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March 20, 2019

1Departamento de Matemática Aplicada
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1 Introduction

Reaction diffusion models with large diffusion have attracted some attention in the literature. As
one expects that large diffusion generates a fast spatial redistribution of spatial heterogeneities,
one seeks to prove that the solutions of the PDE tend to become constant in space and thus
approach the solutions of an ODE that describes the asymptotic behavior. This was proved
for example in [15] for a system of equations possessing an invariant region, with Neumann
boundary conditions. The interaction of large diffusion and Robin type boundary conditions
was analyzed in [13, 21, 20], while the effect of gradient terms in the equations was considered
in [12]. Nonlinear boundary conditions were considered in [37], [34], while linear source terms
where studied in [33]. It is important to note that in all these references flux boundary conditions
(i.e. linear Robin or nonlinear ones) have a deep impact on the limiting system of ODEs, as
these include a suitable component coming from the boundary flux, that couples from the term
coming from the interior reaction.

On the other hand, localized large diffusion, that is, the situation in which the region of
large diffusion is a proper subdomain of the physical domain, arises in many natural phenomena
including cellular biology, where cells regions exhibit prominent differences on their diffusion
properties, or in composite materials, where the diffusion of the heat exhibits significant spatial
variations. Also, it may appear in population dynamics in which one species diffuses much
faster than the others in some determined regions, or one can consider the vibrations of an
elastic membrane and assume that some part of the membrane is made of a more rigid material
than the rest.

In all these cases, the singular limit of localized large diffusion is described by a limit problem
that is not an ODE anymore. Instead, it consists of a PDE, defined in the region where diffusion
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is not large, coupled with some ODE (or system of ODEs) that describes the evolution of the
constant asymptotic values of the solutions in the different components of the localized large
diffusion region. The coupling includes some nonlocal term describing the flux from one region
into the other. This shows that solutions of the original PDE tend to become constant in each
of the components of the localized large diffusion regions and the values there couple through
the flux on their boundaries, with the values in the rest of the domain. Hence, for example in
the case of vibration of an elastic membrane, in the limit, one obtains a multistructure vibrating
system composed of a rigid plate bound from its boundary to a membrane. Therefore, passing to
the singular limit can be regarded as a process describing a transition phenomena of rigidization
or solidification in a composite material. In the case of population dynamics, one obtains in
the limit a media where isolas of homogenous distribution of species are surrounded by regions
where spatial variations dominate.

The mathematical analysis of these cases was started in [31], studying linear elliptic and
eigenvalue problems. Using the results in [4], in [7] the asymptotic behavior of nonlinear
parabolic problems was analyzed. It was proved in [7] that the limit problem is well posed
and dissipative and that the dynamics is asymptotically upper–semicontinuous: as large dif-
fusion takes place, for large times solutions become closer to solutions on the attractor of the
limit problem. Later [9] proved the lower semicontinuity (hence continuity) of the asymptotic
dynamics, in the case of Dirichlet boundary conditions, while [10] did it for nonlinear boundary
conditions. In [14] an estimate on the rate of convergence of the attractors is obtained for sin-
gularly perturbed problems and, in particular, for large diffusion problems. References [23], [24]
studied porous media type equations with localized large diffusion, while [35], [11] dealt with p–
Laplacian type equations. Notice that in all these references the localized large diffusion region
is a proper subdomain not touching the boundary of the physical domain of the PDE. Therefore,
the limit problem inherits the same boundary conditions as the approximating problems and
the coupling between the PDE and the ODE in the limit problem shows up the nonlocal flux
between the regions and reflects the homogenized action of the reaction, interior, term.

In this paper we focus then in the interaction of localized large diffusion and boundary
conditions, which can be either of nonlinear or Dirichlet type in different parts of the boundary
of the physical domain of the PDE. Hence we show the important role play by the interaction
of the large diffusion region with the boundary which causes a non straightforward change in
the limit problems. Therefore, we consider a localized large diffusion region, Ω0 that touches
the boundary of the domain and attempt to describe the corresponding limit problem. This
would reflect the interaction of large diffusion and boundary conditions and its particular form
depends strongly on this interaction. For example, if Ω0 touches a part of the boundary subject
to Dirichlet boundary conditions, then by the asymptotic homogenization, the limit problem
imposes u = 0 in all Ω0. Therefore the limit problem can be seen as a standard reaction
diffusion problem in a restricted subdomain, Ω1 = Ω \ Ω0 with flux and Dirichlet boundary
conditions in different parts of its boundary.

On the other hand, if Ω0 touches only the part of the boundary in which flux conditions
are imposed, a new type of limit problem arises which contains a subtle coupling in Ω0 of the
interior reaction and the boundary flux. As solutions tend to become constant in Ω0 the limit
ODE that describes that situation incorporates not only a nonlocal flux from the other part of
the domain but also an averaged nonlinear term coming from the boundary flux. These result in
a different class of nonstandard problems. Additionally for example, in [7, 9, 10] the nonlinear
terms do not depend on x ∈ Ω and the region where large diffusion take place does not have
contact with the boundary. In such a case, the nonlinear terms in the limit problem are “the
same” as in the original problem but acting on functions constant in Ω0. Here we also allow for
spatially dependent nonlinear terms. In such a case a suitable spatial average of nonlinear term
enters into the asymptotic equation describing the evolution in Ω0.
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Therefore, in this paper we are able to identify the limit problems for each of the different
situations described above and show they are well posed and dissipative. We also study how
solutions converge to solutions of the limit problem, that is, we study how solutions become
constant in Ω0 as localized diffusion becomes large. For this, in turn, we show it basically
suffices to study convergence of linear elliptic problems and apply several available tools. We also
prove upper semicontinuity of the dynamics. Then we prove continuity of extremal equilibria,
which are the caps of the global attractors. Finally we discuss the continuity of the asymptotic
dynamics under suitable hyperbolicity assumptions.

The paper is organized as follows. In Section 2 we introduce the nonlinear parabolic problems
with localized large diffusion to be studied and the resulting limit problems. Section 3 is devoted
to analyze the linear elliptic problems. Linear parabolic problems are considered in Section 4.
The convergence of solutions of linear elliptic problems are studied in Section 5.1 from which
the convergence of the spectrum is developed in Section 5.2. Using these, the convergence
of linear parabolic problems is analyzed in Section 5.3. Nonlinear problems are considered in
Section 6 where we show the (non standard) limit problem is well posed and dissipative and
thus has a global attractor. This attractor is also shown to have upper and lower caps which
are extremal equilibria of the limit problem which have some special stability properties. We
also give suitable conditions for the extremal equilibria to have constant sign and identify some
classes of nonlinearities (including logistic type nonlinearities) for which the maximal equilibria
is the unique positive equilibria. Finally, convergence of solutions of nonlinear problems is
studied in Section 7. Here we first show that the asymptotic dynamics is upper semicontinuous,
proving the same property for the family of global attractors. Then we study the continuity
of the extremal equilibria and, under suitable hyperbolicity assumptions, the continuity of all
equilibria and the global attractors.

2 Problems

Let Ω be a smooth open connected bounded set of RN . We consider the nonlinear parabolic
problems 

uεt − div(dε(x)∇uε) + c(x)uε = f(x, uε) in Ω

dε(x)
∂uε

∂~n
+ b(x)uε = g(x, uε) on ΓN

uε = 0 on ΓD
uε(0) = uε0

(2.1)

where ΓD,ΓN is a partition of the boundary of Ω, Γ = ∂Ω = ΓD ∪ ΓN with ΓD ∩ ΓN = ∅.
Also, let Ω0 ⊂ Ω such that touches the boundary of Ω, that is

Γ ∩ Ω0 = Γ ∩ ∂Ω0 6= ∅

and denote Ω1 = Ω \ Ω0 and Γ∗ = ∂Ω0 ∩ ∂Ω1. Also denote

Γ1
D = ΓD \ ∂Ω0, Γ1

N = ΓN \ ∂Ω0,

hence ∂Ω1 = Γ∗ ∪ Γ1
D ∪ Γ1

N . Notice that either Γ1
D or Γ1

N could be empty. For simplicity
in the exposition we will assume Ω0 is connected. We will not make any assumption on the
connectedness of Ω1 though.

We assume that dε(x) are C1(Ω) smooth functions, bounded away from zero, such that

0 < m0 < dε(x) < Mε, for all x ∈ Ω; and (2.2)

dε(x) −→
{
∞ uniformly in compact sets of Ω0,

d0(x) uniformly in Ω1.
(2.3)
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It is expected that, due to large diffusion, uε becomes constant in Ω0 and then in the limit
as ε→ 0 we will have to deal with functions of the form

u = uΩ0XΩ0 + uXΩ1

where uΩ0 is a constant. Indeed, we are going to show that the solutions of (2.1) approach, as
ε→ 0, the solutions of the following limit problems.

First, assuming Ω0 does not touch the Dirichlet boundary of Ω but touches the flux boundary,
that is

ΓD ∩ Ω0 = ∅, ΓN ∩ Ω0 6= ∅, (2.4)

the limit problem is the parabolic problem in Ω

ut − div(d0(x)∇u) + c(x)u = f(x, u) in Ω1

d0(x)
∂u

∂~n
+ b(x)u = g(x, u) on Γ1

N

u = 0 on ΓD
u = uΩ0 on Γ∗

u̇Ω0 +
1

|Ω0|

[ ∫
Γ∗
d0
∂u

∂~n
+
(∫

Ω0

c+

∫
ΓN∩∂Ω0

b
)
uΩ0

]
=

1

|Ω0|
( ∫

Ω0

f(x, uΩ0) +

∫
ΓN∩∂Ω0

g(x, uΩ0)
)

u(0) = u0 in Ω
(2.5)

where uΩ0(t) is the constant value of u in Ω0 and ~n denotes the outward unit normal to the
boundary of Ω1; see Figure 1.

Then, if Ω0 touches the Dirichlet boundary

ΓD ∩ Ω0 6= ∅, (2.6)

the limit problem is the parabolic problem in Ω1
ut − div(d0(x)∇u) + c(x)u = f(x, u) in Ω1

d0(x)
∂u

∂~n
+ b(x)u = g(x, u) on Γ1

N

u = 0 in Γ1
D ∪ Γ∗

u(0) = u0

(2.7)

extended by zero to Ω0, that is uΩ0 = 0; see Figure 2.
Observe that (2.7) is mixed Dirichlet–nonlinear boundary value problem as (2.1), but in a

reduced domain Ω1. Also, depending on the configuration of Ω0, it may happen that Γ1
N ∩

(
Γ1
D∪

Γ∗
)
6= ∅.

On the other hand, observe that for (2.5) the coupling between the equation in Ω0 and Ω1 is

given by the term

∫
Γ∗
d0
∂u

∂~n
that measures the boundary outflow from Ω1 to Ω0. Also the two

terms with the integral on ΓN ∩ ∂Ω0 reflect the contribution of boundary conditions in ΓN to
the limit problem in the region of large diffusion.

3 Linear elliptic problems

Before continuing we make precise the geometrical and smoothness assumptions we will keep
throughout the paper on the domains Ω0 and Ω1.

Recall that Ω0 ⊂ Ω is a connected open set that touches the boundary of Ω

Γ ∩ Ω0 = Γ ∩ ∂Ω0 6= ∅
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Figure 1: Case ΓD ∩ Ω0 = ∅, ΓN ∩ Ω0 6= ∅

Figure 2: Case ΓD ∩ Ω0 6= ∅

and denote Ω1 = Ω \ Ω0 and

Γ1
D = ΓD \ ∂Ω0, Γ1

N = ΓN \ ∂Ω0, Γ∗ = ∂Ω0 ∩ ∂Ω1

hence ∂Ω0 = Γ∗ ∪
(
ΓN ∩ ∂Ω0

)
∪
(
ΓD ∩ ∂Ω0

)
and ∂Ω1 = Γ∗ ∪ Γ1

D ∪ Γ1
N .

We will assume that all these boundary sets are smooth enough pieces of N − 1 dimensional
surfaces locally leaving Ω0 and Ω1 to one side of themselves and that one can define on them
traces of suitable functions as follows.

Let H1(Ω) denote the usual Sobolev space. Let

H1
ΓD

(Ω) =
{
u ∈ H1(Ω) : u = 0 on ΓD

}
, H1

ΓD
(Ω1) =

{
u ∈ H1(Ω1) : u = 0 on ΓD

}
.

In the case in which ΓD = ∅ this space is H1(Ω). We will keep this notation for the sake of ease
in the exposition. We will also consider the set of functions which are constant in Ω0, that is,

L2
Ω0

(Ω) =
{
u ∈ L2(Ω) : u is constant on Ω0

}
, H1

Ω0
(Ω) = L2

Ω0
(Ω) ∩H1

ΓD
(Ω). (3.1)

The subspace of function vanishing in Ω0 will be defined as

L2
0,Ω0

(Ω) =
{
u ∈ L2(Ω) : u = 0 on Ω0

}
, H1

0,Ω0
(Ω) = L2

0,Ω0
(Ω) ∩H1

ΓD
(Ω). (3.2)

Notice that these spaces are closed subspaces of the ones in (3.1).
With this notation we will assume the following regularity of the boundaries:
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(R.1) Functions inH1
ΓD

(Ω), H1
ΓD

(Ω1), H1
Ω0

(Ω) andH1
0,Ω0

(Ω) have well defined traces intoH1/2(Γ1
N )

and H1/2(Γ∗) (and null trace into ΓD). Functions in H1
Ω0

(Ω) and H1
0,Ω0

(Ω) have constant
and null trace, respectively, on Γ∗ and ΓN ∩ ∂Ω0.

(R.2) Traces on ∂Ω1 can be split as traces on Γ1
N plus traces on Γ∗.

(R.3) Traces of H1
0,Ω0

(Ω) are dense in H1/2(Γ1
N ).

The dual spaces of the spaces above will be denoted as H−1(Ω), H−1
ΓD

(Ω), H−1
Ω0

(Ω) and

H−1
0,Ω0

(Ω) respectively.
In order to deal properly with the problems above which include interior and boundary terms

we will throughout use the following notation. Whenever O is a regular open set in RN and γ
is smooth piece of its boundary and f and g are functions defined in O and on γ respectively,
we will employ the notation

h = fO + gγ (3.3)

to denote the functional defined by

〈h, ϕ〉 =

∫
O
fϕ+

∫
γ
gϕ

for all sufficiently smooth function ϕ in O.

3.1 Approximate elliptic problems

With the notation above we consider in this section the linear elliptic problems associated to
(2.1), namely 

−div(dε(x)∇uε) + (λ+ V (x))uε = f in Ω

dε(x)
∂uε

∂~n
+ b(x)uε = g on ΓN

uε = 0 on ΓD

(3.4)

where λ > 0 is a positive constant, V ∈ L∞(Ω), b ∈ L∞(ΓN ), f and g given in Ω and Γ
respectively.

Remark 3.1 The arguments below are still valid assuming V ∈ Lσ(Ω), σ > N/2 and b ∈ Lr(Ω),
r > N − 1. We assume further regularity in the sake of clarity in the exposition.

Let us define
Yε =

{
z ∈ H1

ΓD
(Ω) : −div(dε(x)∇z) ∈ L2(Ω)

}
which is a Hilbert space with the norm ‖z‖2Yε = ‖div(dε(x)∇z)‖2L2(Ω) + ‖z‖2L2(Ω). Observe

that since dε ∈ C1(Ω) and the lower bound in (2.2) holds, the set Yε coincides with Y ={
z ∈ H1

ΓD
(Ω), ∆z ∈ L2(Ω)

}
although its norm depends on ε. In Yε we can define a normal

derivative dε
∂u
∂~n ∈ H

−1/2(ΓN ) by means of〈
dε
∂u

∂~n
, γ(v)

〉
−1/2,1/2

=

∫
Ω

div(dε(x)∇u)v +

∫
Ω
dε(x)∇u∇v (3.5)

for any v ∈ H1
ΓD

(Ω), where γ denotes the trace operator in H1
ΓD

(Ω). The map u 7→ dε
∂u
∂~n is

continuous between Yε and H−1/2(ΓN ), the dual space of H1/2(ΓN ).
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Then, by integration by parts, weak solutions of (3.4) satisfy∫
Ω
dε(x)∇u∇φ+

∫
Ω

(λ+ V (x))uφ+

∫
ΓN

b(x)uφ =

∫
Ω
fφ+

∫
ΓN

gφ, ∀φ ∈ H1
ΓD

(Ω)

for any φ ∈ H1
ΓD

(Ω). Then Lax–Milgram’s theorem gives the following.

