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1 Introduction

Reaction diffusion models with large diffusion have attracted some attention in the literature. As
one expects that large diffusion generates a fast spatial redistribution of spatial heterogeneities,
one seeks to prove that the solutions of the PDE tend to become constant in space and thus
approach the solutions of an ODE that describes the asymptotic behavior. This was proved
for example in [I5] for a system of equations possessing an invariant region, with Neumann
boundary conditions. The interaction of large diffusion and Robin type boundary conditions
was analyzed in [I3], 21, 20], while the effect of gradient terms in the equations was considered
n [12]. Nonlinear boundary conditions were considered in [37], [34], while linear source terms
where studied in [33]. It is important to note that in all these references flux boundary conditions
(i.e. linear Robin or nonlinear ones) have a deep impact on the limiting system of ODEs, as
these include a suitable component coming from the boundary flux, that couples from the term
coming from the interior reaction.

On the other hand, localized large diffusion, that is, the situation in which the region of
large diffusion is a proper subdomain of the physical domain, arises in many natural phenomena
including cellular biology, where cells regions exhibit prominent differences on their diffusion
properties, or in composite materials, where the diffusion of the heat exhibits significant spatial
variations. Also, it may appear in population dynamics in which one species diffuses much
faster than the others in some determined regions, or one can consider the vibrations of an
elastic membrane and assume that some part of the membrane is made of a more rigid material
than the rest.

In all these cases, the singular limit of localized large diffusion is described by a limit problem
that is not an ODE anymore. Instead, it consists of a PDE, defined in the region where diffusion

*Partially supported by Project MTM2016-75465, MICINN and GR58/08 Grupo 920894, UCM, Spain
tPartially supported by PRX17/00522 Programa Salvador de Madariaga MECyD, Spain
3Partially supported by ICMAT Severo Ochoa project SEV-2015-0554 (MINECO)



is not large, coupled with some ODE (or system of ODEs) that describes the evolution of the
constant asymptotic values of the solutions in the different components of the localized large
diffusion region. The coupling includes some nonlocal term describing the flux from one region
into the other. This shows that solutions of the original PDE tend to become constant in each
of the components of the localized large diffusion regions and the values there couple through
the flux on their boundaries, with the values in the rest of the domain. Hence, for example in
the case of vibration of an elastic membrane, in the limit, one obtains a multistructure vibrating
system composed of a rigid plate bound from its boundary to a membrane. Therefore, passing to
the singular limit can be regarded as a process describing a transition phenomena of rigidization
or solidification in a composite material. In the case of population dynamics, one obtains in
the limit a media where isolas of homogenous distribution of species are surrounded by regions
where spatial variations dominate.

The mathematical analysis of these cases was started in [31], studying linear elliptic and
eigenvalue problems. Using the results in [4], in [7] the asymptotic behavior of nonlinear
parabolic problems was analyzed. It was proved in [7] that the limit problem is well posed
and dissipative and that the dynamics is asymptotically upper—semicontinuous: as large dif-
fusion takes place, for large times solutions become closer to solutions on the attractor of the
limit problem. Later [9] proved the lower semicontinuity (hence continuity) of the asymptotic
dynamics, in the case of Dirichlet boundary conditions, while [10] did it for nonlinear boundary
conditions. In [I4] an estimate on the rate of convergence of the attractors is obtained for sin-
gularly perturbed problems and, in particular, for large diffusion problems. References [23], [24]
studied porous media type equations with localized large diffusion, while [35], [11] dealt with p—
Laplacian type equations. Notice that in all these references the localized large diffusion region
is a proper subdomain not touching the boundary of the physical domain of the PDE. Therefore,
the limit problem inherits the same boundary conditions as the approximating problems and
the coupling between the PDE and the ODE in the limit problem shows up the nonlocal flux
between the regions and reflects the homogenized action of the reaction, interior, term.

In this paper we focus then in the interaction of localized large diffusion and boundary
conditions, which can be either of nonlinear or Dirichlet type in different parts of the boundary
of the physical domain of the PDE. Hence we show the important role play by the interaction
of the large diffusion region with the boundary which causes a non straightforward change in
the limit problems. Therefore, we consider a localized large diffusion region, )y that touches
the boundary of the domain and attempt to describe the corresponding limit problem. This
would reflect the interaction of large diffusion and boundary conditions and its particular form
depends strongly on this interaction. For example, if )y touches a part of the boundary subject
to Dirichlet boundary conditions, then by the asymptotic homogenization, the limit problem
imposes v = 0 in all g. Therefore the limit problem can be seen as a standard reaction
diffusion problem in a restricted subdomain, Q; = Q \ Qp with flux and Dirichlet boundary
conditions in different parts of its boundary.

On the other hand, if 2y touches only the part of the boundary in which flux conditions
are imposed, a new type of limit problem arises which contains a subtle coupling in 2y of the
interior reaction and the boundary flux. As solutions tend to become constant in 2y the limit
ODE that describes that situation incorporates not only a nonlocal flux from the other part of
the domain but also an averaged nonlinear term coming from the boundary flux. These result in
a different class of nonstandard problems. Additionally for example, in [7, [9 [10] the nonlinear
terms do not depend on z € ) and the region where large diffusion take place does not have
contact with the boundary. In such a case, the nonlinear terms in the limit problem are “the
same” as in the original problem but acting on functions constant in {2y5. Here we also allow for
spatially dependent nonlinear terms. In such a case a suitable spatial average of nonlinear term
enters into the asymptotic equation describing the evolution in .



Therefore, in this paper we are able to identify the limit problems for each of the different
situations described above and show they are well posed and dissipative. We also study how
solutions converge to solutions of the limit problem, that is, we study how solutions become
constant in g as localized diffusion becomes large. For this, in turn, we show it basically
suffices to study convergence of linear elliptic problems and apply several available tools. We also
prove upper semicontinuity of the dynamics. Then we prove continuity of extremal equilibria,
which are the caps of the global attractors. Finally we discuss the continuity of the asymptotic
dynamics under suitable hyperbolicity assumptions.

The paper is organized as follows. In Section 2] we introduce the nonlinear parabolic problems
with localized large diffusion to be studied and the resulting limit problems. Section [3]is devoted
to analyze the linear elliptic problems. Linear parabolic problems are considered in Section [
The convergence of solutions of linear elliptic problems are studied in Section from which
the convergence of the spectrum is developed in Section Using these, the convergence
of linear parabolic problems is analyzed in Section Nonlinear problems are considered in
Section |§| where we show the (non standard) limit problem is well posed and dissipative and
thus has a global attractor. This attractor is also shown to have upper and lower caps which
are extremal equilibria of the limit problem which have some special stability properties. We
also give suitable conditions for the extremal equilibria to have constant sign and identify some
classes of nonlinearities (including logistic type nonlinearities) for which the maximal equilibria
is the unique positive equilibria. Finally, convergence of solutions of nonlinear problems is
studied in Section [7] Here we first show that the asymptotic dynamics is upper semicontinuous,
proving the same property for the family of global attractors. Then we study the continuity
of the extremal equilibria and, under suitable hyperbolicity assumptions, the continuity of all
equilibria and the global attractors.

2 Problems

Let © be a smooth open connected bounded set of RY. We consider the nonlinear parabolic

problems
uf —div(de(x)Vu®) + c(z)u® = f(z,u®) in

ou® . .
da(x)%—i-b(a:)u = g(z,u*) on Iy (2.1)
ut = 0 on I'p
u (0) = ug

where I'p, I'y is a partition of the boundary of O, T = 9Q =Tp Uy with TpNTx = 0.
Also, let ¢ C Q such that touches the boundary of 2, that is

T ﬂﬁo =T'NoQ #0
and denote ; = 2\ Qg and I'* = 9y N 9. Also denote
I =Tp\ 0, Tk =Tx)\0,

hence 0}y = I'* U Fb U F}V. Notice that either F}j or F}V could be empty. For simplicity
in the exposition we will assume €y is connected. We will not make any assumption on the
connectedness of {2; though.

We assume that d.(z) are C'(Q) smooth functions, bounded away from zero, such that

0 <mg<ds(zr)< M forallzef; and (2.2)

00 uniformly in compact sets of ),

do(z) umiformly in Q. (2:3)

de(x) — {



It is expected that, due to large diffusion, u® becomes constant in 2y and then in the limit
as € — 0 we will have to deal with functions of the form

u = UQOXQO +UX91

where ugq, is a constant. Indeed, we are going to show that the solutions of approach, as
€ — 0, the solutions of the following limit problems.
First, assuming €2y does not touch the Dirichlet boundary of Q2 but touches the flux boundary,
that is
I'pNQy=0, TnNQ#0, (2.4)

the limit problem is the parabolic problem in €2

(2.5)
where ugq,(t) is the constant value of u in g and 7i denotes the outward unit normal to the
boundary of Q1; see Figure

Then, if €2y touches the Dirichlet boundary

I'pNQ#0, (2.6)

the limit problem is the parabolic problem in €2
ur — div(do(z)Vu) + ¢(z)u = f(z,u) in
do(x)% +b(x)u = g(x,u) on Tk

on
u o= 0 in TLuTr*
u(0) = wo

(2.7)

extended by zero to €, that is ug, = 0; see Figure
Observe that (2.7]) is mixed Dirichlet-nonlinear boundary value problem as (2.1, but in a

reduced domain €. Also, depending on the configuration of €y, it may happen that F}V N (F}) U
r*) £ 0.

On the other hand, observe that for (2.5)) the coupling between the equation in ¢ and € is
given by the term / dg—u that measures the boundary outflow from €2; to y. Also the two

F* aﬁ
terms with the integral on I'y N 0y reflect the contribution of boundary conditions in Iy to

the limit problem in the region of large diffusion.
3 Linear elliptic problems

Before continuing we make precise the geometrical and smoothness assumptions we will keep
throughout the paper on the domains 2y and €.
Recall that g C 2 is a connected open set that touches the boundary of €2

Fﬂﬁozrﬂaﬂo#w

4
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u = 0
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Figure 1: Case TpN Qo =10, TynNQy#0

Figure 2: Case I'p N Qg # 0

and denote 7 = 2\ Qg and
'L =Tp\dQ, T§=Tn\0Q, I*=0noYy

hence 02 = I'™* U (FN N 8(20) U (FD N 890) and 9 =T* U F}j U F}V.

We will assume that all these boundary sets are smooth enough pieces of N — 1 dimensional
surfaces locally leaving €2y and 1 to one side of themselves and that one can define on them
traces of suitable functions as follows.

Let H'(Q) denote the usual Sobolev space. Let

H%D(Q) ={ue HY(Q):u=0o0n I'p}, H%D(Ql) ={ue HY(Q):u=0on Ip}.

In the case in which I'p = () this space is H*(£2). We will keep this notation for the sake of ease
in the exposition. We will also consider the set of functions which are constant in €g, that is,

L3, (Q) = {u € L*(Q) : uis constant on Qo}, Hp, () =L, ()N HllD (Q). (3.1)
The subspace of function vanishing in g will be defined as
Lio,(Q) ={ueLl*Q):u=00nQ}, Hjg,(Q)=Liq,(Q)NH (Q). (3.2)

Notice that these spaces are closed subspaces of the ones in (3.1]).
With this notation we will assume the following regularity of the boundaries:



(R.1) Functionsin Hp (Q), HE (1), H, () and Hé,ﬂo (Q) have well defined traces into H/2(T'})
and H'/2(I'*) (and null trace into I'p). Functions in Héo (Q) and H} 0, (€2) have constant
and null trace, respectively, on I'* and I'y N 0.

(R.2) Traces on 9 can be split as traces on I'y; plus traces on I'*.

(R.3) Traces of H&QO(Q) are dense in HY/2(T'})).

The dual spaces of the spaces above will be denoted as H~1(f), HF_;(Q), Hf_zOl(Q) and
Hy, IO(Q) respectively.

In order to deal properly with the problems above which include interior and boundary terms
we will throughout use the following notation. Whenever O is a regular open set in RY and ~
is smooth piece of its boundary and f and g are functions defined in O and on 7 respectively,
we will employ the notation

h = fo+ gy (3-3)

<h7¢>:/()f¢+Lg¢

for all sufficiently smooth function ¢ in O.

to denote the functional defined by

3.1 Approximate elliptic problems

With the notation above we consider in this section the linear elliptic problems associated to

(1), namely
—div(de(z)Vu) + A+ V(z))u* = f in Q
15
de(x)aaé +b(x)u*=9g on Iy (3.4)
uwt=0 on Ip

where A > 0 is a positive constant, V € L>®(Q), b € L®(I'y), f and g given in Q and T’
respectively.

Remark 3.1 The arguments below are still valid assuming V € L (), o0 > N/2 andb € L"(Q),
r > N — 1. We assume further reqularity in the sake of clarity in the exposition.

Let us define
Y. ={z € H} (Q) : —div(d-(z)Vz) € L*(Q)}
which is a Hilbert space with the norm [|z[3. = Hdiv(dg(x)Vz)H%z(Q) + HZH%Z(Q). Observe
that since d. € C'(Q) and the lower bound in (2.2) holds, the set Y. coincides with ¥V =
{z € H%D(Q), Az € LQ(Q)} although its norm depends on €. In Y. we can define a normal

derivative da% € H-'/?(I'y) by means of
0
<d581ﬁ,7(v)> - / div(d. (z)Vu)v + / d.(2)VuVo (3.5)
n —1/2,1/2 Q Q

for any v € H%D(Q), where v denotes the trace operator in H}D (€). The map u dg% is
continuous between Y and H~Y/2(I'y), the dual space of H/?(I'y).



