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Abstract

Nonuniformly polarized light can be used for Mueller polarimetry of homogeneous
linear samples. In this work, a set up based on using azimuthally polarized input light
and a modified commercial light polarimeter is proposed and developed. With this
set up, a Mueller submatrix of a sample can be obtained by measuring the Stokes
parameters at only three different positions across the output beam section. Symmetry
constraints for linear deterministic samples allow the complete Mueller matrix to be
deduced for this kind of specimens. The experimental results obtained for phase plates
and for a linear polarizer confirm the validity of the proposed method.
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1. Introduction

The state of polarization (SoP) of a beam generally changes due to interaction with
materials. The analysis of such changes can be used as a non destructive technique to
study the optical properties of a given material [1H3]]. Usually, it is assumed that the
state of polarization is uniform across the transverse section of the light beam. This is
the case in most of applications where the use of polarized light is required. However,

the state of polarization can vary from point to point across the beam transverse section,
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for example, in a periodic way [4H8]], with circular symmetry [9H11] or showing more
complex structures [12H14]].

The SoP of a light beam propagating under paraxial conditions can be represented
by means of four real Stokes parameters [1H3]. When such beam impinges onto a
specimen, a linear transformation of the Stokes parameters representing the SoP of the
beam occurs, and the effect of the sample on the SoP can be described by a 4 x 4 real
matrix, known as Mueller matrix. Many different techniques have been developed for
measuring the Mueller matrix of a sample. In general, this measurement requires the
generation of light with four linearly independent SoP and the determination of the
SoP of the output light, involving a set of, at least, 16 intensity measurements [2, 3.
Generally, uniformly polarized light across the transverse section is used as input light
on the sample. In common configurations for Mueller matrix polarimetry, as dual ro-
tating retarder or dual variable retarder Mueller polarimeters, both the SoP of the input
beam and the polarization state analyzer are changed sequentially in time. Afterwards,
the analysis of the time varying detector signal permits to extract the Mueller matrix
elements [2, 3, [15].

Recently, the use of non uniformly polarized beams has been proposed in order
to simultaneously obtain a spatial distribution of SoP’s at the entrance of the sample,
instead of a time sequence of SoP’s [16H19]. In this case, image analysis of the beam
intensity after a polarization state analyzer or direct Stokes parameters measurement at
different points of the transverse section of the beam can be performed to obtain the
sample’s Mueller matrix [[18, [19]].

In general, the SoP distribution across the transverse section of a nonuniformly
polarized beam changes under free space propagation and, in many cases, it is not
easy to study how it evolves [6, [7, 20]]. This problem could be overcome by using
nonuniformly polarized beams with an invariant polarization pattern in propagation,
as is the case for circularly symmetric spirally polarized beams [9]]. It is important to
note that, although the polarization state map of a spirally polarized beam changes after
passing through a sample, the output SoP map remains invariant in propagation if the
sample is homogeneous, linear and deterministic [18]].

In the present work, the use of a particular case of spirally polarized beam, an az-



imuthally polarized beam (APB) [9,[11}21]], is proposed to measure the Mueller matrix
of homogeneous linear deterministic samples. The use of APB presents some advan-
tages. All possible linearly polarized states are generated at once and the polarization
pattern remains invariant in propagation, so the sample can be placed at any plane along
the input beam. Moreover, the SoP map at the output of homogeneous, linear and de-
terministic samples remains invariant in propagation, so the polarization analyzer of
the output beam can be positioned at any plane beyond the sample.

Spirally polarized beams do not contain circular or elliptical SoP’s in their cross
section. However, the three probing method [22] can be used for measuring 4 x 3
elements of the sample’s Mueller matrix. On the other hand, an adapted commercial
light polarimeter can be used to measure the Stokes parameters at three different points
across the transverse section of the output beam. Then, a partial Mueller matrix of the
sample can be obtained in an easy and fast way. After that, taking into account that
the Mueller matrix elements for the case of linear and deterministic samples [23]] must
satisfy a series of relations [24], the complete Mueller matrix of the specimen under
study can be recovered.