Theorem 3.2 There exists λ0 = λ0(‖V−‖L∞(Ω), ‖b−‖L∞(ΓN )) such that for λ ≥ λ0, the operator
Tε = Tε(λ) defined by the bilinear form

τε(u, v) = 〈Tεu, v〉 =

∫
Ω
dε(x)∇u∇v +

∫
Ω

(λ+ V (x))uv +

∫
ΓN

b(x)uv (3.6)

is an isomorphism between H1
ΓD

(Ω) and H−1
ΓD

(Ω), and between Yε and L2(Ω) + H−1/2(ΓN ).
Furthermore, in the latter case, Tε is given by

Tεu =

(
− div(dε(x)∇u) + (λ+ V (x))u

)
Ω

+

(
dε(x)

∂u

∂~n
+ b(x)u

)
ΓN

.

By restriction to L2(Ω), Tε induces a positive selfadjoint operator with compact resolvent, Bε =
Bε(λ), and domain

D(Bε) =

{
u ∈ H1

ΓD
(Ω) : −div(dε∇u) ∈ L2(Ω), dε

∂u

∂~n
+ bu = 0 on ΓN

}
⊂ Yε.

Moreover, for u ∈ D(Bε), Bεu = −div(dε(x)∇u) + (λ+ V (x))u.

Proof. It is enough to notice that for every η > 0 we can use that ‖u‖2L2(Γ) ≤ η‖u‖2H1(Ω) +

Cη‖u‖2L2(Ω) to get

τε(u, u) ≥ m0

∫
Ω
|∇u|2 +

∫
Ω

(λ− V−)|u|2 −
∫

ΓN

b−|u|2. (3.7)

The rest is standard.

Remark 3.3 Notice in particular that for λ ∈ R, using the notation in (3.3), if u ∈ H1
ΓD

(Ω) is
a solution of

Tεu = h = fΩ + gΓN ∈ L
2(Ω) +H−1/2(ΓN )

(which exists at least for λ large enough) then u ∈ Yε and is a weak solution of (3.4).
In the following, we will not make any essential distinction between Tε and Bε.

3.2 Elliptic limit problems

In this section, we study the limit problems of those considered in the previous section: Dirichlet-
Diffusion and Robin-Diffusion interaction. As we show, the large difussion induces a spatial
homogenization in Ω0 which makes the solution of the limit problem, as ε→ 0, become constant
(zero in the Dirichlet-Diffusion case). This process affects in a different manner to each of the
cases considered.

Therefore, to set the limit problem we will consider the spaces (3.1), which reflect this
homogenization process, and

YΩ0 =
{
z ∈ H1

Ω0
(Ω) : −div(d0(x)∇z) ∈ L2(Ω1)

}
,
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which is a Hilbert space with the norm ‖z‖2YΩ0
= ‖div(d0(x)∇z)‖2L2(Ω1) + ‖z‖2L2(Ω). Also, as in

(3.5), the normal derivative on ∂Ω1 can be defined by means of〈
d0
∂u

∂~n
, γ(v)

〉
−1/2,1/2

=

∫
Ω1

div(d0(x)∇u)v +

∫
Ω1

d0(x)∇u∇v (3.8)

for any v ∈ H1
ΓD

(Ω1). Thus d0
∂u
∂~n ∈ H

−1/2(Γ1
N ∪ Γ∗).

We will denote by uΩ0 the constant value that the elements in the spaces defined above take
in Ω0. Hence a function in L2

Ω0
(Ω) can be written as

u = uΩ0XΩ0 + uXΩ1 .

3.2.1 Flux-Diffusion interaction

In this section we assume (2.4). The following result analogous to Theorem 3.2 states the
existence of solution for the limit problem in the case of flux-diffusion interaction

Theorem 3.4 There exits λ0 = λ0(‖V−‖L∞(Ω), ‖b−‖L∞(ΓN )) such that for λ ≥ λ0, the operator
T0 = T0(λ) defined by the bilinear form

τ0(u, v) =

∫
Ω1

d0(x)∇u∇v +

∫
Ω1

(λ+ V (x))uv +

∫
Γ1
N

b(x)uv + uΩ0vΩ0

(∫
Ω0

(λ+ V ) +

∫
ΓN∩∂Ω0

b
)

(3.9)
as τ0(u, v) = 〈T0u, v〉 for u, v ∈ H1

Ω0
(Ω), is an isomorphism between H1

Ω0
(Ω) and its dual

space which we denote by H−1
Ω0

(Ω) and, by restriction, between YΩ0 and L2
Ω0

(Ω) +H−1/2(Γ1
N ) ⊂

H−1
Ω0

(Ω). In the latter case it is given by

T0u =
1

|Ω0|

[ ∫
Γ∗
d0
∂u

∂~n
+
(∫

Ω0

(λ+ V ) +

∫
ΓN∩∂Ω0

b
)
uΩ0

]
XΩ0

+

(
− div(d0(x)∇u) + (λ+ V (x))u

)
XΩ1 +

(
d0(x)

∂u

∂~n
+ b(x)u

)
Γ1
N

(3.10)

where uΩ0 is the constant value of u on Ω0 and d0
∂u
∂~n is the normal derivative of u in the direction

of the unit outwards normal vector in Ω1. Furthermore the restriction of T0 to L2
Ω0

(Ω) induces
a positive unbounded self-adjoint operator, B0 = B0(λ), with compact resolvent and domain

D(B0) =

{
u ∈ H1

Ω0
(Ω) : −div(d0(x)∇u) ∈ L2

Ω0
(Ω) and d0(x)

∂u

∂~n
+ b(x)u = 0 on Γ1

N

}
,

and for u ∈ D(B0) we have

B0u =
1

|Ω0|

[ ∫
Γ∗
d0
∂u

∂~n
+
(∫

Ω0

(λ+ V ) +

∫
ΓN∩∂Ω0

b
)
uΩ0

]
XΩ0

+

(
− div(d0(x)∇u) + (λ+ V (x))u

)
XΩ1 (3.11)

Proof. Notice that, extending d0 to Ω0 with value, say, equal to 1, the bilinear form τ0 is the
restriction to H1

Ω0
(Ω) of the continuous bilinear form in H1

ΓD
(Ω)

τ̃0(u, v) =

∫
Ω
d0(x)∇u∇v +

∫
Ω

(λ+ V (x))uv +

∫
ΓN

b(x)uv.
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This bilinear form is symmetric, continuous and coercive in H1
Ω0

(Ω) for λ as in the statement.
In that case, we can use Lax–Milgram theorem.

Now take h = fΩ + gΓ1
N
∈ L2

Ω0
(Ω) +H−1/2(Γ1

N ) ⊂ H−1
Ω0

(Ω), as in (3.3), and u ∈ H1
Ω0

(Ω) such

that T0(u) = h. We take first a test function v ∈ C∞c (Ω1) which gives −div(d0(x)∇u) + (λ +
V (x))u = f in Ω1 and, in particular, u ∈ YΩ0 .

Now we take v ∈ H1
0,Ω0

(Ω) as in (3.2) and using (3.8) and the regularity assumptions (R.1)
and (R.2) gives 〈

d0
∂u

∂~n
, γ(v)|Γ1

N

〉
−1/2,1/2

+

∫
Γ1
N

buv =
〈
g, v|Γ1

N

〉
.

Now (R.3) implies d0
∂u
∂~n + bu = g in H−1/2(Γ1

N ).
Finally we take v ∈ H1

Ω0
(Ω) and use again (3.8), (R.1) and (R.2) and the informations

above to obtain ∫
Γ∗
d0
∂u

∂~n
+
(∫

Ω0

(λ+ V ) +

∫
ΓN∩∂Ω0

b
)
uΩ0 = |Ω0|fΩ0 .

In particular, we get (3.10).

Remark 3.5 Observe that we have actually proved above that, using the notation in (3.3), if
λ ∈ R and u ∈ H1

Ω0
(Ω) a solution of

T0u = fΩ + gΓ1
N
∈ L2

Ω0
(Ω) +H−1/2(Γ1

N )

with f = fΩ0XΩ0 + fXΩ1, (which exists at least for large λ), then u ∈ YΩ0 is a weak solution of

−div(d0(x)∇u) + (λ+ V (x))u = f in Ω1

d0(x)
∂u

∂~n
+ b(x)u = g on Γ1

N

u = 0 on ΓD
u = uΩ0 on Γ∗

1

|Ω0|

[∫
Γ∗
d0
∂u

∂~n
+
(∫

Ω0

(λ+ V ) +

∫
ΓN∩∂Ω0

b
)
uΩ0

]
= fΩ0

(3.12)

We will make no essential distinction between T0 and B0.

3.2.2 Dirichlet-Diffusion interaction

In this case, we assume, as in (2.6) that Ω0 touches the Dirichlet boundary of Ω

ΓD ∩ Ω0 6= ∅.

Now since the solution vanishes in part of the boundary of Ω0, the solution of the limit problem
must be 0 in Ω0, that is, uΩ0 = 0. Hence, we will consider the spaces (3.2) and

Y0,Ω0 =
{
z ∈ H1

Ω0
(Ω) : −div(d0(x)∇z) ∈ L2(Ω1)

}
.

In an analogous way to Theorem 3.4, we get now the following.

Theorem 3.6 There exits λ0 = λ0(‖V−‖L∞(Ω1), ‖b−‖L∞(Γ1
N )) such that for λ ≥ λ0, the operator

T0,0 = T0,0(λ) defined by the bilinear form

τ0,0(u, v) = 〈T0u, v〉 =

∫
Ω1

d0(x)∇u∇v +

∫
Ω1

(λ+ V (x))uv +

∫
Γ1
N

b(x)uv (3.13)
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for u, v ∈ H1
0,Ω0

(Ω) is an isomorphism between H1
0,Ω0

(Ω) and its dual space which we denote by

H−1
0,Ω0

(Ω) and, by restriction, between Y0,Ω0 and L2
0,Ω0

(Ω)+H−1/2(Γ1
N ) ⊂ H−1

0,Ω0
(Ω). In the latter

case it is given by

T0,0u =

(
− div(d0(x)∇u) + (λ+ V (x))u

)
Ω1

+

(
d0(x)

∂u

∂~n
+ b(x)u

)
Γ1
N

.

Furthermore the restriction of T0,0 to L2
0,Ω0

(Ω) induces a positive unbounded self-adjoint operator,
B0,0 = B0,0(λ), with compact resolvent and domain

D(B0,0) =

{
u ∈ H1

0,Ω0
(Ω) : −div(d0(x)∇u) ∈ L2

0,Ω0
(Ω) and d0(x)

∂u

∂~n
+ b(x)u = 0 on Γ1

N

}
,

and for u ∈ D(B0,0), B0,0(u) =

(
− div(d0(x)∇u) + (λ+ V )u

)
XΩ1.

Proof. Note that τ0,0 is the restriction to H1
0,Ω0

(Ω) of the bilinear form τ0 in H1
Ω0

(Ω) in Theorem
3.4 and is symmetric continuous and coercive for λ as in the statement.

Also, as in the proof of Theorem 3.4 if h = fΩ+gΓ1
N
∈ L2

0,Ω0
(Ω)+H−1/2(Γ1

N ) ⊂ H−1
0,Ω0

(Ω) and

u ∈ H1
0,Ω0

(Ω) is such that T0,0(u) = h, taking test functions v ∈ C∞c (Ω1), we get−div(d0(x)∇u)+
(λ+ V (x))u = f in Ω1 and, in particular, u ∈ Y0,Ω0 .

Also, taking test functions v ∈ H1
0,Ω0

(Ω) gives again d0
∂u
∂~n + bu = g in H−1/2(Γ1

N ).

Remark 3.7 If λ ∈ R and u ∈ H1
Ω0

(Ω) is a solution of

T0,0u = fΩ + gΓ1
N
∈ L2

0,Ω0
(Ω) +H−1/2(Γ1

N )

(which exists at least for λ large enough), then u ∈ Y0,Ω0 and is a weak solution of
−div(d0(x)∇u) + (λ+ V (x))u = f in Ω1

d0(x)
∂u

∂~n
+ b(x)u = g on Γ1

N

u = 0 in Ω0

u = 0 on ΓD ∪ Γ∗.

(3.14)

Also notice that the operators T0,0 and B0,0 above (and their domains) are nothing but the
restrictions of the operators T0 and B0 to functions that vanish in Ω0.

We will make no essential distinction between T0,0 and B0,0.

3.3 Elliptic regularity and maximum principles

One of the main features of the elliptic problem (3.4) are the well known regularity and com-
parison properties, see e.g. [1, 18, 27, 25, 17, 26]. Most of these results apply as well to (3.14),

despite it may happen that Γ1
N ∩

(
ΓD ∪ Γ∗

)
6= ∅.

In this section we show that the limit problem (3.12) also share similar features. For this,
with the notation above, fix λ = λ0, with λ0 as in either Theorem 3.2, 3.4 or 3.6 and denote
Bε = Bε(λ0), B0 = B0(λ0) and B0,0 = B0,0(λ0) (which we will not distinguish from Tε, T0

or T0,0). Note that restricted to L2(Ω), L2
Ω0

(Ω) and L2
0,Ω0

(Ω) respectively, these operators are
selfadjoint, positive and have compact resolvent.

Also recall that we say that a form h ∈ H−1
ΓD

(Ω), or h ∈ H−1
Ω0

(Ω) or h ∈ H−1
0,Ω0

(Ω), is

nonnegative, h ≥ 0, if for all nonnegative test function 0 ≤ ϕ ∈ H1
ΓD

(Ω), or H1
Ω0

(Ω) or H1
0,Ω0

(Ω)
respectively we have 〈h, ϕ〉 ≥ 0.
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Proposition 3.8 i) If h ≥ 0 as above then the solution of Bε(u) = h, B0(u) = h or B0,0(u) = h,
satisfies u ≥ 0.
ii) The operators Bε, B0, B0,0 above have order preserving resolvent in L2(Ω), L2

Ω0
(Ω) and

L2
0,Ω0

(Ω) respectively.
iii) If f ∈ Lp(Ω) with p > N/2 and g ∈ Lr(ΓN ) with r > N − 1 the the solutions of either one
of the problems (3.4), (3.12), (3.14) satisfies u ∈ Cα(Ω) for some α ∈ (0, 1) and

‖u‖Cα(Ω) ≤ C(‖f‖Lp(Ω) + ‖g‖Lr(ΓN ))

for a constant depending on Ω, dε, d0, λ, ‖b‖L∞(ΓN ), ‖V ‖L∞(Ω).

iv) The eigenfunctions of Bε, B0 or B0,0 are Hölder continuous in Ω. The first eigenvalue of
(3.4) is positive and simple with a positive associated eigenfunction. The same applies to (3.12)
and (3.14) if Ω1 is connected.

Proof. Recall the associated bilinear forms τε, τ0 and τ0,0 as in Theorems 3.2, 3.4 or 3.6.
i) Observe that if v ∈ H1

ΓD
(Ω), or H1

Ω0
(Ω) or H1

0,Ω0
(Ω) respectively then the same holds for the

negative part of v, v− = max{−v, 0} and then if Bεu = h we get

τε(−u−,−u−) = τε(u,−u−) = 〈h,−u−〉 ≤ 0.

Since the bilinear form is coercive we get u− = 0 and then u ≥ 0. The other problems are
treated in a similar way.
ii) Observe that if v ∈ H1

ΓD
(Ω), or H1

Ω0
(Ω) or H1

0,Ω0
(Ω) respectively, then the same holds for |v|

and τε(|v|, |v|) = τε(v, v), τ0(|v|, |v|) = τ0(v, v) or τ0,0(|v|, |v|) = τ0,0(v, v) respectively. Then the
result follow from Theorem 1.3.2 in [16].
iii) For (3.4) and (3.14) the result follow directly from part vi) in Lemma B.1 in [4]. On the
other hand, for (3.12), restricting the problem to Ω1 notice that u = uΩ0 in Γ∗, which is a
Hölder function and then again part vi) in Lemma B.1 in [4] concludes u ∈ Cα(Ω1) and hence
u ∈ Cα(Ω).
iv) For the Hölder regularity of eigenfunctions, note that they satisfy Bε(u) = f , B0(u) = f or
B0,0(u) = f with f = µu. Then bootstrap arguments using part i) in Lemma B.1 in [4] gives
that f = µu ∈ Lp(Ω) for some p > N/2 and then part iii) concludes.

Now notice that the first eigenvalues satisfy

Λε = inf
v∈H1

ΓD
(Ω)

τε(v, v)

‖v‖L2(Ω)
, Λ0 = inf

v∈H1
Ω0

(Ω)

τ0(v, v)

‖v‖L2(Ω)
, Λ0,0 = inf

v∈H1
0,Ω0

(Ω)

τ0(v, v)

‖v‖L2(Ω)

and they are attained on the associated eigenfunctions. From the property of the quadratic
forms in part ii) we, have that if ϕ is an eigenfunction then so is |ϕ|.

For (3.4) the strong maximum principle implies that then |ϕ| > 0 in Ω and then Λε is simple.
For (3.12) and (3.14) the same applies in Ω1 if Ω1 is connected, see Proposition 3.9 below, and
then Λ0,Λ0,0 are simple.

Now we prove the strong maximum principle used above, in a version that is suitable to our
purposes in this paper. Much finer versions can be found in [30, 28], from which we borrow the
key techniques. Note that no regularity is assumed on the open set O.

