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Abstract

Financial markets are not often seen as computational systems but,

what if we could treat them as one? What would their computa-

tional power be? Could we predict if prices are going to stabilize

through other, more powerful, computational analysis? In this work

we provide two different formal models of markets as computational

systems and prove that both are Turing complete, strongly indicat-

ing that predicting price stabilization is not possible.
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Resumen

Los mercados financieros no suelen analizarse como sistemas com-

putacionales, pero ¿qué pasaŕıa si pudieramos tratarlos como uno?

¿Cuál seŕıa su potencia computacional? ¿Podŕıamos predecir si

los precios de un mercado se estabilizarán usando análisis com-

putacionales más potentes? En este trabajo describiremos dos mo-

delos formales de mercados como sistemas computacionales y de-

mostraremos que ambos son Turing completos, lo cuál nos da una

intuición fuerte de que predecir la estabilización en el precio no es

posible.
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Economı́a, Mercados Financieros, Computabilidad, Turing Com-

pletitud.
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CHAPTER 1

Introduction

Stock markets (markets from now on) are one of the most impor-

tant institutions of every capitalist system. Investing in them is

often seem as a way of making money, being by expecting returns

in the long run or purely speculating on market trends. But what

would happen if we treat them as a way to find the ”correct” price

of a stock? Let us suppose that we design a closed system where

traders are allowed to buy and sell stock until they are satisfied with

its price. Could we predict what would that price be knowing be-

fore hand the initial state of the market and every trader’s strategy?

In order to do that we are going to construct two distinct formal

models of markets as computational systems. These markets will

have a initial state, which has a different set of parameters for each

model, and a set of traders, each one with their own strategy. The

markets will then iterate, as traders buy and sell stock according to

their own strategies until every trader thinks that the price is right

for the stock and stops buying and selling. The differences between

these two models lie in the way that each of them assumes how mar-

kets work. For the first one we used a fine grain approach to market

behaviour, building it in a way that models precisely how the price

of the stock changes by using transactional offers such that the last

accepted one marks the price of the stock. However, the trade off

for this is having traders that have little expressiveness and their

strategies depend only on the most significant digit of the amount

of the last offer. For the second model we used broader strokes to

model the market, having the price vary according to the supply and
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2 Introduction

demand law and traders trying to buy or sell volumes of the stock

to model supply and demand. The advantage lies in traders having

a much more expressive language, which we can use to model more

realistic behaviours.

We are going to prove that both models are Turing complete,

and as such, predicting if the price is going to stabilize and how

much is it going to be are problems as hard as the Halting problem,

which makes them undecidable. According to Rice’s Theorem, as

the system is Turing complete, this undecidability extends to every

non-trivial semantic property (e.g. will the stock price reach X at

some point? or will X price be reached before Y price?). If we as-

sume our models as a realistic modelization of stock markets, they

prove a deep unpredictability in markets, as markets will be unpre-

dictable even in the complete absence of uncertainty. We model the

market as deterministic, free of foreign influences (e.g. good or bad

news) and the strategies of all traders are known, and even under

those conditions we cannot predict if the price is going to stabilize.



CHAPTER 2

Preliminaries

2.1 Markets from a Computational Stand-

point

There are several branches of formal research about market pre-

dictability, as proving whether or not you can predict the equilib-

rium price or the next price of a stock is directly correlated to making

money. A well-known line of research in market predictability is on

the weak efficiency hypothesis, which says that future prices are not

influenced by past events, only the current one, and its fluctuations

behave like a random walk. The main argument supporting this

assertion comes from the supposition that if a piece of information

regarding the price of the stock is widely available to traders (as

past prices are), traders can trade using that information until the

price reflects it [1].

On the one hand we have papers such as [2], defending the posi-

tion that the weak efficiency hypothesis is correct. Samuelson does

this by creating a stochastic process that models the price of the

stock and then proves that this system behaves like a martingale (i.e.

a random walk). As this paper approaches markets modelling them

as stochastic systems instead of a computational model, it is not

really of interest to us. Still, it provides insight on how economists

are approaching this problem.

On the other other hand, [3] rises an interesting counterpoint,
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4 Preliminaries

asserting that markets are weakly efficient if and only if P=NP.

Maymin does this by virtue of building a market in such a way that

the information available to all traders will outgrow the capacity of

traders to check for strategies if P ̸=NP. This paper has a fair share

of problems (e.g. assumptions of the capacity of traders to check

strategies, assumptions of the speed of a market to balance itself in

the construction of a market that solves NP-complete problems in

polynomial time, etc.), but it is one of the few papers that treats

markets as computational objects.

The debate that surrounds the weak efficiency hypothesis is one

of the most important lines of research of economics, but, besides

Maymin paper, there seems to be a lack of papers approaching it

from a computational standpoint. Thus, we shall move on to papers

that deal with market predictability without going into the weak ef-

ficient hypothesis.

First, we have [4], perhaps the paper that is the closest to this

work, even though it uses the results to argue something unrelated

to our work. This paper uses a computational approach in order to

prove that the complexity of markets has grown over time. For that,

it uses several market models that were developed at different times

in history and proves that each of them is characterized by a differ-

ent type of automaton, each automaton being more complex as time

passes. The line of research of this paper belongs in a branch of eco-

nomics called ”evolutionary economics”, which argues that superior

economic systems will replace inferior ones through history. Evolu-

tionary economics as a field is not of interest for us, but this paper

is one of the few that tries to show the equivalence between markets

and other computational systems, which is what we are trying to do.

Finally, we have [5], which tries to deal with the prediction of

market prices through probabilistic Turing machine. Aspnes et al.

model market as stochastic processes, where the price depends on

the strategies chosen randomly by traders. This model is translated

to probabilistic circuits and then properly classified in a new com-

plexity class, which the authors call BCPP or bounded conditional

probabilistic polynomial-time. The definition and analysis of this
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class is outside of the scope of our work, but it still interesting to

see how researchers try to merge a stochastic approach to market

theory with a computational approach. When we compare our mod-

els, we are basing ours on a deterministic behaviour (as opposed to

a probabilistic one), and as such we can base their unpredictability

on Turing machines’ own unpredictability, which means that we do

not need new complexity classes.

2.2 Turing Completeness

As the objective of this work is to prove that markets are Turing

complete, let us define properly what Turing complete is:

Definition 2.1. A system is said to be Turing complete if it is

able to simulate any arbitrary Turing machine.

Proving that a market is Turing complete is not an easy task.

For the first of our proofs, we shall use a universal Turing machine:

Definition 2.2. A universal Turing machine (UTM) is a Turing

machine capable of simulating an arbitrary Turing machine.

Universal Turing machines are the backbone of the theory that

developed the first computers. Even though they are theoretical

constructs and not practical to build in real life, these machines are

still useful for proving the Turing completeness of other systems. As

time progressed, smaller and smaller UTMs were build for this pur-

pose, as researchers as Rogozhin [6] or Kudlek [7] developed them.

However, proving that a Turing machine is universal is not an easy

task and for that, other systems that were Turing complete were

used. We have now come full circle, where we use a Turing com-

plete system to prove that a Turing machine is universal to prove

that another system is Turing complete. One of these models is

m-tag systems, which we will present now:

Definition 2.3. An m-tag system is a three-tuple T = (m,A, P )

where:

• m is a positive integer

• A = {a1, . . . , an+1} is a finite alphabet
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• P is a map from {a1, . . . , an} to A∗, the set of finite words on

alphabet A, and from an+1 to STOP.

The words αi = P (ai) are called the productions of the tag system

T . The letter an+1 is called the halting symbol. Productions are

usually displayed as follows:

T =

{
ai 7→ αi i ̸= n+ 1

an+1 7→ STOP

A computation of the m-tag system T on word β ∈ A∗ is a

sequence of words on A, β = β0β1 . . . such as every βk is transformed

into βk+1 by removing the m first letters and appending αi to it,

with ai being the first letter of βk. The computation stops in the

step K if there are less than m letters on βk or if the first letter of

βk is an+1 [6].

Theorem 2.4. The family of 2-tag systems is Turing complete [8].

Proof. First, let us begin by rewriting how 2-symbol Turing ma-

chines work. Usually a step of the computation of a Turing machine

in state qi is performed as follows:

1. The Turing machine reads the symbol under the head.

• If 0 is read:

(a) The Turing machine writes the symbol Si,0.

(b) The Turing machine moves to the direction Di,0.

(c) The Turing machine state changes to Qi,0.

• If 1 is read:

(a) The Turing machine writes the symbol Si,1.

(b) The Turing machine moves in the direction Di,1.

(c) The Turing machine state changes to Qi,1.

However, this can be rewritten as:

1. The Turing machine writes the symbol Si.

2. The Turing machine moves in the direction Di.
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3. The Turing machine reads the symbol under the head.

• If 0 is read:

(a) The Turing machine state changes to Qi,0.

• If 1 is read:

(a) The Turing machine state changes to Qi,1.

by doubling the amount of states. This technique allows us to have

states that can only write a symbol and can only move in one direc-

tion, not depending on what the symbol read is (as the state change

is done as soon as the symbol is read).

We can summarize the internal state of a Turing machine after

reading a symbol with a triplet (Q,L,R), where Q is the current

state qi, L is the number whose binary representation is given by

the symbols on the left of the head (with the least significant bit

being the symbol closest to the head) and R is the number whose bi-

nary representation is given by the symbols on the right of the head

(with the least significant bit being the symbol closest to the head).

As Q is taken right after reading the symbol under the head, and

after re-defining how 2-symbol Turing machines work it contains all

the information regarding what reading that symbol does, it is not

necessary to include the symbol in the description.

The transitions of the Turing machine can be extracted from how

these triplets evolve. For example, a move to the right (a move to

left will cause the same transformations but with L and R inverted)

writing the symbol Si will perform the following transformations on

L and R:

L← 2L+ Si

R←
⌊
R

2

⌋
while Q will update to Qi,0 if R was even or to Qi,1 if R was odd. As

all the information is contained into this series of triplets, to prove

that 2-tag systems are Turing complete we just have to find a way

to simulate them.
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Given a Turing machine with states q1, . . . , qr, we define a tag sys-

tem with symbols xi, Ai, αi, Bi, βi, Ci, ci, Di0, di0, Di1, di1, Si, si, Ti0,

ti0, Ti1, ti1 with i = 1, . . . , r, so each state qi has a set of associated

symbols. We will show an example of a given qi assuming a move to

the right (a move to the left can be simulated with the appropriate

changes). Given the Turing machine description (Qi, L,R) we rep-

resent it in the 2-tag system with the word Aixi(αixi)
LBixi(βixi)

R,

where the superscripts L and R represent repeating L and R times,

respectively. We will drop the subscript i from now on for typo-

graphic reasons, as every symbol will have it, and simply rewrite

the word as:

Ax(αx)LBx(βx)R

Now, if Si (the symbol that Qi writes) is 0 then this 2-tag system

takes production A 7→ Cx and if Si is 1 then this 2-tag system takes

production A 7→ Cxcx (with all the symbols in the 2-tag system

having the subscript i as all of those symbols belong to the state Qi),

as we need to take into account if L is going to be transformed into

2L or 2L+ 1. Additionally, α 7→ cxcx. After these transformations

we end up with the word:

Bx(βx)RCx(cx)L
′

with L′ being either 2L or 2L + 1 depending on Si. Next, B 7→
S, β 7→ s and we have:

Cx(cx)L
′
S(s)R

Next we apply productions C 7→ D1D0 and c 7→ d1d0 and these

yield:

S(s)RD1D0(d1d0)
L′

Next, we apply productions S 7→ T1T0 and s 7→ t1t0. With these

rules we end up with two cases:

• If R is odd, the next tape space to the right from the space

under the head (which is the one that is going to be under the

head next, as we are moving to the right) will be 1. Further-

more, as the first rule removes one instance of the symbol s,
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we end up with an even number of instances of the symbol s,

and after applying the rules we end up with:

D1D0(d1d0)
L′
T1T0(t1t0)

(R−1)/2

The rules for D1 and d1 are D1 7→ A1x1, d1 7→ α1x1 where

A1, α1 and x1 correspond to the letters associated to the state

Qi,1. This yields the word

T1T0(t1t0)
(R−1)/2A1x1(α1x1)

L′
.