Then, by integration by parts, weak solutions of (3.4) satisfy
[a-@vaves [avepuor [ bapo= [ gor [ g0 voeni, @)
Q Q I'n Q 'y

for any ¢ € H%D(Q). Then Lax—Milgram’s theorem gives the following.

Theorem 3.2 There exists A\g = Ao([|V=||roo () |1b— | oo (ry)) Such that for X > Xo, the operator
T. = T-(\) defined by the bilinear form

Te(u,v) = (Teu, v) = /

d:(x)VuVu + /
Q

Q()\ + V(x))uv + / b(x)uv (3.6)

I'n

is an isomorphism between Hy (Q) and H;;(Q), and between Y. and L*(Q) + H~Y?(T'y).
Furthermore, in the latter case, T; is given by

Tou = —div(de(z)Vu) + A+ V(z))u ) + dg(x)a—g,—l—b(x)u .
( ), * (g o)

By restriction to L*(Q), T: induces a positive selfadjoint operator with compact resolvent, B, =
B:()\), and domain

D(B.) = {u € Hp(Q) : —div(d:Vu) € L*(Q), daglﬁ +bu=0on FN} CYe.
i
Moreover, for u € D(Be), Beu = —div(ds(z)Vu) + (A + V(z))u.

Proof. It is enough to notice that for every n > 0 we can use that HuH%Q(F) < 77||u|]?{1(9) +
CnHuHQLQ(Q) to get

Te(u,u) > mo/Q |Vu\2+/9()\—V)]u|2 —/F b_|ul?. (3.7)

The rest is standard. m

Remark 3.3 Notice in particular that for A € R, using the notation in , ifuée H%D (Q) s
a solution of
Tou=h=fo+gry € L*(Q)+ H *(Ty)

(which exists at least for \ large enough) then v € Yz and is a weak solution of .
In the following, we will not make any essential distinction between T, and Be.

3.2 Elliptic limit problems

In this section, we study the limit problems of those considered in the previous section: Dirichlet-
Diffusion and Robin-Diffusion interaction. As we show, the large difussion induces a spatial
homogenization in 2y which makes the solution of the limit problem, as ¢ — 0, become constant
(zero in the Dirichlet-Diffusion case). This process affects in a different manner to each of the
cases considered.

Therefore, to set the limit problem we will consider the spaces , which reflect this
homogenization process, and

Yo, = {z € H},(Q) : —div(do(2)V2) € L*(0)},

7



which is a Hilbert space with the norm HZH%/QO = Hdiv(do(ac)Vz)H%Q(Ql) + HZHQLQ(Q). Also, as in
(3.5)), the normal derivative on 9€2; can be defined by means of

<dogg,7(v)>_1/271/2 _ /Q div(do() Vo + /Q o)y (3.9)

for any v € H. (€1). Thus do%% € H=V/2(Ty, UT*).
We will denote by uq, the constant value that the elements in the spaces defined above take
in Q. Hence a function in L%O (©2) can be written as

U = UQOXQO —|—uXQ1.

3.2.1 Flux-Diffusion interaction

In this section we assume (2.4). The following result analogous to Theorem [3.2] states the
existence of solution for the limit problem in the case of flux-diffusion interaction

Theorem 3.4 There exits Ao = Ao([|V-||po(q), |b-[|Loo(ry)) such that for X > Ao, the operator
To = To(N) defined by the bilinear form

70(u,v) = do(:v)Vqu+/ A+ V(x))uv + b(x)uv+u90vgo</ (A—I—V)+/ b)
(951 (951 F}V Qo INNIRIION)

(3.9)

as 1o(u,v) = (Tou,v) for u,v € HY (), is an isomorphism between HY (Q) and its dual

space which we denote by H&OI(Q) and, by restriction, between Yq, and L?ZO(Q) + H_l/z(F}V) C
H{ZOl(Q) In the latter case it is given by

1 ou
Tou = — do— + / A+V +/ blu }X
‘ | [/F * o ( Qo( ) T N9 ) o |k

. ou
+< — div(do(z)Vu) + (A + V(x))u) Xao, + <d0(x)aﬁ + b($)u> o (3.10)

where ugq, is the constant value of u on Qo and do% is the normal derivative of u in the direction

of the unit outwards normal vector in Q. Furthermore the restriction of Ty to L?ZO(Q) induces
a positive unbounded self-adjoint operator, By = By(\), with compact resolvent and domain

D(By) = {u € H(le(Q) : —div(do(z)Vu) € L?ZO(Q) and do(x)% +b(z)u=0 on F]lv} ,

and for u € D(By) we have

1 ou
Bou = [/ do=— + / A+V +/ bUQ:lXQ
€| [ Jp- " On < Qo( ) T M990 ) b

+< — div(dy(z)Vu) + (A + V(x))U) Xo, (3.11)

Proof. Notice that, extending dy to €2y with value, say, equal to 1, the bilinear form 7y is the
restriction to HéO(Q) of the continuous bilinear form in HllD (Q)

%o(u,fu)—/Qdo(x)Vqu—l—/Q()\—i—V(m))uv—k/ b(z)uw.

'y



This bilinear form is symmetric, continuous and coercive in Hgllo(ﬂ) for A as in the statement.
In that case, we can use Lax—Milgram theorem.

Now take h = fo+gr1 € L?)O Q)+ H Y2} c H&S(Q), as in , and u € Hglzo(Q) such
that Th(u) = h. We take first a test function v € C2°(§2;) which gives —div(do(z)Vu) + (A +
V(z))u = f in © and, in particular, u € Yq,,.

Now we take v € H&QO (Q) as in and using and the regularity assumptions

and [(R.2)] gives
ou
do—=—,v(v 1> +/ buv = (g, vjp1 ).
(g ot I = ()

Now |(R..3)| implies do% +bu=gin H-Y2(T}).
Finally we take v € H}ZO(Q) and use again (3.8), [(R.1)| and |(R.2)[ and the informations

above to obtain 9
U

do=— + / A+V —I—/ bluq, = Q0] fa,-

| a5 (Losvis [ b)un = Inifo,

In particular, we get (3.10). =

Remark 3.5 Observe that we have actually proved above that, using the notation in , if
AeRandu e HéO(Q) a solution of

Tou = fo +gry € L, (Q) + H*(Ty)

with f = fo,Xq, + fXq,, (which exists at least for large X), then u € Yo, is a weak solution of

p

—div(do(x)Vu)—i—(g—l— V(iz)u = f in O
do(a;)—u—&—b(x)u = g on T}

on
v = 0 on TI'p (3.12)
u = ug, on I

i Lo + ([, 0410+ [ |
L Y N A+V)+ b)ug,| =
L Q0] [ e o ( Qo( ) NN ) o Tag

We will make no essential distinction between Ty and By.

3.2.2 Dirichlet-Diffusion interaction

In this case, we assume, as in (2.6)) that Qg touches the Dirichlet boundary of
LpnQy #0.

Now since the solution vanishes in part of the boundary of €2y, the solution of the limit problem
must be 0 in Qp, that is, ug, = 0. Hence, we will consider the spaces (3.2]) and

Yoo, = {# € H,, (Q) : —div(do(z)Vz) € L*()}.
In an analogous way to Theorem [3.4] we get now the following.

Theorem 3.6 There exits Ao = Mo([|V- Lo (), b~ | Lo (r1)) such that for A > Xo, the operator
To,0 = Too(N) defined by the bilinear form

70.0(u,v) = (Tou, v) _/

do(x)VuVu + /
951

o A+ V(z))uv + / b(x)uv (3.13)

1
FN



for u,v e H&QO(Q) s an isomorphism between H&QO(Q) and its dual space which we denote by
H&lo(Q) and, by restriction, between Yy o, and L37QO(Q) +H2(TL) H&éo (). In the latter
case it is given by

Toou = ( — div(do(z) V) + (A + V(m))u) o (do(as)g:; + b(:c)u) L

Furthermore the restriction of Ty o to L37QO(Q) induces a positive unbounded self-adjoint operator,
By = Boo(A), with compact resolvent and domain

D(By) = {u € H&QO (Q) : —=div(do(x)Vu) € L%,QO(Q) and do(x)% +b(x)u=0 on I’JIV} ,

and for w € D(Byyp), Boo(u) = ( —div(do(z)Vu) + (A + V)u) Xa,.

Proof. Note that 79 is the restriction to H&Qo () of the bilinear form 7 in Hgl20 (©) in Theorem
and is symmetric continuous and coercive for A as in the statement.

Also, as in the proof of Theoremif h = fatgry € Lg,Qo(Q) +HY2(T}) C HO_;)O (©) and
u € H} 0, () is such that T o (u) = h, taking test functions v € C2°(1), we get —div(do(x)Vu)+
(A+V(z))u= f in @ and, in particular, u € Yj q,.

Also, taking test functions v € Hol,QO(Q) gives again do% +bu=gin H_l/Q(F}V). |

Remark 3.7 If A€ R and u € Hglzo(Q) is a solution of
Toou = fo +gry € L%,QO(Q) + HYA(TY)

(which exists at least for A\ large enough), then u € Yy o, and is a weak solution of

—div(do(z)Vu) + A+ V(z))u=f in

do(l‘)% +bx)u=g on T}

on (3.14)

u=0 1in
u=0 on I'pul™

Also notice that the operators Ty and Byo above (and their domains) are nothing but the
restrictions of the operators Ty and By to functions that vanish in Q.
We will make no essential distinction between Ty o and By .

3.3 Elliptic regularity and maximum principles

One of the main features of the elliptic problem are the well known regularity and com-
parison properties, see e.g. [ [I8 27, 25, 17, 26]. Most of these results apply as well to ,
despite it may happen that '}, N (FD U F*) #£ ().

In this section we show that the limit problem also share similar features. For this,
with the notation above, fix A = )\, with \g as in either Theorem or and denote
B. = B.(\y), Bo = Bo(\o) and By = Boo(Ao) (which we will not distinguish from 77, Tj
or Tppo). Note that restricted to L?(Q), L%O (Q) and Lg,QO(Q) respectively, these operators are
selfadjoint, positive and have compact resolvent.

Also recall that we say that a form h € HI?;(Q), or h € Héol(Q) or h € H(I&%O(Q)’ is
nonnegative, h > 0, if for all nonnegative test function 0 < ¢ € H%D(Q), or Héo (Q) or H(%’QO(Q)
respectively we have (h, @) > 0.

10



Proposition 3.8 i) If h > 0 as above then the solution of B.(u) = h, Bo(u) = h or By o(u) = h,
satisfies u > 0.

i) The operators Be, By, Boo above have order preserving resolvent in L*(Q), L%O(Q) and
L%,Qo (Q) respectively.

i) If f € LP(Q) with p > N/2 and g € L"(T'y) with r > N — 1 the the solutions of either one

of the problems , , satisfies u € C*(Q) for some o € (0,1) and
lullca@ < CUfLe@) + 119llLrry))

for a constant depending on Q,de, do, \, [|b| oo (0 ), |V | oo () -
iv) The eigenfunctions of B, By or Byg are Hélder continuous in ). The first eigenvalue of
1s positive and simple with a positive associated eigenfunction. The same applies to

and if Q is connected.

Proof. Recall the associated bilinear forms 7., 79 and 79 as in Theorems or
i) Observe that if v € H%D(Q), or Hgle(Q) or Hol,QO(Q) respectively then the same holds for the
negative part of v, v~ = max{—wv,0} and then if Bcu = h we get

Te(—u™, —u") = 7e(u,—u") = (h,—u") <0.

Since the bilinear form is coercive we get v~ = 0 and then u > 0. The other problems are
treated in a similar way.
ii) Observe that if v € H%D (Q), or Hglzo(ﬂ) or H&QO(Q) respectively, then the same holds for |v|
and 7-(|v|, [v]) = 7=(v,v), T0(|v], |v]) = T0(V,v) Or TO0(|V|,|V|) = T0,0(V, V) respectively. Then the
result follow from Theorem 1.3.2 in [16].
iii) For and the result follow directly from part vi) in Lemma B.1 in [4]. On the
other hand, for , restricting the problem to {21 notice that v = ugq, in I'*, which is a
Holder function and then again part vi) in Lemma B.1 in [4] concludes u € C%(Q;) and hence
u € CYQ).
iv) For the Holder regularity of eigenfunctions, note that they satisfy B.(u) = f, Bo(u) = f or
Boo(u) = f with f = pu. Then bootstrap arguments using part i) in Lemma B.1 in [4] gives
that f = pu € LP(Q) for some p > N/2 and then part iii) concludes.

Now notice that the first eigenvalues satisfy

Te(v,v)

—, , Moo= inf 70(v;v)
vert (@) [[vllrz@)

Ag—  inf o) T
veH) o () vllz2()

A =
veHy @) [[v]l 22 ()

and they are attained on the associated eigenfunctions. From the property of the quadratic
forms in part ii) we, have that if ¢ is an eigenfunction then so is |¢|.

For the strong maximum principle implies that then |p| > 0 in Q and then A, is simple.
For (3.12) and (3.14) the same applies in Qy if € is connected, see Proposition below, and
then Ag, Ago are simple. m

Now we prove the strong maximum principle used above, in a version that is suitable to our
purposes in this paper. Much finer versions can be found in [30, 28], from which we borrow the
key techniques. Note that no regularity is assumed on the open set O.