Proposition 3.9 Let O ⊂ RN be a bounded open set and let d0 ∈ L∞(O) with infO d0 > 0 and
V ∈ Lp(O) with p > N/2. Finally assume 0 ≤ u ∈ H1(O) satisfies∫

O
d0(x)∇u∇v +

∫
O
V (x)uv ≥ 0 (3.15)

for all 0 ≤ v ∈ H1
0 (O).

Then u is either zero or strictly positive a.e. in each connected component of O.
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Proof. Since u ≥ 0 a.e. in O, assume u 6= 0 and u = 0 a.e. in A ⊂ O with |A| > 0. Then for

any ϕ ∈ C∞c (O) consider the function v = ϕ2

1+u . Since 0 ≤ 1
1+u ≤ 1 then v ∈ L2(O) and clearly

∇
( ϕ2

1 + u

)
= − ϕ2∇u

(1 + u)2
+ 2

ϕ∇ϕ
1 + u

where both terms in the right hand side belong to L2(O). Hence v ∈ H1
0 (O) and taking this

test function in (3.15) gives∫
O
d0(x)

|∇u|2

(1 + u)2
ϕ2 ≤

∫
O

2d0(x)
ϕ

1 + u
∇ϕ∇u+

∫
O
V (x)

u

1 + u
ϕ2.

Using the upper and lower bounds on d0, 0 ≤ u
1+u ≤ 1 and Young’s inequality, we have∫

O
2d0(x)

ϕ

1 + u
∇ϕ∇u ≤ ε

∫
O

|∇u|2

(1 + u)2
ϕ2 + Cε

∫
O
|∇ϕ|2

that leads to ∫
O

|∇u|2

(1 + u)2
ϕ2 ≤ C(ϕ) = c

∫
O
|∇ϕ|2 + c

∫
O
V +(x)ϕ2,

for all ϕ ∈ C∞c (O).
Observe now that 0 ≤ log(1 + u) ≤ u implies log(1 + u) ∈ L2(O) and ∇ log(1 + u) = ∇u

(1+u) ∈
L2(O), hence log(1 + u) ∈ H1(O). Thus, the last inequality above can be written as∫

O
|∇ log(1 + u)|2ϕ2 ≤ C(ϕ), ϕ ∈ C∞c (O).

Then we can take any smooth open connected subset ω b O such that |A ∩ ω| > 0, to obtain∫
ω
|∇ log(1 + u)|2 ≤ C(ω).

Since log(1 + u) = 0 a.e. A ∩ ω then the Poincaré inequality, see Lemma 3.10 below, leads to∫
ω
| log(1 + u)|2 ≤ C(ω)

where C(ω) does not depend on u.
Setting F (s) = | log(1 + s)|2, which is increasing, and F (∞) =∞, observe that we can apply

the inequality above to u
ε for any ε > 0 and then we get∫

ω
F (
u

ε
) ≤ C(ω).

Chebyshev inequality then leads to

F (
t

ε
)|{u > t} ∩ ω| ≤ C(ω)

for any t > 0. Letting ε → 0 gives |{u > t} ∩ ω| = 0 for any t > 0. That is u = 0 a.e. ω b O
and hence in any connected component of O that intersects A with positive measure.

Now we prove the Poincaré inequality used above.
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Lemma 3.10 Assume ω is a smooth connected open set and A ⊂ ω such that |A| > 0. Then
there exists a positive constant such that for all u ∈ H1(ω) such that u = 0 a.e. in A∫

ω
|∇u|2 ≥ c

∫
ω
|u|2.

Proof. If the inequality is not true then there exists a bounded sequence {um}m ⊂ H1(ω) such
that um = 0 a.e. in A with

∫
ω |um|

2 = 1 for all m ∈ N and
∫
ω |∇um|

2 → 0. Since ω is regular,
the embedding H1(ω) ⊂ L2(ω) is compact, and we can assume that um converges in L2(ω), a.e.
in ω and weakly in H1(ω) to u ∈ H1(ω) with

∫
ω |u|

2 = 1. Then, by weak lower semicontinuity,
we get

∫
ω |∇u|

2 = 0 and then u = 1
|ω|1/2 in ω, which contradicts that u = 0 a.e. in A.

4 Linear parabolic problems

With the notation above, fix λ = λ0, with λ0 as in either Theorem 3.2, 3.4 or 3.6. Then
the operators Bε = Bε(λ0), B0 = B0(λ0) and B0,0 = B0,0(λ0) are selfadjoint, positive in
L2(Ω), L2

Ω0
(Ω) and L2

0,Ω0
(Ω) respectively. Moreover these operators have compact resolvent.

In particular, they are sectorial and define asymptotically decaying analytic semigroups e−Bεt,
e−B0t, e−B0,0t in L2(Ω), L2

Ω0
(Ω) and L2

0,Ω0
(Ω) respectively; see [1, 22].

Also, they have associated the corresponding family of fractional power spaces Xα
ε , Xα

0 , Xα
0,0

for α ∈ R, which satisfy, for α ≥ 0, X−αε =
(
Xα
ε

)′
, X−α0 =

(
Xα

0

)′
, X−α0,0 =

(
Xα

0,0

)′
. In particular

X0
ε = L2(Ω), X0

0 = L2
Ω0

(Ω), X0
0,0 = L2

0,Ω0
(Ω),

X1/2
ε = H1

ΓD
(Ω), with norm ‖u‖21/2,ε = τε(u, u),

X
1/2
0 = H1

Ω0
(Ω), with norm ‖u‖21/2,0 = τ0(u, u),

X
1/2
0,0 = H1

0,Ω0
(Ω), with norm ‖u‖21/2,0,0 = τ0,0(u, u).

Even more for −1 ≤ β ≤ α ≤ 1, we have for t > 0,

‖e−Bεt‖L(Xβ
ε ,Xα

ε )
≤ Mω

tα−β
e−ωt, ‖e−B0t‖L(Xβ

0 ,X
α
0 )
≤ Mω

tα−β
e−ωt, ‖e−B0,0t‖L(Xβ

0,0,X
α
0,0)
≤ Mω

tα−β
e−ωt,

for some ω > 0 and Mω = Mω,β,α independent of ε.
To see this, note that −Bε, −B0 and −B0,0 are selfadjoint with numerical range in (−∞,−ω)

for some ω > 0 independent of ε. Then from Theorem 1.3.9 in [29] we can obtain uniform
estimates on the resolvent operators on any closed sector not intersecting the numerical range.
From this and Theorems 1.3.4 and 1.4.3 in [22] we get the uniform estimate for Mω.

Now from the proof of Theorem 1.4.4 in [22] we get that the constant in the interpolation
inequality

‖u‖γ,ε ≤M‖u‖θα,ε‖u‖1−θβ,ε

for −1 ≤ β ≤ γ ≤ α ≤ 1, and γ = θα+ (1− θ)β can be taken independent of ε.
Finally, observe that the uniform coercitivity of the forms in Theorem 3.2 imply that

X0
0,0 ⊂ X0

0 ⊂ X0
ε = L2(Ω), X

1/2
0,0 ⊂ X

1/2
0 ⊂ X1/2

ε ⊂ H1(Ω)

with embedding constants independent of ε. Then from Theorem 1.15.3 in [36] and Remark
1.15.2 in [2] (characterizing fractional power spaces as interpolation ones) we get that for 0 ≤
α ≤ 1/2,

Xα
0,0 ⊂ Xα

0 ⊂ Xα
ε ⊂ H2α(Ω)
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with embedding constants independent of ε. By duality,

H−2α(Ω) := (H2α(Ω))′ ↪→ X−αε ↪→ X−α0 ↪→ X−α0,0

for 0 < α ≤ 1/2 with embedding constants independent of ε.
Then for λ ∈ R we define the selfadjoint operators

Aε = Bε + (λ− λ0)I, A0 = B0 + (λ− λ0)I, A0,0 = B0,0 + (λ− λ0)I (4.1)

in L2(Ω), L2
Ω0

(Ω) and L2
0,Ω0

(Ω) respectively. These operators induce analytic semigroups with
the same fractional power spaces as aboveXα

ε , Xα
0 , Xα

0,0 for α ∈ R and satisfy for−1 ≤ β ≤ α ≤ 1
and t > 0,

‖e−Aεt‖L(Xβ
ε ,Xα

ε )
≤ Mω

tα−β
e−ωt, ‖e−A0t‖L(Xβ

0 ,X
α
0 )
≤ Mω

tα−β
e−ωt, ‖e−A0,0t‖L(Xβ

0,0,X
α
0,0)
≤ Mω

tα−β
e−ωt,

for some ω(λ) ∈ R and Mω = Mω,β,α(λ) independent of ε.
Notice that from Theorems 3.2, 3.4 or 3.6 for uε0 ∈ Xα

ε , α ∈ R, we have that uε(t;uε0) =
e−Aεtuε0 is a solution of

uεt − div(dε(x)∇uε) + (λ+ V (x))uε = 0 in Ω, t > 0

dε(x)
∂uε

∂~n
+ b(x)uε = 0 on ΓN

uε = 0 on ΓD
uε(0) = uε0 in Ω.

(4.2)

On the other hand, for u0 ∈ Xα
0 , α ∈ R, we have that u(t;u0) = e−A0tu0 is a solution of

ut − div(d0(x)∇u) + (λ+ V (x))u = 0 in Ω1, t > 0

d0(x)
∂u

∂~n
+ b(x)u = 0 on Γ1

N

u = 0 on ΓD
u = uΩ0 on Γ∗

u̇Ω0 +
1

|Ω0|

[ ∫
Γ∗
d0
∂u

∂~n
+
(∫

Ω0

(λ+ V ) +

∫
ΓN∩∂Ω0

b
)]
uΩ0 = 0

u(0) = u0 in Ω.

(4.3)

Then, in case (2.6), that is
ΓD ∩ Ω0 6= ∅,

for u0 ∈ Xα
0,0, α ∈ R, we have that u(t;u0) = e−A0,0tu0 is a solution of

ut − div(d0(x)∇u) + (λ+ V (x))u = 0 in Ω1, t > 0

d0(x)
∂u

∂~n
+ b(x)u = 0 on Γ1

N

u = 0 on Γ1
D ∪ Γ∗

u = 0 in Ω0

u(0) = u0 in Ω.

(4.4)

Remark 4.1 The semigroups above enjoy several comparison properties. First, from part ii)
in Proposition 3.8 and Theorem 1.3.2 in [16] we get at once that e−Bεt, e−B0t, e−B0,0t are order
preserving in L2(Ω), L2

Ω0
(Ω) and L2

0,Ω0
(Ω) respectively.

Also recall that for linear forms in H−1
ΓD

(Ω), H−1
Ω0

(Ω) or H−1
0,Ω0

(Ω), we say h1 ≤ h2 iff h2−h1 ≥
0. This defines an order in H−1

ΓD
(Ω), H−1

Ω0
(Ω) or H−1

0,Ω0
(Ω) which is consistent with the ordering

in L2(Ω), L2
Ω0

(Ω) or L2
0,Ω0

(Ω) respectively and for which the cone on nonnegative functions in
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the latter spaces are dense in the cone of nonnegative forms in the former ones. To see this,
note that if for example 0 ≤ h ∈ H−1

Ω0
(Ω) then 0 ≤ u(t) = e−B0th ∈ L2

Ω0
(Ω) and u(t) → h as

t → 0 in H−1
Ω0

(Ω). Notice that 0 ≤ u(t) = e−B0th follows by using −u−(t) as a test function.

The result for e−Bεt and e−B0,0t are well known but can be also be obtained along the same lines.
From this it is not difficult to see that the family of spaces Xα

ε , Xα
0 , Xα

0,0 for α ∈ R, are
scales of ordered spaces as in Definition A.8 in [4]. Therefore all the abstract comparison results
in that reference hold for the problems in this paper.

These results will be used below for the corresponding nonlinear parabolic problems in Section
6.

5 Convergence of linear problems

5.1 Elliptic problems

Now we show that weak solutions of problems (3.4) converge in certain sense, as ε→ 0 to weak
solutions of problems (3.12) or (3.14), depending on the configuration of the region of large
diffusion.

First we state the following general result, irrespective of the problems considered. The
proofs are analogous to those of Lemma 4.3 and Theorem 4.4 i) in [31], respectively.

Lemma 5.1 Assume (2.3) and {uε}ε ⊂ H1(Ω) are given such that uε ⇀ u weakly in H1(Ω1).
Then ∫

Ω1

d0(x) |∇u|2 ≤ lim inf
ε

∫
Ω1

dε(x) |∇uε|2 .

If, in addition, uε → u in L2(Ω1), then uε → u in H1(Ω1) if and only if∫
Ω1

d0(x) |∇u|2 = lim
ε

∫
Ω1

dε(x) |∇uε|2 .

Lemma 5.2 Assume (2.2) and that for 0 < ε ≤ ε0, the sequence {uε}ε ⊂ H1(Ω) is bounded
in L2(Ω) and 0 ≤

∫
Ω dε(x) |∇uε|2 ≤ M with M a constant not depending on ε. Then, taking

a subsequence if necessary, uε converges weakly in H1(Ω) and strongly in L2(Ω) to a function
u ∈ H1(Ω) that is constant in Ω0. Moreover,

lim
ε

∫
Ω
dε(x) |∇uε|2 =

∫
Ω
d0(x) |∇u|2 =

∫
Ω1

d0(x) |∇u|2

if and only if uε strongly converges to u in H1(Ω) and limε

∫
Ω0
dε(x) |∇uε|2 = 0.

With this, we can now obtain the convergence of the approximate problems to the limit one.

Theorem 5.3 Let λ ∈ R. Assume that for 0 < ε < ε0, the sequence {hε}ε ⊂ H−1
ΓD

(Ω) is

bounded and weakly converges to h ∈ H−1
ΓD

(Ω). Assume also that the sequence {uε}ε ⊂ H1
ΓD

(Ω)

is bounded in L2(Ω) and satisfies
Tεu

ε = hε

with Tε given by (3.6).
Then 0 ≤

∫
Ω dε(x) |∇uε|2 ≤ M for some constant not depending on ε and, taking a subse-

quence as needed, uε ⇀ u ∈ H1
Ω0

(Ω) weakly in H1(Ω); V uε → V u in L2(Ω); and buε → bu in
L2(ΓN ). Furthermore, u ∈ H1

Ω0
(Ω) and satisfies

T0u = h|H1
Ω0

(Ω) in H−1
Ω0

(Ω),
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with T0 given by (3.10).
Finally, uε → u strongly in H1

ΓD
(Ω) if and only if 〈hε, uε〉−1,1 → 〈h, u〉−1,1. The latter holds

if, for instance, hε → h strongly in H−1
ΓD

(Ω). Also, in such a case,

lim
ε
τε(u

ε, uε) = τ0(u, u), (5.1)

and
lim
ε→0

τε(u
ε − u, uε − u) = 0. (5.2)

where τ0 is given by (3.9). In particular

lim
ε

∫
Ω0

dε |∇uε|2 = 0, lim
ε

∫
Ω
dε(x) |∇uε|2 =

∫
Ω
d0(x) |∇u|2 =

∫
Ω1

d0(x) |∇u|2 .

In the case in which (2.6) holds, that is

ΓD ∩ Ω0 6= ∅,

then u ∈ H1
0,Ω0

(Ω) and T0,0u = h|H1
0,Ω0

(Ω) in H−1
0,Ω0

(Ω), with T0,0 given (3.13).

Remark 5.4 Notice that the condition that {uε}ε is bounded holds for λ > 0 large enough.

Proof. Let λ ∈ R and {hε}ε ⊂ H−1
ΓD

(Ω) be a bounded sequence, weakly converging to h ∈
H−1

ΓD
(Ω). Then,

τε(u
ε, uε) =

∫
Ω
dε(x) |∇uε|2 +

∫
Ω

(λ+ V (x)) |uε|2 +

∫
ΓN

b(x) |uε|2 = 〈hε, uε〉−1,1 . (5.3)

From (3.7) and the boundedness of hε and uε we get
∫

Ω dε(x) |∇uε|2 ≤ M . Therefore, we can
apply Lemma 5.2 and obtain that, for a suitable subsequence, uε → u ∈ H1

Ω0
(Ω) weakly in

H1
ΓD

(Ω) and strongly in L2(Ω) and L2(ΓN ). Furthermore, since V ∈ L∞(Ω) and b ∈ L∞(ΓN ),

we have that V uε → V u in L2(Ω) and buε → bu in L2(ΓN ).
Now, given φ ∈ H1

Ω0
(Ω), we have

τε(u
ε, φ) =

∫
Ω1

dε(x)∇uε∇φ+

∫
Ω

(λ+ V (x))uεφ+

∫
ΓN

b(x)uεφ = 〈hε, φ〉−1,1.