Finally, we have the rules T1 7→ B1x1 and t1 7→ β1x1, where

B1, β1 and x1 correspond to the letter associated to the state

Qi,1. We end up with the word

A1x1(α1x1)
L′
B1x1(β1x1)

(R−1)/2

which corresponds to the triple (Qi,1, 2L + Si, (R − 1)/2), the

one that is a description of the internal state of the Turing

machine after being in the internal state (Qi, L,R), moving

right and reading 1.

• If R is even, the next tape space to the right from the space

under the head (which is the one that is going to be under the

head next, as we are moving to the right) will be 0. Further-

more, as the first rule removes one instance of the symbol s,

we end up with an odd number of the symbol s and after we

apply the last rule for the symbol s, we delete the symbol D1.

We end up with:

D0(d1d0)
L′
T1T0(t1t0)

R/2

The rules for D0 and d0 are D0 7→ A0x0, d0 7→ α0x0 where

A0, α0 and x0 correspond to the letters associated to the state

Qi,0. As T1 gets deleted by the last production rule for the

symbol d0, this yields the word

T0(t1t0)
R/2A0x0(α0x0)

L′
.

Finally, we have the rules T0 7→ B0x0 and t0 7→ β0x0, where

B0, β0 and x0 correspond to the letter associated to the state

Qi,0. We end up with the word

A0x0(α0x0)
L′
B0x0(β0x0)

R/2
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which corresponds to the triple (Qi,0, 2L+Si, R/2), the one that

is a description of the internal state of the Turing machine after

being in the internal state (Qi, L,R), moving right and reading

0.

If the state Qi calls for a move to left on the tape of the Turing

machine we repeat the same process, but changing the rules for A,α

and B, β. With this construction we have proven that 2-tag systems

are able to simulate an arbitrary Turing machine and therefore are

Turing complete [8].

The relevance of 2-tag systems comes from the fact that simu-

lating them on a UTM is relatively easy and, because of that, they

are the most common system used in developing small UTMs. One

of them, UTM(3,9), is the UTM that we will use for the proof of

Turing completeness of the first model:

Definition 2.5. The Universal Turing Machine with 3 states and
9 symbols (1 is the blank symbol) UTM(3,9) has the following
structure [7]:

q1

start

q2

q3

1/8←
2/3→
3/2←
4/3→
5/9←
6/8→
9/1←

8/5←

7/6←

1/6←
3/4←
4/3→
5/6→
6/1→
7/8→
8/9←
9/8→

2/4←

1/7 ←
3/4 ←
4/2 →
5/5 →
6/HALT
8/5 ←

2/9 →
7/5→

9/4←

Theorem 2.6. UTM(3,9) is a universal Turing machine
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Proof. Let T = (2, A, P ) be a 2-tag system withA = {a1, . . . , an, an+1}
where P maps each ai to αi = ai1 . . . aimi (so there are mi symbols

in the production rule for ai). We start by assigning a number Ni

to each ai, defined as:

N1 = 1, Nk+1 = Nk + 2mk + 2 (k ∈ {1, . . . , n})

For each production αi and each symbol ai we will have a code in

the Turing machine tape language that represents them (Pi and Ai,

respectively). For the productions αi with i ∈ {1, . . . , n} we have:

Pi = 252225Nimi225Nimi−1 . . . 225Ni2225Ni1

where 5Ni1 means the symbol 5 repeated Ni1 times. For αn+1 we

have Pn+1 = 62. Finally, for the symbols ai we have Ai = 5Ni .

Given a word β = aras . . . aw in the language of the 2-tag ma-

chine, the initial configuration of the tape of the Turing machine

will be:

QLPSQR

where P = Pn+1Pn . . . P125 (with the symbols 2 and 5 being a

marker for the separation of P and S), S = Ar7As7 . . . 7Aw7 and

QR and QL are the infinite amounts of blank symbols to left and

right of the tape. The head of the Turing machine will start over

the first symbol of S.

They way the Turing machine maps the productions of the 2-tag

system T is as follows. Given β1 and β2 such that β1 7→ β2, the

following transformation will happen on the Turing machine tape:

QLPR1S1QR ⇒ QLPR2S2QR

where S1 and S2 simulate β1 and β2 and R1 and R2 are remains of

previous operations (R1 does not occupy any tape space in the first

step). The head position will start and end at the beginning of each

Sn and the initial state will be the same as the end state, q1.

Now that we have defined the initial configuration we can go into

the inner workings of this simulation:
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1. First, the machine finds in S1 the code Pr corresponding to the

production of Ar and after that it deletes the codes for Ar and

As. Let S1 be S′
1 after this transformation

2. Second, the machine writes the code of Pr between S′
1 and QR

as Ar1, Ar2, . . . , Armr , which fully turns S′
1 into S2

3. Finally, the machine restores its tape, restoring the tape spaces

that were filled with substitute symbols back to the original

symbols.

The TM rules used for the first stage of the modelling are:

q1 5 9 L q1

q1 9 1 R q1

q1 1 9 L q1

q1 2 3 R q1

q1 3 2 L q1

q1 7 6 L q2

Given the initial state of the machine and this set of rules, the

Turing machine will delete Ar while looking for Pr. This happens

because, given the construction of Nr, it will be equal to the amount

of 2’s between Ar and Pr, so what the machine does is: it deletes

a 5 from Ar (changing it to a 9), go to the left until it finds a 2,

delete it (changing it to a 3) and go back to Ar to delete a 5 again.

This process will stop when the machine reaches the marker 7 that

separates Ar from As, but at that moment, every tape space that

originally contained a 2 between the header and Pr will contain a

3 and every tape space that originally contained a 5 between the

header and Pr will contain a 1, and we will have the following tape:

QLPn+1Pn . . . PrP
′
r−1 . . . P

′
131A

′
r6As7 . . . 7Aw7QR, with

P ′
i = 313331Nimi31Nimi−1 . . . 331Ni2331Ni1 ,

A′
i = 1Ni

while the head will be on the last symbol of A′
r and the Turing

machine will be in the state q2. Now for the second stage we start
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by going left until we find the first tape space containing 5, which

will be the last symbol of Pr. We do this because of the following

rules:

q2 1 6 L q2

q2 3 4 L q2

q2 8 9 L q2

q2 5 1 R q2

After that, we proceed to move to the right until we reach QR

with the following rules:

q2 5 1 R q2

q2 7 8 R q2

q2 4 3 R q2

q2 6 1 R q2

q2 1 6 L q2

So we now have the following tape state:

QLPn+1Pn . . . Pr+1P
−1
r P ′

r−1 . . . P
′
131A

′
r1A

′
s8 . . . 8A

′
w86QR, with

P−1
r = 252225Nrmr225Nrmr−1 . . . 225Nr2225Nr1−11

and the head is over the last symbol of A′
w. What the machine does

now is: it goes back to the left, looking again for the first tape space

containing the symbol 5, which will be in P−1
r , and then moves right

to find Qr. After Nr1 iterations we end up with:

QLPn+1Pn . . . Pr+1P
−Nr1
r P ′

r−1 . . . P
′
131A

′
r1A

′
s8 . . . 8A

′
w81

Nr1−16QR, with

P−Nr1
r = 252225Nrmr225Nrmr−1 . . . 225Nr2221Nr1

Now, after we move to the left to reach for P−Nr1 we will find 22

written on the tape. The Turing machine will now write the symbol

9 on the first space of QR using the following rules:

q2 2 4 L q3

q3 2 9 R q1

q1 4 3 R q1

q1 6 8 R q1

q1 9 1 R q1

q1 1 9 L q1
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and the tape will look as follows:

QLPn+1Pn . . . Pr+1P
∗−Nr1
r P ′′

r−1 . . . P
′′
1 38A

′′
r8A

′′
s1 . . . 1A

′′
w1A

′′
r19QR, with

P ∗−Nr1
r = 252225Nrmr225Nrmr−1 . . . 225Nr2938Nr19,

P ′′
i = 383338Nimi338Nimi−1 . . . 338Ni2338Ni1 ,

A′′
i = 8Ni

After this, the Turing machine will move to the left, restoring the

part S of the tape, until it reaches the symbol 9 in P ∗−Nr1 . It will

do this using the following rules:

q1 8 5 L q3

q3 8 5 L q3

q3 1 7 L q3

q3 3 4 L q3

The tape now looks like this:

QLPn+1Pn . . . P
∗∗
r P ′′′

r−1 . . . P
′
14555 . . . 5557At . . . 7Aw7Ar19QR, with

P ′′′
i = 454445Nimi445Nimi−1 . . . 445Ni2445Ni1 ,

P ∗∗
r = 252225Nrmr225Nrmr−1 . . . 225Nr2945Nr1

with the head being over the symbol 9 on P ∗∗. We use the rule

q3 9 4 L q2

and now we keep going for every sequence of 5 belonging to Pr,

adding Arn in each n-th iteration. Finally, the tape reaches the

sequence 52, with that 2 being the first symbol of Pr and that 5

being the last symbol of Pr+1. That shows that every symbol of αi

has been written and the machine now enters into the third stage,

where it restores the tape in P . The rules that show how this is

done are the following:

q2 2 4 L q3

q3 5 5 R q3

q3 4 2 R q3
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Finally we arrive at the symbol 7 before At and the simulation begins

again with the next symbol on β:

q3 7 1 R q1

After this, the tape will look as follows:

QLP25111 . . . 111At7 . . . 7Aw9QR

which correctly maps the next step of the 2-tag system. The list of

1 between P and A will not matter as the machine in the state q1
will replace them with 9 while moving to the left without stopping

until the first occurrence of the symbol 2. In the same vein, the

occurrence of the symbol 9 at the of A will not matter, as q2 treats

the symbol in the same way as it treats the symbol 7.

Finally, we have to address what happens if the symbol an+1 is

read. As the Turing machine in the state q2 reaches Pn+1 = 62 we

have the following rules:

q2 2 4 L q3

q3 6 HALT

and the Turing machine will halt, simulating correctly the behaviour

of the original 2-tag system [7].



CHAPTER 3

First Proof of the Turing

Completeness of Markets

3.1 Markets as Formal Objects

3.1.1 Formal Definitions

From now on, given the tuple T , T (τ) refers to the τ component of

T .

Definition 3.1. Given a set of traders (T ), a transactional offer
O is defined as a tuple (T, a, type) with T ∈ T , a ∈ Q+(the amount)

and Type ∈ {BUY, SELL}. If type = BUY we call it buy offer, while

if type = SELL we call it sell offer.

We say that a transactional offer O1 is larger than another of-

fer O2 if O1(a) > O2(a). Analogously, we say that it is smaller if

O1(a) < O2(a).

Our definition of market will be based on the idea of transactional

offers. Traders place offers, both to sell and to buy the stock. The

price of the stock will be the amount of the last transactional offer

fulfilled, like in stock markets. This characteristics let us model a

market from the ground up, using the building blocks of real mar-

kets. Traders will base their decision on both the amount of trans-

actional offers of each type that were fulfilled in some time period

and the most significant digit of the amount of the last fulfilled offer,

16
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which is unrealistic but possible under real stock markets rules. Be-

sides that, we use work shifts (shifts from now on) to group traders

that trade at the same time of the day, allowing us to have more

flexibility on how we define these traders, while also mimicking real

world economics, where traders from different countries trade at

different times. Finally, we will also employ a memory, which gives

us the amount of already fulfilled transactions that the traders will

take into account.

Definition 3.2. A market with n shifts and memory k, n, k ∈ N,

Mn,k is defined as a 6-tuple (T ,O,∆, next, C, S) where:

• T is a set of traders. Each trader T is defined as a 4-tuple

(SB, SS , P, σ). where SB, SS ⊆ {0, . . . , k} dictate when does

the trader put or fulfill an offer, P : {0, . . . , 9} → {1, . . . , 9} ∪
HALT dictates the amount of the offers they put up, depending

on the amount of the last fulfilled offer and σ ∈ {1, . . . , n}
shows they shift that they belong in.

• O is a set of transactional offers.