Proposition 3.9 Let O C RY be a bounded open set and let dy € L>®(O) with info dy > 0 and
V € LP(O) with p > N/2. Finally assume 0 < u € H*(O) satisfies

/ do(:I:)VuVU—i—/ V(z)uv >0 (3.15)
] @

for all 0 < v e HYO).
Then u is either zero or strictly positive a.e. in each connected component of O.
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Proof. Since u > 0 a.e. in O, assume u # 0 and v = 0 a.e. in A C O with |A| > 0. Then for
any ¢ € C°(0O) consider the function v = %. Since 0 < IJ%U < 1 then v € L?(0) and clearly

( ¥’ ):_ P’Vu ¢V
1+u (14 u)? 1+u

where both terms in the right hand side belong to L?(0). Hence v € H}(O) and taking this
test function in (3.15]) gives

|Vul?2 / ® / U g
——p < 2 + .
/Odo(a:)(1 u)QSO </, do(:u)l uV(qu : V (ch)1 "

Using the upper and lower bounds on dy, 0 < H—Lu <1 and Young’s inequality, we have

¥ [Vul* / 2
2d VeVu < —_ C \Y
|2 vevuse [ e [ ve

L/NM2w2<CW%=Q/WMP+C/V*@W2
o(l+w?" ~ 16) 16 ’
for all ¢ € C(0).

Observe now that 0 < log(1+ u) < u implies log(1+u) € L?(0) and Vlog(1 +u) = (1212) c
L?(0), hence log(1 4+ u) € H'(O). Thus, the last inequality above can be written as

that leads to

/vaarmm%QSCw» o€ C2(0).
O

Then we can take any smooth open connected subset w @ O such that |A Nw| > 0, to obtain

/ |V log(1 + u)* < C(w).

Since log(1 +u) = 0 a.e. ANw then the Poincaré inequality, see Lemma below, leads to

[ log(1+0)P < cw)

where C(w) does not depend on w.
Setting F'(s) = |log(1+ s)|?, which is increasing, and F(00) = oo, observe that we can apply
the inequality above to ¥ for any ¢ > 0 and then we get

[ <cw.
Chebyshev inequality then leads to
t
FC)Hu > 1} nw| £ Ow)

for any ¢ > 0. Letting ¢ — 0 gives [{u >t} Nw| = 0 for any ¢ > 0. That isu =0 a.e. w € O
and hence in any connected component of O that intersects A with positive measure. ®m

Now we prove the Poincaré inequality used above.
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Lemma 3.10 Assume w is a smooth connected open set and A C w such that |A| > 0. Then
there exists a positive constant such that for all u € H'(w) such that u =0 a.e. in A

/]Vu|2 > c/ |u|?.

Proof. If the inequality is not true then there exists a bounded sequence {t, },n, C H'(w) such
that um = 0 a.e. in A with [ |up|? =1 for all m € Nand [ |[Vup|* — 0. Since w is regular,
the embedding H'(w) C L?(w) is compact, and we can assume that u,, converges in L?(w), a.e.
in w and weakly in H'(w) to u € H'(w) with [ |u[* = 1. Then, by weak lower semicontinuity,
we get [ |[Vu|? =0 and then u = M%/Q in w, which contradicts that u =0 a.e. in A. =

4 Linear parabolic problems

With the notation above, fix A = \g, with \g as in either Theorem or Then
the operators B, = B.(\g), Bo = Bo(\) and Bog = Bo,o(\o) are selfadjoint, positive in
L3(Q), L%O (©) and L%,QO(Q) respectively. Moreover these operators have compact resolvent.

In particular, they are sectorial and define asymptotically decaying analytic semigroups e~ P<t,

e~ Pot e=Poot in [2(Q), Lg, () and L, () respectively; see [T}, 22].
Also, they have associated the corresponding family of fractional power spaces X2, X§', X
for a € R, which satisfy, for a > 0, X% = (Xc?‘)/, X% = (Xg‘)/, Xoo = (X&O)/. In particular

X0 = 12(Q), X$=I3,(Q), X3 = L30,(Q),
XM? = HE (Q), with norm HUH%/Q,E = Te(u, u),
Xé/2 = HéO(Q), with norm ||“H%/2,0 = 7o(u,u),

1/2 1 .
Xo,/o = H(]’QO(Q), with norm ||u||%/27070 = 70,0(u, u).
Even more for —1 < 8 < a < 1, we have for ¢t > 0,

M, M,

M,
—B:t w w w
le™ N £ (x2 x0) < 7ag® x8xg) S a5

S

—wt7 He_BotHL( _th He_BO’OtHL(

Xg,O’X&O)
for some w > 0 and M, = M, g, independent of .

To see this, note that —B., —Bj and — By o are selfadjoint with numerical range in (—oo, —w)
for some w > 0 independent of e. Then from Theorem 1.3.9 in [29] we can obtain uniform
estimates on the resolvent operators on any closed sector not intersecting the numerical range.
From this and Theorems 1.3.4 and 1.4.3 in [22] we get the uniform estimate for M,,.

Now from the proof of Theorem 1.4.4 in [22] we get that the constant in the interpolation
inequality

el < Ml el 5°

for -1 <p<y<a<l1,and v =60a+ (1 —0)F can be taken independent of ¢.
Finally, observe that the uniform coercitivity of the forms in Theorem [3.2] imply that

X0y CX§C X0=1%Q),  Xg5 C X)?c XM c H(Q)

with embedding constants independent of €. Then from Theorem 1.15.3 in [36] and Remark
1.15.2 in [2] (characterizing fractional power spaces as interpolation ones) we get that for 0 <
a<1/2,

X§o C X5 C X C H*(Q)
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with embedding constants independent of . By duality,
H™2*(Q) := (H**(Q)) — X% < X7 < X8

for 0 < o < 1/2 with embedding constants independent of ¢.
Then for A € R we define the selfadjoint operators

A, =B, + ()\ — )\0)[, Ag = By + ()\ — )\Q)I, AQ’O = B()70 + ()\ — )\0)[ (4.1)

in L2(2), L3 () and L2, (Q) respectively. These operators induce analytic semigroups with
0 380

the same fractional power spaces as above X&', X, X0 for a € Rand satisfy for -1 < g <a <1

and t > 0,

M, M, M,

—Act W —wt — Aot W —wt —A070t W —wt
™™ Mexe xey) < ampe ™ e lexpxg < ampe ™ e lexgoxgy < a5
for some w(\) € R and M, = M, g () independent of .

Notice that from Theorems or for uy € X&, a € R, we have that u®(t;uj) =
e~ Atyg is a solution of
uf —div(de(x)Vus) + A+ V(z)u® = 0 in Q ¢>0
ou®
d:(x) o7 +b(x)u® = 0 on Iy (4.2)
uv* = 0 on I'p
u®(0) = wj in Q.
On the other hand, for up € X§, a € R, we have that u(t;ug) = e~ Aoty is a solution of
up — div(do(z)Vu) + A+ V(z)u = 0 in O, t>0
0
do(x)a—; +bx)u = 0 on Tk
u = 0 on I'p
u = ug, on I (4.3)
1 ou
ugQ +[/ doq+</ AV +/ b)]UQ =0
© Q| L/ Ton Qo( ) N9 ’
u(0) = wy in Q.
Then, in case ([2.6)), that is o
I‘.D N QO 7é (2)7
for ug € Xgo, @ € R, we have that u(t; ug) = e~ ooty is a solution of
up — div(do(z)Vu) + A+ V(z)u = 0 in Q, t>0
0
do(x)—z_{ +bx)u = 0 on T
u = 0 on I'hur* :
u = 0 in QO

u(0) = wy in Q.

Remark 4.1 The semigroups above enjoy several comparison properties. First, from part ii)
m Proposition and Theorem 1.3.2 in [16] we get at once that e=Bet, e=Bot  e=Bool gre order
preserving in L*(Q), L () and Lg,QO(Q) respectively.

Also recall that for linear forms in H;;(Q), Héol(Q) or H(;,(lzo (Q), we say hy < hg iff ho—hy >
0. This defines an order in HF_DI(Q), HS;OI(Q) or H&éo (Q) which is consistent with the ordering
in L2(9), L?IO(Q) or Lg}QO(Q) respectively and for which the cone on nonnegative functions in
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the latter spaces are demse in the cone of nonnegative forms in the former ones. To see this,
note that if for example 0 < h € Haol(Q) then 0 < u(t) = e Both ¢ LéO(Q) and u(t) — h as
t— 0 in H(;OI(Q) Notice that 0 < u(t) = e~ Bo'h follows by using —u~(t) as a test function.
The result for e~ Bt and e Boot are well known but can be also be obtained along the same lines.

From this it is not difficult to see that the family of spaces X2, X§, X§ for a € R, are
scales of ordered spaces as in Definition A.8 in [{)]. Therefore all the abstract comparison results
in that reference hold for the problems in this paper.

These results will be used below for the corresponding nonlinear parabolic problems in Section

6.

5 Convergence of linear problems

5.1 Elliptic problems

Now we show that weak solutions of problems converge in certain sense, as € — 0 to weak
solutions of problems or , depending on the configuration of the region of large
diffusion.

First we state the following general result, irrespective of the problems considered. The
proofs are analogous to those of Lemma 4.3 and Theorem 4.4 i) in [31], respectively.

Lemma 5.1 Assume and {u}. C HY(Q) are given such that u® — u weakly in H*(Q1).
Then

do(z) |Vul? <liminf | d.(x)|Vu]?.
€

Ql Q1

If, in addition, u — u in L*(Q1), then u® — u in H' () if and only if
/ do(x) |Vu|? = lim/ d.(z) |V ]?.
Ql € Q1

Lemma 5.2 Assume and that for 0 < e < e, the sequence {uf}. C HY () is bounded
in L*(Q) and 0 < [ d-(z) IVus|> < M with M a constant not depending on . Then, taking
a subsequence if necessary, u® converges weakly in H*(Q)) and strongly in L*(Q) to a function
u € HY(Q) that is constant in Qy. Moreover,

lim/dg(m)|Vu€|2 :/do(:p) |vu\2:/ do) [Vul?
€ Ja Q Q1

if and only if u® strongly converges to u in H'(2) and lim, fQo de(z) |[Vus|* = 0.

With this, we can now obtain the convergence of the approximate problems to the limit one.

Theorem 5.3 Let A € R. Assume that for 0 < e < eq, the sequence {h.}. C HF_;(Q) is
bounded and weakly converges to h € HF_;(Q) Assume also that the sequence {u®}_ C H%D(Q)
is bounded in L?(Q2) and satisfies

T.u® = h*

with T, given by (@

Then 0 < [ d(x) |Vus|> < M for some constant not depending on e and, taking a subse-
quence as needed, u* — u € HKIZO(Q) weakly in H(Q); Vu® — Vu in L3(Q); and bu® — bu in
L*(Tn). Furthermore, w € HY, () and satisfies

TOU = h’HleO(Q) m H&(}(Q),
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with Ty given by .
Finally, u* — u strongly in HllD (Q) if and only if (he,u®)—11 — (h,u)—1,1. The latter holds

if, for instance, h® — h strongly in HF_DI(Q) Also, in such a case,

lim 7 (u®, u®) = 70(u, u), (5.1)
£
and
;1_r>1(1)7'a(u —u,u® —u) =0. (5.2)

where g is given by (@) In particular

lim [ d.|Vuf]* =0, hm/ ) |[Vus|? —/do(a:) ]VU\Z:/ do() |[Vul?.
€ Q Q1

Qo
In the case in which (@) holds, that is

FD N Q70 7é ®7
then u € Hj o (Q) and Toou = h’HéQ (@) n HO_SI20 (Q), with Ty given (3.15).
bl N 0 2

Remark 5.4 Notice that the condition that {u®}. is bounded holds for A > 0 large enough.

Proof. Let A € R and {h.}, C HI?;(Q) be a bounded sequence, weakly converging to h €
H{;(Q) Then,

Sut) = ) | Vs ? z)) |uf)? z) [uf | = u® . .
Ts<u,u>—/9d5(>|v |+/Q<A+v< )| |+/FNb<>\ 2= (hew) 4, (53)

From 1) and the boundedness of h. and u® we get [, d. ]Vuﬂ < M. Therefore, we can
apply Lemma and obtain that, for a suitable subsequence ut — u € HQ (Q) weakly in
H} ,(§2) and strongly in L2(Q) and L?*(Ty). Furthermore, since V € L>(Q) and b € L>®(T'y),

we have that Vu® — Vu in L2(Q) and bu® — bu in L*(T'y).
Now, given ¢ € HéO(Q), we have

Te(u", @) —/Q da(éﬂ)VugvébJr/Q(/\JFV(HU))U%ﬂL/ b(x)u¢ = (he, d)-11

I'n

We can then pass to the limit in € to obtain,

n(w0) = [ doe)VuTor [ (Vo [ dauotuaoo( [

1 'y Q

O(/\+V)+/FNQ8% b) = (h6) 11,

ie., Tou = h|Hg120(Q). Taking ¢ = u, we have

/91 do(z) |Vu|2—|—/ﬂl()\+V(x)) |u|2+/r}\, b(x) |u|2+|UQO’2(/QO()\+V)+/FNOOQO b) = (h,u)_11
(5.4)

In particular, from and , we have lim [, d. \Vu€| = Jo, do( ) |Vu)? if and only
if (he,u®)_11 — (h, u) 1,1- The latter holds if either h. or u® converge strongly In such a case,
we get . Since we already proved lim._,o 7-(u®, ¢) = 79(u, ¢) then we also get . The
rest is immediate.