We can then pass to the limit in ε to obtain,

τ0(u, φ) =

∫
Ω1

d0(x)∇u∇φ+

∫
Ω1

(λ+V (x))uφ+

∫
Γ1
N

b(x)uφ+uΩ0φΩ0

(∫
Ω0

(λ+V )+

∫
ΓN∩∂Ω0

b
)

= 〈h, φ〉−1,1,

i.e., T0u = h|H1
Ω0

(Ω). Taking φ = u, we have∫
Ω1

d0(x) |∇u|2+

∫
Ω1

(λ+V (x)) |u|2+

∫
Γ1
N

b(x) |u|2+|uΩ0 |2
(∫

Ω0

(λ+V )+

∫
ΓN∩∂Ω0

b
)

= 〈h, u〉−1,1.

(5.4)
In particular, from (5.3) and (5.4), we have lim

∫
Ω dε(x) |∇uε|2 =

∫
Ω1
d0(x) |∇u|2 if and only

if 〈hε, uε〉−1,1 → 〈h, u〉−1,1. The latter holds if either hε or uε converge strongly. In such a case,
we get (5.1). Since we already proved limε→0 τε(u

ε, φ) = τ0(u, φ) then we also get (5.2). The
rest is immediate.

In the case (2.6), from (R.1) we obtain that u ∈ H1
0,Ω0

(Ω) and taking φ ∈ H1
0,Ω0

(Ω), and
passing to the limit in τε(u

ε, φ) = 〈hε, φ〉−1,1 we obtain τ0,0(u, φ) = 〈h, φ〉−1,1.

We now consider the particular case when hε = f εΩ + gεΓN as in (3.3), and show how the
solution and its derivatives behave in the different regions of the domain.
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Corollary 5.5 Under the hypothesis of the Theorem 5.3, assume hε = f εΩ + gεΓN and f ε ⇀ f

weakly in L2(Ω) and gε ⇀ g weakly in H−1/2(ΓN ). Then uε is a weak solution of (3.4) and

−div(dε(x)∇uε) ⇀ f − (λ+ V )uΩ0 weakly in L2(Ω0)

−div(dε(x)∇uε) ⇀ −div(d0(x)∇u) weakly in L2(Ω1)

dε
∂uε

∂~n
⇀ d0

∂u

∂~n
weakly in H−1/2(Γ∗ ∪ Γ1

N ).

Also, uε → u strongly in H1
ΓD

(Ω) if and only if 〈gε, uε〉−1,1 → 〈g, u〉−1,1. In such a case,

lim
ε

∫
Ω0

dε |∇uε|2 = 0, lim
ε

∫
Ω
dε(x) |∇uε|2 =

∫
Ω
d0(x) |∇u|2 =

∫
Ω1

d0(x) |∇u|2 .

That happens if, for example, gε ⇀ g weakly in H−s(ΓN ) for 0 ≤ s < 1/2.
If, in particular, gε ⇀ g weakly in L2(ΓN ), then u is a weak solution of

−div(d0(x)∇u) + (λ+ V (x))u = f in Ω1

d0(x)
∂u

∂~n
+ b(x)u = g on Γ1

N

u = 0 on ΓD
u = uΩ0 on Γ∗

1

|Ω0|

[∫
Γ∗
d0
∂u

∂~n
+
(∫

Ω0

(λ+ V ) +

∫
ΓN∩∂Ω0

b
)
uΩ0

]
=

1

|Ω0|
( ∫

Ω0

f +

∫
ΓN∩∂Ω0

g
)
.

(5.5)
In the case in which (2.6) holds, that is

ΓD ∩ Ω0 6= ∅,

then u ∈ H1
0,Ω0

(Ω) and it is a weak solution of (3.14).

Proof. It is clear that uε is a weak solution of (3.4). Also since we can assume uε → u strongly
in L2(Ω) then 〈hε, uε〉−1,1 → 〈h, u〉−1,1 if and only if 〈gε, uε〉−1,1 → 〈g, u〉−1,1 and in such a case
we get the strong convergence in H1

ΓD
(Ω). Notice that since uε → u weakly in H1

ΓD
(Ω), we can

assume the traces converge strongly in Hs(ΓN ) for 0 ≤ s < 1/2. Hence if gε ⇀ g weakly in
H−s(ΓN ) we get 〈gε, uε〉−1,1 → 〈g, u〉−1,1.

Since uε is a weak solution of (3.4) then, −div(dε(x)∇uε) = f ε − (λ + V )uε converges to
f − (λ+ V )u = −div(d0(x)∇u) weakly in L2(Ω1) and to f − (λ+ V )uΩ0 weakly in L2(Ω0).

On the other hand, by (3.8), for all φ ∈ H1
Ω0

(Ω) we have〈
dε
∂uε

∂~n
, γ(φ)

〉
∂Ω1

=

∫
Ω1

div(dε(x)∇uε)φ+

∫
Ω1

dε(x)∇uε∇φ

where the right hand side converges to∫
Ω1

div(d0(x)∇u)φ+

∫
Ω1

d0(x)∇u∇φ =

〈
d0
∂u

∂~n
, γ(φ)

〉
∂Ω1

.

Since φ = 0 in Γ1
D and on ∂Ω1 = Γ∗ ∪ Γ1

D ∪ Γ1
N , we get

dε
∂uε

∂~n
⇀ d0

∂u

∂~n
weakly in H−1/2(Γ∗ ∪ Γ1

N ).
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If, in particular, gε ⇀ g weakly in L2(ΓN ), it is easy to see that h|H1
Ω0

(Ω) ∈ H−1
Ω0

(Ω) is given

by

h|H1
Ω0

(Ω) =
( 1

|Ω0|
( ∫

Ω0

f +

∫
ΓN∩∂Ω0

g
)
XΩ0 + fXΩ1

)
Ω

+ gΓ1
N
. (5.6)

In particular, by (3.12), u is a weak solution of (5.5).
In case (2.6) holds it is easy to check that

h∗,0 := h|H1
0,Ω0

(Ω) = P (h) =
(
fXΩ1

)
Ω

+ gΓ1
N
.

and then u ∈ H1
0,Ω0

(Ω) and it is a weak solution of (3.14).

In view of (5.6) we define the following operator.

Definition 5.6 For a linear form h = fΩ + gΓN as in (3.3), with f ∈ L2(Ω) and g ∈ L2(ΓN )
we define

P (h) =
( 1

|Ω0|
( ∫

Ω0

f +

∫
ΓN∩∂Ω0

g
)
XΩ0 + fXΩ1

)
Ω

+ gΓ1
N

(5.7)

and, in case (2.6) holds,

P (h) =
(
fXΩ1

)
Ω

+ gΓ1
N
. (5.8)

Notice that
P : L2(Ω) + L2(ΓN )→ L2

Ω0
(Ω) + L2(Γ1

N ), (5.9)

or P : L2(Ω) + L2(ΓN ) → L2
0,Ω0

(Ω1) + L2(Γ1
N ) in the case in which (2.6) holds, is linear,

continuous and monotone in the sense that if f1, f2 ∈ L2(Ω) and g1, g2 ∈ L2(ΓN ) with

f1 ≤ f2, g1 ≤ g2 implies P (h1) ≤ P (h2)

in the sense that for every 0 ≤ φ ∈ H1
Ω0

(Ω), or 0 ≤ φ ∈ H1
0,Ω0

(Ω) respectively, we have

〈P (h1), φ〉 ≤ 〈P (h2), φ〉,

where hi = (fi)Ω + (gi)ΓN .

Remark 5.7 All this allows to understand the limit process in Theorem 5.3 and Corollary 5.5
as follows.

Denote by Lε, L0 and L0,0 the operators as in Theorem 3.2, 3.4 and 3.6 when V = b = λ = 0.
Then with the notation in those theorems and in (4.1) we have

Aε = Lε + (λ+ V )Ω + bΓN

where we are adding multiplication operators in Ω and ΓN to Lε. Then

A0 = L0 + F + P
(
(λ+ V )Ω + bΓN

)
where F (u) accounts for the flux term 1

|Ω0|

∫
Γ∗
d0
∂u

∂~n
in (3.10), while in case (2.6) holds

A0,0 = L0,0 + P
(
(λ+ V )Ω + bΓN

)
.

Then, using (4.1), Theorem 5.3 and Corollary 5.5 state that solutions of

Aεu
ε = Lεu

ε + ((λ+ V )uε)Ω + (buε)ΓN = f εΩ + gεΓN in H−1
ΓD

(Ω),
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converge to solutions of

A0u = L0u+ F (u) + P
(
(λ+ V )Ω + bΓN

)
u = P

(
fΩ + gΓN

)
in H−1

Ω0
(Ω),

or
A0,0u = L0,0u+ P

(
(λ+ V )Ω + bΓN

)
u = P

(
fΩ + gΓN

)
in H−1

0,Ω0
(Ω)

respectively.

5.2 Spectral convergence

As mentioned above the operators Aε, A0, A0,0 in (4.1) have compact resolvents. Thus, they
have a discrete spectrum formed by an increasing sequence of eigenvalues of finite multiplicity,

σ(Aε) = {µεn}n and σ(A0) =
{
µ0
n

}
n
, σ(A0,0) =

{
µ0,0
n

}
n
. From Theorems 3.2, 3.4 or 3.6 observe

that the eigenfunctions of the approximate problems satisfy
−div(dε(x)∇u) + (λ+ V (x))u = µu in Ω

dε(x)∂u∂~n + b(x)u = 0 on ΓN
u = 0 on ΓD

(5.10)

and those of the limit problem satisfy

−div(d0(x)∇u) + (λ+ V (x))u = µu in Ω1

d0(x)
∂u

∂~n
+ b(x)u = 0 on Γ1

N

u = 0 on ΓD
u = uΩ0 on Γ∗

1

|Ω0|

[∫
Γ∗
d0
∂u

∂~n
+
(∫

Ω0

(λ+ V ) +

∫
ΓN∩∂Ω0

b
)
uΩ0

]
= µuΩ0 .

(5.11)

In the case in which (2.6) holds, the eigenvalue problem reduces to
−div(d0(x)∇u) + (λ+ V (x))u = µu in Ω1

d0(x)
∂u

∂~n
+ b(x)u = 0 on Γ1

N

u = 0 in Ω0

u = 0 on ΓD ∪ Γ∗.

(5.12)

The next result states the spectral convergence of the approximate problems (3.4) to the
limit problem (3.12) or (3.14) in case (2.6) holds.

Theorem 5.8 The following statements hold:
i) If for some εn → 0 and µn ∈ σ(Aεn) we have µn → µ0 then µ0 ∈ σ(A0).

If, in addition, we have eigenfunctions φn ∈ E(µn) such that ‖φn‖L2(Ω) = 1 then any sub-
sequence that converges weakly in L2(Ω) homogenizes to some φ ∈ E(µ0), that is, as in (5.2),
limn→∞ τεn(φn − φ, φn − φ) = 0.
ii) For any µ0 ∈ σ(A0) there exists sequences εn → 0 and µn ∈ σ(Aεn) such that µn → µ0.
iii) For any µ0 ∈ σ(A0) with multiplicity M , there exists r0 > 0 such that for any 0 < r < r0

there exists ε0 > 0 such that for all 0 < ε < ε0 the operator Aε has exactly M eigenvalues in the
ball B(µ0, r) ⊂ C, counting multiplicities.

In case (2.6) holds, that is
ΓD ∩ Ω0 6= ∅,

then the statements above hold replacing A0 with A0,0.
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Proof. Note that by (4.1) it is enough to prove the results for the positive operators Bε, B0, B0,0

in (4.1). To achieve the result we will prove first that the inverses of these operators are close
in some sense below.
Step 1. Consider any family {fε}ε with fε ∈ L2(Ω) and ‖fε‖L2(Ω) = 1. Then consider any
sequence of positive numbers εn → 0 and consider uεn = B−1

εn fεn .
Then, from Theorem 5.3 there exists a subsequence, that we denote the same, such that

fεn ⇀ f weakly in L2(Ω) and uεn → u ∈ H1
Ω0

(Ω) weakly in H1
ΓD

(Ω) and strongly in L2(Ω)

where u = B−1
0 f0 with

f0 =

(
−
∫

Ω0

f

)
XΩ0 + fXΩ1 .

by Corollary 5.5 (with gε = 0).
Step 2. Assume moreover that fε → f ∈ L2

Ω0
(Ω) in L2(Ω). Since 〈fεn , uεn〉 → 〈f, u〉 again

Theorem 5.3 implies that uεn → u ∈ H1
Ω0

(Ω) strongly in H1
ΓD

(Ω). Even more we have that (5.2)
holds for the sequence uεn .
Step 3. All the above implies that B−1

ε → B−1
0 in the sense of (4.5) in [5]. Then arguing as in

the proof of Lemma 4.9 in [5] we get that for any compact set K ⊂ ρ(B0) there exists εK > 0
such that for any 0 < ε < εK we have K ⊂ ρ(Bε). This proves the first part of i).

Now we end the proof of i). For this assume φn ∈ E(µn) such that ‖φn‖L2(Ω) = 1 and
Bεn(φn) = µnφn. Then for any subsequence that converges weakly in L2(Ω), which we denote
the same, by Theorem 5.3, arguing as in Steps 1 and 2 above, we have that φn homogenizes, as
in (5.2), to some φ in H1

Ω0
(Ω) such that B0(φ) = µ0φ. Since ‖φ‖L2(Ω) = 1 we get µ0 ∈ σ(B0).

Step 4. Parts ii) and iii) follow as in Theorem 4.10 in [5] from the convergence of the spectral
projections as we now sketch. Recall that given a sectorial operator S in a Banach space such
that its spectrum satisfies σ(S) = σ1 ∪ σ2 with σi open and closed in the spectrum and σ1

bounded, then the spectral projection associated to σ1 is

Q(σ1, S) =
1

2πi

∫
Γ
(zI − S)−1 dz

where Γ is a simple, positively oriented curve in the resolvent of S surrounding σ1 and leaving
σ2 in its exterior. Then W (σ1, S) = Q(σ1, S)X is the (generalized) eigenspace associated to σ1,
see [22].

In our case, we take σ1 = {µ0} with µ0 ∈ σ(B0) and S = B0. Then, we take Γ a small circle
enclosing µ0 and no other point of the spectrum of B0. Hence from the first part in Step 3, the
trace of Γ is in the resolvent of Bε for small enough ε. Also the convergence above B−1

ε → B−1
0

translates into a similar convergence Q(µ0, Bε) → Q(µ0, B0). This, in particular, implies that
for small enough ε, W (µ0, Bε) and W (µ0, B0) have the same dimension. This proves iii).

In turn, by contradiction, part iii) gives part ii).

Observe that a somewhat weaker result on the convergence of eigenvalues and eigenfunctions,
in the spirit of Theorem 5.1 in [31], can be proved here only using the Rayleigh characterization
of eigenvalues.

Also, we get the following result.

Corollary 5.9 With the notation in Theorem 5.8, the following are equivalent
i) Λ0 = inf{µ, µ ∈ σ(A0)} > 0.
ii) There exists δ > 0 such that for all sufficiently small ε we have

Λε = inf{µ, µ ∈ σ(Aε)} > δ > 0.

In case (2.6), that is
ΓD ∩ Ω0 6= ∅,
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then the statement above holds replacing A0 with A0,0.

In the spirit of Remark 5.7 we get now the following.

Remark 5.10 Observe that Theorem 5.8 state that eigenvalues and eigenfunctions of

Aεu
ε = Lεu

ε + ((λ+ V )uε)Ω + (buε)ΓN = µεuεΩ in H−1
ΓD

(Ω),

converge to eigenvalues and eigenfunctions of

A0u = L0u+ F (u) + P
(
(λ+ V )Ω + bΓN

)
u = µuΩ in H−1

Ω0
(Ω),

or
A0,0u = L0,0u+ P

(
(λ+ V )Ω + bΓN

)
u = µuΩ in H−1

0,Ω0
(Ω),

respectively.

5.3 Linear parabolic problems

In this section we prove the convergence of the approximated linear parabolic problems (4.2)
towards the linear parabolic limit problem (4.3). In case (2.6) holds, that is

ΓD ∩ Ω0 6= ∅,

the limit problem will be (4.4).
We have the following continuity result for the approximate parabolic homogeneous prob-

lems, whose proof is analogous to that of Proposition 4.6, p. 48, in [7], based on the spectral
decomposition provided by Theorem 5.8. A similar result can be found in Theorem 3.4 in [10].

Proposition 5.11 With the notation in Corollary 5.9, assume Λ0 > 0. Then, given γ ∈ [0, 1)
there exist α ∈ ((1 + γ)/2, 1) and a function c̃(·) ≥ 0 with c̃(ε) → 0 as ε → 0, such that for all
h ∈ H−γ(Ω) ≡ (Hγ(Ω))′

‖e−Aεth− e−A0th∗‖H1(Ω) ≤ c̃(ε)t−α‖h‖H−γ(Ω), t > 0

where we have denoted by h∗ the restriction of h to Hγ
Ω0

(Ω), so h∗ ∈ (Hγ
Ω0

(Ω))′.
In case (2.6) holds the result remain true with A0,0 replacing A0 and h∗ is the restriction of

h to Hγ
0,Ω0

(Ω), so h∗ ∈ (Hγ
0,Ω0

(Ω))′.