• ∆ contains the information belonging to the last k transac-

tions made and is a pair (γ, α), where γ ∈ {BUY, SELL}k shows

the type of the last k fulfilled offers and α ∈ {0, . . . , 9} shows
the most significant digit of the amount of the last fulfilled

offer.

• next dictates which kind of offer will be put in which shift,

and is defined as a n-tuple of mappings ν1 . . . νn such that:

νi : {0, . . . , 9} → {BUY, SELL}.

• C shows how shifts change. It is defined as a n-tuple of map-

pings c1, . . . , cn such that ci : {0, . . . , 9} → {1, . . . , n}.

• S ∈ {1, . . . , n} denotes the shift that we are currently in.

With the following properties:

• Two traders in the same shift cannot act at the same time:
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T1, T2 ∈ T ∧T1(σ) = T2(σ)∧
(¬(T1(SB) ∩ T2(SB) = ∅)∨
¬(T1(SS) ∩ T2(SS) = ∅))

=⇒ T1 = T2

• Some trader must act at every instance:

∀m ∈ {1, . . . , n}
⋃

T∈T :T (σ)=m

T (SB) = {0, 1, 2, 3, 4}

∀m ∈ {1, . . . , n}
⋃

T∈T :T (σ)=m

T (SS) = {0, 1, 2, 3, 4}

• The buy offer with the largest amount cannot have an amount

larger than the amount of the sell offer with the smallest amount:

B := max
a
{O ∈ O, O(type) = BUY}∧

S := min
a
{O ∈ O, O(type) = SELL}

=⇒ B < S

Traders belonging to T have a set SB, their strategy to buy,

which dictates how many of the last k transactions must be a buy

offer fulfilled for them to put or fulfill a buy offer, and a set SS , their

strategy to sell, which dictates how many of the last k transactions

must be a sell offer fulfilled for them to put or fulfill a sell offer.

Additionally, they have a mapping P from integers 0 to 9 to naturals

1 to 9, which maps the most significant digit of the amount of the

latest transaction (∆(α)) to an integer that represents the most

significant digit of the amount of the next transactional offer they

put. Finally they have a digit between 1 and n that shows the shift

assigned to them. Let us see an example:



3.1 Markets as Formal Objects 19

T1 = ({2, 3},
{1, 4},
{0 7→ 1,

1 7→ 2,

2 7→ 3,

3 7→ 4,

4 7→ 5,

5 7→ 6,

6 7→ 7,

7 7→ 8,

8 7→ 9,

9 7→ 9},
1)

This trader, T1, puts and fulfills buy offers only when the last 2

or 3 out of k transactions were buy offers fulfilled. They put and

fulfill sell offers only when the last 1 or 4 out of k transactions were

sell offers fulfilled. When they add an offer, its amount will have its

most significant digit equal to the corresponding one in the map-

ping, depending on the most significant digit of the amount of the

last transactional offer fulfilled. Finally, T1 is assigned to shift one.

The pair ∆ contains the type of the last four transactional offers

fulfilled and the most significant digit of the amount of the latest.

For example, given k = 4, ∆ = ((BUY, SELL, SELL, BUY), 6) shows

that there were two sell offers and two buy offers fulfilled and that

the most significant digit of the amount of the last transactional

offer fulfilled is 6. Finally the function next gives us the type of the

next offer that will be put, depending on the most significant digit

of the amount of the last transaction, ∆(α).

Given a market, it will progress in the following way:

• If next(νS(∆(α))) = BUY (the next offer to be placed is a buy

offer):
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1. Let β be the number of occurrences of BUY in ∆(γ). The

only trader T1 that satisfies that β ∈ T1(SB) ∧ T1(σ) = S

will put (adding it to O) a buy offer with an amount larger

than every buy offer in O and whose most significant digit

is T1(P (∆(α))) if T1(P (∆(α))) ̸= HALT. If T1(P (∆(α))) =

HALT, then the traders will agree that the price is right (or

that no one is interested in the product anymore if α = 0)

and the market will stop.

2. Let ρ be the number of occurrences of SELL in ∆(γ). The

only trader T2 that satisfies that ρ ∈ T2(SS) ∧ T2(σ) = S

will fulfill (removing it form O) the smallest sell offer. If

the trader has to fulfill its own offer, that offer is cancelled

instead.

3. The shift S changes to cS(∆(α)).

4. ∆(α) gets updated to the most significant digit of a, the

amount of the offer fulfilled or cancelled by T2. In the case

that no sell offer exists then ∆(α) gets updated to 0.

5. ∆(γ) will change from (γ0, γ1, . . . , γn) to (γ1, . . . , γn, SELL).

6. We begin again by seeing how α has changed.

• If next(νS(∆(α)) = SELL (the next offer to be placed is a sell

offer):

1. Let ρ be the number of occurrences of SELL in ∆(γ). The

only trader T1 that satisfies that ρ ∈ T1(SS) ∧ T1(σ) = S

will put (adding it toO) a sell offer with an amount smaller

than every sell offer in O and whose most significant digit

is T1(P (∆(α))) if T1(P (∆(α))) ̸= HALT. If T1(P (∆(α))) =

HALT, then the traders will agree that the price is right (or

that no one is interested in the product anymore if α = 0)

and the market will stop.

2. Let β be the number of occurrences of BUY in ∆(γ). The

trader T2 that satisfies that β ∈ T2(SS) ∧ T2(σ) = S will

fulfill (removing it form O) the largest buy offer. If the

trader has to fulfill its own offer, the offer is cancelled in-

stead.

3. The shift S changes to cS(∆(α)).
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4. ∆(α) gets updated to the most significant digit of a, the

amount of the offer fulfilled or cancelled by T2. In the case

that no buy offer exists then ∆(α) gets updated to 0.

5. ∆(γ) will change from (γ0, γ1, . . . , γn) to (γ1, . . . , γn, BUY).

6. We begin again by seeing how α and S has changed.

3.1.2 Example

LetM2,4 be a market with two shifts and a memory of four defined

as follows: T contains two traders:

T1 = ({0, 1, 2, 3, 4},
{0, 1, 2, 3, 4},
{0 7→ HALT,

1 7→ 2,

2 7→ 3,

3 7→ 4,

4 7→ 5,

5 7→ 6,

6 7→ 7,

7 7→ 8,

8 7→ 9,

9 7→ 1, },
1)

T2 = ({0, 1, 2, 3, 4},
{0, 1, 2, 3, 4},
{0 7→ HALT,

1 7→ 9,

2 7→ 8,

3 7→ 7,

4 7→ 6,

5 7→ 5,

6 7→ 4,

7 7→ 3,

8 7→ 2,

9 7→ 1},
2)

O contains 2 offers, one sell offer and one buy offer:

O1 = (T1, 9000, BUY)

O2 = (T2, 80000, SELL)

The 4 last transactions and the amount of the last are:

∆ = ((BUY, BUY, BUY, BUY), 4)
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The next tuple contains the following two mappings:

ν1 :0 7→ BUY

1 7→ BUY

2 7→ SELL

3 7→ SELL

4 7→ BUY

5 7→ SELL

6 7→ SELL

7 7→ BUY

8 7→ SELL

9 7→ SELL

ν2 :0 7→ SELL

1 7→ BUY

2 7→ SELL

3 7→ BUY

4 7→ SELL

5 7→ BUY

6 7→ SELL

7 7→ BUY

8 7→ BUY

9 7→ BUY

Finally C has two functions, c1 : {0, . . . , 9} 7→ 2 and c2 : {0, . . . , 9} 7→
1, and the initial shift S is 1. Let us see how the market will progress:

1. As S = 1 and next(ν1(4) = BUY, then T1 will put a buy offer

with an amount with most significant digit equal to T1(P (4)) =

5 and larger than the rest of buy offers, soO3 = (T1, 50000, BUY).

The set of offers now looks like:

O1 = (T1, 9000, BUY)

O2 = (T2, 80000, SELL)

O3 = (T1, 50000, BUY)

2. Now T1 will fulfill the smallest sell offer and the set of offers is

now:

O1 = (T1, 9000, BUY)

O3 = (T1, 50000, BUY)

3. The shift S gets updated to C(c1(4)) = 2 .

4. ∆(α) changes to 8.

5. ∆(γ) stays the same as it was already, (BUY, BUY, BUY, BUY).
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6. As S = 2 and next(ν2(8) = BUY, then T2 will put a buy offer

with an amount with most significant digit equal to T1(P (8)) =

2 and larger than the rest of buy offers, so O4 = (T2, 2000, BUY).

The set of offers now looks like:

O1 = (T1, 9000, BUY)

O3 = (T1, 50000, BUY)

O4 = (T2, 200000, BUY)

7. Now T1 has to fulfill the smallest sell offer but there is none so

they do nothing.

8. The shift S gets updated to C(c2(8)) = 1.

9. ∆(α) changes to 0 as no offer was fulfilled.

10. ∆(γ) stays the same as it was already, (BUY, BUY, BUY, BUY).

11. As S = 1 and next(ν1(0)) = HALT the traders have agreed that

they do not want to get rid of the product and thus they stop

trading.

3.1.3 Why Does This Construction Model a Mar-

ket?

Transactional offers are the backbone of markets. It is the way

traders interact with the product, by putting offers and waiting for

someone to agree on them. Using transactional offers we assure that

we are approaching markets from the lowest level possible instead

of trying to model price evolutions. This way, everything that can

happen in a real market can be simulated by our model, with no

corner cases or generalizations about price evolution.

Traders are modelled to have a strategy, buying and selling de-

pending on the last k transactions (4 in the last example), as a way

to model realistic behaviours. Traders having a shift assigned mod-

els real world limitations on time, as traders from different corners

of the world do not work at the same time.
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The aspects that are the most unrealistic are the dependence

for everything on the most significant digit of the amount of the

last transaction and traders halting their transactions all together.

However, as these aspects (among many others from the model) are

just restrictions, if we can prove that this model is Turing complete

then any generalization will also be Turing complete, as this imple-

mentation will be a specific instance of the generalization.

3.2 The Modified Universal Turing Ma-

chine with 3 states and 9 symbols

For our proof of Turing completeness, we will use a modified version

of UTM(3,9)

Definition 3.3. The Turing machine UTM(3, 9)∗ is defined as UTM(3,9)

with the blank symbol, 1, being expanded to two symbols, 0 and 1.

All transition rules that write a blank symbol will write 1 and the

transitions

q1 0 8 L q1

q2 0 6 L q2

q3 0 7 L q3

will be added to the machine.

The symbol 0 will be used only at the ends of the tape (from

both sides). Given the tape

QLTQR

where QL and QR are the infinite parts consisting only of blank

symbols and T is the relevant part of the tape, 0 will be used as the

blank symbol in QL and QR and 1 will be used as the blank symbol

in T .

3.3 Proving Turing Completeness

In order to prove that a market is able to simulate this Turing

Machine we have to show that it simulates correctly several things.
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First, the tape and the notion of adjacency between spaces. Second,

the head and its movements. Third, the controller. And finally, the

states of the machine. We will do this by defining a market with

three shifts and a memory of four,M3,4. Each shift will have four

traders with the same mapping P (totalling to 12 traders), mod-

elling the controler of the UTM.

3.3.1 Tape

The spaces of the tape that are not under the head will be repre-

sented by O (the set of offers) at the step ofM3,4 before checking

α (the most significant digit of the last fulfilled offer) and S (the

current shift). Those spaces and its symbols will be represented as

follows:

• Spaces to the left of the head are given by buy offers, the larger

the amount, the closer to the head, with the largest buy offer

being the space adjacent to the head from the right. The most

significant digit of the amount will tell us the symbol of the

tape space.

• Spaces to the right are given as sell offers, following the same

logic with a little change. The smallest sell offer will be the

closest to the head from the right, and every sell offer from

that position to the right will be larger than the previous one.

