_1>0 i=1

where we have denoted By the set of partitions of the positive integt Since

Y M= & [le¥er= 3 e

mq>-->mg>0i=1 Pl ps>01i=1 Py, ps>010i=1 j=i
- = [levrhe =[] Saenthe
p1,-.ps>0 j=1 Jj=1p;j>0
s qu
= — Nj’
P
where

J J _ 1 1 J
Nj=Zvi:(Zki)(ﬁ—}-N—é—EZki)» (52)
i=1 i=1 i=1

using Eqs(51) we finally obtain

Z!.,(aT)
Mo + 81,k — 1) 2M + 1+ 81k — 1)\ g™
o~ Z +
kr kr 1—qN1
(k1,....kr)EPN
" /2M + 1481 (k; —1 Nj
xl_[|:< 1ok )> q JN_”. (53)
. kj _‘]__q J
j=1

Eqgs.(45), (49) and (53Yyield the following exact formula for the partition function of the
HS spin chain(29):

N
Z.(T) = l_[[l _ qi(BJer%(iJrl))]
i=1

Mo + 6l,e(kr -1
> {[( ke )

(k1,....,kr)EPN
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(MLl =) g™
ky 1—gM

r—1 .
2M 4+ 1+81.c(kj — 1\ q"
XH[( kj )1—61”"”' &9

j=1

From the previous formula, which is in fact the main result of this paper, one can infer
several remarkable properties of the spectrum of the spin ¢B8)ithat we shall now dis-
cuss. First of all, for half-intega¥ the partition functior(54) does not depend o, since
in this caseM 1 = M + 1/2. Hence the spectrum of the spin ché28)is independent of’
whenM is a half-integer, a property that is not immediately apparent from the expression
of the Hamiltonian(29). Secondly, all the denominators-1g™¥+, 1 < k < r, appearing in
the second line of Eq54)are included as factors in the product in the first line. Hence the
partition function(54) can be rewritten as

Zeo(T)= Y deers(M)g®, (55)
se{0,1}V

wheree; is given by

N
ey;:g&-i(ﬁ—}-N—;(i—}-l)), 8=(81,...,8N), (56)
and the degeneracy factdr. s(M) is a polynomial of degre&v in M. Therefore, for
all values ofe, ¢/ and M, the spectrum of the spin chain is contained in the set’of 2
numbers 8s, 6 € {0, 1}. Moreover, for generic (sufficiently large) values of the spin
the spectrunmexactly coincides with the above set of numbers, the values,af and
M affecting only the degenerady,’ s(M) of each level. In particular, from the previous
observation and Eq$31) and (56)we immediately obtain the following exact expression
for the constant (§) (i.e., half the maximum energy of the antiferromagnetic chain):

N
V(§)=4Zi<B+N—%(i+l)>=§N(N+1)(2N+3B—2)- (57)
i=1

From Eq.(56) it follows that the energies of the spin chaif29) are of the form 8;8 +
k), with j, k nonnegative integers. Since the coefficients of the powegsagpearing in
Eq. (53) are independent of, it follows that for generit values of$ the degeneracy of
the levels depends only on the spihand the number of particle€.

6. Discussion and conjectures

In this section we shall present several concrete examples in which we apply the formula
(54) to compute the spectrum of the spin ch&i@8) for certain values oV andM. These

1 More precisely, for all real values @ except for a finite (possibly empty) set of rationals.
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examples strongly suggest a number of conjectures that shall be discussed in detail at the
end of this section. We shall restrict ourselves to the antiferromagnetic dhaipsthe
properties of their ferromagnetic courytarts following easily from the relatiof31).

Example 1. The structure of Eq(54) makes it straightforward to compute the spectrum
of the spin chains for anfixednumber of particles as a function of the spin. For instance,
for N = 3 sites and intege¥ the energies (divided by 8) of the spin chain_ are Q 8 +
2,28+3,38+3,38+5,48 + 5,58 + 6,68 + 8, with respective degeneracies

%M(M—l)(M—Z), ZM(MZ—l), %M(M—i—l)(llM—Z),
%M(M+1)(7M—4), %M(M+1)(7M~I-11),
%M(M+1)(11M~|—13), ZM(M+1)(M+2),

%(M + 1) (M +2)(M +3).

Note that in this case all energy levels;8with s given by(56), are attained foM > 3,

in agreement with the gemal discussion of the previous section. Bér= 1 and a few
values of and B’, we have numerically computatle spectrum of the spin cha{@9)

by representing the operata§g andS; as 27x 27 matrices. The results obtained are in
complete agreement with those listed above.

For a fixed value of the spiM, we have not been able to find an explicit formula
expressing the energies and their degeneracies as functions of the number of pérticles
However, if we fixM the spectrum can be straightforwardly computed from(g4) for
any given value ofV. We shall next present two concrete examples for the cilsesl/2
andM = 1.