In particular, using Definition 5.6 and arguing as in Corollary 4.8 and Corollary 4.9 in [7],
taking γ = 1/2, we have the following.

Corollary 5.12 With the notation in Corollary 5.9, assume Λ0 > 0 and f ∈ L2(Ω) and g ∈
L2(ΓN ).
i) There exist α ∈ (3/4, 1) and a function c̃(·) > 0 with c̃(ε)→ 0 as ε→ 0 such that

‖e−Aεt(fΩ + gΓN )− e−A0tP (fΩ + gΓN )‖H1(Ω) ≤ c̃(ε)t−α(‖f‖L2(Ω) + ‖g‖L2(ΓN )), t > 0

where P is given in (5.7).
ii) There exist k > 0 and M > 0 such that

‖e−A0tP (fΩ + gΓ)‖L∞(Ω) ≤Mt−k(‖f‖L2(Ω) + ‖g‖L2(ΓN )).

In case (2.6) holds the result remain true with A0,0 replacing A0.
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Proof. Part i) is immediate from Proposition 5.11 with γ = 1/2. For part ii), from Corol-
lary 5.9 we have that for ε > 0 small enough, Λε > δ > 0 for some δ > 0. We know
from [4], Lemma 4.4, applied to Aε that there exists M̃ and Ñ , independent of ε, such that

‖e−Aεtψ‖L∞(Ω) ≤ M̃t−Ñ‖ψ‖L2(Ω). Passing to the limit as ε→ 0 and using part i) we have that

‖e−A0tP (ψ)‖L∞(Ω) ≤ M̃t−Ñ‖ψ‖L2(Ω).

Using this, the semigroup property for e−A0t, the embedding L2
Ω0

(Ω) +L2(Γ1
N ) ⊂ H−1

Ω0
(Ω) =

X
−1/2
0 and the continuity of P in (5.9), we obtain

‖e−A0tP (fΩ + gΓN )‖L∞(Ω) ≤ M̃(t/2)−Ñ‖e−A0t/2P (fΩ + gΓN )‖L2(Ω)

≤ M̃(t/2)−ÑCt−1/2‖P (fΩ + gΓN )‖
X
−1/2
0

≤ Mt−k(‖f‖L2(Ω) + ‖g‖L2(ΓN )).

In case (2.6) holds the proof follows the same lines with obvious changes.

6 Nonlinear parabolic problems

The next step in our study is to understand the behaviour of the corresponding nonlinear
evolution problems. In particular, we obtain conditions ensuring the existence of an attractor
for the approximated and limit problems as well as their upper semicontinuity.

Note that an essential tool are the comparison principles that can be obtained for all the
problems in this paper from Apendix A in [4], see Remark 4.1.

6.1 Approximate nonlinear parabolic problems

We now consider the nonlinear parabolic problems (2.1) with initial data u0 ∈ X, where X is a
space in the class E defined by

E = {Lq(Ω), W 1,q
ΓD

(Ω), 1 < q <∞}.

We also assume c ∈ L∞(Ω) and b ∈ L∞(ΓN ) for the sake of clarity in the exposition (see Remark
3.1). Notice that from Theorem 3.2, (4.1) and the notation in (3.3), problem (2.1) can be written
as

ut +Aεu = h(x, u) := f(x, u)Ω + g(x, u)ΓN (6.1)

and the solutions are given by the variations of constants formula

uε(t, u0) = e−Aεtu0 +

∫ t

0
e−Aε(t−s)h(uε(s, u0))ds. (6.2)

Suppose that f and g satisfy the following growth condition

(G)X : f(x, ·), g(x, ·) : R→ R are locally Lipschitz uniformly in x ∈ Ω and x ∈ ΓN , respectively.
In addition,

1. If X = Lq(Ω), assume that f and g satisfy a relation of the form

|j(x, u)− j(x, v)| ≤ c|u− v|(|u|ρ−1 + |v|ρ−1 + 1) (6.3)

with exponents ρf and ρg respectively, such that, for N ≥ 2 (resp. N = 1)

ρf ≤ ρΩ := 1 +
2q

N
, ρg ≤ ρΓ := 1 +

1

N
(resp. ρg ≤ ρΓ := 1 + q).
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2. If X = W 1,q
ΓD

(Ω), assume that one of the following conditions holds

(a) q > N (hence, no growth assumption is assumed on f or g).

(b) q = N and f, g satisfy that for all η > 0 there exists cη > 0 such that

|j(x, u)− j(x, v)| ≤ cη(eη|u|
N
N−1 + eη|v|

N
N−1 )|u− v|. (6.4)

(c) 1 < q < N and f, g satisfy (6.3) with exponents

ρf ≤ ρΩ := 1 +
2q

N − q
ρg ≤ ρΓ := 1 +

q

N − q
.

Also assume that there exist C0 ∈ Lp(Ω), 0 ≤ C1 ∈ Lp(Ω), p > N/2, B0 ∈ Lr(ΓN ) and
0 ≤ B1 ∈ Lr(ΓN ), r > N − 1, such that

sf(x, s) ≤ C0(x)s2 + C1(x)|s| x ∈ Ω (6.5)

sg(x, s) ≤ B0(x)s2 +B1(x)|s| x ∈ ΓN (6.6)

for all s ∈ R. Finally, assume that the first eigenvalue, Λε, of the following problem is positive
−div(dε(x)∇u) + (c(x)− C0(x))u = µu in Ω

dε(x)∂u∂~n + (b(x)−B0(x))u = 0 on ΓN
u = 0 on ΓD.

(6.7)

From Theorem 2.4 and 3.4 in [4] we have the existence and uniqueness of solution as well as
existence of a global attractor for the problem (2.1). Namely, we have

Theorem 6.1 Let 0 < ε < ε0. Let X any of the spaces in the class E. Suppose that f and g are
locally Lipschitz functions satisfying (G)X and (6.5), (6.6). Then, given u0 ∈ X there exists a
unique solution uε(·;u0) of problem (2.1) which is defined for all time t ≥ 0. Also, this solution
continuously depend on the data and is classical for t > 0. Finally, the following smoothing
effect holds: if u0 ∈ X then uε(t;u0) ∈ Y for any other space Y in the class E, t > 0.

Therefore, we can define the semigroup Sε(t) in X given by the solutions of (2.1) with initial
dara u0 ∈ X.

If, in addition, (6.7) holds, this semigroup has a global attractor AεX in X. Also, for any Y
in the class E such that Y ⊂ X there exists the global attractor AεY . In fact, AεX = AεY and
attracts bounded sets of X in the topology of Y .

Then we have the following uniform estimates for the solution of (2.1). Notice that although
the problem can be set in an Lp–setting, due to the variations in the diffusion coefficients, the
uniform bounds for the spatial derivatives of the solutions are obtained only in H1(Ω); see
Theorem 4.5 and Theorem 4.6 in [4].

Theorem 6.2 If Λε > δ > 0 for some δ not depending on ε then for all 0 < ε ≤ ε0,

sup
0<ε≤ε0

sup
u0∈Aε

(‖u0‖H1(Ω) + ‖u0‖L∞(Ω)) ≤ K

sup
0<ε≤ε0

sup
u0∈Aε

sup
t∈R
‖uεt (t, u0)‖H1(Ω)∩L∞(Ω) ≤ K

with K not depending on ε. Also, for functions in the attractors, Aε, there are uniform Cα

bounds on each compact set of Ω1 with some α = α(K) ∈ (0, 1).
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Observe that from Corollary 5.9 the assumption in Theorem 6.2 is equivalent to the positivity
of the first eigenvalue, Λ0, of the problem

−div(d0(x)∇u) + (c(x)− C0(x))u = µu in Ω1

d0(x)
∂u

∂~n
+ (b(x)−B0(x))u = 0 on Γ1

N

u = 0 on ΓD
u = uΩ0 on Γ∗

1

|Ω0|

[∫
Γ∗
d0
∂u

∂~n
+
(∫

Ω0

(c− C0) +

∫
ΓN∩∂Ω0

(b−B0)
)
uΩ0

]
= µuΩ0 ,

(6.8)

or the positivity of the first eigenvalue, Λ0,0, of the simplified problem analogous to (5.12) in
case (2.6) holds.

We can now apply Theorems 3.15 and 3.16 in [32] to obtain

Theorem 6.3 In the assumptions of Theorem 6.1, there exist two extremal equilibria ϕεm, ϕ
ε
M ∈

Aε such that ϕεm ≤ ϕεM , Aε ⊂ [ϕεm, ϕ
ε
M ] and

ϕεm ≤ lim inf
t→∞

uε(t, x;u0) ≤ lim sup
t→∞

uε(t, x;u0) ≤ ϕεM

uniformly in x ∈ Ω for u0 in bounded sets of X.

From the uniform estimates above, we can assume henceforth that the nonlinear terms
f(x, u), g(x, u) have been truncated for large values of |u| in such a way that they become
globally bounded and Lipschitz and satisfy (6.5), (6.6) and (6.8).

For the dynamics of (2.1) equilibria play a relevant role. Not only extremal equilibria as in
Theorem 6.3 but all equilibria have a decissive influence in local and global dynamics. Indeed,
after the truncation above, (2.1) is a gradient system in H1(Ω) with energy

Vε(u) =
1

2

∫
Ω
dε|∇u|2 +

∫
Ω

(c|u|2 − F0(x, u)) +

∫
ΓN

(b|u|2 −G0(x, u))

with F0(x, s) =
∫ s

0 f(x, s) ds and G0(x, s) =
∫ s

0 g(x, s) ds. Therefore

Aε = W u(Eε) (6.9)

where Eε denote the set of equilibria; see [19]. Therefore stability of equilibria plays an important
role in the complexity of the dynamics of (2.1). This, in turn, depends on the properties of the
linearization around an equilibrium ϕε which amounts to solving the linearized problems

vεt − div(dε(x)∇vε) + c(x)vε = ∂uf(x, ϕε)vε in Ω

dε(x)
∂vε

∂~n
+ b(x)vε = ∂ug(x, ϕε)vε on ΓN

vε = 0 on ΓD.

The solution of the linearized equations determine the structure of the local invariant manifolds
near the equilibrium; see [22, 19] and Lemma 6.7 below.

6.2 The nonlinear parabolic limit problems

In the following we will concentrate in the case of the limit problem (2.5). In case (2.6) holds,
that is for (2.7), analogous result hold with obvious changes.

As mentioned earlier, from the uniform estimates above, we will assume henceforth that the
nonlinear terms f(x, u), g(x, u) have been truncated for large values of |u| in such a way that
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they become globally bounded and Lipschitz and satisfy (6.5), (6.6) and (6.8). Notice that from
(3.11) and (4.1), problem (2.5) can be written as

ut +A0u = H(x, u) = f∗(x, u)Ω + g(x, u)Γ1
N

in H−1
Ω0

(Ω), (6.10)

where u = uΩ0XΩ0 + uXΩ1 and

f∗(x, u) =
1

|Ω0|

[∫
Ω0

f(x, uΩ0) dx+

∫
ΓN∩∂Ω0

g(x, uΩ0) dx

]
XΩ0 + f(x, u)XΩ1 .

Observe that using the notation in Remark 5.7 we have

A0 = L0 + F + P (cΩ + bΓN ). (6.11)

As for nonlinear terms, for a function u = uΩ0XΩ0 + uXΩ1 defined up to the boundary, using
the notation in (3.3) and (5.7) (resp. (5.8)), the nonlinear term above H(u) = f∗(u)Ω + g(u)Γ1

N

can be written as
H(u) = Ph(u) = P (f(u)Ω + g(u)ΓN ) (6.12)

where P is defined in (5.7) (resp. (5.8)). Hence the solutions of (2.5) are given by the corre-
sponding variation of constants formula

u(t, u0) = e−A0tu0 +

∫ t

0
e−A0(t−s)H(u(s, u0))ds. (6.13)

Since f and g are bounded and globally Lipschitz, the nonlinear term satisfies

H = (f∗)Ω + gΓ1
N

: H1
Ω0

(Ω)→ L2
Ω0

(Ω) + L2(Γ1
N ) ⊂ H−sΩ0

(Ω) (6.14)

for any s > 1/2, and is globally bounded and Lipschitz. Thus, as in Proposition 3.1 in [7],
using Remark 4.1 and the abstract comparison results in Appendix A in [4], we can prove the
following result.

Proposition 6.4 For any u0 ∈ L2
Ω0

(Ω) there exists a unique globally defined mild solution of
(2.5), i.e. ut+A0u = H(u), with initial data u0, u(·, u0) ∈ C([0,∞), L2

Ω0
(Ω))∩C((0,∞), H1

Ω0
(Ω)).

Moreover this solution depends continuously on the initial data and satisfies u, ut ∈ C((0,∞), Xγ
0 ),

for any γ < 3/4. Moreover if u0 lies in a bounded set of L2
Ω0

(Ω) then, for t > 0, fixed u(t, u0)

lies in a bounded subset of Xγ
0 for any γ < 3/4. If the initial data is in H1

Ω0
(Ω) = X

1/2
0 then

the solution is also in C([0,∞), H1
Ω0

(Ω)).
Also, the comparison principle holds for problem (2.5).

Now observe that for x ∈ Ω1 we have

sf∗(x, s) ≤ C0(x)|s|2 + C1(x)|s|, s ∈ R

and for x ∈ Ω0 we have

sf∗(x, s) ≤
1

|Ω0|
( ∫

Ω0

f(x, s)s dx+

∫
ΓN∩∂Ω0

g(x, s)sdx
)

≤ 1

|Ω0|
( ∫

Ω0

[C0(x)|s|2 + C1(x)|s|] dx+

∫
ΓN∩∂Ω0

[B0(x)|s|2 +B1(x)|s|] dx
)

≤ c̃0|s|2 + c̃1|s|, s ∈ R

where

c̃0 =
1

|Ω0|
( ∫

Ω0

C0 +

∫
ΓN∩∂Ω0

B0

)
and c̃1 =

1

|Ω0|
( ∫

Ω0

C1 +

∫
ΓN∩∂Ω0

B1

)
.
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Hence, as in (6.5),
sf∗(x, s) ≤ C̃0(x)s2 + C̃1(x)|s| x ∈ Ω (6.15)

with

C̃0(x) =

{
C0(x) x ∈ Ω1

c̃0 x ∈ Ω0

, C̃1(x) =

{
C1(x) x ∈ Ω1

c̃1 x ∈ Ω0.

Using this we obtain the following result that states the existence of the attractor for (2.5)
and some of its properties.

Theorem 6.5 Assume (6.5), (6.6) and that the first eigenvalue, Λ0, of (6.8) is positive. Then,
problem (2.5) has a global attractor A0, which is a compact set of H1

Ω0
(Ω) and bounded in L∞(Ω).

The attractor A0 attracts in H1
Ω0

(Ω) bounded sets of L2
Ω0

(Ω) and is a bounded set in Cα(Ω) for
some 0 < α < 1.

Moreover, there exist extremal equilibria ϕm, ϕM ∈ A0 such that ϕm ≤ ϕM , A0 ⊂ [ϕm, ϕM ]
and

ϕm ≤ lim inf
t→∞

u(t, x;u0) ≤ lim sup
t→∞

u(t, x;u0) ≤ ϕM (6.16)

uniformly in x ∈ Ω and for u0 in bounded sets of L2
Ω0

(Ω).

Proof. By Proposition 6.4 the semigroup of solutions associated to (2.5), S0(t)u0 = u(t, u0),

is bounded from L2
Ω0

(Ω) into Xγ
0 for any γ < 3/4, which is compactly embedded into X

1/2
0 =

H1
Ω0

(Ω). Hence the semigroup is compact.
By comparison, using (6.15) and (6.6), for u0 ∈ L2

Ω0
(Ω) the solution u(t, u0) in Proposition

6.4 satisfies
|u(t, x, u0)| ≤ U(t, x, |u0|), t > 0, x ∈ Ω,

where U satisfies
Ut +A0U =

(
C̃0U + C̃1

)
Ω

+
(
B0U +B1

)
Γ1
N

(6.17)

that is, 

Ut − div(d0(x)∇U) + (c(x)− C0(x))U = C1(x) in Ω1

d0(x)
∂U

∂~n
+ (b(x)−B0(x))U = B1(x) on Γ1

N

U = 0 on ΓD
U = UΩ0 on Γ∗

U̇Ω0 +
1

|Ω0|

[∫
Γ∗
d0
∂U

∂~n
+ c̃2UΩ0

]
= c̃1

U(0) = |u0| in Ω,

with c̃2 =
(∫

Ω0

(c−C0) +

∫
ΓN∩∂Ω0

(b−B0)
)

. Notice that with Definition 5.6 the right hand side

in (6.17) coincides with

P
(
((C̃0)Ω + (B0)ΓN )U

)
+ P

(
(C̃1)Ω + (B1)ΓN

)
.