In the case , from [(R.1)| we obtain that u € H&QO(Q) and taking ¢ € H&Qo (Q), and
passing to the hmlt in 7. (u®, @) = (he, $)—1,1 we obtain T9o(u, @) = (h,¢)_11. ®

We now consider the particular case when he = f§ + gr as in (3.3), and show how the
solution and its derivatives behave in the different regions of the domain.
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Corollary 5.5 Under the hypothesis of the Theorem assume h® = f§ + gp, and [ — f
weakly in L*(Q) and g° — g weakly in H=Y/2(T'y). Then uf is a weak solution of and

—div(de(z)Vuf) = f — A+ Vug, weakly in L*(Qp)

—div(de (z)Vuf) = —div(do(z)Vu) weakly in L*(;)
I3

5(?;% — do% weakly in H-Y2(I* UTY).

Also, u® — u strongly in H%D(Q) if and only if (ge,u)_11 — (g,u)—11. In such a case,

d

fim [ d. [VeE]? =0, lim/dg(x)|Vu€|2:/do(:n) |Vu|2:/ do(z) |V .
€ JQo € Ja Q 0

That happens if, for example, ¢ — g weakly in H 5(T'y) for 0 < s < 1/2.
If, in particular, g — g weakly in L>(Tx), then u is a weak solution of

—div(do(x)Vu) + A+ V(z))u = f in O
do(x)gg-i-b(x)u =g on Tk

= 0 on I'p
= uq, on I'*

u
u
1 ou 1
N O VRPY SY)  ) y S
[ Q0] [/r * i ( QO( ) T N9 ) o |QO|( Qof FNmaQOg)

In the case in which (@ holds, that is

FDmgio7é®7

then u € H&QO(Q) and it is a weak solution of .

Proof. It is clear that u® is a weak solution of . Also since we can assume u® — u strongly
in L2(Q2) then (he,u®)_11 — (h,u)_11 if and only if {(g.,u)_11 — (g,u)_11 and in such a case
we get the strong convergence in H%D(Q). Notice that since u®* — u weakly in H%D(Q), we can
assume the traces converge strongly in H*(I'y) for 0 < s < 1/2. Hence if ¢° — g weakly in
H™*(T'n) we get (ge,u®)—1,1 — (g, u)-1,1-

Since u® is a weak solution of then, —div(d:(z)Vu®) = f¢ — (A + V)u® converges to
f— O\ 4+ V)u = —div(do(z)Vu) weakly in L?(Q;) and to f — (A + V)ug, weakly in L?(£p).

On the other hand, by , for all ¢ € HKIZO(Q) we have

ou® . e €

where the right hand side converges to

[ v v [ avuve=(agha@)
o o " oM

Since ¢ = 0 in '}y, and on 90y = T*UTH UTY;, we get

out ou . _ "
dege = dooe weakly in H V2 urh).
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If, in particular, ¢° — g weakly in L?(T'y), it is easy to see that h’Hé @ € HS;OI(Q) is given
0
by

1
h\HéO(Q) = (w(/SIOf+/I“NﬂBQog)XQO +fX91>Q + gri - (5.6)

In particular, by (3.12)), u is a weak solution of (5.5|).
In case (2.6)) holds it is easy to check that

W0 = hlm, @ = P(h) = (fXgl)Q + 91, -
and then u € H&QO(Q) and it is a weak solution of l) ]

In view of (5.6)) we define the following operator.

Definition 5.6 For a linear form h = fq + gr, as in , with f € L*(Q) and g € L*(T'y)
we define

Py = (a7 [ %o+ £20,) +ory (57)
and, in case (@) holds,
P(h) = (fXa,)  + 95y, (5.8)
Notice that
P:L*(Q) + L*(Tn) — L, (Q) + L*(Ty), (5.9)
or P : L?(Q) + L*(Ty) — Lg’QO(Ql) + L*(T'}) in the case in which holds, is linear,

continuous and monotone in the sense that if fi, fo € L?(Q) and g1, g2 € L*(T'y) with
fi < f2, g1 < g2 implies  P(h1) < P(h)
in the sense that for every 0 < ¢ € H{, (Q), or 0 < ¢ € H&Qo () respectively, we have
(P(h1),¢) < (P(h2),9),
where h; = (fi)a + (gi)ry-

Remark 5.7 All this allows to understand the limit process in Theorem[5.3 and Corollary[5.5]
as follows.

Denote by Le, Lo and Lo the operators as in Theorem|3.3, [3.4] and[3.6 when V = b= X = 0.
Then with the notation in those theorems and in we have

Ac=L.+ A+ V)a+bry
where we are adding multiplication operators in Q0 and I'yy to L.. Then

Ap=Lo+F+P((A+V)a+bry)

where F(u) accounts for the flux term f%ol/ dgglf, in (3.10), while in case holds
T* n

Ao =Loo+P((A+ V) +bry).
Then, using , Theorem and C’orollary state that solutions of

Acu® = Lew® + (A + V)ud)a + (buf)ry = fo + 95, in Hp) (9),
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converge to solutions of
Agu = Lou+ F(u) + P((A+V)a +bry)u=P(fa+gry) in Hg (),

or
A070u = L(),ou + P(()\ + V)Q + bFN)u = P(fQ + gFN) mn H(;S%O(Q)

respectively.

5.2 Spectral convergence

As mentioned above the operators A., Ag, Ao in ) have compact resolvents. Thus, they
have a discrete spectrum formed by an increasing sequence of eigenvalues of finite multiplicity,

o(A:) = {p5}, and o(Ap) = {un}n, o(App) = {,un } From Theoremsa7 Horﬁobserve

that the eigenfunctions of the approximate problems satlsfy

—div(d.(x)Vu) + ()\ + V(m)) = pu in Q
d-(x ) b(x)u = 0 on Iy (5.10)
u = 0 on I'p

and those of the limit problem satisfy

(

—div(do(z)Vu) + A+ V(z))u = pu in
do(z )Z_,—I—b( Ju = 0 on Tl
u = 0 on I'p (5.11)
U = uQ, on I'*
1 ou
— do—— / A+V +/ blu } = pugq,-
€| [ "on ( Qo( ) TN N09 ) o i

In the case in which ([2.6) holds, the eigenvalue problem reduces to

—div(do(z)Vu) + (/\S—V( x))u=pu in O

u = in QO
u = on I'pul™.

The next result states the spectral convergence of the approximate problems (3.4]) to the

limit problem (3.12]) or (3.14]) in case (2.6)) holds.

Theorem 5.8 The following statements hold:
i) If for some e, — 0 and p, € 0(A.,) we have p, — po then py € o(Aop).

If, in addition, we have eigenfunctions ¢n € E(un) such that ||¢n|r2q) = 1 then any sub-
sequence that converges weakly in L?(2) homogenizes to some ¢ € E(ug), that is, as in
limp, 00 7, ((bn b, on — ¢) =0.
i1) For any po € o(Ag) there exists sequences e, — 0 and p, € o(A.,) such that p, — po.
i11) For any po € o(Ag) with multiplicity M, there exists o > 0 such that for any 0 < r < rg
there exists eg > 0 such that for all 0 < € < &g the operator A; has exactly M eigenvalues in the
ball B(pg,r) C C, counting multiplicities.

In case (@ holds, that is

'pn Q70 7é Qa

then the statements above hold replacing Ag with Ag .

19



Proof. Note that by it is enough to prove the results for the positive operators B., By, B0
in . To achieve the result we will prove first that the inverses of these operators are close
in some sense below.
Step 1. Consider any family {f.}c with f. € L*(Q) and [|fc]|;2(q) = 1. Then consider any
sequence of positive numbers €, — 0 and consider u™ = B_ Lf. .

Then, from Theorem there exists a subsequence, that we denote the same, such that
fe,, — f weakly in L?(Q) and v — u € HKIZO(Q) weakly in H%D(Q) and strongly in L?(9)

where u = By Lty with
fo= (][ f> X, + fXaq,.
Qo
by Corollary (with ¢° = 0).

Step 2. Assume moreover that f. — f € Lg (Q) in L*(Q). Since (fe,,u") — (f,u) again
Theorem implies that u®" — u € HéO(Q) strongly in HllD (©). Even more we have that
holds for the sequence u®".

Step 3. All the above implies that BZ' — By in the sense of (4.5) in [5]. Then arguing as in
the proof of Lemma 4.9 in [5] we get that for any compact set K C p(By) there exists ex > 0
such that for any 0 < € < e we have K C p(B;). This proves the first part of i).

Now we end the proof of i). For this assume ¢, € E(u,) such that ||¢,|2@) = 1 and
B, (¢n) = tin¢n. Then for any subsequence that converges weakly in L?(£2), which we denote
the same, by Theorem [5.3] arguing as in Steps 1 and 2 above, we have that ¢, homogenizes, as
in , to some ¢ in Hglzo(Q) such that By(¢) = po@. Since [|¢]|r2(q) = 1 we get po € o(Bo).
Step 4. Parts ii) and iii) follow as in Theorem 4.10 in [5] from the convergence of the spectral
projections as we now sketch. Recall that given a sectorial operator S in a Banach space such
that its spectrum satisfies o(S) = 01 U o9 with o; open and closed in the spectrum and o
bounded, then the spectral projection associated to oj is

Qo1,5) = % /F(zl 5
where I is a simple, positively oriented curve in the resolvent of S surrounding o; and leaving
o9 in its exterior. Then W (o1, S) = Q(01,5)X is the (generalized) eigenspace associated to o7,
see [22].

In our case, we take o1 = {po} with g € 0(By) and S = By. Then, we take I" a small circle
enclosing g and no other point of the spectrum of By. Hence from the first part in Step 3, the
trace of I is in the resolvent of B. for small enough €. Also the convergence above B; 1 — By !
translates into a similar convergence Q(po, Be) — Q(po, Bo). This, in particular, implies that
for small enough &, W (ug, B:) and W (ug, Bp) have the same dimension. This proves iii).

In turn, by contradiction, part iii) gives part ii). m

Observe that a somewhat weaker result on the convergence of eigenvalues and eigenfunctions,
in the spirit of Theorem 5.1 in [31], can be proved here only using the Rayleigh characterization
of eigenvalues.

Also, we get the following result.

Corollary 5.9 With the notation in Theorem[5.8, the following are equivalent
i) Ao = inf{p, p€o(Ap)} > 0.
i1) There exists § > 0 such that for all sufficiently small ¢ we have

A =inf{p, peo(A:)} > >0.

In case (@, that is 40
I‘D ARV )
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then the statement above holds replacing Ag with A .

In the spirit of Remark we get now the following.
Remark 5.10 Observe that Theorem[5.§ state that eigenvalues and eigenfunctions of
Acu® = Lou® + (AN +V)ud)g + (bu)r,y = pfug  in HF_; (Q),
converge to eigenvalues and eigenfunctions of
Agu = Lou + F(u) + P((A+ V) + bry)u = pug  in Hy! (),

or
Aoou = Loou+ P((A+V)q +bry)u = pug in H()_’éo(Q),

respectively.

5.3 Linear parabolic problems

In this section we prove the convergence of the approximated linear parabolic problems (4.2)
towards the linear parabolic limit problem (4.3]). In case (2.6) holds, that is

FDQWO#QL

the limit problem will be (4.4)).

We have the following continuity result for the approximate parabolic homogeneous prob-
lems, whose proof is analogous to that of Proposition 4.6, p. 48, in [7], based on the spectral
decomposition provided by Theorem A similar result can be found in Theorem 3.4 in [10].

Proposition 5.11 With the notation in Corollary assume Ay > 0. Then, given v € [0,1)
there exist a € (14 v)/2,1) and a function &(-) > 0 with é(e) — 0 as € — 0, such that for all
he H(Q) = (H'(Q))

le™<"h — e ' h¥|| 1y < &)t |l g-(),  t>0

where we have denoted by h* the restriction of h to H{, (Q), so h* € (Hg ().
In case holds the result remain true with Ao replacing Ay and h* is the restriction of
h to Hy g (), so h* € (Hy o, ()"

In particular, using Definition and arguing as in Corollary 4.8 and Corollary 4.9 in [7],
taking v = 1/2, we have the following.

Corollary 5.12 With the notation in Corollary assume Ao > 0 and f € L?(Q) and g €
L3(Ty).
i) There exist o € (3/4,1) and a function é(-) > 0 with é(e) — 0 as € — 0 such that

le™4<" (fo + gry) — e " P(fa + gry)lmi) < &I fll2@ + Igl2wyy):  t>0

where P is given in .
it) There exist k > 0 and M > 0 such that

le™ " P(fa + gr)llze(0) < MEF(If 12 + llgllqrn)):

In case holds the result remain true with Ao replacing Ay.
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Proof. Part i) is immediate from Proposition with v = 1/2. For part ii), from Corol-
lary we have that for ¢ > 0 small enough, A, > & > 0 for some § > 0. We know
from [4], Lemma 4.4, applied to A, that there exists M and N, independent of £, such that
‘|€_A8t1/}||Loo(Q) < Mt_NH@ZJHLz(Q). Passing to the limit as ¢ — 0 and using part i) we have that

le= 40t P(4)|| oo () < MtN[9h] 120
Using this, the semigroup property for e=40!, the embedding L3, (Q)+L*(Ty) C Hgol(Q) =

Xo 2 4nd the continuity of P in |D we obtain

M (t/2)"Nle= 4 2P(fa + gry )l r2()
M(t/2)~NCt V2| P(fo + gry)
Mt (1l 2 + lgllzzry)-

In case (2.6) holds the proof follows the same lines with obvious changes. m

le= 4" P(fo + gry) ()

—1/2

Ix:

VAN VARRVAN

6 Nonlinear parabolic problems

The next step in our study is to understand the behaviour of the corresponding nonlinear
evolution problems. In particular, we obtain conditions ensuring the existence of an attractor
for the approximated and limit problems as well as their upper semicontinuity.