Finally, the reason for expanding the blank symbol, as explained

before in section 3.2 becomes clear. We cannot have transactions

with an amount equal to 0, so we choose to use 1 to represent the

empty symbol in the middle of the tape. That way, we can con-

struct a transactional offer with an amount that has 1 as its most

significant digit. We can still find the symbol 0 on the tape, but

that means that all the symbols in one direction from that point are

0. We understand this as no more buy offers (if that direction is the

left) or sell offers (if it is the right). One could think that only using

1 as the symbol for empty space would work just as good as having

0 and 1, but as the tape initializes, it has infinite empty spaces to

the left and to the right, which means that, if only 1 was used, we
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would have infinite transactional offers and that is not realistic at all.

3.3.2 Head, Rewriting and Movement

The symbol under the head is given by ∆(α). Rewriting is done

through the P mappings of the trader. If reading symbol s makes

the Turing machine write the symbol s′, then, for the trader T which

puts an offer at that time P (s) = s′.

The movement is given by the set of mappings next. If the

machine is in the state qn and is reading symbol s such that the

instruction is to move left, then next(νn(s)) = SELL, as adding one

sell offer smaller than the rest will make the n-th smallest sell offer

become the n+ 1-th smallest (as the n-th further right space turns

into the n+1-th further right). Analogously, if the instruction is to

move right, then next(νn(s)) = BUY.

3.3.3 States

The state of the Turing machine is modelled by S. Transitions

between state are modelled by C, as given the state qn, if reading the

symbol s makes the machine move to the state qm then cn(s) = m.

3.3.4 Controller

Control instructions in a Turing machine are represented by a table

of conditional statements of the form “if the machine is in state qn,

and the last read cell is symbol s, then write the symbol s′, tran-

sition to qn (n and m can be equal) and move left/right.” We will

simulate this with a table for each state that captures the traders

function P , ∆(α), the values of cn and the values of νn.

3.3.5 Formal Definition

To formally construct M3,4 we have to define each of the com-

ponents that make it. We start by defining S = 1, as UTM(3,9)*

starts in q1. We continue formally defining P and σ for every trader,
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c1, c2, c3, and ν1, ν2, ν3. For each state we will have four traders (be-

ing the four traders that have the same shift) that have the same

policy. These are TA1, TB1, TC1 and TD1 for q1 (so all of them have

σ = 1), TA2, TB2, TC2 and TD2 for q2 (so all of them have σ = 2)

and TA3, TB3, TC3 and TD3 for q3 (so all of them have σ = 3). The

table for q1 is 3.1, for q2 is 3.2 and for q3 3.3.

Inst. A T (P (A)) C(c1(A)) next(ν1(A))

0/8 Lq1 0 8 1 SELL

1/8 Lq1 1 8 1 SELL

2/3 Rq1 2 3 1 BUY

3/2 Lq1 3 2 1 SELL

4/3 Rq1 4 3 1 BUY

5/9 Lq1 5 9 1 SELL

6/8 Rq1 6 8 1 BUY

7/6 Lq2 7 6 2 SELL

8/5 Lq3 8 5 3 SELL

9/1 Lq1 9 1 1 SELL

Table 3.1: Translation of UTM(3, 9)∗ forM3,4 for q1

Inst. A T (P (A)) C(c2(A)) next(ν2(A))

0/6 Lq2 0 6 2 SELL

1/6 Lq2 1 6 2 SELL

2/4 Lq3 2 4 3 SELL

3/4 Lq2 3 4 2 SELL

4/3 Rq2 4 3 2 BUY

5/6 Rq2 5 6 2 BUY

6/1 Rq2 6 1 2 BUY

7/8 Rq2 7 8 2 BUY

8/9 Lq2 8 9 2 SELL

9/8 Rq2 9 8 2 BUY

Table 3.2: Translation of UTM(3, 9)∗ forM3,4 for q2
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Inst. A T (P (A)) C(c2(A)) next(ν2(A))

0/7 Lq3 0 7 3 SELL

1/7 Lq3 1 7 3 SELL

2/9 Rq1 2 9 1 BUY

3/4 Lq3 3 4 3 SELL

4/2 Rq3 4 2 3 BUY

5/5 Rq3 5 5 3 BUY

6/HALT 6 HALT X X

7/5 Rq1 7 5 1 BUY

8/5 Lq3 8 5 3 SELL

9/4 Lq2 9 4 2 SELL

Table 3.3: Translation of UTM(3, 9)∗ forM3,4 for q3

Now, we have to define SB and SS for all the traders:

• TA1(SB) = TA2(SB) = TA3(SB) = {0, 1} and TA1(SS) =

TA2(SS) = TA3(SS) = {0, 1}. These traders are market con-

trarians who will sell when the market goes up and will buy

when the market goes down.

• TB1(SB) = TB2(SB) = TB3(SB) = {3, 4} and TB1(SS) =

TB2(SS) = TB3(SS) = {3, 4}. These traders are market fol-

lowers who will sell when the market goes down and will buy

when the market goes up.

• TC1(SB) = TC2(SB) = TC3(SB) = {2} and TC1(SS) = TC2(SS) =

TC3(SS) = ∅. These traders will buy when they want and sell

when the market wants to buy, holding the product for longer.

• TD1(SB) = TD2(SB) = TD3(SB) = ∅ and TC1(SS) = TC2(SS) =

TC3(SS) = {2}. These traders will sell when they want and

buy when the market wants to sell, holding the product for

less time.

Now, the only parts of the construction that are not defined are

∆ at the beginning and O at the beginning. We define ∆ at the

beginning as:

∆ = ((BUY, BUY, BUY, BUY), a),
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where a is the symbol under the head of the machine at the initial

state. We define the tuple γ this way as a convention, but we can

define it however we like, as it its values are unimportant for simu-

lating the Turing Machine, it only adds realism to the market model.

Finally for O we initialize it containing a number of sell offers

equal to the number of spaces to the right of the head until we reach

the infinite amount of spaces containing the symbol 0. These sell

offers will have amounts that ensure that the smallest one has the

most significant digit of its amount equal to the symbol on the first

space to the right of the tape, the second smallest has it equal to

the symbol on the second space to the right of the tape etc. The

set of offers O will also contain a number of buy offers equal to the

number of spaces to the left of the head until we reach the infinite

amount of spaces containing the symbol 0. These buy offers will

ensure that the largest buy offer has the most significant digit of its

amount equal to the first space to the left of the tape, the second

largest buy offer has the most significant digit of its amount equal

to the second space to the left of the tape, etc. As a convention,

we will assign sequentially traders to the offers, from left to right.

However, which trader has what starting offer is not really relevant.

3.3.6 Example

Suppose we have the following starting tape for UTM(3,9)*:

178 9 2

q1

0 0. . . . . .

This gives us two aspects of our market: the set of offers, O, and
∆(α). For the latter, as the symbol under the header is 1, ∆(α) = 1.
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For the former we have:

(TA1, 80, BUY)

(TA2, 700, BUY)

(TA3, 9000, SELL)

(TA3, 20000, SELL)

After the first step of the Turing Machine we have:

878 9 2

q1

0 0. . . . . .

Let us see the first step of the market:

1. As next(ν1(1)) = SELL, the number of occurrences of SELL in

∆(γ) is 0 and 0 ∈ TA1(SS), TA1 puts a sell offer with an amount

with most significant digit equal to TA1(P (1)) = 8. The set of

offers now looks like this:

(TA1, 80, BUY)

(TA2, 700, BUY)

(TA1, 8000, SELL)

(TA3, 9000, SELL)

(TA3, 20000, SELL)

2. As the number of occurrences of BUY in ∆(γ) is 0, and 0 ∈
TA1(SB) then TA1 fulfills the largest buy offer. The set of offers

now looks like this:

(TA1, 80, BUY)

(TA1, 8000, SELL)

(TA3, 9000, SELL)

(TA3, 20000, SELL)

3. The shift stays at 1 as c1(1) = 1.
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4. ∆(α) changes to 7, the most significant digit of the amount of

the last transaction.

5. ∆(γ) stays (BUY, BUY, BUY, BUY).

As we see, the simulation has stayed as expected to simulate the

TM through the first step. The set of offers still models the tape

and ∆(α) is equal to the symbol under the head. Let us see what

happens on the second step of the Turing Machine:

868 9 2

q2

0 0. . . . . .

And the market evolution:

1. As next(ν1(7)) = SELL, the number of occurrences of SELL in

∆(γ) is 0 and 0 ∈ TA1(SS), TA1 puts a sell offer with an amount

with most significant digit equal to TA1(P (7)) = 6. The set of

offers now looks like this:

(TA1, 80, BUY)

(TA1, 600, SELL)

(TA1, 8000, SELL)

(TA3, 9000, SELL)

(TA3, 20000, SELL)

2. As the number of occurrences of BUY in ∆(γ) is 0, and 0 ∈
TA1(SB) then TA1 fulfills the largest buy offer. The set of offers

now looks like this:

(TA2, 600, SELL)

(TA1, 8000, SELL)

(TA3, 9000, SELL)

(TA3, 20000, SELL)

3. The shift changes to 2 as c1(7) = 2.
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4. ∆(α) changes to 8, the most significant digit of the amount of

the last transaction.

5. ∆(γ) stays (BUY, BUY, BUY, BUY).

After this step, the tape and the symbol under the head keep

being correct. This step also shows that the shift S models correctly

the state of the machine. Let us see the next step of the Turing

Machine:

869 9 2

q2

0 0. . . . . .

And the next step of the market simulation:

1. As next(ν2(8)) = SELL, the number of occurrences of SELL in

∆(γ) is 0 and 0 ∈ TA2(SS), TA2 puts a sell offer with an amount

with most significant digit equal to TA2(P (8)) = 9. The set of

offers now looks like this:

(TA2, 90, SELL)

(TA1, 600, SELL)

(TA1, 8000, SELL)

(TA3, 9000, SELL)

(TA3, 20000, SELL)

2. As there are no buy offers left, no transaction is done.

3. The shift stays as 2 as c2(8) = 2.

4. ∆(α) changes to 0, as no transaction was done.

5. ∆(γ) stays (BUY, BUY, BUY, BUY).

With this step, we are able to see that the simulation handles

having 0 as a symbol on the tape. It still correctly models both the

tape, the head and the state. Let us do a final step of the Turing

Machine:
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869 9 26 0 . . .0

q2

. . .

1. As next(ν2(0)) = SELL, the number of occurrences of SELL in

∆(γ) is 0 and 0 ∈ TA2(SS), TA2 puts a sell offer with an amount

with most significant digit equal to TA2(P (0)) = 6. The set of

offers now looks like this:

(TA2, 60, SELL)

(TA2, 90, SELL)

(TA1, 600, SELL)

(TA1, 8000, SELL)

(TA3, 9000, SELL)

(TA3, 20000, SELL)

2. As there are no buy offers left, no transaction is done.

3. The shift stays as 2 as c2(0) = 2.

4. ∆(α) changes to 0, as no transaction was done.

5. ∆(γ) stays (BUY, BUY, BUY, BUY).

As we see, both the Turing machine and the market have entered

in an infinite loop, where the machine reads 0, writes 6 and moves

to the left (just to find another 0) and the market has the most

significant digit of the last transaction as 0, so a trader adds a sell

offer with the most significant digit of its amount equal to 6 and

tries to fulfill a buy offer when no buy offers are set (keeping the

most significant digit of the last transaction to 0).



CHAPTER 4

Second Proof of the Turing

Completeness of Markets

For this second proof we will rewrite the definition of market, getting

rid of transactional offers. This definition aims to model a more

realistic behaviour from the traders at the cost of taking a more

high level view of stock markets, dropping the fine grain approach

that the first proof had.

4.1 Markets as Formal Objects

4.1.1 Formal Definitions

This new definition of the market will take into account the amount

of the stock that is bought and the price will vary in function of it

according to supply and demand laws. Traders will make decisions

depending on the last k market capitalization (i.e. the total value

of the company shares, from now on market caps) of the stock and

the last k volumes of stock that traders wanted to sell (e.g. if we

have two traders T1 and T2 and T1 tries to buy x amounts of stock

while T2 tries to sell y, we will take y into account, instead of the

total amount of shares that was sold which is min(x, y)), which is a

more realistic approach than looking at the most significant digit of

the price of the last transactional offer.