Also, note that (6.17) can be written as Ut + L1U = (C̃1)Ω + (B1)Γ1
N

, with L1U = A0U −
P
(
((C̃0)Ω + (B0)ΓN )U

)
hence

U(t, |u0|) = e−L1t|u0|+
∫ t

0
e−L1(t−s)

(
(C̃1)Ω + (B1)Γ1

N

)
ds.

26



Since the first eigenvalue of (6.8) is positive then the first eigenvalue of L1 is Λ0 > 0 and then
U converges in, say L2

Ω0
(Ω), to

φ0 =

∫ ∞
0

e−L1s
(

(C̃1)Ω + (B1)Γ1
N

)
ds,

which is the unique solution of

−div(d0(x)∇φ0) + (c(x)− C0(x))φ0 = C1(x) in Ω1

d0(x)
∂φ0

∂~n
+ (b(x)−B0(x))φ0 = B1(x) on Γ1

N

φ0 = 0 on ΓD
φ0 = φ0

Ω0
on Γ∗

1

|Ω0|

[∫
Γ∗
d0
∂φ0

∂~n
+ c̃2φ

0
Ω0

]
= c̃1.

(6.18)

Also we can write
U(t, |u0|) = e−L1t

(
|u0| − φ0) + φ0

and then
lim sup
t→∞

|u(t, x;u0)| ≤ φ0(x), x ∈ Ω.

From Proposition 3.8 we get 0 ≤ φ0 ∈ Cα(Ω). Now Corollary 5.12 gives

‖U(t, |u0|)‖L∞(Ω) ≤Mt−k‖|u0| − φ0‖L2(Ω) + ‖φ0‖L∞(Ω) → ‖φ0‖L∞(Ω)

as t→∞. From here the semigroup S0 has an absorbing ball in L∞(Ω) and, from Proposition
6.4, an absorbing ball in Xγ

0 for any γ < 3/4. Thus, from [19] we get the existence of a global
attractor as in the statement.

The Hölder estimate on the attractor are obtained as follows. If u(·) is an orbit in the
attractor A0, then we know that it is defined for all t ∈ R, u, ut ∈ C(R, H1

Ω0
(Ω)), that is

u ∈ C1(R, H1
Ω0

(Ω)). Multiplying (2.5) by ut, integrating by parts and in time for t ∈ (0, 1), and
using that the attractor is a bounded set of H1(Ω) and L∞(Ω), we can show that for any orbit
u(t) in the attractor A0, we have that

∫ 1
0 ‖ut(s)‖

2
L2(Ω)ds ≤ C for some constant C independent

of the orbit on the attractor.
Now, if we denote by v(t) = ut(t) then, v satisfies the linearized equation along u(t), given

by 

vt − div(d0(x)∇v) + c(x)v = ∂uf(x, u)v in Ω1

d0(x)
∂v

∂~n
+ b(x)v = ∂ug(x, u)v on Γ1

N

v = 0 on ΓD
v = vΩ0 on Γ∗

v̇Ω0 +
1

|Ω0|

[ ∫
Γ∗
d0
∂v

∂~n
+
(∫

Ω0

c+

∫
ΓN∩∂Ω0

b
)
vΩ0

]
=

=
1

|Ω0|
( ∫

Ω0

∂uf(x, uΩ0) +

∫
ΓN∩∂Ω0

∂ug(x, uΩ0)
)
vΩ0

v(0) = ut(0) in Ω.

This is justified by Lemma 6.7 and Corollary 6.9 below.
By comparison, denoting byD0 = sup{‖∂uf(φ)‖L∞(Ω) : φ ∈ A0} and E0 = sup{‖∂ug(φ)‖L∞(Ω) :

φ ∈ A0} then for s ∈ (0, 1) we have |v(t + s)| ≤ w(t) for t > 0 where w is the solution of the

27



linear problem

wt − div(d0(x)∇w) + c(x)w = D0w in Ω1

d0(x)∂w∂~n + b(x)w = E0w on Γ1
N

w = 0 on ΓD
w = wΩ0 on Γ∗

ẇΩ0 + 1
|Ω0|

[∫
Γ0

d0(x)∂w∂~n +
(∫

Ω0

c+

∫
ΓN∩∂Ω0

b
)]
wΩ0 =

(
D0 +

|ΓN ∩ ∂Ω0|
|Ω0|

)
wΩ0 ,

w(0) = |v(s)|.

By Corollary 5.12 we have that w(2) ∈ L∞(Ω) and ‖w(2)‖L∞(Ω) ≤ M0‖v(s)‖L2(Ω) for any

s ∈ (0, 1), which implies that ‖v(2)‖2L∞(Ω) ≤M
2
0

∫ 1
0 ‖v(s)‖2L2(Ω)ds ≤M

2
0C. By the invariance of

the attractor we obtain that there exists a constant M2 such that ‖ut(t)‖L∞(Ω) ≤ M2 for any
orbit u(·) of the attractor.

Now, for t fixed, we can rewrite equation (2.5) as an elliptic equation in Ω1, as
−div(d0(x)∇u) + c(x)u = f(x, u)− ut in Ω1

d0(x)∂u∂~n + b(x)u = g(x, u) on Γ1
N

u = 0 on ΓD,
u = uΩ0 on Γ∗.

Since f(x, u)−ut ∈ L∞(Ω), g(x, u) ∈ L∞(Γ), and uΩ0 ∈ L∞(Γ∗), with uniform bounds for t ∈ R
and u(·) on the attractor, by part iii) in Proposition 3.8, we obtain that u lies in a bounded set
of Cα(Ω̄1). Since u is constant in Ω0 we obtain that u lies in a bounded set of Cα(Ω̄).

The existence of the extremal equilibria and the asymptotic estimate (6.16) follows from
Theorem 3.2 in [32]; see also Corollary 3.11 in that reference. Observe that the uniformity in
(6.16) for x ∈ Ω follows because for any initial data 0 ≤ u0 ∈ L2

Ω0
(Ω) the arguments above

imply that for a given δ > 0, there exists T > 0 such that u(t;u0) ≤ φ0 + δ for t ≥ T . Note
we can assume that u(T ;φ0 + δ) ≤ φ0 + δ which implies that as n → ∞, u(nT ;φ0 + δ) → ϕM
monotonically. Since ϕM is continuous, see Remark 6.6, Dini’s criterium (c.f. [8, p. 194]) im-
plies the convergence is uniform. From this, as in the proof of Theorem 3.2 in [32] we also get
u(t+T ;φ0 +δ) ≤ u(t;φ0 +δ)→ ϕM uniformly in Ω. The argument involving ϕm is analogous.

Remark 6.6 i) Observe that the extremal equilibria satisfy

|ϕm|, |ϕM | ≤ φ0

with φ0 as in (6.18). Then from Propositions 3.8 and 3.9 we get φ0 is Hölder continuous and
either zero or strictly positive a.e. in each connected component of Ω1.
ii) Also, any equilibrium of (2.5) satisfies

A0ϕ = H(x, ϕ) in H−1
Ω0

(Ω), (6.19)

that is

−div(d0(x)∇ϕ) + c(x)ϕ = f(x, ϕ) in Ω1

d0(x)
∂ϕ

∂~n
+ b(x)ϕ = g(x, ϕ) on Γ1

N

ϕ = 0 on ΓD
ϕ = ϕΩ0 on Γ∗

1

|Ω0|

[ ∫
Γ∗
d0
∂ϕ

∂~n
+
(∫

Ω0

c+

∫
ΓN∩∂Ω0

b
)
ϕΩ0

]
=

1

|Ω0|
( ∫

Ω0

f(x, ϕΩ0) +

∫
ΓN∩∂Ω0

g(x, ϕΩ0)
)
.

(6.20)
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Since f and g are bounded and globally Lipschitz, then Proposition 3.8 imples that ϕ is Hölder
continuous in Ω.

Now we prove the following result on the differentiability of the nonlinear terms in problems
(2.1) and (2.5) used in the proof of Theorem 6.5 above (see also comment after (6.9)). Recall
that after the results in Section 6.1, we assumed in Section 6.2 that f and g have been truncated
for large values of u in such a way that they are bounded and globally Lipschitz. Below we
assume furthermore that they are f, g ∈ C2

b(Ω× R).

Lemma 6.7 Assume f, g ∈ C2
b(Ω × R). We consider the operator h : H1

ΓD
(Ω) → H−γΓD

(Ω) for
γ > 1/2 (see (6.14)) given by

h(u) = f(·, u)Ω + g(·, u)ΓN , u ∈ H1
ΓD

(Ω)

as in (6.1).

Then, h ∈ C1,σ(H1
ΓD

(Ω), H−γΓD
(Ω)) with σ = min

{
1, 2γ

N−2

}
and for all u, v ∈ H1

ΓD
(Ω)

Dh(u)(v) =
(
∂uf(·, u)v

)
Ω

+
(
∂ug(·, u)v

)
ΓN

in the sense of (3.3).

Proof. Let u, v ∈ H1
ΓD

(Ω). Then observe that for x ∈ Ω

|f(x, u(x))− f(x, v(x))− ∂uf(x, u(x))(u(x)− v(x))| = |
(
∂uf(x, ξx)− ∂uf(x, u(x))

)
(u(x)− v(x))|

for some ξx = αxu(x)+(1−αx)v(x), 0 ≤ αx ≤ 1. Using this and that ∂uf and ∂2
uf are bounded,

we get for 0 < σ ≤ 1

|∂uf(x, ξx)−∂uf(x, u(x))| ≤ |∂uf(x, ξx)−∂uf(x, u(x))|σ|∂uf(x, ξx)−∂uf(x, u(x))|1−σ ≤ C|u(x)−v(x)|σ.
(6.21)

Hence
|f(x, u(x))− f(x, v(x))− ∂uf(x, u(x))(u(x)− v(x))| ≤ C|u(x)− v(x)|1+σ.

Now consider ϕ ∈ Hγ
ΓD

(Ω). Then the estimate above, Hölder’s inequality and Sobolev

embeddings Hγ
ΓD

(Ω) ⊂ L
2N

N−2γ (Ω) give∣∣∣∣∫
Ω

[f(·, u)− f(·, v)− ∂uf(·, u)(u− v)]ϕ

∣∣∣∣ ≤ C ∫
Ω
|u−v|1+σ|ϕ| ≤ C‖u−v‖1+σ

L
(1+σ) 2N

N+2γ (Ω)
‖ϕ‖

L
2N

N−2γ (Ω)
.

Using now H1
ΓD

(Ω) ⊂ L
2N
N−2 (Ω) we get∣∣∣∣∫

Ω
[f(·, u)− f(·, v)− ∂uf(·, u)(u− v)]ϕ

∣∣∣∣ ≤ C‖u− v‖1+σ
H1

ΓD
(Ω)
‖ϕ‖Hγ

ΓD
(Ω)

as long as σ ≤ min{1, 2+2γ
N−2 }. Thus

‖f(·, u)− f(·, v)− ∂uf(·, u)(u− v)‖H−γΓD
(Ω) ≤ C‖u− v‖

1+σ
H1

ΓD
(Ω)
.

Since ∂uf(·, u) ∈ L∞(Ω) then, as a multiplication operator, it defines a linear operator in
L(H1

ΓD
(Ω), L2(Ω)) and thus in L(H1

ΓD
(Ω), H−γΓD

(Ω)). Therefore for all u, z ∈ H1
ΓD

(Ω)

DfΩ(u)(z) =
(
∂uf(·, u)z

)
Ω
∈ H−γΓD

(Ω)
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as in (3.3).
Analogously, for x ∈ ΓN and 0 < σ ≤ 1

|g(x, u(x))− g(x, v(x))− ∂ug(x, u(x))(u(x)− v(x))| ≤ C|u(x)− v(x)|1+σ.

Now for ϕ ∈ Hγ
ΓD

(Ω), Hölder’s inequality and Sobolev embeddings Hγ
ΓD

(Ω) ⊂ L
2(N−1)
N−2γ (ΓN ) give∣∣∣∣∫

ΓN

[g(·, u)− g(·, v)− ∂ug(·, u)(u− v)]ϕ

∣∣∣∣ ≤ C ∫
ΓN

|u− v|1+σ|ϕ| ≤

≤ C‖u− v‖1+σ

L
(1+σ)

2(N−1)
N−2+2γ (ΓN )

‖ϕ‖
L

2(N−1)
N−2γ (ΓN )

.

Using now H1
ΓD

(Ω) ⊂ L
2(N−1)
N−2 (ΓN ) we get∣∣∣∣∫

ΓN

[g(·, u)− g(·, v)− ∂ug(·, u)(u− v)]ϕ

∣∣∣∣ ≤ C‖u− v‖1+σ
H1

ΓD
(Ω)
‖ϕ‖Hγ

ΓD
(Ω)

as long as σ ≤ min{1, 4γ−2
N−2γ }. Thus

‖g(·, u)− g(·, v)− ∂ug(·, u)(u− v)‖H−γΓD
(Ω) ≤ C‖u− v‖

1+σ
H1

ΓD
(Ω)
.

Since ∂ug(·, u) ∈ L∞(ΓN ) then, as a multiplication operator on the boundary, it defines a
linear operator in L(H1

ΓD
(Ω), L2(ΓN )) and thus in L(H1

ΓD
(Ω), H−γΓD

(Ω)). Therefore for all u, z ∈
H1

ΓD
(Ω)

DgΓN (u)(z) =
(
∂ug(·, u)z

)
ΓN
∈ H−γΓD

(Ω)

as in (3.3).
On the other hand

‖DfΩ(u)−DfΩ(v)‖L(H1
ΓD

(Ω),H−γΓD
(Ω)) = sup

z∈H1
ΓD

(Ω)

‖z‖
H1

ΓD
(Ω)

=1

‖DfΩ(u)z −DfΩ(v)z‖H−γΓD
(Ω)

= sup
z∈H1

ΓD
(Ω)

‖z‖
H1

ΓD
(Ω)

=1

sup
ϕ∈Hγ

ΓD
(Ω)

‖ϕ‖
H
γ
ΓD

(Ω)
=1

∣∣∣∣∫
Ω

(
∂uf(·, u)− ∂uf(·, v)

)
zϕ

∣∣∣∣ ≤

≤ sup
z∈H1

ΓD
(Ω)

‖z‖
H1

ΓD
(Ω)

=1

sup
ϕ∈Hγ

ΓD
(Ω)

‖ϕ‖
H
γ
ΓD

(Ω)
=1

C

∫
Ω
|u− v|σ|z||ϕ|

where in the last step we argued as in (6.21). Now Sobolev embeddings Hγ
ΓD

(Ω) ⊂ L
2N

N−2γ (Ω),

H1
ΓD

(Ω) ⊂ L
2N
N−2 (Ω) and Hölder’s inequality gives

‖DfΩ(u)−DfΩ(v)‖L(H1
ΓD

(Ω),H−γΓD
(Ω)) ≤ C‖u− v‖

σ

L
σ 2N

2+2γ (Ω)
≤ C‖u− v‖σH1

ΓD
(Ω)

as long as σ ≤ min{1, 2+2γ
N−2 }.

Analogously

‖DgΓN (u)−DgΓN (v)‖L(H1
ΓD

(Ω),H−γΓD
(Ω)) = sup

z∈H1
ΓD

(Ω)

‖z‖
H1

ΓD
(Ω)

=1

‖DgΓN (u)z −DgΓN (v)z‖H−γΓD
(Ω)

30



= sup
z∈H1

ΓD
(Ω)

‖z‖
H1

ΓD
(Ω)

=1

sup
ϕ∈Hγ

ΓD
(Ω)

‖ϕ‖
H
γ
ΓD

(Ω)
=1

∣∣∣∣∫
ΓN

(
∂ug(·, u)− ∂ug(·, v)

)
zϕ

∣∣∣∣ ≤

≤ sup
z∈H1

ΓD
(Ω)

‖z‖
H1

ΓD
(Ω)

=1

sup
ϕ∈Hγ

ΓD
(Ω)

‖ϕ‖
H
γ
ΓD

(Ω)
=1

C

∫
ΓN

|u− v|σ|z||ϕ|.

Now Sobolev embeddings Hγ
ΓD

(Ω) ⊂ L
2(N−1)
N−2γ (ΓN ), H1

ΓD
(Ω) ⊂ L

2(N−1)
N−2 (ΓN ) and Hölder’s in-

equality gives

‖DgΓN (u)−DgΓN (v)‖L(H1
ΓD

(Ω),H−γΓD
(Ω)) ≤ C‖u− v‖

σ

L
σN−1

γ (ΓN )
≤ C‖u− v‖σH1

ΓD
(Ω)

as long as σ ≤ min{1, 2γ
N−2}.

Remark 6.8 A similar result can be found in Lemma 4.3 in [10] with σ = 1. Due to this, the
Sobolev embeddings used there only hold for N ≤ 4 in Ω and N ≤ 3 in Γ.