The structrure of this paper is as follows. The theoretical bases of the measurement
method are presented in Section [2} the experimental implementation of the proposed
method and the obtained results for several testing samples are described in Section 3}

main findings of this work are summarized in Section 4}

2. Basic concepts

The SoP of a paraxial beam propagating along a given direction, say z, can be
described by the real Stokes parameters, that are measurable quantities [1H3} 25]. Al-
though it is usual to deal with uniformly polarized light, in general, the Stokes param-

eters are functions of the position vector r = (r,0) in the transverse plane of the beam.



They can be arranged in a four dimensional vector as
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where So(r,0) is the intensity of the beam at the point r, S;(r,0) represents the differ-
ence between the linearly polarized light with azimuth 0 and 7t/2, respectively, Sa(r,0)
is the difference between the amount of light linearly polarized at ©/4 and —n/4, and
finally, S3(r,0) is analogous to S,(r,0) but considering right and left circular polarized
intensity at such point.

In the following, transmission Mueller polarimetry will be considered, although
similar results could be obtained for reflection Mueller polarimetry if the effects of the
change in the direction of propagation are taken into account. The relation between the

output light Stokes vector, S° and the input Stokes vector, ™, can be described by
S (r,0) = MS™(r,0) , )

where
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is the 4 x 4 Mueller matrix that accounts for changes produced by the interacting object
in the SoP of the input light.

The sample’s Mueller matrix elements, m;;, i,j = 0,1,2,3, can be obtained by
performing 16 independent intensity measurements. Commonly, a polarization state
generator is used to produce, at least, four SoP’s whose Stokes vectors are linearly
independent. Additionally, the projection of the output light onto, at least, four polar-
ization states with linearly independent Stokes vector are measured for obtaining the

complete Mueller matrix [1H3]].



The proposed method can be equally implemented with any spirally polarized
beam. In this work, for simplicity, it will be shown how this method works for the
particular case of APBs. They are nonuniformly totally polarized beams whose elec-
tric field vector at each point is directed along the azimuthal direction. For these beams,

the Stokes vector is given by [9} [21]]

—co0s20
Sapp =1(r) ) 4
—sin20

0

where I(r,0) is the intensity of the incident beam, which must be zero at the center
because the polarization is not defined at that point.

By measuring the SoP of the input beam at three different points (three different 6
angles) of its cross section and measuring the intensity of the output beam (first Stokes

parameter S§" (r,0)) at the same positions, the following set of linear equations can be

written
S§" (ro,60) moo
5o (r1,61) = W m |, 5)
Sg (r2,62) mo

where W is the polarimetric measurement matrix given by

S¢ (r0,80) SV (r0,80) S5 (r0,60)
W= Si(ri,01) S"(ri,81) S¥(r1,01) | - ©6)
St (r2,02) SV (r2,02) S5 (r2,02)

Note that S¥'(r,8) = 0 for any point at the cross section of an APB.

By properly selecting three different points (¢, 6;), in such a way that the input
polarization states are represented by three linearly independent Stokes vector, the ele-
ments mp; with j =0, 1,2 can be obtained by inverting Eq. @

In a similar way, if the second, third, and forth Stokes parameters of the output beam
(S(l’”’ , S and Sg’”’ , respectively) are measured at the same points of the transverse

section of the beam, the elements m; j, m,, and mj3; respectively, can be obtained from



S S S S — = =~ ~ N NN\
/S S s e ———~~N NN\ N\
/ /7 /s e ===~ N\ \\\
l /AT — — SR\ \ \
VR — -5 ~ NN\
IO/ 7~ — ~ \ \ NN\
b7 7%=""\\ VL)
I e 11 [
IR \ \ N7 / /[
TN\ \ ~ — ~ / /
\ VNN N~ — -
NN~ — — Y/ / /
\\\\NSN—~———~~/,/77
N\ \NN~—————~ /s
NNNSNSN~————~ - s 7

Figure 1: Intensity and polarization pattern for an azimuthally polarized beam. Black dots are an example of

three optimum points for measuring the Stokes vector of the input and output beam.

the following equation:

9 (r0,60) mi
S (r0) | = W omy |, ©)
S (r2,02) mp

where i = 1,2,3. It must be noted that the polarimetric measurement matrix W is the
same for obtaining the first three columns of the Mueller matrix.