Note that an essential tool are the comparison principles that can be obtained for all the
problems in this paper from Apendix A in [4], see Remark

6.1 Approximate nonlinear parabolic problems

We now consider the nonlinear parabolic problems (2.1)) with initial data ug € X, where X is a
space in the class £ defined by

£={LUQ), Wpi(Q), 1< q< oo}

We also assume ¢ € L>®°(2) and b € L (T"y) for the sake of clarity in the exposition (see Remark

[3-1). Notice that from Theorem[3.2] (4.1)) and the notation in (3.3)), problem (2.1)) can be written

as
ur + Acu = h(z,u) = f(x,u)q + g(z, u)ry (6.1)

and the solutions are given by the variations of constants formula
t
us(t,ug) = e Aetug + / e A=) (U (s, ug))ds. (6.2)
0

Suppose that f and g satisfy the following growth condition

(G)x : f(z,),g(z,) : R — R are locally Lipschitz uniformly in x € 2 and x € T'y, respectively.
In addition,

1. If X = L9(Q), assume that f and g satisfy a relation of the form
() = (2, 0)| < cfu—ol(jul” " + ]~ + 1) (6.3)
with exponents py and py respectively, such that, for N > 2 (resp. N = 1)

2q
N?

1

~  (resp. pg < pri=1+q).

pr<pa:=1+ pg < pr:=1+
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2. If X = Wég(ﬂ), assume that one of the following conditions holds

(a) ¢ > N (hence, no growth assumption is assumed on f or g).
(b) ¢ =N and f, g satisfy that for all > 0 there exists ¢,, > 0 such that

(1) — j(@, )] < en(eMFT 4 &MIFT )y — o). (6.4)
(¢c) 1< q< N and f,g satisfy (6.3) with exponents

q
N—q

2q
< =14+ — <pr:=1
Pr > PQ +N—q Pg = Pr +
Also assume that there exist Cp € LP(Q2), 0 < Cy € LP(Q), p > N/2, By € L" (') and
0<B; €L ('y), r> N —1, such that

Co(z)s*> 4+ Ci(z)|s| =€ (6.5)

<
< Bo(z)s® + Bi(z)|s|] = €Ty

for all s € R. Finally, assume that the first eigenvalue, A., of the following problem is positive

—div(de(z)Vu) + (c(z) — Co(z))u = pu in Q
. ZL‘)% + (b(x) — Bp(x))u = 0 on Iy (6.7)
u = 0 on Ip.

From Theorem 2.4 and 3.4 in [4] we have the existence and uniqueness of solution as well as
existence of a global attractor for the problem (2.1). Namely, we have

Theorem 6.1 Let 0 < e < eg. Let X any of the spaces in the class £. Suppose that f and g are
locally Lipschitz functions satisfying (G)x and , . Then, given uy € X there exists a
unique solution u®(-;ug) of problem which is defined for all time t > 0. Also, this solution
continuously depend on the data and is classical for t > 0. Finally, the following smoothing
effect holds: if ug € X then u®(t;ug) € Y for any other space Y in the class £, t > 0.

Therefore, we can define the semigroup Se(t) in X given by the solutions of with initial
dara ug € X.

If, in addition, holds, this semigroup has a global attractor A°x in X. Also, for any Y
in the class £ such that' Y C X there exists the global attractor A%y . In fact, A°x = Ay and
attracts bounded sets of X in the topology of Y .

Then we have the following uniform estimates for the solution of . Notice that although
the problem can be set in an LP—setting, due to the variations in the diffusion coefficients, the
uniform bounds for the spatial derivatives of the solutions are obtained only in H'(Q); see
Theorem 4.5 and Theorem 4.6 in [4].

Theorem 6.2 If A, > § > 0 for some § not depending on € then for all 0 < e < gg,

sup  sup ([luollmr() + lluollze) < K
0<e<eg ug€A=

sup sup sup |lug (¢, wo) || g1 ()npe @) < K
0<e<eg up€As teR

with K not depending on €. Also, for functions in the attractors, A°, there are uniform C¢
bounds on each compact set of Q1 with some o = a(K) € (0,1).

23



Observe that from Corollary[5.9)the assumption in Theorem [6.2]is equivalent to the positivity
of the first eigenvalue, Ag, of the problem

;

—div(do(:c)Vau) (c(z) = Co(x))u = pu in O
do(z )8_’ (b(z) — Bo(z))u = 0 on T'k

=0 on I'p (6.8)
= ug, on I

u
u
1 c’)
i (e [ mhn] =

or the positivity of the first eigenvalue, Ao, of the simplified problem analogous to (5.12) in

case ([2.6) holds.

We can now apply Theorems 3.15 and 3.16 in [32] to obtain

Theorem 6.3 In the assumptions of Theorem there exist two extremal equilibria ¢f,, 5, €
A® such that ¢, < 5, A° C [¢5,, 5] and

o5, < hmlnfu (t, z;up) < limsup u®(t, z;up) < @iy

t—o0
uniformly in x € Q0 for ug in bounded sets of X.

From the uniform estimates above, we can assume henceforth that the nonlinear terms
f(z,u), g(z,u) have been truncated for large values of |u| in such a way that they become
globally bounded and Lipschitz and satisfy , and .

For the dynamics of equilibria play a relevant role. Not only extremal equilibria as in
Theorem but all equilibria have a decissive influence in local and global dynamics. Indeed,
after the truncation above, is a gradient system in H'(§) with energy

1

= — ’LL2 cu2— T, U U2— I, U
Vi(u) = /ng|V|+/Q<\| Fo<,>>+/FN<b|| Go(x u))

2
with Fy(z,s) = [ f(z,s)ds and Go(z, s) = [; g(z,s) ds. Therefore
A. = W(E.) (6.9)

where E. denote the set of equilibria; see [19]. Therefore stability of equilibria plays an important
role in the complexity of the dynamics of (2.1). This, in turn, depends on the properties of the
linearization around an equilibrium ¢® which amounts to solving the linearized problems

— div(de(2)Vv®) + c(z)v® = Ouf(z,¢%)v° in
8 £
d:(x) 017}75 (x)v° = Oug(x,¢®)v® on Iy

v® = 0 on I'p.

The solution of the linearized equations determine the structure of the local invariant manifolds
near the equilibrium; see [22] 19] and Lemma below.

6.2 The nonlinear parabolic limit problems

In the following we will concentrate in the case of the limit problem . In case holds,
that is for , analogous result hold with obvious changes.

As mentioned earlier, from the uniform estimates above, we will assume henceforth that the
nonlinear terms f(x,u), g(x,u) have been truncated for large values of |u| in such a way that
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they become globally bounded and Lipschitz and satisfy (6.5)), and . Notice that from
(3.11) and (4.1]), problem (2.5) can be written as

ug + Aou = H(z,u) = fu(z,u)q + g(z, U)F]lv in Héol(Q), (6.10)
where u = ug,Xq, + uXq, and
fu(z,u) = 1 [ f(a:,ugo)dx+/ g(z,uq,)dz| Xo, + f(z,u)Xq,.
Q0] L/a, IR
Observe that using the notation in Remark we have
Ao = Lo+ F + P(cq + bry). (6.11)

As for nonlinear terms, for a function u = uq,Xq, + uXq, defined up to the boundary, using

the notation in (3.3) and (5.7) (resp. (5.8)), the nonlinear term above H(u) = f.(u)o + g(u)r}V

can be written as
H(u) = Ph(u) = P(f(u)a + g(u)ry) (6.12)

where P is defined in (5.7)) (resp. (5.8)). Hence the solutions of (2.5 are given by the corre-
sponding variation of constants formula

¢
u(t, ug) = e A0ty —|—/ e~ 4009 H (u(s, ug))ds. (6.13)
0

Since f and g are bounded and globally Lipschitz, the nonlinear term satisfies
H = (fJ)a +gry, : Ho, () = L, (Q) + L*(Ty) C Hol () (6.14)

for any s > 1/2, and is globally bounded and Lipschitz. Thus, as in Proposition 3.1 in [7],
using Remark and the abstract comparison results in Appendix A in [4], we can prove the
following result.

Proposition 6.4 For any ug € L?)O (Q) there exists a unique globally defined mild solution of
(2.8), i-e. w+Agu = H(w), with initial data ug, u(-,uo) € C([0,00), L, (2))NC((0, 00), Hf, (2)).
Moreover this solution depends continuously on the initial data and satisfies u,u; € C((0,00), Xg),
for any v < 3/4. Moreover if ug lies in a bounded set of L%O(Q) then, fort > 0, fixed u(t, up)

lies in a bounded subset of X for any v < 3/4. If the initial data is in H(IZO(Q) = Xé/Q then
the solution is also in C([0,00), Hgllo(Q))
Also, the comparison principle holds for problem .

Now observe that for z € 1 we have
sfs(z,8) < Co(@)|s]* + Ci(z)[s], s€R

and for x € Qg we have

1
sfilz,s) < m( QOf(f)«“as)sdx+/FNnagog(x,s)sdx)
< ,QO|(/QO[CO( )Is|* + C1(2)]sl] d +/eraQO[B°( )Is|* + Bi(z)|s]] dz)

IA

Gols|* +éls), seR
where

o=, 0+ =, %
Co = — Co + B and ¢ = — Ch + By).
0 |QO‘ ( Qo 0 T'nNoQ0 0) ! ‘Q()’ ( Qo ! T'nNOQ20 1)
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Hence, as in (6.5)),

sfu(x,5) < Co(x)s® + Ci(x)]s| = €Q (6.15)
with
3 C Q - C Q
Colwy = { P TED gy gy - D e
Co x € Qo ¢ x € Q.

Using this we obtain the following result that states the existence of the attractor for ([2.5)
and some of its properties.

Theorem 6.5 Assume , and that the first eigenvalue, Ag, of is positive. Then,
problem has a global attractor A°, which is a compact set of Hsllo (Q) and bounded in L>°(Q).

The attractor A° attracts in Hgllo(Q) bounded sets of L%O(Q) and is a bounded set in C*(Q) for
some 0 < a < 1.
Moreover, there exist extremal equilibria @, o € A° such that o < ou, AY C [om, oum]
and
©m < liminf u(t, z;up) < limsupu(t, z;ug) < oar (6.16)
t—o0 t—o0

uniformly in © € Q and for ug in bounded sets of L?ZO (Q).

Proof. By Proposition the semigroup of solutions associated to (2.5)), So(t)up = u(t, up),

is bounded from L?)O () into X for any v < 3/4, which is compactly embedded into Xé/ 2=
Hgle(Q). Hence the semigroup is compact.

By comparison, using 1) and , for ug € LS220 (©2) the solution u(t,ug) in Proposition
[6.4] satisfies
‘U(t,IE,’U,O” < U(t,LU, ’u0|)7 t>0, $€Qa

where U satisfies

U+ AU = (CoU + Ch) g + (BoU + Ba)py (6.17)
that is,
(U — div(do(z)VU) + (c(x) — Co(z))U = Ci(x) in O
ou
do(a:)% + (b(x) — By(x))U = Bi(x) on T'k
U = 0 on I'p
U = Ug, on I'*

U©) = |ul in Q,

with ¢ = (/ (c—Cy) +/ (b— Bo)). Notice that with Definition |5.6| the right hand side
Qo T'nyNOQg
in (6.17)) coincides with
P(((Co)a + (Bo)ry)U) + P((Cr)a + (Bi)ry)-
Also, note that l) can be written as U; + LU = (é]_)Q + (Bl)l“}vv with L1U = AU —
P(((C’O)Q + (BO)FN)U) hence

t ~
U(t, |uo|) = e "Juo] +/ e h1=e) ((C’l)ﬂ + (Bl)r}v) ds.
0
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Since the first eigenvalue of is positive then the first eigenvalue of L is Ag > 0 and then
U converges in, say L%O(Q), to

o0
¢ = / e ((Cr)a + (Bi)ry, ) ds,
0
which is the unique solution of

—div(do(z)V¢®) + (c(z) — Co(x))¢? = Ci(z) in

0
do() 22 + (o) ~ Bo(@))s’ = Bi(x) on Ty
¢ = 0 on Tp (6.18)
#° = ?)0 on I

Also we can write

U(t, luol) = e " (Jug| — ¢°) + ¢°

and then
limsup |u(t, z;ug)| < ¢°(z), =€ Q.

t—o0

From Proposition we get 0 < ¢p € CY(Q). Now Corollary [5.12] gives

U (2, [uo]) | ooy < Mt F|[Juol — ¢l z2() + 16° |20 () = [16° ]l ()

as t — oo. From here the semigroup Sy has an absorbing ball in L*°(€2) and, from Proposition
an absorbing ball in X for any v < 3/4. Thus, from [19] we get the existence of a global
attractor as in the statement.