As a consequence we obtain the following result for the nonlinear terms of the limit problem
(2.5) as in (6.10) or (6.12).

Corollary 6.9 Assume f, g ∈ C2
b(Ω × R). We consider the operator H : H1

Ω0
(Ω) → H−γΩ0

(Ω)
for γ > 1/2 given by

H(u) = Ph(u) = P (f(u)Ω + g(u)ΓN ), u ∈ H1
Ω0

(Ω)

as in (6.12), where P is given in (5.7).

Then, H ∈ C1,σ(H1
Ω0

(Ω), H−γΩ0
(Ω)) with σ = min

{
1, 2γ

N−2

}
and for all u, v ∈ H1

Ω0
(Ω)

DH(u)(v) = P
((
∂uf(·, u)v

)
Ω

+
(
∂ug(·, u)v

)
ΓN

)
.

Proof. Just use P is linear and continuous and Lemma 6.7.

As mentioned at the end of Section 6.1 for (2.1), also for problem (2.5) equilibria play an
important role in the dynamics. As for problem (2.1), after truncation of nonlinear terms,
problem (2.5) is a gradient system in H1

Ω0
(Ω) with energy

V0(u) =
1

2

∫
Ω1

d0|∇u|2 +

∫
Ω1

c|u|2 +

∫
Γ1
N

b|u|2+

(∫
Ω0

c+

∫
ΓN∩∂Ω0

b
)
|uΩ0 |2 −

∫
Ω0

F0(x, uΩ0)−
∫

Ω1

F0(x, u)−
∫

ΓN∩∂Ω0

G0(x, uΩ0)−
∫

Γ1
N

G0(x, u)

(6.22)
with F0(x, s) =

∫ s
0 f(x, s) ds and G0(x, s) =

∫ s
0 g(x, s) ds. Therefore

A0 = W u(E0) (6.23)

where E0 denotes the set of equilibria

Now observe that comparison arguments, see Remark 4.1, and Theorem 6.5 imply that ϕM
is stable from above. This in turn, implies the following result which, in fact, applies to any
equilibrium that is stable from above or from below.
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Lemma 6.10 The first eigenvalue of the linearization at the maximal equilibria ϕM satisfies

Λ0(A0 −DH(ϕM )) ≥ 0.

Proof. Indeed, if Λ0(A0 −DH(ϕM )) < 0 since this eignevalue always has nonnegative associ-
ated eigenfunctions, see Proposition 3.8, there would exists initial data above ϕM for which the
solution of the nonlinear problem would not converge to ϕM . In fact those solution, following
the unstable manifold of ϕM would get away of ϕM and since (6.10) is a gradient system, see
(6.22), (6.23), they would have to converge to another equilibrium. Since the initial data are
above ϕM they need to converge to ϕM , which is a contradiction.

Now we focus on non-negative solutions of (2.5). First, from comparison we get the following
results

Proposition 6.11 i) Assume H(x, 0) ≥ 0. Then u0 ≥ 0 implies u(t, u0) ≥ 0. Also ϕM ≥ 0 in
Ω.
ii) Assume H(x, 0) = 0 then ϕm ≤ 0 ≤ ϕM .
iii) Assume Ω1 is connected. Assume also that either f(x, 0), g(x, 0) ≥ 0 and not both trivial.

Then, any nonnegative equilibrium of (2.5) is a.e. positive in Ω1.
iv) Assume Ω1 is connected, f(x, 0) ≡ g(x, 0) ≡ 0, and there exist s0 > 0, M ∈ L∞(Ω) and
N ∈ L∞(ΓN ), such that for all 0 ≤ s ≤ s0,

f(x, s) ≥M(x)s for all x ∈ Ω, g(x, s) ≥ N(x)s for all x ∈ ΓN

and the first eigenvalue of the operator A0 − P (MΩ +NΓN ), see (5.11), is λ1 < 0.
Then, the maximal equilibrium of (2.5) ϕM is a.e. positive in Ω1.

Proof. i) Since H(x, 0) ≥ 0 then 0 is a subsolution of the associated stationary problem, and
then 0 ≤ u(t, x; 0) and is increasing in time, see Theorem A.12 in [4] and Lemma 2.9 in [32].

By comparison, if u0 ≥ 0 implies u(t, x;u0) ≥ u(t, x; 0) ≥ 0 for all t ≥ 0. From (6.16) we get
ϕM ≥ 0.
ii) If H(x, 0) = 0 then 0 is an equilibrium of (2.5) and (6.16) gives the result.
iii) Note that H(x, 0) ≥ 0, H(x, 0) 6≡ 0, see (6.10). Then, from part i), 0 ≤ u(t, x; 0), is nontrivial,
increasing and bounded. Hence the pointwise limit

0 ≤ lim
t→∞

u(t, x; 0) = ϕ+
m(x) ≤ ϕM (x)

is also the limit in L2
Ω0

(Ω). Thus, 0 ≤ ϕ+
m ∈ L2

Ω0
(Ω) is a nonnegative equilibrium for (2.5);

see Lemma 3.1 in [32]. In particular, since ϕ+
m is continuous in Ω, see Remark 6.6, then Dini’s

criterium (c.f. [8, p. 194]) implies the monotonic limit u(t, x; 0)→ ϕ+
m is uniform in Ω.

Now ϕ+
m is minimal since any other nonnegative equilibrium ψ, satisfies 0 ≤ ψ, and by the

comparison principle, we must have u(t, x; 0) ≤ ψ(x). So, taking limits as t → ∞ we have
ϕ+
m ≤ ψ.

Now we prove ϕ+
m is a.e. strictly positive in Ω1, which concludes the result. For this, note

that from (6.19), (6.20) we can write for ϕ = ϕ+
m ≥ 0

−div(d0(x)∇ϕ) + c(x)ϕ+ µϕ = f(x, ϕ) + µϕ in Ω1.

Then we claim that we can chose µ > 0 such that f(x, ϕ) + µϕ ≥ 0 in Ω1. This, (6.19) and the
maximum principle in Proposition 3.9 implies ϕ+

m is a.e. strictly positive in Ω1. Finally, since
0 ≤ ϕ is bounded, note that the claim on f holds as long as µ is smaller than the Lipschitz
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constant of f in a set of the form [0, s0] × Ω1. Then f(x, s) + µs is increasing in that set and
then

f(x, s) + µs ≥ f(x, 0) ≥ 0, 0 ≤ s ≤ s0, x ∈ Ω1.

iv) Suppose that f(x, 0) ≡ g(x, 0) ≡ 0 as in the statement. Since Ω1 is connected, by part iv) in
Proposition 3.8, there exists φ ∈ H1

Ω0
(Ω)∩Cα(Ω) a positive eigenfunction for the first eigenvalue

λ1 < 0 of the operator A0 − P (MΩ +NΓN ) normalized as ||φ||L∞(Ω) = 1.
Given s0 ≥ γ > 0 we have that γφ is a subsolution of the stationary problem since by the

assumption on f and g we have

A0γφ = P ((Mγφ)Ω + (Nγφ)ΓN ) + λ1γφ ≤ P (f(γφ)Ω + g(γφ)ΓN ) = H(γφ).

Therefore, u(t, x; γφ) is monotonic increasing in time (see Lemma 2.9 in [32]). From Theorem 6.5
and (6.16) u(t, x; γφ) is bounded in H1

Ω0
(Ω)∩L∞(Ω) and then the pointwise limit u(t, x; γφ)→

ϕγ ≤ ϕM is also the limit in L2
Ω0

(Ω). From Lemma 3.1 in [32], 0 ≤ ϕγ is an equilibrium, that is

A0ϕγ = H(x, ϕγ).

In particular, since ϕγ is continuous, see Remark 6.6, in Ω then Dini’s criterium (c.f. [8, p. 194])
implies the monotonic limit u(t, x; γφ)→ ϕγ is uniform in Ω.

Now, given γ < γ̃ ≤ s0 we have that γφ ≤ γ̃φ. Thus u(t, x; γφ) ≤ u(t, x; γ̃φ) and taking
t→∞ we get ϕγ ≤ ϕγ̃ . Thus, {ϕγ}0<γ≤s0 is an ordered set, bounded in H1

Ω0
(Ω) ∩ L∞(Ω).

In particular for 0 < γ ≤ s0

γφ ≤ ϕγ ≤ ϕM
In particular s0φ ≤ ϕM and ϕM is a.e. positive in Ω1.

From Proposition 6.11 we have ϕM ≥ 0 and a.e. strictly in Ω1. In the following results, we
give conditions for the extremal solution ϕM to be the unique positive equilibrium and analyze
its stability. They will apply in particular for logistic type nonlinearities.

Definition 6.12 Assume A is a measure space and I ⊂ R. Then for functions defined in A× I
with values in R we say that h1 ≤ h2 strict in measure if for all s ∈ I, h1(x, s) ≤ h2(x, s), x ∈ A,
strictly in a set of positive measure.

We say that h(x, s) is strictly decreasing in measure if given s1 < s2 we have h(x, s1) ≥
h(x, s2), x ∈ A, with strict inequality in a set of positive measure.

Remark 6.13 i) If h is smooth in s then h(x,s)
s being strictly decreasing in measure is equivalent

to
∂sh(x, s)s ≤ h(x, s) strict in measure. (6.24)

ii) Assume h is smooth and h(x, 0) ≥ 0 and strictly concave in measure, i.e. ∂sh(x, s) is strictly
decreasing in measure. By the mean value theorem, for s > 0 and certain 0 < ξx < s

h(x, s)

s
≥ h(x, s)− h(x, 0)

s
= ∂sh(x, ξx) ≥ ∂sh(x, s) strict in measure.

Thus, h(x, s)/s is strictly decreasing in measure for s ≥ 0.
iii) Assume in particular that h has the specific logistic form

h(x, s) = h0(x) +m(x)s− n(x)sρ

with s > 0, ρ > 1 and h0(x), n(x) ≥ 0. Then h(x, 0) = h0(x) ≥ 0,

∂sh(x, s) = m(x)− ρn(x)sρ−1,
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and
h(x, s)

s
=
h0(x)

s
+m(x)− n(x)sρ−1

are stricltly decreasing in measure for s > 0.

Theorem 6.14 Let ϕM ≥ 0 be the maximal positive solution for (2.5). Assume in addition
that

f(x, s)

s
is strictly decreasing in measure for s > 0 and x ∈ Ω1

and
g(x, s)

s
is decreasing in measure for s > 0.

Then the first eigenvalue of the linearized problem satisfies Λ0(A0−DH(ϕM )) > 0. Moreover,
there is no other nonnegative solution of (2.5) that is a.e. positive in Ω1.

Proof. To shorten the notation in the following we write ϕ instead of ϕM . First, from Lemma
6.10 we have Λ0(A0 − DH(ϕ)) ≥ 0. Suppose Λ0(A0 − DH(ϕ)) = 0 and consider φ ≥ 0 an
associated eigenfunction, which satisfies A0φ = DH(ϕ)φ, see Proposition 3.8.

Using (6.12) and (6.24) we claim

〈H(ϕ), φ〉 = 〈P (f(ϕ)Ω + g(ϕ)ΓN ), φ〉 > 〈P ((∂uf(ϕ)ϕ)Ω + (∂ug(ϕ)ϕ)ΓN ), φ〉 = 〈DH(ϕ), φ〉

where P is defined in (5.7). Indeed in the left hand side we have(∫
Ω0

f(x, ϕΩ0) +

∫
ΓN∩∂Ω0

g(x, ϕΩ0)

)
φΩ0 +

∫
Ω1

f(x, ϕ)φ+

∫
Γ1
N

g(x, ϕ)φ

which by (6.24) is larger than(∫
Ω0

∂uf(x, ϕΩ0) +

∫
ΓN∩∂Ω0

∂ug(x, ϕΩ0)

)
ϕΩ0φΩ0 +

∫
Ω1

∂uf(x, ϕ)ϕφ+

∫
Γ1
N

∂ug(x, ϕ)ϕφ

and this equals 〈P ((∂uf(ϕ)ϕ)Ω+(∂ug(ϕ)ϕ)ΓN ), φ〉. Since ϕ, φ > 0 a.e. in Ω1 and the assumption
on f , then

∫
Ω1
f(x, ϕ)φ >

∫
Ω1
∂uf(x, ϕ)ϕφ and the claim is proved.

Then since A0ϕ = H(ϕ) and A0φ = DH(ϕ)φ,

〈A0ϕ, φ〉 = 〈H(ϕ), φ〉 > 〈DH(ϕ), φ〉 = 〈A0φ, ϕ〉

which is a contradiction. Thus, Λ0(A0 −DH(ϕ)) > 0.

Now we prove uniqueness of nonnegative solutions which are a.e. positive in Ω1. Since ϕ
is the maximal solution of (2.5), if there is any other such nonegative solution we then have
0 ≤ ψ ≤ ϕ. Then

0 = 〈A0ϕ,ψ〉 − 〈ϕ,A0ψ〉 = 〈H(ϕ), ψ〉 − 〈ϕ,H(ψ)〉.

Since 0 ≤ ψ ≤ ϕ, from the assumptions on the nonlinear terms, (6.12) and (5.7) the different
terms in 〈H(ϕ), ψ〉 − 〈ϕ,H(ψ)〉 can be written as follows. In Ω0, assuming both ϕΩ0 , ψΩ0 are
nonzero, we have∫

Ω0

(
f(x, ϕΩ0)

ϕΩ0

− f(x, ψΩ0)

ψΩ0

)
ϕΩ0ψΩ0 +

∫
ΓN∩∂Ω0

(
g(x, ϕΩ0)

ϕΩ0

− g(x, ψΩ0)

ψΩ0

)
ϕΩ0ψΩ0 ≤ 0

while this term is zero if ϕΩ0 = ψΩ0 = 0. On the other hand in the regions where both ϕ, ψ are
nonzero, the integrands of 〈H(ϕ), ψ〉 − 〈ϕ,H(ψ)〉 in Ω1 and Γ1

N respectively can be written as(
f(x, ϕ)

ϕ
− f(x, ψ)

ψ

)
ϕψ ≤ 0,

(
g(x, ϕ)

ϕ
− g(x, ψ)

ψ

)
ϕψ ≤ 0
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and of course the integrand is zero whenever ϕ or ψ are zero.
Therefore, if ψ ≤ ϕ strict in measure in Ω1 we have

f(x, ϕ)

ϕ
− f(x, ψ)

ψ
≤ 0 strict in measure in Ω1

and then

〈H(ϕ), ψ〉 − 〈ϕ,H(ψ)〉 ≤
∫

Ω1

f(x, φ)ψ − f(x, ψ)φ < 0

which is a contradiction. Hence ψ = ϕ in Ω1. Therefore taking traces in Γ∗ we get ψΩ0 = ϕΩ0

in Ω0 and hence ψ = ϕ in Ω.

7 Convergence for nonlinear problems

7.1 Upper semicontinuity of the attractors

The upper continuity of the attractors of problems (2.1) and (2.5) at ε = 0 follows now from
the uniform boundedness of the attractors of the approximate and limit problems, provided by
Theorem 6.2 and Theorem 6.5, arguing as in Theorem 5.2. in [7]. In particular, we can compare
the asymptotic dynamics of problems (2.1) and (2.5) in the H1

ΓD
(Ω)-metric.

Theorem 7.1 The global attractors {Aε}ε are upper semicontinuous at ε = 0 in H1
ΓD

(Ω), that
is,

distH1(Aε,A0)→ 0 as ε→ 0,

where distH1 denotes the Hausdorff semidistance in H1
ΓD

(Ω).

Proof. Using (5.7), take ηε ∈ Aε as initial data for (2.1) and Pηε ∈ L2
Ω0

(Ω) as initial data for
(2.5). Then taking into account Proposition 5.11, Corollary 5.12 and the uniform estimates for
the solutions of the approximate problems given in Theorem 6.2 we have, from (6.2) and (6.13),
for t ∈ (0, τ),

‖uε(t, ηε)− u(t, Pηε)‖H1(Ω) ≤ ‖e−Aεtηε − e−A0tPηε‖H1(Ω)

+

∫ t

0
‖e−Aε(t−s)h(uε(s, ηε))− e−A0(t−s)Ph(uε(s, ηε))‖H1(Ω)ds

+

∫ t

0
‖e−A0(t−s)P

(
h(uε(s, ηε))− h(u(s, Pηε)

)
‖H1(Ω)ds

≤ Kc̃(ε)t−α +K

∫ t

0
c̃(ε)(t− s)−αds+

∫ t

0
(t− s)−βL‖uε(t, ηε)− u(t, Pηε)‖H1(Ω)ds

≤ Kc̃(ε) τ
1−α t

−α + L

∫ t

0
(t− s)−β‖uε(s, ηε)− u(s, Pηε)‖H1(Ω)ds,

where α ∈ (3/4, 1) is as in Corollary 5.12 and β ∈ (0, 1). By the singular Gronwall Lemma (see
[22]) we obtain the existence of a constant M = M(α, β, L, τ) and a positive function c̃(·), with
c̃(ε)→ 0 as ε→ 0, such that

‖uε(t, ηε)− u(t, Pηε)‖H1(Ω) ≤MKc̃(ε)t−α, t ∈ (0, τ), ηε ∈ Aε. (7.1)
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Now, since ∪εAε are bounded in H1(Ω) we have that ∪εPAε is bounded in L2
Ω0

(Ω) . From
Theorem 6.5, A0 attracts bounded sets of L2

Ω0
(Ω). Therefore, given δ > 0, there exists τ = τ(δ)

such that distH1(u(τ, Pηε),A0) ≤ δ/2, for all ηε ∈ Aε and all ε ∈ (0, ε0). Furthermore, since the
attractors are invariant, given vε ∈ Aε there exists ηε ∈ Aε with uε(τ, ηε) = vε. Thus, choosing
ε1 ∈ (0, ε0) such that MKc̃(ε)τ−α ≤ δ/2, for all ε ∈ (0, ε1), we have

distH1(vε,A0) ≤ ‖vε − u(τ, Pηε)‖H1(Ω) + dist(u(τ, Pηε),A0) ≤ δ, vε ∈ Aε, ε ∈ (0, ε1),

from which the upper semicontinuity of the attractors in H1(Ω) follows.