Definition 4.1. A market with memory k ∈ N,Mk is defined as

a 3-tuple (P, V, T ) where:

34
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• C is the memory of the market cap of the stock. It is defined

as a k-tuple C = (c1, . . . , ck), where cn ∈ Q+ represent the

market cap n iterations ago.

• V is the memory of the volumes of stock (measured in cur-

rency) that were tried to be sold. It is defined as a k-tuple

V = (v1, . . . , vk), where vn ∈ Q+ represent the volume of the

stock that was tried to be sold n transactions ago.

• T is a set of traders. Each trader T is defined as a set of pairs

of the form T = {(S1, O1), . . . , (Sn, On)}, where each Si is a

logical predicate of the form σi1 ∧ σi2 ∧ · · · ∧ σim, representing

the strategy (i.e. what has to happen for the trader to act).

Each σ is a predicate build with comparison operators, numer-

ical expressions built by the operators +,−, ∗, /, DIV (with DIV

being the integer division), where the atomic expressions are

constants and the elements of C and V . Finally, each Oi is

a pair (type, ν) representing the outcome of the strategy (i.e.

what happens if Si holds), where type ∈ {BUY, SELL} repre-

sents if the trader is going to buy or sell and ν : Q2k → Q+

represents how much as a function of the values of the elements

of C and V .

Where we assume that a trader cannot have two outcomes for the

same strategy nor strategies that are generalizations of others:

∀T ∈ T ,¬∃(Si, Oi), (Sj , Oj) ∈ T : Si =⇒ Sj

In this model, traders buy and sell according to strategies that are

conjunctions of comparisons of the last k market caps and amounts

of stock that traders tried to sell. They associate a pair to each

of these conjunctions consisting of the type of action that they are

taking and the amount of stock that they want to buy or sell. For ex-

ample, let us assume that a trader T wants to buy twice the amount

of stock that traders wanted to sell in the last iteration when the

market cap rises through the last 3 iterations (which means that the

price of the stock has risen through the last 3 iterations), then T

will contain a pair (c1 > c2 ∧ c2 > c3 ∧ c3 > c4, (BUY, 2v1)).
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This model advances by checking at each step which strategies

hold (i.e. for every T ∈ T , which S such that (S,O) ∈ T holds, i.e.

S ≡ ⊤), adding the outcomes with the same type among all traders

and updating the market cap following a simple supply and demand

law. This process continues until no strategy holds, which means

that traders do not want to buy or sell anymore and the market

becomes stable. We formalize this mechanics as follows:

1. Let O be the multiset (as several traders may have the same

outcome for the same strategy) of actions taken this iteration.

It is defined as:

O = {O|(S,O) ∈ T, T ∈ T : S ≡ ⊤}

2. Let OB and OS be two multisets such that:

OB = {ν|(BUY, ν) ∈ O},
OS = {ν|(BUY, ν) ∈ O}

3. Let AB and AS be the total amount of stock (in currency) that

the traders are trying to buy and sell (respectively):

AB =
∑
ν∈OB

ν(c1, . . . , ck, v1, . . . , vk),

AS = min(
∑
ν∈OS

ν(c1, . . . , ck, v1, . . . , vk), c1)

This definition for AS comes from the fact that it is impos-

sible to try to sell a volume in stock higher than the market

capitalization.

4. The market cap updates:

cn := cn−1 ∀n ≤ k,

c1 := c1 + AB − AS

5. The volume of stock that traders tried to sell updates:

vn := vn−1 ∀n ≤ k,

v1 := AS
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4.1.2 Example

Let us take the following market with memory k = 3 and the fol-

lowing parameters:

C = (c1 = 30, c2 = 20, c3 = 25),

V = (v1 = 5, v2 = 10, v3 = 15),

T = {T1 = ((c1 < c2), (SELL, c1/3),

(c1 > c2), (BUY, c1/3)),

T2 = ((c1 < c2 ∧ c2 < c3), (SELL, c1/2),

(c1 > c2 ∧ c2 < c3), (SELL, c1/4),

(c1 < c2 ∧ c2 > c3), (BUY, c1/4),

(c1 > c2 ∧ c2 > c3), (BUY, c1/2))}

Now, let us see how the market evolves:

1. As c1 > c2 and c2 < c3 the outcome for T1 is (BUY, c1/2), while

the outcome for T2 is (SELL, c1/4).

2. The volume of stock that traders are trying to buy is c1/2 =

15, while the volume of stock that traders are trying to sell

is c1/4 = 7.5. As such we update the market cap with the

updated c1 being c1 = c1 + 15− 7.5 = 37.5:

C = (c1 = 37.5, c2 = 30, c3 = 25)

3. Now we update V :

V = (v1 = 7.5, v2 = 5, v3 = 10)

4. Now, since c1 > c2 and c2 > c3, both traders will try to buy

stock while neither try to sell. Thus, the market cap will keep

growing and it will never stabilize.

4.1.3 Why Does This Construction Model a Mar-

ket?

Traders basing their decisions on market cap is equivalent to them

basing their decisions on stock prices, as the stock price is just the
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market cap divided by the amount of stock, which is public knowl-

edge in the real world (we can ignore it in our formalization as the

market cap provides enough information). This, together with the

volume of stock traded, is the basis of technical analysis [9], a very

popular way of trading. Evidence of technical analysis providing

any benefit is dubious at best and mostly based on traders being

irrational [10][11][12], but that does not matter in order to model a

realistic market, as we just to model realistic trader behaviour.

However, this model has some problems of its own. Firstly, the

evolution of the market cap does not correspond to the actual be-

haviour of real markets, settling for loosely following them. While

it is true that, assuming a fixed amount of stock, the market cap of

a stock rises if the total amount of stock that traders are trying to

buy is larger than the total amount of stock that traders are try-

ing to sell (and the market cap diminishes if the opposite situation

happens), the changes this law incites are more complex than those

that our model simulates [13][14].

Secondly, this model does not take into account the amount of

stock that each trader possesses. This makes for traders to just

sell without ever buying, and, although shorting can explain part

of it, there are no limitations that prevent a trader from selling an

amount equal to the entire market cap in one iteration and then

doing it again in the following one. This, obviously, is a pretty un-

realistic situation that is contemplated in our model.

Finally, traders in this model can use the integer division as part

of their strategies. Even though traders that follow technical anal-

ysis use pretty esoteric concepts in order to make decisions (such

as the Fibonacci numbers), using the integer division as a decision

making tool is not something that is widely used.
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4.2 Proving Turing Completeness

4.2.1 General Ideas

For this model, we are going to prove its Turing completeness by

showing that it can simulate any semi-finite 3-symbol (0, 1,Σ, with

Σ being the blank space symbol for the infinite spaces outside the

written tape and 0 being the blank space symbol for the spaces that

are inside the written part of the tape) Turing machine that never

crosses the end line, a known Turing complete system. We will do

that by giving a constructive algorithm that creates a market with a

set of traders whose strategies are able to simulate the given Turing

machine.

The market will start with the last market cap (c1) having its bi-

nary representation sans the most significant bit equal to the initial

state of the tape. For example, given a starting tape 101, the last

market cap will be 13. The last volume of stock that traders tried

to sell (v1) will be of the form 2n, where n is equal to the number

of tape spaces that are between the first one and the one under the

head of the machine (e.g. if the head is over the first tape space

then v1 = 20, if it is over the second one then v1 = 21 etc.). Each

time that c1 = c2 the market will have modeled a transition of the

Turing machine, and thus we can check c1 and v1 for information

about the machine.

To model the states of the Turing machine we are going to use

a sequence of market caps, and thus we need to decide the memory

of the market. We will associate a code in binary to each state of

the machine, using the smallest amount of bits possible (e.g. if the

Turing machine has 4 states we will use 2 bits). We will write this

code in the market caps associating increases in the market cap to

1 and decreases to 0, so if the state associated with the code 01 is

written in the market caps c3 and c4, then c4 < c5 (0) and c3 > c4
(1). The market will then have a memory of k = 2(n+ 2), where n

is the amount of bits necessary to assign a code to each state of the

Turing machine. Besides the space for the code of the state, we need

two extra memory spaces, one to show the machine tape state after
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completing a transition and another one that repeats that value in

order to show where the code for a state starts (akin to how DNA

has a starting codon that shows where the chain starts). Finally we

need twice that amount of memory as we need to know what is the

code for the state where the transition in the Turing machine began.

Finally the controller of the machine will be represented on the

strategies of the traders, which will write the code of the state that

the machine arrives in after a transition depending on the original

state, the tape state and the tape space under the head (all of this

information is either on the market caps or on the volume of stock

tried to be sold).

4.2.2 The Algorithm

We shall now give an algorithm that builds the traders required for

simulating the Turing machine. We start by letting n be the num-

ber of bits required to write the code of a state. Assuming that we

just finished simulating a transition of the Turing machine, we have

v1 = 2m where m denotes the position of the head of the Turing

machine as explained before, c1 = c2 = R where R represents the

current tape state as we explained and c3, . . . , c2+n represent the

state that we are in. This algorithm will output two traders, T1 and

T2, who buy and sell (alternating each other) in such a way that the

market simulates the behaviour and transitions.

Before delving into the formalisms of the algorithm, we should

explain some key insights that will help the reader understand what

is going on:

• Reading a state code: Every iteration of the market relies on

traders reading the state coded as fluctuations of the market

cap. Not only which state is coded but where is it coded is

important. This comes from the fact that if the current state

is coded from c3+n to c3, the outcomes of the traders’ strategies

must differ from the outcomes of the strategies that hold if the

state is coded from c4+n to c4 in order to correctly code the next

state of the Turing machine. We know where the codification
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of the state begins in the market caps by checking where two

consecutive market caps are equal, and as such every strategy

depends on knowing where do these market caps reside.

• Writing a state code: A market needs n iterations to prop-

erly codify the state that the Turing machine is in. Each itera-

tion will increase or decrease the market cap by R/(ni), where

R codifies the tape state at the moment that the transition

happens in the Turing machine, n corresponds to the amount

of bits necessary to code every state and i corresponds to the

iteration of writing the new state that we are in. We chose

R/(ni) in order to guarantee two things: first, that even if the

state to be codified requires the market cap to decrease n times,

we will not reach a market cap under 0 and second, that the

market cap will not be equal to the new tape state in the last

iteration before writing the new tape space as a market cap

(as we use market caps being equal as a way to identify the

beginning of the code of a state).

• Reading the symbol under the head: Let ck and vk codify,

respectively, the tape state and the space under the head as we

have explained before. As ck ∈ N when codifying the tape

state, we have ck = 2α + γ12
α−1 + · · · + γα2

0 with k ∈ N and

∀i, γi ∈ {0, 1} meaning that the tape state is γα . . . γ1. We have

three cases:

– The symbol under the head is Σ: Then, the head must

be α spaces away from the first one, and as such vk = 2α.

As such ck DIV vk = 1 and we can check if this is the case

in the strategies using the comparison ck DIV vk ≤ 1.

– The symbol under the head is 1: Then, as the head

is less than α spaces away from the first one we have

ck DIV vk > 1. Additionally, if vk = 2j then γα−j = 1.

It follows then that ck DIV vk = 2α−j + γ12
α−1−j + · · ·+

γα−j−12+1 and 2(ck DIV 2vk) = 2α−j + γ12
α−1−j + · · ·+

γα−j−12. Thus, we can check if the symbol under the

head is 1 by adding (ck DIV vk > 1) ∧ (ck DIV vk >

2(ck DIV 2vk)) to the strategy.
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– The symbol under the head is 0: Following the same

logic, if the symbol under the head is 0 and vk = 2j ,

then γα−j = 0, and ck DIV vk = 2α−j + γ12
α−1−j +

· · · + γα−j−12. We can then check if the symbol under

the head is 0 by adding (ck DIV vk > 1) ∧ (ck DIV vk ≤
2(ck DIV 2vk)) to the strategy.

• Updating the tape: Let us suppose that we are writing the

updated tape state in this iteration and that ck and vk give

the last tape state and the space under the head, respectively.

After increasing and decreasing the market cap n times, the

market cap stored in c1 differs from ck, so we need to take this

into account to write the new tape state. We have four cases:

– The tape stays the same: Then the traders just need

to try to buy ck amount of stock and try to sell c1 amount

of stock. This will result in c1 := c1 + ck − c1 = ck, which

is what we want as the new value of c1.