Minimization of the condition number of the polarimetric measurement matrix
gives the optimum positions for measuring the output beam Stokes parameters [22} [26].
An example of APB is shown in Fig. [T} where the intensity across a transverse section
is represented in scale color. The SoP at several points is indicated through the corre-
sponding polarization ellipse (segments for an APB). It can be observed that the SoP
is linear everywhere and that the azimuth is perpendicular to the radial direction. The
optimum positions for measuring the output beam Stokes parameters when using input
linear polarization correspond to points where the input linear polarization states have
azimuths equally spaced by 7t/3 [22] and where the intensity of the input beam is close
to its maximum, as for example, the black dots shown in Fig.[I]

Hovenier [24] found up to 30 different relations holding for Mueller matrix ele-
ments of linear deterministic samples [23]]. More precisely, there are 12 quantities that

must vanish, involving products of any two chosen rows or columns, and are of the



form [24]

O = moomio — Mo1Mmi1 — MM — Mo3Mmi3;
Oy = moomag — Mo1N2| — MMy — M3M23 ;

®)
Oip = moamo3 — Mi2Mi3 — myma3 — m3mss.

There are 18 additional quantities, which involve sums or differences of subdeter-
minants of the Mueller matrix, that have to vanish as well. They can be written in the

form [24]]

Bi = moomi —miomor —mams3 +mozms; ;
B = moomiz —migmor +maim3z —mp3msy ;

9
Bis = mioma —myiimog+mormsz — mozmsy .

Each quantity o, (with p=1,2,...,12) or B, (with g = 1,2,...,18) in Eqgs. and
(@) involves a certain number of elements belonging to the last column of the complete
Mueller matrix. Such number will be denoted by 7, or Y, respectively. Then the

following cost function can be defined:
12 18
C=Y o /v+ Y Ba/Y, (10)
p=1 g=1

By minimizing the cost function given in Eq. (I0), the last column of the Mueller

matrix can be obtained if we deal with homogeneous linear deterministic samples.

3. Application of the method and experimental results

The proposed method has been experimentally implemented and several testing
measurements have been performed with different samples in order to prove its validity.
An APB has been synthesized by means of an Arcoptix crystal polarization converter
(PC) as shown in the set up of Fig. 2] The light source is a He-Ne laser stabilized
in intensity and frequency. The incident state of polarization on the PC, which must
be linear and parallel to the PC axis in order for the PC to work properly [21, 27],
is selected by means of the linear polarizer P. The transmission axis of this linear

polarizer is along y axis. A microscope objective, MOy, and a lens, L, are used to
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Figure 2: Proposed experimental setup. P: linear polarizer; MO: microscope objectives; L: lenses; PC:
polarization converter; PH: Pinhole; S: sample; TX P: light polarimeter.

expand the beam impinging onto the PC. The beam after the PC is spatially filtered by
means of another microscope objective and a 25um diameter pinhole (MO, and PH,
respectively). The resulting beam is collimated with the convergent lens L, and then
impinges on the sample S.

A commercial light measuring polarimeter (Thorlabs TXP polarimeter) has been
used to analyze the propagated light before and after the sample. This light polarimeter
is mounted on a XY —micropositioner stage in order to precisely select the points where
to measure the Stokes parameters of the light impinging on the sample and after it. A
500 um diameter pinhole was placed at the entrance of the polarimeter in order to
select an area, small enough, where the polarization state can be considered as nearly
uniform.

The Stokes parameters of the input beam are measured at three different points.
The latter are selected in such a way that their intensities are close to the maximum and
the azimuth angles of their polarization states are equally spaced by /3 (see Fig.
and experimentally measured Stokes parameters of the beam after lens L, in Tables|[]]
to[3).

Three different samples, a quarter-wave plate (QWP), a half-wave plate (HWP),
and a Glan-Thompson linear polarizer (LP) have been used as homogeneous, linear
and deterministic test samples. Two different orientations, 0 and /6 relative to the x
axis, have been selected for the fast axis of the phase plates. The Stokes parameters of
the output beam are measured by means of the modified 7X P polarimeter at the same

three points as those where the input beam has been previously characterized.



Table 1: Measured Stokes vectors of the input and output beam, normalized to the maximum input intensity,

at three different positions for the case of a QWP at 0 [19].