With this, arguing as in Proposition 5.3 and Corollary 5.4 in [7] we get the following.

Proposition 7.2 i) Let εk be a sequence such that εk ∈ (0, ε0) and εk → 0 as k → ∞. Let
ηεk ∈ Aεk such that ηεk → η0 as k →∞ in H1

ΓD
(Ω). Then, η0 ∈ A0 and

uεk(·, ηεk)→ u(·, η0) in C([0, T ];H1
ΓD

(Ω)), as k →∞, for all T > 0.

ii) For any {εk}k with εk → 0 as k → ∞, and any sequence or complete solutions in the
attractors, uεk(·) ⊂ Aεk , there exist a subsequence εkj and a complete solution u0(·) in the
attractor A0 such that

u
εkj (·)→ u0(·) in C([−T, T ];H1

ΓD
(Ω)), as j →∞ for all T > 0.

iii) For any {εk}k with εk → 0 as k →∞, and any sequence of equilibria ϕεk ∈ Aεk , there exists
a subsequence εkj and an equilibrium of the limit problem ϕ0 ∈ A0 such that

ϕ
εkj → ϕ0 in H1

ΓD
(Ω), as j →∞.

7.2 Continuity of the extremal equilibria

Notice that, from Proposition 7.2 any accumulation point in H1
ΓD

(Ω), ϕ0, of the set of maximal

equilibria for the approximate problems as in Theorem 6.3, {ϕεM}, we have ϕ0 ∈ H1
Ω0

(Ω) and

ϕ0 ≤ ϕ0
M (7.2)

where ϕ0
M is the extremal equilibrium of problem (2.5) as in Theorem 6.5.

Then we have the following remark regarding the continuity of the maximum equilibria.
Notice that the argument for the minimal equilibria is analogous.

Lemma 7.3 Assume there exist equilibria of the approximate problems ϕε such that ϕε → ϕ0
M

as ε→∞. Then the extremal equilibria are continuous in ε, i.e.

lim
ε→0

ϕεM = ϕ0
M . (7.3)

Proof. Let ϕ0 = limn→∞ ϕ
εn
M any accumulation point in H1

ΓD
(Ω) for the set of maximal equi-

libria of the approximate problems. Then,

ϕ0
M = lim

n→∞
ϕεn ≤ lim

n→∞
ϕεnM = ϕ0 ≤ ϕ0

M

and (7.3) holds.

Hence, we discuss below the continuity of the extremal equilibria and show how this is related
to their stability.
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In fact, if ϕ0
M ∈ H1

Ω0
(Ω) is the extremal equilibrium for (2.5), or (6.10), then by Lemma 6.10

we have Λ0(A0 −DH(ϕ0
M )) ≥ 0. We show below that if

Λ0(A0 −DH(ϕ0
M )) > 0 (7.4)

then the maximal equilibria of the problems (4.2) are continuous at ε = 0, that is (7.3) holds.
This holds in particular under the assumptions in Theorem 6.14. For this we prove that we can
use Lemma 7.3.

In order to prove this, we use some ideas developed in [5] and [9, 10] conveniently adapted to
the situation in this paper. First note that equilibria of (2.1) and (2.5) satisfy, with the notation
in (6.1) and (6.10), respectively,

Aεϕ
ε = h(ϕε), in H−1

ΓD
(Ω), A0ϕ

0 = H(ϕ0) in H−1
Ω0

(Ω). (7.5)

Also, their linear operators associated to their linearizations are given by Aε − Dh(ϕε) and
A0 −DH(ϕ0).

Hence, if ϕ0 is hyperbolic, that is, 0 6∈ σ(A0 − DH(ϕ0)) then we can rewrite the second
equation (7.5) as A0ϕ

0 −DH(ϕ0)ϕ0 = H(ϕ0)−DH(ϕ0)ϕ0, whence

ϕ0 = (A0 −DH(ϕ0))−1(H(ϕ0)−DH(ϕ0)ϕ0).

Hence ϕ0 is a fixed point of the mapping in H1
Ω0

(Ω)

Φ0(v) = (A0 −DH(ϕ0))−1(H(v)−DH(ϕ0)v), v ∈ H1
Ω0

(Ω). (7.6)

From the results on linear elliptic problems in Section 3, to search for a nearby equilibria of (2.1)
we will search for a nearby fixed point of

Φε(v) = (Aε −Dh(ϕ0))−1(h(v)−Dh(ϕ0)v), v ∈ H1
ΓD

(Ω). (7.7)

As in the references above the result we obtain applies to any hyperbolic equilibrium of the
limit problem. Namely,

Proposition 7.4 Let ϕ0 ∈ H1
Ω0

(Ω) be an equilibrium of (2.5) such that 0 6∈ σ(A0 −DH(ϕ0)).
Then, for certain ε0 > 0 there exists δ > 0 such that for every 0 < ε < ε0 there exists a unique
equilibrium ϕε of (2.1) in the ball B(ϕ0

M ; δ) in H1
ΓD

(Ω).

In particular, there exist a sequence of equilibria of (2.1), ϕε, with ϕε → ϕ0 in H1
ΓD

(Ω).
Moreover, if (7.4) holds then (7.3) holds true.

Before proving Proposition 7.4 we prove some preparatory results.

Lemma 7.5 Let ϕ0 ∈ H1
Ω0

(Ω) be an equilibrium of (2.5) such that 0 6∈ σ(A0−DH(ϕ0)). Then,

there exists ε0 > 0 such that the operator (Aε − Dh(ϕ0))−1 : H−γΓD
(Ω) → H1

ΓD
(Ω) is uniformly

bounded in ε for 0 < ε < ε0. Namely,

‖(Aε −Dh(ϕ0))−1‖L(H−γΓD
(Ω),H1

ΓD
(Ω)) ≤ Cr

where r is such that the spectrum of Aε −Dh(ϕ0) is in C \Br(0).

Proof. For this, notice that with the notation in Remark 5.7 we have

Aε −Dh(ϕ0) = Lε + cΩ + bΓN −Dh(ϕ0).
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Since Dh(ϕ0) ∈ L2(Ω) + L2(Γ) by Theorem 5.8, the spectrum of Aε −Dh(ϕ0) converges to the
spectrum of

L0 + F + P
(
cΩ + bΓN

)
u−DH(ϕ0) = A0 −DH(ϕ0),

see Remark 5.10.
Hence, there exists ε0, r > 0 such that σ(Aε −Dh(ϕ0)) ⊂ C \Br(0) for all 0 < ε < ε0. Also

given ε > 0 we have a Hilbert basis of L2(Ω), {φεn}n, of eigenfunctions of Aε − Dh(ϕ0), with
corresponding eigenvalues {µεn}n. Hence, given h ∈ H−γΓD

(Ω) the solution u ∈ H1
ΓD

(Ω) of

(Aε −Dh(ϕ0))u = h

can be computed as u =
∑

k ukφ
ε
k with µεkuk = hk :=< h, φεk >. Hence, using |µεk| ≥ r > 0,

‖(Aε −Dh(ϕ0))−1h‖2H1(Ω) =
∑
k

u2
k =

∑
k

h2
k

|µεk|2
≤ r−2(1−γ)

∑
k

h2
k

|µεk|2γ
= cr‖h‖2H−γΓD

(Ω)
.

Proof of Proposition 7.4. We prove that Φε in (7.7) is a contraction in the ball B(ϕ0; δ) in
H1

ΓD
(Ω), for some δ > 0 and all ε > 0 small enough. For this, let u, v ∈ B(ϕ0; δ) and observe

‖Φε(u)−Φε(v)‖H1(Ω) ≤ ‖(Aε−Dh(ϕ0))−1‖L(H−γΓD
(Ω),H1

ΓD
(Ω))‖h(u)−h(v)−Dh(ϕ0)(u−v)‖H−γΓD

(Ω).

Adding and subtracting Dh(u)(u− v) and using Lemma 6.7 we get

‖h(u)− h(v)−Dh(ϕ0)(u− v)‖H−γΓD
(Ω) ≤ ‖h(u)− h(v)−Dh(u)(u− v)‖H−γΓD

(Ω)

+ ‖(Dh(ϕ0)−Dh(u))(u− v)‖H−γΓD
(Ω) ≤ C‖u− v‖

1+σ
H1

ΓD
(Ω)
≤ Cδσ‖u− v‖H1

ΓD
(Ω)

with σ = min
{

1, 2γ
N−2

}
. Hence, using Lemma 7.5 we get

‖Φε(u)− Φε(v)‖H1(Ω) ≤ Cδσ‖u− v‖H1
ΓD

(Ω).

for every 0 < ε < ε0 for some ε0 > 0. Taking δ > 0 small enough we have ‖Φε(u)−Φε(v)‖H1(Ω) ≤
1
2‖u− v‖H1(Ω).

Let us show that there exists δ > 0 such that for all ε > 0 small, Φε maps B(ϕ0; δ) into
itself. Let v ∈ B(ϕ0; δ). Then

‖Φε(v)− ϕ0‖H1(Ω) ≤ ‖Φε(v)− Φε(ϕ
0)‖H1(Ω) + ‖Φε(ϕ

0)− ϕ0‖H1(Ω)

≤ Cδσ‖v − ϕ0‖H1(Ω) + ‖Φε(ϕ
0)− ϕ0‖H1(Ω).

For the last term notice that since h∗ = h(ϕ0)−Dh(ϕ0)ϕ0 ∈ L2(Ω) +L2(Γ) then from Theorem
5.3 and Corollary 5.5, we have, as ε→ 0

Φε(ϕ
0) = (Aε −Dh(ϕ0))−1h∗ → (A0 −DH(ϕ0))−1Ph∗ = Φ0(ϕ0) = ϕ0

in H1(Ω), see Remark 5.7. So, taking δ > 0 small enough we have that for all 0 < ε < ε0 and
v ∈ B(ϕ0; δ), ‖Φε(v)− ϕ0‖H1(Ω) < δ.

Remark 7.6 Observe that (7.4) and hence Proposition 7.4 hold true for the case of logistic type
nonlinearities as in Remark 6.13, or more generaly to nonlinearities like in Theorem 6.14.
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7.3 Lower semicontinuity

Using similar arguments than for extremal equilibria in the section above, one can actually prove
lower semicontinuity of the attractors. For this, one has to assume that all equilibria of the limit
problems are hyperbolic.

From this it is obtained that just a finite number of them exist and that all of them are
isolated. Then, Proposition 7.4 implies that each approximate problem has an equilibrium (and
only one) close to each limit equilibrium.

Then, one needs to obtain, in the spirit of Theorem 5.8, the spectral convergence of the
linearizations along these convergence sequences of equilibria. The difference with Theorem 5.8
above is that now the linear potentials will depend on ε as well. However the convergence of
the equilibria and the differentiability properties of the nonlinear terms in Lemma 6.7 allow to
handle this step.

From this, a close revision of the results in [22], allows to prove the convergence of the local
unstable manifolds of the equilibria.

Finally, the problems involved are gradient–like which implies that each of the attractors Aε
and A0 are the union of the global unstable manifolds of the equilibria, see (6.23). This allows
to conclude the lower semicontinuity of the attractors.

This program has been successfully carried out in different singular perturbation problems,
e.g. [6, 9, 5, 3, 10] and references therein. Details are lengthy but can be fulfilled in the case of
the present paper with the results in previous sections and the techniques in the papers above.
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Mathematics. Birkhäuser Boston Inc., Boston, MA, 1995. Abstract linear theory.

[3] J. M. Arrieta and A. N. Carvalho. Spectral convergence and nonlinear dynamics of
reaction-diffusion equations under perturbations of the domain. J. Differential Equations,
199(1):143–178, 2004.

[4] J. M. Arrieta, A. N. Carvalho, and A. Rodŕıguez Bernal. Attractors of parabolic prob-
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[7] J. M. Arrieta, A. N. Carvalho, and A. Rodŕıguez-Bernal. Upper semicontinuity for attrac-
tors of parabolic problems with localized large diffusion and nonlinear boundary conditions.
J. Differential Equations, 168(1):33–59, 2000. Special issue in celebration of Jack K. Hale’s
70th birthday, Part 1 (Atlanta, GA/Lisbon, 1998).

[8] R. G. Bartle. The elements of real analysis. John Wiley & Sons, New York-London-Sydney,
second edition, 1976.

39



[9] V. L. Carbone, A. N. Carvalho, and K. Schiabel-Silva. Continuity of attractors for parabolic
problems with localized large diffusion. Nonlinear Anal., 68(3):515–535, 2008.

[10] V. L. Carbone, A. N. Carvalho, and K. Schiabel-Silva. Continuity of the dynamics in a
localized large diffusion problem with nonlinear boundary conditions. J. Math. Anal. Appl.,
356(1):69–85, 2009.

[11] V. L. Carbone, C. B. Gentile, and K. Schiabel-Silva. Asymptotic properties in parabolic
problems dominated by a p-Laplacian operator with localized large diffusion. Nonlinear
Anal., 74(12):4002–4011, 2011.

[12] A. N. Carvalho and J. K. Hale. Large diffusion with dispersion. Nonlinear Anal.,
17(12):1139–1151, 1991.

[13] A. N. Carvalho and A. L. Pereira. A scalar parabolic equation whose asymptotic behavior
is dictated by a system of ordinary differential equations. J. of Differential Equations,
112(1):81–130, 1994.

[14] A. N. Carvalho and L. Pires. Parabolic equations with localized large diffusion: Rate of
convergence of attractors. To appear in Topol. Methods Nonlinear Anal.

[15] E. Conway, D. Hoff, and J. Smoller. Large time behavior of solutions of systems of nonlinear
reaction-diffusion equations. SIAM J. Appl. Math., 35(1):1–16, 1978.

[16] E. B. Davies. Heat kernels and spectral theory, volume 92 of Cambridge Tracts in Mathe-
matics. Cambridge University Press, Cambridge, 1989.

[17] A. Friedman. Partial differential equations of parabolic type. Prentice-Hall Inc., Englewood
Cliffs, N.J., 1964.

[18] D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order.
Classics in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

[19] J. K. Hale. Asymptotic Behavior of Dissipative Systems. Number 25 in Mathematical
Surveys and Monographs. American Mathematical Society, Providence, Rhode Island, 1988.

[20] J. K. Hale and C. Rocha. Interaction of diffusion and boundary conditions. Nonlinear
Anal., 11(5):633–649, 1987.

[21] J. K. Hale and C. Rocha. Varying boundary conditions with large diffusivity. J. Math.
Pures Appl. (9), 66(2):139–158, 1987.

[22] D. Henry. Geometric Theory of Semilinear Parabolic Equations. Number 840 in Lecture
Notes in Mathematics. Springer-Verlag, 1981.

[23] N. Igbida. A nonlinear diffusion problem with localized large diffusion. Comm. Partial
Differential Equations, 29(5-6):647–670, 2004.

[24] N. Igbida and F. Karami. Localized large reaction for a non-linear reaction-diffusion system.
Adv. Differential Equations, 13(9-10):907–933, 2008.

[25] O. A. Ladyzhenskaya and N. N. Ural′tseva. Linear and quasilinear elliptic equations. Trans-
lated from the Russian by Scripta Technica, Inc. Translation editor: Leon Ehrenpreis. Aca-
demic Press, New York, 1968.
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[34] A. Rodŕıguez Bernal and R. Willie. Nesting inertial manifolds for reaction and diffusion
equations with large diffusivity. Nonlinear Anal., 67(1):70–93, 2007.

[35] J. Simsen and C. B. Gentile. Well-posed p-Laplacian problems with large diffusion. Non-
linear Anal., 71(10):4609–4617, 2009.

[36] H. Triebel. Theory of function spaces, volume 78 of Monographs in Mathematics. Birkhäuser
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