The Holder estimate on the attractor are obtained as follows. If w(-) is an orbit in the
attractor Ap, then we know that it is defined for all ¢ € R, u,u; € C(R, H&ZO(Q)), that is
u € CY(R, Hgl20 (©)). Multiplying by uy, integrating by parts and in time for ¢ € (0, 1), and
using that the attractor is a bounded set of H'() and L°°(£2), we can show that for any orbit
u(t) in the attractor Ag, we have that fol Hut(s)H%Q(Q)ds < C for some constant C' independent
of the orbit on the attractor.

Now, if we denote by v(t) = u(t) then, v satisfies the linearized equation along u(t), given
by

vy — div(do(x)Vv) + c(x)v = Oy f(z, u)v in
do(:n)% + b(x)v = Oyg(x,u)v on T}
v=20 onI'p
v = vQ, on I'*
1 ov
bog + — | | do== + / c+/ b)va, | =
fo ‘QO’ |:/:]i* Oan ( Qo T' NN ) QO]
- 7( 8uf(mauﬂo) + a’ug(m7qu))’UQO
’QO| Qo INNIRr IO
L v(0) = u(0) in Q.

This is justified by Lemma [6.7] and Corollary [6.9] below.
By comparison, denoting by Do = sup{19(6)ll (0 : ¢ € Ao} and By = sup{[0,9(6) | (e
¢ € Ao} then for s € (0,1) we have |v(t + s)| < w(t) for ¢ > 0 where w is the solution of the
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linear problem

wy — div(do(x)Vw) + ¢(z)w = Dow in
do(ﬂ?)g% + b(x)w = Epw on 'y
w=20 onI'p
w = wq, on I'*
, 1 w [Ty N0
wQO—i-QM[/FOdo(QZ)gFL—F </QOC+/FNQ8905>}IUQO = (Do—l- |QO‘ )’U)QO,

w(0) = [v(s)|.

By Corollary we have that w(2) € L*>(Q) and [[w(2)[[L~@) < Mollv(s)||r2(q) for any
s € (0,1), which implies that Hv(2)||200(ﬂ) < Mg fol ||v(s)||%2(9)ds < MZC. By the invariance of
the attractor we obtain that there exists a constant My such that |[u(t)|| o) < M for any
orbit u(+) of the attractor.

Now, for t fixed, we can rewrite equation as an elliptic equation in €21, as

—div(do(z)Vu) + c(x)u = f(x,u) —us in

do(x)% +b(x)u = g(x,u) on I'},
u=20 on I'p,
u = ugQ, on I'*.

Since f(z,u) —ur € L®(Q), g(x,u) € L=(T"), and ug, € L>(I"*), with uniform bounds for ¢t € R
and u(-) on the attractor, by part iii) in Proposition we obtain that u lies in a bounded set
of C*(€)1). Since u is constant in £y we obtain that u lies in a bounded set of C%(Q).

The existence of the extremal equilibria and the asymptotic estimate follows from
Theorem 3.2 in [32]; see also Corollary 3.11 in that reference. Observe that the uniformity in
for z € Q follows because for any initial data 0 < ug € L?ZO (©2) the arguments above
imply that for a given § > 0, there exists T > 0 such that u(t;ug) < ¢° + & for t > T. Note
we can assume that u(T;¢° + &) < ¢° + § which implies that as n — oo, u(nT; ¢ + 6) — o
monotonically. Since ¢ps is continuous, see Remark Dini’s criterium (c.f. [8 p. 194]) im-
plies the convergence is uniform. From this, as in the proof of Theorem 3.2 in [32] we also get
w(t+T;¢%+0) < u(t; ¢°+9) — @y uniformly in Q. The argument involving ¢,, is analogous. m

Remark 6.6 i) Observe that the extremal equilibria satisfy

’80m|7 |()OM| < ¢0

with ¢° as in . Then from Propositions and we get ¢° is Holder continuous and
either zero or strictly positive a.e. in each connected component of §21.

it) Also, any equilibrium of satisfies

Aoy = H(z,¢) in Ho (Q), (6.19)
that is
( —diV(go(ﬂf)W) + (@) = f(z,9) in O
dola) 5= + bla)p = 9(x, ) on Ty
Y= onTp
P = ¥ 5 on I'*
1 / @ / / 1 / /
— do=5 + c+ b = — x, + x, .
L[] [ N ( 2 Ty 1090 >¢QO} €| ( o i o) Ty N0%% 4 (m;)) |
6.20
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Since f and g are bounded and globally Lipschitz, then Proposition[3.8 imples that ¢ is Holder
continuous in .

Now we prove the following result on the differentiability of the nonlinear terms in problems

(2.1) and (2.5)) used in the proof of Theorem above (see also comment after (6.9)). Recall
that after the results in Section[6.1] we assumed in Section [6.2]that f and g have been truncated

for large values of u in such a way that they are bounded and globally Lipschitz. Below we
assume furthermore that they are f,g € CZ(Q x R).

Lemma 6.7 Assume f,g € CZ(Q x R). We consider the operator h : H%D(Q) — Hp /() for
v >1/2 (see ) given by

h(u) = f(’u)Q + g('a U)FNa (RS HII‘D(Q)

as in (6.1).
Then, h € Cl’U(H%D(Q),H;;(Q)) with o = min {1, %} and for all u,v € H%D(Q)

Dh(u)(v) = (auf(vu)v)g + (aug('au)v)p

N

in the sense of .
Proof. Let u,v € H%D (©2). Then observe that for z € Q

|f (2, u(2)) = f(@,v(2)) = Ouf (2, u(2)) (u(@) —v(@))| = [(Ouf (2, &) — Ouf (z, u(@))) (u(z) —v())]

for some &, = a,u(r)+(1—az)v(z), 0 < a, < 1. Using this and that 9, f and 92 f are bounded,
we get for 0 <o <1

|0 f (2, &) =00 f (2, w(@))| < |8uf (2, €)= 0uf (2, u(@))|7 00 f (2, &) = Do f (2, ul@))] 7 < CIU((«’L“)—)U(%)\”-
6.21
Hence
|f (@, u(@)) — f(z,0(2)) = Buf (z,u(@))(u(z) —v(@))] < Clu(z) —v(z)|".
Now consider ¢ € Hl'fD (). Then the estimate above, Holder’s inequality and Sobolev

embeddings Hp. () C L5 () give

/ [f(-,U)—f(-,v)—(‘?uf(-,u)(u—v)}w‘ <C [ Ju—ol*7lel < Cllu=ol ™, oy el
Q Q L N+ (Q)

+2v ( LW(Q)

Using now HllD Q) C L%(Q) we get

140
1760 = 760 = duf b= ol < Clu = ol o el o
as long as o < min{1, %} Thus

1) = £ 0) = Buf () = )l ) < Clle =l o)

Since Oy f(-,u) € L*°(Q) then, as a multiplication operator, it defines a linear operator in
L(H (), L*(Q)) and thus in L(H{ (Q), Hp (). Therefore for all u, z € Hf_ ()

Dfa(u)(z) = (auf(-,u)z)Q € HI:;(Q)
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as in .
Analogously, forz € I'y and 0 < 0 <1
l9(z, u(@)) — gz, v(x)) = dug(@, u(z))(u(z) — v(2))] < Clu(z) — v(z)| "+

2(N—1)

Now for ¢ € H{._ (), Holder’s inequality and Sobolev embeddings Hy. (Q2) C L'~ (T'y) give

[ ot =gt - augo,u)(u—v)]so\ <0 [ Ju—vlel <
T'n I'n

< CHU - UHH_J 2(N—1) HSDHL%(VNfEi)

LTI =22y (1) (Tn

2(N—1)

Using now HllD (Q) c L™v—2 (I'y) we get

[ ot = g0 = Qg = )] < Cllu = ol g g o
I'n D

as long as o < min{1, ;\1,7__2%/} Thus

— (- _ . — — plite
lo.10) = ,0) = ugC, ) = )l g < Cllu = vl .

Since Oyg(-,u) € L*°(I'y) then, as a multiplication operator on the boundary, it defines a
linear operator in E(H%D (), L*(T'y)) and thus in E(H%D(Q), H;;(Q)) Therefore for all u, z €
Dgry (u)(2) = (Qug(-,u)z) . € Hp)(Q)

as in (3.3)).
On the other hand

| D fa(u) — DfQ(v)HL(HllD(Q)’H;g(Q)) = sup D fa(u)z — DfQ(/U)ZHH;g(Q)

z€HL ()
Z| 1 =1
el @)

A(auf(vu)_auf(av))z@ <

= sup sup
s€HL (Q)  @€H[ (D)

”ZHHII‘D(Q>:1 ”‘PHH;D<Q):1

< s s O ol

z€HL (Q cHY (Q
FD( ) ® FD( )

P4 =1 =1
I ”H%D(Q> H‘P”HgD(Q)

2N
where in the last step we argued as in (6.21f). Now Sobolev embeddings H;D(Q) C LN-2(9),
H%D(Q) C L%(Q) and Holder’s inequality gives

D fa(u) — DfQ(U)|’£(H%D(Q)vH;;(Q)) < Cllu — szg 2N < COllu— U”;IILD(Q)

227 (Q)
. 242
as long as o < min{1, F=2}.
Analogously
||D9FN (u) — Dgry (U)HE(H%D (Q)yHITg(Q)) = sup ||D9FN (u)z — Dgry (U)ZHHI:; ()

zeHlk (Q)

z =1
H ”H%‘D (Q)
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= sup sup
s€HL (9) peH! ()

/F (aug(vu) - 8ug('av))290 <

”ZHH%D (Q)_l ”‘)DHHIZD (Q):]'

< sup sup O [ |u—0|7|z[|g].
z€HL () peHL (9) I'n

HZ”HILD(Q):l HﬂolngD(Q)zl

2(N—-1) 2(N—1

2(N-1) )
Now Sobolev embeddings Hy. () € L~ (T'y), H%D(Q) C L 7= (I'y) and Hélder’s in-
equality gives

| Dgry (v) — DQFN(U)HE(H%D(QLH;;(Q)) < Cllu— UHZ"¥(F | < Cllu— ”H%{%D(Q)

N

as long as ¢ < min{1, = N5} =

Remark 6.8 A similar result can be found in Lemma 4.3 in [10] with o = 1. Due to this, the
Sobolev embeddings used there only hold for N <4 in Q and N <3 inT.

As a consequence we obtain the following result for the nonlinear terms of the limit problem

asinor‘

Corollary 6.9 Assume f,g € CE(Q x R). We consider the operator H : Hgl20 (Q) — Hg'(Q)
for v > 1/2 given by

H(u) = Ph(u) = P(f(u)o + g(u)ry), u€ Hg,(Q)

as in , where P is given in .

Then, H € CY7(Hg, (Q), Hy () with o = min {1, %} and for all u,v € HY ()

DH(u)(v) = P((@uf(-, u)v)Q + (8ug(-,u)v)FN>.

Proof. Just use P is linear and continuous and Lemma m

As mentioned at the end of Section for (2.1)), also for problem ([2.5)) equilibria play an
important role in the dynamics. As for problem (2.1)), after truncation of nonlinear terms,
problem 1' is a gradient system in HéO(Q) with energy

1
Vow =5 [ dolvul+ [ e+ [ blufs
2 Jo, o rl,
(/ c+/ b)]uQO\Q—/ Fo(x,uQO)—/ Fo(a:,u)—/ Go(a:,uQO)—/ Go(z,u)
Qo T'nNOQ Qo Q T'nNOQ Tl

N
(6.22)
with Fy(z, s) fO x,s)ds and Go(z, s) fo x, s)ds. Therefore

Ao = WH(Ey) (6.23)

where Fy denotes the set of equilibria

Now observe that comparison arguments, see Remark and Theorem imply that s
is stable from above. This in turn, implies the following result which, in fact, applies to any
equilibrium that is stable from above or from below.

31



Lemma 6.10 The first eigenvalue of the linearization at the maximal equilibria pyr satisfies
Ao(Ag — DH (o)) = 0.

Proof. Indeed, if Ag(Ag — DH(par)) < 0 since this eignevalue always has nonnegative associ-
ated eigenfunctions, see Proposition there would exists initial data above s for which the
solution of the nonlinear problem would not converge to ¢p;. In fact those solution, following
the unstable manifold of s would get away of s and since is a gradient system, see
, , they would have to converge to another equilibrium. Since the initial data are
above o) they need to converge to ¢, which is a contradiction. =

Now we focus on non-negative solutions of ([2.5)). First, from comparison we get the following
results

Proposition 6.11 i) Assume H(xz,0) > 0. Then ug > 0 implies u(t,ug) > 0. Also ppr > 0 in

Q.

i1) Assume H(x,0) =0 then o, <0< py.

i11) Assume € is connected. Assume also that either f(x,0),g(x,0) > 0 and not both trivial.
Then, any nonnegative equilibrium of is a.e. positive in £)y.

iv) Assume Qy is connected, f(x,0) = g(x,0) = 0, and there exist s9 > 0, M € L*°(Q) and

N € L>*(T'n), such that for all 0 < s < sq,

f(z,s) > M(x)s forall ze€Q, g(x,s)>N(z)s forall ze€l'y

and the first eigenvalue of the operator Ag — P(Mq + Nr,, ), see ,is A < 0.
Then, the mazimal equilibrium of 1S a.e. positive in .