Position (r0,60) (r1,80+m/3) (r2,00 —/3)
1.0000 0.9014 0.8280
. —0.9367 . 0.4422 . 0.4062
Input beam | S" = S = S =
—0.0048 0.7676 —0.7040
—0.0188 0.0565 —0.0265
0.9841 0.9207 0.8703
—0.9504 0.4345 0.4430
Output beam | S = Sout — Sout —
0.0011 0.0020 —0.0019
0.0477 —0.8036 0.7321

Tables|[I]and 2] shows the measured Stokes vectors for the input beam at three differ-
ent points, (rg, ;) with k = 0, 1,2, and the corresponding Stokes vectors of the output
beam after a QWP with its fast axis along x direction and at /6 radians, respectively.
From the values of S™ at each point, it can be easily checked that the degree of po-
larization is close to unity (the light is highly polarized), the ellipticity of the ellipse
of polarization is near to zero (the state of polarization is almost linear), and the az-
imuth is close to zero, ©/3 and —n/3 at positions defined by (rg,00), (r1,00+7/3),
and (12,09 —t/3), respectively. By using Eq. with the four measured Stokes pa-
rameters S9 (ry,0y) with i = 0,1,2,3, at the selected three different points, the first
three columns of the sample’s Mueller matrix are obtained. When linear deterministic
samples are considered, as is the present case, the last column can be recovered by im-
posing several symmetry constraints that the Mueller matrix elements must satisfy [24],
following the procedure described in Section 2]

The Mueller matrices obtained from the measurements in Tables [I] and 2] for the
mentioned QWP with its axes at two different angles, 0 and 7/6 radians relative to
the x axis, are shown in a scale color in Fig. Figure 4| shows the absolute value
of the differences between theoretical ideal QWP Mueller matrix elements and the

corresponding experimentally obtained ones. As it can be noticed, these differences



Table 2: Measured Stokes vectors of the input and output beam, normalized to the maximum input intensity,

at three different positions for the case of a QWP at 7t/6 rad [19].

Position (}"0,90) (}’1,90 —I—TI:/3) (r‘z,eo—TC/3)
0.9607 1.0000 0.9971
. —0.8818 . 0.4815 . 0.4841
Input beam | S"' = S" = ST =
0.0003 0.8331 —0.8380
—0.0201 0.0153 —0.0234
0.9508 0.9767 0.9736
—0.2254 0.4691 —0.2355
Output beam | S = Sout = Sout =
—0.4091 0.8107 —0.4193
—0.7624 —0.0004 0.8265
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Figure 3: Experimental Mueller matrix for a QWP with its axes at 0 (left) and rotated 7t/6 (right) relative to
the x axis [19].

QWP at0 QWP at 7/6

Figure 4: Absolute values of the differences between theoretical and experimental Mueller matrix elements

for a QWP with its axes at 0 (left) and rotated 7/6 (right) relative to the x axis [19].

are very small (less than 0.025).

Tables [3] and [] shows the measured Stokes vectors for the input and output beam
after a HWP at three different points. The fast axis has been arbitrarily chosen at 0 and

7/6 radians relative to x direction, respectively. The procedure described in previous

10



Table 3: Measured Stokes vectors of the input and output beam, normalized to the maximum input intensity,

at three different positions for the case of a HWP at 0.

Position (ro,60) (r1,80+m/3) (r2,00 —/3)
0.9390 0.7250 1.0000
) 0.9390 . —0.3460 . —0.4793
Input beam | S" = S = S =
—0.0020 0.6014 —0.8318
0.0060 —0.0071 —0.0052
0.9209 0.7209 0.9568
0.9228 —0.3246 —0.4655
Output beam | S = Sout — Sout —
—0.0010 —0.6078 0.8122
—0.0140 0.0474 0.0701
HWP at 0 HWP at /6
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Figure 5: Experimental Mueller matrix for a HWP with its axes at 0 (left) and rotated 7t/6 (right) relative to

the x axis.