– The Turing machine rewrites 0 to 1 (resp. a 1 to

0): Besides using ck and c1 in the same way as above,

we need to add (resp. subtract) vk = 2j from ck = 2α +

γ12
α−1 + · · · + γα2

0, with k ∈ N and ∀i, γi ∈ {0, 1} in

order to change γα−j from 0 to 1 (resp. from 1 to 0). The

traders will do this by trying to buy (resp. to sell) vk stock.

We end up with c1 := c1 + ck + vk − c1 = ck + vk (resp.

c1 := c1 + ck − vk − c1 = ck − vk).

– The Turing machine reads Σ and writes 1: As we

want to update the market cap to 2α+1 + 2α + γ12
α−1 +

· · · + γα2
0 and we have vk = 2α, besides using ck and c1

as the same way that we have used in the other cases, the

traders will try to buy 2vk amounts of stock, resulting in

c1 := c1+ ck +2vk− c1 = 2α+1+2α+ γ12
α−1+ · · ·+ γα2

0.

– The Turing machine reads Σ and writes 0: The dif-

ference from the previous case is that the the market cap

that we want is 2α+1 + γ12
α−1 + · · · + γα2

0. As such,

besides using ck and c1 as the same way that we have

used in the other cases and having the traders try to buy

2vk amounts of stock, the traders will also try to sell vk
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amounts of stock, resulting in c1 := c1+ck+2vk−c1−vk =

2α+1 + γ12
α−1 + · · ·+ γα2

0.

• Moving the head: Assuming that c1 contains the current

tape state and ck and vk codify the last tape state and head

position respectively, if the Turing machine moves the head to

the right (resp. to the left), traders will try to both buy and

sell 2vk (resp. vk/2) volumes of stock, resulting in the market

cap staying the same (which links back to having repeating

market caps in order to locate the beginning of a new state

codification) and v1 updating to 2vk (resp. vk/2).

• Halting the machine: Every strategy will be exhaustive with

the significant market caps (i.e. the ones that correspond to

the state and the symbol under the head being read). As such,

these strategies are disjointed by design. If being in state q and

reading symbol σ results in the machine halting, we simply do

not add a strategy for that case to the traders. As no trader

will act in that situation, the market will halt as well.

We shall give the algorithm for the state with code 01 . . . 0n,

assuming that after reading the symbol 0 on the tape it goes to the

state with code α1 . . . αn, after reading the symbol 1 it goes to the

state with code β1 . . . βn and after reading the symbol Σ it goes to

the state with code γ1 . . . γ0:

1. We start with the strategies and outcomes for reading a 0. Loop

for i := 1 . . . n

(a) We define S0i:

S0i := (c2+n+i ≤ c2+n+i+1) ∧ (c2+n+i ≥ c2+n+i+1)∧
(c2+n+i−1 < c2+n+i) ∧ (c2+n+i−2 < c2+n+i−1) ∧ · · · ∧
(c2+n+i−n < c2+n+i−n+1) ∧ (c2+n+i DIV v2+n+i > 1)∧
(ci DIV vi ≤ 2(ci DIV 2vi))

(b) We define O0iB and O0iS depending on αi:

• If αi = 0:

O0iB = (BUY, 0),

O0iS = (SELL, ci/(ni))



44 Second Proof of the Turing Completeness of Markets

• If αi = 1:

O0iB = (BUY, ci/(ni)),

O0iS = (SELL, 0)

(c) We add the pairs to the traders, alternating each iteration

of the loop:

• If i is even:

T1 := T1 ∪ (S0i, O0iB),

T2 := T2 ∪ (S0i, O0iS)

• Else:

T1 := T1 ∪ (S0i, O0iS),

T2 := T2 ∪ (S0i, O0iB)

2. Now we must update the market cap in a way that represents

the updated tape. We have two cases:

• If the transition that results from being in the state with

code 01, . . . , 0n and reading the symbol 0 does not result

in a change of the tape (i.e. it reads a 0 and writes a 0):

(a) We define the strategy and outcome that restores the

market cap:

S0c = (cn+1 ≤ cn+2) ∧ (cn+1 ≥ cn+2)∧
(c2n+2 < c2n+3) ∧ (c2n+1 < c2n+2 ∧ · · · ∧
(cn+3 < cn+4) ∧ (cn+1 DIV vn+1 > 1)∧
(cn+1 DIV vn+1 ≤ 2(cn+1 DIV 2vn+1)),

O0cB = (BUY, cn+1),

O0cS = (SELL, c1)

(b) We add the pairs to the traders:

T1 := T1 ∪ (S0c, O0cB),

T2 := T2 ∪ (S0c, O0cS)
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• If the transition that results from being in the state with

code 01, . . . , 0n and reading the symbol 0 results in a change

of the tape (i.e. it reads a 0 and writes a 1):

(a) We define the strategy and outcome that restores the

market cap:

S0c = (cn+1 ≤ cn+2) ∧ (cn+1 ≥ cn+2)∧
(c2n+2 < c2n+3) ∧ (c2n+1 < c2n+2 ∧ · · · ∧
(cn+3 < cn+4) ∧ (cn+1 DIV vn+1 > 1)∧
(cn+1 DIV vn+1 ≤ 2(cn+1 DIV 2vn+1)),

O0cB = (BUY, cn+1 + vn+1),

O0cS = (SELL, c1)

(b) We add the pairs to the traders:

T1 := T1 ∪ (S0c, O0cB),

T2 := T2 ∪ (S0c, O0cS)

3. We define the strategy and outcome that makes the volume

of stock that was tried to be sold equal to 2m where m is

the position of the head of the Turing machine. We have two

options:

• If the transitions that results from being in the state with

code 01, . . . , 0n and reading the symbol 0 makes the head

move to the left:

S0v = (cn+2 ≤ cn+3) ∧ (cn+2 ≥ cn+3)∧
(c2n+3 < c2n+4) ∧ (c2n+2 < c2n+3 ∧ · · · ∧
(cn+4 < cn+5) ∧ (cn+2 DIV vn+2 > 1)∧
(cn+2 DIV vn+2 ≤ 2(cn+2 DIV 2vn+2)),

O0vB = (BUY, vn+2/2),

O0vS = (SELL, vn+2/2)

• If the transitions that results from being in the state with

code 01, . . . , 0n and reading the symbol 0 makes the head
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move to the right:

S0v = (cn+2 ≤ cn+3) ∧ (cn+2 ≥ cn+3)∧
(c2n+3 < c2n+4) ∧ (c2n+2 < c2n+3 ∧ · · · ∧
(cn+4 < cn+5) ∧ (cn+2 DIV vn+2 > 1)∧
(cn+2 DIV vn+2 ≤ 2(cn+2 DIV 2vn+2)),

O0vB = (BUY, 2vn+2),

O0vS = (SELL, 2vn+2)

4. We add the pairs to the traders:

T1 := T1 ∪ (S0v, O0vS),

T2 := T2 ∪ (S0v, O0vB)

5. We continue for the strategies and outcomes for reading 1.

Loop for i := 1 . . . n

(a) We define S1i:

S0i := (c2+n+i ≤ c2+n+i+1) ∧ (c2+n+i ≥ c2+n+i+1)∧
(c2+n+i−1 < c2+n+i) ∧ (c2+n+i−2 < c2+n+i−1) ∧ · · · ∧
(c2+n+i−n < c2+n+i−n+1) ∧ (ci DIV vi > 1)∧
(ci DIV vi > 2(ci DIV 2vi))

(b) We define O1iB and O1iS depending on βi:

• If βi = 0:

O1iB = (BUY, 0),

O1iS = (SELL, ci/(ni))

• If βi = 1:

O1iB = (BUY, ci/(ni)),

O1iS = (SELL, 0)

(c) We add the pairs to the traders, alternating each iteration

of the loop:
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• If i is even:

T1 := T1 ∪ (S1i, O1iB),

T2 := T2 ∪ (S1i, O1iS)

• Else:

T1 := T1 ∪ (S1i, O1iS),

T2 := T2 ∪ (S1i, O1iB)

6. Now we must update the market cap in a way that represents

the updated tape. We have two cases:

• If the transition that results from being in the state with

code 01, . . . , 0n and reading the symbol 1 does not result

in a change of the tape (i.e. it reads a 1 and writes a 1):

(a) We define the strategy and outcome that restores the

market cap:

S1c = (cn+1 ≤ cn+2) ∧ (cn+1 ≥ cn+2)∧
(c2n+2 < c2n+3) ∧ (c2n+1 < c2n+2 ∧ · · · ∧
(cn+3 < cn+4) ∧ (cn+1 DIV vn+1 > 1)∧
(cn+1 DIV vn+1 > 2(cn+1 DIV 2vn+1)),

O1cB = (BUY, cn+1),

O1cS = (SELL, c1)

(b) We add the pairs to the traders:

T1 := T1 ∪ (S1c, O1cB),

T2 := T2 ∪ (S1c, O1cS)

• If the transition that results from being in the state with

code 01, . . . , 0n and reading the symbol 0 results in a change

of the tape (i.e. it reads a 1 and writes a 0):

(a) We define the strategy and outcome that restores the
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market cap:

S1c = (cn+1 ≤ cn+2) ∧ (cn+1 ≥ cn+2)∧
(c2n+2 < c2n+3) ∧ (c2n+1 < c2n+2 ∧ · · · ∧
(cn+3 < cn+4) ∧ (cn+1 DIV vn+1 > 1)∧
(cn+1 DIV vn+1 > 2(cn+1 DIV 2vn+1)),

O1cB = (BUY, cn+1),

O1cS = (SELL, c1 + vn+1)

(b) We add the pairs to the traders:

T1 := T1 ∪ (S1c, O1cB),

T2 := T2 ∪ (S1c, O1cS)

7. We define the strategy and outcome that makes the volume

of stock that was tried to be sold equal to 2m where m is

the position of the head of the Turing machine. We have two

options:

• If the transitions that results from being in the state with

code 01, . . . , 0n and reading the symbol 1 makes the head

move to the left:

S1v = (cn+2 ≤ cn+3) ∧ (cn+2 ≥ cn+3)∧
(c2n+3 < c2n+4) ∧ (c2n+2 < c2n+3 ∧ · · · ∧
(cn+4 < cn+5) ∧ (cn+2 DIV vn+2 > 1)∧
(cn+2 DIV vn+2 > 2(cn+2 DIV 2vn+2)),

O1vB = (BUY, vn+2/2),

O1vS = (SELL, vn+2/2)

• If the transitions that results from being in the state with

code 01, . . . , 0n and reading the symbol 1 makes the head

move to the right:

S1v = (cn+2 ≤ cn+3) ∧ (cn+2 ≥ cn+3)∧
(c2n+3 < c2n+4) ∧ (c2n+2 < c2n+3 ∧ · · · ∧
(cn+4 < cn+5) ∧ (cn+2 DIV vn+2 > 1)∧
(cn+2 DIV vn+2 > 2(cn+2 DIV 2vn+2)),

O1vB = (BUY, 2vn+2),

O1vS = (SELL, 2vn+2)
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8. We add the pairs to the traders:

T1 := T1 ∪ (S1v, O1vS),

T2 := T2 ∪ (S1v, O1vB)

9. Finally we build the strategies and outcomes for reading Σ.

Loop for i := 1 . . . n

(a) We define SΣi:

SΣi := (c2+n+i ≤ c2+n+i+1) ∧ (c2+n+i ≥ c2+n+i+1)∧
(c2+n+i−1 < c2+n+i) ∧ (c2+n+i−2 < c2+n+i−1) ∧ · · · ∧
(c2+n+i−n < c2+n+i−n+1) ∧ (ci DIV vi ≤ 1)

(b) We define OΣiB and OΣiS depending on γi:

• If γi = 0:

OΣiB = (BUY, 0),

OΣiS = (SELL, ci/(ni))

• If γi = 1:

OΣiB = (BUY, ci/(ni)),

OΣiS = (SELL, 0)

(c) We add the pairs to the traders, alternating each iteration

of the loop:

• If i is even:

T1 := T1 ∪ (SΣi, OΣiB),

T2 := T2 ∪ (SΣi, OΣiS)

• Else:

T1 := T1 ∪ (SΣi, OΣiS),

T2 := T2 ∪ (SΣi, OΣiB)

10. Now we must update the market cap in a way that represents

the updated tape. We have two cases:
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• If the transition that results from being in the state with

code 01, . . . , 0n and reading the symbol Σ results in writing

a 1:

(a) We define the strategy and outcome that restores the

market cap:

SΣc = (cn+1 ≤ cn+2) ∧ (cn+1 ≥ cn+2)∧
(c2n+2 < c2n+3) ∧ (c2n+1 < c2n+2) ∧ · · · ∧
(cn+3 < cn+4) ∧ (cn+1 DIV vn+1 ≤ 1),

OΣcB = (BUY, cn+1 + 2vn+1),

OΣcS = (SELL, c1)

(b) We add the pairs to the traders:

T1 := T1 ∪ (S1c, OΣcB),

T2 := T2 ∪ (S1c, OΣcS)

• If the transition that results from being in the state with

code 01, . . . , 0n and reading the symbol Σ results in writing

a 0:

(a) We define the strategy and outcome that restores the

market cap:

SΣc = (cn+1 ≤ cn+2) ∧ (cn+1 ≥ cn+2)∧
(c2n+2 < c2n+3) ∧ (c2n+1 < c2n+2) ∧ · · · ∧
(cn+3 < cn+4) ∧ (cn+1 DIV vn+1 ≤ 1),

OΣcB = (BUY, cn+1 + 2vn+1),

OΣcS = (SELL, c1 + vn+1)

(b) We add the pairs to the traders:

T1 := T1 ∪ (SΣc, OΣcB),

T2 := T2 ∪ (SΣc, OΣcS)

11. We define the strategy and outcome that makes the volume

of stock that was tried to be sold equal to 2m where m is

the position of the head of the Turing machine. We have two

options:
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• If the transitions that results from being in the state with

code 01, . . . , 0n and reading the symbol 1 makes the head

move to the left:

SΣv = (cn+2 ≤ cn+3) ∧ (cn+2 ≥ cn+3)∧
(c2n+3 < c2n+4) ∧ (c2n+2 < c2n+3) ∧ · · · ∧
(cn+4 < cn+5) ∧ (cn+2 DIV vn+2 ≤ 1),

OΣvB = (BUY, vn+2/2),

OΣvS = (SELL, vn+2/2)

• If the transitions that results from being in the state with

code 01, . . . , 0n and reading the symbol 1 makes the head

move to the right:

SΣv = (cn+2 ≤ cn+3) ∧ (cn+2 ≥ cn+3)∧
(c2n+3 < c2n+4) ∧ (c2n+2 < c2n+3) ∧ · · · ∧
(cn+4 < cn+5) ∧ (cn+2 DIV vn+2 ≤ 1),

OΣvB = (BUY, 2vn+2),

OΣvS = (SELL, 2vn+2)

12. We add the pairs to the traders:

T1 := T1 ∪ (SΣv, OΣvS),

T2 := T2 ∪ (SΣv, OΣvB)

Since the market halts when no trader has a strategy that is

activated, if the Turing machine halts when reading the symbol σ in

the state with code δ1 . . . δn we ignore that transition when writing

the strategies and outcomes for that state. As all strategies are

exhaustive, if we do not write a specific strategy for that case, no

trader will activate, halting the market. Given the way we have

written those strategies, no one will activate in that case, ending

the market.

4.2.3 Initial State

The only things that remain to be sorted out now are the initial

values for the market caps and the volumes. We start with ini-

tializing c1 = c2 = c2+n+1 = c2+n+2 = R, where R has a binary
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representation that, without its most significant bit, is equal to the

initial state of the tape, sans the blank spaces. For the market caps

c2+n+1 to c3 we are going to define δ = R/n and we are going to

define c2+n+2−i = c2+n+3−i ± δ/i with i = 1, . . . , n, depending on

the code of the initial state of the machine (if the i-th bit is 0 then

c2+n+2−i = c2+n+3−i − δ/i and c2+n+2−i = c2+n+3−i + δ/i other-

wise). Finally, we are going to set c2n+4 = c2+n+1, . . . , c2+n+3 = c3.

For the volumes, we set v1 = v2+n+1 = H where H = 2m and m

is the distance from the first tape space to the one under the head

(if the head is over the first tape space, then m = 0). We also set

v2 = v2+n+2 = c3 The rest of the volumes are either going to be 0 or

δ, as defined previously, depending on the increases and decreases

of the market cap.

4.2.4 Example

Let us give an example. Suppose the following Turing machine:

q0start

q1

q2

Σ/1←

1/1→

0/0→

0/1→

Σ/HALT

1/0→

Σ/0←

0/0→

1/1→

With starting tape:

1 0 1 1 0

q0

Σ Σ . . .
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We need two bits in order to codify all this states so n = 2. The

codes will be q0 = 00, q1 = 01 and q2 = 10. The memory of the

market will be 2(n + 2) = 8 and R, as defined before, will have a

binary representation of 101101, so R = 45. As the initial state for

the Turing machine is q0, the initial configuration of C is:

C = (c1 = 45, c5 = 45,

c2 = 45, c6 = 45,

c3 = 11.25, c7 = 11.25,

c4 = 22.5, c8 = 22.5)

For V , as the head is on the third space, H = 2. Therefore, the

initial state of V is:

V = (v1 = 22, v5 = 22,

v2 = 11.25, v6 = 11.25,

v3 = 11.25, v7 = 11.25,

v4 = 22.5, v8 = 22.5)

Now we shall define our traders according to the algorithm that

we gave previously:

1. When reading 0 on q0 the Turing machine goes to q0, does not
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rewrite the tape and moves right:

T1 = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 < c5) ∧ (c3 < c4)∧
(c5 DIV v5 > 1) ∧ (c5 DIV v5 ≤ 2(c5 DIV 2v5))),

(BUY, 0)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 < c6) ∧ (c4 < c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 ≤ 2(c6 DIV 2v6))),

(SELL, c6/4)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 < c7) ∧ (c5 < c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 ≤ 2(c3 DIV 2v3))),

(BUY, c3)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 < c8) ∧ (c6 < c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 ≤ 2(c4 DIV 2v4))),

(BUY, 2v4))},
T2 = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 < c5) ∧ (c3 < c4)∧

(c5 DIV v5 > 1) ∧ (c5 DIV v5 ≤ 2(c5 DIV 2v5))),

(SELL, c5/2)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 < c6) ∧ (c4 < c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 ≤ 2(c6 DIV 2v6))),

(BUY, 0)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 < c7) ∧ (c5 < c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 ≤ 2(c3 DIV 2v3))),

(SELL, c1)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 < c8) ∧ (c6 < c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 ≤ 2(c4 DIV 2v4))),

(SELL, 2v4))}

2. From this step onward we will use ∪ = to denote that the

new pairs will be added to the existing ones in T1 and T2 to

avoid re-writing their whole definition. When reading 1 on q0
the Turing machine goes to q1, does not rewrite the tape and
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moves right:

T1∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 < c5) ∧ (c3 < c4)∧
(c5 DIV v5 > 1) ∧ (c5 DIV v5 > 2(c5 DIV 2v5))),

(BUY, 0)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 < c6) ∧ (c4 < c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 > 2(c6 DIV 2v6))),

(SELL, 0)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 < c7) ∧ (c5 < c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 > 2(c3 DIV 2v3))),

(BUY, c3)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 < c8) ∧ (c6 < c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 > 2(c4 DIV 2v4))),

(BUY, 2v4))},
T2∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 < c5) ∧ (c3 < c4)∧

(c5 DIV v5 > 1) ∧ (c5 DIV v5 > 2(c5 DIV 2v5))),

(SELL, c5/2)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 < c6) ∧ (c4 < c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 > 2(c6 DIV 2v6))),

(BUY, c6/4)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 < c7) ∧ (c5 < c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 > 2(c3 DIV 2v3))),

(SELL, c1)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 < c8) ∧ (c6 < c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 > 2(c4 DIV 2v4))),

(SELL, 2v4))}

3. When reading Σ on q0 the Turing machine goes to q2, writes 1
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and moves left:

T1∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 < c5) ∧ (c3 < c4)∧
(c5 DIV v5 ≤ 1),

(BUY, c5/2)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 < c6) ∧ (c4 < c5)∧
(c6 DIV v6 ≤ 1)

(SELL, c6/4)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 < c7) ∧ (c5 < c6)∧
(c3 DIV v3 ≤ 1)

(BUY, c3 + 2v3)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 < c8) ∧ (c6 < c7)∧
(c4 DIV v4 ≤ 1)

(BUY, v4/2))},
T2∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 < c5) ∧ (c3 < c4)∧

(c5 DIV v5 ≤ 1)

(SELL, 0)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 < c6) ∧ (c4 < c5)∧
(c6 DIV v6 ≤ 1)

(BUY, 0)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 < c7) ∧ (c5 < c6)∧
(c3 DIV v3 ≤ 1)

(SELL, c1)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 < c8) ∧ (c6 < c7)∧
(c4 DIV v4 ≤ 1)

(SELL, v4/2))}

4. Now we move to q1. When reading 0 in q1, the Turing machine
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goes to q0, rewrites the zero to a 1 and moves right:

T1∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 < c5) ∧ (c3 > c4)∧
(c5 DIV v5 > 1) ∧ (c5 DIV v5 ≤ 2(c5 DIV 2v5))),

(BUY, 0)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 < c6) ∧ (c4 > c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 ≤ 2(c6 DIV 2v6))),

(SELL, c6/4)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 < c7) ∧ (c5 > c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 ≤ 2(c3 DIV 2v3))),

(BUY, c3 + v3)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 < c8) ∧ (c6 > c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 ≤ 2(c4 DIV 2v4))),

(BUY, 2v4))},
T2∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 < c5) ∧ (c3 > c4)∧

(c5 DIV v5 > 1) ∧ (c5 DIV v5 ≤ 2(c5 DIV 2v5))),

(SELL, c5/2)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 < c6) ∧ (c4 > c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 ≤ 2(c6 DIV 2v6))),

(BUY, 0)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 < c7) ∧ (c5 > c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 ≤ 2(c3 DIV 2v3))),

(SELL, c1)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 < c8) ∧ (c6 > c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 ≤ 2(c4 DIV 2v4))),

(SELL, 2v4))}

5. When reading 1 on q1 the Turing machine goes to q2, it rewrites
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the 1 as 0 and moves right:

T1∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 < c5) ∧ (c3 > c4)∧
(c5 DIV v5 > 1) ∧ (c5 DIV v5 > 2(c5 DIV 2v5))),

(BUY, 0)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 < c6) ∧ (c4 > c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 > 2(c6 DIV 2v6))),

(SELL, c6/4)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 < c7) ∧ (c5 > c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 > 2(c3 DIV 2v3))),

(BUY, c3)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 < c8) ∧ (c6 > c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 > 2(c4 DIV 2v4))),

(BUY, 2v4))},
T2∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 < c5) ∧ (c3 > c4)∧

(c5 DIV v5 > 1) ∧ (c5 DIV v5 > 2(c5 DIV 2v5))),

(SELL, c5/2)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 < c6) ∧ (c4 > c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 > 2(c6 DIV 2v6))),

(BUY, 0)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 < c7) ∧ (c5 > c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 > 2(c3 DIV 2v3))),

(SELL, c1 + v3)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 < c8) ∧ (c6 > c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 > 2(c4 DIV 2v4))),

(SELL, 2v4))}

6. After reading Σ on q1, the Turing machine halts, and as such

the traders will not have a strategy for it.