Example 2 (spin 1/2). In this case we have computed the partition function,. for

up to 20 particles (recall that for half-integ&f the chains withe’ = +1 have the same
spectrum). For instance, fof = 6 the antiferromagnetic spin chain energies (divided by
8) and their corresponding degeneracies (denoted by subindices) are given by

(98 + 322, (108 +36)2,  (118+38),
(118 + 414, (128 + 38)1, (128 + 436,
(138 +43)3,  (136+46)6, (148 +46)4
(148 +50)4, (158 +47)2, (158 +50)3,
(156 4+ 556, (168 +51)2 (168 + 555,
(178 +531, (178 +56)a, (188 +58)3,
(198 +61)2,  (208+651, (218 +70)1.

The number of levels increases rapidly with the number of partivlegor example, if
N = 10 the number of levels (for generic values @f is 136, while forN = 20 this
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Fig. 1. Energy level®; and degeneracie$ of the antiferromagnetic spir/2 chainh_ 4+ for N = 10 particles

andB = /2.

number becomes 7756. It is therefore convenient to plot the energy kevalsd their
corresponding degeneracigsas is done iifrig. 1for N = 10 particles. Note that E¢56)
implies that wheng >> N the levels cluster around integer multiples ¢.8n fact, for
all N up to 20 we have observed that these integers édlkgalues in a certain range
jo,jo+ 1, ..., N(N +1)/2; for example, in the cas¥ = 6 presented abovf = 9.

Example 3 (spin 1). We have computed the partition functions 1 of the spin chains

h_ + with spin M =1 for up to 15 particles. As remarked in the previous section, for
integer M the partition function&Z_ + are expected to be essentially different. This is
immediately apparent fromfig. 2, where we have compared graphically the energy spectra
of the even and odd spin chaibs .+ with 8 = +/2 for N = 10 particles. However, we shalll
prove in what follows that the standard deviation of the energyéstlythe same for both
chains. This rather unexpected result will be relevant in the ensuing discussion of the level
density (se€onjecture 2. We also note that, just as for spiyi2l, for N up to (at least) 15
andg > N the energy levels cluster around an equally spaced set of nonnegative integer
multiples of 83.

The previous examples for spifZdand 1 suggest several conjectures on the spectrum
of the (antiferromagnetic) HS spin chains BCy type that we shall now present and
discuss in detail.

Conjecture 1. For B> N, the energies cluster around an equally spaced set of levels of
the form8; 8, with j = jo, jo+ 1,..., N(N + 1)/2.
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Fig. 2. Comparison of the energy levelsand degeneracie of the antiferromagnetic spin 1 chaihs_ (left)
andh_ (right) for N = 10 particles ang = /2.

In fact, for sufficiently large values of the spi this assertion (withjg = 0) follows
directly from Eq.(56). Our calculations for a wide range of values ®fand M fully
corroborate the above conjecture.

Conjecture 2. For N > 1, the level density follows a Gaussian distribution.

More precisely, the number of levels (counting their degeneracies) in an intersal
approximately given by

@M + 1N /N(e; w, o) de, (58)
1
where
1 _(efu)z
N(e;u,0)= - Zne 202 (59)

is the normal (Gaussian) distribution with parameterando respectively equal to the
mean and standard deviation of the energy spectrum of the spin chain. Although the shape
of the plots inFigs. 1 and 2nake this conjecture quite plausible, for its precise verification

it is preferable to compare the distribution function

Fpr(e) = / N(t; p, o) de (60)
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Fig. 3. Distribution functionsFs(e) (continuous line) andF(e) (at its discontinuity points) foB = /2,
M =1/2,andN = 10.

of the Gaussian probability density with its discrete analogue

Fe=eM+1)™N Y d. (61)
i;e;j<e

whered; denotes the degeneracy of the energy leyelndeed, our computations for a
wide range of values o8/ and N = 10 are in total agreement with the latter conjecture
for all four chains(29). This is apparent, for instance, in the case /2, M = 1/2, and
N =10 presented ifig. 3. The agreement between the distribution functi@® and(61)
improves dramatically a& increases. In fact, their plots are virtually indistinguishable for
N 2> 15.

It is well known in this respect that a Gaussian level density is a characteristic feature
of the “embedded Gaussian ensemble” (EGOE) in random matrix t§@0fylt should
be noted, however, that the EGOE applies to a systei phrticles with up toz-body
interactions £ < N) in the high dilution regimeV — oo, xk — oo and N /k — 0, where
k is the number of one-particle states. Since in our @ase€2M + 1 is fixed, the fact that
the level density is Gaussian does not follow from the above general result. A study of
the energy spectrum of the spin cha{@9) in the framework of random matrix theory is
nonetheless worth undertaking, and will be the subject of a subsequent publication.