Proof. i) Since H(z,0) > 0 then 0 is a subsolution of the associated stationary problem, and

then 0 < u(t,z;0) and is increasing in time, see Theorem A.12 in [4] and Lemma 2.9 in [32].
By comparison, if uy > 0 implies u(t, x;ug) > u(t,z;0) > 0 for all ¢ > 0. From we get

em = 0.

ii) If H(x,0) = 0 then 0 is an equilibrium of and gives the result.

iii) Note that H(z,0) > 0, H(z,0) # 0, see (6.10). Then, from part i), 0 < u(t, z;0), is nontrivial,

increasing and bounded. Hence the pointwise limit

0 < lim u(t,2;0) = ¢ (z) < o ()
t—o00

is also the limit in L?ZO (). Thus, 0 < ¢ € L%O(Q) is a nonnegative equilibrium for ;
see Lemma 3.1 in [32]. In particular, since ¢, is continuous in €, see Remark then Dini’s
criterium (c.f. [8, p. 194]) implies the monotonic limit u(t, z;0) — ;" is uniform in €.

Now ¢, is minimal since any other nonnegative equilibrium 1), satisfies 0 < 1, and by the
comparison principle, we must have wu(t,z;0) < ¢(x). So, taking limits as ¢ — oo we have

+
Om < .
Now we prove ¢ is a.e. strictly positive in €, which concludes the result. For this, note

that from (6.19), (6.20) we can write for p = @, > 0
—div(do(2)V) + c(z)p + pp = fz, ) + pp  in Q1.

Then we claim that we can chose > 0 such that f(z, )+ pe > 0 in €. This, (6.19) and the
maximum principle in Proposition implies ;! is a.e. strictly positive in €. Finally, since
0 < ¢ is bounded, note that the claim on f holds as long as p is smaller than the Lipschitz
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constant of f in a set of the form [0,s0] x ;. Then f(x,s) + ps is increasing in that set and
then
flx,8)+pus > f(x,0) >0, 0<s<sp, z€Q.

iv) Suppose that f(x,0) = g(x,0) = 0 as in the statement. Since €; is connected, by part iv) in
Proposition there exists ¢ € H, slzo (2)NC*(Q) a positive eigenfunction for the first eigenvalue
A1 < 0 of the operator Ag — P(Mgq + Nr,) normalized as [|¢||re(q) = 1.

Given sg > v > 0 we have that ¢ is a subsolution of the stationary problem since by the
assumption on f and g we have

Aoyp = P(M~y9)a + (Nyd)ry) + Aive < P(f(vd)a + g(vé)ry) = H(79).

Therefore, u(t, z;y¢) is monotonic increasing in time (see Lemma 2.9 in [32]). From Theorem 6.5
and (6.16) u(t, x;y¢) is bounded in Hy () N L>®(2) and then the pointwise limit u(t, z;v¢) —
@~y < @ is also the limit in L%O(Q). From Lemma 3.1 in [32], 0 < ¢, is an equilibrium, that is

AO‘P'Y = H(% ‘P'y)'

In particular, since ¢, is continuous, see Remark in Q then Dini’s criterium (c.f. [8, p. 194])
implies the monotonic limit u(t, z; y¢) — ¢, is uniform in €.
Now, given 7 < 4 < sg we have that v¢ < J¢. Thus u(t,z;v¢) < u(t,x;5¢) and taking
t — 0o we get ¢y < 5. Thus, {¢,}o<y<s, is an ordered set, bounded in H} (€2) N L>(Q).
In particular for 0 < v < s¢
Y9 < oy S oM

In particular so¢p < pr and @y is a.e. positive in ;. B

From Proposition [6.11] we have ¢ps > 0 and a.e. strictly in Q5. In the following results, we
give conditions for the extremal solution ¢a; to be the unique positive equilibrium and analyze
its stability. They will apply in particular for logistic type nonlinearities.

Definition 6.12 Assume A is a measure space and I C R. Then for functions defined in A x I
with values in R we say that hy < hg strict in measure if for all s € I, hi(x,s) < ha(z,s), x € A,
strictly in a set of positive measure.

We say that h(zx,s) is strictly decreasing in measure if given sy < sy we have h(x,s1) >
h(z,s2), x € A, with strict inequality in a set of positive measure.
Remark 6.13 i) If h is smooth in s then @ being strictly decreasing in measure is equivalent
to

Osh(z,s)s < h(x,s) strict in measure. (6.24)
i1) Assume h is smooth and h(z,0) > 0 and strictly concave in measure, i.e. Osh(x,s) is strictly
decreasing in measure. By the mean value theorem, for s > 0 and certain 0 < &, < s
>

h(z,s) > h(zx,s) — h(z,0)

= Osh(x,&,) > Osh(x,s) strict in measure.

Thus, h(xz,s)/s is strictly decreasing in measure for s > 0.
i11) Assume in particular that h has the specific logistic form

h(z,s) = ho(x) + m(z)s — n(x)s?
with s >0, p > 1 and ho(z),n(z) > 0. Then h(x,0) = ho(z) >0,

Osh(x,s) = m(x) — pn(x)s”_l,
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and
h(z, s) _ ho(x)

S S

+m(z) —n(x)s"!
are stricltly decreasing in measure for s > 0.
Theorem 6.14 Let oy > 0 be the maximal positive solution for . Assume in addition

that
f(z,s)

S

is strictly decreasing in measure for s > 0 and x € {;

and
g(,s)

s decreasing in measure for s > 0.

Then the first eigenvalue of the linearized problem satisfies Ao(Ao—DH (vnr)) > 0. Moreover,
there is mo other nonnegative solution of that is a.e. positive in €1y.

Proof. To shorten the notation in the following we write ¢ instead of ;. First, from Lemma
we have Ag(Ayg — DH(p)) > 0. Suppose Ag(Ag — DH(p)) = 0 and consider ¢ > 0 an
associated eigenfunction, which satisfies Ag¢p = DH (¢)¢, see Proposition

Using (6.12) and (6.24) we claim

(H(p),0) = (P(f(p)a+3g(@)ry), ®) > (P((Ouf(p)p)a + (0ug(®)p)ry), ®) = (DH(p), $)
where P is defined in . Indeed in the left hand side we have

< f(x,smo)Jr/ 9(1’79090)> b, + f(fv,sO)d>+/ g(z, )¢
Qo T'nyNOQg Q1 IR

N

which by (6.24]) is larger than
( 8uf(w,<mo)+/ ug(z, smo)> <P90¢Qo+/ 8uf(w,<p)s0¢+/ Mug(z, )
Qo T'nNOQ (951 F}\f

and this equals (P((0uf(¢)p)a+(0ug(@)p)ry ), ). Since ¢, ¢ > 0 a.e. in ; and the assumption

on f, then le flz,p)d > le Ouf(x,p)pd and the claim is proved.
Then since Aoy = H(p) and Agp = DH ()0,

which is a contradiction. Thus, Ag(Ag — DH(p)) > 0.

Now we prove uniqueness of nonnegative solutions which are a.e. positive in £2;. Since ¢
is the maximal solution of , if there is any other such nonegative solution we then have
0 <4 < . Then

0= <A0<P,UJ> - <30>A0¢> = <H(SO)77/)> - <‘P,H(¢)>
Since 0 < ¥ < @, from the assumptions on the nonlinear terms, and the different
terms in (H(p),v) — (@, H(1))) can be written as follows. In €, assuming both ¢q,, 1q, are
nonzero, we have

/ (f(l’,wﬂo) B f(%d}m)) . +/ <9(J37<mo) 3 9(%#}%)) oy, < 0
Qo PQo Yay ' N0 PQo Yy

while this term is zero if g, = 1q, = 0. On the other hand in the regions where both ¢, 1 are
nonzero, the integrands of (H(¢),) — (¢, H(¢)) in Q1 and '}, respectively can be written as

(f(xmo) fz, 1)) (g(fi;@) 9@, 9)

e 9 >WSO’ 7

)WSO
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and of course the integrand is zero whenever ¢ or v are zero.
Therefore, if ¢ < ¢ strict in measure in {2; we have

fwe) _f@v)
nt) <

— strict in measure in )
P

and then
(H(p), ) — (i, HW)) < /Q Fla, o) — flw, )6 < 0

which is a contradiction. Hence 1) = ¢ in €. Therefore taking traces in I'* we get ¥q, = pq,
in p and hence ¥ = in ). =

7 Convergence for nonlinear problems

7.1 Upper semicontinuity of the attractors

The upper continuity of the attractors of problems (2.1) and (2.5) at ¢ = 0 follows now from
the uniform boundedness of the attractors of the approximate and limit problems, provided by
Theorem and Theorem arguing as in Theorem 5.2. in [7]. In particular, we can compare

the asymptotic dynamics of problems 1' and |D in the H%D (Q)-metric.

Theorem 7.1 The global attractors {A:}e are upper semicontinuous at € =0 in H%D(Q), that
18,
distgi(Ae, Ag) =0 as & —0,

where dist 1 denotes the Hausdorff semidistance in H%D (Q).

Proof. Using |D take 1. € A, as initial data for li and Pn. € L%O(Q) as initial data for
(2.5). Then taking into account Proposition Corollary and the uniform estimates for
the solutions of the approximate problems given in Theorem we have, from (6.2)) and (6.13]),
for t € (0,7),

[us (t, 7)) = ult, Pne) |l giey < lle™'ne — e~ P g g
t
—I—/ e~ A=) h(uf (s,n.)) — e_AO(t_S)Ph(uE(s,775))HH1(Q)ds
0
LA
[P (1 (5,1)) = B P s oy
t t
< e 4 K [ o(@)t s 0as+ [ (- 9P L) e P ey
0 0

t
< Keé(e) gt + L/ (t = )77l (s,me) — uls, Pne)ll iy ds,
0
where o € (3/4,1) is as in Corollary and 5 € (0,1). By the singular Gronwall Lemma (see

[22]) we obtain the existence of a constant M = M («, 8, L, 7) and a positive function ¢&(-), with
é(e) — 0 as € — 0, such that

[u=(t,ne) — ult, Pnc)ll o) < MEE(e)t™,  te(0,7), 0 € A (7.1)
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Now, since Uz A: are bounded in H!(Q) we have that U.P.A. is bounded in L?zo (©) . From
Theorem Ap attracts bounded sets of L%O(Q). Therefore, given § > 0, there exists 7 = 7(J)
such that dist g1 (u(7, Pne), Ag) < 6/2, for all . € A, and all € € (0, p). Furthermore, since the
attractors are invariant, given v, € A, there exists 7. € A, with u®(7,7n.) = v.. Thus, choosing
e1 € (0,e0) such that MK¢(e)T~* < §/2, for all € € (0,e1), we have

dist g1 (ve, Ao) < ||ve — u(T, Pne) | g () + dist(u(r, Pne), Ao) <6, v- € A, € €(0,e1),

from which the upper semicontinuity of the attractors in H!(2) follows. m

With this, arguing as in Proposition 5.3 and Corollary 5.4 in [7] we get the following.

Proposition 7.2 i) Let ¢ be a sequence such that e, € (0,e9) and e — 0 as k — oco. Let
Ne, € Ag, such that 1., — 1o as k — oo in HllD (Q). Then, ny € Ay and

u* (-, me,) = ul-ym0)  in C’([O,T];H%D(Q)), as k — oo, for all T > 0.

ii) For any {ex}r with e — 0 as k — oo, and any sequence or complete solutions in the
attractors, u(-) C A, there exist a subsequence ex; and a complete solution u®(:) in the
attractor Ay such that

u™i () = u0()  in O([-T, T];H%D(Q)), as j — oo for all T > 0.

iii) For any {ex}r with e, — 0 as k — oo, and any sequence of equilibria ¢°* € A., , there exists
a subsequence €k, and an equilibrium of the limit problem oY € Ay such that

o =0 in H%D(Q), as j — oo.

7.2 Continuity of the extremal equilibria

Notice that, from Proposition any accumulation point in H%D (), ©°, of the set of maximal
equilibria for the approximate problems as in Theorem {5/}, we have ¥ € HéO(Q) and

¢ < oY (7.2)

where ¢}, is the extremal equilibrium of problem (2.5 as in Theorem
Then we have the following remark regarding the continuity of the maximum equilibria.
Notice that the argument for the minimal equilibria is analogous.

Lemma 7.3 Assume there exist equilibria of the approxzimate problems ¢ such that p° — cp?w
as € — 00. Then the extremal equilibria are continuous in €, i.e.

lim ¢, = @i (7.3)

Proof. Let ¢° = lim,,_, ¢ any accumulation point in HllD (Q) for the set of maximal equi-
libria of the approximate problems. Then,
en _

0 - c . 0 0
On = nhm e < nhm Py =Y S Pu

and (7.3) holds. m

Hence, we discuss below the continuity of the extremal equilibria and show how this is related
to their stability.
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In fact, if Y, € Hgllo(ﬂ) is the extremal equilibrium for 1 , or , then by Lemma
we have Ag(Ag — DH(¢9,)) > 0. We show below that if

Ao(Ao — DH($5)) > 0 (7.4)

then the maximal equilibria of the problems are continuous at € = 0, that is holds.
This holds in particular under the assumptions in Theorem For this we prove that we can
use Lemma [7.3]

In order to prove this, we use some ideas developed in [5] and [9, [10] conveniently adapted to
the situation in this paper. First note that equilibria of and satisfy, with the notation

in (6.1)) and (6.10]), respectively,
A = h(9%), I HEM(Q), Ao’ = H(¢") in Hy) (). (7.5)

Also, their linear operators associated to their linearizations are given by A. — Dh(p®) and
Ao — DH(oY).