Section [Z]was followed to obtain the corresponding Mueller matrices in each case. The
experimental values obtained for these matrices are graphically represented in Fig. [3]
The absolute values of the differences between theoretical and experimental Mueller
matrix elements for the case of a HWP with its axes at 0 and rotated 7t/6 radians relative
to the x axis are shown in Fig. [6]

In order to check the performance of the proposed method with diattenuating sam-
ples, a linear polarizer is characterized using the setup in Fig. [2| and following the
procedure described in Section[2]. Table[5]shows the measured Stokes vectors for input
and output beam at three appropriately selected points. From these measured values,
the Mueller matrix of the linear polarizer is obtained. The resulting matrix, as well as

the absolute values of the differences between this experimental Mueller matrix and
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Table 4: Measured Stokes vectors of the input and output beam, normalized to the maximum input intensity,

at three different positions for the case of a HWP at /6.

Position (ro,600) (r1,60+m/3) (r2,00 —/3)
1.0000 0.7922 0.9941
. —0.9459 . 0.3875 . 0.4806
Input beam | S" = S = S =
0.0038 0.6697 —0.8327
—0.0183 0.0664 —0.0399
0.9440 0.7873 0.9904
0.4561 0.3807 —0.9317
Output beam | S = Sout = Sout =
—0.7907 0.6673 0.0462
—0.0019 —0.0564 0.0606
HWP at 0 HWP at 7/6

Figure 6: Absolute values of the differences between theoretical and experimental Mueller matrix elements

for a HWP with its axes at 0 (left) and rotated 7/6 (right) relative to the x axis.

LP at 0

LP at 0
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Figure 7: Experimental Mueller matrix (left) and absolute values of the differences between theoretical and

experimental Mueller matrix elements (right) for a Glan-Thompson linear polarizer with its transmission

axis along the x direction.

the theoretical one are shown in Fig. [7}

From Figs. [ [6] and[7] it can be seen that the absolute values of the differences

12



Table 5: Measured Stokes vectors of the input and output beam, normalized to the maximum input intensity,

at three different positions for the case of a HWP at 0.

Position (r0,60) (r1,80+m/3) (r2,00 —/3)
0.9349 1.0000 0.0932
) 0.9348 . —0.5029 . —0.0467
Input beam | S" = S = S =
—0.0037 —0.8643 0.0803
—0.0046 0.0049 0.0068
0.8059 0.2366 0.0153
0.8047 0.2364 0.0153
Output beam | S = Sout — Sout —
—0.0416 —0.0072 —0.0003
—0.0096 0.0064 —0.0000

between the experimentally obtained Mueller matrix and the theoretical Mueller ma-
trix corresponding to each sample are below 0.05 for all cases. These differences are
typically around 0.02 or less for most of the Mueller matrix elements for all studied
samples. These values are comparable to the maximum error reported in the Mueller
matrix elements measurements by using the dual-rotating retarder method (£0.034
[28]), by using variable retarders and rotators together with the analysis of 16 images
(£0.035 [29]) or by using a universal SU(2) polarization gadget (£0.02 [30]). Bueno
reported lower error limits in the determination of the Mueller matrix elements when
using a polarimetric method based on liquid crystal variable retarders(+0.014 [31]).
Other authors have proposed the measurement of the Stokes parameters (as the ap-
proach used in the present work) for obtaining the Mueller matrix, but reported larger

errors (£0.098 [32]) than those obtained in the present work.

4. Conclusions

In this work, the use of azimuthally polarized beams is proposed to determine
the Mueller matrix of homogeneous linear deterministic specimens. The proposed
technique is theoretically described, implemented and experimentally tested. An az-

imuthally polarized beam is used as a simultaneous polarization state generator: all

13



possible linearly polarized states of polarization are generated at once. The polariza-
tion pattern for this kind of beams is invariant in propagation. Moreover, the polariza-
tion pattern obtained after a linear deterministic sample when an azimuthally polarized
beam impinges on it, is also invariant. Then, the sample and the polarization state ana-
lyzer, can be placed at any plane along the beam. The proposed method is simple and
fast: only a commercial Stokes polarimeter with a pinhole attached at its entrance is
used to determine the Stokes vector of the input and output beam at three different loca-
tions. The best choice of such positions is at the distance from the beam axis where the
intensity is maximum and equally spaced by /3 angles. From these measurements, a
4 x 3 submatrix of the sample’s Mueller matrix is obtained. By imposing the symmetry
constraints that the elements of Mueller matrices should satisfy in the case of linear de-
terministic samples, the last column can be obtained. Experimental results for several

samples confirm the validity of the proposed Mueller matrix polarimetry method.
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