If Conjecture 2s true, the level density for larg® is completely characterized by
the parameterg ando through the Gaussian laf®9). It is therefore of great interest to
compute these parameters in closed form as functionsarfid M. To this end, let us write

h_+= Z[hij(1+ Sij) +hij(L+ §;)] + Zhi(l:F Si), (62)
i) i
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Table 1

Traces of products of the spin operators

Operator Trace (integevl) Trace (half-integeM)

S; @M +1N-1 0

Sijs Sij @m +1N-1 @M +1pN-1

S; Sj M + 1)N72+26,'j @M + 1)N31/

SijSks Sij Sk @M + 1N -2 0

SijSu M + N2 @M + DN 21— 53581 (L — 8118 j1)
SijSklr Sijgkl M + 1)N_2+25ik5jl+25il8jk M + 1)N_2+28ik5jl+28il‘sjk

where the constants;, ﬁij andh; can be easily read off from E@§29). We shall begin
by computing the average energy - = n— of the odd antiferromagnetic spin chadin_
for integer spin. Using the formulas for the traces of the spin operators giviebla 1we
immediately obtain

=M+ Vtrho_ = M[Z(mi +hij) + Zh,}
i#j i

2M +1
_2AMaD AT -
=onr1 Oz T VEN -2 MeR (63)

where we have used the explicit expresdidon) for V (§). On the other hand, the average
energyu—+ = 4 of the even chaih_ is given by

_ 2(M+1)
_ N
,LL+—(2M+1) trh_y = § (hlj +hlj)+2M 1 E

= 2M+1[(M+1)V(§)—Z‘1], M eN, (64)

whereX1 =), h; is obviously independent of the sphfi. Similarly, for half-integer spin
the formulas for the traces of the spin operator$able lyield the following expression
for the mean energy_ + = 4!

13
Ut = 2M+1[2(M+1)V(§)—El], M=3.5. (65)
Let us turn now to the (squared) standard deviation of the energy, given by
» 5 th? ) (trh_ 1)2
6—,:|: =

ET M+ )N T @M+ 12
For integer spin, a long but straightforward calculation using the formuléabie lyields

2 MM D) 552 4 i)+ Y| = UM LD

SinceX, does not depend dt?!, the above equation completely determines the dependence
of o1 on the spin. An important consequence of the previous formula is the equality of
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the standard deviation of the energy for the even and odd antiferromagnetic chains (for
half-integer spin, this follows trivially from the fact that the even and odd chains have the
same spectrum). This result is quite surprising, since for integer spin the energy spectra
of the chaindh_ 1 are essentially different, cFig. 2 For half-integer spin, an analogous
calculation yields the expression

AM(M + 1) 23 13
2
= _ M=—-,—-,... 67
where
1, ~
3= Zzh’ —;hi/’hi/’ (68)
i i#]j

is independent of the spin. As before, Eg7) fixes the dependence 6f. on the spin.

We still need to evaluat&1(N), X2(N) and X3(N) in order to determine the depen-
dence onV of u+ andox in all cases. Although we have not been able to compute these
guantities in closed form, in view of E¢63) it is natural to formulate the following con-
jecture:

Conjecture3. The average energy+ and its squared standard deviatioﬁ depend poly-
nomially onN.

In fact, sincee_ +.max= 2V (¢) is a polynomial of degree 3 iN by Eq.(57), it follows
that the degrees iV of . andaf: cannot exceed 3 and 6, respectively. The latter conjec-
ture and this fact allow us to determine the quantifigéN) by evaluatingu+ andai for
N=2,...,8andM = 1/2,1 using the exact formuléb4) for the partition function (cf.
Eqgs.(64), (66) and (67) The final result is

Y1=33=2N(2B+N —1),

= %N [2(21v2 +3N +13)8% + (N — 1)(5N? + 7N +20)B

+ %(N —1)(8N3+3N% 4+ 13N — 12)}. (69)

These expressions, together with E@8)—(67) completely determing . ando for all
values ofM and N. We have checked that the resulting formulas yield the exact values
of uy andoy computed from the partition functiai®4) for a wide range of values aff
andN. This provides a very solid confirmation Gbnjecture 3Let us mention, in closing,
that formulas analogous {63)—(67)expressing the mean and standard deviations of the
energy for the ferromagnetic chaihs + can be immediately deduced from the previous
expressions and E¢B1).
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Appendix A. Uniqueness of the equilibrium of the classical potential

In this appendix we shall prove that the classical potef8@) has exactly one equilib-
rium point in the se€. We have already seen in SectithatU has at least one minimum
in C. We shall now prove that the Hessian Wfis positive-definite inC, which implies
that all the critical points ot/ in C must be minima. This implies thét has exactly one
critical point (@ minimum) in the sef.

If £(r)=sin"?t, we can express the second partial derivatives @ follows

_BZU (= " (F 2 r1 12 e
e =2§[f (x37) + 1" ()] + B2 o) + B2 <§—xi),
i jH#i
82U (-t "(.,.—
axiaszz[f (xij)_f (xij)]' (A1)

Note thatf” (r) = 2 cs@1(1+ 3cotr) is strictly positive for all values of, and therefore
(BZU)/(axiZ) > 0 for all i. By Gerschgorin’s theoreff33, 15.814] the eigenvalues of the
Hessian ofU lie in the union of the intervals

92U 92U 92U
— —Yi.—5 +7v|, Wherey,= ,i=1...,N.
|:8xl~2 7 dx? yl] g Z dx; 0 j l
JF#
Since
32U

—y > ﬂzf//(xi) _I_ﬁ/zf//<% —Xi> >0,

2
0x;

all the eigenvalues of the Hessianfare strictly positive. This establishes our claim.
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