Hence, if " is hyperbolic, that is, 0 ¢ o(Ag — DH (")) then we can rewrite the second
equation as Agp? — DH(¢%)p? = H(p) — DH (%), whence

" = (Ao — DH(¢") "1 (H(¢") = DH(¢%)¢").
Hence ¢° is a fixed point of the mapping in H&)O (Q)
Oo(v) = (Ao — DH(¢")) " (H(v) = DH(¢")v), v € Hp (). (7.6)

From the results on linear elliptic problems in Section |3} to search for a nearby equilibria of ([2.1))
we will search for a nearby fixed point of

. (v) = (A = Dh(¢°) " (A(v) = Dh(¢°)v), v € Hy, (). (7.7)

As in the references above the result we obtain applies to any hyperbolic equilibrium of the
limit problem. Namely,

Proposition 7.4 Let ©° € H}ZO(Q) be an equilibrium of such that 0 & o(Ag — DH (V).
Then, for certain €9 > 0 there exists § > 0 such that for every 0 < € < g¢ there exists a unique
equilibrium ¢ of in the ball B(©%,;0) in H%D(Q).

In particular, there exist a sequence of equilibria of , @, with ¢* — ©° in H%D(Q).
Moreover, if holds then holds true.

Before proving Proposition [7.4 we prove some preparatory results.

Lemma 7.5 Let ¢° € Hglzo (Q) be an equilibrium of such that 0 & o(Ag— DH(¢°)). Then,
there exists €9 > 0 such that the operator (A — Dh(¢%))~! : Hp () — H%D(Q) is uniformly
bounded in € for 0 < e < eg. Namely,

0y\—1
1A = DRCe) ™ M e @, () < O

where 1 is such that the spectrum of A. — Dh(°) is in C\ B,.(0).

Proof. For this, notice that with the notation in Remark [5.7 we have

A. — Dh(¢°) = L. + cq + bry, — Dh(¢?).
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Since Dh(¢°) € L*(Q) + L*(T') by Theorem the spectrum of A. — Dh(") converges to the
spectrum of
Lo+ F + P(cq +bry)u— DH(¢") = Ag — DH(¢"),

see Remark [5.10l

Hence, there exists €g,7 > 0 such that o(A. — Dh(¢%)) € C\ B,(0) for all 0 < & < gg. Also
given ¢ > 0 we have a Hilbert basis of L?(Q), {¢5},, of eigenfunctions of A. — Dh("), with
corresponding eigenvalues {ué },,. Hence, given h € H;;(Q) the solution u € H%D(Q) of

(Ac — Dh("))u=h

can be computed as u = ), up¢} with ujup = hy :=< h, ¢7, >. Hence, using |ug| > r > 0,

I(4e = DAY bl oy = 3 = Z, Lo Z,a,m—””h”z;g(m'

Proof of Proposition We prove that ®. in ([7.7) is a contraction in the ball B(¢";6) in
H%D(Q), for some § > 0 and all € > 0 small enough. For this, let u,v € B(¢";§) and observe

19 (0) =@ 0)ll1(6) < (A= DA )™ g s ey 1) (6~ DA) (=) -
D D D
Adding and subtracting Dh(u)(u — v) and using Lemma [6.7| we get

) = h(v) = DA} = )] 12y < 1) = h(©) = Dh(u) = 0)] )

+[[(Dh(¢”) = Dh(u))(u — 0 (@) < Cliu = UHHU < C%lu—vllg (@)

()
with ¢ = min {1, %} Hence, using Lemma we get
1Pe(u) = P=(v)ll () < CO7lu vl (-

for every 0 < & < g¢ for some g9 > 0. Taking § > 0 small enough we have [|®.(u) =P (v)| g1(q) <
sl — vl (o)

Let us show that there exists § > 0 such that for all ¢ > 0 small, ®. maps B(¢%d) into
itself. Let v € B(¢%; ). Then

1@c(v) = Il () < 1Pe(v) = Pe(@)la () + 19(°) — @l (0
< C8%llv = @l o) + [12:(¢°) = ")

For the last term notice that since h* = h(°) — Dh(p?)° € L?(Q) + L?(T') then from Theorem
and Corollary we have, as € — 0

e (¢") = (Ae = Dh(¢%))T'h* — (Ao — DH(¢°)) ™' Ph* = @o(°) = "

in H'(€2), see Remark [5 . So, taking 6 > 0 small enough we have that for all 0 < ¢ < g9 and
v € B(¢%0), |2:(v) = @"llmi(o) < 0. m

Remark 7.6 Observe that and hence Pmpositz'on hold true for the case of logistic type
nonlinearities as in Remark[6.13, or more generaly to nonlinearities like in Theorem [6.17)
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7.3 Lower semicontinuity

Using similar arguments than for extremal equilibria in the section above, one can actually prove
lower semicontinuity of the attractors. For this, one has to assume that all equilibria of the limit
problems are hyperbolic.

From this it is obtained that just a finite number of them exist and that all of them are
isolated. Then, Proposition implies that each approximate problem has an equilibrium (and
only one) close to each limit equilibrium.

Then, one needs to obtain, in the spirit of Theorem the spectral convergence of the
linearizations along these convergence sequences of equilibria. The difference with Theorem
above is that now the linear potentials will depend on ¢ as well. However the convergence of
the equilibria and the differentiability properties of the nonlinear terms in Lemma [6.7] allow to
handle this step.

From this, a close revision of the results in [22], allows to prove the convergence of the local
unstable manifolds of the equilibria.

Finally, the problems involved are gradient—like which implies that each of the attractors A
and Ag are the union of the global unstable manifolds of the equilibria, see (6.23)). This allows
to conclude the lower semicontinuity of the attractors.

This program has been successfully carried out in different singular perturbation problems,
e.g. [6, 9L 5, B, 10] and references therein. Details are lengthy but can be fulfilled in the case of
the present paper with the results in previous sections and the techniques in the papers above.

References

[1] H. Amann. Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value
problems. In Function spaces, differential operators and nonlinear analysis (Friedrichroda,
1992), volume 133 of Teubner-Texte Math., pages 9-126. Teubner, Stuttgart, 1993.

[2] H. Amann. Linear and quasilinear parabolic problems. Vol. I, volume 89 of Monographs in
Mathematics. Birkhauser Boston Inc., Boston, MA, 1995. Abstract linear theory.

[3] J. M. Arrieta and A. N. Carvalho. Spectral convergence and nonlinear dynamics of
reaction-diffusion equations under perturbations of the domain. J. Differential Equations,
199(1):143-178, 2004.

[4] J. M. Arrieta, A. N. Carvalho, and A. Rodriguez Bernal. Attractors of parabolic prob-
lems with nonlinear boundary conditions. Uniform bounds. Comm. Partial Differential
Equations, 25(1-2):1-37, 2000.

[5] J. M. Arrieta, A. N. Carvalho, and G. Lozada-Cruz. Dynamics in dumbbell domains. I.
Continuity of the set of equilibria. J. Differential Equations, 231(2):551-597, 2006.

[6] J. M. Arrieta, A. N. Carvalho, and G. Lozada-Cruz. Dynamics in dumbbell domains. III.
Continuity of attractors. J. Differential Equations, 247(1):225-259, 20009.

[7] J. M. Arrieta, A. N. Carvalho, and A. Rodriguez-Bernal. Upper semicontinuity for attrac-
tors of parabolic problems with localized large diffusion and nonlinear boundary conditions.
J. Differential Equations, 168(1):33-59, 2000. Special issue in celebration of Jack K. Hale’s
70th birthday, Part 1 (Atlanta, GA/Lisbon, 1998).

[8] R. G. Bartle. The elements of real analysis. John Wiley & Sons, New York-London-Sydney,
second edition, 1976.

39



[9]

[10]

[11]

[12]

[13]

[14]

[26]

V. L. Carbone, A. N. Carvalho, and K. Schiabel-Silva. Continuity of attractors for parabolic
problems with localized large diffusion. Nonlinear Anal., 68(3):515-535, 2008.

V. L. Carbone, A. N. Carvalho, and K. Schiabel-Silva. Continuity of the dynamics in a
localized large diffusion problem with nonlinear boundary conditions. J. Math. Anal. Appl.,
356(1):69-85, 20009.

V. L. Carbone, C. B. Gentile, and K. Schiabel-Silva. Asymptotic properties in parabolic
problems dominated by a p-Laplacian operator with localized large diffusion. Nonlinear
Anal., 74(12):4002-4011, 2011.

A. N. Carvalho and J. K. Hale. Large diffusion with dispersion. Nonlinear Anal.,
17(12):1139-1151, 1991.

A. N. Carvalho and A. L. Pereira. A scalar parabolic equation whose asymptotic behavior
is dictated by a system of ordinary differential equations. J. of Differential Equations,
112(1):81-130, 1994.

A. N. Carvalho and L. Pires. Parabolic equations with localized large diffusion: Rate of
convergence of attractors. To appear in Topol. Methods Nonlinear Anal.

E. Conway, D. Hoff, and J. Smoller. Large time behavior of solutions of systems of nonlinear
reaction-diffusion equations. SIAM J. Appl. Math., 35(1):1-16, 1978.

E. B. Davies. Heat kernels and spectral theory, volume 92 of Cambridge Tracts in Mathe-
matics. Cambridge University Press, Cambridge, 1989.

A. Friedman. Partial differential equations of parabolic type. Prentice-Hall Inc., Englewood
Cliffs, N.J., 1964.

D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order.
Classics in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

J. K. Hale. Asymptotic Behavior of Dissipative Systems. Number 25 in Mathematical
Surveys and Monographs. American Mathematical Society, Providence, Rhode Island, 1988.

J. K. Hale and C. Rocha. Interaction of diffusion and boundary conditions. Nonlinear
Anal., 11(5):633-649, 1987.

J. K. Hale and C. Rocha. Varying boundary conditions with large diffusivity. J. Math.
Pures Appl. (9), 66(2):139-158, 1987.

D. Henry. Geometric Theory of Semilinear Parabolic Equations. Number 840 in Lecture
Notes in Mathematics. Springer-Verlag, 1981.

N. Igbida. A nonlinear diffusion problem with localized large diffusion. Comm. Partial
Differential Equations, 29(5-6):647-670, 2004.

N. Igbida and F. Karami. Localized large reaction for a non-linear reaction-diffusion system.
Adv. Differential Equations, 13(9-10):907-933, 2008.

O. A. Ladyzhenskaya and N. N. Ural’tseva. Linear and quasilinear elliptic equations. Trans-
lated from the Russian by Scripta Technica, Inc. Translation editor: Leon Ehrenpreis. Aca-
demic Press, New York, 1968.

J. Lopez-Gémez. Linear second order elliptitc operators. World Scientific, 2013.

40



[27]

28]

A. Lunardi. Analytic semigroups and optimal reqularity in parabolic problems. Progress
in Nonlinear Differential Equations and their Applications, 16. Birkhduser Verlag, Basel,
1995.

L. Orsina and A. C. Ponce. Strong maximum principle for Schrodinger operators with
singular potential. Ann. Inst. H. Poincaré Anal. Non Linéaire, 33(2):477-493, 2016.

A Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations.
Springer-Verlag New York, Inc., 1983.

A. C. Ponce. Elliptic PDEs, measures and capacities, volume 23 of EMS Tracts in Mathe-
matics. European Mathematical Society (EMS), Ziirich, 2016. From the Poisson equations
to nonlinear Thomas-Fermi problems.

A. Rodriguez-Bernal. Localized spatial homogenization and large diffusion. SIAM J. Math.
Anal., 29(6):1361-1380, 1998.

A. Rodriguez-Bernal and A. Vidal-Lépez. Extremal equilibria for reaction-diffusion equa-
tions in bounded domains and applications. J. of Differential Equations, 244(12):2983-3030,
2008.

A. Rodriguez-Bernal and R. Willie. Singular large diffusivity and spatial homogenization in
a non homogeneous linear parabolic problem. Discrete Contin. Dyn. Syst. Ser. B, 5(2):385—
410, 2005.

A. Rodriguez Bernal and R. Willie. Nesting inertial manifolds for reaction and diffusion
equations with large diffusivity. Nonlinear Anal., 67(1):70-93, 2007.

J. Simsen and C. B. Gentile. Well-posed p-Laplacian problems with large diffusion. Non-
linear Anal., 71(10):4609-4617, 2009.

H. Triebel. Theory of function spaces, volume 78 of Monographs in Mathematics. Birkhéuser
Verlag, Basel, 1983.

R. Willie. A semilinear reaction-diffusion system of equations and large diffusion. J. Dynam.
Differential Equations, 16(1):35-63, 2004.

41



	Introduction
	Problems
	Linear elliptic problems
	Approximate elliptic problems
	Elliptic limit problems
	Flux-Diffusion interaction
	Dirichlet-Diffusion interaction

	Elliptic regularity and maximum principles

	Linear parabolic problems
	Convergence of linear problems
	Elliptic problems
	Spectral convergence
	Linear parabolic problems

	Nonlinear parabolic problems
	Approximate nonlinear parabolic problems
	The nonlinear parabolic limit problems

	Convergence for nonlinear problems
	Upper semicontinuity of the attractors
	Continuity of the extremal equilibria
	Lower semicontinuity

	References