7. Finally, we move to q2. After reading 0 on q2, the Turing
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machine stays on q2, does not rewrite anything and moves right:

T1∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 > c5) ∧ (c3 < c4)∧
(c5 DIV v5 > 1) ∧ (c5 DIV v5 ≤ 2(c5 DIV 2v5))),

(BUY, c5/2)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 > c6) ∧ (c4 < c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 ≤ 2(c6 DIV 2v6))),

(SELL, c6/4)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 > c7) ∧ (c5 < c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 ≤ 2(c3 DIV 2v3))),

(BUY, c3)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 > c8) ∧ (c6 < c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 ≤ 2(c4 DIV 2v4))),

(BUY, 2v4))},
T2∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 > c5) ∧ (c3 < c4)∧

(c5 DIV v5 > 1) ∧ (c5 DIV v5 ≤ 2(c5 DIV 2v5))),

(SELL, 0)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 > c6) ∧ (c4 < c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 ≤ 2(c6 DIV 2v6))),

(BUY, 0)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 > c7) ∧ (c5 < c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 ≤ 2(c3 DIV 2v3))),

(SELL, c1)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 > c8) ∧ (c6 < c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 ≤ 2(c4 DIV 2v4))),

(SELL, 2v4))}

8. When reading 1 on q2 the Turing machine goes to q1, does not
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rewrite the tape and moves right:

T1∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 > c5) ∧ (c3 < c4)∧
(c5 DIV v5 > 1) ∧ (c5 DIV v5 > 2(c5 DIV 2v5))),

(BUY, 0)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 > c6) ∧ (c4 < c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 > 2(c6 DIV 2v6))),

(SELL, 0)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 > c7) ∧ (c5 < c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 > 2(c3 DIV 2v3))),

(BUY, c3)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 > c8) ∧ (c6 < c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 > 2(c4 DIV 2v4))),

(BUY, 2v4))},
T2∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 > c5) ∧ (c3 < c4)∧

(c5 DIV v5 > 1) ∧ (c5 DIV v5 > 2(c5 DIV 2v5))),

(SELL, c5/2)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 > c6) ∧ (c4 < c5)∧
(c6 DIV v6 > 1) ∧ (c6 DIV v6 > 2(c6 DIV 2v6))),

(BUY, c6/4)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 > c7) ∧ (c5 < c6)∧
(c3 DIV v3 > 1) ∧ (c3 DIV v3 > 2(c3 DIV 2v3))),

(SELL, c1)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 > c8) ∧ (c6 < c7)∧
(c4 DIV v4 > 1) ∧ (c4 DIV v4 > 2(c4 DIV 2v4))),

(SELL, 2v4))}

9. After reading Σ on q2 the Turing machine goes to q0, writes 0
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and moves left:

T1∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 > c5) ∧ (c3 < c4)∧
(c5 DIV v5 ≤ 1),

(BUY, 0)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 > c6) ∧ (c4 < c5)∧
(c6 DIV v6 ≤ 1)

(SELL, c6/4)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 > c7) ∧ (c5 < c6)∧
(c3 DIV v3 ≤ 1)

(BUY, c3 + 2v3)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 > c8) ∧ (c6 < c7)∧
(c4 DIV v4 ≤ 1)

(BUY, v4/2))},
T2∪ = {( ((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 > c5) ∧ (c3 < c4)∧

(c5 DIV v5 ≤ 1)

(SELL, c5/2)),

( ((c6 ≤ c7) ∧ (c6 ≥ c7) ∧ (c5 > c6) ∧ (c4 < c5)∧
(c6 DIV v6 ≤ 1)

(BUY, 0)),

( ((c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 > c7) ∧ (c5 < c6)∧
(c3 DIV v3 ≤ 1)

(SELL, c1 + v3)),

( ((c4 ≤ c5) ∧ (c4 ≥ c5) ∧ (c7 > c8) ∧ (c6 < c7)

(c4 DIV v4 ≤ 1)

(SELL, v4/2))}

Now that we have defined our initial market, let us simulate two

transitions of the Turing machine and its market counterparts. We

start with:

1 0 1 1 0

q0

Σ Σ . . .
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As the Turing machine is in the state q0 and reads 1, it moves

to the right, going to the state q1 and not changing the tape. This

results in:

1 0 1 1 0

q1

Σ Σ . . .

Given the market defined as above, the strategy that holds is

((c5 ≤ c6) ∧ (c5 ≥ c6) ∧ (c4 < c5) ∧ (c3 < c4) ∧ (c5 DIV v5 >

1)∧ (c5 DIV v5 > 2(c5 DIV 2v5))) as once we substitute we end up

with:

(45 ≤ 45) ∧ (45 ≥ 45) ∧ (22.5 < 45) ∧ (0 < 22.5) ∧ (11 > 1) ∧ (11 > 10)

The outcome for T1 is (BUY, 0) and for T2 is (SELL, c5/2), after

substituting (SELL, 22.5). As AB = 0 and AS = 22.5, we update the

market cap to:

C = (c1 = 22.5, c5 = 22.5,

c2 = 45, c6 = 45,

c3 = 45, c7 = 45,

c4 = 11.25, c8 = 11.25)

and the volume of stock that traders tried to sell to:

V = (v1 = 22.5, v5 = 22.5,

v2 = 22, v6 = 22,

v3 = 11.25, v7 = 11.25,

v4 = 11.25, v8 = 11.25)

Now, the next strategy that holds is ((c6 ≤ c7)∧(c6 ≥ c7)∧(c5 <
c6) ∧ (c4 < c5) ∧ (c6 DIV v6 > 1) ∧ (c6 DIV v6 > 2(c6 DIV 2v6))).

The outcomes of this strategy are (SELL, 0) for T1 and (BUY, c6/4)

for T2. As AB = 11.25 and AS = 0, we update the market cap to:
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C = (c1 = 33.75, c5 = 11.25,

c2 = 22.5, c6 = 22.5,

c3 = 45, c7 = 45,

c4 = 45, c8 = 45)

and the volume of stock that traders tried to sell to:

V = (v1 = 0, v5 = 11.25,

v2 = 22.5, v6 = 22.5,

v3 = 22, v7 = 22,

v4 = 11.25, v8 = 11.25)

The next strategy that holds is (c3 ≤ c4) ∧ (c3 ≥ c4) ∧ (c6 <

c7) ∧ (c5 < c6) ∧ (c3 DIV v3 > 1) ∧ (c3 DIV v3 > 2(c3 DIV 2v3)),

which gives the outcomes (BUY, c3) for T1 and (SELL, c1). This results

in AB = 45 and AS = 11.25 and the updated market caps are:

C = (c1 = 45, c5 = 45,

c2 = 33.75, c6 = 11.25,

c3 = 22.5, c7 = 22.5,

c4 = 45, c8 = 45)

and the volumes:

V = (v1 = 11.25, v5 = 11.25,

v2 = 0, v6 = 11.25,

v3 = 22.5, v7 = 22.5,

v4 = 22, v8 = 22)

Finally, the next strategy that holds is (c4 ≤ c5)∧ (c4 ≥ c5)∧ (c7 <
c8) ∧ (c6 < c7) ∧ (c4 DIV v4 > 1) ∧ (c4 DIV v4 > 2(c4 DIV 2v4))

and the outcomes are (BUY, 2v4) for T1 and (SELL, 2v4) for T2. This

results in AB = 23 and AS = 23 and the updated market caps are:

C = (c1 = 45, c5 = 45,

c2 = 45, c6 = 45,

c3 = 33.75, c7 = 11.25,

c4 = 22.5, c8 = 22.5)
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and the volumes:

V = (v1 = 23, v5 = 22,

v2 = 11.25, v6 = 11.25,

v3 = 0, v7 = 11.25,

v4 = 22.5, v8 = 22.5)

As c1 = c2 we have simulated one transition of the Turing ma-

chine, and we can see that c1 = 45 which corresponds to the tape

state as it has not changed, v1 = 23 which corresponds to the cor-

rect tape space, as it has moved one further right, and c4 < c5 and

c3 > c4 so the code for the current state is 01, which corresponds to

the current state of the Turing machine, q1.



CHAPTER 5

Conclusions & Future Work

5.1 Comparison of the Models

We have given two market models that are Turing complete. Let

us discuss and compare these models in order to understand the

differences.

The main strong point of the first model is that it goes through

the inner workings of markets with a fine comb, using transactional

offers to model the price of the stock. Share price, as given in real life

financial markets, is the price of the last accepted transaction, which

this model perfectly captures. Another strong point that arises from

this fine grain approach is that, besides changing shifts depending

on the price of the stock, real life markets are a generalization of

this model. This means that, if we were able to refine this model in

a way that shifts did not depend on the price of the stock, we would

have a model that is feasible to replicate in a real life market.

However the model has a huge flaw: everything revolves around

the most significant digit of the amount of the last transactional

offer. We briefly discussed technical analysis in chapter 4, and how

traders who believe in it use esoteric techniques to predict price

shifts (e.g. shapes in the graphics), however even these ”financial

astrologers” would not use the most significant digit of the price as

a parameter for their decision making. Furthermore, even if real

world traders used the most significant digit of the price to make

decisions, shifts would not change depending on it. This flaw makes

65
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believing in this model alone a hard task but, nonetheless, having

a fine grain model of a market that is Turing complete is a huge

stepping stone.

For the second model, its strong point is the realism of its

traders. This model was built using much broader strokes than

the first one and it generalizes price variation through supply and

demand laws. However, traders behave in a much more realistic

way, using market capitalization and volumes traded as part of their

strategies, which makes the model more believable as something that

could arise from real life interactions.

The problem with this model falls mostly on how the market

capitalization updates. As we stated before, the price of a share

is given by the amount of the last transaction and market capital-

ization is equal to the price of a share times the amount of shares

that the business has. Stating that it varies by adding the amount

of shares times its price that traders tried to buy and subtracting

the amount of shares times its price that traders tried to sell is not

exactly correct, as we should be checking how many shares are being

sold and at which price to correctly state the new market capital-

ization. Even though the general idea behind this transformation

is correct (the value of a stock goes up if traders try to buy more

of it than the amount traders are trying to sell and vice versa), the

evolution of prices is a simplification compared to the more complex

systems that real world markets follow.

In conclusion, having two models with distinct strengths and

flaws lends more credibility to the idea that markets are Turing

complete, even though we have not formally prove it.

5.2 Future Work

Both models share a flaw that we have not discussed yet: share

possession is not taken into account. Future work should start by

solving this issue, as even though we can ignore it for a bit by tak-

ing shorting into account (i.e. borrowing shares to sell them and

then re-buying them in the future, betting that the stock price is
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going to fall thus earning a benefit), it does not make sense for a

trader to short half the value of the company in two consecutive

iterations, something that could happen in the second model. An

easy solution could be having traders know how many shares does

each other trader hold (something that happens in markets based on

blockchain, as everyone knows in which wallet is each asset) and, as

soon as someone is under certain threshold, a signal is written either

on transactional offers or in the market caps (akin to the begin-of-

state-code in the second market). This would trigger a sequence

of trades that shuffle shares around in a way that every trader has

enough, before going back to simulating the Turing machines.

Besides that, other points where the models could be improved

are their flaws. An alternative way of changing shifts and traders

not depending on the most significant digit of the stock price for

the first model, and a finer approach to market cap evolution for

the second one would be steps in the right direction.

5.3 Conclusions

Proving that a ”real world” object (as opposed to a formal object)

is Turing complete is not an easy task. Translating the real world

inner workings of these objects to a formal computational model

requires precision and ingenuity. Generalize too much and you end

up proving the Turing completeness using properties that do not

belong in the object. Specify too much and you end up proving the

Turing completeness of something that would never be an instance

of the real system.

Crafting models such as the ones stated in this work can be done

by two methods: start by something that is Turing complete and

refine it until it models the behaviour of the real object (bottom-

up), or start by something that models the behaviour of the object

and work with it until you are able to simulate a Turing machine

with it (top-down). Both approaches were used in this work, as the

first model was developed by the bottom-up approach and the sec-

ond one was developed using the top-down approach. Interestingly,
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neither of them ended up being better than the other, and each of

them has a set of strengths and flaws.

Are markets Turing complete? This question is not completely

answered in this work, and even if we keep refining market models,

we may be able to nitpick flaws and unrealistic behaviours in every

one of them. The models presented in this work might not be perfect

but both represent a stepping stone that has never been reached, as

far as we know, and, as stated before, proving that both are Turing

complete strongly indicates our initial hypothesis.
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